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Abstract

Double Poisson Regression is specifically designed for regression of count variables
and allows estimation of the parameters of a regression equation together with a dis-
persion parameter. Different computational procedures for obtaining maximum like-
lihood estimates of these parameters are possible. The objective of this contribution
is to narrow down which of these computational procedures work best. Four differ-
ent attributes of the computational procedures are investigated: (1) treatment of the
normalisation factor in the Double Poisson with the two specifications: setting this
factor equal to 1, and approximating this factor; (2) general estimation strategy with
the two specifications: estimating the parameters of the regression equation and the
dispersion parameters simultaneously, and estimating them sequentially; (3) start-
ing value for the dispersion parameter with the two specifications: setting this value
equal to 1, and computing it from data; and (4) algorithm with three variants of the
Newton—Raphson algorithm, two variants of the BHHH algorithm and two variants
of the BFGS algorithm as specifications. The four attributes of the computational
procedures are investigated using simulation studies. The results of these studies
show that the treatment of the normalisation factor very strongly affects parameter
estimates and the quality of parameter estimation, whereas the other three attributes
have no practically relevant effects. Moreover, the two treatments of the normalisa-
tion factor have opposite effects for different evaluation criteria. Therefore, neither
treatment can be preferred. In data analyses, both treatments should be applied par-
allel to each other for sensitivity analysis.
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1 Introduction

Double Poisson Regression (Efron 1986) is a statistical approach for identifying
the determinants of count variables. Examples of count variables are number of
migraine attacks (Silcocks et al. 2010), number of falls in old age (Luck et al.
2013), and number of days in hospital (Konerding et al. 2021). Double Poisson
Regression has several advantages in comparison with other approaches also
designed for count variables. For example, Double Poisson Regression is based
on a model that describes the distribution of actual counts around true mean
counts. This allows for the computing of proper likelihood functions and related
statistics, and for the consideration of dispersion when estimating regression
coefficients. This is not possible with approaches like Poisson Regression with
robust standard errors, or Quasi-Poisson Regression (Cameron and Trivedi 2013;
Hilbe 2014; Winkelmann 2008). Moreover, Double Poisson Regression allows for
continuous modelling of the dispersion of the actual counts around the true mean
count. This is not possible with many other model-based regressions for count
data, such as classic Poisson Regression (Poisson 1837) and Negative Binomial
Regression (Hilbe 2011). Furthermore, Double Poisson Regression provides
regression coefficients that can be interpreted very well in terms of content. This
is not given for Conway-Maxwell Regression (Conway and Maxwell 1962; Sell-
ers and Premeaux 2020), which is also model-based and which also allows for
continuous modelling.

In view of the features just described, Double Poisson Regression is a very
promising approach for analysing the determinants of count variables. However,
to tap the full potential of Double Poisson Regression, adequate procedures for
obtaining maximum likelihood estimates of the corresponding parameters are
needed. One approach that serves this purpose consists in formulating Double
Poisson Regression as a special case of the generalised additive model for loca-
tion, scale and shape (GAMLSS) (Rigby and Stasinopoulos 2005) and in using
the corresponding R-package (Stasinopoulos and Rigby). Actually, this package
already contains a function for Double Poisson Regression, and using it is cer-
tainly a viable option. However, computational tools that address a specific prob-
lem by treating it as a special case of a very general framework always run the
risk of being unnecessarily cumbersome and less to the point regarding the needs
of the specific problem.

With respect to parameter estimation for Double Poisson Regression, an
approach specifically tailored to the problem consists in deriving, as far as pos-
sible, the procedure for parameter estimation directly from the regression model.
However, the attempt to do so is connected with several problems. One problem
arises because the Double Poisson distribution contains a normalisation factor
that cannot be given in closed form (Efron 1986; Zou et al. 2013). This raises
the question as to how this factor should be treated in parameter estimation. A
second problem arises because two different kinds of parameters must be esti-
mated. These are, on the one hand, parameters that determine the mean count,
i.e., the additive parameter and the regression coefficients, and, on the other hand,
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a parameter that models dispersion. Both estimations might interact with each
other, resulting in impairment of parameter estimation (McNeish 2017). Hence,
the question needs to be addressed as to how this problem should be handled. A
third problem concerns the optimal starting value for the dispersion parameter.
A fourth problem concerns the choice of the algorithm applied to determine the
maximum of the likelihood function (Henningsen and Toomet 2011). Given this
diversity of attributes according to which the computational procedure may vary,
the question arises as to which combination of attribute specifications constitutes
the optimal computational procedure.

The objective of the study presented here is to contribute to finding the optimal
computational procedure. This contribution focusses on computational procedures
that emerge through combinations of different solutions to the four problems just
outlined. The whole argumentation is divided into five parts: (1) Double Poisson
Regression is described in detail; (2) the different computational procedures to
be evaluated are introduced; (3) the methodology for evaluating these procedures
is presented; (4) the results of the evaluation are reported; and (5) the results are
discussed.

2 Double Poisson Regression

Double Poisson Regression is based on a log-linear regression equation. The cor-
responding formula is

E[Y|x;] = exp (fy +x] B) (1)

with Y being the random variable of count values, and x; being a vector composed

of the predictor variable values of person i. E [Y |xi] is the expected value of Y condi-

tioned on x;, f, an additive parameter, and f the vector of the regression coefficients.
If y; is defined as

u; = exp(fy +x] B) 2

then the formula for Double Poisson Regression is

e_yiyz)"i ey, yic
F il @) = e a)a' e | — <y_> x>0 3)

with o being a parameter that models dispersion, and c( i, a) being the normalisa-
tion factor which guarantees that the sum of all probability mass function values is
equal to one. This normalisation factor is

1 1

()(lui’a) = Zoooal/ze_aﬂi<ﬂ>(%>yu = 1+ 1;,1<1 N L) (4)

y= y! y Dap; an;
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According to Efron (1986), the approximation given in the right-hand term of this
formula is usually close to one. The means conditioned on the predictor values and
the dispersion parameter are

E[Y|ua] = p, )
and the corresponding conditioned variances

Hi
a

IR

Var[Y|,u,», a] R (6)

i.e., 0<a<1 signifies over-, =1 equi-, and o> 1 under-dispersion.

3 Computational procedures to be evaluated

As already stated in the introduction, there are different attributes according to
which computational procedures for obtaining maximum likelihood estimates for
the parameters of Double Poisson Regression can vary. These attributes include the
treatment of the normalisation factor, the general strategy regarding the dispersion
parameter, i.e., simultaneous versus sequential estimation of regression parameters
and dispersion parameter, the starting value and the algorithm applied to determine
the maximum of the likelihood. In the following chapter, firstly, these different
attributes are described in more detail; subsequently, the complete study design is
presented by means of which the computational procedures are evaluated that result
from combining specifications of the different attributes; and, finally, some compu-
tational details of these procedures are discussed.

3.1 Attributes of the computational procedures to be evaluated
3.1.1 Normalisation factor

The first attribute of the computational procedures concerns the treatment of the nor-
malisation factor. In the literature, three different approaches to the treatment of this
factor are discussed: (1) setting the normalisation factor equal to one (Aragon et al.
2018); (2) approximating the normalisation factor using the approximation proposed
by Efron (right term in Formula 4) (Toledo 2022); and (3) defining an upper limit
for the originally infinite sum in the exact formulation (middle term in Formula 4)
(Stasinopoulos and Rigby 2023). As the latter approach is the computationally most
complicated, and as applying this approach necessitates further considerations and
investigations regarding the optimal definition of the upper limit, the study presented
here is restricted to the first two approaches (See Appendix for the log likelihood
functions of the two resulting models).

The two different treatments of the normalisation factor investigated here may
have a decisive impact on the estimates for the regression coefficients. If the nor-
malisation factor is set equal to one, the gradient for the regression coefficient still
contains the dispersion parameter (See Appendix, Formula A4). However, if the
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gradient is used to determine an extremum and, for this reason, is set equal to zero,
dividing the resulting equation by the dispersion parameter makes this parameter
disappear. Consequently, with the normalisation factor set equal to one, the esti-
mates of the regression coefficients do not depend on the dispersion. In fact, in this
case, the same estimates result as for simple Poisson Regression. In contrast, if the
normalisation factor is approximated, the dispersion parameter can no longer be
removed after setting the gradient for the regression coefficients equal to zero (See
Appendix, Formula A6). Consequently, in this case, the estimates for the regression
coefficients might vary with the dispersion parameter.

3.1.2 Estimation strategy

The second attribute investigated concerns the strategy for estimating the disper-
sion parameter. Two different strategies are investigated: (1) simultaneous, and (2)
sequential estimation. Simultaneous estimation consists in estimating the disper-
sion parameter together with the parameters of the regression equation. Sequential
estimation consists in using a sequence of estimation processes comprising pairs
of computational procedures. To be specific, one iteration cycle is divided into two
separated cycles. In the first of these two separated cycles, the dispersion parameter
is kept fixed, and the parameters of the regression equation are estimated. In the
second of the two separated computational cycles, the parameters of the regression
equation are kept fixed, and the dispersion parameter is estimated. At the very start
of the sequential estimation process, it is the starting value of the dispersion param-
eter that is kept fixed. In each following cycle it is the result of the preceding cycle
that is kept fixed. Sequential computation is also applied for parameter estimation in
Negative Binomial Regression (Ripley et al. 2023).

3.1.3 Starting value for the dispersion parameter

The third attribute investigated concerns the determination of the starting value
for the dispersion parameter. Two different approaches for determining these start-
ing values are investigated. The first approach consists in applying 1 as the starting
value, i.e., applying the value that describes equi-dispersion. The second approach
consists in applying the maximum likelihood estimation of the dispersion parameter
that results when the normalisation factor is set equal to 1. The corresponding equa-
tion is
1

2% (i Yy iln(yi/ ) = (vi = Mi))> "

If y; is equal to zero, yiln(yi/ /41.) is set equal to O because lim _,y In(y) =0
(Aragon et al. 2018). If sequential estimation is applied, this is the starting value
for the cycle in which the additive parameter and the regression coefficients are kept
fixed. Accordingly, the y; produced by the additive parameter and the regression
coefficients estimated in the preceding cycle must be entered. If, additionally, the

a =
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normalisation factor is set equal to 1, Formula 7 directly provides the solution for
the inner computation in which the additive parameter and the regressions coeffi-
cients are kept fixed. In other words, in this case no further iteration is necessary.

3.1.4 Algorithm

The fourth attribute concerns the computational algorithm applied. Seven differ-
ent algorithms are investigated. They result as variants of three, more general algo-
rithms: (1) the Newton—Raphson algorithm (Verbeke and Cools 1995; Ypma 1995);
(2) the Berndt-Hall-Hall-Hausman (BHHH) algorithm (Berndt et al. 1974); and (3)
the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm (Broyden 1970; Fletcher
1970; Goldfarb 1970; Shanno 1970). The variants of these algorithms result from
choosing different approaches for determination of the gradients and the Hessian
matrix. This can be done either numerically or algebraically. For the Newton—Raph-
son algorithm, three variants are considered: (1) both components are determined
numerically; (2) the gradients are determined algebraically and the Hessian matrix
is determined numerically; and (3) both components are determined algebraically
(for the algebraic formulations of the gradients and the Hessian matrix, see Appen-
dix). For the BHHH and the BFGS algorithm, the third variant does not make sense
because these two algorithms are specially designed for numerical determination
of the Hessian matrix. For this reason, for these two algorithms, only the first two
variants are investigated. Generally, the variation between numerical and algebrai-
cal computation is considered because, although numerical computation might work
well for simple models, there might be problems for more complex models (Hen-
ningsen and Toomet 2011).

3.2 Study design

In the study presented here, all combinations of the specifications of the attributes
just described are investigated. This amounts to 56 different computational proce-
dures to be compared (see Table 1).

3.3 Computational realisation

All computational procedures are implemented using the corresponding functions
from the R-package maxLik (Toomet et al. 2022). The function maxNR is used for
the Newton—Raphson algorithm; the function maxBHHH for the BHHH algorithm;
and the function maxBFGS for the BFGS algorithm. To avoid negative values for
the dispersion parameter o, the log likelihood function is maximised with regard
to o with Exp(a’) equal to a. To ensure that log likelihood functions can also be
computed for large y;, ln(y,-!) is computed using the function Igamma from R-base
(Becker et al. 1988; R Core Team 2023) by computing In(I'(y; + 1)).

For all components of the procedures that are performed iteratively, the default
termination criteria of maxNR are applied, i.e., the iteration terminates either when
the absolute value of the difference between the log likelihood functions of the
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Table 1 Computational procedures evaluated

Normalisation Estimation strategy Starting value Algorithm?*
factor
1 Simultaneously 1 NR, Numerical

Computed via Formula 7

Sequentially 1

Computed via Formula 7

NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed

NR, Numerical
NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed

NR, Numerical
NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed

NR, Numerical
NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed
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Table 1 (continued)

Normalisation Estimation strategy
factor

Starting value

Algorithm*

Approximated via Simultaneously
Formula 4

Sequentially

Computed via Formula 7

Computed via Formula 7

NR, Numerical
NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed

NR, Numerical
NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed

NR, Numerical
NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed

NR, Numerical
NR, Mixed

NR, Algebraic
BHHH, Numerical
BHHH, Mixed
BFGS, Numerical
BFGS, Mixed

*NR Newton—-Raphson, BHHH Berndt-Hall-Hall-Hausman, BFGS Broyden-Fletcher-Goldfarb-Shanno,
Numerical gradient and Hessian matrix numerically determined, Mixed gradient algebraically and Hes-
sian matrix numerically determined, Algebraic gradient and Hessian matrix algebraically determined
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last and the preceding cycle is smaller than 107 or when the number of iterations
exceeds 150. For the outer computation in the sequential procedures, the iteration
terminates either when the absolute value of the difference between the log likeli-
hood functions of the last and the preceding cycle is smaller than 10 or when the
number of iterations exceeds 50.

In all cases, maximum likelihood estimators for simple Poisson Regression are
taken as starting values for the additive parameter and the regression coefficients.
These estimators can always be determined via the log likelihood function for the
simple Poisson Regression (Cameron and Trivedi 2013, Chap. 3.2.1).

4 Methods for evaluation

The computational procedures just outlined are evaluated via simulation studies, i.e.,
they are applied to data sets for which the true parameters to be found are known.
The whole investigation is restricted to data sets that could emerge in a randomised
controlled trial (RCT). Accordingly, the super-ordinated criterion with regard to
which the computational procedures are evaluated is the extent to which they help
to correctly recognise whether the intervention has an effect. The whole methodol-
ogy for reaching this goal consists of four different components: (1) the data sets
for the simulation studies; (2) the regression equations for which the parameters are
estimated; (3) the specific criteria according to which the computational procedures
are evaluated; and (4) the analyses performed with the data obtained from the simu-
lation study.

4.1 Data sets

Different data generating processes are applied to produce the data by means of
which the computational procedures are tested. Each specific data generating pro-
cess defines a specific scenario. All data generating processes are specifications of a
general data generating model. This model consists of four major components:

(1) A log-linear regression equation that regresses the mean count on one dichoto-
mous variable X; with X; € {0, 1}, and on two continuous variables X, and X;
with

X,.X; €[0,1],ie.,

E|Y|x;| = exp (ﬁg’o + Bo1x) + ByoXy + ﬁg,3x3); ®)

with f, ; being the parameters of the data generating model;
(2) aDouble Poisson distribution, which is combined with the regression equation;
(3) the distributions of the predictor variables; and.
(4) the sample size.
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The dichotomous variable corresponds to the study conditions, i.e. to the inter-
vention and the control condition to be compared in the RCT. Accordingly, 8,
describes the effect of the intervention. The continuous variables correspond to
covariates that might additionally affect the outcome, i.e. these variables are pos-
sible confounders. The coefficients f,, and f, ; determine whether there is actu-
ally an effect and, if yes, how large this effect is.

All scenarios investigated here have three attributes in common: (1) the sam-
ple size is always equal to 600; (2) f,, = In(3); and (3) all predictor variables
are uncorrelated. The restriction that X, and X; are uncorrelated with X; follows
directly from restricting the scope on data that emerge from an RCT. The crucial
defining feature of an RCT is that the entities of investigation have been assigned
randomly to the study conditions, i.e., to the two levels of X;. This directly implies
that the data generating process for the RCT is free of correlations between the
study condition and any other variables. Non-zero correlations between X, and
X; are excluded because otherwise the true effects of these variables on the count
variable can, in principle, not be identified without including both variables in the
regression equation. As a result, any failure in detecting the true effects would not
be due to deficiencies of the estimation procedure but to a misspecification of the
regression equation, and issues of misspecification do not belong to the problem
addressed in this study.

Apart from the three attributes just outlined, the scenarios differ with respect to
the other components of the general data generating model. To be specific:

(1) Two different values of g, ,,1.e., f,,=0,and §,,=1In 19), are considered. The
g1 g1 g1 9

first value means that the intervention has no effect on the outcome. The second
value means that there is such an effect.

(2) Three different combinations of values of f,, and f, 3, i.e., B, , = B,53=0, f,, = 1
and f,; =0, and §,, = f,; =1, are considered. The first combination means
that neither of the two possible covariates actually has an effect on the outcome
variable. The second combination means that only X, but not X; has an effect of
the outcome. The third combination means that both, X, and X;, have an effect
of the outcome. Among other things, the latter two combinations are included to
produce cases in which the empirical distributions of actual values conditioned
on the predicted values are not Double Poisson distributions. In this way, not-
well-behaved cases are produced.

(3) Four different values of the dispersion parameter a of the Double Poisson distri-
bution are considered, i.e., a, = 0.1, a, = 05,a,=1,and a, =2, witha, =0.1

and a, = 0.5 thereby signifying over-, a, = 1 eqlﬁi-, and a, =g2 under-dis;ersion
(see Formula 6). A dispersion parameter of 1 is selected because this parameter
marks the state of equi-dispersion and because this state plays a central role
in modelling count data. Dispersion parameters for over- and under-dispersion
are chosen to cover both possible deviations from equi-dispersion. For over-
dispersion, one instead of two parameters are chosen because over-dispersion is
more frequent than under-dispersion. One of these parameters has been chosen

to produce a very large over-dispersion because there is sometimes very large
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over-dispersion in real data and because the normalisation factor differs most
strongly from 1 in cases of very large dispersion.

(4) Two different distributions of X, are considered, i.e., p(X; = 1) = 0.1, and
p(X1 = 1) = 0.5. The second case is the most common in RCTs. The first case
is included as pars pro toto of all possible deviations from the most common
case.

(5) Two different distributions of X, are considered, i.e., a beta-distribution with a
mean of 1/5 and a variance of 16/1100 (right-skewed), and a beta-distribution
with a mean of 4/5 and a variance of 16/1100 (left-skewed). The two skewed
beta-distributions are chosen because they resemble distributions of possible
confounders. For example, age in a sample of students is usually right-skewed,
whereas a health-utility index (Horsman et al. 2003; Rabin and de Charro 2001)
in such a sample is usually left-skewed.

(6) Two different distributions of X; are considered, i.e., a beta-distribution with a
mean of 1/5 and a variance of 16/1100 (right-skewed), and a beta-distribution
with a mean of 4/5 and a variance of 16/1100 (left-skewed). The reason for
choosing these distributions is the same as for the distributions of X,.

All combinations of the different specifications of the model components are
applied. This results in altogether 192 different scenarios. For each scenario, 2000
data sets are produced.

4.2 Investigated regression equations

The data sets just described are analysed using two different regression equations.
The first equation contains only one predictor variable, i.e.,

E[lel] = exP(ﬂa,o + ﬁa,lxl) 9

with g, and f, | being the parameters of the data analytical model. In the following
text this equation will be referred to as the one-predictor equation. Such an equation
could be used to investigate the effect of the intervention without controlling for any
covariates. The second equation contains two predictor variables, i.e.,

E[lel,xz] = exp (B + BasXi + BurXy) (10)

with f,, B, and B, , being the parameters of the data analytical model. In the fol-
lowing text, this equation will be referred to as the two-predictor equation. Such an
equation could be used for investigating the effect of the intervention with control-
ling for one covariate.

If the one-predictor equation is applied for analysis of the data, this model only
matches the data generating model if §,, = f, 3 = 0. If the two-predictor equation is
applied, the data analysing model also matches the data generating model if §,, = 1
and B, = 0. If the data generating and the data analysing models do not match,
the distributions of actual values conditioned on the predicted values are no longer
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well-behaved. Such cases have been constructed to test how well Double Poisson
Regression works as a universal model for count data.

4.3 Evaluation criteria

The computational procedures are evaluated with respect to (1) the feasibility of the
computation, and (2) the quality of the parameter estimates. The criterion for assess-
ing feasibility is the number of non-converging computations, i.e., of convergence
failures. The criteria for assessing the quality of parameter estimates are (1) bias,
(2) root mean square error (RMSE) and (3) coverage (Morris et al. 2019). All crite-
ria regarding the quality of parameter estimates are determined separately for each
combination of scenario, regression equation and computational procedure. Bias
is thereby determined as the mean difference between the estimated and the true
parameter across the data sets for each of these combinations; RMSE as the root of
the mean squared difference between the estimated and the true parameter across
these data sets; and coverage as the percentage of data sets for which the true param-
eter lies within the estimated 95%-confidence interval across these data sets. Bias
and RMSE are computed for the additive parameter, the regression coefficients and
the logarithmised dispersion parameter; coverage only for the additive parameter
and the regression coefficients.

Bias, RMSE and coverage for f, and g, are not directly relevant for correctly iden-
tifying the effect of an intervention. They are nevertheless investigated because this
provides more insights into the quality of parameter estimation. Moreover, RMSE
differs from bias and coverage in that there is a monotonous relationship between
this statistic and the quality of parameter estimation. To be specific, the lower the
RMSE, the higher the quality. In contrast, the optimal value for bias is zero, with
values lower and higher than zero indicating losses in quality. In a similar way, the
optimal value of coverage with regard to a 95%-confidence interval is 95, with val-
ues lower and higher than 95 indicating losses in quality. For these reasons, RMSEs
for f, and for In(a), i.e., the logarithmised dispersion parameter, play the most cen-
tral role in evaluating quality of parameter estimation.

Bias, RMSE and coverage can only be computed if the values of the true param-
eters are given. The additive parameter, i.e. to f,,, must be computed. The formula
for computing this parameter depends upon the data analytical model. If this is the
one-predictor equation, the true additive parameter f_ ., i

Baoitrue = Pgo + PerE(Xy) + Py 3E(X3), (11)

with B, ¢, B, », and B, ; being the parameters from the data generating process, E(X,)
the expected value of X, as presupposed in the data generating process, and E(X5)
the corresponding expected value of X;. If the two-predictor equation is applied as
the data analytical model, the true additive parameter f,.,,,, is

Baosirue = Boo + Bg 3EX3). (12)

The true values of the regression coefficients, i.e., of f,; and B, ,, are identical
with the corresponding values of the data generating models.
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In contrast to the additive parameter and the regression coefficients, the disper-
sion parameter is only defined as a component of the Double Poisson Regression.
Therefore, in a strict sense, a true meaning of this parameter only exists if the distri-
bution of the actual values conditioned on the predicted values is a Double Poisson
distribution. In the setting considered here, this is this case if the model applied for
analysis of the data matches the model for generating these data. This, in turn, is the
case for both data analytical regression equations if they are applied to scenarios
with f,, and B, 5 equal to zero and, additionally, for the two-predictor equation if
this equation is applied to scenarios with f, , equal to one and f, 5 equal to zero. In
these cases, the dispersion parameters of the data generating models constitute the
true parameters. The analyses presented here are restricted to these cases.

4.4 Analyses

The major objective of the study presented here is to find the optimal computational
procedure that can be constructed by combining the different specifications of the
four investigated attributes of the computational procedures. However, to put this
adequately into context, some other aspects must be considered. To be specific, with
the treatment of the core question included, six specific research questions emerge:

(1) How do the four different attributes of the computational procedures affect the
parameter estimates?

(2) How do the four different attributes of the computational procedures affect the
feasibility and the quality of parameter estimation?

(3) To what extent do the effects on quality of parameter estimation vary with the
scenarios?

(4) What is the optimal computational procedure or, respectively, what are the opti-
mal computational procedures?

(5) What are the characteristics of the optimal computational procedure or, respec-
tively, the optimal computational procedures?

(6) How does the optimal computational procedure or, respectively, do the optimal
computationalprocedures perform in a case study?

The first research question calls for information regarding the extent to which attrib-
utes of the computational procedures can lead to differences in the quality of parameter
estimation. If there are no effects on the parameter estimates, there can be no effects on
the quality of parameter estimation. The second research question calls for an under-
standing of the function of the individual computational procedure attributes. Moreo-
ver, the answers to the second question provide the information needed to answer the
third question. The third research question calls for information as to how well the
results for the investigated scenarios can be generalised to scenarios not investigated.
The fourth research question is the central research question of the whole study. The
fifth research question calls for information regarding the performance of the optimal
procedure or, respectively, optimal procedures. The sixth and final research question
calls for additional information regarding performance with real data.
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4.4.1 Effects of computational procedure attributes on parameter estimates

The effects of the computational procedure attributes on the parameter estimates
are investigated separately for the one- and for the two-predictor equation. For
the one-predictor equation, only the parameters f;, f;, and In(a) are considered;
for the two-predictor equation additionally the parameter f,. The effect of a
computational procedure attribute on the parameters is operationalised via the
agreement between estimates produced by computational procedures that only
differ with regard to this attribute. The lower the agreement is, the larger is the
effect of this attribute on the parameter estimates, and the more the quality of
the estimates produced by different specialisations of this attribute may differ.
In the case of absolute agreement, the computational procedure attribute cannot
have any effect at all on quality of parameter estimates.

The agreement between parameter estimates is determined using intraclass
correlations (ICCs) for absolute values (Shrout and Fleiss 1979). These compu-
tations are performed separately for the two investigated regression equations,
for each regression equation for all 192 scenarios and within each scenario for
each combination of estimated parameter and investigated computational pro-
cedure attribute. The ICCs are aggregated across all scenarios by computing
means and standard deviations. For those computational procedure attributes for
which the ICCs deviate from zero to a noteworthy extent, the effects of scenario
attributes on ICCs are also investigated. For binary attributes, this is performed
using t-tests for independent samples; for attributes with more than two specifi-
cations using analyses of variance (ANOVAs) with the respective attribute as a
between-scenario factor.

4.4.2 Effects of computational procedure attributes on feasibility and quality
of parameter estimation

Just like the effects of the computational procedure attributes on the parameter
estimates, the effects of these attributes on the evaluation criteria are also inves-
tigated separately for the one- and the two-predictor equation. In both cases, the
same statistical approaches are applied. The effects on convergence failures are
tested on the level of the individual data sets using goodness-of-fit chi-square
tests for deviation from equal distribution. The effects on criteria regarding
the quality of parameter estimation are tested on the level of individual sce-
narios using ANOVAs with the four attributes of the computational procedures
as within-scenario factors. For criteria referring to f,, f;, and f,, all scenarios
are included. For criteria referring to In(a), the selection of included scenar-
ios depends upon the regression equation applied. If the one-predictor equation
is applied, only scenarios with g,, = f,5 =0 are included. If the two-predic-
tor equation is applied, these are only scenarios with §,; = 0. The restrictions
regarding In(a) are necessary because the true values for this parameter can only
be determined for these scenarios.
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4.4.3 Variability of results across scenarios

To assess the likelihood with which the results of the investigated scenarios can
be generalised to different scenarios, the extent to which the effects of the com-
putational procedure attributes on quality of parameter estimation vary with the
scenarios is investigated. The more these effects vary with the investigated sce-
narios, the less likely it is that the effects found for the total sample of scenarios
will be found for different scenarios. As the variability across scenarios is only
relevant for those attributes that affect the parameter estimates, only these attrib-
utes are considered in this context. As before, these investigations are performed
separately for the two regression equations. All evaluation criteria regarding the
quality of parameter estimation are considered. For criteria referring to f,, f;, and
p,, all scenarios, i.e., 192 scenarios, are included. For criteria referring to In(a),
the selection of included scenarios depends upon the regression equation applied.
If the one-predictor equation is applied, only scenarios with f,, = f,5 =0, i.e.,
64 scenarios, are included. If the two-predictor equation is applied, these are
only scenarios with ,Bg,3 =0, i.e., 128 scenarios.To assess the extent to which the
included computational attributes affect the evaluation criteria in the same way
for different scenarios, the ordinal relations in the result patterns for the individ-
ual scenarios are compared with the ordinal relations in the result pattern for all
scenarios together.

As several computational procedures are applied in the study, several result
patterns belong to one and the same scenario. For a binary computational pro-
cedure attribute, there are 2#2%*7=28 different patterns for one scenario. For
the attribute ‘algorithm’, there are 2¥2*2 =28 different patterns. In the analyses,
all these result patterns are treated as discrete analytical units. Accordingly,
192#28 =5,376 different analytical units are considered if the effect of a binary
attribute on an evaluation criterion referring to f,, f;, or f, is investigated. In
contrast, if the effect of the attribute ‘algorithm’ on a criterion referring to In(a)
is investigated, and if the one-predictor equation is applied, the number of investi-
gated analytical units is only 64*8 =512.

For binary computational procedure attributes, the agreement of the patterns
for individual analytical units with that for all scenarios together is investigated
by determining the percentages for three different constellations: (1) concordant
results, i.e., the constellation that both effects are in the same direction with ties
on both sides counting as effects in the same direction; (2) ambiguous results,
i.e., the constellation that there is a tie on one side but none on the other; and (3)
discordant results, i.e., the constellation that both effects are in opposite direc-
tions. For the attribute ‘algorithm’, a slightly more complicated procedure must
be applied. This procedure consists of three steps: (1) on the level of analytical
units, each pair of specifications of this attribute is categorised according to the
three constellations just described; (2) for each analytical unit the percentages
of constellations across all pairs is determined; and (3) the means of percent-
ages for the three different constellations are computed across all analytical units.
For especially relevant combinations of computational procedure attributes and
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evaluation criteria for which the percentage of concordant results is low, the dis-
tributions of scenario attribute specifications within the three constellations are
analysed.

4.4.4 ldentification of the optimal computational procedure or, respectively,
procedures

The optimal computational procedure is determined via a sequence of examinations,
decisions and actions. The first examination addresses the question as to which of
the investigated computational procedure attributes has a noteworthy effect on the
parameter estimates. For those attributes that have no such effect, the selection of
the optimal attribute specification is based, firstly, on convergence failures and, sec-
ondly, on simplicity in programming. For those attributes that have such an effect,
the specification is based on the quality of parameter estimation and on the extent to
which the results regarding the quality of parameter estimation seem stable.

As the superordinate criterion for evaluating the computational procedures is
their capability to support identification of the effect of an intervention, and as only
the RMSEs have a monotonous relationship to quality of parameter estimation, the
crucial criteria for judging the quality of parameter estimation are the RMSEs for f,
and In(a). Accordingly, those specifications are selected that have the lowest RMSEs
for both parameters. If the effects are neither stable across scenarios nor very large,
the decision is based, firstly, on convergence failures and, secondly, on simplicity in
programming. For computational procedure attributes that affect the RMSEs for f,
and In(a) distinctly in opposite directions, no decision is made. In this case, no sin-
gle optimal computational procedure, but only a set of potentially optimal computa-
tional procedures, can be identified. In data analyses, these optimal computational
procedures might then be applied parallel to each other for cross-validation.

4.4.5 Characteristics of the optimal computational procedure or, respectively,
procedures

To identify the optimal computational procedure or, respectively, the potentially
optimal computational procedures, means and standard deviations as well as minima
and maxima are determined for the evaluation criteria regarding quality of param-
eter estimation. This is, again, conducted separately for both regression equations.
Moreover, if the standard deviations are large, additional analyses are conducted
regarding the dependencies on scenario attributes.

4.4.6 Casestudy

The case study is performed with data from an evaluation study regarding an inter-
vention designed to reduce exacerbations in chronic obstructive pulmonary disease
(COPD) (Storgaard et al. 2018). In this study, 100 persons had been randomised
to the intervention and 100 to the control group. The study outcomes were the
number of exacerbations of COPD and the number of days in hospital. Both vari-
ables are applied as the outcome variables in the case study. Both the one- and the
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two-predictor equation are employed. In the latter case, number of exacerbations or,
respectively, number of days in hospital in the year before the study are taken as the
covariate. When analysing the data, different approaches are compared. On the one
hand, Negative Binomial Regression and Poisson Regression with robust standard
errors are applied; on the other hand, Double Poisson Regression, either with the
particular computational procedure that has been identified as optimal, or with those
computational procedures that have been identified as potentially optimal.

4.4.7 Computational realisation

The analyses performed on the level of the individual data sets are performed with
R. All other analyses are performed using SPSS Version 29.

5 Results
5.1 Effects of computational procedure attributes on parameter estimates

The attributes of the computational procedures affect the parameter estimates to a
different extent. The treatment of the normalisation factor has a large effect on the
parameters, the estimation strategy a moderate effect, and starting value and algo-
rithm hardly any effect (see Table 2). The effect of the normalisation factor shows
for all four parameters, with /n(a) being affected very strongly, f, affected moder-
ately, and the other two parameters affected slightly. The effect of estimation strat-
egy only shows for those two parameters that are mostly affected by the treatment of
the normalisation factor, i.e., for f; and In(a) (see Table 2). The agreement between

Table2 ICCs for parameter estimates with computational procedure attribute listed in the first column
varying

Computational procedure Parameters of Double Poisson regression®

attribute

Bo B B In(a)
One-predictor equation
Normalisation factor 711 (.461) 992 (.014) - .192 (.730)
Estimation strategy 999 (.001) 1.000 (<.001) - 997 (.006)
Starting value 1.000 (<.001) 1.000 (<.001) - 1.000 (<.001)
Algorithm 1.000 (<.001) 1.000 (<.001) - 1.000 (<.001)
Two-predictor equation
Normalisation factor .864 (.278) 993 (.013) .980 (.035) 202 (.737)
Estimation strategy 1.000 (.001) 1.000 (<.001) 1.000 (<.001) 996 (.006)
Starting value 1.000 (<.001) 1.000 (<.001) 1.000 (<.001) 1.000 (<.001)
Algorithm 1.000 (<.001) 1.000 (<.001) 1.000 (<.001) 1.000 (<.001)

By, B1» P. and In(a) are the generic terms of the parameters to be estimated. Cell entries are mean (stand-
ard deviation). All statistics are based on 192 scenarios
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parameter estimates produced by different treatments of the normalisation factor
varies by far to the greatest degree with dispersion (see Table 3). The agreement
seems to be largest for dispersion close to the point of equi-dispersion and decreases
to both sides of this point. The differences in agreement are largest for the estima-
tion of the logarithmised dispersion parameter. For dispersion parameters of 0.1
and of 2.0, i.e., for very strong over- and very strong under-dispersion, the ICCs
even become negative (see Table 3). This means that the mean squares between the
two parameter estimates produced by different methods for the same data set are
larger than the mean squares between the parameter estimates produced by the same
method for different data sets.

5.2 Effects of computational procedure attributes on evaluation criteria

Each of the four attributes has a high statistically significant effect on feasibility as oper-
ationalised by failures of convergence. This holds true, both if the one-predictor and if
the two-predictor equation is applied (see Tables 4 and 5). The results are very distinct
for the attribute ‘algorithm’. There are only failures in the case of the Newton—Raph-
son and the BHHH algorithm, whereas there are no failures at all for the BEGS algo-
rithm (see Tables 4 and 5). However, in all cases the relative frequencies of failures are
extremely low. They vary from exactly zero for all applications of the BFGS algorithm

Table 3 Relation between
dispersion and ICCs regarding
different treatments of the
normalisation factor Po by b In(a)

Dispersion parameter of Parameters of Double Poisson regression®
data generating model

One-predictor equation

0.1 -.032 971 - -..796
0.5 .995 1.000 - 931

1.0 1.000 1.000 - .658
2.0 .883 998 - -..024
Standard deviation® 499 .014 - 771
Statistical test® p<.001 p<.001 - p<.001
Two-predictor equation

0.1 497 972 926 -..797
0.5 .998 1.000 1.000 939
1.0 1.000 1.000 1.000 675
2.0 959 998 .995 -..007
Standard deviation® .245 .014 .036 777
Statistical test® p<.001 p<.001 p<.001 p<.001

By, B, Pp, and In(a) are the generic terms of the parameters to be
estimated. Except for rows denominated with standard deviation or
statistical test, cell entries are means. Each mean is based on 48 sce-
narios

bStandard deviation between means

“Test for difference between means
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Table 5 Effects of the computational procedure attributes: Two-predictor equation

Computational pro-
cedure attribute

Feasibility> Quality of parameter estimation®

Failures bo€ b
Bias;o° RMSE,,° Coverage Bias,,,° RMSE,,° Coverage
Normalisation factor
1 10 8.2723  16.2868 82.84%  -.5919 6.8462 95.22%
Approximation 7 12.1234 18.8133  76.87%  -.7333 6.3059 94.23%
Stand. deviation 2.121 27231  1.7865 422 .1000 .3820 .70
Statistical test p=.629 p<.001 p<.001 p<.00l p<.001 p<.001 p<.001
Estimation strategy
Simultaneous 12 102566 17.5990  79.86%  —..6642 6.5684 94.79%
Sequential 5 10.1391 17.5011 79.85%  —..6605 6.5837 94.67%
Stand. deviation 4.950 .0831 .0692 .03 .0026 .0108 .09
Statistical test p=.096 p<.001 p<.001 p=.267 p<.001 p<.001 p<.001
Starting value
1 15 10.1976 17.5499  79.86%  -..6626 6.5760 94.73%
Computed 2 10.1981 17.5503 79.86%  —..6626 6.5761 94.73%
Stand. deviation 9.192 .0004 .0003 .00 .0000 .0001 .00
Statistical test p<.01 p<.001 p<.001 p=.388 p<.001' p<.001 p=.575
Algorithm®
NR; Num 5 10.1978 17.5501 79.714%  —..6626 6.5761 94.66%
NR; Mixed 0 10.1978 17.5501 79.74%  —..6626  6.5761 94.66%
NR; Algebraic 0 10.1978 17.5501 79.74%  —..6626 6.5761 94.66%
BHHH; Num 6 10.1978 17.5501 80.13%  —..6626 6.5760 94.89%
BHHH; Mixed 6 10.1978 17.5501 80.13%  —..6626 6.5760 94.89%
BFGS; Num 0 10.1979 17.5500  79.75%  —..6626 6.5760 94.66%
BFGS; Mixed 0 10.1979 17.5500  79.74%  —..6626 6.5761 94.66%
Stand. deviation 3.047 <.0001 <.0001 11 .0000 .0001 .10
Statistical test p<.001 p=.845 p=.189 p<.001 p<.01f p<.05 p<.001
Computational proce-  Feasibility*  Quality of parameter estimation®
dure attribute
Failures b€ In(a)
Bias,° RMSE,,,°  Coverage  Bias;,,° RMSE,(°
Normalisation factor
1 10 —.4.2466  22.6216 94.08% 9.0516 17.9827
Approximation 7 -.6.6124 224712 90.52% 209710  24.2020
Stand. deviation 2.121 1.6729 .1063 2.52 8.4283 4.3977
Statistical test p=.629 p<.001 p=.528 p<.001 p<.001 p<.001
Estimation strategy
Simultaneous 12 —.5.4580  22.5459 92.35% 147627  20.8508
Sequential 5 -.54011  22.5468 92.26% 15.2599  21.3359
Stand. deviation 4.950 .0402 .0006 .04 3516 .3430
Statistical test p=.096 p<.001 p=.916 p<.001 p<.001 p<.001
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Table 5 (continued)

Computational proce-  Feasibility*  Quality of parameter estimation®
dure attribute

Failures B, In(a)?

Bias,y° RMSE,,,°  Coverage  Bias;o,° RMSE,y°

Starting value

1 15 —.54293  22.5463 92.30% 15.0117  21.0935
Computed 2 —-.54297 225464 92.30% 15.0109  21.0932
Stand. deviation 9.192 .0003 .0001 .00 .0006 .0002
Statistical test p<.01 p<.001 p<.05 p=.947 p<.001 p<.001
Algorithm®

NR; Num 5 —.54296  22.5464 92.27% 15.0114  21.0934
NR; Mixed 0 -.54296  22.5464 92.27% 15.0114  21.0934
NR; Algebraic 0 -.54296  22.5464 92.27% 15.0114  21.0934
BHHH; Num 6 —.5.4298  22.5465 92.39% 15.0142  21.0936
BHHH; Mixed 6 -.5.4298  22.5465 92.39% 15.0138  21.0936
BFGS; Num 0 -.5.4291  22.5461 92.27% 15.0142  21.0932
BFGS; Mixed 0 -.5.4292  22.5462 92.27% 15.0147  21.0931
Stand. deviation 3.047 .0002 .0002 .03 .0015 .0002
Statistical test p<.001 p<.05 p<.05 p<.05 p<.001 p<.001

“Except for rows denominated with ‘Stand. deviation’ or ‘Statistical test’ cell entries are absolute fre-
quencies. Entries in the rows denominated with ‘Stand. deviation’ are standard deviations between these
frequencies, and entries in the rows denominated with ‘Statistical test’ are tests regarding differences
between these frequencies. For binary attributes, the number of computations for each specification of
the attribute is 192 (scenarios) *28 (specification combinations of the other computational procedure
attributes) *2000 (data sets)=10,752,000; for the attribute algorithm, the number of computations for
each specification is 192 (scenarios) *8 (combinations of the other computational procedure attributes)
#2000 (data sets)=3,072,000

® Bo. By B,. and « are the generic terms for the parameters to be estimated. Except for rows denominated
with ‘Stand. deviation’ or ‘Statistical test’ cell entries are means. Entries in the rows denominated with
‘Stand. deviation’ are standard deviations between these means, and entries in the rows denominated
with ‘Statistical test’ are tests regarding differences between these means

°For binary attributes, means are based on 192 (scenarios) *28 (specification combinations of the other
computational procedure attributes)=>5,376 values; for the attribute ‘algorithm, means are based on 192
(scenarios) *8 (specification combinations of the other computational procedure attributes)=1,536 val-
ues

4Only scenarios with f; = 0 are included. Accordingly, for binary attributes, means are based on 128
(scenarios) *28 (specification combinations of the other computational procedure attributes)=3,584 val-
ues; for the attribute ‘algorithm’, means are based on 128 (scenarios) *8 (specification combinations of
the other computational procedure attributes) = 1,024 values

°Bias and RMSE have been multiplied by 100 to increase readability of the table entries

Difference between the descriptive values only shows after the fourth digit following the decimal point
8NR Newton-Raphson, BHHH Berndt-Hall-Hall-Hausman, BFGS Broyden-Fletcher-Goldfarb-Shanno,
Num gradient and Hessian matrix numerically determined, Mixed gradient algebraically and Hessian
matrix numerically determined, Algebraic gradient and Hessian matrix algebraically determined
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to 0.0000014 for the completely algebraic variant of the Newton—Raphson-algorithm,
if it is applied for the one-predictor equation (see Tables 4 and 5).

The four computational procedure attributes affect the criteria regarding the qual-
ity of parameter estimation to very different degrees. The standard deviations between
the means of the different specifications of the same computational procedure attribute
are very large for the treatment of the normalisation factor, moderate for the estima-
tion strategy, and hardly existent for the remaining two attributes (see Tables 4 and 5).
Admittedly, there are also several statistically significant effects for these remaining
two attributes. However, these effects mainly result because there is hardly any error
variance for these two attributes. The differences just outlined between the four compu-
tational procedure attributes are completely in line with the results regarding the effects
of the computational procedure attributes on the parameter estimates (see Table 2).

5.3 Variability of results across scenarios

As starting value and algorithm have hardly any effect on the parameter estimates, vari-
ability of results regarding the effects on quality of parameter estimation are only inves-
tigated for the treatment of the normalisation factor and the general estimation strategy.
With a few exceptions, the percentage of concordant analytical units is at best moderate
(see Table 6). For the attribute ‘estimation strategy’ there are, with regard to coverage,
even quite considerable percentages of ambiguous analytical units. Altogether, these
results indicate that the computational procedure attributes have different effects for
different scenarios. Accordingly, generalising the results obtained from the scenarios
obtained in this study to different scenarios is highly questionable.

As the treatment of the normalisation factor has by far the largest effect on quality of
parameter estimation and as the RMSEs for g, and for /n(a) are most important, closer
inspection is given to the way in which scenario attributes affect the effect of the nor-
malisation factor on these two evaluation criteria. The main result is that the dispersion
parameter in the data generating model affects these effects to the largest extent. For
a dispersion parameter of 0, i.e., for very strong over-dispersion, all results are con-
cordant for both parameters. For a dispersion parameter of 0.5., i.e., for moderate over-
dispersion, nearly all results for f, and absolutely all results for /n(a) are discordant. For
a dispersion parameter of 1, i.e., for equi-dispersion, the results for both parameters are
oppositional. For f,, nearly all results are concordant and for /n(a) absolutely all results
are discordant. For a dispersion parameter of 1, i.e., for moderate under-dispersion, all
results are concordant except for In(a), if the two-predictor equation is applied. In the
latter case, only about two thirds of the results are concordant and the remaining results
are discordant (see Table 7).

5.4 Identification of the optimal computational procedure or, respectively,
procedures

As starting value and algorithm have virtually no effect on the parameter esti-

mates, the selection of the optimal specification of these two attributes is solely
based on convergence failures and on simplicity of programming. The attribute
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‘algorithm’ has a very distinct effect on convergence failures. For two specifica-
tions of this attribute, i.e., for the two variants of the BFGS algorithm, there are
exactly no convergence failures at all. For the other five, there are, at least, very
few convergence failures. Accordingly, these other five algorithms are discarded.
With these five algorithms discarded, there are no longer any convergence fail-
ures. Therefore, the final selection of the specifications for the attributes ‘algo-
rithm’ and ‘starting value’ can be based solely on simplicity of programming.
As it is easier to set the starting value equal to 1 than to compute it, the first
alternative is chosen. Moreover, as it is easier, with the BFGS Algorithm at hand,
to have the gradients determined numerically rather than algebraically, the com-
pletely numerical version is chosen.

For the remaining two computational procedure attributes, the decision must
be based on the effects regarding quality of parameter estimation. For the attribute
‘estimation strategy’, simultaneous estimation of the regression coefficients and the
dispersion parameter leads to lower RMEs for f, and /n(a) for both regression equa-
tions. However, this result is not very stable across scenarios (see Table 6). On the
other hand, the effects of the estimation strategy are generally not very large (see
Tables 4 and 5). Consequently, choosing the specification for the estimation strat-
egy on the grounds of simplicity of programming seems wise. This decision rule
also leads to simultaneous estimation. Therefore, this specification is chosen. For
the remaining attribute, i.e., for the treatment of the normalisation factor, no clear
result emerges. For both regression equations, the RMSE for g, is higher if the nor-
malisation factor is set equal to 1, whereas, in this case, the RMSE for In(a) is lower.
Moreover, the results vary strongly with the scenario, specifically with the disper-
sion (see Tables 6 and 7). Thus, no decision can be made as to whether the normali-
sation factor should be set equal to 1 or approximated via the formula proposed by
Efron (see formula 4).

Because of the results regarding the normalisation factor, no unique optimal com-
putational procedure, but only a set of potentially optimal computational procedures,
can be identified. This set consists of two procedures. These two procedures have
three components in common, i.e., (1) the regression coefficients and the disper-
sion parameter are estimated simultaneously; (2) the starting value for the dispersion
parameter is 1; and (3) the completely numerical variant of the BFGS algorithm is
used. The two potentially optimal procedures differ with regard to the treatment of
the normalisation factor. In one of these procedures, this factor is set equal to 1; in
the other it is approximated using the formula of Efron (see Formula 4).

5.5 Characteristics of the optimal computational procedure or, respectively,
procedures

The two potentially optimal computational procedures have nearly the same val-
ues for the criteria regarding quality of parameter estimation as do the two attribute
specifications with respect to which the procedures differ, i.e. the two treatments of
the normalisation factor (see Tables 4, 5, and 8). However, there is a large varia-
tion across scenarios. This applies especially to the criteria referring to ff,. In some
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Table 7 Distributions of

. Concordant analyti- Discordant
concordant and discordant Y

. . X cal units analytical
analytical units regarding units
normalisation factor separated
for dispersion levels One-predictor equation

RMSE: g, ¢

a,=0.1 100.0% -
a,=0.5 0.1% 99.9%
a,=1 100.0% -
a,=2 100.0% -
RMSE: In(a)®

a,=0.1 100.0% -
a,=0.5 - 100.0%
a,=1 - 100.0%
a,=2 100.0% -
Two-predictor equation

RMSE: g, ?

a,=0.1 100.0% -
a,=0.5 0.1% 99.9%
a,=1 96.9% 3.1%
a,=2 100.0% -
RMSE: In(a)°

a,=0.1 100.0% -
a,=0.5 - 100.0%
a,=1 - 100.0%
a,=2 68.8% 31.3%

“Number of analytical units per row is 48 (scenarios) * 28 (result
patterns per scenario) = 1,344

®Only scenarios with B,> = B,3 = 0 are included. Accordingly, the
number of analytical units per row is 16 (scenarios) * 28 (result pat-
terns per scenario) =448

“Only scenarios with f3, 3 = 0 are included. Accordingly, the number
of analytical units per row is 32 (scenarios) *28 (result patterns per
scenario) =896

scenarios, the parameter estimation fails completely. There are even scenarios with
zero coverages. These scenarios are exclusively scenarios with a dispersion param-
eter of 0.1, i.e., scenarios with very high over-dispersion. However, for practical
applications, f,, i.e., the additive parameter, is usually not important. In contrast,
with regard to practical applications, the RMSEs for f; and In(a) are crucial. There-
fore, closer inspection is conducted regarding the way in which the scenario attrib-
utes determine these variables. It is, again, the dispersion that has the largest effect
and it is, again, the dispersion level of 0.1. i.e., high over-dispersion, for which the
results are by far the worst (see Table 9). However, the effects of dispersion on the
estimation of f, are by far less detrimental than the effects on the estimation of f,.
The worst coverage obtained for g, is 85.20% (see Table 8).
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5.6 Case study

If the two potentially optimal computational procedures are applied to the data of the
case study (Storgaard et al. 2018), these procedures yield, with the exception of the
significance level, the same results for all statistical tests regarding the parameters (see
Table 10). With one exception, the two approaches used as comparators, i.e., Poisson
Regression with robust standard errors and Negative Binomial Regression, provide the
same test results, in so far as these tests can also be performed with these two compara-
tors. The exception is due to the Negative Binomial Regression combined with the two-
predictor equation. In contrast to all other approaches, this approach does not provide
a statistically significant result for f; for the outcome ‘days in hospital’ (see Table 10).

For the outcome ‘number of exacerbations’, all approaches yield nearly the same
estimates for ff,. For the outcome ‘days in hospital’, this also applies if the one-predic-
tor equation is employed. The results produced by the two-predictor equation are dif-
ferent. Moreover, for this equation, the result of Negative Binomial Regression differs
from the results of the other three procedures. The parameter estimates of f; are only
close to each other if the one-predictor equation is applied to ‘number of exacerba-
tions’. With the two-predictor equation applied to this outcome, and with ‘days in hos-
pital’ as outcome, the estimates of f, differ. For the same outcome, the estimates of f,
are close together. In contrast, the estimates of In(a) obtained with the same equation
for the same outcome differ slightly from each other (see Table 10).

6 Discussion

Four different attributes of computational procedure for estimating parameters for the
Double Poisson Regression have been investigated here. The investigations have pro-
vided important information for all four attributes. However, there are qualitative dif-
ferences between the kinds of information provided for the four different attributes.
For some attributes, this information mainly has direct implications for data analysis;
for other attributes, this information has more implications for future research. For the
treatment of the normalisation factor, the extent to which the information has implica-
tions for future research is largest, and, for the algorithm applied to find the parameters,
it is smallest. For this reason, the four attributes are discussed in reverse order in com-
parison with the preceding text, i.e., (1) algorithm, (2) starting value, (3) estimation
strategy, and (4) treatment of the normalisation factor.

6.1 Algorithm

The most important result regarding the algorithms and their different variants is that
all of them provide virtually the same results. This result can be interpreted as a kind
of cross-validation of the three algorithms and their different variants. This cross-val-
idation implies that the three algorithms and their different variants all work almost
perfectly. Each algorithm and each variant can be applied with hardly any problems.
There might only be some very small problems with convergence failures for the
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Table 9 Mean RMSE:s for

$, and In(a) separated for Computational procedure
1

dispersion levels® Normalisation Approximated
factor=1 normalisation
factor

One-predictor equation
100*RMSE: g, °

a,=0.1 11.7170 9.7275
a,=0.5 3.7655 3.7789
{lg=1 5.1521 5.1473
a,=2 7.1575 6.8870
100*RMSE: In(a)*

a,=0.1 57.9876 84.3466
a,=0.5 6.0126 5.7873
a,=1 10.1814 5.3934
a,=2 6.8533 11.6862

Two-predictor equation
100*RMSE: g, °

a,=0.1 11.6939 9.7206
a,=0.5 3.5937 3.6074
a,=1 5.0319 5.0296
a,=2 7.0649 6.8047
100:RMSE: In(a)*

a,=0.1 495112 74.3490
a,=0.5 5.9360 5.7942
a,=1 8.7889 5.4893
a,=2 7.6899 9.2426

8

*All differences related to dispersion are statistically significant with
p<0.001

®Number of scenarios per cell is 48

“Only scenarios with f,, = f,5 = 0 are included. Accordingly, the
number of scenarios per cell is 16

4Only scenarios with B, 3 = 0 are included. Accordingly, the number
of scenarios per cell is 32

Newton—Raphson and the BHHH algorithm. This makes the BFGS algorithm the
safest choice. Both variants of this algorithm are fine. However, having the gradients
determined numerically causes the least problems in programming. For this reason, this
variant seems to be optimal.

6.2 Starting value

The results for the starting value are similar to the results for the algorithm. Both
starting values investigated here produce virtually the same parameter estimates.
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This indicates that both work fine. This, in turn, provides justification for choosing
the simplest approach, i.e., for taking 1 as a starting value.

6.3 Estimation strategy

The results for the estimation strategy are not as unambiguous as the results for
the algorithm and the starting value. The two estimation strategies do not produce
exactly the same parameter estimates. Moreover, there are also slight differences
with respect to the evaluation criteria regarding quality of parameter estimation.
To the extent that these differences exist, they indicate an advantage for simulta-
neous in contrast to sequential estimation. However, these differences are not very
stable across scenarios. This provides some justification for putting the decision for
simultaneous estimation in question. On the other hand, the effects of the estimation
strategy on quality of parameter estimation are, as a whole, very small. Moreover,
simultaneous estimation is computationally simpler than sequential estimation. This,
again, is an argument for simultaneous estimation. Nevertheless, the fact that there
are some unclear effects of estimation strategy on the parameter estimates and qual-
ity of parameter estimation could be seen as a starting point for research aimed at
identifying the conditions that determine which of the two strategies is better. How-
ever, considering the small size of the effects, this research will not be of much prac-
tical relevance.

6.4 Normalisation factor

The results regarding the treatment of the normalisation factor differ substantially
from the results for the other computational procedure attributes. The treatment
of the normalisation factor strongly affects the parameter estimates and quality of
parameter estimation. However, the results provide no hint as to which of the two
treatments is better. Consequently, based on the results presented here, the best and
only recommendation that can be given for data analysis is to apply both treatments
parallel to each other for sensitivity analysis. If both analyses provide the same
answer for the research question addressed, the answer that should be given is clear.
Otherwise, there are some interpretational problems.

This uncertainty regarding the treatment of the normalisation factor defines new
research questions that are definitely of high practical relevance. One of these ques-
tions is what the conditions are that determine which of the two investigated treat-
ments is better. A further question is how treatment of the normalisation factor could
be improved. The next candidate for a reasonable answer to this question is the treat-
ment applied in the R-package for GAMLSS (Stasinopoulos and Rigby 2023). This
consists in defining a limit for the infinite sum in the mathematically correct formu-
lation of the normalisation factor and computing the sum until this limit. The central
problem of this approach is to find reasonable rules for defining the limit. Setting
the limit too low will render the computation inaccurate due to missing information.
Setting the limit to high will render the computation inaccurate due to accumulation
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of computational inaccuracy. A further approach for a better treatment of the nor-
malisation factor might consist in a better approximation than that proposed by
Efron. All in all, there are several avenues for promising research in this context.

Appendix

Log likelihood functions, gradients, and Hessian matrices.

1. General remarks

As the log likelihood functions are maximised with respect to a/ with Exp(a’) = «,
all equations are given in two presentations, one using Exp(a/), the other using a.

2. Log likelihood functions
2.1. Normalisation factor set equal to 1

If the normalisation factor is set equal to 1, the log likelihood function is

LL(core) = Z [@ /2 = pExp(’) —y; +y(Iny; — In(T(y; + 1)) + y;Exp(a’) (1 + In p; — Iny,)]
g (A)
= Z [ln(a)/Z — ;e —y; +y(ny; — [”(r(yi + 1)) +yia(1 +1Iny; — lnyi)].
i=1
with n the number of cases and y; defined as in Eq. 2 in the main text, and I" the
gamma function.

2.2. Approximated normalisation factor

If the normalisation factor is approximated, the log likelihood function is

- 1- Exp(a’ ) 1
LL(complete) = LL(core) — ) In|1+ (l + >
,Z‘ 12Exp(a’)p; Exp(a’)p;

n

= Z [ln(a)/Z— wa—y; +y(ny, —in(C(y; + 1)) + y;a(1 +Ing; —Iny,) = In [1 + 112;;: (l +

)|

(A2)

1
i=1 ay;

3. Gradients
3.1. Normalisation factor set equal to 1

If the normalisation factor is set equal to 1, the gradients are
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OLL
M Z [— — wExp(a’) + y;Exp(a’) (1 +1n y; — lny,»)}
:, . (A3)
= [g—yia+yia(l+ln/4i—lnyi)]
i=1
and
6LL(c0re) c
Z xExp(a') (vi = ) = D x5 (vi = ) (Ad)
i=1
with x;; being the value of case i on variable j.
3.2. Approximated normalisation factor
If the normalisation factor is approximated, the gradients are
dLL(complete)  dLL(core) = Exp (a’) — H;Exp (“,) -2
da/ da’ S 12u2Exp(@')* + (1 = Exp(a)) (u,Exp(e’) + 1)
1 a—pa—2
= ——pa+ya(l+Iny —Iny;) —
;[2 o+ i i~ Iny,) 12/4i2a2+(1—a)(/4ia+1)}
(AS)
and
OLL(complete) ~ dLL(core) 4 i (1 = Exp(a’) (nExp(a’) +2)
= X
9p; 9p; S 1202 Exp(a’)’ + (1 — Exp(a’)) (uExp(@’) + 1)
Z (1 —a)(pa +2)
) 12,4§a2 +(1-a)(pa+1)
(A6)

4, Hessian matrices
4.1. Normalisation factor set equal to 1

If the normalisation factor is set equal to 1, the entries of the Hessian matrix are

2 n
9'LL(core) ZExp [y 1+ 1ny; —lnyl) =Za[yi(1+lnyi—lnyi)—yi].

T o0a'da’
(A7)

i=1
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0*LL(core)  9*LL(core)
= .E. i 1),
9a'9p, op0a Zx (e Zx (i = i) (A8)
and
62LL(core)
i S W;E z = E
aﬂjaﬁk Xp xyxzk —H& 'xlj‘xlk (A9)

4.2, Approximated normalisation factor

If the normalisation factor is approximated, the entries of the Hessian matrix are

2 3 2_ 2 2
02 LL(complete)  0*LL(core) iE , Exp(a’) [12”,‘ 2 -+ ”l] +Exp(a’) [48/‘1' _4”f] -1
- _ p

oa’ 0o’ da’ oo’

2
(IZ;A[ZExp(D(’)Z +(1- Exp(n’))(y,-Exp(a’) + l))

o? [12;4? - 12;41,2 - uiz +”i] +a[48ui2 - 4/‘1’] +pi—1

-

,v,-(l +1n y; —lny[} — Ui —

—a ~
1 (12;4’,2a2+(|—a)(;4,»a+|))

i

(A10)
62LL(complete) _ 02LL(complete) _ 0%*LL(core)
oa’'9p; af;0ar da’0p;
! . —12/4!,2Exp(a’)2 + 24/4,-Exp(a’)2 - Exp(ot’)2 - 48/4,—Exp(a’) + 2Exp(a’) -1
* ;1 e (12;43Exp(a')2 + (1 = Exp(a) (u;Exp(a’) + 1))2
—12;4?052 +24p02 — a® — 48,0 + 2 — 1

=« X — U+ H;
Z v o (120202 + (1 — &) (g + 1))’

(A11)
and

2
02 LL(complete) _ 02LL(core) Exp(a) 7122 + Exp(’) (48 = 1) + 1

n
30,00 = 30,00 + Z{xuxiky,Exp(a')(Exp(a') - 1)

2
(12ﬂl?Exp(a’)2 + (1 = Exp(a’)) (p;Exp(a’) + l))

n 12yi2a2+48yia7a+1
=a Y x| @—1) -1
= (12;4,.20(2 +(1—a)(/4ia+l))

(A12)
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