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‘We propose a new model for non-stationary integer-valued time series which is particularly suitable for data with
a strong trend. In contrast to popular Poisson-INGARCH models, but in line with classical GARCH models, we
propose to pick the conditional distributions from nearly scale invariant families where the mean absolute value
and the standard deviation are of the same order of magnitude. As an important prerequisite for applications in
statistics, we prove absolute regularity of the count process with exponentially decaying coefficients.
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1. Motivation and introduction of the model

We propose a new model for time series of counts which is particularly appropriate for modeling
explosive processes. So far, the literature on models for integer-valued time series is dominated by
processes where the distribution of the count variables conditioned on the past is taken from the family
of Poisson distributions, and where the intensities themselves are random and depend on lagged values
of the count and the intensity variables; see e.g. Chapter 4 in Weiss (2018). While most of the results
on statistical inference for these models are restricted to stationary time series, most of real life count
data exhibit strong seasonal patterns and trends, see Figure 1. These features have to be incorporated
into the model as simple detrending and deseasonalization is not feasible due to the discrete structure
of the data. With a view towards a possible explosive behavior of processes to be modeled, we believe
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Figure 1. left: Monthly immigration numbers for the Netherlands with increasing trend and strongly increasing
seasonality; right: daily COVID-19 infection numbers from Italy with explosive trend.
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that it is natural that the expected values of the count variables are of the same order of magnitude as
the respective standard deviations. This is in contrast to the family of Poisson distributions where, for
X ~Poi(c), EX = o but y/var(X) = /o, and so +/var(X)/EX tends to zero as o — o0.

Note that overdispersion in the sense of var(X;) = nEX; for some 1 > 1 can be incorporated
in (log-)linear Poisson regression models by including exogenous regressors, see e.g. Cameron and
Trivedi (1986) and Xu et al. (2012). This approach is frequently used in various fields; e.g. in demogra-
phy, health, and biology (as in Renshaw and Haberman (2003), Powell et al. (2015), and Aagard, Lyons,
and Thogmartin (2018)) and can be adapted to non-linear Poisson autoregressions: If

X: | o (00, X0, ...,0¢-1,X-1) ~ Poi(o: Z;) with oy = f(or-1,X-1)

where (Z;); is a sequence of i.i.d. random variables with mean y, and variance o-% € (0, 00) such
that Z, is stochastically independent of o (o, Xy, . . .,07-1, X;—1), then it follows from

E[X; | o (00, X0,...,0t-1,X;-1)] = f(0r-1,Xs-1) 4 and
var(X; | o(00, X0, -, 011, Xr=1)) = f2 (011, Xe=1) 02 + f(0r-1, Xe=1) f1z

that the degree of conditional dispersion can be changed adapting mean and variance of the exogenous
regressors accordingly. Indeed, several well-known count time series models are special cases of these
so-called mixed Poisson models. For instance, if the Z;’s are binomial, then the conditional distribution
of X; is a zero-inflated Poisson distribution and Z;’s being Gamma distributed result in a negative
binomial distribution, see e.g. Kremer et al. (2021) and Doukhan, Leucht, and Neumann (2022).

Here, we propose an alternative approach to assure that conditional expectation and variance are of
the same order of magnitude. We pick the conditional distributions from a family of (nearly) scale-
invariant distributions. Candidates for such distributions can be found by discretizing scale-invariant
continuous distributions. Let Y be a non-negative random variable with a probability density p. Then
we can define related integer-valued random variables X by setting

Xo = loY],

i.e. Xo =k ifand only if oY € [k, k + 1). In what follows we denote the distribution of X, by P, and
the corresponding probability mass function by p . For example, if Y is exponentially distributed with
rate parameter 1, then oY is exponentially distributed with rate parameter o and E[cY] = 4/var(cY) =
o . We obtain for the corresponding integer-valued random variable X that

Po({k}) = M7 — e ®DIT = (1-p)kp  VEkeN,

where p =1 — e~/ In this case, X, has a geometric distribution with success parameter p. Further-
more, EXy = (1-p)/p=e"17/(1-e"1/7) and Yvar(Xy) = VA =p)/p2=e Q) (1 =~ 1/o)
are of the same order of magnitude as o — co. (This version of a geometric distribution has sup-
port Ng and describes the number of failures before the first success of independent Bernoulli trials
with success parameter p.) Another example can be generated from the family of normal distributions.
If Y ~ N(0,v?), then |Y| has a so-called half-normal distribution, and corresponding integer-valued
random variables can be generated by setting X, = |o'Y]. In both cases, the families (P ), ~q satisfy
the conditions imposed in this paper.
We impose a GARCH-type structure for the count process, i.e.

X | Foot & oy Y| ~ Py, tEN (L1a)
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where F; = o (09, X9, Zo, - . .,0s, Xs,Zs) and oy is a function of oy_;, X;_1, and an exogenous co-
variate Z,_; which may describe e.g. seasonal effects or the effect of a changing environment. To be
specific, we will assume that oy = f(0y-1,X;-1) - Z;—1, which can be equivalently rewritten as

In(oy) = In(f(oy-1,X;-1)) + Ci -1, (1.1b)

where C; =In(Z;). Note that the initial variable oy > 0 can be chosen arbitrarily as long as some
moment conditions are satisfied, see Theorem 2.1 for details.

To work with such processes it is necessary to have some probabilistic properties at our disposal. For
classical GARCH processes, mixing properties have been known for a long time; see e.g. Boussama
(1998) for linear and Carrasco and Chen (2002) and Francq and Zakoian (2006) for nonlinear variants.
These properties are typically stated for the bivariate process consisting of the observable and the state
variables. In sharp contrast, for integer-valued GARCH, the state process (07);en, is not mixing in
general; see Remark 3 in Neumann (2011) for a counterexample. Moreover, mixing properties of clas-
sical GARCH processes can be deduced under weak moment conditions on the innovation distribution
(see Francq and Zakoian (2006)), while for Poisson-INGARCH time series all conditional moments
given o exist. In contrast, here we require only E[In*(Y)] < co with In*(Y) = max{In(Y), 0} which
means that only logarithmic conditional moments of the X; may exist.

In this paper we search for conditions that allow us to prove absolute regularity (8-mixing) of the
count process (X;);en, (No=NU{0}={0,1,2,...}). This will be done by a coupling approach de-
scribed in greater detail in Section 2. To illustrate the usefulness of this result we discuss an application
in statistics in Section 3. The proof of the main result is contained in Section 4 and the proof of asymp-
totic normality of a least squares estimator of a trend parameter is postponed to Section 5. Validity of
a bootstrap method to quantify uncertainty of this estimator is proved in Section 6. Proofs of a few
technical results are collected in a final Section 7.

2. Absolute regularity of the count process

Let (2, A, P) be a probability space and A, A, be two sub-c--algebras of A. Then the coefficient of
absolute regularity is defined as

B(A,Ay) = E[sup{|P(B| A1) — P(B)|: BeA}|.

For a process X = (X;);en, on (Q,F, P), the coefficients of absolute regularity at the point k are
defined as

BX(k’ I’l) = ﬁ(O-(X(),Xl, o 9Xk)9 ‘T(Xk+n’ Xk+n+19 .. ))
and the (global) coefficients of absolute regularity as
B (n) = sup{p* (k.n): k &No}:

see e.g. Doukhan (1994). The intended approach to prove absolute regularity is inspired by the fact
that one can construct, on a suitable probability space (€2, ¥, P) two versions of the process (X;)en»
(it)tell\lo and ()?t’)tE[NO, such that (Xo, ..., Xx) and (X, .. .,)?]’{) are independent and

BX(k,n) = ﬁ(fkﬂﬁr +X! for somerZO).

k+n+r
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space (Q,F, P) are any two versions of (X;);en, such that (Xo, ..., Xx) and (X/, ..., f,’() are indepen-
dent, then

BXUm <E| swp {IP(Reon Xewnnr, - ) € C1 Ko, X
Ceo(C)

_P((Xk+n’ kens1s ) €C | 52,""’5(‘;‘) ’}]

ﬁ(XkHHr * Xk+n+r for some r € D\IO)
= P (Xin # X,
+ Z ﬁ(§k+n+r # Xk+n+r’ Xk+n+r 1= Xl/c+n+r EERER) )?k+n = 5(:;(_'_”) . (2.1)
r=1

(In the second line of this display, o-(C) denotes the o-algebra generated by the cylinder sets.) We con-
struct on a suitable probability space (Q, 7, P) two versions ((o¢, Xz, Ct))telN and ((5/,X,,C; ))teINO

of the process ((o7, X;, Cf))tel]\lo such that

P(X,=X]|5:,5]) = ZPU,({/«})APw({k})—l—dTv( & P); 2.2)

where dry, (P,Q) = (1/2) X1, IP(k) — Q(k)| denotes the total variation distance of two count mea-
sures P and Q. Furthermore, if the density p of Y is nonincreasing on [0, o) or differentiable every-
where on (0, o0) and fom x|p’ (x)| dx < oo, then Lemma 7.1 shows that

drv(Po, Por) = O(|In(o) - In(c”)|).

Hence, it is important to have the evolution of the process (| In(o7) —In(d7)|) rely under control. Since
E|ln([0'YJ +1)=In(lo’'Y] + 1)| <vy|In(o) —In(c’)| for

y = /Owsup{p(y): y=x}tdx

(see Lemma 7.3 below) we suppose that the link function f in (1.1b) satisfies the following contractive
condition.

ln (f(or,x)) = In (f(o,x))|
<al|ln(o) — In(o")| + b|In(x+1) - In(x"+1)|  Yo,o’ >0,x,x" € No, (2.32)

where a,b > 0 and a + by < 1. Note that the latter condition implies validity of the classical contraction
condition a + b < 1 since it holds y > 1 by definition. Furthermore, we assume that C; is independent
of F,_1 and Xy, and that

M = supE|C; — ECy| < . (2.3b)
t

Note that this includes the specification proposed in Fokianos and Tjgstheim (2011),

In(oy) =aln(oy_1) + bIn(X,_1+1) +d Yt e N
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where the count variable X; given the past had a Poisson distribution with random intensity oy, and
d was a constant. In that case, for appropriately chosen values of the parameters a and b, there exists
a stationary process with such a dynamics. Lemmas 4.1, 4.2, and 7.1 allow us to prove the following
main result of this contribution.

Theorem 2.1. Suppose that (1.1a), (1.1b), (2.3a), and (2.3b) are fulfilled, and let E|In(oyp)| +
EIn*™(Y) < co. We assume that the density p: [0,00) — [0, 00) of Y is

(i) monotonously non-increasing
or
(ii) everywhere differentiable.

In the former case we set vy =T =1 and in the latter y = fow sup{p(y): y > x}dx and T = (1 +

fooox |p’(x)| dx) /2. Then the count process (Xt)ieN, is absolutely regular (B-mixing), and the cor-
responding coefficients satisfy

2b (|lplles + E In*(Y)) + 2M}
l-a-b '
Theorem 2.1 can serve as a basis for various statistical applications. For instance, confidence sets and

statistical tests can be developed relying on Rio’s (1995) CLT for triangular arrays of nonstationary
random variables; see Section 3 for details.

,BX(n) < (a+b)/)"L {2E|ln(0'0)| +
1-a

Remark 1. The monotonicity assumption on p is satisfied for instance if Y is exponentially distributed
or if it is half-normal. If Y has a chi-square distribution with at least k = 3 degrees of freedom, then the
corresponding density py is unimodal with a mode at k —2. However it is differentiable everywhere on
(0, 00) and

oo k-2 00
/ x|p;<(x)|dx=‘/ xpp(x)dx — / x pp(x) dx
0 0 k-2

k-2 )
= 2(k - 2)pe(k—2) —/O pk(x)dx+/k_2pk<x)dx < o,

Hence, our conditions on the distribution of Y are satisfied. Another example is given by the family of
Cauchy distributions. Such a distribution has a density p(x) = 7y/((x — u)*> +¥?) on R, where u € R is
the location and y > 0 the scale parameter. If Z follows such a distribution we would call the distribution
of Y =|Z| to be half-Cauchy. Such a distribution does not have finite moments of order greater than or
equal to one, however, E In*(Y) is finite. Y has a density p(x) = 7y /((x — u)? +y?) +7y/((x + p)> +v?)
which is not non-increasing on [0, o0) if |u| is large, however, it is decreasing on [|u|, o). Again, our
conditions are satisfied by this family of distributions.

Remark 2. The proof of Theorem 2.1 relies heavily on the discretization oY ] to bound (2.1) and
(2.2), respectively. Still, these two relations build the basis for proving absolute regularity of other
count time series such as Poisson INGARCH processes and variants thereof, see e.g. Doukhan and
Neumann (2019), Neumann (2021), or Doukhan, Leucht, and Neumann (2022).

3. An application in statistics

Suppose that we observe the random variables X1, ..., X;, which follow a log-linear model similar to

[10W C WEe 11 1d€ an increasing intercep Crm
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which causes a strong trend. To be specific, we assume that
In(o7) = aln(oy—1) + b In(X;—1 + 1) + ¢ In(?), 3.

where a > 0, b,c > 0, and a + by < 1. We also assume that

X | Fioy £ Loy ).

Although consistent estimation of the parameters a, b and c is a highly relevant issue, it is left for future
research as it is mathematically demanding. On the one hand, the o+’s cannot be observed. Hence,
one has to come up with suitable estimators for the volatility process as a preliminary step if a # 0.
Moreover, we expect the convergence rate of least-squares parameter estimators to be comparatively
poor in view of the multicollinarity of (In(?));=> n- However, under mild
regularity conditions we obtain that

..........

Eln(X,+1) = ﬁln(l) +o(1); (3.2)

see (5.4) and (5.5) in Section 5 below. Hence, the parameter 6 := ¢/(1 — a — b) characterizes the trend
in the data. To estimate it, we may fit the regression model

In(X; +1) = 0 1In(z) + &, t=1,...,n.
The ordinary least squares estimator is given as
7 - = In(?) In(X; +1)
2
iy (In(1))

and it is centered about the best projection 8 = () which is given as

n =

7] N " In(z) Eln(X; +1
0 = arg mlaniln(Xt + 1) -0 ln(l)|2 — t=1 ( ) ( ; )
" ) (In(0)

Using the mixing property derived in Theorem 2.1 in conjunction with Rio’s (1995) central limit the-
orem for nonstationary and mixing random variables we can prove the following central limit theorem.
In particular, it shows a non-standard rate of convergence of our estimator.

Proposition 3.1. Suppose that the conditions of Theorem 2.1 are satisfied and
In(oy) = aln(oy—1) + b In(X;—1 +1) + ¢ In(z),

where a >0, b,c > 0, and a+by < 1. Moreover, assume that o > 1 and || In(0) |2+ + || InT (¥) |2+ <
oo for some 6 > 0. Then,

Vi In(n) (B, — ) -5 N (0, 02),
where 0> = var (In(Y)) (1 - a)?/(1 - (a + b))~

Remark 3. It is known that [} |In(y)[* dy = k! ¥k € N. Therefore, f;' |In(y)[*p(y)dy < oo if
l|plleo < o0, which implies that E[|In(Y)|**°] < [Iplle /0‘ |In(y)[>*° dy + E[|In*(Y)|**®] < co. This
S oo W . . e -
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To illustrate the dynamics of these models, we revisit the COVID-19 data from Italy. We estimate
5n =2.48 and visualize the curve ¢ +— %, see Figure 2. Moreover, we investigate the finite sample

100000
|

0

T T T T 1
010ct21 01Nov21 01Dec21 01Jan22 01Feb22

Italy: daily COVID-18 infection numbers

Time

Figure 2. COVID-19 infection numbers with estimated trend curve.

behaviour of our estimator in synthetic samples of sizes n = 200 and n = 500 with parameters chosen as
a=>b=0.1and c =2 which give 6 =2.5, see Figure 3. The distribution of ¥ is chosen to be either half-
normal (left) or exponential (right), both with expectation 1. The box plots are based on 1000 iterations
and the red line marks the target value 8. We obtained § by simulation with 20000 Monte Carlo loops
as it depends on the unknown distribution of the X;’s as well as the sample size. The performance of
the proposed estimator is very convincing in the sense that the median is very close to the target value
also for smaller sample size and that the variability becomes smaller as sample sizes increase.
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Figure 3. Boxplots for sample sizes n =200 and n = 500: left: ¥ ~ half-normal with EY = 1, right: Y ~ Exp(1).

It is possible to construct an asymptotic confidence interval for the parameter 8. To this end, we have
to approximate the distribution of

T, = Vn In(n) (6, - ) = iwt [In(X; +1) = Eln(X; +1)]

=1




8

where w; = vn In(n) In(7)/ X7 _, (In(s))%. This can be conveniently achieved using the so-called de-
pendent wild bootstrap which was introduced by Shao (2010) for smooth functions of the mean. In our
context, we approximate the distribution of 7, by the conditional distribution of

n
Ty = > wi [In(X; +1) = i (1)] Wy,
t=1

where i1, () is an appropriate estimator of m(¢) = E In(X; + 1), and (W;),=;,._» is a triangular array
of auxiliary random variables Wy = Wy, which are independent of the original sample Xi,..., Xy,
satisfy EW; =0 and cov(W;, W;) = p(|s —t|/l,), where p(u) —,—0 1 and Z:‘;ll lo(Irl/l)| =0(1y).
The parameter /,, plays a similar role as the block length in blockwise bootstrap methods and it has to
be chosen such that [,, =, o0 and [,, = o(n). To simplify matters we suppose that W7, ..., W, are
jointly Gaussian. It turns out that the function m is monotonously increasing (see Lemma 6.1 below)
and that m(t) = O(In(¢)). Hence m(t) can be well estimated by a nearest neighbor estimator

fiin(t) = Z In(Xs+1)/#{se{l,....n}: |s—1t] <N},

st |s—t|<Np
where N,, — oo as n — co. It follows from (5.7) and (5.8) that
var (ﬁn(t)) = O(I/Nn). (3.3)

Furthermore, since |En?,, (1) - m(t)| < EIn(X(s4n)an + 1) = EIn(X(;—pn,)v1 + 1) we obtain that

n
—~ 2
Z|Emn(t) — m@®[" = 0(N, (In(n))?). (3.4)
=1
Remark 4. A simple way to construct the random variables W7, ..., W, is to take first an Ornstein-

Uhlenbeck process (Uy);»0, i.e. a Gaussian process with continuous sample paths, EU; = 0 and
cov(Us, Ur) = exp(—|s — t]), and to define W} = U,;,, t = 1,...,n. Then the practical implementa-
tion becomes easy since a discrete sample of an Ornstein-Uhlenbeck process forms an AR(1) process,
ie.

L A

where W;‘ , 8;’ ..., &, are independent standard normal variables.

Proposition 3.2. Suppose that the conditions of Proposition 3.1 are satisfied. Furthermore, we as-
sume that og = 1, || In*(Y)||455 < oo for some 6 > 0, and that 1, —> oo, I,/n — 0, and 1,/ N, +
n—0oo n—oo

1,N,((In(n))?/n — 0. Then

. P
() supyer|P(Tn <x) = P(T; <x|X1s...,X,)| — O.

(i) Let uT_a/z be the (1 — a/2)-quantile of PTn1X1>--Xn_Then
uy ut
_ o~ l—a/2 =~ 1-a/2
P(@e[@n— o/ ,0n + a/ ]) — 1l -a
Vrln(n) vadn(n) -/ n—eo
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Table 1. Rejection frequencies

n=>500 half-normal exponential

In | Np || @=0.1 | @=0.05 || @=0.1 | @=0.05
20 | 55 || 0900 | 0953 | 0860 | 0.919
20 | 65 || 0940 | 0969 || 0904 | 0952
25| 60 || 0912 | 0953 | 0.887 | 0933

30 | 65 || 0922 | 0959 || 0.895 | 0.940

| | | |
| | | |
| | | |
| 25| 70 || 0944 | 0976 || 0920 | 0956 |
| | | |
| | | |

30| 75 || 0951 | 0982 | 0926 | 0.961

We illustrate the finite sample performance of the proposed bootstrap method by some simulations
regarding the coverage of the bootstrap-based (1 —a)-confidence intervals for @ = 0.05 and @ = 0.1. The
data are generated in the same way as in the previous simulations. We use 1000 Monte Carlo loops, each
consisting of 1000 bootstrap replications while varying the window size N,, of the nearest-neighbor]
estimator and the tuning parameter /,, of the dependent wild bootstrap, see Table 3. We observe that
the performance of our bootstrap method is convincingly stable with respect to the choice of /,, as long
as N, is not chosen too small. Conversely, choosing N,, too large results in a higher variance of the
bootstrap estimator which then gives wider confidence intervals with high coverage.

4. Proof of Theorem 2.1

The proof of our main result is based on the following two lemmas.

Lemma 4.1. Suppose that (1.1a), (1.1b), (2.3a), and (2.3b) are fulfilled, that the density p of Y is
bounded, and let E|In(oq)| + EIn*(Y) < co. Let ((Et,X,,C,))tENO and (('J't’,Xt’,Ct’))teNofejnde-
pendent versions of ((‘Tf’Xt’Cf))zelNO which are defined on a suitable probability space (Q2, F, P).
Then

E|In(7 F 2b (||plleo + EIn*(Y)) + 2M
sup E|In(@x) — In(37)| < 2E|In(op)]| + (Iplleo + EIn*(Y)) +2M
kEI]\IO l—a—b

Proof. It follows from (1.1b) and (2.3a) that
|ln(5't) - ln(a-t,)l
<a|ln(@-1) = n@_ )|+ b|In(X;—1 +1) = In(X]_, + | +[Cr—1 = C/_ -

Note we obtain from Lemma 7.2 that E (| In(X;_; + 1) — In(G;_ + 1)||5',_1,'5't’_1) =E(JIn(X,_; +1) -
In(G;—1 + DI[G1-1) < [Iplleo+E In*(Y) and, analogously, E(|In(X/_, +1)=In(F,_, +1)|[57-1.7,_,) <
llplleo + E In* (Y). Therefore we obtain, for ¢ > 1,

E([m(a,) — In(&)] !a,_l,a—; l)
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<a|ln(@-1) - In(a/_,)| + b|In(G,_; +1) — In(o]_, +1)|

+bE(|1n()?,_1 +1) = In(G_; +1)| | ’@—155,’_1)

+bE(|n(X_+ 1) =@, + D] |71.7,,)
+E(|5t71 - ECt71| ‘5},1,5';_1) + E(|5‘;_1 - Ectfli ’F&tflsa't,_l)
< (a+b)|In(G,-1) - In(a,_,)| + M,
where M =2b (||p||c + EIn*(Y)) + 2M. Taking expectation on both sides of this inequality we obtain
that
E|In(3;) - In(3/)]
< (a+b)E|In(G-1) - In(@/_ )| + M
< (a+bh) {(a+b) E|In(&,_2) - n(7/_,)| + M} + M

< ... < (a+b) E|In(Go) — In(@)| + M{1 + (a+b) + -+ + (a+b)"""}

M
< 2E|In(op)| + ——. O
l—a->b

Lemma 4.2. Suppose that (1.1a), (1.1b), (2.3a), and (2.3b) are fulfilled, and let E|In(oy)| < co. Fur-
thermore, we assume that p: [0, 00) — [0, c0) is continuous and y := fooo sup{p(y): y = x}dx < co.

Then there exist versions ((5,,}?,,5,))16[]\]0 and ((&;,X;,é;))te% of the process ((o¢,X;,Ct))

[EINO
such that, for all k,n > 0,

(i)  E|In(Gsn) — In(T7,,)| < (a+by)"E|In(@x) - In(3y),
() E|[In@raner) = 0 ) T (Rean = Koo Kesmsr—1 = Ky |

< d (a+by)"E|ln(@y) - In(G;)|  Vr>1,
Qi) P(Xiener # Xy Xioner—1 = X 10 Ko = Xiy)

= FE[‘ In(Ghinsr) = 1n(b-—l,c+n+r)| ]]-()?k+n = )?l,c+n’ T Xk"’”"”’—l = Xdl,c+n+r—l

)| vr=o,

where T =1 if the density p is non-increasing on [0,c0) and ' = (1 + /Ooox|p'(x)| dx) /2 if p is differ-
entiable everywhere on (0, o) with /Ooox|p’(x)| dx < oo,

Proof. Let? > k. For given 0y and ¢, we apply a maximal coupling of the respective random variables
X; and X/, i.e. X; and X/ are defined such that

a) P(X,=k|5,.5]) = P5,({k}) and P(X/=k|G,.0/) = Pz ({k})  VkeNo,

b) P(X: =X/ 10:,0/) = 1 = drv(P5,,P5;) = 3o P&, ({k}) A P ({k}).

(Note that our definition of the total variation norm differs from that in Lindvall (1992) by the fac-
tor 2.) Furthermore, and in contrast to the constructi(gl useg for the proof of Theorem 5.2 in Lindvall
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0 > 0} and, vice versa, X, < 5('{ holds with conditional probability 1 if o; < ;. (This is possible
since | oY | is stochastically greater than |o”’Y | if o > o’ and PLoY1((=c0,1]) < PLOY]((=c0,1]) Vi
implies that (PLOY] — pLoY] A plo'Y]y((—co,1]) < (PLOY] — pLoY] A pPLO'Y])((—c0,1]) V1.) And
finally, we choose the exogenous variables such that C~'t = C~‘t’ .

(i) Letk <r<k+n. Since X, — )?,’ has the same sign as o; — o7, In(X; +1) - ln(ft’ + 1) is either
non-negative or non-positive with conditional probability 1, and we obtain by Lemma 7.3

(|1n(xt+1) ~ In(X! +1)|‘0’,,0’t) <y|In@) - In(&)|.
This yields that

E(|Imn@) - @] [Gr1,5,,) < (a+by) @) - ().
Taking expectation on both sides of this inequality, and using the resulting inequality » times we obtain
E|In(Gsn) — In(T7,,)| < (a+by)"E|In(Gx) - In(G7)).

(ii)) Letnowt=k+n+r>k+n. Then we obtain immediately

|In(&;) - n(&)| 1 (Xgan = X;, Xio1=X]_))

+noc

<a|1n(0—t 1) - ln( 1)|J1 Xk+n ]I<+n7""Xt—2:§t/_2)

<-or < d" |In(Gyen) — In(ap,,)|,
which yields (ii). Statement (iii) follows from Lemma 7.1 since b) gives

DY v’ v _ v/ v _ v
P (Xk+n+r # Xk+n+r’ Xitn+r—1= Xk+n+r—1’ oo Xpn = Xk+n)

v _ v
- E(dTV(PO'k+n+r T rins ,,):ﬂ‘(Xk'*'n_)(k+n""’)(k"'"‘“’_l _Xk+n+r71))‘ O
Now we are in a position to prove our main result.

Proof of Theorem 2.1. Let (T, X;, Ct))retN and ((5/, X/, C,))teh\l be two versions of the process
((Uls Xt’ C[))IEN bl Where (O-O’XO9 CO’ .. O—k 1s Xk 1s Ck 1s O-k, Xk) and

(o ,X’ C’ .. 5’,’( 1,X]’( 1’C1,< ], X’) are independent, and where Ck,0'k+1,Xk+],0'k+2,Xk+2, .
are coupled with their respective counterparts C.c ,~,’( a3 X ]’c e ~]’< X ]’c 42>+ -+ as described in the proof]

of Lemma 4.2. Then we obtain from (2.1) and Lemmas 4.1 and 4.2 that
BX (k,n)
< ﬁ(§k+n * ).(J],(+n)
+ Z F()?k+n+r # Xy;ﬂmr, Xinir—1 = Xy;(.,_n_,_r_] ooy Xpan = Xk+n)
r=1

2b (||plle + EIn*(Y)) + 2M
l—-a-b

<Tr iar (a+by)? {2E|ln(a'0)| +

=0

1. 0
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S. Proof of Proposition 3.1

The following lemma is a consequence of a CLT in Rio (1995) and it serves as a basis for the proof of
Proposition 3.1.

Lemma 5.1. Suppose that (X; n)i=1,..n, n €N, is a triangular array of centered random variables
with sup; <, (| X¢.nll2+s) = O(n~112) for some § > 0, where 1Xt,nllg = (E|Xt,n|q)1/q. Further assume
that the array is absolutely regular with exponentially decaying mixing coefficients B, (k) < o for
some p < 1. If additionally Vy, p := var(3;_, X; ») satisfies liminf, e Vy, > 0, then

t,n
Zl_/z =5 Z~N(0,1).
t=1 Yn,n

Proof of Lemma 5.1. We apply Corollary 1 in Rio (1995). To this end, we validate conditions (a) and
(b) therein. Assumption (a) reads

i
. Var(Z,:IXt,n)
limsupmax ——— < o
n—oo I<n Vn’n

In view of our assumption liminf, . V,,,n > 0, it suffices to show that

n
lim sup Z |c0V(XS,n, Xt,n)| <C. 5.1)

nelN s.i=1

Recall that the S-mixing coefficients serve as an upper bound for the @-mixing coefficients. By the
covariance inequality for a-mixing random variables (see e.g. Doukhan (1994, Thm. 3, Sect. 1.2.2)) we
obtain

leov(Xe,n s Xen)| < 8afs) (Is = t) 011X nllars 1 Xinll2es

which then gives (5.1) under our moment conditions by the exponential decay of the strong mixing
coefficients.
It remains to check (b) in Corollary 1 in Rio (1995), that is

Zn:/()l a) (%C) 02 ,(x) min{l, a) (g) Q,,n(x)} dx — 0. (5.2)
t=1

Here, O;,,, denotes the inverse of the survival function z — P(|X; | > zV,i,/,% ) and a(_ nl) denotes the
inverse of z — «a(|z]). First, note that a(‘nl) (x/2) < Cy = C In(x) for some Cy, C; € (0,0) in view of]

the exponential decay of the mixing coefficients. Second, we obtain by Markov’s inequality

2+6
12 E|X; nl
PUXinl > 2Vun) < =20 oo
n,n

which leads to

||Xt,n||2+6
Vl/2
Ym,n

\

/
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-6/2 (%) 5/2

) r.n (X), we can de-

From this, and using the rough estimate min {1,0(’,}) (3) Qin (x)} <a
duce that the r.h.s. of (5.2) can be bounded from above by

! n 2+5/2
5/ | In(x)] #0125~ (r0/2/240) gy . N [1Xt.nll2+s
° t=1

Vi

n,n

which tends to zero as sup, ., (|| X; x|l2+5) = O (n™1/?). O

Before we turn to the proof of Proposition 3.1 we derive a few useful approximations. Since oy > 1
and In(oy) > aln(oy_1) + ¢ In(z), we see inductively that under the conditions of Proposition 3.1

o> t¢ V>l (5.3)

In what follows we shall get rid of the cumbersome terms In(X; + 1). Note that the vector (X, ..., X,)
has the same distribution as (|ooYyl, ..., 0nYn]), where Y; has the same distribution as Y and is
independent of oy, ...,0%,Y,...,Y;—1. To simplify the representation we suppose that X; = | 0Y;].
Since

In(o;Y;) <In(X; + 1) <In(orY; + 1) < In(o; (Y; + 1/1)),
we obtain
In(X; +1) = In(0vY;) < In(0¢(Y; +1/t)) = In(0vYy)
and hence, for p <2+,
E|ln(X, +1) - In(0v¥;)[” < E|In (07 (Y, + 1/2°)) — In (oY) [°
= E|In((Y; +1/t9)) — In(¥;)[ —0. (5.4)

The above representation allows us to represent In(oy) in a suitable form:

In(o7) = (a+b) In(oy—1) + b In(Y,—y) + b [In(X,—1 +1) = In(oy—1Y,_1)| + ¢ In(?)

(a+b) {(a +b) In(07_2) + b In(Y,2) + b [In(X, 2+ 1) = In(07_2¥,2)] + ¢ In(t - 1)}

+b ln(Y,_l) +b [ll‘l(Xt_l + 1) —ln(O't_lY,_l)] +c ln(t)
...=(a+b)" In(op)

t
+b Z(a +b) 1 n(Y,_y)
s=1

+b > (a+b)* ' [In(X,—s +1) = In(oy—s¥;—y)|

t
s=1

-1 . |
+c{;(a+b) In(t=s) - 7—— 1n(z)}

+— % ). (5.5)
I—a-o
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The first four terms on the right-hand side are stochastically bounded, and the fifth one is dominating,
To see boundedness of the fourth term, note that

(Z(mb) In(t = 5) = ———In(1)
‘Z(a+b) [1n(r = 5) - In(n)]| + ’(“—”’)[1 (1) = 7——In(1)
S:z:;(a+b)ss + f“”’y (7).

Now we are in a position to approximate the covariance structure of In(X; + 1). Since it follows from
(5.4) that || In(X;_s+1) - ln(O',_sYt_s)”2 b 0, we obtain by Minkowski’s inequality

Hb SZ:;(a +5) [In(X,_g+ 1) = In(0y_s¥i_y)]| H2

t
<b Y (a+b)" In(Xe—s + 1) = In(or—s Y-, — 0.

s=1
This means that the limits of the covariances arise from the terms in the fourth from last row in (5.5):

(a+b)"

cov (In(oy),In(o—y)) =2, var(In(Y)) b? b

(5.6)
This implies
var (In(X; + 1)) = tlim var (In(oy) +In(Y;))
= lim var (In(oy))  +  var(In(Y))
b2
= Var(ln(Y)) {m + 1} 5.7)
and, foru > 1,

cov (In(X; +1),In(X;—y, + 1)) - tli_)rgo cov (In(ov),In(ov—y)) + tli—)n(;lo cov (In(ov), In(Y;—y))

b% (a+b)*

= var (In(Y)) {1 —(a+b)?

+b(a+b) 1} (5.8)

In the subsequent proof, (5.7) and (5.8) allow us to identify lim,, e Vi p-

In(t)

Proof of Proposition 3.1. Let J; , = Vi In(n)

(In(X; +1) — EIn(X; +1)). By Lemma 7.4

ilnz(t)/(n In%(n)) — 1.

=1
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Therefore, it remains to verify

n
> din 5 Z~NO.5).

t=1

To this end, we apply Lemma 5.1 with X; , := J; ,,. Note that we obtain

sup [ nllzes < O™ sup  [[In(X; +1) = EIn(X; + 1)ll2ss
t<n

t<n,neN

<o) sup  |IIIn(X; + 1) = In(or Yo)llows

t<n,neN
+|[In(o7 Y;) — Eln(oy Yy)ll246 + |E[In(oy Y7) — In(X; + D)]ll245 |-

Uniform boundedness of the first and the last summand can be deduced from (5.4). Uniform bounded-
ness of the middle term follows from Remark 3 together with (5.5) since the latter gives

lIn(o7 Yy) = Eln(oy Yy)ll2+6
< [ln(oy) = Eln(oy)ll2+s + [ In(Yy) = EIn(Yy) 245

< (a+b)" || In(op) — En(op)ll2+s
+ > (a+b) ' b|[In(Xi—s + 1) = In(oy-5)] = E[In(X,—s + 1) = In(07-5)]| 5,5

s=1

+ | In(Y) = EIn(Y)|l2+5- (5.9)

It remains to derive liminf, e Vj . It follows from (5.4) and (5.9) that the moments of order 2 + ¢
of the random variables In(X; + 1) are bounded. Hence, we obtain from the mixing property that

sup, [cov(In(X; + 1), In(Xy1p + 1))| < C p!" for some p € (0,1). Furthermore, Lebesgue’s theorem,
Cauchy’s limit theorem, Lemma 7.4, (5.7) and (5.8) give

n

1 In(z + h) In(¢
lim Vo= 3 gim + 3 R I00)

3 cov(In(X; + 1), In(Xrsn + 1)) Li<renzn
heZ t=1 In (n)

= var (In(Y)) {1 + Z M + ZZ b(a+b)h_l}
heN

= 1-(a+b)?
_ 2
= var (In(Y)) % > 0. Ol

6. Proof of Proposition 3.2

Proof of Proposition 3.2.

(1) It follows from Proposition 3.1 that

suE|P(Tn <x) - <I>(x/a')| — 0. (6.1)

X€ERR
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Since o-,zl :=var(T,,) — o2 and since T,; conditioned on X, ..., X, is by construction normally
n—oo
distributed, it only remains to show, for 72 := var(T} | X1,..., X,), that
P
ot - op| — 0. (6.2)

Then (i) follows from (6.1) and (6.2).

Let Z, = w;[In(X; + 1) = EIn(X; + 1)] and Z = w;[EIn(X; + 1) — m,(¢)]. Then T,, = X1, Z;
and T,; = ¥ (Z; + Z/)W;. Note that it follows from (3.3), (3.4) and w; = O(n~'?) that
hle E[(Zt’)z] =0(n~ ' (n/Ny + Ny(In(n))?)). Since Zf:__l(n_l) lp(r/l,)| = O(l,), we obtain
that

E[(gzgwj)z] = E[}E((gzgwgf)2 | X1,...,X,,)]

:E[ Z z;z,’p(ls—tl/ln)]

s,t=1
n—1
= D> et/ > E[,2,,,]|
r=—(n-1) max{1,1-r}<s<min{n,n—-r}
_o(ln (2~ 2)) =
—0(n (Nn + Nu(In(n))?)) = o(1).

Next we compare var(7},) and var(}, Z,W; | X1, ..., X,). We obtain
E[12] - E((ZZ,Wt*)Z | X1, X)
7
=Y E[2.2:) = . ZZip(ls ~ tl/1n)
s,t S,t
= Y E[Z:2:(1 - p(Is = 1|/1n))]
s.1
- > (252 = E[Z:Z:))p(Is = 1]/1y). (6.3)
s.1

The last but one term converges to zero by majorized convergence. We conclude from (5.4) and
(5.5) that

sup{E|In(X; +1) - Eln(X; + 1)|4+6} < oo,
t

This and the exponential decay of the mixing coefficients X (r) imply, for 1 < s <t<u<v<n
and r =max{¢t — s,u —t,v — u}, that

|eum(Z,, 2, Z4. Z,)| = O(p" n~?)

for some p < 1, where
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denotes the joint cumulant of Z, Z;, Z,, and Z,,. Hence,

n

Z |leum(Zs, Z1, Zu, Z0)| < 4! Z leum(Zs, Z¢, Zu, Z0)| = O(1/n).

s,tu,v=1 1<s<t<u<v<n

Furthermore, it follows from (5.7) and (5.8) that cov(Zs, Z;) = O(n~! (a + b)!s~*1). Therefore we
obtain for the second term on the right-hand side of (6.3) that

E[(Y (22 - E1Z:20)p(s ~11/12)?]

5,1

n

= >, pUs=tl/1) p(lu=vI/Ly) cum(Zs, Zi, Zu, Zy)

s,t,u,v=1

+2 3 pls=11/1) cov(Zi, ) p(Ju = vi/Ly) cov(Zy, Zy)

s,tu,v=1

=o(;) +o(3)
(ii))  Follows from (i). O]

Lemma 6.1. Suppose that (1.1a) and (3.1) are fulfilled and that oy = 1. Then the function t — E In(X, +
1) is monotonously increasing.

Proof of Lemma 6.1. We construct two versions (0); e, and (07 );c, of the intensity process such
that oo =) =1 and

o <o, VieN (6.4)

holds with probability 1. This will be achieved by feeding the first process with innovations Yi,Y>,...
while the second one is fed with Yy, Y1,Y2,..., where (¥;);en, is a sequence of independent random

variables such that Y; d Y, i.e. we define forr > 1
In(oy) =a In(o;_1) + b In(|os_1Y:] + 1) + ¢ In(¢)
and

In(c{) =aIn(c]_)) + b In(lo]_Y;—1] + 1) + ¢ In(z).

Then

In(cy) = a In(cy) + b In(|oyYo] + 1) + ¢ In(1)
>0 = In(0y).

Suppose now that, for # > 1, In(o;) > In(cy—1). Then

In(o/,,) =aln(oy) + b In([5/Y;| + 1) + ¢ In(zr+1)

>aln(o;_1) + b In(|oy_1Y:] + 1) + ¢ In(¢)

= ln(&ﬂ
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which proves that (6.4) holds for all # € N and with probability 1. This implies that
Eln(X;+1) = EIn(lo7Y:] +1) < Eln(lo, Y;] +1) = EIn(X;41 +1). O

t+1

7. A few auxiliary results
In this section we collect a few technical results which contribute to the proof of our main result.

Lemma 7.1. Suppose thatY is a non-negative random variable with a density p.
(1) If p is monotonously non-increasing on [0, ), then

dry (PLoY1 ploYl) < |In(o) - In(c”)| Yo,o’ > 0.
(i) If p is everywhere differentiable on (0, o0) and foooxlp’(x)I dx < oo, then

dry (PL7Y), PL7Y)) < |In(0) - In(o”)| {1 +/ x|p'(x)|dx}/2. Yo, o’ > 0.
0

Proof. Note that the total variation distance dry (Py,Por) = (1/2) X237 |Po({k}) = P ({k})| be-
tween P, and P, can be bounded from above by

drv(Po,Por) = 1= ) Po({k}) A Por ({k})
k=0

<1- /oolp(x/(r)/\i,p(x/o")dx
0o O g
1 1 ,x 1 X
= 5/0 —p(5) - —p(=)]d, (7.0

which is just the total variation distance between the distributions of oY and o”’Y.
Let oo < o’. If p is non-increasing on [0, c0), then

(o8]

© 1 1
1 _/ —px/o) A —p(x/o’)dx <1 —/ —,p(ﬁ)dx
0o o o 0 o o
O_/
=1- z, < / la')c =In(¢’) - In(0).
ag o X

If p is everywhere differentiable on (0, o0) and /Ooox| p’ (x)| dx < o0, then
1 o1 ,x 1 x 1 [ 778 (1 ,x
3 - mrless [ [ [ GeG)
1 [® 71 «x X\ X
1 1

o’ 1 x X X
=5 [l Gl Qe

= In(o”) — In(o) : In(7) {1 + /oox|p'(x)idx},
“Jo

du dx

1
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which completes the proof. O

Lemma 7.2. Suppose that Y is a non-negative random variable with a bounded density p and
E[In*(Y)] < co. Then

E|In(loY|+1) — In(c +1)| < [Iplle + E[In*(Y)] Vo >0.

Proof. Using

Lol Lo
Z (In(o+1) = In(k+1)) = (lo] + 1) In(o +1) - Zln(k+ 1)
k=1

k=0
Lo ]+1
<(lol+1)In(c+1) - / In(y) dy
1
= (le]+1) In(o+1) = [xIn(x) — x] L7
=(lo]+1) (In(c+1) = In(lo] +1)) +|o]

<(o-loD)/(Lol+1)

A
N

we obtain that

E[lIn(loY]+1) = In(c+ D] 1(loY] < 0)]

,_
—

o

(In(c+1) = In(k+1)) P(cY € [k, k+ 1)) < [|plloo-
0

>~
1l

Furthermore, we have that
E[|ln(loY]+1) — In(oc + | L(loY]| > o)|
<E[(n(cY+1) = In(c+1)) 1(Y > 1)]
< E[(ln(o-Y) —In(o)) 1(Y > 1)]
= E[In"(V)],
which completes the proof. O

Lemma 7.3. Suppose thatY is a non-negative random variable with a continuous probability density p
satisfying y := /0 sup{p(y): y = x} dx < oo. Then the function o — EIn(|oY]| + 1) is differentiable
and

[=

%Eln(Lo-YJ +1) < Yo > 0.

q

(If p is monotonously non-increasing, then y = 1.)

Proof. First note that

Eln(loY] +1) =Z In(k +1) = In(k))P(lo Y] > k) = Z In(k +1) = In(k))P(cY > k).

k=1 k=1
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To prove differentiability we consider corresponding difference quotients. Let g(x) :=sup{p(y): y >
x}. For 0 < € < o, we have that

P((c+eY=2k)—PloY=k) 1 ko
=—/ p(y)dy
€ € Jk/(o+€)
1 1 1 k
< MG - o8

kK k kK 51 ,y
—g(—) <= —g(==)dy =: hi(k
Sg2g(2a)§a/k,lag(2a) y =: hi(k),

and, for —o/2 < € < 0, we obtain that

P((c+€)Y >2k) - P(ocY > k) 1 fk/(o+e)
= ——/ p(y)dy
€ € Jk/o
1 1 k

IA

—k( )g(=)

1
-€ ‘o+e o' "0

ko k. ko1 0y .
< 0_2—/2g(;) < ; A,lrﬂg(;)dy = ]’lz(k)

In both cases, the corresponding quantities k1 (k) and hy(k) do not depend on the value of €, and we
obtain that

[se] 2 [ee]
Z(ln(k+1) — In(k)) hi(k) < ;/0 g(y)dy < o,

k=1

<1/k

which allows us to invoke Lebesgue’s theorem on dominated convergence. Since p is continuous, we
have

P((c+€)Y>k)-PloY=k) k k

hm = —
e—0 € o2 P(

).

o
which implies that

k (In(k +1) — In(k)) ;pé)

<1

1w (k1
< —Z/ —g(y/o)dx <
TSk

Ms

d
EEln(I_O'YJ +1)=

bl
Il

1

S
O

Lemma 7.4. It holds, for fixed h € Z,

>0 In@+h) In(x) = n(In(n))* + O(n In(n)).

t: 1<t,t+h<n

Proof. Let, w.l.o.g., & > 0. Then

n—-h
Z In(z+h) In(t) = (n—h) (In(n))* - Z (In(n))* — In(z + h) In(z).

1 7 1
ror=r,jv—n=n =1
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Since In(s + 1) —In(s) < s~! for s > 1 we can estimate the right-hand side by

Z In(n))? = In(z + &) In(z)

t=1

7
=

(In(n))* - (In(2))*

1

h

(In(n))* = (In(n = 1)) + (In(n—=1))* = - = (In(t+ 1)) + (In(z+1))* = (In(1))?

S
|

1l
—_

t
-1

= > min{s,n= A} [(In(s+1)* = (n(s))? |

=1

3

%)

n-1

Zln(s+ 1) + In(s)

s=1

IA

n

Z In(¢) = O(n In(n)),

t=1

which completes the proof. O
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