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ABSTRACT

We investigate a loss system modeling mutual overflow between two fully
available trunk groups. Assuming exponentially distributed call holding times
and two independent Markov modulated Poisson processes to be offered as
arrival streams, a Markovian model is derived and its steady-state distribu-
tion is computed by numerical methods. We extend Schweitzer’s iterative
A/D method to a larger class of regular splittings and improve Haviv’s error
analysis of this procedure. Moreover, formulas for the call-congestion rates
of the arrival streams are derived.

1. INTRODUCTION

Recently, considerable attention has been devoted to the analysis of advanced
routing schemes in nonhierarchical, circuit-switched digital networks based
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on efficient modern signalling systems such as CCITT CCS No. 7. Espe-
cially adaptive routing procedures that balance the effects of random traffic
fluctuations within the network have been studied intensively.

In this context, a new loss system modeling mutual overflow between two
fully available trunk groups has been introduced and investigated (cf. [27],
{22], [23]). It describes a telecommunication network that consists of an ex-
change A being connected to two exchanges B and C of the long-distance
network by two distinct trunk groups (see Figure 1). Each route carries
peaked traffic originating in A. If one route is blocked the corresponding
stream is allowed to use the other route. Hence, the traffic follows a mutual
overflow routing scheme, called symmetric grading in the case of one line per
group (cf. [22], [36, p. 39]).

In this paper we study the traffic behavior in this telecommunication model
assuming exponentially distributed call holding times and two independent
Markov modulated Poisson processes to be offered as arrival streams. Thus
we extend the assumptions of previous studies (cf. [27], (22]).

We describe simple algorithms for the calculation of the relevant steady-
state performance characteristics of the model. Considering such proce-
dures for the computation of the stationary distribution of a homogeneous
continuous-time Markov chain (CTMC), our analysis offers new insights into
the behavior of iterative methods accelerated by aggregation-disaggregation
(A/D) steps. We extend Haviv’s error analysis for iterative A/D methods (cf.
[16], [S]). Our results are a natural extension of Chatelin and Miranker’s work
[5] to the case of semiconvergent matrices.

This paper is structured as follows. In Section 2 we give a detailed mathe-
matical description of the system by means of a Markovian model. Section 3
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Figure 1 Network with mutual overflow routing.
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provides the mathematical background for the calculation of the steady-
state probability vector of a Markov chain. In Section 4 an extension of
Schweitzer’s A/D algorithm (cf. [40), [41]) to a larger class of iterative pro-
cedures is presented and Haviv’s error analysis is improved. Furthermore, a
stochastic interpretation of the block Gauss-Seidel method is provided. In
Section 5 the proposed procedures are applied to the computation of the
steady-state vector of the mutual overflow model. In Section 6 formulas
are derived for the overall and individual call-congestion rates of the arrival
streams.

2. A MATHEMATICAL MODEL OF THE OVERFLOW
SYSTEM

The investigated network can be described by a loss system composed of two
fully available trunk groups, called systems 1 and 2, with N1 and N lines.
Following a standard approach in teletraffic theory (cf. [29], [30]), the offered
traffic streams are modeled by two IPP-renewal processes resulting from a
two-moment approximation of the peaked traffic streams 1 and 2. They
will be represented by two mutually independent Markov modulated Poisson
processes (MMPP) (see Appendix) with generator matrices

0, = [—71 m ] 0= [—72 g0 ]

w;  —wi wy  —w2

andrate vectors 8y = [}}] and %, = [¢], respectively (cf. [29], [30], [28], [26]).
Here, ); is the intensity of the Poisson process associated with the IPP stream
i, 1/4; its mean on-time, and 1/w; its mean off-time, i € {1, 2} (cf. [26, p. 438]).

The arrival streams 1 and 2 follow a mutual overflow routing scheme. This
means that upon arrival at system 1 a call of flow 1, for instance, is searching
for a free line. If possible, a free trunk is selected in a random manner and
occupied. If system 1 is busy and there are free lines in system 2, the incoming
call from flow 1 will immediately overflow to system 2 upon arrival and occupy
aline selected at random. If both systems are busy, the call will be blocked and
lost without further impact on the system (lost calls cleared) (see Figure 2).

Call holding times are supposed to be mutually independent, exponentially
distributed random variables with a common finite mean 1/x. They are also
assumed to be independent of the arrival processes.

Let us denote the phase of the controlling CTMC of the MMPPi € {1,2} at
time ¢ > 0 by Y;(z). Its associated irreducible generator is Q;. The Markovian
environment resulting from the composition of both arrival streams is given
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with m = 4. Its states Y (t) = (ki1,kz) = k will be ordered lexicographically
and enumerated by integers k € {1,2,3,4}. The occupation of groups will
be modeled by X (t) = (X1(t),X2(t)), t > 0, where the state variables X;(t)
denote the number of busy trunks in the groups i € {1,2} at time .

This overflow system in Markovian environment can be described by an
irreducible CTMC Z(t) = (X(¢),Y(¢)), t > 0, with a finite state space
S = {(i,j,k)| 1<k <4,0<i <Ny;;0<j <N,}. Its limiting distribution
P = (Pyjk)i=0,.Ni;j=0,.Nyk=1,.4» Pijg = imoP(Z(t) = (i,j,k)), is the
unique solution of the normalization condition 3"/, Z}Vjo th=1 P = 1and
the balance equations

[AQ = &N bin,) +ipl +jul — Q'] Py
= (A1 + A2 N, )(1 ~ 8i0) - Picyj + (0 + D)p(1 = 6ivy) - Py
+ (A2 + Abin J(1 = 0) - Pij—1 + G + Dp(1 = §iv,) - Pija

0<i <Ny 0<j <N, with &; = 1for k =1 and 0 otherwise. Here,
P}j = (Pj1,...,Pjj4) is the portion of the steady-state vector on the aggre-
gate (i,j), A; = Diag(};) ® I = Diag()\1, A1,0,0), A; = I, @ Diag(%,) =
Diag()3,0,12,0) and A = A; + A; are the arrival rate matrices. Assum-
ing a lexicographical ordering of states, the steady-state probability vector
P = (P(')o’P(tm---’P('wza---’Pztma---’valNZ) is the unique positive, normal-
ized solution of the homogeneous linear system A -P = 0.4 = Q' € RN*N,
N =(N; +1)- (N3 + 1) -m, is the negative transpose of the generator matrix
Q associated with {Z(¢),t > 0}. It is an irreducible Q-matrix (cf. [37], [24])
having a block tridiagonal structure

M

"Ey—B Dy 0 0 ]
B E -Dy-B D,
0 B
A= B E.-Di.—B Di
0
: . Dy,
o 0 B En,~Dw|
| ®
with

B = —(In,+1 ® A1 +enyr1-€hy 11 © A2)

D; =—(@{+1)-pu-Ip

i=0,..N -1
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where L = (N3 + 1) - m, and with irreducible block tridiagonal Q-matrices

[-Q' -G Ty 0 0 ]
G; - -Ty-G; Ty
0 G;
E= Gi @ -Thaa-Gi Tk
0
: : R
| 0 0 G -Q —Tyny—1]

fori = 0, ... Ny of order L along its diagonal, where

Gi = —(A2 + A1bin,)

Ti=-G+D.pu-I, j=0..N,—1.
Here I, is the identity matrix of order k and e;, the kth unit vector. Thus,A isa
2-cyclic consistently ordered Q-matrix with respect to this block partition (cf.
[24], [45], [37], (3]). Taking advantage of the block structure of A, the steady-
state vector P may be computed by a block iterative scheme derived from an

R-regular splitting of A or an accelerated point iterative scheme such as JOR
or SOR (cf. [24], [37), [30]).

3. MATHEMATICAL FOUNDATION OF
COMPUTATIONAL METHODS FOR
MARKOVIAN MODELS

In this section we provide the mathematical background for the calcula-
tion of the steady-state distribution p of a CTMC with finite state space
S = {1,...,n} and irreducible generator matrix O € R"*". We know that
p is the unique positive solution of the linear system

Ax=0 3)
which satisfies additionally the normalization condition e’ -x = 1. Here e
denotes the vector with all ones and A = —Q' is the irreducible Q-matrix

associated with Q (cf. [37], [24]).

In the following we adopt the notation of Berman, Plemmons [3, Chap. 2,
p. 26] w.r.t. vector and matrix orderings: Letx € R", thenx > 0 & x; > 0 for
eachi € {1,...,n},x >0 & x; > 0foreachi € {1,...,n} andx; > 0 for some
je{l,...,n},x >20&x; > 0foreachi € {1,...,n}.
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Solving the system (3), we may employ either direct or iterative methods.
The latter are usually based on a regular matrix splitting of the form 4 =
M —-N,M ¢ R"* N € R**" (cf. [39 Def. 2.3, p. 410]). The associated
nonnegative 1teratxon matrixisJ = M~1.N.

It is known that every regular splitting of an irreducible singular M-matrix
is also graph compatible, weak regular (cf. [39, Def. 2.3, p. 410]). Thus we
conclude from [39, Theorem 4.4, p. 420] and [3, Theorem 6.4.16, p. 146] that
the spectral radius p(J ) = 1is a simple eigenvalue of J, especially index; (J') =
1. Given a positive initial vector x(, the convergence of the sequence

XD =7.x® k=01,
to a solution of the eigenvalue problem
x=J-x 4)

is guaranteed if J is semiconvergent (cf. {3, p. 197]), that is, if J has no further
eigenvalues on the unit circle apart from p(/) = 1. As this condition may
be violated, it is necessary to enforce semiconvergence by proceeding to the
extrapolated iteration matrix

Jo=1—-w) +w] O<w«l

It is well known that the sequence {x*):k € Ny} defined by the iterative
scheme

XD oy x® k=01, ©)

called stationary first-order Richardson extrapolation, converges to a positive
solution of equations (4) and (3), respectively, provided the initial vector x(®
is positive (cf. [2, p. 173]). The unique normalized solution coincides with p.

The convergence of the procedure (5) may be accelerated by inserting
some aggregation-disaggregation (A/D) steps during the iteration (cf. [40],
[41], [16], [4], [5], [34]). In order to apply Schweitzer’s convergence result
[41, Theorem 4, p. 328] in this context, we have to define a fallback proce-
dure x**D = T .x®)_ 1t is based on a semiconvergent stochastic matrix T
that converges to the normalized eigenvector x* corresponding to the eigen-
value p(T) = 1 which is related to the stationary distribution p by some
transformation (see equation (6); cf. [33, p. 126]).

Usually, neither J nor J,, is stachastic. In order to construct a stochastic
iteration matrix, we proceed to a nonnegative matrix T, called dual iteration
matrix, by a similarity transformation:

T=M-J]-M1=N.-M"
T,=M-J, M '=(1-w)l +wT O<w<]1
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Then T, 0 < w < 1, is column stochastic and ||T,,||; = p(T.,) = 1 as well as
index;(T,,) = 1 hold. Furthermore, T,, 0 < w < 1, is semiconvergent and
p(T.,) = lis asimple eigenvalue. For all vectorsx > 0 we conclude T, -x > 0.

PROPOSITION 1 Let Q € R*** be an irreducible generator matrix of a
CTMC with steady-state distribution p > 0. Set 4 = —Q’. Given a nontrivial
regular splitting A = M — N, we denote the dual iteration matrix by T =
N-M~!'>0andset T, = (1 - w)l +wT for some 0 < w < 1. Then the
sequence

x* D =T7,.x®  k=01,..

converges to a vector x* > 0 with e’ .x* = 1, provided the initial vector x®
satisfiesx@ > 0, ¢ - x(® = 1. In this case the relation

M-1.x*
P= M1 O

holds.

4. THE A/D ACCELERATED DUAL ITERATION

Let T, > 0, 0 < w < 1, be a stochastic, extrapolated dual iteration matrix
corresponding to a regular splitting of the irreducible Q-matrix4A =M —N €
R">", Subsequently the subscript w will be omitted. Letx* > 0 denote the
unique normalized eigenvector corresponding to the spectral radius p(T) = 1.

In this section we show that Schweitzer’s iterative A/D procedure (IAD)
and the corresponding convergence result [41, Theorem 4, p. 328) may be
applied beyond point or block Jacobi and Gauss-Seidel splittings to a larger
class of regular splittings. First we extend Haviv’s error analysis of the IAD
method (cf. [16]).

4.1 Error Analysis

We choose a partition T’ = {Jy,...,J,, } of the state space S = {1,...,n} into
m > 2 disjoint setsJ; with n; > 1 elements each. Without loss of generality we
assume the elements of these sets to be enumerated in a consecutive order
such thati <j holds ifi € J;,j € J¢, I < k. Furthermore, w.l.g. let T and
x* = (x},...,x%") be arranged according to this state space partition and
ordering.
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Following the approach of Chatelin and Miranker (cf. [5], [16], [4]), we
define an aggregation matrix R € R™** by

R,~,-={1 ey cicmaig)<n M
0 otherwise

Xm

X1
For a fixed vector x = [ : } > 0 with ¢ -x = 1 the prolongation matrix
Pyy € R™™ s given by
Pay = {9 TEI icicmigicm ®)

0 otherwise

y1
where the vectory =Yu) = I: :
¥y

m

} > Ois defined forj € {1,...,m} as follows:

. Xjlogy, ifx; >0
RY 3yay = { '

ot
Ay = € -Xj

l/nj -€ ifXj =0

According to the construction, the relations e’ -y(x); = 1 andx; = ag, i Yy
hold for eachj € {1,...,m}. Also,x > 0, ¢’ -x = 1 implies e’ - & = 1 for
o = agy = (). -+ ), ) > 0. Hence, the matrices

e 0 ... 0 yi1 0 ... 0

0 ¢ . 0 !
R= >0 Py=| >0

TS O T

0 ... 0 ¢ 0 ... 0 ynm

satisfy e’ - Py = ¢/, ¢’ -R = €', and R - Pyy = I. For fixed x > 0 we define
the nonnegative projection matrix by

yieé& 0 ... 0
0 e .o

II= H(x) = P(x) -R = . Y2 e el (9)
: . . o

0 ... 0 ypme
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Then I1 is column stochastic, that is, ¢! - I = e'. Furthermore, R -x = () and

Py« agy = x induce My -x =x. My Iy = ) implies that the matrix Il

is a projection onto the subspace I (R") along Kern(Ilyy) (cf. (S, p- 20]).
Defining the projection of the dual iteration matrix T by

G =Gy =Mk T

we see that G > 0is a stochastic matrix satisfying p(G) = 1 andindex;(G) = 1.
Hence, the group inverse (I — G)* = (I — I, - T)* correspondingtol — G
exists (cf. [31, p. 445], [3, p. 119]). Obviously, the related projection matrix

F = F(x) =T 'H(x)
is a stochastic matrix, too. Denoting the aggregated iteration matrix by
B =By =R-T -Pg) € R™™ (10)

it follows that B > 0 is stochastic. Hence, there exists a vector ag)y > 0 in
R™ satisfying

B - ap) = ag (11)
and e’ -auy = 1. The disaggregated vector X, € R" defined by
X = Pgy-ag 20 (12)

fulfills €' - £y = 1 and My £y = Py - ap) = Xy, Thus, there exists a
nonnegative vector £* € I (R*) with Iy -(I —T)-Il)-X* = 0and e’ £* = 1.
This solution approach may be interpreted as a Galerkin approximation in
Iy (R™) (cf. [5, p. 20fE]). Obviously, the solution £ fulfills

(I - H(x) . T) -f(x) =0

Asx* is the unique nonnegative, normalized eigenvector of T corresponding
to the spectral radius p(T) = 1, we conclude that

(I -l T) (" —%Xgy) = (I — yy)- (™ —X) (13)

holds (cf. [16, p. 954], [5, (4.3), p. 31]).

An A/D step consists of an aggregation step (11) followed by a disaggre-
gation step (12). Equation (13) provides a simple relationship between the
errors before an A/D step, e =x* —x, and after an A/D step, € =x* —X,.

The following proposition reveals a relation between the steady-state vec-
tors of the stochastic matrices G, F, and B. Here, Kern denotes the nullspace
of a linear operator.

PROPOSITION 2 Let T € R**"* be a stochastic matrix. Suppose x € R”
satisfiesx > O and ¢’ -x = 1. Define the prolongation matrix Py € R**™, the
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restriction matrix R € R™*”, and the projection matrix Iy € R"*” according
to equations (8), (7), and (9).
Then the stochastic matrices Iy) - T, T - Ily), and R - T - Py, fulfill the
following relations:
Kern(I — ) - T) = Pyy(Kern(I — R - T - Pyy))
R(Kern(I ~IIy)-T)) = Kern(I —R - T - Py,)
T(Kern(I ~ Iy -T)) = Kern(I —T - I y)
H(x)(Kern(I -T. H(x))) = KCI'D(I - H(x) . T)
Kern(I — Iy - T) C Kern(I —I;)

Standard results from linear algebra yield the following relations.

REMARK 1
Dim(T (Kern(I — Iy - T'))) = Dim(Kern(I —Ily) - T))
Dim(R(Kern(I — Iy - T))) = Dim(Kern(I — ) - T))
Dim(Py(Kern(I — R -T - Pg,y))) = Dim(Kern(I — R - T - Pg;))
Dim(Ily(Kern(I — T -IIy))) = Dim(Kern(I — T - I1y))

PROPOSITION 3 Suppose the assumptions of Proposition 2 hold. Then
the following conditions are equivalent:

Dim(Kern(I - I,y - T)) = 1 (14)
Dim(Kern({ —~R-T -Py))) = 1 (15)
Dim(Kern(I — T - Ilgy)) = 1 (16)

In this case, there exist vectors * € R, z* € R”, o* € R™ satisfying

t *

Y #*=1 z¢>0 e€.zr=1
ot =1 (17)

>0

and
Kern(I -1y - T) = span(x*)
Kemn(I =R -T -Py)) = span(a”) (18)
Kern(/ — T -T)) = span(z*)
These vectors fulfill the relations:

£ =Py-a* o =R-%* #=Iy-z* z'=T%* (19)
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As the group inverse of the stochastic matrix G = Tl - T' exists (cf. [31,
Theorem 2.1, p. 445]), the matrix

W=Wu=I--Ggu) I -Gg)*

is well defined and a projection onto Range(W) = Kern(I — G)) along
Kern(W) = Range(I — Gy)). Furthermore, ef - W =ef and W -%* = £*
hold for the steady-state vector £* of G).

PROPOSITION 4 Suppose the assumptions of Proposition 2 and one of
the conditions (14), (15), or (16) in Proposition 3 are fulfilled. Then

W=I-(I-TunT) (I —OgyT)* =% -¢' =Py, aly-ef >0  (20)

holds, where * and o, satisfy the relations (17), (18), and (19) in Proposi-
tion 3. Furthermore, W is stochastic.

Proof. Cf.[32, Lemma 1, p. 142), [31, Theorem 2.3, p. 449], [15, Lemma
2.5, p. 37].

As the vectors x* and X, from (12) are normalized, the error ¢ after an
A/D step satisfies e’ -€ = 0. Taking into account equation (13), we are now able
to prove an extension of the error result [5, (4.3), p. 31] derived by Chatelin
and Miranker.

THEOREM 1 Suppose the assumptions of Proposition 2 and one of the
conditions (14), (15), or (16) in Proposition 3 hold. Let x* be the stationary
distribution of T. Denote the error before and after an A/D stepby e =x* —x
and € = x* — X, respectively.

Then
= ~Tgy - T+W) (I —Ty)-e (21)
= -Hgy T - (I ~ M) e (22)

hold with W as in equation (20). Zgey = (I — Ig) - T + W)l is the
fundamental matrix associated with the stochastic matrix Il - T

Proof. Equation (21) immediately follows from the assumptions, equa-
tion (13), and Proposition 4. In this case we conclude from [15, Corollary 3.3,
p- 83] that the generalized fundamental matrix (I — Il - T +u-ef )1 exists
(cf. [19]). It has the representation

(I ~Tgy-THu-ey = —Ugy Ty T —u-e)+5* ¢ (23)

for any vector u satisfying ' - u = 1. Hence, equations (20) and (21) yield
equation (22).
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Suppose the assumptions of Theorem 1 hold. Then the existence of the
generalized fundamental matrix (I — )T +u-¢* )~!is guaranteed for any
vector u provided e’ - u # 0 holds (cf. [19]). Hence, equation (23) yields an
explicit representation of the error € in terms of the initial vector x.

COROLLARY 1 Suppose the assumptions of Theorem 1 hold. Letx > 0,
e’ x = 1be the initial vector and let u be an arbitrary vector satisfying e’ -u = 1.
Then

= —Tg - T+u-e) 1 (I -Ty)-e

especially
E=( —Tyy T+x-e) (I —My)-e 24
hold.

The error formula (22) has been derived by Haviv (cf. [16, Theorem,
p- 954]). The equivalent representations (21) and (24) have the advantage
of being easily computable. They reveal the influence of the initial vectorx,
the prolongation matrix Py, and the projection matrix Il onto the error
€ after an A/D step. Haviv [16] has imposed the condition that Il is irre-
ducible in order to guarantee equation (22). The next result shows that this
is the strongest condition, which is of little practical interest.

LEMMA 1 Suppose the assumptions of Proposition 2 hold. Furthermore,
assume Dim(Kern(I — IIy))) = 1is satisfied. A sufficient condition is the
irreducibility of II).

Then the conditions (14), (15), and (16) are satisfied. Moreover,

Kern(I — Iy - T) = Kern(I — Iy) = span(x)
andX* = x hold where #* is the unique stationary distribution of Oy T.

Proof.  The result immediately follows from Proposition 2 and Iy -x = x.

An important feature of the iterative A/D procedure is the error reduction
that is achieved by inserting an A/D step (11) and (12) during the iteration
x®*+Y = T .x®), This improvement has been computed by Chatelin and Mi-
ranker for the case of a convergent iteration matrix T' (cf. [5, section 4.2.4,
p- 36f]). The next theorem extends their result to semiconvergent iteration
matrices.

THEOREM 2 Suppose the assumptions of Proposition 2 and one of the
conditions (14), (15), or (16) in Proposition 3 are satisfied.
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Then Kern(I —T -1l)) = span(z*) holds where z* is the unique stationary
distribution of T - II.

Let ¢ = x* —x be the error before an A/D step and é = x* — 2, the error
after an A/D step (11) and (12) followed by aniterationstep® =£¢) = T X y).
Then

= —T Mgy+H)y™.T-(I - -¢ (25)

= -T -Mg))* T (I ~Tgy)-e (26)
with

H=I-(I-T y)-(I =T -My)* =2* ¢ (27

follows. Moreover, z* = £ holds.

Proof. The assumptions imply Dim(Kern(J —I1y-T')) = 1. Proposition 2
yields Iy (Kern(l — T - T)) = Kern(I — T - T) = span(X*) where £* is
the unique stationary distribution of ITy) - T. According to Proposition 3
Kern(I — T - M) is generated by the unique stationary distribution z* of
T -Ily. Furthermore, the projection matrix H exists and satisfies equation
@27.

Fromx* = Iy) -X* we conclude I,y - £ = Il - T - Iy -£* = %*. Hence,
2 =T -Tiy) - £ holds, implying z* =2() > 0, as e’ -,y = 1, and

-7 -Hgy)) - @x*—2y) =T -(I —))-(x* —x)

This equation yields equation (25) if we take into account H - € = z*-e - (x* —
%)) = 0. The proof of equation (26) follows along the lines of equation (23).

COROLLARY 2 Suppose the assumptions of Theorem 2 hold. Letx > 0,
¢’ x = 1be the initial vector and let u be an arbitrary vector satisfying e -u = 1.
Then

= ~T Ugy+u-e)y.T-(I —Ty))-¢
especially

= ~T Mgy +x-e) 1T -(I —Tg)-¢ (28)
hold.

The gain of an iteration step fo]lowmg the A/D step may be computed by

the ratio § of magmtudes of the errors € = x* —£,) and € = x* —X ). Taking
into account (I —Iy)* =1 — — ), we conclude from equations (28) and (13):

b= e* —2emll _ ll€l} (| — Ty )ell
e* —=Zll T = Mgy el (€l
SN —T Ty +x €Y NT - (I = T)|| - | = Mgy - T (29)
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This upper bound (29) extends the corresponding result [5, (4.18), p. 37] of
Chatelin and Miranker.

Analyzing the proofs, we recognize that only the assumptions Pgy > 0,
¢ -P(x) =e¢,R>0,e-R=¢€,R -P(x) =1, H(x) = P(x) ‘R>0,¢' -H(x) =¢f,
and Iy - x = x have to be imposed on the prolongation, aggregation, .and
projection matrix to guarantee our results. Thus, the error representations
(21), (22), (24), (25), (26), and (28) also hold for partial aggregation methods
such as the methods e and f in Haviv [16, p. 957f] (see also [44]).

4.2 Convergence Results
First we define a continuous semi-norm in R* by
re)=)d-T)x|, xeR
and acompactsetK = {x e R*:x > 0,ef -x =1}. LetL = {x €K :r(x) =
0} = xeK:x=T-x} = {x*}. We define a family of compact sets by

K. = {xeK:r(x)<e}, e > 0. Obviously, limy_co Kiin = (},50Kim = L.
According to Proposition 1 the scheme

x*+ D =7 .x®  p=01,...

is a convergent fallback procedure for any x(® > 0, and r(Tx) < r(x), x €
R", holds due to ||T||; = p(T) = 1. Now we may construct an iterative A/D
algorithm according to the scheme of Schweitzer and Kindle for the generator
Q of a CTMC (cf. [41, p. 326f]).

Dual IAD Algorithm

Assumption: Let4 = M —N be a regular splitting of the irreducible Q-matrix
A = ~Q' € R"*" with extrapolated dual iteration matrix T = I ~wAM ~! for
some w € (0,1). Select a partition " = {Jq,...,J;,} of {1,...,n} intom > 2
disjoint sets.

1. Initialization:
Select an initial vector x® > 0, ¢'x® = 1, and three real numbers 0 <
€,€1,¢2 < 1. Construct the matrices Py) € R**™, R € R™*", T € R"*",
and B(y) € R™*™ according to equations (8), (7), and (10). Setk = 0.

2. A/D step:
Solve B(x(k)) . Ol(x(k)) = Ol(x(k))
SubjeCt to e Oy = l, Qe e)y >0
and compute X = P(x(k)) * Q)

3. Iteration step:
Compute x®+) =T . %
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4. Convergence test:

If r@®) <ci-r(x®)
then go to step 5
else compute x**V = 77 . x®)

withm = m(x*)) € N such that
re® ) <oy r(®)

endif
5. Termination test:
If pe® D —x® [ /e, = D x|, <&

then go to step 6
else k=k+1

go tostep 2
endif
6. Normalization:
M1 .xk+D)

P= o M-T 1%

From the mathematical point of view this algorithm is reasonable as seen by
the following lemma.

LEMMA 2 Let Q be the irreducible generator matrix of a CTMC and
choose a regular splitting A = M — N of the Q-matrix A = —Q', such as an
M -splitting like the block Gauss—Seidel splitting4 =D —L—U. T; = NM !
is the corresponding dual stochastic iteration matrixand T = (1 —w)I +wT1,
0 < w < 1, the extrapolated variant.

Then the dual IAD algorithm converges to the steady-state distribution p
of Q for any initial vector x(® > 0 with &x® = 1.

Moreover, r(x*+D) < max(cy,c3) - 7(x®), k > 0 holds.

Proof. The proof follows the lines of Schweitzer and Kindle [41, Theo-
rem 4].

4.3 Stochastic Interpretation of the Block
Gauss-Seidel Method

The IAD procedure may be applied to any regular splitting of A = —Q*, espe-
cially to a point or block Gauss-Seidel splitting4 = (D—L)-U that generates
an M -splitting. Hence, the results are still valid if we apply the procedure to
a variant of Rose’s R-regular block splitting (cf. [37], [24, Def. 14, p. 67]).
Mitra and Tsoucas [33] have pointed out that, in analogy to the point Jacobi
method, the point Gauss—Seidel procedure has a probabilistic interpretation
(cf. [24, p. 56]). They have shown that the iterative scheme evolves identically
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in law with a related DTMC, called high-stepping random walk. Itis obtained
by observing the embedded jump chain associated with the original CTMC at
selected instants only. As the derivation of this interpretation is, to our point
of view, somewhat cumbersome, we shall describe an equivalent but rather
simple approach that is also applicable to the block Gauss-Seidel procedure.

LetQ = (L + U) — D be the irreducible generator matrix of a CTMC that
is partitioned into m > 2 blocks. Let D = Diag(D1i,...,Dmm) be the block
diagonal, and L > 0 the strictly lower and U > 0 the strictly upper block
triangular part of Q. As the diagonal blocks Dy;, i = 1, ..., m, are regular,
D is a regular M -matrix. We construct a generalized jump chain with t.p.m.
P = D~Y(L +U). If a point partition is chosen, P is the t.p.m. of the associated
jump chain embedded at successive transition epochs.

Now we construct a new DTMC by associating with each state i of the
jump chain a new state i’. The original states, called up-states, are collected
in a set S. The new states, called down-states, constitute a set S'. The block
partition induces a natural aggregation of the states. The transition behavior
of the new chain is specified as follows: Considering the natural ordering of
numbers, only increasing transitions between up-state aggregates are possi-
ble. The transition probability for a transition from i to j is determined by
the corresponding probability (D~!U); of the jump chain. Each down-state
i’ canreach its corresponding up-state i with probability 1, but no other states.
Hence, transitions are not allowed between down-states. Each down-state i’
can be reached from an up-state j with probability (D~1L);. Thus the t.p.m.
PU of the new chain has the following form:

S! S
Pudc = 0 I S’
D-1L Dy} §

Now we construct the reduced Markov chain on the set S’ of down-states
according to Grassmann’s state reduction approach (cf. [11], [24, p. 28ff]).
This means that we observe the new chain only during its visits in the set of
down-states. Hence, the t.p.m. of this reduced DTMC is given by (cf. [11],
[38, p. 261])

Py = (I -D~ Uy '.D™L

Regarding the original generalized jump chain, this procedure has a simple
stochastic interpretation. First, we divide each sample path of the jump chain
into consecutive sections of a (perhaps empty) monotone increasing sequence
of aggregates followed by a single nonincreasing step with respect to the nat-
ural ordering of aggregates. The length of the increasing path may be zero if
two nonincreasing transitions between aggregates follow each other. Let us
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assume that i andj are two successive states reached after such an excursion.
Then the probability for such a transition fromi toj is given by (Ps);;.

If we associate the M -matrix4 = —Q* = (D—(U + L)) with the generator
matrix Q, the iteration matrix of the forward Gauss-Seidel procedure, based
on the splitting4 =M — N,M =D' —U',N = L', is defined byJ = (D* —
U')y~!.L'. Asimilarity transformation with the matrix M yields

Ty=M.J-M =L (D' -UY'=L".D.(0-U.D)]
=[I -D7U)Y'.DL.L) = (Py)

Hence, the dual iteration matrix T corresponding to the Gauss-Seidel
method has the same spectral properties as the stochastic matrix Ps: asso-
ciated with the constructed DTMC.

The extrapolated version T, = (1-w)I +wT), 0 < w < 1, called stationary
first-order Richardson extrapolation, is related to the t.p.m. of a modified
generalized jump chain. This modification stems from damping the transition
probabilities of the jump chain by a term w and adding new transitions from
each state into itself with probabilities 1—w (cf. [20, Chap. V: Ergodic Markov
Chains, Theorem 5.1.1, p. 99], [24, section 6.4]).

5. CALCULATION OF THE STATIONARY
DISTRIBUTION OF THE OVERFLOW MODEL

As no simple analytical expression for the stationary distribution P of the
Markov chain {Z(¢),t > 0} is available, the steady-state vector has to be cal-
culated as solution of the balance equations (1) by appropriate direct or
iterative numerical methods (cf. [24}, [18], [9], [11]). All procedures dis-
cussed subsequently are based on the Q-matrix representation (2) according
to Section 3.

Considering the sparsity of the generator matrix Q, we restrict our at-
tention to iterative solution techniques. Due to the ease and efficiency of
implementation, especially the use of vectorizable and parallel executable al-
gorithms, standard procedures based on point splittings4 = D—L—U such as
the point Jacobi and Gauss-Seidel methods have again attracted considerable
attention. Obviously, the latter are nontrivial M -splittings.

It can be shown that A = —Qt is anirreducible, 2-cyclic matrix with respect
to the point partition and has property A. Thus, the point Jacobi matrixJ =
D~Y(L + U) s cyclic of index 2, hence not semiconvergent (cf. [3, Theorem
2.2.30, p. 35), [24, Theorem 29, p. 56]), whereas the corresponding JOR and
SOR procedures with the iteration matrices J,, = (1 — w) +wJ and L, =
(D - wL) Y((1 ~ w)D + wU) are convergent for each relaxation parameter
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w € (0,1) (cf. {24 p. 73], (2, p. 174], [1, Cor. 3, p. 395], [17, Theorem 3.4,
p. 191]).

ASM21 = (D —L)21 = -7 # 0 and N12 = U12 = w2 7& Ohold, we con-
clude from [39, Cor. 3.8, p. 417] that the point Gauss-Seidel procedure is
convergent (see also [37, Cor. 2, p. 139], [24, Theorem 35, p. 66]). This point
iteration may be accelerated by applying the standard relaxation technique
(cf. [18]) or by employing a semi-iterative technique such as the stationary
or nonstationary Chebyshev method or Eiermann’s stationary fourth-order
scheme (cf. [45, section 5], [6], [35], [7, Lemma 84, p. 28], [2], [12], [13]).
The main difficulty with respect to these procedures is the determination of
“optimal” relaxation parameters. As there is no a priori information about
the location of the eigenvalues of the iteration matrices, heuristic procedures
estimating approximately optimal parameters seem to be the only practicable
approach (cf. [14, section 9.5, p. 223ff], [42], [12], [13]).

An alternative is given by block iterative schemes such as the block Gauss—
Seidel procedure or its modified versions based on Rose’s R-regular splitting
(cf. [37], [30], [25]). Due to [37, Cor. 2, p. 139] the block Gauss—Seidel scheme
derived from the given block tridiagonal structure (2) of -—Q'l is convergent
as the diagonal blocks are irreducible regular M -matrices. All methods may
be combined with A/D steps if Schweitzer’s IAD procedure is used (see
Section 4.2; cf. [34], [21], [44]).

6. COMPUTATION OF THE CONGESTION RATES

In teletraffic theory the most important steady-state performance character-
istics of a loss system are the congestion rates. Recall that we distinguish
between time-congestion and call-congestion rates with respect to the arrival
streams of a model. In the subsequent section we assume the reader to be
familiar with the notions of time-stationary and customer-stationary distri-
butions and time congestion as well as customer-dependent and average call
congestion of a G,/M/N /0 model (cf. [8, p. 58ff}, [10, section 11, p. 517ff]).

Furthermore, we assume the vector process Z(t) = (X1(¢),Xz2(t),Y (¢)) to
be in steady state. Its steady-state distribution is denoted by P.

6.1 Overall Congestion Rates

The steady-state distribution II of the occupation process X (t) = (Xi(t),
X>(t)) is given by the marginal distribution

Ij = im PEX() = (i) = ¢ - P
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Thus, the overall time-congestion of the overflow model is IIy,n, = €' PN:N,-
The time-congestion rates of groups 1and 2 are Iy, = Zj Zoe'PnyjandIly, =
Ez{\go e'P, iNy+

LetR;,i € {1,2}, denote the overall call-congestion rate of MMPP i, that
is, the steady-state probability that a call of the arrival stream i selected at ran-
dom finds no free trunk in the overflow system upon its arrival. Following the
lines of Meier-Hellstern [29], we conclude that these overall call-congestion
rates have the form

P! TN vy, +1) @ A1 - (ev, 41y, +1) @ €)

Ri= e - In +1yNy+1) ® A1 - P
_ PNlNzl + PNing2
1—0 Zj o(Pul "'Pul)
R, = P! I 1y Ny +1) @ Az - (ev, + 1y, +1) @ €)

e In iy, +1) @ A2-P
PNN,1 + Pyn,3
N1 N
i=0 2j=0(Pij1 + Py3)

6.2 Flow-Dependent Call-Congestion Rates

In this section we analyze an isolated trunk group of the mutual overflow
mode] and determine its corresponding call-congestion rates with respect to
the offered traffic streams.

Considering group 1, for instance, there are two flows offered to this sub-
system: the MMPP 1 and the stream of calls overflowing from grous) 2to
1. The overflow stream is created by selecting the arrival instants T cor-
responding to those customers of the second MMPP that find the system in
one of the states (i,N2,k), i € {0,...,N1}, k € {1,3}. If we mark incoming
calls of the offered MMPPs by two different colors representing distinct cus-
tomer types, the isolated primary trunk group may be described by a special
G2/M/N1/0 model (cf. Franken [8, p. 61]).

Let us denote the individual call-congestion rates of the customer stream
Jj offered to group i by By, i,j € {1,2}. Then these flow-dependent
call-congestion rates with respect to groups 1 and 2 are given by

Bi = € -(eny+18y,41) ® Iny+1® Ay - P Z,W o(Pnyj1 + Pnyjz)
1=

e - In + )N, +1) @ Ay P ZN EN 5 (Pij1 + Pij2)
Biy = e (e +ne, 4y, 1) ® A2 P Pyt + Py

e IN 1 ® (eNz+lejv2+1) ®Az-P B Z;N:lO(PiNzl + P,'N23)
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By = &' - e+ + 12N, + v +1) O A1+ P _ _Pnn1 PNy
e - (eny+1€y,41) ® Ny 41 @ Ap - P Z}VJO(PNgx + Ppj2)
Bay = e I 1 ® (6N2+1e;,2+1) ®A-P _ Z,{‘QO(P,MI + Pinya)
, = =
e I+ +1) @ Ay - P iy 352 (Pij1 + Pya)

7. CONCLUSIONS AND PERSPECTIVES

We have investigated a loss system that describes the mutual overflow of
two Markov modulated Poisson processes between two fully available trunk
groups. In order to compute the steady-state distribution of the associated
CTMC modeling the behavior of the system, we have presented conver-
gent point and block iterative methods based on regular splittings of the
corresponding generator matrix.

In this context, we extended Schweitzer’s iterative A/D algorithm to a
larger class of splittings and improved Haviv’s error analysis. Furthermore, a
stochastic interpretation of the block Gauss—Seidel method was discussed.

The proposed procedures may be employed to calculate the steady-state
performance characteristics of the model, which have been specified in terms
of the overall and individual call-congestion rates of the arrival streams.

At present we are developing a software package that provides the user
with a Markovian model world describing circuit-switched networks with
adaptive routing schemes and advanced flow-control mechanisms. The pro-
posed accelerated point iteration methods and some direct methods for the
computation of the steady-state vector of a CTMC (cf. [11], [9), [18], [2], [24])
constitute the numerical solver of the system. The package is endowed with
a user-friendly graphical interface and will be running on a workstation.

Further investigations concerning the efficient implementation of direct
and iterative methods on a vector computer (IBM 3090 Vf) and on a
distributed-memory multiprocessor architecture (Transputer system), the
comparison of these algorithms, and their application to the performance
analysis of adaptive routing schemes in circuit-switched networks are a subject
of current research and will be reported elsewhere.

APPENDIX: DEFINITION OF THE MARKOV MODULATED
POISSON PROCESS

Informally speaking, a Markov modulated Poisson process (MMPP) {N(¢),
t > 0} with m € N phases is a variant of a nonhomogeneous Poisson process
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whose intensity function A(t) is a stochastic process A(t) = 372 Ai 153 (Y (£))
governed by an irreducible, homogeneous, continuous-time Markov chain
{Y (¢),t > 0} with finite state space {1,...,m}. This means that {A(t),? > 0}
is a CTMC with state space {Ay,..., A }. The resulting point process is a
special case of a double stochastic Poisson process that is also known as con-
ditional Poisson process ([43], [28]). Therefore, it is convenient to call an
MMPP a Poisson process in a Markovian environment.

An MMPP is parametrized by the specification of the initial probability
vector p = (p;) € R™ and the generator matrix Q € R™*™ of the controlling
CTMC and the rate vector 0 < A = [Ay,..., \n) € R™. Notice that some
intensities may be zero. It is convenient to associate a diagonal matrix A =
Diag()) with the rate vector. Henceforth, Y (¢) is called the phase of the
controlling CTMC of the MMPP at time ¢ > 0.

Serfozo [43] has proved that any Markov modulated Poisson process may
be represented by an equivalent two-dimensional pure Markov jump process.
Regarding this equivalent characterization, we introduce an MMPP by the
following definition.

DEFINITION 1 A nonnegative integer-valued stochastic process {N(t),
t > 0} is called Markov modulated Poisson process with m € N phases and
representation (Q,A,p) if there exists a two-dimensional regular Markov
chain {Z(t) = (N(t),Y (¢)),t > 0} with values in Ny x {1,...,m} such that
the following conditions are satisfied:

1. 0<)d =Dy, m]f €R™ A
reducible M-matrix with Q - e
vector.

2. Z{(t) can be represented by its embedded jump chain, that is, there exists
a Markov process {(Ny, Yy, T),n € Ng} with values in Ng x {1,...,m} x
[0,00) and P(Ny = 0,Y, =i,Ty = 0) = p;, 1 <i < m, satisfying

P(Nn+l —Ny = k,Yn+1 =j,Tn+1 —Tn >t an,Yn = i, Tn)

Diag(}), and —Q € R™*™ is an ir-
0; p = (pi) € R™ is a probability

o

__gii_e_(/\i—Qii)t k=0,i#j

Ai — Qi
= Ai —(Ni—Qi)t . .
e g k=1i=
Ai — Qi J
0 otherwise

such that
N, Y(O) = (NuYn) i Tu<t<Tour
holds.
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Obviously, the MMPP {N (¢),t > 0} may be characterized as a special semi-
Markovian point process with embedded Markov chain R = (A —Q)~!A and
semi-Markov matrix F (x) = (P(Y n+1 1,T,,+1 ~Y.<x|Y, = )ij=1,..m =
(I —e@=M%).R,x > 0(ct. [28, p. 9]). Here Y, denotes the phase of the con-
trolling Markov chain Y (f) immediately after the nth event of the MMPP
N(t), and T, is its corresponding arrival instant. Notice that we assume that
t = 0is an arrival instant. This means that we determine the synchronous
version of the point process N (¢) whose distribution is given by the Palm
distribution.

The MMPP has been studied by Serfozo [43] and Meier [28], among oth-
ers. For details the reader is referred to their articles and the references
therein.
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