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We provide a functional central limit theorem for a broad class of smooth functions for possibly
non-causal multivariate lincar processes with time-varying coefficients. Since the limiting processes
depend on unknown quantities, we propose a local block bootstrap procedure to circumvent this in-
convenience in practical applications. In particular, we prove bootstrap validity for a very large class

of processes. Our results are illustrated by some numerical examples.

This is an Accepted Manuscript of an article published by Taylor & Francis in the Journal of Non-
parametric Statistics (2024), 36, 240—263, doi: 10.1080/10485252.2023.2284896.

2020 Mathematical Subject Class: 60F17, 62G09, 62G20
Keywords: bootstrap, functional central limit theorem, linear process, local stationarity

Short title: A bootstrap functional central limit theorem

1 Introduction

Unifying asymptotic theory is a powerful tool to develop statistical test procedures or to quantify the
uncertainty of parameter estimators. Still, in many applications the limiting random objects of interest
depend on unknown quantities that rely on the data generating process, e.g. its variance or the under-
lying dependence structure. Therefore, they cannot be used directly to construct (asymptotically) valid
confidence sets or critical values of hypothesis tests. The bootstrap offers a convenient way to overcome
these difficulties and is therefore the key to enable practical use of asymptotic results. From a statistical
perspective, (functional) central limit theorems (CLT) and their bootstrap counterparts are particularly
appealing as they can be applied to approximate confidence sets for parameters or critical values of L,-
test statistics. While there exists a large body of literature on bootstrap validity for empirical processes
based stationary processes, see e.g. Kiinsch (1989); Naik-Nimbalkar and Rajarshi (1994); Bithimann
(1995); Doukhan, Lang, Leucht and Neumann (2015); Wieczorek (2016), there are no comparable re-
sults for locally stationary processes. The goal of the present paper is to fill this gap as the assumption

of a gradually changing probabilistic structure over time is much more realistic than a stationary setting
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in many applications. Typical examples of use are medical or economical data, see Dette, Preufl and
Vetter (2011); Anderson and Sandsten (2019); Jentsch, Leucht, Meyer and Beering (2020), for instance.
The idea of approximating non-stationary time series on segments by stationary ones can be found in
Priestley (1965), whereas the concept of local stationarity, on which this paper is based, goes back to
Dahlhaus (1997). An overview of the state of the art is to be found in Dahlhaus (2012). More recently,
Dahlhaus, Richter and Wu (2019) and Phandoidaen and Richter (2022) developed a broad asymptotic
theory including laws of large numbers and (functional) CLTs for non-linear, causal locally stationary
processes. However, on the bootstrap side methods and validity checks for locally stationary data are
mostly tailor-made for specific applications so far: Sergides and Paparoditis (2009) used a semiparamet-
ric bootstrap in a testing framework, while wild bootstrap methods have been considered for instance by
Vogt (2015), Brunotte (2022) and Karmakar, Richter and Wu (2022). Sergides and Paparoditis (2008) es-
tablished a frequency domain bootstrap for statistics of the local periodogram, and Kreiss and Paparoditis
(2015) developed a time-frequency domain bootstrap for a broad class of periodogram based statistics.
In the present paper, we verify that a local version of the block bootstrap can be applied successfully to
mimic the distributional behaviour of a large class of empirical processes indexed by smooth functions.
This local block bootstrap was initially proposed by Paparoditis and Politis (2002) for the mean and by
Dowla, Paparoditis and Politis (2013) for heteroscedastic time series with trend. Moreover, it was used
by Franzier and Koo (2021) for indirect estimation in locally stationary structured models. In our case,
we investigate possibly two-sided time-varying linear processes. The reasons are two-fold: On the one
hand, to the best of our knowledge, there is no functional central limit theorem (FCLT) for non-causal
locally stationary linear processes. However, non-causal models play an important role in the context of
economic data. Examples for the application of non-causal AR models to stock volume data can be found
in Breidt, Davis and Trindade (2001); Andrews, Calder and Davis (2009) and in Lanne and Saikkonen
(2014) for non-causal VAR models. On the other hand, a generalization to non-linear processes would
rely on high-level assumptions. Since the technical notation in the proofs would blow up, we restrict
ourselves to linear processes here and leave an adaptation of the proof to causal non-linear processes for
future research. It is important to note that the method of proof used by Phandoidaen and Richter (2022)
to verify a FCLT for locally stationary Bernoulli shifts cannot be adapted in a straight-forward manner to
prove validity of block bootstrap methods as it relies on martingale difference approaches for Bernoulli
shifts. However, the bootstrap process does not inherit this structure.

The rest of the paper is organized as follows: In Section 2, we describe the setting under consideration
and provide a FCLT for smooth functions of locally stationary linear processes. Following this, Section 3
is devoted to a local block bootstrap procedure for empirical processes. Afterwards, we illustrate the
finite-sample performance of our method in Section 4. The proof of the main asymptotic result is carried
out in Section 5, while all remaining proofs as well as several auxiliary results including their proofs are

deferred to an Appendix in an online supplement to this paper.



Notation Let |-|; denote the max column sum matrix norm, i.e. [M|; = max; <<, Z?:l \m(i'j)\ for some

(d x r) matrix M = (m("))). Note that this matrix norm is submultiplicative. For a d-dimensional vector

v=(vi,...,vq)", its £,-norm is denoted by |v|,, p € [I,0], whereas the .£”-norm with p € [1,0) for
d-dimensional random vectors X is signified by [|X[|, := (E 1X| p)l/p. Additionally, said notation is
transferred to the bootstrap world by defining [|X*|, , = (E* |X*| p) v as the (conditional) bootstrap
ZP-norm of X*. Besides, the Lipschitz seminorm | - |;, of a function f as above signifies

flip:=sup |f(x)—f(y)|/Ix—yl.

xyeT, x#y
2 A functional CLT for locally stationary linear processes

Let (€,),cy, be a sequence of i.i.d. centred R¢-valued random vectors and (K t.,T>,T:1 a d-variate (possibly)

two-sided linear process

t .
Xor=p(5)+ LAr(e @.1)
JjeZ
where u = (pi, ... ,lg)' is a d-variate time-varying mean function and (A, 7 (J)) jez are coefficient ma-

trices of dimension (d x d). Note that the sequence (&, ), is not necessarily a white noise because we

€7
T . . . . .
do not assume E §[2 < oo, Hence, (X l-,T>t:1 is only having a MA(eo)-representation but is not automati-

cally a MA(eo)-process. To ensure existence of the afore-defined process and to exclude rapid changes

in the coefficients over time leading to a meaningful statistical methodology, we impose the following
T

conditions concerning (X ,_T) Y

Assumption 1 (Locally stationary linear processes).
T

—, isof form(2.1) with the following specifications.

The process (X ,’T)
(i) The innovations (€,),.q, are i.i.d., centred and E|€;|| < oo

(ii) For some © € (0,1) and a constant B < oo

sup|A,r(j)|, < B, (2.2)
t,T

Further, there exists an entry-wise continuously differentiable function A(-, j): [0,1] — R4*4 with

A(u, j) = (a9 (u, j)) | such that for all p,g=1,....d and s < k € {0, 1}, it holds
pq=1,..,

sup <BY®/, jeZ. (2.3)

u

3% (u, j)

< B® and sup T
Ju t,T

Ar() =4 (.))

1

(iii) Each component of the mean function UL is continuously differentiable.

Remark 2.1. (i) This kind of assumptions represents a classical framework for statistical inference
based on locally stationary processes, see Dahlhaus (2012) and Jentsch et al. (2020). Still, many
papers, e.g. Dahlhaus and Subba Rao (2006) and Cardinali and Nason (2010), only require a

polynomial decay instead of a geometric one as in (2.2) and (2.3). In fact, a polynomial decay is



sufficient in the present context as well. However, the degree of decay depends on the presumed
order of absolute moments of the function f introduced later in a complicated manner, see Beer-
ing (2021) for details in a comparable context. For sake of notational simplicity, we stick to the

exponential decay here.

(ii) Other and more general definitions of local stationarity are invoked for example in Vogt (2012) and
Dahlhaus et al. (2019). They do not require a linear representation of the process (X ‘ T) to the

price of citet causality.

Having introduced nonstationarity as in Assumption 1, the process (J—(I,T%:l can be approximated

locally by a (strictly) stationary linear process, its so-called companion process (X,(u))[EZ

X(u)=p()+) AW j)g 2.4)

JEZ
as long as u is close to the rescaled time 7 /T. Hence, compared to the original process the mean function
U stays the same for u =t /T, whereas the function A, r(j) is replaced by A(u, j). From Assumption 1(ii),

we can conclude

sup |A(u, j)|, <B®/ (2.5)
uel0,1]

for some finite constant B. This inequality connotes that (2.4) possesses a strictly stationary solution for

cach fixed u while Assumption 1 is satisfied.

Remark 2.2. (i) Closeness of the locally stationary process and its companion process as well as
closeness of companion processes for nearby rescaled time points can be specified. We obtain

an [ 5 ()], =0

1<t<T

if Assumption 1 holds true for k =0 and | Xo (1) —Xo (u2) ||} < Cluy —ua|, Yuy,u € [0,1] for
some C < oo if Assumption 1 holds true for k = 1; see Jentsch et al. (2020, Lemma 2.1 ).

(ii) Although the construction with A, r(j) and A(t/T, j) appears to be unnecessarily complicated, it is

required to include time-varying ARMA-processes, see Dahlhaus (2012) for details.

Statistical methods for locally stationary processes can either rely on local or global characteristics
of the process. Local quantities of interest are, for instance, the local variance Var(fo(u)) for any
fixed u € (0,1) or the local characteristic function, introduced in Jentsch et al. (2020) as @(u,s) :=
E (ei<5=)z' (”)>) , s € R?. These quantities can be estimated using kernel estimates based on the observa-

tions X r,...,Xr7;e.g. @(u,s) can be estimated by the local empirical characteristic function (ECF)

1
o) = g LK (7

t=1

t/T —u

> JXur) g e RY, (2.6)

using a suitable kernel function K and an appropriate bandwidth 7. A simple and prominent example for

a global quantity of interest is the integrated volatility in high-frequency finance, see Feng (2015, sec. 2)



. . . . . ~1
and references therein. Consider a discrete-time model for the intraday log returns ¥, 7 =T o(t/T) &
for a smooth deterministic spot volatility function o and a centred stationary process (& );. Then, a natural

estimator for the integrated volatility is given by the realized volatility
T
RV =Y 7. 2.7)
=1

Our goal is to derive a FCLT that is flexible enough to deduce the asymptotic distribution of both quan-

tities (2.6) and (2.7). Therefore, we consider function classes changing with T
u =d
Fr = {Z wir f (Q,X[’T> cs€ S CR|(wer) satisfying Ass. 2, f satisfying Ass. 4}
=1

where the underlying Assumptions 2 and 4 are specified below. Obviously, the local ECF is included con-
sidering its real and imaginary part separately by setting w; 7 := (bTT)fl/zK (’/Z—;”) and f (Q,X[’T) =
cos(s'X, r) or f(s,X,r) = sin(sX, ), respectively. Secondly, if we choose w1 = T2, X, r =
o(t/T)g and f(s,X, 1) = X[%T, we end up with RV. The first example perfectly illustrates that sev-
eral weights may be zero. We control for the number of zero weights and the magnitude of the non-zero

weights as follows:

Assumption 2 (Weights).

The sequence of non-negative weights (w,_yT)lT:1 Sulfils supy <, -p w7 < Cydp 172 for some finite constant
T

=1

Cy, where dr e denotes the number of non-zero weights in (w;r)
—oo ’

Before we specify the class of functions for our Donsker-type result, we need to introduce some auxiliary
quantities to properly handle the dependence structure of the observed and the companion processes
within the proofs relying on truncation arguments. Considering a truncation parameter M € IN, we set
XM=y (L A () d XM= Alu, j 2.8
X i=pu(5)+ L ace; ad 5"@=pw+ ¥ Awie . @8
lil<M lil<M
Assumption 3 (Function I).

Let (.7,p) be a compact semimetric space with . C RY. The function f: . x R — R satisfies
sup | (5,2) — f (.2°)| < Cpip [x—x°|;,  x,2° € RY, (2.9)
se€s

for some Cp;, < oo. Additionally, for some & € (0,1/2) it holds

M
sup  E[f(s.X, )P+ £ X )P <o and
t<T,s€. ,MeN

v (M)
sup E[|f(s,Xo()|*0 +|f(s. Xy (u)[*T°] < oo.
uel0,1],s€.,MelN

Remark 2.3. (i) If ||gglloss < oo, the moment conditions in Assumption 3 follow from (2.9). However,
only ||gy||1 < oo is presumed in Assumption 1. In doing so, we can allow for data generating pro-
cesses with infinite variance as long as the function applied to it is regular enough, see Section 4.2

for an example.



(ii) Obviously, assuming validity of Assumption 3 additionally to Assumption 1 allows for a general-

ization of the results stated in Remark 2.2(i) towards

FsXor) = f (X (5))]| =0T ™).

sup
1<t<T

(iii) Our assumptions are slightly different compared to those in Phandoidaen and Richter (2022), where
they allow for Holder continuity of f with respect to (w.r.t.) x. We expect that it is possible to relax
our assumption in a similar way, which, however, would have an effect on the choice of tuning
parameters of the bootstrap procedure in Section 3. For sake of notational simplicity, we stick to
Lipschitz continuity here. Moreover, note that we work under weaker moment constraints regarding

the data generating process in their case s = 1.

We abbreviate the centred version of f by

and state a CLT for the finite-dimensional distributions first. Note that this result is sufficient to deduce

asymptotic normality of the realized volatility defined in (2.7).

Theorem 2.4 (Central Limit Theorem).
Suppose Assumption 1 holds true for k = 1 and Assumptions 2 as well as 3 are valid. Then, for any J € N
andgj e, j=1,...,J, we have

T
<Zwt,Tf_<§j7Xt,T> 7j: 177") i>‘/’/(97v)
t=1

as T — o, where V := (V(s-

V) = i E s Cov (7 (580 (). o1 5 ().

IEZ

We aim at deriving a FCLT. For that purpose, some additional conditions on f are imposed to assure
tightness. To this end, let D (u,.,p) = max{#.% | % C .77, p (s1,8,) > uVs, # s, € %} denote the
usual packing number defined e.g. in van der Vaart and Wellner (2000, Def. 2.2.3).

Assumption 4 (Function II).

(i) Additionally to Assumption 3, it holds || f(-,x)||., < o for any x € R,

”oo

(ii) It holds | f (s,x) — f (s°,X)| < g(x) p (s, 5°) with some function g: R? — R satisfying one of the

following conditions:
; e SM
(a) E[g*"%(Y)] < K for some K < o withY € {X,(u),X,( )(u)}lez,MelN,

(b) ||l < o and E[g1+3/2(Y)] < K for some K < co with Y € {X; (1), X"™ () Liczmen.

(iii) Foranyu>0, letD (u,.,p) < Cp(1+u1)%



Note that in Assumption 4(ii), we distinguish between bounded and unbounded functions f. At first
glance, boundedness seems much more restrictive as unboundedness, but the different assumptions con-
cerning the moments of the function g open up the field of applications. As an example, consider the
ECF case in Jentsch et al. (2020), where the function g is equal to the | - |;-norm. Combined with an
a-stable distribution with & = 1.5, which we will use in our simulation study later on, we are not able to
fulfil case (a) of the second part of Assumption 4 due to the lack of second absolute moments. Especially
in finance, the absence of those moments is quite common. Thus, instead of being mostly excluding, the
separate handling of bounded functions broadens the scope.

Assumption 4(iii) holds, for instance, for (,p) = ([=S,8]%,p (s1,5,) = |s; — s,/ ) forany S € (0, )
as well as for (.7, p) = (H?_{d,p (s1,8) =Y, ‘arctan (s1,;) —arctan (s, ;) ‘1 .

Theorem 2.5 (Functional Central Limit Theorem).

Suppose Assumption 1 holds true for k = 1 and Assumptions 2 as well as 4 are valid. Then,

T
7 d
(ZwrFexn)) 566,
=1 seS
as T tends to oo, where (G (s)),c o is a centred Gaussian process with continuous sample paths w.r.t. p

and covariance function'V (s,s°) originating from Theorem 2.4.

3 Locally blockwise bootstrapped empirical processes

As already pointed out in Paparoditis and Politis (2002), the classical block bootstrap algorithm for
stationary time series has to be modified in the case of locally stationary time series to capture not only
the dependence structure but also the time-changing characteristics of the process. More precisely, given
Xir,..., X717, a block of a bootstrap analogue starting at time point # should only consist of a stretch of
the original time series with time index close to ¢. This is achieved by the introduction of an additional
tuning parameter, the so-called window parameter, that controls for the range of observations a certain
bootstrap block can be drawn from. An adaption of the local block bootstrap (LBB) proposed by Dowla
et al. (2013) to the present setting reads as follows:

Algorithm 1 (Bootstrap Algorithm).

(a) Consider a blocklength Lt depending on T.

(b) Select a window parameter Dt € (0,1) such that TDr € N.

(c) Generate i.i.d. integers ko, ... k| /|1 using a discrete uniform distribution on [-TDr,TDr).

(d) Fori=0,...|T/Lr]| —1, define X3 g Xor by XS = Xjqitp sk Jorj=1,....Lr,

if the resulting set of indices is in [1,T] and use —k; instead of k; otherwise.

(e) Construct the bootstrap estimator by replacing X, r with X}y, that is

T
Yowrf (sXir).
=



Remark 3.1. (i) The distribution used to generate ky, ... k7)1, -1 does not need to assign uniform
weights to every choice of k;, see Paparoditis and Politis (2002). Here, we choose the discrete uni-
form distribution as it is easy to handle, analogously to Dowla et al. (2013). Besides, it matches the

choice made for the ordinary moving block bootstrap algorithm designed for stationary processes.

(ii) The case differentiation in part (d) of Algorithm I ensures that if a block is in danger of going over
the edge, there is a sound way out. By adjusting the sign of k; for the whole block, the interrelated

dependence structure is preserved, and moreover, no observation is used twice in the same block.

To establish asymptotic validity, we have to modify our assumptions towards more restrictive moment
conditions in the case of unbounded f. Especially when it comes to covariance results, finite (2 + §)-th

absolute moments of f are not always sufficient but we require the following:

Assumption 5 (Function III).

Assumption 1 for k = 1 plus Assumptions 2 and 3 are satisfied and

sup E[|£(s,Xo ()| + | £(s, XM (w)) 9] < co.
ue(0,1],s€.,MeN

With the blocklength Ly and the window parameter D7, two new parameters are involved, which need

to behave good-naturedly in combination with the number of non-zero weights d7:

Assumption 6 (Bootstrap Rates).
For the blocklength Ly € N and the window parameter Dy with TDy € N, it holds

& 28 1
Ly —o, Lr=o0 <d;<'+5>> , df* =0(TDr) and TDr=0 <d;T5> :
Remark 3.2. (i) In particular, these assumptions imply Lt = o(TDr).

(ii) To the best of our knowledge, optimal choices of the tuning parameters Lt and Dt of the local
block bootstrap have not been derived in the literature so far. As already mentioned in Dowla et al.
(2013), an adaptation of the subsampling cross-validation approach proposed in Hall, Horowitz
and Jing (1995) might be a feasible option. A deep consideration of this issue would go far beyond

the scope of the paper and is left for future research.

In the style of (2.10), we define

(X ) o= f (s, X)) —E*f (s, X 1) 3.1

fort=1,...,T and s € R? as the bootstrap version of the centred function £, which enables us to state

the bootstrap counterpart to Theorem 2.4 in a comprehensive way:

Theorem 3.3 (Bootstrap Central Limit Theorem).
Under Assumptions 5 and 6, it holds for any J € Nand s; € 7, j=1,...,J,

T
<ZWIT.];*<§]7X;T>7 J: 177‘]> i>wa‘/’/(ov‘l)
t=1



in probability, where V is defined in Theorem 2.4. If additionally V(s;,s;) > 0, then

sup
veR

P*<ZT"W,’T]_* (QI,XZT) < v> ) <m>‘ 0.

t=1

Note that this result is in line with Paparoditis and Politis (2002, Th. 3.1), where the mean of locally
stationary time series X; 7 = 4+ V(¢/T)& with u € R, a smooth function V, and a-mixing stationary
innovations (&), satisfying the stronger moment assumption E|g|® < oo were considered.

For the more general case of a functional CLT, stronger assumptions concerning the function g intro-

duced in Assumption 4 are required, too:

Assumption 7 (Function IV).

The function g originating from Assumption 4 satisfies one of the following conditions:

(a) Eg*tO(Y) < K for some K < oo withY € {f,(u),f,(m(u)},ez’/wem and for some constant Cg 4 < oo

~ [t C
on Jet-o(a ()], <%
re{l pT} Hg <_["T> & T 4+6 T

(b) ||f|leo < o0, Eg'TO/2(Y) < K for some K < oo withY € {)Z(u),)z(m(u)},ez’/wem and for some con-
stant Cqj < o0

<C8-,b'
2 =T

w[e) -5 (% ()

te{l,...,

Finally, we use the previously established bootstrap CLT in combination with a tightness result to

prove the desired bootstrap FCLT:

Theorem 3.4 (Bootstrap Functional Central Limit Theorem).

Let Assumptions 4 to 7 be true. Then, for f* as in (3.1) it holds

(; P (5Xir)) 5 (GW)es

se€s

in P-probability as T tends to oo, where (G (s))c & is defined in Theorem 2.5.

We expect similar results to hold for a suitable version of the dependent wild bootstrap. Results on
its validity in related settings can be found in Brunotte (2022). For our example in Subsection 4.1, the
local block bootstrap outperformed the dependent wild bootstrap in a simulation study in Feng (2015).
A detailed comparison of both methods is beyond the scope of the paper.

4 Numerical results

We illustrate the finite sample performance of the proposed local bootstrap procedure by two small
numerical examples. In both cases, we replicate the simulations N = 500 times each with B = 500

bootstrap resamplings. The implementations are carried out in R; see R Core Team (2022).



4.1 An application to realized volatility

We investigate the coverage of bootstrap-based confidence sets for the realized volatility introduced
in (2.7) as a global characteristic of the data generating process. As a straight-forward consequence of

Theorem 2.4 and Theorem 3.3, we obtain the following result:

Corollary 4.1.
Assume that (&), is a linear process with exponentially decaying coefficients and innovations that have
finite absolute 8 + 0 moments. Further, suppose that the long-run variance of (&), is positive and that ¢

is continuously differentiable on [0,1]. Then, under Assumption 6,

sup
veR

P*(ﬁé(}_(zr—E*&*,r) Sv) - P(\/T <RV — o2 /01 0—2(u)du> Sv)‘ 0.

In order to illustrate the finite-sample performance of the local bootstrap for RV, we revisit a scenario
similar to Feng (2015). We consider the coverage of symmetric 90% confidence intervals derived by
local bootstrap for samples of size T = 1000 and T = 2000 with ¢ (u) = 0.32(u —0.5)> +0.04, u €
[0, 1], reflecting a volatility smile, and & = 0.51,_; + n,. Here, (1), is a sequence of i.i.d. innovations
satisfying 1, ~ .47(0,0.8). As it can be seen from Figure 1, the coverage of the confidence intervals
for RV obtained by the local bootstrap is close to the desired level. In particular, the results are robust
w.r.t. appropriate choices of blocklength Ly and half window size DT = Dy T. Note that the optimal
blocklengths of the ordinary moving block bootstrap in the sense of Lahiri (2003, Cor. 7.1, k = 2) are

L1goo = 3 and Lyppp = 4 in this example.

s

085
I
085
I

0.90
0.90

coverage
085
1
coverage
085

0.80
I
0.80

—=— DT=20 —— DT=30
—+ DT=40 —t+ DT=60
= DT=60 DT=90
DT=80 DT=120
—< DT=100 —>=— DT=150

075
I
075
I

Figure 1: Coverage for T = 1000 (left) and 7" = 2000 (right) for different Ly and DT .

4.2 An application to local empirical characteristic functions

We consider local ECFs as introduced in (2.6). Therefore, we need to specify our requirements for both

kernel and bandwidth.
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Assumption 8 (Kernel and Bandwidth).

(i) The function K: R — [0,00) is non-negative, symmetric and Lipschitz continuous. Additionally, it

integrates up to 1 and has compact support [—1,1].

(ii) The sequence of bandwidths (br )y is non-negative and fulfils by — 0, b3T — o and b3T = o(1)

as T — oo,
Now we are able to state the following corollary:

Corollary 4.2.
Suppose Assumptions I and 4 are satisfied for k = 1 plus Assumptions 6 and 8. Additionally, let

Y. (Cov (cos (s, Xo(u))),cos ({s,X,,(u)))) Cov (sin (s, Xo(u)))sin (s, X, (u))))

hi,hh€%
—(Cov (cos (5. Xo(w)) ) ,sin ({s.X, (u))) ) Cov (cos ((s.Xo(w))) sin ((5.X),(w)})))) >0 @.1)

be fulfilled. Then, it holds for every s € R,

sup
veR

P (|(orT)2 (@ i) E*9* (:5)| < v) =P (|(6rT) (@ (1:5) — 9 ()| <v) | 50
as T tends to .

We aim to examine the finite-sample impact of different sample and window size choices with regard
to coverage results in the ECF setup addressed in Jentsch et al. (2020, sec. 5). That is, we generate a

locally stationary process (X,_,T)[T:1 by

0.9sin (271) & + €1, t=1,
X1 =

0.9sin 2n5) X, 17 +&, t=2,...,T,

with (&),.,, forming an i.i.d. sequence and following an ¢-stable marginal distribution with parameters

€7,
u=0,x=1.5 8 =0and y=0.5. The innovations bequeaths the a-stable distribution to the companion
process with slightly different parameters:

0.5

1—10.9sin(27u)|"

o(:s) exp( 0.5]s]"3
u;s) = —
1—10.9sin(27u)|"

as belonging characteristic function for the companion process. Remembering (2.6), we need to specify

L)=0, &) =15, Bu)=0 and F(u)=

This leads to

some other parameters, which are s = 6, u = 0.4 as well as by = 77935 and by = 7704, respectively.
Moreover, we choose the blocklength Ly equal to 15 as well as to 25. Regarding the sample size, we look
at both T = 2000 and 7" = 5000. Because of these choices, there is no need to consider endpoints as they
are filtered out by the kernel function. Furthermore, our simulations are based on a significance level of

0.05. Figure 2 shows the increase of the coverage results for higher choices of the bootstrap window size
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towards the aimed 0.95. Overall, the coverage results for 7 = 2000 grow faster than those for 7 = 5000.
In most cases, they also exceed the target value of 0.95 around 7 D7 = 200 and decline again for larger
values of TDr. For the larger sample size, in turn, there is only an upward trend discernible, but with
more variation within for by = T793, As to by = T4, the variation within the upward trend is higher
for T = 2000. Concerning the blocklengths, the coverage results for Ly = 15 start closer to the target
value than those for Ly = 25. On the other hand, the differences between the values for 7 = 2000 and
T = 5000 are smaller for the larger blocklength. A wider simulation study to examine parameter choice

impact can be found in Beering (2021, ch. 5).

©
ole
o
+
.
0.95
!
*

pet * FUTeTTTTE T e
2 o * S B W T )
R Y T o] i
s © + T 5 o o °
a = o a o _| -
© o | (5] 7]
o & *
T T T T T o T T T T T
50 100 150 200 250 A0 100 150 200 250
Half window size Half window size
[(n] [{w]
B T A ¥
S _pr TR e LS e A A S
o a e T, - |
o & - [+ [+ = % | o
2 g | * 2 o | *
S - S o
%. e % : &
S T T T T = T T T T T
50 100 150 200 250 50 100 150 200 250
Half window size Half window size

Figure 2: Coverage for different half window sizes TDr with Ly = 15 in the first and Ly = 25 in the
second row, both with by = T793 on the left and by = T~%* on the right and for T = 2000
(e)and T = 5000 (o).

For a more involved example in the field of hypothesis testing based on L, statistics and relying on
the FCLTs stated in Theorems 2.5 and 3.4 instead of the CLTs, see Beering (2021, ch. 7), where a

characteristic function based test for local independence is established.

5 Proof of Theorem 2.5

Throughout this section, C denotes a generic constant that may change its value from line to line.

Proof of Theorem 2.5. Following van der Vaart and Wellner (2000, Th. 1.5.4), we need to show conver-

gence of the fidis and asymptotic tightness in order to prove process convergence. Finally, the continuity

12



of the sample path of the limiting process can be concluded with the help of van der Vaart and Wellner
(2000, Add. 1.5.8). Theorem 2.4 gives the required convergence of the fidis. Using van der Vaart and

Wellner (2000, Th. 1.5.7), we show uniform equicontinuity. In view of

Eurr(E(2)]>2)

> l) = lim P<sup

T—o se€S

lim P( sup szrf (s, X, 1)

T—eo <SEY

which follows straightforwardly from

iwz,r (f (s.X,7)—f (&X; (%))) ‘) <C iwt,TE ‘XI,T ~X, (%) ‘1 < Cd;I/zv

E <sup
s€S =1 =1

it remains to show

T

Fur (a2 (§) T ()]>1) 0 e

t=1

lim lim sup P< sup
r—0 T —o0 P(EI =§2)<r

for any A > 0. For this purpose, we define

Kr := Ld%_l’"J and ur:= LZdTTTJ
for some case-specific m > 1 which will be particularized for the cases (a) and (b) in Assumption 4
later on. In the style of Arcones and Yu (1994), we divide our set of indices into blocks H;, T; and R
in such a way that the indices of the first k7 non-negative weights are in Hj, the indices of the second
K7 non-negative weights in 77, the indices of the second k7 non-negative weights in H, and so on until
we have eventually iy H-blocks and ur T-blocks each. The remaining indices are arranged in block R.
We establish an upper bound for the RHS of (5.1) considering the H-blocks, T-blocks and the R-block

separately. Regarding the last one, we obtain from Assumption 2 and Assumption 4
lim lim sup P< sup Z wirt

7% (7)) -7 (=5(7))]>5)
=0 T 40 P(51.8,)<rieR 17 T S20 5 T 3

i
<lim limsup C sup Zw,TE [g(&(;)ﬂp@léz)

r0 Toeo p(s)5)<rieR

< limsup Cd;l/zKT =0.

T—o0
As the sum of the 7'-blocks can be treated analogously to the one containing the H-blocks, we focus on
the latter. To make use of the block structure such that the involved random variables whose indices are

situated in different blocks Hy,...,Hy, are independent, we rely on X; x™M )( ) with M = [kr/2]:

§ £ (102 (0)-7(55(2)
E g (an () 1 (1)
g ((2(2) 162 ()

+ Z Z Wi <f <§17_§M) <?>> —f<§z,XfM> <?>>>

t=1i€H,
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=:la+Ib+]Ic.

First, similar arguments as used in the proof of Lemma A.2 yield for [a (and similarly Ib)

11m11msupE< sup ZZWzT <Sl7 <;>>—f<§1,)~((M><T>>‘><C11msupr;Tl9Krm,
T—>°°t

r=0 7o p(sy.8,)<ri—1icH, ]

which is zero. Hence, it remains to show asymptotic negligibility of

§ 2 (102 () TR (D)3 o

t=1i€H,

lim lim sup P< sup
(

r=0 T e P(sy:8)<r

Since the summands with different indices ¢ are independent we can make use of standard empirical

process theory. To this end, consider s, s;,s, € .# and define

vr(s): ZZWMf(s XW)(;)) and vy (s),5,) = Vr(s;) = Vr(sy) .

t=1i€H,

Inspired by Arcones and Yu (1994), we use a classical chaining argument. For this purpose, let
Ty = r‘27k7 k=0,...kr, (5.3)
for some r, kr which will be specified thereinafter. Moreover, let .%; C . be an index set satisfying

#Fy=D(k)=D(ry,”,p) and sup min p(s;,s,) <rx, k€{0,....kr}.
s,EfszeJA

By Assumption 4(iii), it holds D(k) < r,  for r > 0 chosen sufficiently small. This gives us the existence
of maps m: . — F for k = 0,...,kr such that |s —ms|;, < Vs € 7. Subsequently, we get the

following two inequalities for s, 51,5, € . with p (s1,5,) < r:
p(ﬂ0§l7ﬂ0§2) <3r and p(ﬂkgvﬂk71§)§3rk7 ke{lvakT}

Thus, we get

sup |vr(sy,8)[ <2 sup [vr(s;,s)|+  sup ‘VT(SHSQH_ZZ sup [vr (s1,85)]-

51,86 S1:8€S S1:52€%0 k=151€F1,8,€ Fk—1
p(sy,80)<r P (81:82) <1y p(s1,82)<3r p(s1:82) =37

Again, we introduce some auxiliary quantities. Let
|, (4 "
M=, V<E k'”logD(k)) , ke{l,....kr},

for a constant C € (0, ) specified later, which may take different values in cases (a) and (b). We get

cC L
logD(k) < A? 7' e (5.4)
Additionally, let r be small enough to allow for
A
4 Z A < <> (5.5

keN
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Since we have D(k) = O (r,:d), summability of (lk)’,zrzl for T — oo is assured. At this point, we come

back to (5.2). With the preassigned notation and (5.5), we can split up as follows:

(o Rl (7)) 727 (7))]-5)

51,567, p(81,8,)<rt=1i€H,
A
§P<2 sup Ivr (s1,8,)] > 27)
51826, P(81:82) STk

kt kr A

+P<22 sup \vr(gl,gz)\>4z7tk) +P< sup \vT(sl,sz)\>2 )
k=181EFk:8:€ Fi—1, P(51,8,) <3 1% k=1 S1:82€F0 P(81,8,)<3r 7

— [+ +1IL (5.6)

In order to show asymptotic negligibility of terms II and III, we want to make use of Bernstein’s inequal-
ity for sums of independent random variables exerted on the outer sum of vy. Term I, however, will be
discussed by using a symmetrization lemma at the end of the proof.

The remaining part of the proof presumes Assumption 4(a) to hold. For (b) see Lemma A.6 in the

Appendix. Before starting with the examination of term II in (5.6), we specify the lower bound of m as
20+155-45°-35°

m > Tse Moreover, we need ry, in (5.3) to meet the following bounding conditions:
_ (2m8—4-38)(143) 2
dy 7 < <dp Y. (5.7)

Note that our choice of m guaranties that the left-hand side (LHS) is strictly smaller than the RHS. Now

we turn our attention to the second summand in (5.6). To be able to apply Bernstein’s inequality, we

need to establish an upper bound for the variance of the inner sum of vy. Consider / := |ij —i»|. Then,
Var (vr (s1,57))
< Z Z wl| T le T

Y L wrmrfoor((r(n.2 (7)) -1 (25 (7))
() o () 2 (3)) (2 ()
+Z Z Wz.TWQTCOV( (M(1>>< ))

(s (=5 (3)).
(1(22 (2)) (327 (2))) (s (22 (2)) (2 ()

(5.9)

for M(1) := [min{M,1/2}]. For the first covariance of (5.8) (and similarly for the second), we have
cor(((0 2 (7)) -1 (222 (7)) - ({2 (7)) - (227 (7).
(08 (3)) -1 (=22 (3)))
cor (8" () -1 (08" (7)) (82 () -1 (.52 (2)))
oo (r(0 87 (2)) -1 (28 (7)) (082 (2)) -1 (2.2 (2)))]

5.9

<
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and, again, we only examine the first covariance of (5.9). Similarly to Lemma A.2 we have
M) (i SM0) (i M) (i SM) (12
or (7 (2 (7)) -1 (2.8 (7)) s (.27 (2)) -1 (28 (2)))
(M) (1 SM0) (i (M) (12 M) (i
<t|(s(s 2 (7)) - (5.2 (7)) (122 (3)) -1 (=12 (2)))

+Cp(sy,sn) Y, . (5.10)

M>|j|=M(1)

In the later following calculations to bound the variance of vy, we will need two suitable but different

bounds. Therefore, we establish two alternative bounds for the first summand of (5.10):

1) Using Holder’s inequality, we get

|(r (£ (7)) -1 (.8 (7)) (1 (08 () -1 (227 (2)))

SC”Eo”fiS Z .

R EE
ii) On the other hand, using similar arguments as in the proof of Lemma A.3, we get
S (i SM) (2 SM) (i
f<§lei| <T>> f<§17Xi2 <T>> _f<§27Xi2 <T>>
These two bounds for (5.10) and similarly for (5.9) allow us to bound the covariance in (5.8) via
S (1 S (i SM) (1 SM©) (i
C0V<<f <§17Xi. <?>> —f<§27&'. <?>>) —<f <§17Xi. <?>> —f<§27&'. <?>>)7
~M) (i ~(M) (i»
f<§17Xi2 <T>> _f<§27Xi2 <?>>)‘
148

ngin{p(gl,gz), )y 19]} SCmin{p(gl,gz),\il—iz\*T}-

M>|j|= P—'Z—z‘

sup
MeN

<Cp(s1:5).
248 e

Thus, we obtain for any Ry > 2

dr
Var (vr (s;,5,)) < Cr krdy ') min {p (s1,5,) ,t’%} <C (Rop (s1.5) +Ry /%) .
t=0

With Ry := Lp (sy, gz)fl%ﬁj and for any r chosen sufficiently small, we get

Var (vr (s1,5,)) < Cp (s1,55) 7 . (5.11)

Since we aim at the application of Bernstein’s inequality to bound I in (5.6), we first provide a suitable

approximation of II by a sum of bounded random variables. To this end, we define

P2 (7)) = (27 (7)) 10 F (227 (7)) =7 (=27 (7)) 27 (=27 (7))

with
~ ] 8
(=2 (1)) <7},

sup wi T

QSUPJ = {w c Q
s€.S,i€H,
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Note that in view of compactness of (., p), we have

(=27 (7)) -1 (08" (7))|> 347)

P(@\up) <P swp iy

s€.7, i€EH,
1 _ 4
+P< sup w,.Tf<ox(M><—>>‘>—dTm>
se.7, ieH, T 2
(2+5) ~(M) i 240 ~(M) 2468

<cp e |elo(2 (7)) (7))

,EZH’,W g\ Xi |7 + f -

2

<Cd, ™I _ o,

Hence, II in (5.6) can be bounded from above by

kr kr
P<2Z sup \VT(£17§2)‘>4Z7”<>
k

=181 €Fk,5 € F k-1 k=1
p(s1:82) =37
& 700 o ) (i .
<P Z sup Z ZWZT slv—z ? —f §27}_(i ? > Z)Lk
k=151€F1,5€F 1 l1= 1i€eH, k=1
P(s51:82)=37%
kr
+ - +o(1
k;] Cr}‘ Zl Z‘GHI W‘TE<g<X§M)(%)> HQ\qupl>Z% ( )

Note that asymptotic negligibility of the middle term on the RHS of (5.12) follows from

148
_ 52 el 258
Ly wre s (87 (7)) tma, | < (47 )

t=1i€H,

since (rx/Ax)x is uniformly bounded. To bound the first summand on the RHS of (5.12), we apply

Bernstein’s inequality and get

o (02 ()7 (o2 ()]

i€H,

z y Ay
=1 5| EF .80 E€EFf—1 =1
p(s1,82) <31

kr 1 )LZ
<2 Dk)Dk—1)exp| —=-———— ], (5.13)
I; 2 Virk+ M

where, by definition of H; and f,

4+6(3—2m)
M= 4dT2m(4+35) 2 sup
51,865, te{l,....ur}

L (7(0 27 (7)) -7 (5 (7))

i€H,

and, in view of (5.11), for some appropriately chosen C < oo

1
Vitk = C’”TS Z sup Var (vr (s,5;))
$1€EFk:8,€F -1
P(s1:82) <37

> o (g D (708 (7)) -7 (27 (7))

t=1ic€H,
P (81,82) <37k
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Having in mind that ry, < ry is fulfilled by construction, we take up on (5.13) to get

kr 2
I<2) exp 2log(D(k))—2 = A = +o(1)
k=1 C rk +Cor l
<226xp<——7tk r >+0(1) (5.14)

k=1
which vanishes with r — 0 in view of (5.4) for suitably chosen constants Cy, C;, C < oo,
Concerning term III of (5.6), we can follow the same steps with Vjj; 1= Crﬁ for some expediently

chosen C < o and obtain

me 3§ p (2 (2) (s (D)) 20

$1E€EFk,52€F) t=1i€H,
P(s1:82)<3r
1 CA?
<20%(0)exp <" ’ I—MC/I> +o(1) (5.15)
2 v+ Y9

which vanishes with r — 0 with the same arguments as before for suited constants C;, Cy < oo.

Now we move on with the remaining first summand in (5.6) and aim at verifying
limlimsup E sup [vr (sy,8,)] | =0. (5.16)
r—0 T—eo EI‘!ZEyv p(ﬁlvEZ)SrkT

Once again, we need some further notation. For s € . let

L= Yor s (s X (£)) and 2960 =810,

i€H,

where (§)!7, are i.i.d. Rademacher variables independent of (g,), ;- As (L, r(s))!", consists of indepen-
dent random variables by construction, we can apply a standard symmetrization lemma (see e.g. van der

Vaart and Wellner (2000, Lem. 2.3.1)) to get

E Sup [vr (s1,82)| | <2E sup
51 =§26y=p(ﬁl séz)ﬁ"kr ~_V|=£2Eysp(~_‘| =§2)§r/\'7~

Note that Z;L ’ L?T has sub-Gaussian increments conditionally on Ly 7,...,Ly, 7. This is the case since

HT

Z(Lzo,r(gl)—L?,r(gz))D. (5.17)

t=1

for s;,s, € . and n > 0, we get by applying Hoeffding’s inequality

(%

T (s1)— t,T (s2)

N Pr2 (§17§2)2772
>pT-,2(§ , S )n‘Ll,TV":L -,T> S2exp <_ ’
e Hr 2YM (Lir (s1) = Liz (s5))°

2
— 2exp (-%) (5.18)

1/2
pr2(s),82) <Z(LIT(SI —Lir (§2))2> (5.19)

with the random semimetric

on .. We aim at verifying (5.16) with the help of a maximal inequality for sub-Gaussian processes,

which will be more convenient with a different semimetric. To obtain this new semimetric, we note that

4-8
(Lur (80) = Lo (82))* <25 [Lorl 5" Lzl p(s1,52) (5.20)
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holds on (., p) with |L; 7|, denoting the Lipschitz constant of L, 7. By defining

25 ur s\ 1/2
Qr:=25 <Z\L1T\w \LzT\Llp> ;

t=1

we get
HUr - 2/3\ 1/2
EQr§C<§:QﬂL \*) <Eu4ﬂhp> ) . (5.21)
=1
Regarding the expectations on the RHS, we obtain
2+6
(M) (M)
Bltarl2?® < | 3 wir (s (& <7>> \f(ox (7))
i€H, 246

246
2+5> )

e (7))

gC(Zd (H (m
i€H,

<CK.2+5d T

4 (M) 8 45 4-5
ity < (L mrle(&(7))]) T sen e
i€eH, 2

2+

Together, we have for (5.21)

4 Las 2\ /2
EQT<C<ZK(2+5>’ng d((2+8) 2 3)> (uTKTd )/ <Cdr

~ 448 o o . . . . _
From prs (s1,8,) < Or p (81,8,) © =:Pr(s,s5,), we see that Pr is again a random semimetric as % €

(0,1). Now we make use of van der Vaart and Wellner (2000, Cor. 2.2.8) to get

Hr
E( sup ‘Z(L?,T(Ql)_L?,T(QQ))"Ll,Tv"'vL#T-,T)
51,565, P(81:82) <ri 1=1

4
<c [ (tox(pt.7.pn))

4
<o [ (ue(ol( ) 70)))

4-5

1-8
SCQTrk:

Returning to (5.17), we get from (5.7) and (5.22)

Hr 1-8
(s Y0 -1 5)]) <CEQrRT <cd ™,

51965, P(81,8) Sy 1=1

which tends to 0 as 7 — o, and the proof is completed. O
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Supplemental material for
A bootstrap functional central limit theorem for time-varying linear

processes

Carina Beering® Anne Leucht’

A. Appendix

While the proof of 2.5 is given in Section 5 of the main document, all remaining proofs as well as several
auxiliary results are contained in this appendix. Throughout, C denotes a generic constant that may

change its value from line to line.

A.1. Proof of Theorem 2.4
Throughout the proof, we use the following notation based on (2.10):
L - 7 (M)
Yr(s):=Y wirf(s,X,7) and Yi7:=¢ (Wl-,Tf(ijXt,T ) J = 17---,J)
=1
fort =1,...,T and any ¢ € R’. In addition to that, we consider

T
ZT::£,<YT<§j>,j:1,...,J> and Z(TM>:=ZY1,T
=1

and define the corresponding truncated version V), of the covariance matrix V as

Vin = (Vi <§j"§j2>>j|,j2:1,...,1
with
SR —(M) [t ) [t
et = 5 s on (0B (5) (6 4)

h=—2(M—1) =1

Using the Cramér-Wold device, we are to prove

Zr <5 ¥ (0,¢Ve), VeeR'. (A.1)
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Institue of Statistics, Otto-Friedrich-Universitit Bamberg, Feldkirchenstr. 21, 96052 Bamberg, Germany, anne.leucht @uni-
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Concerning the variance, we distinguish between two cases, namely
(A) /Ve=0 and (B) Vec>0.

Regarding case (A), we have Var (Z7) — ¢/'Vc = 0 by Lemma A.5, which gives Zr <, A4°(0,0) as
required. In the sequel, let ¢'Vc > 0 (case (B)). In order to show (A.1), Brockwell and Davis (1991,

Prop. 6.3.9) impose the verification of the following conditions:
(1) YMEN: Z§M>T£>/V (0,¢'Vye),
(2) 'Vue —— c'Ve,
(3) Ve >0 limy_.. limsup;._,.. P (‘ZT —z;"“‘ > e) —0.
In terms of constraint (2), it suffices to show
V<s1|’ ]2) VM( Sj> ]2) —0, M — oo,

for ji,jo =1,...,J. The difference above can be bounded by

‘V <s]I ’—]2) Vi (s <—]I ’—]2)
T

< . 1>T11_I>n ;W;TWI+I1TCOV (f( wXO(]t")) f<£j272h (%)))‘
+ | Q(ZI)I)TII_IQOZT‘TW;TWHh (COV (f <§j|7XO (%)) 7f<§j27Xh (%)))
h=—2(M
o (1 (58" (1)) (5.2 (2)))
=:1+1I.

Using Lemma A.4, we obtain asymptotic negligibility of I as M — oo under our weight assumptions.

Regarding II, we obtain

cov (1 (51 (7)) (308 (7)) = v (1 (s 86" (7)) (552 (7))
£ (5080 (7)) 7 (o0 (7)) -2 ( (88" (7)) 7 (.82 (7))
e (7 (s o (7)) £ ( (5 (7))
£ (s (s %" (7)) (7 (582" (7))

—: Ila—+IIb. (A2)

IA

Starting with the second summand on the right-hand side (RHS), it holds

=l ()2 ()], s



due to Assumption 3 and Lemma A.2. The remaining summand IIa of (A.2) can be bounded with the

(7)) (5% (7))

(58" (7)) ( (55 (7)) -1 (552 (7))
<[ ((r (s B0 () = (508" ()7 (o5 (7))

(58" (7)) ( (55 (7)) -1 (552 (7))

use of Lemma A.3

= (1 o (1)~ 5

iy
=

M
< Coth,

which yields asymptotic negligibility of II and, thus, finishes the verification of condition (2).
Below, we focus on condition (1). By (2), it holds ¢'Vc > 0 for sufficiently large M. Hence, it is

adequate to show

(M)
Zy
STV L #(0,1)
(Var (7))
for T — oo because
Var (Z3") = ' Ve +o(1) (A.3)
can be demonstrated analogously to Lemma A.5. As the number of non-zero weights equals dr, Z(TM>
has only dr non-vanishing summands denoted by ¥, r,...,Y;, r. Consequently, we have
M
ZM = Z Y, (A4)
and (Y, 7,h = 1,...,dr) form a triangular array of centred (2(M — 1))-dependent random variables such

that the CLT in Romano and Wolf (2000, Th. 2.1) can be applied if the requirements listed therein can be
fulfilled (putting their y = 0). These conditions read for some 6 > 0 as well as finite constants Az, K 7

and K, 7 depending on T as follows:

+k— 1
Var(z;; i m)

() EY, 7> <Ar Vhe{l,...dr}, (i <Ky Vavk>2M-1),

k
Var Z‘fT_ Y,
(iii) M > Ko, (iv) & =0(1),
dr i .T
(V) W ﬁ(l) (Vl) dr 7:20

2,T

Now we verify the validity of the conditions stated above starting with (i):

246 —us o
El e <ca, P (L lel)  =ar
j=1

Going on to requirement (ii), we make use of the upper bounds for the weights as presupposed in As-
sumption 2

a+k—1 min{k—1,2M} min{k,k—h}
Var< Z Yth-,T> Z COV <Yts+h+afl T Yts+afl ~,T> S (2M + 1 ) de;I ?
h=a h=max{—(k—1),—2M} s=max{1,1—h}



which proves the validity of (ii) with K; 7 = (2M + l)Cd;I. For (iii), we obtain from (A.3), (A.4) and
(2) that for T large enough there exists some C; > 0 such that

dr
Var(Z I/,h,7> = Vyc+o(l) >Cp
h=1

for T large enough. Hence, (iii) holds with K> 7 = Cp, d;', which obviously satisfies (iv) and (v), too.
Lastly, we see that requirement (vi) holds trivially due to the fact that M is fixed.

Finally, we verify the remaining constraint (3) proving

lim lim sup Var (ZT - Z;M))

M—ro0 T —sc0

im limsupVar<zT: CWr T (f (Qsz,T) _f(iv&(,ﬁ;)))> =0.

=1
M=o Teo =1
We start by inserting another truncated version of the companion process
SMy) (T t r .
L7 (5) mulp)r B a(pi)e
T T . L T
|jl<min{M v}

with v := [|h|/2]. Using Lemma A.4 and similar arguments, we obtain

cov (1 (%0 (1)) =1 (s (1)) (s (3)) - (5 (1))

< |cor (1 (s (7)) -4 (" (7))
(o (1) (2™ (5) o (55 (7)) - (42 (7))
+leov(r (587 (7)) -7 (55" (7))
P(s% () - (87 (3) - (5 (7)) - (52 (7))

This bound is independent of M and can be totalled over h. So, Lebesgue’s theorem can be used to
justify the following result based on the same argumentation as in the proof of Lemma A.5 as well as in

the proof of Lemma A.4:

A}{ing()lir;lj:pV&lr(iicwt,T (f <§7X1,T> —f (QvXt(A;)))>
con (1 (20 (3)) (52" (1))

rf(5) -~ (2 (7))

T

<c* Y lim limsup Y wirwenr
M=o T e [T

h=—o0

:()7

which concludes (¢) and, hence, finishes the proof.



A.2. Proofs of the results in Section 3

As already indicated in the Bootstrap Algorithm 1, some indices can be responsible for a change in the

sign of k;. The following definition groups those indices for easier handling:

Definition A.1 (Endpoints).
Considering Algorithm 1, all indices ¢t € 1,...,7 which might cause a sign switch are called endpoints

EP = EP, UEP, with
EP :={te{l,....,T}|1<t<TD7y} and EP,:={te{l,....,T}|T-TDr<t<T}.

Proof of Theorem 3.3. This proof is inspired by Dowla, Paparoditis and Politis (2013) but enhanced to
meet the demands imposed by our assumptions. For sake of notational simplicity, we consider J = 1
only. We split the sum up in one sum containing all indices belonging to whole bootstrap blocks without

including endpoints and two with the remaining indices in the way that we have

T Lr[(TDr+1)/Lr] Lr|(T-TDr)/Lr]
Ywrf(sXir)= Y wrf(sXir)+ Y wer f (8, X/7)
t=1 =1 t=Lr[(TDr+1)/Lr]|+1

T

4 Y wir f(s.X77)
t=Lr|(T—=TDr)/Lr|+1

= T+11+ 1L (A.5)

Recall that Ly = o(TDr). In view of Lemma A.7 and Assumption 6, we can bound

Lr[(TDr+1)/Lr]

E*|I| <E* ; wir f(8,X7r)

)
= 0p(TDrd;'?) = Op <dTm> :

Due to the similar structure of III, we obtain I+ III = op+ (1). The remaining term II of (A.5) can be

rewritten to make the single blocks visible, to wit

(T—TDr)/Lr]-1 Ly B (T—-TDy)/Ly|—1
= Y Y Wit [ (8 X004 jr) = )y &ir-
t=[(TDr+1)/Lt] j=1 t=[(TDr+1)/Lr]

Since the bootstrap blocks are independent, the newly defined (él*T) are independent as well. Lemma A.12
gives us
(T-TDr)/Lr|~1
P — lim Z Var* (§'7) =V (s,5). (A.6)

T2 [(rpr 1) /L]

Thus, it suffices to consider the case V (s,s) > 0 only. We aim for applying the classical central limit

theorem for independent data using Lyapunov’s condition. To this end, note that

* * 2+68 *2%6 Lr 2+6
E(E*|& 7)) <Cdy <):1 1 {WILMM}) . (A7)
=

Furthermore, it holds
[(T—-TDr)/Lr|-1 < Lr

246
Y (X1, +,«T>o}> <drLp*. (A8)
=[(TDr+1)/Lr] =t T



Now, combining (A.6) and (A.7) and using (A.8), we obtain

2496
|(T—TDr)/Lr] 145 < -5
Y- HTDTZ‘I);LH ‘ng dr L™ Op\ dy
- =op(1).

(T o e (22,)) T (V(5.9) ™ +or(1)

HTDT‘FI)/LT—‘

Thereby, Lyapunov’s condition is fulfilled, which implies asymptotic normality as desired. The second
assertion of the theorem is an immediate consequence of the first one due to continuity of the Gaussian

distribution function, see van der Vaart (1998, Lem. 2.11). O

Within the next proof and the corresponding auxiliary results in the Appendix, we will use some
additional notation. In particular, we abbreviate X7 := (X{ 7,..., X7 )" and P(- | X7 = x7) by P;(-).

Corresponding expectations and variances are denoted by E7 and Vary.

Proof of Theorem 3.4. With the same arguments as in the proof of Theorem 2.5, it is sufficient to show
that there exist sets (Qr ), With P (X7 € Qr) — 1 as T — oo such that for any (x7)7 with xy € Qr for
all T it holds

ZW,T (s, X7 7) = F* (52, X5 ))‘>A‘XT:5T>:O (A.9)

t=

lim lim sup P< sup

r0 Toe Np(sys)<r

with A > 0, whereas f* is defined in (3.1).
Here, we only consider the case (a) in Assumption 4 and 7. Part (b) is deferred to Lemma A.18 in the
Appendix. First, we define

T

* * 5 2(1+6
l:LT\_T/LTJ-‘rl

Gr = {ET

From sup; ;.7 E|E*g (XZT) | <C, we get P(Gr) — 1 as T — o applying Markov’s inequality. With the
sets Ay, By and K7 established in Lemmata A.13, A.14 and A.15, respectively, we set

Qr :=ArNBrNGrNKr.

In view of the above mentioned results, it holds lim7_,.. P (X7 € Qr) = 1.
After these preparations, we start by splitting the LHS of (A.9) such that we get one sum containing

the indices of whole independent blocks and a second one containing the remaining indices:

S (7 (s Xir) - s2.Xi2))| > 2)

*

sup
p(s1:82)<rlt=
Lr|T/Lt] ~ ~ 2
SP;( sup WZ,T (f <s17 ) f* <§27X;T>>‘ >§>
psissp)<rl =1
r ~ ~ A
+P%< sup Y owr (P (s Xir) - FF (gz,x,*,r))‘ > 5). (A.10)
P(s1:82)<rli=Ly|T/Ly|+1

By construction of G, the second sum on the RHS of (A.10) can be bounded by

4 T _ T
Y Z wr ET sup ‘f <§1 7&?1) —f <§27XZT>‘ <Crdy /2 Z Erg (K?T)
t=Lr|T/Ly|+1 p(s1.82)<r t=Lr|T/Lr|+1



_ ﬁ; < 2(I+%)>

which tends to 0 as 7 — oo leaving us with the first sum on the RHS of (A.10) to deal with. Similarly to

the proof of Theorem 2.5, we define v (s) as well as v (s;,s,) by

[T/Lr]—1 Ly
vr(s) = Z Z WiLr 1 f” <§1 7X1*Lr+j,r> and V7 (s1,8p) == Vi (s)) — V7 (s2),
=0 j=1

respectively. We will use the same notation regarding the sequence (r¢ ), the index sets (9/()',?:0 and the

maps (ﬂk)',zrzo as in the proof of Theorem 2.5. As before, we split the left over sum of (A.10) up into

Lr|T/Lr) . . 2
Py sup W, T (JM (Sh ) - (Szv ))‘ )
$1:82€S =1 2
p(sy:8)<r
1.3 * * l
<Pr|l2 sup  |vr(sy,s0)l + Pr sup V7 (sy,8)| > —
S|89ES 15|€7A $2€Fh_| 6
p(il =§2)§r/\'7" p(5| 52)<3r/\
ok * l
+Pr sup  |Vi(sy,8,)] >~
515265 6
p(s1:8)=3r
=:I4+11+1II (A.11)

postponing the magnitude of k7. One can use Bernstein’s inequality for the discussion of terms II and III.
Here, we will carry out the details for II, only. To this end, we consider the bootstrap variance of

V7 (s;,s,) first. With the help of Lemmata A.14 and A.16, we obtain (with (¢7)r as in Lemma A.14)
1/2 346 1
Vart (v (51,82)) £ € {lsy —sall 2+ 15+ et (7755 4 0T 4 (7o) 1)}

Next, Lemma A.13 allows us to bound

2452 2-25+83

Z WiLyt ). T sl 7X;Lr+j,T> f_“k <827 Xip 4 T)) ‘ <CLy d; 2(4+9) < Cd; 2(1+90)(4+9) (A.12)

348 3448
due to Assumption 6. Abbreviating yr := L;l +crLr <T 2+5) + D;(Mj + (TDT)*1/2>, we specify

k7 such that
(14+6)(2+8)(4+96)

_ 208483 52(5-02) 145
(max {y dy 2“*‘”(4*5)}) <ry <Lp % . (A.13)

Tedious straightforward calculations similar to Beering (2021, proof of Th. 3.13) show that the upper
bound is strictly larger than the lower bound for all sufficiently large T. The specific choice of the upper
bound in (A.13) will become relevant during the examination of term I of equation (A.11), while the
lower bound is essential for a successful application of Bernstein’s inequality. In particular for II in

(A.13), we will make us of p (s;,s,) < 3r, to obtain

52(5-82 82 (5-82
1 2 +8)(2+0)(@+0) T+8)(2+0)(4+0)
Var* (V; (§17§2)) < C< / rlilr+5)<z+5)<4+5)> < Cr,i|+5)<2+5)<4+5) (A.14)



for T > T asitholds ry, < ry forall k=0,1,...,kr and because of

1 5% (667
5_(1+6)(2+6)(4+6) >0 Voe(0,1).

After having determined the bounds to be used in Bernstein’s inequality, we turn our attention to A and,

as in the proof of Theorem 2.5, define a sequence (A4),c satisfying
A

Y n<Z

keN 3

for r sufficiently small by setting

52(5-62 4 52(5-62
. I(1+8)(2+3)(4+3) T8)(218)(4+98)
A =1y v ¢ log (D(k)) r,

for a finite constant C > 0, which will be specified further during the upcoming calculations. Again,
Dk)=0 (r,:d) ensures the summability of (), .

At this point, we return to IT in (A.11) and use both the definition of (lk)',?:l and Bernstein’s inequality
with the previously established upper bounds in (A.12) and (A.14) to get

kr A
li Pr(2 Vi (s1,8)] > —
im sup T( Z sup V7 (s1:5)] 6)

T—eo k=181€T k826 Fk—1
p(s1:52) <37k

kr 1 le
1 _ __.
< 111Tn_§2p2k;1 D(k)D(k—1)exp 5 32552 225153

C] r[il+5)(2+5)(4+5) +C2 d72~(|+5)(4+5) lk/?’

kr _ A2
<limsup2 ) exp | 2log(D(k))—C 52(5,6752)
T—eo  f=1 rm

k

k62 (5-52 52(s5-82

<2 Z exp [ —C 22T 7 T8 (2FO)ET3)
keN

0.

|

0

r

1

Now term I of (A.11) is left, and, as in the proof of Lemma 2.5, we aim for making use of a symmetriza-
tion lemma. To this end, let

Lt
0
L;*,T (s) == ) WiLr+j1f (&X;*LTJF]',T) and L:T () =G L;*,T (s), se€s, (A.15)
j=1
where (C,)IZ(/)LTJ “are again i.i.d. Rademacher variables, but this time, they are independent of the series

of uniformly distributed random variables used in Algorithm 1 and Xy. This gives

A
=r( s Vs> )
51,826, P(81,82) Sty
12
<2Ze( w i)

318265, P(81,82) Sriy



\T/Lz |1

24 N N
= TET< S Y (Lres)-L7(s) D (A.16)
51826, p(s1.82)Srep | =0
Next, we define
R \T/Lr]—1 N\ 1/2
Pr2 (§17§2) = < Z <L;T (§1)_L;T (§2)> > , 81,8 c.Z. (A17)
=0

For any 1) > 0, Hoeffding’s inequality gives

7/Lr)= *,0 *,0
1.3 5 y
P sup. Z L,,'T (s1) = L7 (52)
S| ES
P(81:82) STy

> pro(s;:8)N

LT,Tv s 7LzT \_T/Lﬂ,T)

5T2(§17§2)2772
2
25 (L (51) = L (s52)

2
=2exp (—%) .

|T/Ly |-

<2exp| —

Thus, ) ,~ ;2 possesses sub-Gaussian increments conditionally on Lg 7., ... ,LTT JLr|-1T" We con-
tinue by establishing an upper bound for the difference in (A.17) as follows:
2 _ 148 148

(LZT(QI)_LZT(QQ» <2l ‘Lz* ‘ tT‘ p(s1,52) " . Ss €S (A.18)

In order to create a more suitable semimetric during the further course of this proof, we define

LT/ Lr] - 1/2
QT::2|75< )y ‘L,* ‘tT‘Sf)

t=0

and introduce a new semimetric using

1+8

5T.,2 (81,8) <Orp (81,8,) 2 =:Pr(s,5,)-

Now we come back to (A.16). Using van der Vaart and Wellner (2000, Cor. 2.2.8), we obtain

I< TET E" < sup
$1:5€S, P(81:82) Sty

|T/Lr]—-1

Y @ﬁ@wqﬁqu”wqﬂmﬂﬂ

t=0

24 X
= TET E sup

51,26, P(51.82) <01

Tre-- L, \_T/LTJ,T>

—1
Z (Lz*;) (s1) _LZ£ (§2))‘

148

QTV/;T 1/2
SCE;/O <1ogD(u,y,ﬁT)> du

148

<CE; o log( ( = 7&5“ N
L Geel(g) )

14-8



Moreover, Jensen’s inequality yields

\T/Lr]— 1/2 118
E7[0Or] <C1< Z E*(‘LzToo L trﬂf)> SCLTQ ;

where the latter inequality follows from Lemma A.15. Plugging this result into the previous calculations
and remembering the upper bound of ry, in (A.13) gives

146

148 "/\TT 2 a\ /2 148 148
I <limsup CL,” / <10g(u7m+1) ) du <limsupCL,> L; ® =0.
T —ro0 0 T—o0
This terminates the proof. O

A.3. Proofs of the results in Section 4

Proof of Corollary 4.1. First of all, note that compared to our main results, we face an additional bias

% (e (1) [

t=1

term

here. As its order of magnitude is O(Tfl/ 2), it is negligible as T — oo. Straight-forward calculations
yield the validity of Assumptions 1, 2, 3 and 4 besides the Lipschitz condition in 3 which does not hold

true. Therefore, we have to use an additional truncation step to deduce the result. To this end, let
N (X, r) = min {X*,N}

which the satisfies all the conditions in Theorems 2.4 and 3.3. Thus, the desired result follows from
Brockwell and Davis (1991, Prop. 6.3.9) if its prerequisites are met on the original as well as on the
bootstrap side. While the proof of their condition (i) is obvious, (ii) can be proven along the lines of the

proof of Theorem 2.4. Finally, for (iii) we have to show

lim llmsupE[Z T 1/2( —f( )(XtT) [ IQ,T_f(N) (X’=T)} )r =0

Nz T 1=1

which, in turn, can be verified under the moment assumptions stated in the corollary by slightly adapting

the proof of Theorem 2.4. The bootstrap counterpart can be proven analogously. O

Proof of Corollary 4.2. We get from Theorem 2.4 combined with Beering (2021, Lem. 4.3), which en-
sures the negligibility of the bias,

R@ws) =)\ a ZW (u;5)

(brT)' > T
3 (@ (u35) — @ (u35)) Z2) (u;5)

~ A0,V (u:5)),

where
Vai (u55)  Varg (u55)

V(u;s) =
) Vg (u38) Vg (u35)

10



with

Vi(uss) = [ K ¥ Cov (cos (ts Eofu)) cos (15, Xy (w)))

heZ

Vg (uys) = /11 K?(x)dx Z Cov (sin ((g,)zo(u))) ,sin ((g,Xh(u))))

heZ

and

Vs (u;8) = /ll K?(x)dx Z Cov (cos ((g,)zo(u))) ,sin ((g,Xh(u)))) )

heZ

see Beering (2021, Th. 5.4). Analogously, we obtain from Theorem 3.3

R(@* (us5) —E*@* (u35))

Ly ¥ (0,V (u:5))
3 (9" (uss) —E*@* (u35)) -

(byT)'2
in P-probability. The covariance matrix V is positive definite due to condition (4.1). Because of the con-
(brT)"? (8 (1:5) — ¢ (1:9))| and |(br7)'" (6" (1:5) — E*§" (u35)) | con-
verge to the same limit distribution (in P-probability) P#(“3)l. Note that Var(|Z (1;5)|) > 0 since it
holds

tinuous mapping theorem,

Var (\Z(u;g)\z) = Var ((Z(1> (u;g))z) + Var ((Z(2> (u;g))z) +2Cov ((Z(” (u;g))2 : (Z(2> (u;g))z)
=3+ V2 Vs +E (20 (69)) (2 (w9) )
> 0.

Hence, the desired result follows immediately. O

A 4. Auxiliary results required for Section 2

Lemma A.2.

Under Assumptions I valid for k = 0 and Assumption 3, we have for every M € N and some Cyyype < o0

o [ (eZw) —r (82 @)], < om0

Proof. With the use of (2.5) and the Lipschitz condition (2.9), it holds for some Cyype < o0

~ ~(M) > & (M)
sup [ £ (s.%() = 7 (X" @) | < cuip swp X)X )|
uel0,1] 1 uel0,1] 1
<Crip sup || Y Au,j)g,;
wel0.1] || /= 1
SCtrMnCﬁM'

11



Lemma A.3.
Suppose Assumptions 1 for k = 0 and Assumption 3 are fulfilled. Then, it holds uniformly for allt,.t, € Z,
(leul) ) (§27u2) S S X [07 1]

M us
10 o)~ 1 2 ) e, ) <o
for any M € IN with some positive constant Cpp < o being independent of M.

Proof. By an iterative application of Holder’s inequality, we obtain

| (£ (1% ) = £ (0.8 @) ) £ (52X, ()|

~(M)

<C|r (s X ) = £ (52.X5" ()

248
1+6

)

< (E|f (1%, ) = 7 (s0.%," () |)
< CotTs

where the latter inequality follows from Lemma A.2. O

Lemma A.4 (Covariance Bounds).
Suppose Assumption 1 holds true for k = 0 and Assumption 3 is valid. Then, we have for some C¢,, < o
and every h € 7.

h|&

sup —[Cov (f (1% (1)) o f (52: % (1)) )| < Con 0755

S1:8, €S up,u2€[0,1]
Proof. W.lo.g. consider & > 1 and let M := [h/2]. We split the covariance up and get
Cov (f (51 %o (1)) . £ (52,X, (2)))|
3™

‘Cov (f (51 X0 (1)) = f (sl,_o (ul)) f(ﬁzvzh(uz)))‘
+ ‘C0V< (Sl,Xo (”1)) f(§272h (”2)) _f<s2’)~(’(1M) (ug)))‘

IA

=:1+1L

Obviously, it suffices to verify the result for the first summand. We start by splitting term I up further
using Lemmata A.2 and A.3

(M)

1< ‘E ([f(ghzo(ul)) —f(sl,XO (Ml))} f(gz,Xh (“2)))‘

| (51 Ko ) — 7 (30,25 )| E | (52.K4 ()]
<Cpp 917 + Crrune ™,

hd
which can obviously be bounded by C 1 21+9), O

12



Lemma A.5 (Convergence of covariances).
Suppose Assumption 1 is satisfied for k = 1 and Assumptions 2 as well as 3 hold. Then, for any s,,s, € ./

we have

T T
Cov <Z wir f <§1 7&1) ) Z wer f <§27X1,T>> T::V (81,82),
=1 =1
where V(s,,s,) is defined in Theorem 2.4.

Proof. First, we rewrite the covariance and obtain

lim Z COV Wl|Tf<s17_[| ) le,Tf(QQvX[z,T>>

T—eey =1
T-—1 min{T,T—h}
= lim ) Y, wirwinr Cov (f (s, X, 7)o f (82, Xii7)) -
—>00
h=—(T—1)t=max{1,1-h}
Note that

|1|&

Sl;lp ‘COV (f <§1 7XI,T> 7f <§27Xt+h,T>> ‘ < Cp?5

can be verified along the lines of the proof of Lemma A.4. Hence, these covariances are absolutely
summable w.r.t. 4. Due to the assumptions regarding the weights, Lebesgue’s dominated convergence

theorem is applicable, and we obtain
T-1 min{7,T—h}

lim Z Z Wi,T Win,T COV (f (leXr,T) ’f<§2’X’+h’T>>
T—>°°h:7(T,]>[:maX{171*h}

min{T,T—h}

=Y dim  } wirwinr Cov(f (s1.X,r) f ($2:Xe1n7)) Ip<r- (A19)
heZ t=max{1,1—h}

Next, we incorporate the companion process into the covariance terms

Cov (f (s1:Xe7)  f (82:Xsn7))
= Cov (f (gl,X,,T> —f (»_V],X, (%)) o <§27§z+h,T>)
+Cov <f (gl,X, (%)) 7f<§27§z+h,r> —f <527Xt+h <t+h> )

o (1 (s (4)).r (2o (1))

=:I4+1I+1I
and show asymptotic negligibility of I and II. Using Remark 2.3, we get
I<E <‘f (s1.X, 1) —f (ShX; ( ‘ \f (52X inr )‘) +O(T ™).
Inspired by the proof of Lemma A.4, we obtain for the first summand from above with double use of
Holder’s inequality

E <‘f (s1,X, 7) _f<slvzt< ‘ |f (82X 7 >‘>

13
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and, hence, I = & (Tfm). Analogously, we have Il = & <T7'+_5). Thus, we can write (A.19) as
follows:

min{7T,T—h}

Z Th—rgo Z Wi T We+h, T Cov <f <§1 7&1) o <§27}_(t+h,T>> Il\h\<T
heZ, r=max{1,1—h}

min{T,T—h}

= Z Tlim Z wi,T Wen,1 COV <f (»Sleo (%)) of <§272h <#>>) Il\h\<T-

hez! 7%= max{1,1-h}

Now we introduce some notational adaptions and set

N X,(1), z>1, wrr, t>T,
X,(z) = forallt € Zand w; 7=

X,(O), 7<0, wir, t<l.

This allows us to consider

min{T,T—h} N ¢ ~ [t+h
he% lim {t—max{zl,lh}WIj Wen 1 Cov <f <§1 ;X0 (7)) of <§27& <T>>)
I =~ =~ h
- ZWI,T Wen,r Cov <f <§1 X0 (%)) f <_27Xh <H]: >)>}ﬂ\h\<r .
=1

Using Lemma A .4, the absolute value of the term in curly brackets can be bounded by Cd L pyhd/(20+2)

which converges to 0 as T — oo for fixed h. The next step will be to change the argument of X x(0) to

eliminate /. To this end, we show asymptotic negligibility of

cor (1 o0 (7)) 1 (50 (7)) =1 (7)),

With the help of the Lipschitz condition (2.9) in Assumption 3 and Remark 2.2(i), it holds

£(r (2 (1) s (2 (5)) <6

<Ci—
T
Next, remembering the use of Holder’s inequality in the proof of Lemma A.3, we obtain
o)
~ (t+h ~ [t |h|\ T3
‘f s17X0 ‘ f 527Xh< T )) —f<§27§h (T))D <G < T> .

con (1 (08 (1)) (s (2)) (s ()| 2 ((4)™ ) 0 ().

For fixed h, this converges to 0 as T — co. Summing up, we get

Thus, we have

T-—1 min{7,T—h}
lim ) Y, werwinr Cov (f (s1,X 1) f (52:Xinr))

T ST 1) r=max (1,14}

= I fim Yoo €ov (1 (.5 (7)) 5 (.2 (7))).

heZ =1

Finally, we obtain existence of the RHS using Lemma A.4 again. O
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Lemma A.6.
Under the prerequisites of Theorem 2.5 combined with Assumption 4(ii)(b), it holds

11m11msupP< sup ZZW,T <s17 (M)<7>>_f<§zvz§M><%>>‘>%>:0

=0 T e 51,8,€ 1=1i€H,
using the notation of the proof of Theorem 2.5.

p(sy:5)<r

Proof. We bound the quantity of interest as in (5.6) and start by specifying our choice for m and demand-
ing both a lower and an upper bound for ry,. Here, we assume m > 1+ ﬁ, and that the bounds for
ri, are of the following form:

_ (m=1)(149) I

d, " <n, <d, (A.20)

Again, by our choice of m, we guarantee for the existence of a kr € IN fulfilling the aforesaid require-
ments. At this point, we return to the three summands on the RHS of (5.6). The treatment of the
individual terms will be carried out analogously to part (a). On account of this, we start by establishing
the necessary bounds for the application of Bernstein’s inequality on term II. First, we constitute an upper
bound for the variance of the inner sum of vy. With [ := |ij —i»| and the very same arguments as in (a),

we obtain

Var (vr (s1,5,)) < Cp (s1,8) ™3 (A.21)

using the boundedness of f appropriately. Going back to term II of equation (5.6), we use Bernstein’s

inequality and the notation we introduced in (5.5) to get
i 1A
nN<2) Dk)Dk—1)exp| —=- ———~—
k=1 2 Virg+ MM

Here, using again the boundedness of f, we can set

¥ o (7(08" (7)) -7 (25" <7>>>‘

i€H;

M := CdT 2 sup
S8 €S
te{l,...ur}

and, in view of (A.21),

5
Vigk :=Cry™® > sup Var (vr (s1,53))-
851 €F 1,5, €F i1
ps1:82) <31,

Similarly to (5.14), we obtain

S 1 A2 C
M<2) exp| 2log(D(k))— = —~— | <2 ) exp <__2ﬂﬁ55r m) 0
k=1 2 Crl? keN 2 r—0

k

By the same arguments as before, we get

imertiz s v B (702" (7)) -7(257 (7))

t=1i€H,
p(sy:8,)=3r

15



Using the same M as while treating term II, Bernstein’s inequality applied to equation (5.15) gives us

§ o (702 (2)) (2 ()] 2

P< sup

s1:9€% lt=lieH,
p(s1.82)<3r
CA?
<2D*(0)exp [ —= -

2 Vin+ M?
<2exp (210g (D(0)) 7l+_|5)
—0.

r—0

Now term 1 is left. As in part (a), by Markov’s inequality it is sufficient to show

lim lim sup E( sup  |vr (gl,gz)o =0. (A.22)

r=0 T 51,867
P(s1:52) <y

Again, using the notation of the proof of Theorem 2.5 (case a), we get

ur
Y (L0 (s1) —L07 () D

E( sup \Vr(gl,gz)\>§2E< sup
=1

51867 51,867
P(81:82) iy P(81:82)rp

similar to (5.17). By Hoeffding’s inequality we obtain

HT
at
t=1

ZL?,T (51) _L?,T (52)

2
> b\T.,Q (§17§2)TI ‘Ll,Tv cee 7L#T-,T> < 2CXp (_%)

for any s,,s, € . and 1 > 0 comparable to (5.18) with pr as in (5.19). Thus, we can check for (A.22)
with the use of a maximal inequality for sub-Gaussian processes again. To ease the following part, we

use a slightly different semimetric as above. In order to get the said new semimetric, we notice that

2-5 2-8 248 248
(Liz (s1) = Loy (82))* <277 |Lir| 2 \Lirlig, P(s1s2) %

holds for s,,s, € ., comparable to (5.20). Next, set

Mr 248

1/2
Or = TB(Z\L,T\T \L,T\Llp> . (A.23)

We can use the bounds

2§
M Ea 2256 28
‘LrT‘m = <SUP ZW:Tf( ( )<?>>‘> <Cixp* dp *
s€S icH,
and
(M) L (M)
o = (s (0)) <t ((6(2)
i€H, i€H,
to obtain
2-§ Hr ~(M) i # 1/2
0r <G <KTTdT (Zg(& (7))) ) : (A24)
=1 \i€H,
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Now we can define the new semimetric using the definition of Qr:

2496

Pr2(81,82) <O p(s1,8) F =:Pr(sy,5,).

As in part (a), we have

2+5

Hr
Lyr,... Ly, T) <C/ (log (D (u,.7 . pr))) "/ du

Z (LIO,T (s1) — tT(s2)>‘

E sup
s1,8:€[~ 8,81 i=1

P(81:82) Sy

(A.25)
By Assumption 4, it holds
4 4 d
. u 2+0 u 2+68
D(uv‘yva):D <_> 7‘5ﬂ7p SC <_> +1 .
Or Or
Now we can insert this bound into (A.25) and obtain
’ 242
T I
E sup Z (L?T (s1) —L?T (gz)) ‘ < CE|[Qr] / kr u ~315 du < CE[Qr]r 5/4_ (A.26)
516 li=1 ' 0
p(il ~,£2)§r/\'7~
Next, we focus on E[Q7] and get with the use of (A.24)
228N\ 1/
1 (M) : =
E[0r] <Cs (7 df Z Y ¢ = < Cidir. (A27)
T 248
i€H; 5
Finally, combining (A.26) and (A.27) and using the upper bound of ry, in (A.20) we have
(0 0 ~
E sup Z (Lz,T (s1) _Lz,T (§2)> ‘ =Cdp™
51,65 =1
p(s1:52) =iy
which tends to 0 as 7 — oo, and the proof is completed. O

A.S. Auxiliary results required for Section 3

Lemma A.7.
Assume the validity of Assumption 5. Then, it holds

sup sup E [E*‘f (.X77) ‘2+6] < e
seSt<T ’

Proof. We distinguish whether ¢ is an endpoint or not. Starting with 7 ¢ EP, we have

TDr
14 2+06
supsupE |E*|f (s, X ) |** sup sup ———— E|f(s,X,,, < oo
s€.S 1<T [ | ( I’TM } se. 1<T 2TDT+1r_;DT | ( _Hr’T)‘

by Assumption 3. The cases t € EP; and t € EP, can be treated similarly, and we only examine the latter

case further. There, we obtain

1 T—t TDr
E* ,X* 246 _ - < 5, X, 246 + 5. X, 2+5> )
|f <§ —t,T> ‘ 2TDr + 1 r:;DT |f <_ Ay ,T) ‘ r:TZIH |f <_ Ay ,T) ‘

Consequently, the desired result follows with the same arguments as above. ]

17



Lemma A.8.
Under Assumption 5, we have for all t|,t; € {1,...,T} and s € ./

~ h ~ 5} 7234+5
FleXy ) FsXr) = £ (s, (3)) £ (8K, (3)) + 0 (17559,
Here, the Op-term does not depend on the choices fort; and t; or s.

T . .
Proof. We want to make use of the closeness between the process (X l-T>t:1 and its companion process

(X (i)) . So the first step is to rewrite the difference between the two products:
ATV ) e

E ‘f(gzt.,r)f(g,&z,r) ~f(s%, (%)) f(s%, (%))‘
<E ‘ (£ (X0 0) 7 (s.X, (%)))f(g,&z,r) +E ‘f (s.X, (%)) (£ (X0r) £ (X, (%)))‘

=:1+1IL

Starting with I, we get using Remark 2.3

348

345 roran g
1§C<E ‘f(QK;u,T)—f(g,Xﬁ (%‘))‘)m <E ‘f(év&.,r)—f(g,&, (t%)) W) =y

3448

< CT 2@+

3+4
and, in complete analogy, Il = & <T2<4++5> ) O

Lemma A.9.
Suppose Assumptions 5 and 6 are fulfilled. Then, for allh,k € {1,....,T}, —=TDy <rl <TDrandse.”

it holds
f<§7Xh+r<h;:r>> :f<§7Xh+r <;>> +ﬁP(DT)
and

DA 55) o () (1) 07

Both Op-terms are independent of the choices for h,k,r,l and s.

Proof. (1) Applying Remark 2.2(ii) after using the Lipschitz condition (2.9), we get part (i) straight-
forwardly as it holds for —TD7 <r <TDr

~ h+r ~ h r
E ‘f <§7Xh+r <T>> —f <§7Xh+r <?>> ‘ < CLiP¥ <CDr.
(i1) We split up

el (o (15)) 1 (50 (F)) 1 (20 (7))
<e|(r(sr (7)) - (o (7)) r s (7
el (s () (r (s (451) 5 (550 (£))

18




=:1+1IL

It suffices to investigate I. Using Holder’s inequality, we get

e (5 8], ()
<C <E <‘f <§7Xh+r <h%ﬁ>> _f<§7Xh+r <;>>
ot () -1 (2] )

3+48

348 2(5+8) \ 2(d4+9)
|r| 2#9) ~ h+r = h 68
<C ? E f §7Xh+r T _f §7Xh+r T

4+6

1
2

346
— ﬁ; <D;~4+3 >
O
Lemma A.10 (Product Covariance Bound I).
Suppose Assumption 5 is satisfied. Then, for all uy,...,us € [0,1], s € .7
(i) andt; € N and tp,r € Ny fulfilling t, > t, we have for some p € (0,1)
‘COV (s X,I+,(u1))f(§ X, (uz)) (s X,z(ug)) (s Xo(u4)))‘ < Ceovpi P 2.
(ii) and t|,t; € N with t| < t, it holds for some p € (0,1)
‘COV (g X,IJr,z(ul))f(g,X“ (ug)), (_ _,z(ug)) ( ,XO(M)))‘ < Ceoppii max{p2~" p"}.
Here, the constants Ccoy2i, Ccov2ii < o0 are independent of s, uy,...,us as well as of t1,t> and r.
This lemma’s proof uses the abbreviation
z = . (M) =
P (s.X,w) == f(s.X," () ) —Ef (s.X, () (A28)

forteZ,sc Ry, ue [0,1] and some M € N.

Proof. (1) Sincetj +r >t >t >0, we set M := [%] Now we are going to follow the proof of
Lemma A .4 but modified for the covariance of products. Hence, we start by inserting the truncated
version of the companion process as introduced in (2.8) with the above defined truncation parameter

M and obtain

Cov (7 (5%, () 7 (5.X,, (02)) T (5.X,, () F (5. Ko () )|
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‘COV (s X,I+,(u1))f(s %,I(ug))
F (5.X(3)) 7 (5, Xo(04) ) = ir (5.X,, (3)) For (5. Xo(ws)) )|
‘COV F (X 0r () F (8K, (u2)) = For (8. X1, (01)) Fur (s, X;.(uz ).

FleX,

) (S Xo(u4)))‘

=:1+1I (A.29)

Ih

using (A.28). As the terms I and II have a similar structure, we focus on term I and split up further

1< |Cov (F (5%, (1)) F (5., (2)) 7 (5. Ko, (03)) (F (5 Kolwe)) = Fur (5. Xo(ws))))|
‘COV (s X, . () ) (g X, (u2) ) (s Xo(us) ) ( (S &2('43)) —fu (§szz(”3))))‘
=:la+1Ib. (A.30)

For the same reasons as above, we limit ourselves to the investigation of the first subterm of (A.30)

and obtain by an iterative application of Holder’s inequality and Lemma A.2

2 < E|F (5.X, () 7 (5.X, (02)) 7 (5. %, (03)) [7 (5. Xo(ws)) = For (5. Xous))] |
+CE |7 (s.%, (03)) (7 (5. Xolms)) = Fur (s, Xows)))|

<C Hf(g,Xo(M)) —fu (g,XO(M))

449
T+8

) (3+9)

<C (E ‘f (§7X0(”4)) —f<s g(() )('M))

<C(p")*.

In complete analogy, we get the same result as upper bound for Ib. In conclusion, this upper bound

" 5
is valid for term I and IT in (A.29) as well. Setting p = p 289 finishes the proof.

(i) Applying part (i) and Lemma A.4 leads to

1Cov (7 (5:Xy e (01)) 7 (5K, (12)) 7 (5o (1)) F (5. Ko ) )|
< |Cov (F (5. Xy s () 7 (5:X o (3))  F (5%, (1)) F (5 xo<u4>))
‘COV F 5Ky (1)) 7 (5.X, (12))) Cov (F (.X, (s

‘COV Fs.Xy o) F (s.X,,(u3)) ) Cov (

2

< Cmax{p”™" p"}

for some p € (0,1).

Lemma A.11.
Suppose Assumptions 5 and 6 are valid. Then, for all indices t1,t; € {1,..., T}\EP as well as for all

20



s €. and uy, up € [0,1] it holds

1 TDr - 1 TDr N
—2TDT+1r_ZTDT<<f(§7Xt|+r(ul)) 2TDr 41, Z;,D f(g,X,,H(ul)))

> 1 IDr ~
L == W R B)))
= Cov (f (8% () . (8. X (u2) ) ) + Op (D7) ")
At that, the occurring Op-term is independent of ty, t, s and uy, u;.

Proof. First, note that by Lemma A.4 we have

TDr
@TDr+1)"" Y f(s.X, () = Op(TDr) ')
I==-TDy
for all u € [0, 1]. Thus, we obtain
1 TDr - 1 TDr ~
mr_zn)r<<f (&X;.-H(ul)) m Z;,D f(g,X,lH(ul)))
- 1 TDy -
. <f (§,X¢2+r(”2)) - m l:;DTf (§7X12+1(M2))>>
1 TDr y
- mr_z;,mf(s Xy ) F (8K, (w2)) + Op((TDr) ).

W.l.o.g. we consider v :=t; —#, > 0 only. It remains to bound
TDr

2
E<—2TD1T+1 Y (s X)) f F(5Key (1) — Cov (f (5.5, ) f (% ()

2TDT
S—(2TDIT+1) . JCov (7 (5. Xpes () 7 (5K, (02)) . F (. X, (1)) F (5. Ko (02)) )|

1=

v—1
< 2TD2T+ 1 ,Z{ ‘COV (§ XH—V(”])) (S X (MQ)) (S X (Lt])) (S XO(MQ)))‘

P 27Dy

+—
2TDT+1,§+1

Cov (7 (5:Xrn (1)) F (5.X,(12)) , 7 (5. X)) 7 (5, Ko () )|

+0((TDr)™")

I+ +0(TDr) ™).

Applying Lemma A.10() to term I and Lemma A.10(ii) to II, we obtain the desired result, namely
I+11=0((TDr)™"). O

Lemma A.12 (P-Convergence of the Bootstrap Variance).

Suppose Assumptions 5 and 6 are true. Then, we have for all s € .

T
Var*(Z w,,rf(g,XZT)> i V(s,s)
=1

as T — oo, where V (s,s) has its roots in Theorem 2.4.
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Proof. We start by dividing the quantity of interest into three sums such that the middle one does not

contain endpoints and only full bootstrap blocks:

Var* <§1 wir f <§7}_(¢*,T>>

LTHTDT-F])/LT—‘ LT\_(TfTDT)/LTJ
= Var*< Wt,Tf(QvXZT)) +Var*< Wt,Tf(QvXZT))
=1 [:LTHTDT-F])/LT—‘-‘,-]
T
+Var*< Wz,Tf(&XZT))
[:LT\_(TfTDT)/LTJ-i-l
— T4+ T+ 11L (A31)

Note that Assumption 6 and independence of the bootstrap blocks guarantee validity of this partition for
any sufficiently large 7. Since terms I and III from (A.31) are of a similar type, we focus on the first.

From Lemma A.7 and the rates in Assumption 6, we obtain
LTHTDT-F])/LT—‘ s
I= Z Wi, T Wiy, T COV* <f <§7}_(Z,T> 7f <§7X;;T>> = ﬁp <dT 2+5> = OP(I)' (A32)

t1,=1

Thus, we only need to set our focus on the second bootstrap variance term of (A.31):

[((T-TDr)/Lr|-1 Ly Ly 1 TDr
IT= Z Z Z WiLp+j,T WiLy+1,T <m Z S <§7}_(tLT+j+r,T> S <£7X;LT+1+r,T>
t=[(TDr+1)/Ly] j=1I=1 ™% r=—TDr
1 Tir Tir
- f(QvXtL +'+r.T> f<§7}_(tL +l+k.T>>-
(2TDr+1)* - Sp, S, T

We aim for transforming the bootstrap covariance into the real world one with negligible error. To do so,

the first step is to change the process (X ,’T) to the companion process with the aid of Lemma A.8:

[(T-TDr)/Lr|-1 Ly Lr

= Z Z Z WiLr+j,T WtLr+1,T
t=[(TDr+1)/Ly] j=1i=1

1 or = tLr+j+r = tLr +1+r
| (m L s ()1 (8% (7))

r:7TDT
(3 1 (sFu ()
S 5, X, i | L
(2TDr +1)° ,:;Drf A T
Dy
S tLr +1+k _ 348
- Y f<£szLT+1+k<L>>>>‘*‘ﬁP(LTT piczn) ) (A.33)
k=—TDr r

) _ 348
Recalling that Ly = o(d;' "), straight-forward calculations give Op (LTT 2<4+5>) = op(1). Next, we

change the argument of (X ,(u)) so that it loses the dependence of the inner summation index. With the
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aid of Lemma A.9, the first summand of (A.33) becomes

\_(T*TDT)/Lrjfl Lr—1 min{LT,erh}

Z Z Z WiLr+j+h,T WiLy+j,T
= ((TDT-FI)/LT—‘ h:*(LT*l) j:max{l,lfh}

! v < X <tLT+J'+h+">) < > <tLT+j+r>>
\27Dr +1 Xitr+j — XL (A
<2TDT+IV—ZTDTf S X 4Ly + j+h+r T I\ Xy ijir .

! v v tLr+j+h+r
Z f §’}—(ILT+j+h+r f

(2TDr +1)* \._Sp,
TDr .
> tLy+j+k
| L f<§’X’LT+f+’<< T ))))
=—TDr

\_(T*TDT)/Lrjfl Lry—1 min{LT,erh}

= Z Z Z WtLy+j+h,T WiLr+j,T
t=[(TDr+1)/Lr| h=—(Lr—1) j=max{1,1—h}

1 IDr ~ tLy+j+h ~ tLr + j
. <—2TDT 11 Z f<§7XtLT+j+h+r <—T >>f <§7XtLr+j+r <—T >>

——TDr
1 < ror = tLr +j+h
L (8 (s R ()
(2TDT+1)2 r:;DT tLy+j+h+ T
TDr : 348
~ tLy + S
Y f<§7LLT+j+k< TT J>>>>+ﬁ’p<LTD;<“5>>.
k=—TDr

(A34)

3+4

Note that under Assumption 6, it holds Op <LTD;(4+5)> = op(1). Hence, we focus again on the first

summand on the RHS of (A.34) and obtain its equivalence to

\_(T*TDT)/Lrjfl Lr—1 min{LT,erh}

Z WtLr+ j+h,T WtLy+j,T
t=[(TDr+1)/Lr| h=—(Lr—1) j=max{1,1—h}

(o (25224)) S (7)) o ()

by Lemma A.11. Comparably to the proof of Lemma A.5, we would like to rewrite the inner sum in order

to eliminate the minimum and maximum determining the index bounds. Therefore, we show asymptotic

negligibility of the difference between the first summand of (A.35) and

|(T-TDr)/Lr]-1 Ly—1 Lr
Z WtLy+ j+h,T WtLr+j,T

l:((TDT-i-l)/LT—‘ h:*(LTfl)j:l
- (1L ; /1L .
cor(r (s (1)) s (o5, (F57))) o

T tends to infinity. Note that (A.36) is well-defined for sufficiently large T as we skipped endpoints

within the summation. Regarding the difference in question, we get with the very same arguments as in
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the proof of Lemma A.5

\_(T*TDT)/Lrjfl Lr—1 min{LT,erh}

Z WtLy+j+h,T WtLr+j,T
t= HTDT-‘,- 1 )/LT—‘ h:*(LT* 1 ) j:max{ 1 ,lfh}

(a5, (5 (a5 (222))

(T-TDr)/Lr|-1 Ly—1 Ly

- Z WiLr+j+h,T WiLr+j,T
t=[(TDr+1)/Lr| h=—(Lr—1) j=1

con( (a2 (FEE) ) p (s 3 (H5)))

=0(Lr").-

Thus, we can proceed with (A.36). The next step will be to incorporate the sum over j back into the sum
over t. Thereby, we obtain equivalence of (A.36) and

Lr—1 Ly |(T-TDr)/Lr]

L oo e e (B () s (E(r)) @

h:*(LT*l)l:LT HTDT-‘,-I)/LT—H-I
for all sufficiently large 7. By following exactly the lines of the proof of Lemma A.5, we can rewrite

(A.37) as

Ly~ Lr[(T-TDr)/Lr] ) ) 5
B e (e () s () (D))

Ly—1 Ly |(T-TDr)/Lr|

B R o (1B (7)) 068 () <o ((5) )

h:*(LT*l)l:LT HTDT-‘,-I)/LT—‘-‘,-I

(A.38)
Since the last term of (A.38) tends to 0 as T — oo, it remains to show
Lr—1 Lr|(T-TDr)/Lt] ~ 7t ~ [/t
lim Y Y wnrwr Cov (£ (sX(5)) (%0 (5))) = V). A39)

h:*(LT*l)l:LT HTDT-‘,-I)/LT—‘-‘,-I

In view of Lebesgue’s dominated convergence theorem, we obtain that the LHS of (A.39) equals
) ~ t ~ t
Z lim wH—h,T WI,T Cov (f <§7Xh (T)) 7f <§7X0 (T))) .
hes ! 7 =Ly [(TDr 1) /Ly +1
By definition of V},(s, ), it suffices to show asymptotic negligibility of

Z zT"Wt+h,T w;. T Cov (f <§7Xh (%)) of <§7XO (%)))

heZlt=1

Ly |(T-TDr)/Lr|

Ly |(T-TDr)/Lr|

-y )y Weth,r Wi,r COV (f <§7Xh (%)) f (Q,Xo (%))) ‘

h€Zt=Lr [(TDr+1)/Lr]+1

cov (1 (5 (£)) (250 (1))
T cov (1 (s % (7)) (% (7))

Lt HTDT-FI)/LT—‘

<Yy ) With,T Wi,T
he =1

+ Z Z With T Wi.T

h€Zt=Lrt \_(T*TDT)/LTJ-‘,-I
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_
which is, indeed, of order & <dT m) O

Lemma A.13.
Suppose Assumptions 5 to 7 hold true. Then, limy_,.. P(X7 € A7) = 1, where

A = {ET e RIT

2+62
T 2(4+9)
sup wer |f (,X57)| <dp ™™ for Xy =zr}.
se€s

t=1,..., T

Proof. Recalling the Lipschitz condition in Assumption 4, Assumption 2, and the moment conditions
on g, we obtain asymptotic negligibility of

22 T _
P(%rcaf) scart Yuiid [l ()] 4 £l (0.2 =0 (4.

t=1

Lemma A.14.
Suppose that Assumptions 5 and 6 are fulfilled. Then, there exist sets (Br )y with P(Xr € Br) — 1
as T — oo such that for any sequence (x;)r with x; € By for all T and for any deterministic sequence

(CT)T with cp — o
T —o0

Lr|T/L1]
Var< Z Wi T (f <§17XZT> _f<§27XZT>> ‘XT :£T>
t=1

Lr—1 Ly |(T-TDr)/Lr]

= Z Wi+h,T Wi,T
h:*(erl)l:LT ((TDT-‘,-I)/LT—H‘I

Cov (7 (s 8 (7)) = (25 (7)) (55 (7)) =7 (7))

348 348
+0 <L;‘ +crLy <T’_2<416> + DY 4 (TDT)"/2>>
holds on By for s|,s, € ., where both s, and s, have no influence on the O-term.

Proof. The proof follows the lines of the proof of Lemma A.12 aiming to replace the Op-terms in the
former proof by &-terms with slightly modified rates to assure them to hold uniformly on (B7)r. Let
(cr)7 be adeterministic, monotonically non-decreasing sequence tending to infinity at an arbitrary (slow)
rate. Starting from (A.31), we first argue that the effect of the endpoints is of negligible order. To this

end, define

_ 8
Br) = {)_CT € R | [ I+IIL in (A.31) with Var* substituted by Var}] < d, > CT}.

From the proof of (A.32), we obtain P(X7 € Br,;) — 1 as T — oo by Markov’s inequality. At this point,
we come back to the remaining term IT of (A.31) and define T as II in (A.31) with Var* substituted by

Vary. Further, we set
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Ly—1 Ly |(T-TDr)/Lr]
Rr = HT — Z Z Wt+h T Wt,T
h:*(LT*l)l:LT HTDT-‘,-I)/LT—H-I

Cov (£ (5% (5)) = (2% (%)) £ (50X (5) ) =/ (5250 (5:)))

and

By = {J_CT

With the arguments in the proof of Lemma A.12 and Markov’s inequality, we get

1)
L 1+0 348 343
[Rr|<C <LT‘ + <?T> +erly <T ) 4 DI 4 (TDT)‘/2>> } _

P(XT c BT"Q)T:ZI'

Additionally, Assumption 6 yields (together with T > dr)

)

ﬁ(dﬁ)gﬁ(g‘) and ﬁ((IJTT)WS)gﬁ(LT‘).

Thus, the desired result follows from P(X7 € By, NBrp) — 1 as T — oo, O

Lemma A.15.
Provided the validity of Assumptions 6 and 7 (case (a)), there exists a sequence of sets (Kr)pon with

P(Xr € Kr) Tj> 1 such that for any sequence (x;)r with x; € Kt for all T

|T/Lr |- e s
Z (‘LIT oo ‘Lt*-,T‘up ‘Xf :x,) <L;*
=0

with L 1 (s) being defined as in (A.15).

1-6
Proof. As P(Xr € Kr) < L' 3y T/trl 1 g [E*(

*
Lir

L r , it is enough to show that the

1+6>
Lip

sum on the RHS is of lower order than (L1T+5)T. An iterative application of both Holder’s and Jensen’s

inequality yields

|T/Lt]
io E (e (jLir |50 L)
t=
\T/Lr|—

< Z (EE*‘L;T‘4+6)4+5 <EE*‘L z<|+5><4+5>>72ﬁ§5

‘ 7+35
T ILip

Jj=1

LT/Lijl Lr 446
<C ) <E <Z Wity 7 ||8 (Xiysj7) H4+5,*>

446
+E<Z WtLr-i-jTHf tLr+jT H4+8*> )

2438
2148)(448) \ 23+
2436

T
E <; Wity i1 |8 Xz ir) | 20ssen
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=7

{

|7/Lr]—1 Lr 448
<c ) <E <Z wiL+i7 ||g (Xir,ir) H4+5,*> )

t=0 Jj=1

L 445\ 78
L <E< Y g jr ||f (0.X, 4 57) H4+5.*> )
j=1 |

2438

2(1+8)(4+6 204
e\

<]Z'1 WiLr+),T Hg —lLT+] T H AHEHD) &

\T/Lr|—
=:C Z (I+II)~III (A.40)

with an obvious definition of I, II, and III. In order to show that the RHS is of order 0(L1T+5), we in-
vestigate the three newly defined terms one by one beginning with the second. From Assumption 5, we

obtain

Lr 1-6 Lr 1-6
< <leer+j.,T H 1F O X0 ) s 4+5> <c <_21er+j,r> . (A41)
Jj= Jj=

Proceeding with the first subterm on the RHS of (A.40), we play on Assumption 7 and obtain for tLy +
J ¢ EP (and similarly for endpoints)

H g Xit i) lasse

4+6
1
1 TDr _ tLr+ j+r 4+5\ T3
e Ot ecs~ (o7 3 Jo(Farorer (B550))
r:7TDT
4+6
1
N 1 %T <§ <tLT+]+r>) 446\ 7+5
2TDT+1 S, 8 Ltlr+j+r T
446
1
ce(te)
=< T +
This leads to s
Ly -
1< C<Z WiLs+ j,T> : (A.42)

j=1
At this point, only term III of equation (A.40) is left to be examined. Because said term has the same

building type as term I, we can repeat the belonging procedure to get

Lt 1+6
nr<c <Z WiLy+ j,T> : (A.43)
j=1

Joining equations (A.41), (A.42) and (A.43), we obtain
[T/Le] =1 Ly =6 /Lr 1+6 \T/Lr]—1 , Ly 2
E Ernr)  (Eoner) < Fonrn) et

as an upper bound for equation (A.40), which is of order 0(L1T+5). O
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Lemma A.16.
Suppose Assumptions 5, 6 and 7 are satisfied. Then, for all s,,s, € .7 it holds

Ly—1 Ly |(T-TDr)/Lr|

Wi+h, T Wt, T
h:*(LT*l)[:LT HTDT-‘,-I)/LT—‘-‘,-I

o (100 ()~ () 30 ()~ (5 (2)

<Cpelsy — s,/ (A44)

for some positive constant Cpc < oo neither depending on s,,s, nor ont.

Proof. First, we split the covariance up inserting the truncated version of the companion process with

truncation parameter M := [|h|/2] like in (2.8) and obtain

cov (s (7)) =7 (250 (7))o (55 (7)) 7 (2 (7))

Cov (£ (51 %0 (7)) =1 (%0 (7)) =1 (080" (7)) +£ (25" (7))
(7)) -1 (25 ()]

cov(r (%" (7)) =1 (25" (7))

£ (7)) 7 (25 (F) (087 (7)) 41 (£ (7))

<

+

=:1+1IL

For symmetry reasons, we examine only term 1. With the use of the Cauchy-Schwarz inequality, we get

(et ()) o)) - (o (1) )
(et ) s @)

=:1Ia-Ib. (A45)

Continuing again with the first factor, we apply Holder’s inequality iteratively and similar arguments as

in the proof of Lemma A.3 to obtain

la < <E ‘f (QI,XO (%)) _f<§2,}zo (%)) I
(ol () s )

MS
SCp2I+3 .
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For Ib in equation (A.45), we use Holder’s inequality anew and get in case (a) of Assumption 7

b<C <E ‘f (51, (%)) /(X (%))

Part (b) can be treated in a similar manner using boundedness of f instead of Holder’s inequality. Con-

208\ 753
1+0 1/2
<Cls; =8|,/

sequently, we have

1< Cprits 1/2
=Cp s; — 201"

Hence, we can bound (A.44) by

Lr—1 Ly [(T-TDr)/L1] s
S 1/2 1/2
c Y Y Wienwir P9 |5y — sl < Coels) — 017
h:*(LT*l)l:LTHTDT-‘,-I)/LT—‘-‘,-I

Lemma A.17.
Under Assumptions 6 and 7 (case (b)), there exists a sequence of sets (Kt )rcy with P(Xr € Kr) . 1,
—>00

such that for any sequence (x7 )t with x; € Kr for all T

\T/Lr |1

2-4 248
Y E(|Le 2 el
=0

holds with L  being defined in (A.15).

X[ — x,) S CL1T+6

Proof. This proof models itself on the proof of Lemma A.15, i.e. we show that

\.T/LTJ71 2-5 248
E[ Y E*(\LZT\; ‘LZT‘L?p )} =O(Ly).
t=0

First, note that

Lr
ILip| <cC Z WiLy+j,T (A.46)
j=1
and
Lt
‘L;-,T ‘Lip = Z WiLr+j,T 8 (X;Lr-i-j,T) . (A47)
j=1
Hence, we have
246 248

= Lr =
E* < |Lz*,T |Lip> < <Zl WiLr+j.T Hg <X;Lr+j,T> H g,) .
=

For sake of notational simplicity, we consider non-endpoints only in the sequel. We get

H s Xy |24,

2438 2
1 TDr _ tLr+ j+r\\| 7\
= Hg (X;Lr-l-j.,T)H#,*_ <2TDT+1 Z;’D g<&LT+j+r< T )) )
r="TD; 258
2
2468 2
| TDr ~ tLr+j+r\\| 7\
+ <— g<XL +'+r<—>> )
2TDT+1r:;DT et T 25
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=:I+1IL (A48)

Term I can be bounded by C/T similarly to the respective term in the aforementioned proof. Straightfor-
ward arguments yield [I= O(1). Taken all together, from (A.46), (A.47) and (A.48) we obtain
{ |T/Lr|~ } \T/Lr|— 248

5 Lt =
by B (e )] < by (zwm+ﬂ) (zwmﬂT) <cLr.
j=1

Lemma A.18.

Suppose that the set of assumptions of Theorem 3.4 holds with part (b) in Assumption 4 and 7. Then,
there exist sets <QT>T61N with P (Xr € QT) — 1 as T — oo such that for any (x;)r with xr € Qr for all
T

lim lim sup P< sup
r0 T p(sy.8)<r

ZWZT (s1.X/7) — f*<§27XZT>>‘>7L‘XT:£T>:O
1=

with A > 0, whereas f* is defined in (3.1).

Proof. First, we define subsets (Qr) . of Q as

Qr =ArNBrNKyr

with A7 as in Lemma A.13, By as in Lemma A.14 and K7 being defined in Lemma A.17. Then, we
obtain limz_,. P (QT) = 1. As in the proof of part (a), we split up

< sup
p(s1.82)<r

<Py < sup
p(si82)<r

t=

ZWzT “(s1.X7r) — <£27XZT))‘ >7L>

Lr|T /Lt

t=1

Wt,T(F(*glv ) F<s2’ >>‘>%>

T

+ Pf( sup

p(sy:82)<r

wer (F* (s1,X7 ) — F* (52.X7, >>‘>%>

(A49)

t=Lrt \_T/LTJ-‘,-I

With the use of Markov’s inequality, asymptotic negligibility of the second sum of the RHS of (A.49)

can be verified since it can be bounded by

2 I _ _ 1
zE;( sup Z Wi (ﬁ (sl, ) ﬁ(sz, ))D :0<dr 2<|+5>>_
P(£| =§2)<r t=Lt \_T/LTJ-F]

It remains to consider

Lr|T/Lt]
Pr|  sup
p(sy:8,)<r

2

t=1

wer (F* (s1.X57) — 7 (52.X? »}i)
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A A
SP?<2 sup \V?(gl,gz)\>g>+P?< sup \V?(gl,gz)bg)

51,826 51.52€5)
p(s1:82) =iy p(s1:8)=3r
kr )L
+PF(2), sup [vi(s;s)l >
k=151€7:52€ 7 6
p(s1,82) =37
=: I+ 11+ 101 (A.50)

While I and II can be treated as in the proof of Theorem 3.4, we have to adapt the investigation of term III.

Using the notation of the proof of Theorem 3.4, it is enough to verify asymptotic negligibility of

T .
Er|  sup Yy (L,,’T(gl)—L,,’T(gz))‘ : (A51)
51:80€S =0
p(s1:8) =iy

To this end, first recall that Z[Z(/)LTJ’I

(A.17) conditionally on L§ 7, ... ’LTT/LT

L,*‘? comes with sub-Gaussian increments w.r.t. pr defined in
|11 Second, it holds

244

L s 2l 15 | I = 8%
(t,T(Ql) z,T(§2)> = ‘ t,T‘w ‘t,T‘Lipp(§17§2) y S8 €S,

as seen comparably in (A.18). The next step is again to establish a semimetric which suits us more than

p and pr 2, respectively. To this end, let

/L)1 2-8 2\ '/
QT:=2275< ,225 L7l ‘LZT‘U;J

and define
248

Pr2(s1,8) < Orp (81,8) F = Pr(s1,82).
Returning to (A.51), we obtain from the maximal inequality for sub-Gaussian processes in van der Vaart

and Wellner (2000, Cor. 2.2.8) that

|T/Lr]|-1
0 0
ET [E* <p(s Ssu§)< A ;() (L;*,'T (s1)—Lir (§2))‘ LT,%---#ZﬂT/Lﬂ,T)]
S1:80) STy =
Q %ﬁ
T
SCE*(/ g (logD(u,YﬁT))]/zdu)
0
248
<CEy log| | — +1 du
0 Or
i 1/2
r, d
:CE;[QT]/AT <10g (u e > du
0
146 _ 148
<CL7? L, *®

_1-6-52
=CL; * —0,
T—oo0

where the last inequality follows from Lemma A.17 and

248
L 1/2
3 d _ 1448
/” <1og(u%+1) > du<CyLy ® .
0

Hence, applying Markov’s inequality we have proven asymptotic negligibility of III in (A.50). (I
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