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Abstract

The application of formal methods to the design of correct computer hardware de-
pends crucially on the use of abstraction mechanisms to partition the synthesis and
verification task into tractable pieces. Unfortunately however, behavioural abstractions
are genuine mathematical abstractions only up to behavioural constraints, i.e. under
certain restrictions imposed on the device’s environment. Timing constraints on input
signals form an important class of such restrictions. Hardware components that behave
properly only under such constraints satisfy their abstract specifications only approxi-
mately.

This is an impediment to the naive approach to formal verification since the question
of how to apply a theorem prover when one only knows approzimately what formula to
prove has not as yet been dealt with.

In this paper we propose a notion of constrained proof and constrained proposition
which provides for ‘approximate’ verification of abstract specifications and yet does
not compromise the rigour of the argument. It is based on the idea of removing the
constraints from the specification and making them part of its proof. Thereby the
abstract verification is separated from constraint analysis which in turn may be delayed
arbitrarily. We have implemented the logic on the interactive theorem prover LEGO
and verified simple examples. The presentation in this paper uses one of these examples
for explaining the problem and demonstrating the use of the logic.
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1 Introduction

Quite a lot of work has been done to make hardware verification practicable at a non-
academic scale [5,4,19,20,25]. What still seriously limits its success is the almost insurmoun-
table complexity from which verification of non-trivial hardware designs suffers. First steps
are being undertaken by various researchers to exploit structuring concepts such as modu-
larisation and abstraction in the design of hardware to break up the verification task into a
series of smaller chores, each of which can be dealt with independently {5,4,26,18,35,32,10].
The question arises how this approach should best be implemented in modern interactive

theorem provers.

1.1 The Problem of Constraints

A typical phenomenon one encounters with the implementation of even conceptually simple
abstraction steps which are standard practice in hardware engineering is that they cannot be
formalised without introducing constraints. Constraints are assumptions about the device’s
environment under which the particular abstraction (of its behaviour) at hand is actually
valid.

An example is the passage from a sequential circuit, built according to the synchronous
design paradigm, to its abstract description in terms of an input-output automaton. Here
the abstraction is only valid as long as the environment (among other things) obeys a
timing constraint which says that all input lines of the sequential circuit must be kept
stable during a certain well-defined phase of the clock. Clearly, the necessity for imposing
timing constraints is a general phenomenon, not restricted to the synchronous case. It is
an even more important issue in asynchronous designs. [17,34,31].

The interaction between abstraction and constraints poses a tangled problem. Con-
straints interfere with the essential idea of reasoning about a behaviour in abstract terms
which is to avoid details specific to the implementation at the more concrete level. For it is
impossible to work with the device’s abstract behaviour without at the same time having
to deal with the concrete-level constraints on which it depends. To verify, for instance,
that the behaviour of a composite device meets its abstract specification it does not suffice
simply to compose the abstract specifications of its components. The verification also has
to show that at the concrete level the composition does not violate the constraints of each
component. This, in general, will make it necessary to impose constraints again on the
environment of the composite device.

Thus, constraints defeat the idea of top-down refinement, which is first to decompose
a system into components at the abstract level and then independently to implement each
component at the concrete level; Verifying constraints requires knowledge both of the overall
structure of the system ( the environment of a component) from the abstract level and of
the implementation (the constraints of a component) at the lower level. In short, the
general situation in the modeling of hardware seems to be that of incomplete abstractions,
i.e. abstractions modulo constraints. The constraints on which the abstraction depends
embody residual aspects of the concrete level that impinge on the subsequent design and
cannot be abstracted away once and forall.



1.2 A Possible Solution

The best one can expect here is to find means by which reasoning about abstract behaviour
and constraint analysis fall into two separate verification passes rather than having them
intertwined as the straight-forward approach suggests. The goal of this paper is to intro-
duce and justify a logic in which the main verification of an abstract behaviour is truly
an abstract verification in that it does not have to be concerned with constraints. It pro-
ceeds by assuming a successful constraint analysis wherever it depends on constraints. In
the course of this main verification information about the constraints is accumulated as
a proof obligation to be filled in at a later stage. Ideally, the remaining verification task
corresponding to constraint analysis would then be handed over to a specialised tool. In
some cases it could be done automatically, for instance extracting the minimal clock period
for a synchronous system. In other cases, where the logic is undecidable, it has to be done
manually. An example of this would be proving that the output of a certain integer function
lies within a given finite range.

The idea leading to the proposed logic presented in this paper is not new. It reflects
good engineering practice: In a first approximation one tries to establish the feasability of
a design. Omnly then is it worthwhile to attempt a complete validation in a second step.
New however, is the attempt to formalise this engineering principle mathematically and to
implement it at the root of a theorem prover.

We have implemented an experimental prototype of the logic with the help of the me-
chanical proof checker LEGO {29]. LEGO provides a bed for encoding natural deduction
style logics in the type theory of the Logical Framework (LF) [16] or the Calculus of Con-
structions (CC) [6,7] plus some extensions. We have used an extension of CC (22] which,
as the most prominent feature, provides X-types, i.e. a generalisation of ordinary pairing
where the type of the second component in a pair may depend on the wvalue of the first
component (ordinary pairing is the special case in which the types of both components are
independent from their respective values). The following will show that it is in fact the -
types that make it possible to cut out and delay constraint analysis, so that the main proof
can be performed without looking at or even manipulating constraints. It merely records
necessary information about what has to be proved later, when one turns to analysing the
constraints.

It is outside the scope of this paper to give an introduction to LEGO and to present the
implementation in detail. Instead, we will use an informal mathematical language which,
as we hope, will serve to explain the underlying idea in a compact and lucid way. We would
like to stress that everything presented in this paper actually can be done interactively,
modulo syntax, with the LEGO system even where we do not mention it explicitly.

2 Constraints and Synchronous Hardware Design

We are going to explain the implemented logic by means of a simple example that is just
complex enough to convey the basic idea. As the area of hardware design where the example
is taken from we have chosen the particular form of temporal abstraction that is fundamental
to the design of synchronous hardware. Let us first briefly explain the general situation
(Section 2.1) and then turn to a concrete example (Section 2.2).
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2.1 Synchronous Circuits

A typical synchronous circuit is built up from latches (such as D-type flipflops) an‘d co.mbi-
national circuits (such as nand gates, inverters, and nets thereof). In a slightly snmphi?ed
view! one can summarise the essence of the synchronous design paradigm in the following

design rules:
C1 All latches are triggered by a common clock signal
C2 There is at least one latch in every feedback loop

C3 The clock period is long erough to allow for signal changes caused by any clock event
to settle throughout the circuit before the next clock event

C4 The inputs to the circuit have to be stable long enough prior to any clock event for
signals to have become stable by the clock event.

In a broad sense all of these design rules can be interpreted as constraints, more precisely,
C1-C2 as structural constraints and C3-C4 as behavioural constraints. From a verification
point of view the structural constraints C1-C2 are essentially reflections of internal beha-
vioural constraints, i.e. they are conditions necessary for verifying that no behavioural
constraints are violated by components within the circuit.

Much of the success of the synchronous design style is due to the fact that under the
design rules C1-C4 one does not need to consider propagation delays when reasoning about
the circuit’s behaviour. If one is interested in the state of the circuit only at every clock
event (or during a certain interval around it) and records the evolution of input and output
values at these points, then the descriptive effort can be drastically reduced:

A1l Latches behave like unit delays
A2 Combinatorial circuits behave like delay free boolean functions

A3 The complete synchronous circuit reduces to a finite automaton and the automaton’s
behaviour can be derived by composing unit delays and delay-free boolean functions.
More precisely, every unit delay gives rise to one state variable and the state transi-
tion function is determined by the interconnection of state variables through boolean

functions.

Thus, relativising the synchronous circuit’s behaviour to the abstract time given by the
succession of clock events abstracts from propagation delays. Note, that the restriction on
clock events can also be viewed as part of the design rules and as a constraint on the usage
of the circuit which is characteristic to synchronous abstraction.

Although, either implicitly or explicitly, timing abstraction has always been used in the
design of synchronous systems [36,3,8,23], it seems that first attempts to formalise it for
the purpose of verification have only recently been made [26,18]. The separation of design
rule checking (C1-C4) from reasoning in abstract terms (A1-A3) is crucial for practical
applications, but there seems to be no satisfactory implementation of this separation on
an interactive theorem prover. For instance, Herbert’s methodology [18], implemented on

?We ignore here, among other things, for the sake of simplicity set-up and hold times of latches or the
possibility to use multiple clocks. This does not, however, affect the point.



Figure 1: xor-gate and level triggered latch

the proof checker HOL [11,12], though it conceptually distinguishes between statements
about timing and abstract behaviour, leaves both aspects intertwined at the level of proofs.
This basically means that design rule checking and reasoning in abstract terms have to go
together in a single proof. The logic presented in this paper provides a way to separate
these concerns within a single logical inference system.

2.2 A Simple Circuit Design

Let us turn to a specific example. Take the simple case of a combinational circuit such as
a ‘xor’ gate and a level triggered latch (Figure 1) which, as in [18], are to be considered as
components of a synchronous system; i.e. they are put into an environment with a global
clock, relative to which certain conditions on the stability of inputs can be imposed as
timing constrainis to allow timing abstraction.

Their behaviour can be described by predicates over input and output signals. For
simplicity we take signals to be functions from integers to booleans, i.e.

signal = int — bool

Assuming that both gates have constant propagation delays éyor > 0 and 6paen > 0, their
behaviour may be defined by the following axioms:
Vit :int. z(t + 8p0p) = at + Yt
Vi:int (¢t = 1D gt + baten) = df) A
(Ct =0D q(t + 6latch) = Q(t + 6la£ch - 1))

zor(z,y,2)

latch (d,c,q)

e e

Note, that we are using the operator + both for addition over int as well as for modulo-
2 sum over bool. According to the axioms the xor-gate performs the modulo-2 sum of its
inputs ¢,y at every time step and outputs them with a delay 6., on output z. The latch
is enabled to pass data from input d to output ¢ with a delay 6iaecn by positive levels of the
clock input ¢, and it is locked when et = Q.

For the purpose of this paper these simple axioms are assumed to be the low-level, most
detailed, description available for the components zor and latch. Clearly, they are already an
abstraction of real devices’ behaviours. A more realistic description would have io account
for variable gate delays as well as setup and hold times for the latch; it would perhaps
assume continuous rather than discrete time and signal values, require maximal signal rise
and fall times, and so on. Since for describing our logic it is of no importance how detailed
a model of behaviour one actually starts from we have taken the simplest axioms possible.
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The reader is referred to [2,14] for a discussion of more sophisticated axiomatizations of

elementary digital circuits.

The important thing to note is that zor and latch contain both timing (delays) and
functional aspects (operations on booleans) intertwined. In a synchronous design context,
however, where one takes advantage of the design rules, one expects not having to care
about delays. More precisely, the xor-gate should behave like a delay-free boolean function
and the latch like an one-unit delay (A1-A2). Therefore, in place of zor and latch one would

rather work with axioms like

Vi:int. zt = zt+ yt 1
Viy,t2 : int. next (t1, t2) D gq(t2) = d(t1) (2)

zor_syn (x,y,2)

e &

latch_syn (d,q)

where next (1, t2) is a predicate expressing that #; and ¢, are two consecutive points in
time. It is defined abstractly? by

next(t,t2) L ti <ty A Vitint.ty <t D ta <t

In this abstract view the clock does no longer appear as an input to the latch. Forin a
synchronous circuit the latch’s clock input is always connected to the global clock signal
and consequently no longer available as an input. Thus, assume a clock signal

elk : signal

which is globally defined throughout the system. As a result clk may be used within formulae
without it being mentioned explicitly as a parameter.

Obviously, zor.syn, letch_syn cannot be proved from zor and latch right away since the
delays cannot be wiped out. What can be proved, however, by introducing constraints
are certain approximations thereof. Before we can state them we need some predicates for
formulating constraints. We first assume that clock ticks are marked by rising edges of clk

and define a corresponding predicate
.4 df
tickt = clk(t —1) =0 A clk(t)=1

which obtains true if there is a clock tick at time t. Given this predicate one may define
what it means that a signal z is stable in all intervals of length § prior to clock events:

stablexd X Wity int. (tickty At —8 <t <t) D z(t1) = z(t2)

Finally, for constraining the clock we have two other predicates, the first expressing that
the 1-phase of the clock lasts exactly one time step, and the second imposing a minimal
distance § on two consecutive clock ticks:

Vi:int. clk(t) =1 D (ck(t -1)=0 A clk(t + 1) =0)

Vi1, 35 ¢ int. (il < iz A tick b A tick tg) DIz >t 46

one_shot .

ne &

min.sep &

20ne might want to turn the predicate nest into a function which for time ¢ yields the successive time
step nezt(t) and is undefined otherwise. In a logic with partial terms this could be done using the so-called
t-operator which we do not have available in LEGO.
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With these predicates put into place the promised approximations of ror_syn and latch_syn
can be formulated:

& stable £ 6.0r N stable y bzor

D Vi:iint. tickt D zt =zt +yt
latch_abs (d, q) 4 (one_shot A min_sep i) D Viy, tz : int.(tickt, A tickt,
> (nest_abs(ty, t2) D q(tz) = d(t1)))

zor_abs (z,¥,2)

where nexi_abs is the following approximation of next:

nest.abs(ty, ;) Lt <ty A Vt:int tickt D (4 <t D ty <1)

The bold-faced parts indicate the offset of the approximations from the ideal versions zor_syn
and latch.syn. This offset explicitly reflects the design rules (C3-C4): timing constraints
on inputs, on the clock signal, and the sampling at clock events. In contrast to zor_syn,
latch_syn these approximations now can be derived from axioms zor and latch, i.e. we have

zor (z,y,2) F zor.abs(z,y,z)
latch (d, clk,q) Vv latch_abs(d,q)

We state this without proof here. The gap will be filled later when we have introduced the
logic. Note, that due to the simplification of the latch’s behaviour (i.e. no set-up and hold
conditions) latch_abs does not require stability of data input d relative to the clock.

The observation that stability constraints essentially work to squeeze out delays of the
behavioural description and thereby separate timing behaviour from functional behaviour
is already employed in [18,26]). Here we push this idea further so as to also encompass
constraints on time points, i.e. tickt. Being restrictions which also reflect the design
rules, constraints on time points should be subjected to the same treatment as are stability
constraints on signals. In fact, our logic will also dea] with this type of constraints.

Now suppose as a simple design task, we wanted to build a stoppable modulo-2 counter.
1t is to have one input and one output, and to produce astream of alternating 0s and 1s as
long as the input is at 1 and stop at the current output value when the input switches to
0. More formally, its behaviour is specified by the following logical formula:

ent_spec (z,¥) 4 Yty 12 @ int. next_abs (t1,t2) D y(t2) = z(t2) + y(t1)

From this input-output specification one derives easily a Moore automaton or equivalently
an implementation consisting of an exclusive-or function and a one-unit delay as depicted in
Figure 2. Given, that zor.syn (1) describes the behaviour of the exclusive-or and latch_syn
(2) that of the one-unit delay, the behaviour of the implementation is given by

ent_syn (z,y,2) 4 zor-syn (z,2,y) A lalch_syn (y,z) (3)

which employs logical conjunction A of predicates to express composition or superposition of
two behaviours. Anotherimportant operation on behaviours is htding of internal wires which
logically is achieved by ezistential quantification. Since in the example the specification of
the counter describes a circuit with one input and one output we have to consider signal
z as internal in the implementation (3), i.e. z and y are the required input and output
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Figure 2: Implementation of the modulo-2 counter

signals visible to the environment. Verifying that the implementation is correct would now
amount to proving that after hiding of the internal signal z the implementation (3) entails
the specification, i.e.

3z : signal. ent_syn (z,y,2) & cni_spec(z,y) (4)

This would be an easy exercise invoking the rules of ordinary first-order logic. Unfortunately,
applying synchronous abstraction to zor and latch does not provide an ideal exclusive-or or
an ideal one-unit delay satisfying zor_syn and latch_syn but merely approximations zor_abs
and latch_abs. Therefore the implementation we are actually able to get is

ent_abs (z,y,2) Y zor.abs (z,2,y) A latch.abs (y,2)

Of course there is no reason to expect that 3z : signal. cni_abs (z,y, 2) entails ent_spec (z,y).
Rather, in place of the original cni_spec, we will again only achieve an approximation,
perhaps something of the form

cnt_appr (x,y) Y (Cs A Ci(zy,y)) D (Vty,ta:int. Co(ty, £;)
D (nezt-abs (t1,t2) D y(t2) = z(t2) + y(11)))

where Cy, Cy, and C; are constraints that have to be imposed on the composite circuit to
allow the envisaged derivation

Az : signal. cnt_abs (z,y,2) + cni_appr (z,y) (5)

Here we are facing the question of how to go about finding the constraints Cy, Ci, Cs
and thus the modified specification cni.appr. The straightforward approach, as employed
for instance in [14], is attempting a derivation of cnt_spec (from ent_abs), finding out where
it fails, and at each such dead end identifying assumptions that would make it work if they
were available in the first place. This information can then be used for determining the
constraints Cp, C1, Co and the place where they have to go to weaken the specification
appropriately. This is however not quite satisfactory since it means going through the
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verification proof twice, once for finding the constraints and a second time after pasting
them into the specification for completing the proof. Furthermore, and more importantly,
the proof has to intermingle timing constraints with abstracted properties; it aims to prove
the abstract specification cni_spec while at the same time having to deal with the constraints
inside the propositions zor.abs, latch_abs, 'next_abs, and cni.appr.

As argued before, this is not what one really would like to do. Rather, one would like first
to perform the abstract verification (4) without consideration of constraints. This establishes
the feasibility of the design at the abstract level. The constraints, which are dependent on a
particular implementation mechanism -here the implementation as a synchronous circuit-,
are not determined before the implementation of the abstract components is chosen. In the
example, this leads to the approximations zror_abs, latch_abs. Finally, a constraint analysis
should be able to use the abstract proof (4) together with the knowledge of the constraints
contained in zor_abs and latch_abs for extracting the constraints in ent_appr.

In the following we will show how to achieve this goal by reformulating the notions of
proof and proposition so as to ‘hide’ constraints within them and set up a rudimentary
calculus of derivations to deal with this constrained logic.

3 Logic of Constrained Proofs

The logic will consist of a suitable base logic in which to express both the constraints and
the abstraction properties of the verification example. For the purpose of our particular
example it is sufficient to assume a formal system for typed first order logic. It is not really
essentjal what the base logic looks like as long as it fulfills certain minimal requirements
which we set out below. This base logic will then be extended by a new syntactic operator
[.1for ‘hiding’ constraints. The described logic of constrained proofs therefore need not
be seen as a particular and fixed logic but rather as a method for extending ones favourite
logic for accomodating constraints.

In the following we assume some familiarity with natural deduction style logics and the
lambda calculus (with explicit pairing) as a simple functional programming language.

3.1 Base Logic

Of the base logic we will require logical connectives for conjunction ¢Ap, implication ¢ > 9,
universal and existential quantification Vz : 4.¢, 3z : A.¢ together with the usual natural
deduction rules

Q%i
AI;Z/\:ﬁ AEI:-d;‘-:Tp- AET:E_A'EE DE:IS%—JS_ or: ¢
v
(4
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Here ¢{t/x} denotes the substitution of term ¢ for variable z in ¢. Additionally, the logic
comprises negation ¢, disjunction ¢ V ¢, the propositional constants T for irue and 1 for
contradiction with rules

Y
Ve ¥ P
vflz%’—/’- vI,:¢;¢ VE: o
b1 P2
v oV

+
. _t % T
-I: ¢ -I.E.¢_1¢ _LE._L TI.¢

These rules are to be understood in the usual way in what regards free and bound
variables, substitution of a term for a free variable and the variable restrictions associated
with rules VI, and 3E,. In VI, z must not occur in any assumption on which ¢ depends,
and in 3E,, ¢ must not occur in 9 or in any other assumption save ¢ on which the lower
occurrence of ¢ depends. The letter 7 in the name of a rule stands for ‘introduction’ and
E for ‘elimination’.

For (refinement) proofs these rules are read top-down, i.e. they reduce proving the
proposition above the rule bar to proving the propositions below it. In what follows all
rules are written in this top-down way. It is useful to have syniactic definition available in
the logic as a means for abbreviating a complex formula by some user-defined name possibly
with syntactic parameters. Definitions also have their introduction and elimination rules,

e.g. a definition ¢ i ¢ is acompanied by rules

d : dfE ¢
1+ /E

For the logic of constrained proofs we will not only have to treat propositions but also
proofs as mathematical entities which are manipulated by the inference system. All modern
interactive theorem provers, like HOL, VERITAS, LAMBDA, IPE [30], ELF {13], or LEGO
are based on this principle as they are essentially programming systems for manipulating
proofs. A formula is identified with the set of its proofs and a rule is implemented by a
program which transforms proofs of the rule’s hypotheses into proofs of its conclusion. In
this spirit we associate with each of the above rules a program which implements the rule
bottom-up, i.e. it can be applied to proofs of the propositions below the bar to yield a proof
for the proposition above it. The name of each rule will be taken to denote its associated
program on proofs. Consider the rules A7, AF; and AE,. Theintroduction rule AT describes
how to build proofs of a formula ¢ A 9 from proofs of its components ¢ and %; it serves
to introduce the junctor A. Rules AE;, AE, say that from a proof of ¢ A 3 proofs of the
components ¢ and 1 can be extracted; it serves to eliminate the junctor A.

To be more precise, as we are dealing with rule schemata rather than single rules we
would have to instantiate each rule name with the actual propositions to denote a particular
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program on proofs. For instance, we would write AZ(¢, %) for the function which takes pairs
of proofs of ¢ and v to a proof of ¢ A 4. However, since it is clear from the proofs to which
A-introduction is applied which instance of the schemata is meant we may simply write AJl.
The same applies to the other rules. A nice feature of LEGO is that it supports this style
of polymeorphism. It knows to infer the type of a function from the type of the arguments
to which it is applied (or, more generally, from the context in which it is used).

We do not need to know what the basic programs implementing the rules look like nor
what exactly a proof is. All we want is compose them to form derived rules or derivations
and assume that they satisfy certain natural equations guaranteeing that they interact in a
coherent way. Of such equations only those are given below which are used in the sequel.

First some notation: The language chosen to compose and reason about derivations is
essentially a typed lambda calculus with explicit pairing. To denote that p is a proof of ¢
we write p: ¢ and for f a derivation of ¥ from ¢ we write f: ¢ — 4.2 So, for instance, the
(basic) derivation AI($, 1)) : ¢ X9 — $A% may be applied toproofs p : ¢ and ¢ : 9 toyield a
proof AI{¢,¢)(p,q) : ¢ A ). As remarked above this is more simply written AT(p, q) : oA .
A-abstraction is written as usual, and o stands for the sequential composition of derivations
in reversed order (which matches with the bottom-up notation of proof trees). The operator
o is an abbreviation definable in terms of A-abstraction; for instance

AEj o AT = dx: ¢ x . AE((AI(2)) :¢ X — ¢

The equations required to hold between the basic rules all state that an introduction
rule can be cancelled by subsequent application of the corresponding elimination rule.

ABoAI(p:¢p,q:4¢) = p (6)

ANE oAI(p:d,q:v) = ¢ (7)
DEQQI(f:¢—> %), p:¢) = f(p) 8
3E.(QL(p: ¢{t/z}), f:d— ) = [f{t/z}(p) 9
VE;oVIg(p:¢) = pi{t/z} (10)
dfEcdfI(p:¢) = p (11)

3.2 Extending the Base Logic

On top of this base logic we encode the idea of a constrained proposition proofs of which,
also called constrained proofs, are allowed to have hidden assumptions. In the example
hidden assumptions will be behavioural constraints. To introduce the general concept, we
begin with the central definition.

Definition 1 (Motivation) Let ¢ be a proposition. A constrained proof of ¢ is a pair
¢ = (7,py) consisting of a proposition ¥ and a proof of v D ¢. The sel of constrained proofs
of ¢ will be denoted by [ ] and referred to as a constrained proposition.

The motivation for this definition in view of the envisaged application for handling
constraints is the following: Constructing a proof ¢ = (7, p,) of a specification of the form
[ 4] amounts to proving ¢ under some assumption v, for instance a timing constraint. The

3Note the difference between p: ¢ D ¢ and f: ¢ — ; in the former pis a proof, in the latter f is a
derivation (a program on proofs).
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assumption is determined by the proof ¢ and recorded as its first component. Given such a
constrained proof ¢ : [¢], one can extract both the hidden constraint m(c) and the proof

7!'2(6) H 11"1(0) D ¢

that this constraint implies ¢ (7; and m; denote first and second projection, respectively).
The constraint 71 (c) may be subjected to constraint analysis and from the second component
m3(¢) one may build proof of ¢ for any proof of the constraint m1(c) via the DE rule.

Definition 1 suggests to extend the base logic by a new syntactic operator [.] which
for any proposition ¢ forms the constrained proposition {¢]. This operator as we shall see
should work for all propositions, not just for those of the base logic. More precisely, we
want to build propositions like

(vt: Afs]]

i.e. we want to iterate the operator. As to the associated rules for [.], the discussion above
yields

[9]
K ¢
i LT T

v

The introduction rule [[] says that in order to prove [¢] we may prove ¢ under some
assumption 7, which we are free to choose. Read bottom-up, [ ] says that if a proposition
¢ can be derived from some assumption 4 then there is a proof of {¢] which no longer
depends on 4. The assumption 7 effectively is discharged in favour of the [.] construct
which only indicates its presence. Note that even though the assumption v to be hidden
by an application of { 7] may be inferred (in LEGO) directly from the argument derivation
f 19— ¢, we will supply it as an explicit argument, i.e. we write {1 ](v, f : v — ¢) rather
than [T]J(f: vy — &).

The elimination rule is stated with the help of an operator | which is meant to project
out the assuraption hidden in a proof of [¢]. It represents the first projection #; from
above. [ £] proves ¢ from a proof p of [ ¢] if also a proof of the assumption [(p) hidder in
pis given. The interaction of [/}, [ E], and | is governed by the equations

LolIYv, Fiy—4) = 7 (12)
(EX[I)y, v — @), c:9) f(e) (13)

il

which state that | indeed yields the assumption hidden by [ /] and the elimination rule [ E]
recovers the proof hidden by [I]. Note, that (13) makes implicit use of (12). The reader
might find it useful to compare rules (/] and { E] with 3/ and DF for implication.

*For practiacl applications it does not seem to be a restriction to confine application of [ 1] to propositions
v of the base logic. Since it is technically advantageous our implementation imposes this restriction.
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Two examples of rules which can be derived from the rules introduced are ‘lifting’ (L]
and ‘constrained A-introduction’ [AT]:

(4] ]
v (¢
6 A D)
[L]:: [Al] i
M (] (¥]
,

Rule [ L] lifts an unconstrained derivation f : ¢ — % to a constrained one, namely if ¢
is provable under some (hidden) assumption then the conclusion ¢ is provable under the
same (hidden) assumption. Rule [AJ] is the A introduction for constrained propositions
melting the hidden assumptions of [¢] and [+] into a single hidden assumption for their
conjunction. This interpretation of [ L] and [AI] is captured by the equations

Lo[LYf: 9= ¥, p:[2]) = Up) (14)
Le[AIlp:[9], q:[¥]) ir) A Lg) (15)

That [L] and [AZ] are derived rules is shown by the derivation trees in Figure 3. The
derivations translate into the following ‘programs’ implementing the two rules:

[LI(f:0— %, p:[4]) (L1(L(p) » Az : {(p). DE(DI(Sf) , [E)(p,2)))

[AI)(p:[¢), q:19)) LI104(R) A Ua), A2 = L(p) A U9)-
N([E](p, AEi(z)), [E](g, AE-(2))))

for which the equations (14) and (15) immediately follow from (12) above. Let us take
[L] as an example to explain how the program is constructed. The arguments to the [ L]
rule is a derivation f : ¢ — 9 and a proof p : [¢]. The derivation tree for [ L} (upper
tree) in Figure 3 describes which rules have to be composed in which order to transform
these two arguments into a proof of [¢]. The term given above for defining [ L] is exactly
this composition. The top rule [I] is applied to a pair consisting of an assumption (to be
hidden in [4]), in this case |{p), and a derivation of ¥ from this assumption. This derivation
g : 1(p) — ¥ is given by the subtree with ‘input’ z : |(p) and ‘output’ 1. The associated
subterm for g is the A-term g = Az : |(p). DE(DI(f), [E](p,2)). The A-abstraction
corresponds to the discharging of the assumption z : [(p) by [7].

We should perhaps remark at this point that in the the real proof session all of the proof
terms are automatically constructed and manipulated by LEGO. The user only develops
the proof tree top-down in an interactive way and does not have to be concerned with the
underlying proof terms. This also applies to the equations which in LEGO are built-in
automatic reductions. Thus, whenever proof terms are explicitly spelled out in the rest of
the paper it is to show the mathematical mechanism of handling constraints as parts of
proofs. All of this, however, is done by LEGO and need not bother the user.

il

([ [

Let us end this section with some remarks concerning the LEGO implementation of the
logic. In the LEGO implementation the base logic is a higher order intuitionistic calculus
encoded in the type theory of the Calculus of Constructions, or more precisely in Luo’s
extension £CC [22] of it. An introduction on using type theories as logical calculi can
be found in {21]. The following papers present examples of encoding particular logics in
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z:(lp) A L(g) (z)
V

Figure 3: The derived rules [L]and [AT]

the type theory of LF [24,1], CC [6], or Martin-L&f [27,28]. For implementating the [.]
operator it suffices to assumes a type universe T ype which is closed under the formation of
simple function types A — B, dependent function types IIz : A.M, and strong sum types
Yx:A.M. Further, there is a type Prop, the type of all propositions of the base logic which
is embedded in T'ype both as a type (the type of propositions) and as a subuniverse (each
proposition is the type of its proofs), in symbols

Prop : Type and Prop C Type.

All this is provided by the type theory ZCC.

If ¢ : Prop and 4 : Prop are propositions then the proposition ¢ D 7 : Prop is encoded
as the function type ¢ — ¢, i.e. a proof of ¢ D % is a function that maps proofs of ¢ to
proofs of ¢°. This is all what is needed for encoding Definition 1, on which the logic of
constrained propositions is based, as a particular type of proofs. Definition 1 is represented
by the following 2-type:

[#] o X% : Prop.v D ¢.

A ZI-type Ta : A.B(a) is the type of all pairs (a,b) where a is of type A and b is of type B(a).
The crucial feature of a X-type is that the type of the second component (here B(a)) may
depend on the value of the first (here ). This is the feature needed to express [¢] as a type:
the type of pairs where the second component is a proof of a proposition (v D ¢) which

5Thus, in our LEGO implementation of the logic derivations f : ¢ — ¢ and proofs p : & D ¢ are actually
the same
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depends on the first component (the assumption ). This is why the implementation resides
on the fact that LEGO provides 5-types®. The properties of constirained propositions then
follow from the properties of ¥ types within the LEGO type system.

Now, having available a logic for dealing with constrained propositions, we turn back to
the example and demonstrate its use.

4 Verification of the Example

To keep explanations reasonably short we will not mention all details that have to be
presented in the actual (complete) LEGO implementation. Among those are for instance
all definitions to do with basic data types such as integers and booleans. We simply assume
a LEGO context in which the usual mathematical properties regarding these data types are
available in the base logic. We may then focus on those parts of the verification that are
done using the constrained logic introduced in the previous section. The example presented
has been completely formalised and verified in LEGQ.
The task, set up in Section 2.2, is to find a derivation for

dz : signal. cni_abs (z,y,z) + cniappr(z,y) (16)
where
ror_ubs(x,y,2) = (stablezé,,r A stableybyop)
D Vtiint. tickt D zt =2zt 4yt
latch_abs (d,q) = (one-shot A min_sep fiaecn) D Vi), 8 1 int.

(tick ty A tick t3) D (nezt_abs(ty, t2) D ¢(t2) = d(t1))
cnt.abs(z,y,2) = wor.abs(z,z,y) A latch_abs (y,z)
entappr (z,y) = (Co A Ci(z,y)) D (Viy, 1z :int. Ca(ty, t2)
D (nextabs (11,t2) D y(ta) = z{t2) + y(t1)))
which is split into a main proof, free of constraints, and a successive constraint analysis

to establish constraints Cg, Cy, Cz for the composite device. The first goal is achieved by
reformulating zor_abs, latch.abs, cni_abs, and cni_appr as constrained propositions:

zor_abs’ (z,y,2) & [Vt :int[2t =zt + yt]]
latch_abs’ (d, q) ¢ [Vi1,t2 @ int.[next.abs (11, t2) D q(t2) = q(¢1)]]
cnl_abs’(z,y,2) g zor-abs’(z,z,y) A latch_abs’(y,z)

df

ent-appr’ (z,y) (V1,2 @ int[next_abs (1, 1) D y(t2) = z(£2) + y(t1)]]

Syntactically speaking, all constraints are now removed from the formulae and replaced by
the [ ] construct. Semantically speaking, and this is the crucial idea, a constraint now is no
longer part of the proposition but of the proof. For instance,

[VE:int[2t = xt + yt]] (17)

®The current implementation also makes use of LEGQ’s type universes and the built-in synthesis of
universe levels, also called “typical ambiguity”.
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does not give any more information regarding constraints than indicating that there may be
hidden assumptions, namely one for each instance of the [ ]-operator. It is the proof of (17)
that actually determines these constraints. In fact, the constraints depend on from which
low-level axioms about the exclusive-or gate the abstracted proposition (17) is derived,
and by which abstraction process. Here zor is used but one might take a more detailed
description of the gate, e.g. with variable delays, and then of course some other constraints
would result, Also, there may me more than one way to verify an abstract behaviour of a
composite device from properties about its components and each may result in a different
constraint.

4.1 Abstract Verification of Modulo-2 Counter

As the ‘constraint-free’ version of (16) we now demonstrate a derivation of
3z : signal. ent_abs’ (z,y,2) F cnt.appr’(z,y) (18)

It differs from the ideal derivation (4) only in the presence of the [.]-construct.
First note that we can dispense with the existential quantifier since (18) is logically
equivalent to a derivation

cnt_abs’(z,y,2) & ent_appr’(z,y) (19)

i.e. every proof of (18) gives rise to a proof of (19) and vice versa. Thus it does not
really matter whether we hide internal signals in the implementation (left hand side of the
turnstile) in the first place or not; they are always eventually ‘opened’ when verified against
a specification (right hand side). Consequently, we decide to take (19) as the verification
goal right away.

Now let us introduce the following syntactic abbreviations:

¢ g next_abs (11, 1)
df
€ = y(t2) = z(t2) + y(t)
¢ g yt = 2t + =t
df
Y = z(t2) = y(t)

where z, y, z are, from now on, fixed variables of type signal and ¢, t, fixed variables of
type int. With these abbreviations (19) essentially amounts to finding a derivation

[Vi]_,tz :z'nt.[0 » C]]
[Vt:int{d]] A [Viy,t2: int[6 D ¥])

This will depend on a derivation

Q : (o{ta/t} A %) — ¢

which shall be assumed given.

Figure 4 shows the complete natural deduction tree for (19), using Q and applying
the rules of Section 3, where all typing information is removed to improve legibility. The
refinement mechanism in LEGO allows constructing the derivation and the corresponding
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entoppr’(z,9) .
[Vt1,12.§0 5 €]]

Cy(g) : Vi1, 22.[0 D €] [Vt.[¢) AV, 2[00 D $]] (el AL
soe below velell [v,600591) -
zor.abs’(z, 2, ¥) B, latch_abs’(y, z) 5.
(1) zor_abs’(z, z, y) Alatch_abs(y, z) (1) B
cnt_abs’ (2,9, 2)
Cy(g) : V13, t2.[8 D €] Vi
Vi2.[6 D €] vr,
0>¢
93¢ : ] Cala): [¢{t:=1} A (8 D ¥)] e
= oI () [Al)
Q [l=u)] (0591 yp.
Ca(r,8): ¢{t:=ta} A Y Al vilel ? A UELI
MAE; : ¥ SE (g) l Vi, 12.[0 D ¥] ' AE,
{r) 4> 9 AE, 5: 9 q: Vi[g] AV, 12.[8 D ¥] T
r: plti=8}A(02¢) v v
v

Figure 4: Verification of correctness for modulo-2 counter
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proof term interactively in a top-down fashion. The proof term collects together the rules
in the order in which they are applied. In this case the proof tree of Figure 4 defines the

proof function
C : ent.abs’ (z,y,2) — cntappr’(z,y)

which (if typing information is again supressed) reads:

Clpc) = dfl o[L)(2g.C1(q), [N WAfE o AE)odfE(pc) , dfE o AE; o dfE(pc)))
C1(q) VI oV o[ L)(Ar. DI(As.Q o C2(r,8)), C3(q))

Ca(r,8) = AI(AE(r), DE(AE.(r), 8))
Ca(q) = [AZ)VE:y oAEig), VEs oVEy o AE.(¢))

Il

This derivation provides a solution to the first part of the task: It corresponds to the main
proof that composing a delay-free modulo-2 sum and an one-unit delay as in Figure 2 yields
a stoppable modulo-2 counter. The only steps in the above derivation that would not arise
in an ideal proof, i.e. one which does not consider constraints at all, are the two occurrences
of the [ L] rule. This rule is necessary to lift a proof from the base logic, for instance Q, to
a constrained proof.

The derivation can be called abstract since it is performed without looking at or even
manipulating explicit constraints. Remember that cni_abs’ and the other formulae do not
actually carry constraints. The square brackets only indicate where constraints are to
be expected and so intuitively serve as a place-holder for constraints. In manipulating
the place-holder instead of real constraints the (abstract) derivation C is independent of
constraints and yet retains enough information for extracting the constraints inside C(pc) :
cnt_appr’ (z, y) out of those in p¢ : cnt_abs’ (=, y, z), which can now be done in a completely
separate phase: in the constraint analysis.

Before we can demonstrate this we need to give proofs

X : zor(z,z,y) — zor_abs’(z,z,y)
L : lateh (y,clk,z) — latch_abs’(y, z)

and thus establish that and how the exclusive-or and latch are implementations of the
abstract components. In these proofs the actual constraints for the place-holders inside
zor-abs’ and latch_abs’ and consequently inside

ent_abs’ (2,y,2) = zor_abs’(z,z,y) A latch.abs’(y,z)
will be determined.

4.2 Synchronous Abstraction of Exclusive-Or and Latch

We begin with the derivation X. The main means for introducing constraints of course
is the [I] rule which will be used twice, namely for hiding the constraints stable z §;,r A
stable z 6, and tick t. The derivation will also have to assume 8.0 > 0, use substitution
rules -all abbreviated as ‘subst’™-, and the following facts about int:

v:Vt,u:int.t——u-{-u:t Reﬁ:Vt:int.tSt Sub:Vt,u:int.uZO:)t—ugt

In

T T T
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2
zor_abs’ (z,z,y) o
Vifyt =zt + 2t
(velye=zitoil] p)
Vt.[yt = zt + 2]
t =21+ 2
=242 )
yt = xt 4 2t
yt = z(t = 8z0r) + 2t Xo(p,q): 2t = x(t — §z0r)

subst
Xl(P, q) ryt= I(i - ‘szor) + Z(t - asor) X4(p, Q) P2l = z(t - 6:01-)

subst

X1(p,q) : yt =5(t = bz0r) + 2(t ~ 8z0r)
y(t ~ bz0r + 6.1:01-) =yt y(t — bzor + 6;0,-) = x(t — 6zur) + z(t - 5_,“”_)
subst

subst

VE"'"sxor
{ —bz0r + 8zor =t VE; VE. y(f + b2or) = 2t + 2t IE
Vo.l—u+u=t wor gor (z, z,y)
VE,
Viu t—u+u=t
Inv
T

Xa(p,q): ot = 2(t — bz0r) SE
(tickt At — bzor <t~ bzop 1) D zt=1(t —bzor) VE, s, Xg(g): tickt A 1 — bzor < T —bz0r < t
Vig.(tickt At = 8uor <t <) D zt=2(t2) vE, o
Vi, ta.(lickts A 23 — 840r <12 < 1) D z(t) = z(t2) B

stable z b3y

p: stable £ §zor A stable 2 6,0r

v

Xg(g) s tickt At —8z0p <t —8z0r <

X Al
g: tickt 1—8zor Kt — bpor <t al
'\/ t‘azorst“szor/\t—szorst ;
A
t"ﬁzorst—szw t-azorst
VE‘—Szor JE
Vi<t Sxor Z0Dt=bs0r <t bzor 2 0
——— Refl VE, ..
T Vu.u20>t—-u<t
VE:
Vt,u.u 20Dt-ugt
Sub
T

Figure 5: Derivation for abstracting zor as a synchronous device
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Figure 5 presents the proof tree, again split into several parts. The subtree named X4(p,¢)
is not given as it is identical to the subtree Xa(p,¢) with variable = is replaced by » and
the AE; rule instead of AE,.,

The two constraints built into the proof term by the introduction rule [I] can be ex-
tracted by applying the | function to the proof term X in the appropriate places. To this
end let px be a proof of zor (z, z,y) and consider the proof term X(px) of zor_abs’(z,z2,y):

X(px) = dflo[I](stablezbzor N stable z bzp ,
ApVIyo[I(tickt , Aq.subst(subst(Xy(p,q)(px) , Xa(p,q)), X2(p,9))))
X1(p,9)(px) = subst(substoVEs oVEioInv,VE, s odfE(px))
Xa(p,9) = DE(VE, g, oVEiodfEoAE(p), Xs(g)
Xa(p,g) = DE(VE,_; _ oVErodfEoAE(p), Xs(q))
Xs(q) = AI(q, dfToAI(VE,_s _oRefl,VEs oVE o Sub))

il

Now from
dfE o X(px) : [VE.[ yt = «t + 2t]]

we can regain the constraint hidden by the outer ocurrence of the square brackets by com-
puting

CXouter(, 2,9) g lodfEoX(px)
= |odfEodfl o[ I](stablex 850, A stable 260 4 Ap.---)
by (11) = |o[I](stablex 8z0r A stablezbpor , Ap.--+)
by (12) = stablex 6y0r A stablez 6,

In order to get to the constraint hidden by the inner occurrence of [.] we have to assume a
proof p : stablex 6., A stablez by, of the outer constraint and a variable ¢ to instantiate
the universal quantifier with. Then,

VE;o[EYdfE - X(px) , p) : [yt = at + 21]
and

CXimer(®,2,331) £ LoVE o[E)(dfE«X(px) , p)
LoVE o [EYdfE o dfI o[ I |(stablez by0r A stablez8z0r o Ap.-+), P)

]

by (11) = |oVE;o[E)([I](stablex b0r A stablezbzor , Ap.-++), D)
by (13) = }oVE;eAp.--- (p)
= JoVEy--)

loVEt(VIt([I](ﬁck t, Aq . )))
VoVE, oVI([I](tickt , Ag.--+))
Lo[I](tickt , Aq.---))

tickt

]

I

by (10)
by (12)

These computations show that, modulo renaming of variables,

i

X :zor(z,2,y) — zor_abs’(z,z,y)
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indeed captures the derivation
zor(z,y,%) + zor_abs(z,y,z)

with the difference that the constaints do not show up in the proposition zor_abs’ of abstract
behaviour but in the proof X. Similarly, there is a derivation

L : latch (y, clk, z) — latch_abs’(y,z)

for the latch swallowing the constraints in latch_abs, which can also be constructed interac-
tively in LEGO. It is slightly more involved than X far it has to utilize bounded induction
on int. We do not present the derivation here and content ourselves with stating that it
contains the expected constraints. More precisely, if py, is a proof of latch (y, clk, z) then

dfE oL(pr) : [Vt1,tz: int.[next_abs (t1, t2) D q(12) = q(t1)]}]
and we have

CLower(v,2) £ LodfEok(pr)
= one_shot A min_sep di4¢ch

and for ¢ a proof of one_shot A min_sep 6;4:.5, and 1y, t, variables of type int

l oVIEg2 [ V.Efl [ [E](de ° L(PL) ’ q)
tickty A tickts

CL inner(y, z;tht2)

4.3 Constraint Analysis

Section 4.1 has shown that composition of delay-free modulo-2 sum and one-unit delay
satisfies the specification of a modulo-2 counter. The verification is summed up in the
derivation

C: cnt_abs’(z,y, 2) — cni_appr’ (z,y) (20)
In the previous section we gave proofs

X : wor(z,z,y) — zor_abs’(z,zy) (21
L : latch(y,clk,z) — latch_abs’(y, z) (22)

witnessing that in a synchronous environment zor and latch may be regarded as implemen-
tations of the corresponding abstract components delay-free modulo-2 sum and one-unit
delay. Residing inside X and L are certain behavioural constraints which record assumpti-
ons about the environment of the components under which this abstraction is possible. Now
we may put pieces together and prove that in a synchronous environment the composition
of zor and latch can be regarded as an implementation of the abstract modulo-2 counter.
This comes down to a derivation

I: zor(z,z,y) A laich (y,clk,z) — cntappr’(z,y)

from the data (20), (21), and (22).
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cnt.appr’(s,y)
C

cnt_abs’ (z,y,2) o

zor_abs’ (z, z,y) A latch.abs’(y, z)

z0r..abs’ (z,2,y) latch_abs’ (y,z) N

L
zor (z,2,¥) AE, latch (y, clk, z) AE,
zor (z, z,9) A latch (y, clk, z} (1) (1)

Figure 6: Low-level implementation of modulo-2 counter

As an aside note that again all applications of existential quantification for hiding in-
ternal signals are dropped. This is done without loss of generality since it can be shown
that taking explicit account of hiding would reduce to the case considered here anyway.
A more detailed discussion of hiding in the context of the proposed logic is outside the
scope of this paper but we believe that hiding of signals via existential quantification does
not introduce any intrinsic complications. After all, hiding seems to be eliminable for all

practical examples.

Constraint analysis consists in examining the constraints residing in I which, as they
are synthesised from the constraints in X and L, will embody the weakest constraint for the
composite circuit which guarantees that the constraints of its components are met. Figure 6
shows the derivation tree for I. The corresponding proof term reads as follows:

I(p1) = CodfloI1(ps)
Il(pl) = AI(XO/\E{(pI),LcI\Er(p[))

where py is a proof of zor (z,z,y) A latch (y, clk, z). From
dfE o I(pr) : [Vt1,t2.[next_abs (i1, t2} D y(tz) = z(t2) + y(h)]]

we may then extract constraints for both occurrences of [|. The most important of these
is the outer one:

Clouter(z,9,2) £ o dfEeI(py)
= lodfEoCodfl oI1(p1)
= JodfEcdfIo[L)(Aq- C1(q),
[/\I](deo AE o dfF o deoIl(pI) , 8fE o NE, o dfE o deoIl(pI)))

by (11) = Jo [L](Aq. Cl(q) . [/\I](deo /\E[oI]_(pl) , AfEoAE, o Il(p])))
by (14) = |o[A)dfEoAE oI (p1), dfE o AE. o I1(p1)))
by (15) = lodeo/\E;oIl(pI) A lodeo/\EroII(p])

lodfEcAEjo AI(X o AE(pr) , LoAE.(p1))
A LodfEcAE, o AI(X o AE|(p), Lo AE(p1))
= |odfEcXoAE(pr) A lodfEoLoAE,(p1)
= stable 28,00 A stable z 6y, A oneshot A min_sep diaten

The inner constraint on time points recorded within dfE.I(pr) can be computed as

Clinner(2,Y,2;11,82) = tickty A tickty A tickty



23

This shows that the derivation I has in fact collected together the constraints for zor and
latch.

Constraint analysis in this framework is proof analysis: ‘analyse the constraint hidden in
a constrained proof and replace it by a simpler proposition’. Consider the general situation
of a derivation f : ¢ — [4], of which I is a special instance. f constructs for each proof p of
¢ essentially a pair consisting of a hidden assumption v and a proof of ¥ D .7 Performing
a constraint analysis on f means replacing 4 by a simpler or weaker assumption 4. The
condition under which this is possible is that

N

holds, i.e. 4’ together with ¢ is stronger than . (Note, this means -y can always be replaced
by a stronger assumption 4’ I 7). In the extreme case where 4’ is to be the weakest possible
assumption, namely 9’ = T, this amounts to proving 7 from ¢. Given that the hidden
assumption v is an input constraint of a hardware device this will only be possible if ¢
contains complete information about the environment of the device and then amount to
proving that the environment satisfies the input constraints. The typical case, however, is
that ¢ (as in I) merely describes parts of a complete circuit in which case only ‘parts’ of y
will follow from ¢ while other ‘parts’ have to be retained in 4. Formally, constraint analysis
may be summarised by the following

Proposition 1 Let f : ¢ — [9] be a derivation in the logic of constrained proofs and v the
constraint constructed by f, i.e. v is a proposition of the base logic with | o f(p) = ¥ for all
p:¢. Then for all propositions ¥ of the base logic such that ¢ Ay’ + v there is a derivation

flio =[] with Lo f'(p) =1+ forallp: ¢.

Back to the example: Since we regard signal z as internal to the composite circuit we
want to replace Clyyter(2,y,2) by a constraint of the form Cy A Ci(z,y) which does not
have z as a free variable and thus embodies a constraint on the environment of the modulo-2
counter. In view of the above discussion on constraint analysis we are lead to search for a
proof of

zor (z,z,y) A latch (y,clk,2) A Co A Ci(z,y) + Clouter(2,y,2)

It is not difficult to see that this is equivalent to a derivation
Co A Ci(z,y) F Vz. (zor(z,2,y) A latch (y,clk,2)) D Cloyter(z,y,2)
or equivalently

Co A Ci(z,y) F one.shot A min_sep Sia¢ch (23)
AVz. (zor(z,z,y) A latch (y, clk,z)) D (stable z 650, A stable z 8zop)

A simple way to arrive at constraints Co and (' that satisfy this property is simply to use
the right hand side of the derivation as their definition, i.e.

d. ,
Co :—’f one.shot A min_sep Otatch

Cy(z,y) 4 v (wor (z,2,y) A latch (y, clk,z)) D (stablex &,0r A stable 2 §,,,)

" may in general depend on the proof p. However, it is a property of the logic that if ¢ is a proposition
of the base logic then | o f(p) must be independent of p, i.e. | o f(p) = ¥ for some fixed proposition v of the
base logic. In particular this is the case for our example I as the computation above confirmed.
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Ci(z,y) says that no matter what internal signal z is produced by the circuit for given
observable signals z, y the stability constraints for zor and latch are satisfied. Cp is the
restriction on the clock originating from latch. This choice of Cp and Cy corresponds to the
weakest restriction on the environment of the composite circuit for which the constraints of
all components are met.

Alternatively, a more intelligent constraint analysis could take advantage of knowledge
about the type of constraints and the behaviour of the components involved and try to
simplify Co and C;. For instance, the stability constraint stable z 6., on signal z can be
traded against the clock period since z is the output of the latch and the characteristic
feature of the latch is to keep the output stable as long as it is not triggered by clock ticks.
More precisely, we have

min_sep (8iatch + 6zor) A latch (y, clk, z) + stable z 6zor (24)

which suggests to define the constraints as follows

&

Co one_shot A min_sep(fiesch + Ozor)

Cl (.'t: » y)
The constraint analysis now consist in formally verifying (23). This simple proof, which we

do not give here, makes reference to fact (24) and may, according to Proposition 1, be used
for building a new derivation

4

stable z b,

I': zor(z,z,y) A latch (y,clk,z) — ent_appr’ (z,y)

such that | o dfE o I'(pr) = Co A Ci(z,¥).

5 Conclusion and Future Work

As has been hinted at in the beginning, the global aim of our work is investigating the
application of abstraction mechanisms in hardware verification. This paper focused on a
particular problem arising from such an undertaking, namely the problem of constraint
handling. Recognising the special rdle of constraints in the design process we are proposing
to distinguish at the level of the logical inference system between propositions pertaining
to specifications and those pertaining to constraints. To this end a logic of constrained
proofs has been introduced that, roughly speaking, provides a mechanism to move parts
of a proposition into the proof. We have demonstrated by means of a simple example
from synchronous circuit design that this mechanism, when used to take constraints out
of specifications of abstracted behaviour, acommodates for uncoupling the verification of
abstracted behaviour from the analysis of comstraints without giving up the rigour of a
complete formal verification. Moreover, the logic does not prejudice the type of constraints,
so that its application is not limited to the usunal input constraints of hardware components
but also encompasses constraints on sampling times and any other type which need not be
related to input signals. Also, it does not prejudice the way components are modelled, i.e.
it is applicable for both the “components as functions” and the “components as predicates”
paradigm.

The logic has been implemented on the interactive proof editor LEGO. First verification
examples, one of which was described in the paper indicate that at least for the special
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case of timing abstraction in synchronous hardware design the implemented scheme of a
constrained logic works up to the expectations. The examples are however still too simple to
judge practical utility for ‘real’ verification problems. Also we did not as yet systematically
explore the analysis of constraints within the logic and the possibility for automating parts
of it in special cases like synchronous abstraction. A lot of work is left to be done here.

LEGO has proven to be a convenient and flexible environment for experimenting with
a prototype logic. The scheme is implemented using XCC¢ and type universes, a rather
powerful type theory supported by LEGO. Since the goal is to arrive at a logic that knows
to differenciate between constraints and abstract properties it was important for the first
experiments that LEGO does not enforce the use of any particular logic. It is basically a
tool for implementing mathematics and therefore allows to experiment with various logics
and to translate very directly mathematical definitions into an executable formal system.
An implementation on other verification systems which are tailored to the needs of hard-
ware design and provide the necessary infrastructure to run larger examples is planned. In
particular LAMBDA [9] and VERITAS [15] seem promising candidates. LAMBDA, for in-
stance, because its logic kernel is a higher order proof system, i.e. it manipulates rules rather
than propositions, has already built-in the flexibility to introduce constraints at any time in
the design process and arbitrarily to defer their analysis. The possibility of programming
complex refinement tactics will allow automating large portions of constraint analysis and
verification for specific circuit design styles like synchronous or speed independent circuits.

The main characteristic of the proposed logic for handling constraints is that it consi-
ders constraints as part of the proof and consequently constraint analysis as proof analysis.
Although this is intuitively appealing and seems to encode the idea of decoupling abstract
reasoning and constraint analysis quite well from a pragmatic point of wiew, it has to
be further justified through both practical examples and mathematical analysis. The im-
plementation in its current form is mathematically not yet completely satisfactory. For
example, among all constrained proofs of a proposition [#] there are also worthless ones,
like

(Jalse, ex-falso-quodlibel(¢))

or

(¢, DE(Xa: ¢. a)).

and no built-in measures have been taken to prevent these from being introduced in a proof.
So far the only way to avoid this loss of information, is to restrict proofs to chose from only
a well-defined set of elementary proof rules, which are known to be nicely behaved in this
respect.

We consider the logic of constrained proofs an intermediate stage towards abstraction
which means reasoning on (two ore more) different levels: on a concrete and an abstract
level, connected via an abstraction function or relation. The example used in this paper
lives at the concrete level only. For example, there is only a single notion of time, i.e.
no distinction between abstract synchronous time and concrete level time. Eventually we
want to combine constrained logic with abstraction mappings and reason about hardware
at several levels of abstraction within one verification framework. It could be investigated
in LEGO using ¥-type which provide a mechanism for theory abstraction [33] allowing to
identify and keep apart the corresponding levels of theories. This was yet another reason
for chosing LEGO.
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