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Abstract

Count data are present in many areas of everyday life. Unfortunately, such data are often
characterized by over- and under-dispersion. In 1986, Efron introduced the Double Poisson
distribution to account for this problem. The aim of this work is to examine the application
of this distribution in regression analyses performed in health-related literature by means
of a narrative review. The databases Science Direct, PBSC, Pubmed PsycInfo, PsycArticles,
CINAHL and Google Scholar were searched for applications. Two independent reviewers
extracted data on Double Poisson Regression Models and their applications in the health
and life sciences. From a total of 1644 hits, 84 articles were pre-selected and after full-text
screening, 13 articles remained. All these articles were published after 2011 and most of
them targeted epidemiological research. Both over- and under-dispersion was present and
most of the papers used the generalized additive models for location, scale, and shape
(GAMLSS) framework. In summary, this narrative review shows that the first steps in
applying Efron’s idea of double exponential families for empirical count data have already
been successfully taken in a variety of fields in the health and life sciences. Approaches to
ease their application in clinical research should be encouraged.

Keywords: count data; Double Poisson; regression; generalized additive models

1. Introduction

Count data are present in many areas of everyday life. In interpersonal relationships,
count data may include the number of children in a family [1,2] or the number of marriages
or divorces [2,3]. In sports, the number of goals scored in soccer [4] or the number of targets
missed in biathlon [5] often determine success or failure of teams and athletes. In passenger
transportation, count data appear in accident statistics [6] and sick days are an important
parameter for health insurance companies when calculating costs [7]. Moreover, as early
as the 19th century, the number of cancer cases was documented in cancer registers as an
important marker for the health of the population [8]. To put it briefly, count data appear
in many different areas of everyday life, epidemiology and health care.

All examples described have one thing in common: count data are characterized
by non-negative integers. In many cases, they exhibit a right skew in the distribution,
i.e., lower count values are more common than higher values. As a result, established
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methods of inferential statistics are only applicable to a limited extent. For this reason,
very early, models were sought that are better suited for analyzing count data [9]. The
first contribution to this research was the Poisson distribution introduced by Siméon Denis
Poisson in 1837 [10]. Due to its mathematical properties, this distribution still plays a
dominant role in the analyses of count data [11].

The Poisson distribution is based on an exponential approach to modeling the discrete
probability distribution of events occurring in a fixed interval of time or space. If the mean
event rate y is known, then the probability of a certain number of y events follows the
density function given by

ful) = e O
In the case of regression analysis of count data, the generalized linear model with Poisson
distributed outcome thus can be written as

In(E[Y[x]) = Bo + B @

where x € R" is the vector of predictor variables and B € RR" is the vector of the regression
coefficients.

The exponential values of these regression coefficients represent the Incidence Rate
Ratio (IRR). The IRR is a statistical measure that quantifies the multiplicative change in the
expected rate of events for a one-unit increase in the predictor variable, holding all other
predictors constant. With this relationship, the regression coefficients can be interpreted
meaningfully in terms of a measure of effect: while an IRR of 1 denotes no change in the
incidence rate, IRRs greater or lower than one indicate a higher or lower incidence rate
under exposure. If, for example, the IRR for a particular predictor is 1.7, this means that for
every one-unit increase in the predictor, the incidence rate of the event increases by 70%.

An unpleasant property of the Poisson distribution in (1) is that its mean is equal to
its variance, which is usually referred to as equi-dispersion. Therefore, in the case of over-
and under-dispersion, i.e., in cases when the observed variance is higher or, respectively,
lower than the mean, Poisson regression leads to incorrect estimates of the standard errors
and thus to incorrect test statistics [12]. The problem of insufficient modeling of under-
dispersion also applies to negative binomial distribution, introduced by Yule in 1910 [13]
and Greenwood and Yule in 1920 for the analysis of count data [14]:

(e Hry+1) \al4+pn el +u

To account for this problem, Consul and Jain in 1973 [15] introduced a two-parameter
discrete probability distribution which allows the variance to be greater than, equal to, or
less than the mean [16]:

w(p + oy)Y tem—dy
fuoly) = @

To some extent, this approach permits modelling the case of under-dispersion. Unfortu-

nately, in this approach, the parameter ¢ can take high negative values [17] in some cases of
under-dispersion. In such cases, the density function is not defined and therefore truncated
to zero. For this reason, this approach is also referred to as the Restricted Generalized
Poisson regression model [18].

Another approach named after its inventors is the so-called Conway—-Maxwell distri-
bution [19], i.e.,

_ Y
fH,V(y) - (y!)VZ(H/V) (5)
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where Z(u,v) =372 ‘f—]v is a normalizing constant. This distribution permits to handle
all kinds of dispersion [20]. However, if the original form of this distribution is applied in
a regression model, the resulting regression coefficients are difficult to interpret. Sellers
and Shmueli in 2010 showed that the relationship between the conditional mean and
the predictors in the Conway—Maxwell-Poisson regression approach is neither additive
nor multiplicative [21]. Although this has since been solved with a mean-parameterized
Conway-Maxwell-Poisson regression [22], this problem may have deterred researchers
from using this approach at that time. (see Table 1 for an overview).

Table 1. Distributions for count data.

Dispersion Expected Value Inter i f
o e L. . b pretation o
Distribution Under- Equi- Over E(Y) b Variance Coefficients ©
Poisson - + - =n =E(Y) IRR
Negative _ =E(Y) +
Binomial B * " —H aE(Y)? IRR
Restricted Generalized o 1
Poisson () * * RS - (1—6)2E(Y) IRR
Conway- v v-1 1 (IRR) after mean-
Maxwell-Poisson " - * ~H v ~ VEY) parameterization
unble N + + ~ ~ EOY) IRR
Poisson a

2 +: can be modeled; —: cannot be modeled; (+): can be modeled with restrictions. b1 is the location parameter; «,
5, v are dispersion parameters taken from the Formulas (1) to (5) and (7). € IRR: Incidence Rate Ratio.

In the time before the reparameterization of the Conway-Maxwell-Poisson distribu-
tion was known, Efron [23] tried to find a distribution that was flexible enough to be
applied to count data showing over-, equi-, or under-dispersion and whose results were
easy to interpret in terms of content. For this purpose, he used an extension of the one-
parametrical exponential families model. He applied the double exponential family with
the density function

Fuan(Y =y) = a2 gn ()Y {gyn )} 14Gu ()] (6)

and a dispersion parameter o to families g}, ,(y) which originally had only one unknown
parameter p. Substituting the density of the Poisson distribution in g, »(y) leads to

—Yyy ya
fualy) = al/2e—an (e y!y ) (e;) , a>0 7)

As stated above, ji; is defined as
Wi = exp (ﬁo +xf /3) )

in the case of a log-linear regression and, thus, the formula for Double Poisson Regression is

. e Yiy.Yi ew: \ Vi %
Fyilui, @) = c(w, @) a /2 (yy,l) (;) , a>0 )
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with o being a parameter that models dispersion, and c(y;,«) being a normalization factor:

1 N 1
W e () (8)" 1 (1 o) "

According to [23], the approximation given in the right-hand term of this formula
is usually close to one, which guarantees that the sum of all probability mass function
values equals one. Thus, there are two strategies to handle c(y;,«): setting it equal to
one as proposed in [24] or using the approximation proposed in [23] in the right term
of the formula. Efron in [23] also showed that the conditional means and corresponding
conditioned variances of the predictor values and the dispersion parameter are

E[Y|w;, a] = w; and Var[Y|p;, a] = % (11)
Accordingly, over-dispersion corresponds to a parameter « < 1, while under-dispersion is
described by & > 1.

As illustrated above, the approach introduced by Efron for modeling over- and under-
dispersion is mathematically quite complex, in particular with regard to the normalization
factor c(p;, ) [25], as has also been demonstrated in [26]. This might be the reason that
it is not extensively available in conventional statistical software packages. On the other
hand, it offers an optimal framework to account for over- and under-dispersion in count
data. This gives rise to the question as to how extensively Double Poisson Regression has
hitherto been applied in research. This question is addressed here by means of a narrative
review. As mentioned at the outset, count data play a significant role in epidemiology, so
this review will focus on work in the field of epidemiology and clinical research.

2. Materials and Methods

Although this review does not evaluate clinical outcome parameters, it follows the
practice guide for conducting narrative reviews [27].

2.1. Inclusion and Exclusion Criteria

To be included in the review, the article had to be published in a journal, conference
proceeding or a book and include an application of the Double Poisson Regression Model
proposed by Efron in the field of the health and life sciences. Purely mathematical treat-
ments of the Double Poisson Regression were excluded. As the term Double Poisson is
also used for bivariate Poisson distributions, applications not dealing with the approach by
Efron were also excluded. Finally, animal or plant research studies were excluded.

2.2. Search Strategy

The literature search was conducted in Science Direct, Google Scholar, and the EB-
SCOhost search and retrieval system [28] for the databases PubMed (MEDLNE), PsycInfo,
PsycArticles, CINAHL, and Psychology and Behavioral Sciences Collection (PBSC). In
an initial step, the search query (“Double Poisson” AND regression) was used. No fur-
ther specifications (e.g., “study” or “health”) were made to initially obtain a large pool of
literature. In addition, articles citing Efron’s original work were also screened for suitability.

2.3. Selection Strategy

The selection of relevant articles followed a 2-step process (see Figure 1). First, two
reviewers initially screened the bibliography resulting from the search by examining titles
and abstracts. In the second step, the full texts of the remaining articles were analyzed for
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their final suitability. In cases of discrepancies between the reviewers, a third reviewer was
consulted, and a majority principle was applied.

N=1644 records identified:
=
§ - Google Scholar (n=852)
& - PBSC (n=0)
‘g - Science direct(n=153)
g - CINAHL (n=1)
.~ - MEDLINE (n=14)
- APA (n=3)
- Efron CitationList (n=621)
(S Duplicates excluded (n=252)
»| Out of time range (n=142)
N=1250 records remained after
duplicates removed for title
Records excluded aftertitle
> screening (n=1166)
_E’ v
¢ n=84 Records remained after
g Title and abstract screening
Records excluded after full text
v screening (n=71):
- Other thanEfron
n=13 Articles met the inclusion (n=42)
criteria after full text screening - NoResearch(n=13)
- Discussedonly
_ l (n=13)
- - Not Humans (n=2)
§ n=13 Articles included in qualitative - Method unclear (n=1)
) synthesis
=
P
—/

Figure 1. Overview and results of applying the search and selection strategy.

2.4. Data Extraction

The data of each article were imported into a single spreadsheet on Microsoft Excel.
The data included the following parameters: Authors, Year, Area of research, Type of study,
Type of count variable, Outcome presentation, Quality criteria applied (i.e., performance
measures for comparing alternative specifications of regression models), Type of dispersion,
Implementation, and Software used.

3. Results

With this search strategy, a total of 1644 articles were identified, most of which were
found in the Google Scholar Search (n = 852) and Efron’s citation list (n = 621), while
Medline, for example, returned only 14 hits. After cleaning for duplicates and articles out
of the time range (n = 394), title and (when possible) abstract screening of the remaining
articles led to a pre-selection of 84 articles. After applying full text screening, 13 articles
remained for data extraction. The whole process of applying the search and selection
strategy is shown in Figure 1, while Table 2 gives an overview of the studies included.

Although the original publication by Efron dates back to 1986, it took a quarter of a
century for the first publication by Gijbels & Prosdocimi [29] to apply this method to analyze
data on the induced abortion rate in Italy provided by the Italian National Statistics Institute.
As a special feature, the authors introduced P-splines to estimate the smooth components of
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a proposed Generalized Additive Model (GAM). Moreover, they also used a new statistical
approach to model the dispersion as a function of covariates and thus combined the GAM
with the Double Exponential Family framework proposed by Efron [30].

Almost at the same time, Quintero-Sarmiento et al. published an application of Double
Poisson Regression to infant mortality data in 36 areas for the 5-year period 2000-2005
in Colombia [31]. They found clear evidence for overdispersion in the data and applied
different statistical models including covariates. They investigated fit to data using AIC
and BIC and finally decided against Double Poisson Regression (AIC = 324.0; BIC = 338.3)
and used a negative binomial model (AIC = 317.1; BIC = 329.8). As a conclusion, they
recommended to initially determine the causes of the overdispersion in the data to be able
to model them appropriately.

In 2016, a series of articles on Double Poisson Regression from Brazil started with the
analysis of 14,419 snakebites in the state of Sao Paulo between 2007 and 2014 [32]. They used
the Double Poisson Regression model for a Bayesian time series model of the snakebites
on monthly bases, including intercept, linear trend, four parameters for a seasonal effect,
and one parameter for an autoregressive term of first order to detect seasonal as well
as regional predictors for different types of snakes. They recommended using Bayesian
methods as a reasonable alternative to frequentist methods due to the complexity of the
likelihood function.

Two further studies were subsequently launched from the same group of statisticians:
based on an observational study of 41 patients suffering from recurrent respiratory papillo-
matosis, Nogueira et al. in [33] used a Double Poisson Regression approach to detect the
impact of different sociomedical variables, such as age, on the number of surgeries in the
patients. Unfortunately, no more information on quality criteria was given in this paper. In
another article by Nunes et al. [34] the Double Poisson approach was only mentioned in
the abstract and not in the statistical part or in the results.

At the same time as the first paper by Aragon et al. [32] was published, Phiri et al.
presented a case study of Schistosomiasis and soil-transmitted helminth infections in
Chikwawa, Malawi [35]. In addition to the Double Poisson approach, the bivariate Poisson,
diagonal-inflated bivariate Poisson, and bivariate zero-inflated Poisson models were also
considered to model egg counts of the parasites. As a result, they found that children aged
6-15 years with a low socio-economic status and a low level of education had an increased
risk of co-occurring infections. Statistically, the diagonal-inflated bivariate Poisson model
performed best with the lowest AIC and BIC values.

With the first comprehensive introduction of generalized additive models for location,
scale, and shape (GAMLSS) in R in 2017 [36] Double Poisson Regression gained considerable
popularity. The first application was presented in the paper by de Andrate in 2021 [37], in
which they merged the geographical information of the 218 urban census districts and the
420 case counts of tuberculosis in the period from 2013 to 2018. To identify the best fitting
model for the case counts, all families of distributions in the GAMLSS package were tested
and evaluated using AIC values. In contrast to [35], Double Poisson Regression showed
the lowest AIC values and thus was selected. As a result, income, gender, and age between
15 and 59 years were found to be significant predictors for cases of tuberculosis. Dispersion
was modeled via distributional regression; however, the intercept was not reported.

Two years later, the same working group published a similar paper on tuberculosis. A
total of 1730 individuals diagnosed with TB between 2001 and 2017 in 811 urban census
districts within Macapa were included. Again, a Double Poisson Regression Model with
seven covariates and two intercepts for y and ¢ was chosen and an inclusion of quadratic
effects was tested [38].



Stats 2025, 8, 90

7 of 12

Hu et al. [39] considered all discrete distributions provided by the GAMLSS package.
Based on a survey of 2760 adolescents between 16 and 19 years, the Adolescent Self-rating
Life Events Checklist (ASLEC) was chosen as the count variable for the various regression
models. The distribution with the smallest value of the Schwarz Bayesian criterion [40]
was then chosen for further modeling. In contrast to [35] this was the Double Poisson
distribution. Here, the quantitative covariates were smoothed using a local maximum-
likelihood-penalized B-splines method.

GAMLSS was also used by Rajalu et al. [41], who modeled the daily counts of patients
with traumatic brain injuries (TBL n = 8893) between December 2019 and January 2021
by means of a bootstrapped time series approach with a Double Poisson distribution. To
compare the profile of TBI cases seen before and during the COVID-pandemic, a subset
of these cases, seen between 1 December 2019 and 31 July 2020 (n = 5259), are studied in
detail. The model used by Rajalu et al. included four covariates for the expected value and
three covariates to model the variance. Plotting the AIC over the observed time period,
they found a change point in TBI cases at the beginning of the COVID-19-pandemic (20
March 2020) and a significant relationship between the number of TBI cases per day and
alcohol sales on weekdays.

In a study of oral health, the Double Poisson Regression Model in GAMLSS was used
to perform an age-adjusted regression analysis including eight covariates in 1158 study
participants [42]. The authors found an association between obesity, socioeconomic status
and oral health. The data showed over-dispersion, and effects were reported as ratios
(exp(P)) of the regression coefficients. Other quality criteria were not reported.

Two epidemiological studies complete the picture of applications. In 2021, Khoei et al.
investigated the number of congenital malformations reported in 6368 neonatal health
records from Khoy;, a city in Iran, in 2017 [43]. As a specialty, they found extremely high
numbers of cases (99.6%) without congenital malformations. Consequently, they applied
the Bayesian zero-inflated and Hurdle models [44]. Although the deviance information
criterion (DIC) values for all applied models were quite similar, they found a Hurdle
Double Poisson Regression model with two binary covariates to perform best in fitting the
data with parental consanguinity as a prognostic factor (exp (0.59) = 1.80).

Orooji et al. applied a similar model in 2022 to determine prognostic factors for the
number of coronary-artery-stenoses [45]. The data basis was derived from 633 elderly
cardiovascular patients at Ghaem Hospital, Mashhad, Iran from September 2011 to May
2013. Since the number of coronary-artery-stenoses has a high zero inflation and cannot
exceed three, a right truncated zero-inflated Double Poisson Regression model with seven
covariates in the count part of the model and four in the logit part was applied. This
model outperformed the non-truncated zero-inflated Double Poisson model with respect
to a considerably lower AIC (1522.4 versus 1734.8) and a recognizable over-dispersion
(0=4.3478). They found that Body Mass Index and female gender were significantly
associated with the count part of the model.

Summary

In summary, applications of the Double Poisson Regression Model were mainly from
the field of ecological or epidemiological studies, while clinical research was clearly in the
minority of applications. Data were mainly extracted from official statistics or registers.
Almost all studies used software packages like the R-package GAMLSS [46,47] or Open-
Bugs [48] which also reflects the increase in publications since the publication of relevant
publications. To select the best fitting model, established quality criteria such as AIC or BIC
were also reported in almost all publications found in this review. Surprisingly, this does
not apply to the interpretation of regression coefficients as effect sizes. None of the studies
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found here took advantage of the possibility of interpreting regression coefficients as IRRs,
which has been proposed and published for other models [17,49].

Table 2. Articles included.

Author Type of . Quality Type of
(Year), Country ? Area Study Count Variable Criteria ? Dispersion Software
Aragon et al. (2016) Public Ecological . Under- Open
[32], Brazil Health study Snakebites brc dispersion BUGS
de Andrade et al. Infectious Ecological Infectious diseases AIC Modeled R/
(2021) [37], Brasil diseases study Dispersion © GAMLSS
Giacomet et al. Infectious Ecological . . Over- R/
(2023) [38], Brazil diseases study Infectious diseases AIC dispersion GAMLSS
Gijbels & . . . .
Prosdocimi (2011) Obstetrics Epidemiological Abortion AISE AUnde.r— R/
study Rate dispersion GAMLSS
[29], Italy
Hu et al. (2023) Sleep Modeled R/
[39], China quality Survey PSQl BIC Dispersion © GAMLSS
Khoei et al. (2021) Epidemiological Congenital Over- Open
[43], Iran Neonatology study malformations bIc dispersion BUGS
Nogueira et al. Diseas.iisijco frthe Observational Number of sureeri Not Over- SAS
(2021) [33], Brazil espiratory study er ot surgeries reported dispersion
system
Nunes et al. (2021) . Observational . Not Open
[34], Brazil Angioedema study Angioedema attacks reported Not reported BUGS
Orooji et al. (2022) Cardio- Epidemiological =~ Number of vessels AIC Under- SAS
[45], Iran logy study with stenosis dispersion
Phiri et al. (2016) Infectious RCT-Secondary Co-occurrence of AIC and Over- STATA
[35], Malawi diseases analysis 4 parasites BIC dispersion
Quintero-

Sarmiento et al. Mortalit Epidemiological =~ Children < 5 years AIC and Over- Not
(2012) [31], y study who died BIC dispersion reported
Colombia

Rajalu et al. (2022) Emergency Epidemiological =~ Cases of traumatic AIC Over- R/
[41], India medicine study brain injury dispersion GAMLSS
Schmidt et al.
Oral Not Over- R/
(2022) [42], Health Cohort study Oral Health Score reported dispersion GAMLSS
Germany

2 Sorted alphabetically by first author. b AIC: Akaike information criterion; BIC: Bayesian information criterion;

DIC: Deviance information criterion; AISE: Approximate integrated squared error. ¢ “Modeled Dispersion

indicates that dispersion is modeled as a function of covariates. d RCT: Randomized controlled trial.

”

4. Discussion

This narrative review aims to present a body of literature of applications of the Double
Poisson Regression Model in health care. Developed by Efron in 1986, it took 25 years
to be used from 2011 onwards. Popularity of the model increased with the launch of the
R-package GAMLSS in 2008 [46] and subsequent publications [36,47]. Due to the pre-set
options for using different distributions in this package, there are now much simpler
ways of applying these very complex models including the Double Poisson Regression
Model. Further studies should clarify the extent to which biased estimators and model
non-convergence can occur here and how results are comparable to other software, e.g.,
OpenBUGS [48].
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Most of the applications were located in the field of epidemiology. As also stated
by Hohberg et al. [50], the application of the Double Poisson Regression Model in the
evaluation of RCTs is far away from being established and “beyond the mean”. This is
perhaps also the reason why there is still a clear heterogeneity in the presentation of the
results and the application of quality indicators such as AIC or BIC, which in the case
of [51] led to that study not being included in the list of results, as no specific results on
Double Poisson Regression were presented. A corresponding checklist, such as that used
in structural equation modeling [52], would certainly improve the reporting quality here.

Another important finding is that the Double Poisson Regression Model was used
to model both over- and under-dispersed data, which is a clear strength of this approach.
However, as could also be shown, the Double Poisson Regression is only one way of dealing
with over- and under-dispersion [53], although a very elegant one from a mathematical per-
spective. Other approaches already mentioned here are negative binomial distribution [54]
or double gamma distribution [55], which were also found within this review but excluded
for this topic. In particular, in the case of under-dispersion, the other options provide either
very limited possibilities or parameters that cannot be interpreted in a meaningful way [56].

Probably inspired by Efron’s idea, other, e.g., three-parametric, methods have also
been developed to model over-dispersion. For example, Nandi et al. in [57] describe a
convolution of a Poisson variable and an independently distributed negative binomial
random variable. However, use cases for this approach have not yet been published.

4.1. Limitations

This work has some important limitations. Unlike reviews in the field of clinical
research, which often address a clearly defined question, a review of the application of a
statistical method is much more complex. It is quite likely that studies dealing with Double
Poisson Regression have gone undetected, even though we have attempted to minimize
this bias, for example, by analyzing citations of Efron’s original work.

Another limitation concerns the language bias: the search focused on English-language
publications, which potentially missed relevant non-English studies. This limitation is exac-
erbated by a potentially restricted database selection. Although it is quite comprehensive,
some regional or specialized databases containing gray literature may have been omitted.

Finally, there is a lack of formal quality assessment tools for this kind of study, which
limits the ability to judge the robustness of the primary studies.

4.2. Further Research

Further research related to Double Poisson Regression should clarify how to deal
with the normalization factor in practical applications. Initial simulations show clear
dependencies in convergence behavior [26]. This may necessitate further developments in
the software for Double Poisson Regression.

With regard to answering the question of when each model should be applied, the
following research questions arise: (1) To what extent do deviations from the model
assumptions from the data actually affect the estimation of the regression parameters and
their standard errors or the quality of the inferential statistical decisions based on them?
(2) Which statistics are best suited to capture deviations from the model assumptions that
are relevant for regression? (3) How are these statistics related to the estimation of the
regression parameters and their standard errors, or the quality of the inferential statistical
decisions based on them? Answers to these questions could form the basis of an algorithm
that can be used to decide, based on the data, when each regression model is best to use.
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5. Conclusions

Statistical methods have always been adapted to empirical data. This also applies to
the analysis of count data. One of the most mathematically sophisticated approaches is the
family of double distributions introduced by Efron.

This narrative review shows that the first steps in applying this idea for empirical
count data have already been successfully taken in a variety of fields in the health and
life sciences. This seems to have been fostered by the availability of relevant software.
Approaches to improve the application of double distributions in clinical research should
be encouraged.
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