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Abstract 

This work investigates the feasibility and methodology of representing the European 
Union’s AI Act in Higher-Order Logic to facilitate automated ethical reasoning. The AI 
Act and its modalities are thoroughly analyzed, and existing embeddings of Standard De-
ontic Logic and Dyadic Deontic Logic are employed to represent a selection of these modali-
ties, specifcally Obligations and Contrary-to-Duty Obligations, in Isabelle/HOL. To capture 
Agency and Agentive Obligations, embeddings of Temporal Deontic STIT logic and variants 
of DDL are introduced. The efectiveness and limitations of diferent embeddings are evalu-
ated by formalizing example sections of the AI Act in the embedded logics and utilizing the 
automated theorem provers, satisfability modulo theories solvers, and model fnders avail-
able in Isabelle/HOL. The results provide valuable insights into the challenges of automated 
legal reasoning in HOL in a complex context, highlighting the strengths and limitations of 
current theorem-proving tools. 

Keywords: Legal Reasoning, Deontic Logic, STIT Logic, Higher-Order Logic, Semanti-
cal Embeddings, Automated Theorem-Proving 
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Chapter 1 

Introduction 

1.1 Context 

The integration of AI systems into society has spurred a pressing need for robust ethical 

guidelines and legal frameworks to govern their usage. In contemporary times, most people 

have come in close contact with AI systems via AI flters on social media, customer service 

bots, or Open AI’s newest language model, ChatGPT. The latter is currently a matter of 

controversial debate. Newspapers, podcasts, and other media channels publish discussions on 

the benefts and dangers of the new technology. Concerns range from issues of data privacy 

(Gillmann et al., 2023) to the implications of ChatGPT in educational settings (Kammerl & 

Kniess, 2023), as well as the reliability of information generated by the model (Moini, 2023). 

In response to the deep intertwining of technology and society, governments worldwide 

are challenged with fnding suitable regulations for new technologies. The so-called AI Act 

(AIA) is the frst stride in governing AI systems within the European Union (EU) (European 

Parliament, 2023). After months of discussions, the European Council approved it on the 

21st of May 2024 (Uuk, 2023, 2024b). Once the Council and the European Parliament have 

signed the document, it will enter into force after twenty days (Uuk, 2024a). Member states 

will have a two-year transitional period to implement the new law, with some provisions 

holding earlier (Uuk, 2024b). 

This complex legislation is expected to impact the companies mandated to adhere to it, 



the individuals who must be aware of it, and the institutions tasked with its enforcement. 

It also raises difcult questions: How can the AIA be implemented in practice? How can 

lawmakers check whether AI systems conform to the regulations and ensure companies fulfll 

their new duties? 

The thesis seeks to explore solutions to these challenges, aiming to contribute valuable 

insights into the practical implementation of the AIA. One approach to ensuring compliance 

with the AIA involves leveraging AI itself, particularly symbolic AI, to represent the AIA’s 

rules and restrictions in a logical language. By encoding the AIA in a formal logic frame-

work, AI systems could potentially self-regulate. Ideally, verifcation of conformity with the 

AIA could then occur automatically, based on various inputs such as text, questionnaires, 

or even real-time AI applications. 

1.2 Goals and Methodology 

This thesis builds upon the Logic and Knowledge Engineering Framework and Method-

ology (LogiKEy) framework, which aims to develop computational tools for normative rea-

soning based on formal methods (Benzmüller et al., 2020). LogiKEy employs the technique 

of Shallow Semantic Embedding (SSE) to integrate diverse logics into Higher Order Logic 

(HOL), leveraging HOL as a meta-logic to represent the syntax and semantics of various 

logics. This integration is facilitated within Isabelle—specifcally, its variant for HOL, Is-

abelle/HOL—a proof assistant tool equipped with state-of-the-art higher-order Automated 

Theorem Provers (ATP), Satisfability Modulo Theories (SMT) solvers, and model fnders 

(Benzmüller et al., 2020). 

The ultimate goal is to represent the AIA in Isabelle/HOL, enabling automated reason-

ing about systems’ and companies’ compliance with AIA regulations. Since achieving this 

entirely within this thesis is unrealistic, the goal is to identify relevant modalities and discuss 

logics suitable for their representation. A number of these modalities will be studied in more 
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detail, using existing embeddings or newly created embeddings of such logics for the repre-

sentation of example parts from the AIA, and testing how well the available theorem provers 

can automatically reason with the formalized examples. This will yield insights into the 

practical challenges of automated legal reasoning in complex environments, specifcally by 

identifying the strengths and weaknesses of current theorem-proving tools and assessing the 

suitability of diferent logics and their embeddings in Isabelle/HOL for representing specifc 

modalities within the AIA. 

The focus of this thesis is practical. While background and details on the utilized logics 

and their embeddings are provided, the thesis primarily explores the practical limitations of 

representing legal information and automatic reasoning in the legal domain. 

1.3 Research Questions 

Three research questions will guide the project: 

- R1: What modalities (alethic, deontic, epistemic, temporal, etc.) are relevant within 

the AIA? 

- R2: How can concrete examples from the AIA, employing these modalities, be repre-

sented in Isabelle/HOL, and which logics need to be embedded for this purpose? 

- R3: Are the theorem provers available in Isabelle/HOL efective in reasoning with 

these representations? 

1.4 Structure of the Thesis 

The subsequent chapters are structured as follows: Chapter 2 introduces the LogiKEy 

approach, discusses important related work, and provides a brief overview of alternative 

3 



frameworks for legal representation. Following this, Chapter 3 outlines the methodology 

used in the thesis, while Chapter 4 presents an analysis of the AIA and its modalities. 

Chapter 5 then focuses on a selection of these modalities, formalizing concrete examples 

from the AIA in Isabelle/HOL and analyzing whether the available theorem provers can 

reason with them. To create a representations of example cases, existing embeddings of 

suitable logics will be used, or new embeddings will be created and tested. Experimenting 

with example cases will provide insights into the suitability and efectiveness of the logical 

embeddings and the available theorem provers. Finally, Chapter 6 concludes the thesis by 

summarizing key fndings and implications, discussing limitations, and suggesting directions 

for future research. 

4 



Chapter 2 

Background and Related Work 

The following chapter starts by explaining the LogiKEy approach. Sections Two and 

Three continue to introduce Higher-Order-Logic (HOL), the formal framework used in LogiKEy, 

as well as in this thesis, and the tool Isabelle/HOL. Section Four explains the process of 

Shallow Semantic Embedding (SSE), which enables the embedding of other logics in HOL. 

Finally, Section Four provides an overview of alternative approaches to formalizing legal 

documents. 

2.1 LogiKEy 

The LogiKEy framework is designed to facilitate the creation of ethical, intelligent rea-

soners through the use of theorem provers and formal methods. Specifcally, LogiKEy is 

interested in enhancing possibilities to regulate and control autonomous intelligent systems. 

(Benzmüller et al., 2020). 

The founders of LogiKEy envision an ethical reasoner capable of evaluating the (pro-

posed) behaviors of AI systems against formalized ethico-legal theories. Due to the com-

plexity of modeling these theories and normative concepts, LogiKEy employs HOL as its 

formal framework. It utilizes HOL as a meta-logic, benefting from its expressive power and 

fexibility that allows for the embedding of a wide range of logical systems within a unifed 



framework (Benzmüller et al., 2020). 

Although HOL is undecidable, the SSE approach (Chapter 2.4) can map decidable proof 

problems, for example, in Standard Deontic Logic (SDL), onto decidable fragments of HOL. 

Consequently, systems like the proof assistant Isabelle/HOL (University of Cambridge & 

Technische Universität München, 2023) can handle the resulting formulas and employ in-

tegrated Automated Theorem Provers (ATP) and Satisfability Modulo Theories (SMT) 

solvers, along with model fnders that provide robust support for efective automated rea-

soning (Benzmüller et al., 2020). 

Figure 2.1: LogiKEy layers (Benzmüller et al., 2020) 

LogiKEy is composed of three layers, stacked as displayed in Figure 2.1. Layer one con-

tains the necessary logics and logic combinations embedded in HOL. Most of these logics 

will be deontic since deontic systems are suitable for normative and legal reasoning. In layer 
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two, ethico-legal theories can be formalized using the logics and logic combinations from 

layer one. Finally, the application reasoning about concrete examples using the information 

from the lower-level layers is situated in layer three (Benzmüller et al., 2020). 

Up until now, several logics for layer one, such as SDL (Benzmüller & Parent, 2018), 

Dyadic Deontic Logic (DDL) (Benzmüller et al., 2022), and ˚ ullerAqvist’s system E (Benzm¨ 

et al., 2018) have already been embedded in HOL using the SSE approach and can be ac-

cessed in the LogiKEy repository (Benzmüller et al., 2023). Researchers have also used 

such embeddings to model example use cases, such as a lawyer’s argumentation using Modal 

Preference Logic (Benzmüller & Fuenmayor, 2021). 

To better understand the LogiKEy framework and the work attempted in this thesis, 

the following three Sections will provide a more detailed discussion of HOL, the tool Is-

abelle/HOL, and the SSE approach, respectively. 

2.2 Higher Order Logic 

HOL, also known as type theory, was frst introduced and formalized in 1908 by Russell 

(Russell, 1908). Its current version is strongly infuenced by the simple typed lambda calculus 

that was put forward in Alonzo Church’s Simple Type Theory (Church, 1940). 

Being a foundational framework for mathematical reasoning, HOL fnds extensive use in 

many applications, such as formalizing mathematics, verifying hardware and software, and 

studying the formal semantics of natural language (Benzmüller & Andrews, 2022; Benzmüller 

et al., 2020). Reasons for the popularity of HOL include the fact that it avoids many known 

inconsistencies and that it employs λ-notation as a strategy to represent unnamed functions, 

predicates, and sets (Benzmüller et al., 2020). Additionally, HOL is well studied in the 

scientifc community, and several powerful ATPs and Interactive Theorem Provers (ITPs) 

for HOL exist, whose performance is verifed (Benzmüller, 2019). 

In HOL, all terms have types. The set of simple types T is created freely from the set of 
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basic types σ, ι. The type σ is used for the boolean truth values, whereas ι denotes the type 

of individuals. Then if α and β are in T, so is the function type α → β (Benzmüller et al., 

2004). 

Using Ca for typed constants and xa for typed variables diferent to Ca, the terms of 

HOL can be defned as follows: 

Ca, xa, (λxα.sβ )α→β (abstraction), (sα→β tα)β (application) 

Via abstraction, a variable a of type α is mapped to a term s of type β. Via application, 

a term of type β can be constructed by applying the function s α → β to the argument t of 

type β (Benzmüller et al., 2004, 2020). 

The signature is assumed to also contain negation (¬ σ→σ), disjunction (∨σ→σ→σ), and Q
universal quantifcation ( (α→σ)→σ) for each type α as primitive logical connectives. Based 

on these primitives, other logical connectives (conjunction, implication, existential quan-

tifcation, etc.) can be defned. For universal quantifcation, the shorter binder notation Q
(∀xα.sσ) can be used to express (α→σ)→σ λxα.sσ (Benzmüller et al., 2004, 2020). 

Moreover, constants for logical equality (=α→α→σ) and description or choice (∈(α→σ)→α) 

for each type α can be included. Terms of type σ are referred to as formulas, and type 

information can be left out if it is clear from the context (Benzmüller et al., 2020). 

For more in-depth information on HOL, the reader may refer to the literature (Benzmüller 

& Andrews, 2022; Benzmüller et al., 2004; Church, 1940). 

2.3 Isabelle/HOL 

The tool that is used to work with HOL within the LogiKEy framework is the interactive 

theorem prover Isabelle. While it supports a variety of logical frameworks, only its special-

ization for HOL, Isabelle/HOL, is relevant for this thesis. 

Programming in Isabelle/HOL means creating theories composed of types, functions, and 
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theorems. Isabelle/HOL provides several base types, e.g., for truth values (bool) and natu-

ral numbers (nat), and type constructors, e.g., for lists, function types, and type variables. 

However, users can also create custom types (Nipkow et al., 2022). 

More complex HOL terms are then constructed via function application. Additionally, 

terms may include lambda abstractions (Nipkow et al., 2022). Lambda abstractions are 

statements of the following form: λx.B, with λ marking the start of the abstraction, x rep-

resenting a variable, and B representing the body, usually a function or expression containing 

x. For example, the following is a simple lambda abstraction representing the identity func-

tion: λx.x (Nipkow, 2013). 

Isabelle/HOL terms of type bool, such as the basic constants True and False and the 

logical connectives, are called formulas (Nipkow, 2013). 

Even though Isabelle/HOL employs type inference, it is often required to annotate terms 

to avoid ambiguity. This is achieved via the following notation: t :: Γ, which declares t to 

be of type Γ (Nipkow, 2013). 

Particularly relevant for this thesis is the integration of Isabelle/HOL with the Sledge-

hammer tool, which provides access to powerful ATPs and SMT solvers (J. C. Blanchette 

& Paulson, 2013) and the counterexample generator Nitpick (J. Blanchette, 2023). These 

tools are useful for testing the embeddings of selected logics and for automated reasoning 

with example use cases. 

2.4 Shallow Semantic Embeddings 

As discussed earlier, the SSE approach is used to represent a chosen logic in HOL. Its gen-

eral idea is ”to provide a lean and elegant equational theory which interprets the syntactical 

constituents of [a chosen] logic (...) as lambda-terms of the meta-logic HOL” (Benzmüller, 

2019, p. 3). 

Diferent from deep embedding strategies, the SSE approach allows HOL and the logic to 
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embed to share what they have in common, addressing only their relevant diferences. Since 

several modal logics have already been successfully embedded in HOL (Benzmüller, 2019; 

Benzmüller & Parent, 2018; Benzmüller et al., 2015), we will explain the process using the 

embedding of SDL as an example. 

An important diference between SDL and HOL is the possible world semantics of SDL, 

which must be modeled in HOL (Benzmüller & Parent, 2018). To achieve this, boolean-

valued SDL formulas are identifed with world-predicates of type o = i → bool in HOL, 

with i being the type for worlds. This way, a formula can be evaluated relative to a given 

world in HOL. To represent the logical connectives of SDL, they must be lifted to relations 

on worlds in HOL. For example, the negation operator of SDL takes an input of type o 

and returns an output of type o. It is identifed with the following lambda term in HOL: 

¬ o→o ≡ λϕo.λwi.¬(ϕw) (Benzmüller & Parent, 2018). 

The connectives ∧, ∨, →, and ↔ all have the type o → o → o, meaning they take in 

two terms of type o and a world w of type i, and then return the conjunction, disjunction, 

implication, or biconditional of these terms at the given world. The lambda term identifed 

with ∧ in HOL looks as follows: ∧o→o→o ≡ λϕo.λυo.λwi.(ϕw ∧ υ w). Lambda terms for the 

other connectives in HOL are constructed accordingly (Benzmüller & Parent, 2018). 

To defne the obligation operator of SDL, we use the same approach. It is identifed with 

the following lambda term: OBo→o ≡ λϕo.λwi.∀vi.(w r v −→ ϕ v), with r being the accessi-

bility relation denoting the ideal worlds from the perspective of a given world (Benzmüller 

& Parent, 2018). 

Lastly, the notions of global and local validity of SDL formulas must be embedded in 

HOL. They both have the type o → bool and are identifed with the following lambda terms: 

⌊⌋o→bool ≡ λϕo.∀wi.(ϕw) (global validity) and ⌊⌋l o→bool ≡ λϕo.(ϕ cw) with cw referring to 

the current world (local validity) (Benzmüller & Parent, 2018). 
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2.5 Other Frameworks for Legal Representation 

The LogiKEy is neither the frst nor the only approach towards representing and reasoning 

with legal or normative theories. The following two Sections will introduce the Architecture 

for Knowledge-Oriented Management of African Normative Texts using Open Standards and 

Ontologies (Akoma Ntoso) standard (OASIS Open, 2018) and LegalRuleML (Athan et al., 

2015; Palmirani et al., 2011). 

2.5.1 Akoma Ntoso 

Akoma Ntoso is a standardized framework designed to represent the structure of legisla-

tive, parliamentary, and judicial documents in a machine-readable format using Extensible 

Markup Language (XML). It was developed under the ”Africa i-Parliament Action Plan” by 

UN/DESA and has since grown into a globally recognized standard. Akoma Ntoso translates 

to ”linked hearts” in the language of West Africa, representing its goal of fostering connect-

edness and accessibility in the domain of legal information (Cornell Law School, n.d.; OASIS 

Open, 2018). 

The standard defnes a comprehensive schema that includes metadata and content com-

ponents, facilitating the detailed and precise representation of legal texts. A complete intro-

duction to the standard and its vocabulary can be accessed online (OASIS Open, 2018). 

Akoma Ntoso is helpful for various applications. For example, it can assist in drafting legal 

documents, help legal researchers with advanced search and indexing functionalities, and 

promote transparency by making legal documents more easily accessible to the public. Even 

the European Parliament has adopted Akoma Ntoso to manage its legislative documents 

(OASIS Open, 2018). 

While Akoma Ntoso is primarily concerned with the structure and metadata of legal 

documents and keeping them organized, Legal RuleML focuses on extracting their logical 

content and enabling automated reasoning. 
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2.5.2 LegalRuleML 

LegalRuleML was created under the guidance of the OASIS LegalRuleML Technical 

Committee (OASIS Open, 2020). It is an extension of RuleML, a family of XML-based 

languages designed for expressing rules and logical statements in a standardized, machine-

readable format (Boley et al., 2010), tailored to the needs of the legal domain. These include 

the possibility of modeling both constitutive rules, which defne legal concepts, relations, ac-

tivities, institutions, etc., and prescriptive rules governing actions or outcomes by declaring 

them obligatory, permitted or prohibited (Athan et al., 2015). Other features of Legal-

RuleML that are specifc to legal reasoning are the implementation of isomorphism between 

rules and normative provisions, the management of rule reifcation, the representation of 

normative efects and values, and the modeling of legal procedural rules (Athan et al., 2015). 

Finally, a key requirement of legal reasoning is the implementation of defeasibility: ”When 

the antecedent of a rule is satisfed by the facts of a case (or via other rules), the conclusion 

of the rule presumably holds, but is not necessarily true” (Palmirani et al., 2011, p. 301). 

Defeasibility is essential for reasoning in the legal domain since it allows for the expression 

of exceptions from rules and for rules conficting with each other without causing incon-

sistencies and contradictions (Athan et al., 2015). The task of managing defeasible legal 

reasoning has been extensively studied by many researchers. Among the most infuential 

ones are Governatori and colleagues, whose research is essential in the feld of automated 

legal reasoning, and whose key contributions include the integration of Answer Set Program-

ming (ASP) in legal reasoning, especially the implementation of defeasible deontic logic in 

ASP (Governatori, 2023; Governatori & Wong, 2023; Governatori et al., 2004). 

For further details on LegalRuleML and its XML schemas, the reader may refer to the 

LegalRuleML Core specifcation from OASIS (OASIS Open, 2020), and the literature (Athan 

et al., 2015; Palmirani et al., 2011). 

12 



Chapter 3 

Methodology 

This chapter presents the methodological approach of the thesis in detail. 

In the frst step, the AIA will be carefully analyzed (Chapter 4). Specifcally, pages 38 to 

88 of the AIA document are considered since they contain the requirements for AI systems 

and for the agents involved in their production and usage (Artifcial Intelligence Act, 2021). 

To ensure a thorough understanding, the AIA will be read multiple times, and results 

will be visualized using mind maps and tables. In the analysis, special attention is directed 

towards the logical modalities (obligations, permission, etc.) used to express rules for AI 

systems and responsibilities of actors rather than the concrete rules and regulations them-

selves. For each identifed modality, the logics that seem suitable to represent them will 

be described briefy. Additionally, the importance of representing each modality in a logic 

system intended to formalize the AIA will be assessed. 

Using the insights gained from the analysis, the next step is to represent the identifed 

modalities in Isabelle/HOL. Due to the scope of this thesis, the discussion in Chapter 5 

will be limited to those modalities identifed as most crucial. For these modalities, appro-

priate logics and their shallow semantic embeddings in Isabelle/HOL will be introduced. 

The embeddings will then be employed to formalize and test selected excerpts from the AIA. 

During the tests, Isabelle’s Sledgehammer tool, a powerful feature that automates aspects 

of the theorem-proving process by leveraging external ATPs and SMT solvers, will be used 



(J. C. Blanchette & Paulson, 2013). In Isabelle, Sledgehammer is called by typing ”sledge-

hammer” after a lemma/theorem. If the tool fnds a proof, the proof and the employed ATPs 

or SMTs are shown in the output console. Moreover, the model fnder Nitpick will be used 

to generate models or disprove claims with counterexamples (J. Blanchette, 2023). To use 

Nitpick in Isabelle, ”nitpick” must be typed after a lemma/theorem. Additional arguments 

are provided by listing them in square brackets ([ ]) after the nitpick command. The most 

important ones are satisfy, which tells Nitpick to search for a model that satisfes all the 

axioms and defnitions in the theory; user axioms, which asks Nitpick to take into account 

all user-defned axioms when searching for a model, show all, which tells Nitpick to display 

detailed information about the found model; and card ’type’ = n, which can be used to 

specify the cardinality of a specifc type in the model (J. Blanchette, 2023). 

The experiments attempt to fnd a logic or logic combination (embedded in Isabelle/HOL) 

that can reason with the selected modalities as well as possible. This logic or logic combi-

nation will be built step by step in Chapter 5. First, a logic apt to formalize statements 

containing the frst selected modality is introduced and used, and then it is altered, ex-

changed, or combined with another logic apt for the second selected modality. This process 

will be continued until all selected modalities have been discussed. 

The success or failure of this attempt will help discover the strengths and limitations of 

the embedded logics and the available theorem provers. Moreover, it should ofer valuable 

insights into the feasibility of using automated logical reasoning in complex practical con-

texts like the AIA. 

Finally, all conclusions, limitations, learnings, and open questions will be summarized in 

Chapter 6. 
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Chapter 4 

Analysis of the AI Act 

In the following chapter, the results of the analysis are discussed one modality at a time. 

A visual summary of the whole analysis can be found in Figure 4.31 . Additional tables and 

mind maps created during the analysis can be found in Appendix One. 

1All fgures without a source have been created by the author. 



Tiles/Chapters 

Tile 2 
Prohibited AI Practices 

Tile 3, Chapter 1 
High-risk Al Practices 

Tile 3, Chapter 2 
High-risk Al Practices 

Tile 3, Chapter 3 
High-risk Al Practices 

Tile 3, Chapter 4 
High-risk AI Practices 

Tile 3, Chapter 5 
High-risk AI Practices 

Tile4 
Transparency Obligations 

Modalities 

Obligations/Proh ibitions/Permissions 
Agentive Obligations/Agency 
Fuzziness 
Exceptions 
Temporality 

Obligations/Prohibitions/Permissions 
Agentive Obligations/Agency 
Temporality 

Obligations/Prohibitions/Permissions 
Agentive Obligations/Agency 
Temporality 
Fuzziness 

Agentive Obligations/Agency 
Contrary-to-Duty Obligations (CTDs), 
involving Agents 
Fuzzy CTDs 
Fuzziness 
Beliefs/Knowledge of Agents 

Agentive Obligations/Agency 
CTDs, involving (mult iple) Agents, with 
Temporal Implicat ions 
CTDs involving multiple Agents 
Be liefs/Knowledge of Agents 

Agentive Obligations/Agency 
CTDs, involving (multiple} Agents, with 
Temporal Implications 
Temporality 
Exceptions 
Fuzziness 
Beliefs/Knowledge of Agents 

Agentive Obligations/Agency 
Exceptions 

Tile 5 
Measures in Support of 
Innovation 

Tile 6, Chapter 1 
Governance 

Tile 6, Chapter 2 
Governance 

Tile7 
EU Database for stand· 
alone high-risk AI-Systems 

Tiles 
Post-market Monitoring, 
Information Sharing, 
Market Surveillance 

Tile9 
Codes of Conduct 

Tile 10 
Confidentiality and 
Penalties 

Tile 11 
Delegation of Power and 
Committee Procedure 

Tile 12 
Final Provisions 

• Obligations/Prohibitions/Permissions 
• Agentive Obligations/Agency 
• Exceptions 
• Temporality 

• Obligations/Prohibitions/Permissions 
• Agentive Ob ligations/Agency 

Fuzziness 
• Exceptions 

Agentive Obligations/Agency 
Fu zziness 

• Agentive Obligations/Agency 
• Fuzziness 

• Obligations/Prohibitions/Permissions 
• Temporality 
• Agentive Obligations/Agency 

CTOs, involving Agents 
Fu zziness 
Beliefs/Knowledge of Agents 

• Agentive Obligations/Agency 

• Agentive Obligations/Agency 
• Temporality 

• Agentive Obligations/Agency 
• Temporality 

• Agentive Obligations/Agency 
• Temporality 

Figure 4.1: Part 1 Figure 4.2: Part 2 

Figure 4.3: AIA modality analysis 

4.1 Obligations, Prohibitions, and Permissions 

Given that the AIA is a legislation designed to regulate the use of AI systems, it is un-

surprising that it contains many obligations, prohibitions, and permissions. 

Obligations in the AIA are expressed with the word ”shall” such as in this sentence from 

Article eight: “High-risk AI systems shall comply with the requirements established in this 

Chapter.” (Artifcial Intelligence Act, 2021, p. 46). The negated shall, ”shall not” is em-
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ployed to express prohibitions in the AIA. An example prohibition can be found in Article 

26: ”Where an importer considers or has reason to consider that a high-risk AI system is not 

in conformity with this Regulation, it shall not place that system on the market...”(Artifcial 

Intelligence Act, 2021, p. 56). Finally, the AIA has two strategies for the expression of per-

missions : It either uses ”may” or ”is/are empowered to” (Artifcial Intelligence Act, 2021). 

SDL, the most studied system of deontic logic, can express and reason with all the de-

scribed modalities. It is a modal logic that builds upon classical propositional logic and in-

troduces a monadic deontic operator, which can express that a formula is obligatory (O(A)). 

Other deontic modalities, such as prohibitions and permissions, can be defned based on this 

operator (McNamara & Van De Putte, 2022). 

Since the AIA primarily consists of obligations for certain kinds of AI systems, it is es-

sential to enable their representation in a logic system meant to formalize the AIA. This will 

be analyzed further and experimented with in Chapter 5.1. 

4.2 Fuzziness 

Fuzzy statements can be found in many places within the AIA. The following expressions 

are examples of such fuzziness: ”unless and in as far as such use is strictly necessary for one of 

the following objectives” (Artifcial Intelligence Act, 2021, p. 43), ”to the extent to which...” 

(Artifcial Intelligence Act, 2021, p. 46), ”at a minimum” (Artifcial Intelligence Act, 2021, 

p. 49). All these statements express vague notions or involve degrees of truth/necessity. 

A logic that can do justice to this kind of vagueness is called fuzzy logic and is employed 

”to model logical reasoning with vague or imprecise statements” (Cintula et al., 2023). Typ-

ically, fuzzy logic assigns a degree of truth to a proposition expressed on a scale within the 

real unit interval [0, 1], with zero equal to total falsehood and one equal to total truth (Cin-

tula et al., 2023). 

Fuzziness does repeatedly occur within the AIA. However, due to the constraints of this 
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thesis, it will not be discussed, remaining open for future work. 

4.3 Exceptions 

Within the AIA, the concept of exceptions from general rules emerges as a recurring 

theme. Consider the following sentence from Article Five as an example: ”The following 

artifcial intelligence practices shall be prohibited: the use of ‘real-time’ remote biometric 

identifcation systems in publicly accessible spaces for the purpose of law enforcement, unless 

and in as far as such use is strictly necessary for one of the following objectives:...” (Artif-

cial Intelligence Act, 2021, p. 43). This sentence outlines a general rule – the prohibition of 

certain AI practices – followed by exceptions based on specifc objectives. 

Non-monotonic logic can deal with such exceptions. It is designed to handle defeasible 

inference, enabling reasoners to retract conclusions when warranted by additional informa-

tion, such as the presence of objectives allowing for an exception (Strasser & Antonelli, n.d.). 

Exceptions from rules are stated in several articles of the AIA and should hence be ex-

pressed correctly in a formalization. Their expression in non-monotonic logic will not be 

analyzed in this thesis. However, an alternative approach to formalizing them is discussed 

in Chapter 5.1.3. 

4.4 Temporality and Temporal Notions 

Time is an important concept within the AIA, with many articles specifying obligations 

that must be fulflled before certain events occur. For instance, Article 19 states: ”Providers 

of high-risk AI systems shall ensure that their systems undergo the relevant conformity as-

sessment procedure in accordance with Article 43, prior to their placing on the market or 

putting into service” (Artifcial Intelligence Act, 2021, p. 54). This obligation for providers 

is tied to a specifc point in time; it must be fulflled before the system is placed on the 
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market or put into service. 

Additionally, some sentences contain hidden temporal notions such as this phrase in Ar-

ticle Five: ”When implementing the risk management system (...), x shall. . . ” (Artifcial 

Intelligence Act, 2021, p. 48). The sentence implies simultaneity, which becomes obvious if 

rephrased as follows: ”While implementing the risk management system, x is obligated to.” 

Temporal logic is a class of modal logics that can formally represent and argue with tem-

porality (Goranko & Rumberg, 2023). The most popular system is called Tense Logic (TL) 

and dates back to the work of Prior (Lejewski, 1959; Prior, 1959; Prior, 1967, 1968). TL 

treats propositions as tensed and introduces temporal operators into the language, thereby 

allowing for the representation of temporal relations like the one in the AIA (Goranko & 

Rumberg, 2023). 

While temporal notions don’t occur frequently, they are essential to some of the reg-

ulations of the AIA. Ideally, the logic system used to formalize the AIA should facilitate 

expressing them. However, due to the limitations of this thesis, temporality will not be 

discussed in depth here. 

4.5 Agency and Agentive Obligations 

Since the AIA is concerned with defning rules for the training, usage, and handling of 

AI systems, a huge part of it states obligations and prohibitions. However, many of these 

obligations are not general in nature but relate to agents with a specifc position regarding 

the AI systems, e.g., to providers or importers. For instance, the sentence ”Providers of 

high-risk AI systems shall (...) have a quality management system in place which complies 

with Article 17” (Artifcial Intelligence Act, 2021, p. 52) is such an agentive obligation since 

it expresses what the provider ought to do. 

To formalize agentive obligations, a modal logic of agency is needed. While there are 

many ideas for formulating such a logic (Anderson, 1962; Brown, 1988; Fitch, 1963; Kanger, 
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1972; Von Wright, 1963, 1981), the most prominent theory of agency is a branch called 

Seeing-to-it-That (STIT) logic that originated in the works of Belnap (Belnap, 1991) and 

Belnap and Perlof (Belnap & Perlof, 1988). STIT theory introduces a STIT operator of 

the form 

a stit F 

which expresses that an agent a sees to it that F holds. Given that the AIA states not 

only the actions of agents but also how they ought to behave, a suitable agency logic must 

also be able to formulate obligations for specifc agents. Several authors have researched on 

this issue and presented their approaches, which could be apt to help represent the AIA (J. 

Horty, 2001; J. F. Horty & Belnap, 1995; Murakami, 1998; van Berkel & Lyon, 2019; Xu, 

2015). 

Diferent agents and their obligations are essential in the AIA, especially in Tile Three 

(Figure 4.3). Consequently, a logic system attempting to formalize the AIA should be able 

to express agentive modalities. Achieving this is the topic of Chapter 5.3. 

4.6 Contrary-to-Duty-Obligations 

Obligations have already been discussed in Chapter 4.6. However, another type of obli-

gation that deserves special attention within the AIA is the so-called Contrary-to-Duty 

Obligations (CTD). A CTD is an obligation that arises only if a primary obligation is not 

fulflled, meaning that it is ”conditional on [...] violating [a] primary obligation” (McNamara 

& Van De Putte, 2022). 

An example of a CTD in the AIA Act can be found in Article 16: “Providers of high-risk 

AI systems shall (...) take the necessary corrective actions if the high-risk AI system is not in 

conformity with the requirements set out in Chapter 2 of this Title” (Artifcial Intelligence 

Act, 2021, p. 52). It has been stated before that high-risk systems must comply with the 

requirements in Chapter two (Artifcial Intelligence Act, 2021, p. 46). This is the primary 
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obligation in the given context. However, obligations are not always fulflled; they may 

also be violated. In the event of such a violation, the obligation to take corrective action 

becomes relevant. This is a CTD, applicable only when the primary obligation has been 

violated. CTD situations are often represented in a typical structure following Chisholm 

(1963). The discussed example then looks as follows: 

1: It ought to be that high-risk AI systems comply with the requirements in 

Chapter 2. 

2: It ought to be that if a high-risk AI system does not comply with the require-

ments in Chapter 2, providers take corrective actions. 

3: If a system complies with the requirements in Chapter 2, the provider must 

not take any corrective actions. 

Concrete Situation: The system does not comply with the requirements in chap-

ter two. 

Note that some obligations in this example are agentive for the provider. As agency has 

already been discussed in the previous section, it will not be elaborated on here. 

DDL by Carmo and Jones is a suitable logic to express adequately and reason with CTDs 

(Benzmüller et al., 2022; Carmo & Jones, 2002a, 2022). It diferentiates between ideal and 

actual obligations and introduces a conditional obligation operator, thereby enabling the 

expression of CTDs that arise when ideal obligations have been violated (Benzmüller et al., 

2022; Carmo & Jones, 2002a). 

Next, two special kinds of CTDs will be discussed. 

4.6.1 Contrary-to-Duty-Obligations Involving Multiple Agents 

Some CTDs within the AIA relate to multiple agents, making the matter more complex. 

The following example from Article 36 will be discussed: ”If the notifying authority comes to 

the conclusion that the notifed body (...) is failing to fulfll its obligations, it shall restrict, 
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suspend or withdraw the notifcation as appropriate, depending on the seriousness of the 

failure” (Artifcial Intelligence Act, 2021, p. 62). For simplicity, the notion of an agent belief 

expressed in the word ascertains is ignored since beliefs are the subject of Chapter 4.7. Also, 

we disregard the temporal notion contained in no longer since CTDs involving temporality 

will be discussed in the next section. 

The focus here lies on the involvement of two distinct agents: The notifying authority 

and the notifed body. The situation is as follows: The notifed body has several primary 

obligations that are specifed within the AIA (Artifcial Intelligence Act, 2021, 60f.). If it 

violates these obligations, another obligation arises. However, this obligation is agentive for 

the notifying authority, not for the notifed body that violated the primary obligation. 

4.6.2 Contrary-to-Duty-Obligations Involving Temporality 

Moreover, there are cases in the AIA where CTDs occur in combination with temporality, 

stating that a certain property used to be fulflled but no longer is. An example of this can 

be found in Article 36: ”Where a notifying authority has suspicions or has been informed 

that a notifed body no longer meets the requirements laid down in Article 33 (...) that 

authority shall without delay investigate the matter with the utmost diligence” (Artifcial 

Intelligence Act, 2021, p. 62). To understand the involved CTD, Article 32 must be taken 

into account. Here, it is stated that the notifying authority ”may notify only conformity 

assessment bodies which have satisfed the requirements laid down in Article 33” (Artifcial 

Intelligence Act, 2021, p. 59). 

Unfortunately, this example does involve not only temporality but also multiple agents, 

a matter discussed in the previous section. To focus only on the temporality here, we will 

reformulate it as follows: 

Only conformity assessment bodies that fulfll the requirements in Article 33 be-

fore the notifcation may be notifed (adapted from Article 32). If a conformity 
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assessment body that was notifed (= notifed body) no longer meets the require-

ments laid down in Article 33, the matter shall be investigated further with the 

utmost diligence (adapted from Article 36). 

Now it becomes visible how this example is diferent from a typical CTD: Technically speak-

ing, the notifed body is only obligated to fulfll the requirements in Article 33 at one point 

in time before being notifed. Hence, the fact that a notifed body no longer fulflls the 

requirements in Article 33 does not equal a violation of the previous obligation. The obli-

gation to further investigate the matter then is just a normal obligation, not a CTD, and 

could be expressed as such. However, in this case, the logic representing this situation must 

not only contain obligation operators but also be able to express temporality to capture the 

before notion (as discussed in Chapter 4.4). 

Another possibility is disregarding the temporality here and translating the example to 

match the usual CTD structure: 

1: It ought to be that notifed bodies fulfll the requirements in Article 33. 

2: It ought to be that if a notifed body does not comply with the requirements 

in Article 33, further investigations are started. 

3: If a notifed body does comply with the requirements in Article 33, no further 

investigation must be started. 

Concrete Situation: A notifed body does not fulfll the requirements in Article 

33. 

Reformulated as above, the example can be treated like a typical CTD. 

CTDs, in general, are relevant to many of the rules within the AIA, making them an 

essential modality that a logic trying to formalize the AIA should be able to reason with. 

This will be analyzed in depth in Chapter 5.2. 
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4.7 Beliefs of Agents 

Agency and agentive obligations have already been discussed, but it is crucial to acknowl-

edge another related modality: Agent beliefs. For example, Article 21 states: 

”Providers of high-risk AI systems which consider or have reason to consider that 
a high-risk AI system which they have placed on the market or put into service 
is not in conformity with this Regulation shall immediately take the necessary 
corrective actions to bring that system into conformity, to withdraw it or to recall 
it, as appropriate” (Artifcial Intelligence Act, 2021, p. 55). 

Here, the provider’s belief that a high-risk AI system is not in conformity is relevant, not 

whether the system is, in fact, not conforming. Beliefs can be either correct or incorrect, 

and a logic suitable to handle them must distinguish between the facts and agent beliefs. 

Fortunately, there is a feld in logic equipped to deal with this called epistemic logic that 

allows for the exploration of diferent ideas of knowledge and beliefs of agents and their logi-

cal relations (Rendsvig et al., 2024). The most popular epistemic logic is a modal logic using 

possible world semantics that extends propositional logic with modal operators representing 

what agents know and believe (Rendsvig et al., 2024). 

Beliefs and knowledge of agents do play a role in many parts of the AIA. However, it will 

not be possible to discuss epistemic logic in this thesis. The representation of agent beliefs 

within the AIA should be analyzed in future work. 

4.8 Interactions and Combinations of Diferent Modal-

ities 

Obviously, the modalities identifed up until now do not appear in isolation. Some of 

the examples discussed (e.g., Chapter 4.6) have already shown that they often are combined 

within a single sentence. While this has been ignored in the previous discussion for simplic-

ity, it can not be denied when constructing a logical system meant to formalize the AIA. 
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Ultimately, such a system must not only accurately represent all the relevant modalities 

individually but also capture what happens when they are combined. In this thesis, the 

interplay of all modalities selected for further experimentation will be examined. 
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Chapter 5 

Representing the AIA in 
Isabelle/HOL 

In the following chapter, parts of the AIA containing the modalities identifed in the 

previous chapter will be formalized in Isabelle/HOL using embeddings of suitable logic. As 

explained before, the constraints of this thesis do not allow for a detailed study and ex-

perimentation with all the modalities. Instead, the focus will lie on the most relevant ones 

within the AIA: obligations, CTDs, and agency/agentive obligations. These modalities occur 

in most articles of the AIA, and without them, a realistic representation of the AIA would 

be difcult to imagine. Studying the remaining modalities is a topic for future work. 

The frst Section discusses the representation of obligations, the second considers CTDs, 

and the third discusses agency and agentive obligations. 

5.1 Representing Obligations 

To start with, an Isabelle representation of Article 5, Point 1 on prohibited AI systems 

(Artifcial Intelligence Act, 2021, pp. 43–45) will be created. This part is chosen because it 

contains almost exclusively obligations. The only other involved modality - exceptions - will 

be briefy covered in Chapter 5.1.3. 



Before discussing the concrete representation of the chosen part in Chapter 5.1.2., SDL 

and its semantic embedding in Isabelle/HOL will be introduced shortly. 

5.1.1 SDL and its Embedding in Isabelle/HOL 

SDL is the most studied system of deontic logic and stems from the work of von Wright 

in 1951 (Dov Gabbay et al., 2013). It recognizes the usual six normative statuses of deontic 

logic: ”it is obligatory that (OB), it is permissible that (PE), it is impermissible that (IM), 

it is omissible that (OM), it is optional that (OP), it is non-optional that (NO)” (McNamara 

& Van De Putte, 2022). Note here that these abbreviations are not standard, and diferent 

ones will be employed in this thesis, mainly obligation (O) and permission (P). SDL takes 

the obligation operator O as primitive so that the other operators can be defned according 

to The Traditional Defnitional Scheme (TDS): 

”P (p) := ¬O(¬p) 

IM(p) := O(¬p) 

OM(p) := ¬O(p) 

OP(p) := (¬O(p) ∧ ¬O(¬p)) 

NO(p) := (O(p) ∨ O(¬p)” (McNamara & Van De Putte, 2022). 

SDL uses classical propositional logic with an infnite set of propositional variables and 

the truth-functional operators (¬, →, ∧, etc.) and extends it with the obligation operator 

O(p), stating that the proposition p is obligatory (McNamara & Van De Putte, 2022). It 

is axiomatized by adding the Rule of Deontic Necessitation (RND) and the modal axiom 

schemata KD and DD to classical propositional logic (Dov Gabbay et al., 2013, p. 37). The 

RND states that if p is a theorem, so is O(p). Schemata KD and DD, on the other hand, 

hold the following: 
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”(KD) O(p −→ q) −→ (O(p) −→ O(q) 

(DD) O(p) −→ ¬O(¬p)” 

(Dov Gabbay et al., 2013, p. 37). 

SDL is a normal modal logic since the RND is a version of the Necessitation rule K 

(Garson, 2023). The following theorems hold in SDL: 

O(p ∧ q) −→ (O(p) ∧ O(q)) (Conjunctive Distributivity of O) 

O(p) ∧ O(q) −→ O(p ∧ q) (Aggregation for O) 

O(p) −→ O(p ∨ q) (Weakening) 

O(p −→ q) −→ (P (p) ←− P (q)) 

P (p) −→ P (p ∨ q) 

P (p ∨ q) −→ (P (p) ∨ P (q)) (Disjunctive Distributivity of P) 

P (p ∧ q) −→ (P (p) 

O(⊤) (ON) 

¬O(⊥) (OD) 

O(p) −→ (P (p) (DD’) 

O(p ∧ P (q)) −→ (P (p ∧ q) 

O(p) ∨ (P (p) ∧ P (¬p)) ∨ O(¬p) (Exhaustion) 

¬(O(p) ∧ (P (p) ∧ P (¬p))) ∧ ¬(O(¬p) ∧ (P (p) ∧ P (¬p))) ∧ ¬(O(p) ∧ O(¬p)) 

(Dov Gabbay et al., 2013, p. 38). 

In addition to these theorems, two rules of inference can be derived, namely the inheri-

tance principle (1.) and the deontic equivalence rule (2.): 

”1. If p −→ q is a theorem, then O(p) −→ O(q) is a theorem. 

2. If p ←→ q is a theorem, then O(p) ←→ O(q) is a theorem” 

(Dov Gabbay et al., 2013, p. 38). 
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Fortunately, an embedding of SDL has already been created, verifed, and applied to 

example cases (Figure 5.1). To learn details about this embedding and explore case studies, 

the reader is advised to refer to the sources (Benzmüller & Parent, 2018; Benzmüller et al., 

2020, 2023). 
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1 theory SDL ( * SDL: Standard Deontic Logic. C. Benzmu11er & X. Parent, 2019 * ) 
2 imports Main types 
3 begin 
4 

typedecl i (*Type for possible worlds. * ) 
6 type_synonym a = 
7 type_synonym 
8 type_synonym I! = 
9 

consts (infixr "R" 70) (*Accessibility relation . * ) 
11 aw : :i (*Actual world. * ) 
12 
13 abbreviation SDLtop : :a (" T " ) where " T saa >.w. True" 
14 abbreviation SDLbot : :a (" J. " ) where " 1. = >.w. False" 

abbreviation SDLnot :: ( " , _" [ 52 )53) where " , .p = >.w. ,9 (w)" 
16 abbreviation SDLand :: e ( infixr " /\ "51) wher e "cp l\(' saa >.w . 9 (w) II v (w) " 
17 abbreviation SDLor: :g ( infixr" V"50) where ".p V(• saa >.w. 9 (w) v dw)" 
18 abbreviation SDLimp : :e ( infixr " -+"49 ) where " .p-+v = >.w . 9 (w) dw)" 
19 abbreviation SDLequ : : e ( i nfixr " <-+ "48) where "9 <-+(' saa >.w. 'f (W) <------> dw)" 

21 abbreviation SDLobligatory:: ( "DB") where "DB 9 = >.w. W . w R v -----+ cp (v ) " 
22 abbreviation SDLpermissible :: ( " PE ") where "PE 9 = ,(OB (,cp ))" 
23 abbreviation SDLimpermissible :: ( "IM ") where "IM 9 = OB (,9 )" 
24 abbreviation SDLomissible : : -y ( "OM") where "OM 9 = ,(DB 9 )" 

abbreviation SDLoptiona1 :: ("OP" ) where "OP I" saa (,(DB 9 ) 11 ,(OB(,9 )))" 
26 
27 abbreviation SDLvalid::"a=:,boo1" (" LJ " [ 7] 105) where " lAJ saa 'r/w . Aw" 
2B abbreviation SDLvalidcw: (" LJ, "[7]105) where " lAJ, saa A aw" 
29 

31 
32 

( * Possibilist 
abbreviation 
abbreviation 

33 abbreviation 
34 abbreviation 

Quantification. * ) 
SDLfora11 ( " It" ) where " 'tif> = >.w.'tx . ( if? x w)" 
SDLfora11B (binder " 't" [ 8] 9) where " 'tx . 9 (x ) saa 't9 " 
SDLexists (" 3" ) where " 3<1> saa >.w .3x . ( if> x w)" 
SDLexistsB (binder " 3 " [ 8] 9) where " 3x . 9 (x ) saa 39 " 

136 axiomatization where 
.37 D: " l , (( DB 9 ) II (DB (, <p ))) J" ( *Axiom D: seriality of R. * ) 
38 lemma seriality : "( v'W . 3v . w R v )" using D by blast 
39 

( *Global val i dity . • ) 
(*Valid i ty i n actual world . * ) 

abbreviation SDLob1: : ( " O<_>" ) where " O<.p> = DB cp " ( *New synt ax : A is obligatory. * ) 
41 
42 ( *Consistency confirmed by model finder Nitpick . * ) 

143 lemma True .ni!R!Q< [ sat i sfy , user_axioms , expect=genuine ] oops 
44 

seri ality 
-46 shows D 
4 7 sle.g!!Jtl!a.mrner oops 
48 

149 lemma " l (OB <p ) -+ (DB (DB cp )) J" 
- Qitpjg< [ falsify , user_axioms , expect=genuine ] oops 
51 
52 ( * Barcan formulas. • ) 
53 lemma Barcan: " l (Yd . O<cp (d )>) -+ (O<'td . <p (d )>) J" by simp 

.54 lemma ConverseBarcan: " l (O<'td . cp (d )>) -+ (Yd . O<cp (d )>) J" by simp 

56 end 

Figure 5.1: SDL embedding in Isabelle/HOL 
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20 (*prohibited*) 
21 typedecl aiSys (*Type for AI -systems*) 
22 datatype quality_person = age I physcial_disability I mental_disabilit y (*quality of a person*) 
23 datatype consequence = harm I harm_physical I harm_psychological I detri_treatment_unrelated_context 
24 detri_treatment_unjustif i ed_disprop I affect_personal_rights I affect_personal _freedom (• type for consequences caused by AI -systems•) 

-25 datatype purpose = distort_behavior I exploit_groups I eval_trustworthiness_over_time I targeted_search I 
26 prevention I detection (*type for purposes of AI -systems *) 
27 

- 28 consts 
29 prohibited:: "aiSys=;,a " (*system is declared prohibited*) 
30 high_risk :: "aiSys=>a " (*system is declared a high- risk system*) 

1 theory prohi bi ted 
2 imports 
3 SDL 
4 types 
5 begin 
6 
7 consts (*Predicates/relations*) 
8 subliminal_technique:: "aiSys:<>a " (*deploys a subliminal technique beyond a persons consciousness*) 
9 has_consequence :: "aiSys:<>consequence:<>a " (• system has or may have a consequence• ) 

10 has_pu rpose : : "aiSys=:,purpose=:,a " ( • system has a purpose• ) 
11 exploits_vulnerabilities_group: : "a iSys :<>quality_person:<>a " 
12 exploits_vulnerable_group: :"a i Sys:<>a " (*exploits any of the vulnerabilit i es of a specific group due to a certain quality*) 
13 employed_by_pauthorities : : "a i Sys:<>a " (*employed by public authorities or on their behalf*) 

5.1.2 Representing Example Paragraphs 

Now, let’s use this SDL embedding to represent the selected part from the AIA: Article 

5, Point 1). To achieve this, additional types are needed (Figure 5.2). Most importantly, 

aiSys is the type for AI systems. The types fle also introduces the constants prohibited and 

high-risk, which indicate the classifcation of an AI system. 

Figure 5.2: Types Article 5 

Next, constant symbols mirroring the passage’s content are declared (fgure 5.3). For 

example, the constant subliminal technique takes an AI system and evaluates to true in a 

given world if the AI System deploys a subliminal technique beyond a person’s consciousness 

as written in Article 5, Point 1 a (Artifcial Intelligence Act, 2021, p. 43). The constant 

has consequence takes an AI System and a consequence and evaluates to true in a world if 

the AI System has the specifed consequence, for example, physical harm or psychological 

harm (abbreviated here as harm physical and harm psychological). As visible in fgure 5.3, 

more constant symbols are defned. Short explanations can be found in the comments, which 

should be sufcient to explain their intentions. 

Figure 5.3: Constants Article 5, point 1 
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16 abbreviation "Hl = lVx: :aiSys. ((has_consequence x harm_physical) v 
17 (has_consequence x harm_psychological)) ~ has_consequence x harmj " 
18 abbreviation "H2 = lVx: :aiSys. ((exploits_vulnerabilit i es_group x age) v (exploits_vulnerabilities_group x physcial_disability) 
19 v (exploits_vulnerabilities_group x mental_disability)) ~ exploit s_vulnerable_group xj " 
20 abbreviation "Al = LVx : :aiSys. subliminal_technique x A has_consequence x harm A 
21 has_purpose x distort_behavior - Q<prohibited x>J" 
22 abbreviation "81 = lVx: :aiSys. exploits_vulnerable_group x /\ has_purpose x distort_behavior /\ 
23 has_consequence x harm - Q<prohibited X>j " 
24 abbreviation "Cl = lVx: :aiSys . employed_by_pauthorities x /\ has_purpose x eval_trustworthiness_over_time /\ 
25 (has_consequence x detri_treatment_unrelated_context v has_consequence x detri_treatment_unjustified_disprop) 
26 - O<prohibited x>J" 

28 
29 
30 

consts 
x :: ai Sys 

31 abbreviation 
32 abbreviation 
33 abbreviation 

"Fl w 
"F2 w 
"F3 w 

(subliminal_technique x) w" 
(has_consequence x harm_phys i cal) w" 
(has_purpose x di stort behavior) w" 

In the following step, the constants are used to express the concrete rules given in the 

selected part of the AIA (Figure 5.4). Abbreviations H1 and H2 are helpers since they do 

not themselves state a rule but serve to make the expression of the rules easier. For example, 

the abbreviation H1 holds that if an AI System x has either the consequence harm physical 

or harm psychological, it has the consequence harm. 

The abbreviations A1 to C1 represent Point 1 of Article 5, except for Point 1 d. They all 

follow a similar pattern and state conditions under which AI Systems should be prohibited 

according to the AIA (Artifcial Intelligence Act, 2021, p. 43). Point 1 d is left out here 

because it defnes a prohibition that allows exceptions. Exceptions are a diferent modality, 

which will be discussed briefy in Chapter 5.1.3. 

Figure 5.4: Abbreviations Article 5, point 1 a-c 

To work with the abbreviations and check whether Isabelle can reason with them, a 

situation containing information on a particular AI System must be constructed. This situ-

ation is described in the abbreviations F1 to F3, where an AI Systems x is introduced and 

characterized (Figure 5.5). 

Figure 5.5: Facts Article 5 point 1 
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361 theorem Result l a : "Hl /\ H2 /\ Al /\ Bl /\ Cl ------> l ( Fl /\ F2 /\ F3) 
37 

Sl edgehammeri ng ... 
verit found a proof .. . 
cvc4 found a proof .. . 
vampi re found a proof .. . 
spass found a proof .. . 
vampi re: Try t hi s: by blast (0.0 ms) 
verit: Try t hi s : by meson (0 .0 ms) 
cvc4 : Try t hi s : by meson (31 ms) 
spass : Try t hi s: by blast (0.0 ms) 
QED 

0 Proof state 0 Auto update 

-+ ( O<p rohibited X>) J" 

Update Search: 

36 theorem Result la: "Hl /\ H2 /\ Al /\ Bl /\ Cl ~ l (Fl /\ F2 /\ F3) -+ (O<proh i bited X>)J" 
37 by metis 
38 
39 theorem Resul tlb: "Hl /\ H2 /\ Al /\ Bl /\ Cl ------> lfl /\ F2 -+ ( O<prohi bi ted x>) J" 
40 it i k [user_axi oms ] (*counterexample found *) 

0 Proof state 0 Auto update 

Nitpicki ng formu l a ... 
Nitpick found a count erexample for card i = 1 and card ai Sys = 1: 

Skol em const ant s: 
V = i 1 
W = i 1 

Update Search : 

Figure 5.6: Sledgehammer proof Result1a 

The facts about system x can now be used to prove theorems. Using F1, F2, and F3, 

it should be possible to conclude that system x is obligated to be prohibited according to 

Article 5, Point 1 a (Artifcial Intelligence Act, 2021, p. 43). Sledgehammer confrms this 

since the tool fnds proof for the statement (Figure 5.6). As expected, no proof is found 

if only facts F1 and F2 are used to draw the same conclusion. Instead, the model fnder 

Nitpick presents a counterexample when called (Figure 5.7). Also, in line 42, Nitpick fnds 

a model confrming the consistency of the representation of this part of the AIA with SDL 

(Figure 5.8). 

Figure 5.7: Nitpick counterexample Result1b 
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36 theorem Resultla : "Hl /\ H2 /\ Al /\ B1 /\ Cl ----> l (Fl /\ F2 /\ F3) ----> (O<proh ibited X>) J " 
37 by meti s 
38 
39 theorem Result lb : "Hl /\ H2 /\ Al /\ B1 /\ Cl ----> lFl /\ F2 ----> ( O<prohibited X>) J " 
40 .ruJ:Ri [user _axioms ] oops ( *counterexample found *) 
41 
42 lemma True J!i!R "ck [sat i sfy , user_axioms, show_all] 

0 Proof state 0 Auto update Update Search: 

Nitpicking formula . . . 
Nitpick found a model for card SDL.i = 2: 

Constant: 
(R) = (.X x . ) (i 1 .- (.Xx . ) (i1 := True, i , . - False), i , .- (.X x . ) (i1 .- Fal se, i , :=True)) 

Figure 5.8: Consistency confrmed by Nitpick 

To summarize, a representation of the chosen part of the AIA in Isabelle HOL using the 

embedding of SDL has been achieved. As the tests show, Sledgehammer can reason with the 

created representation without problems and supports logically correct claims. Even though 

no prohibitions and permissions appear within the chosen excerpt, these modalities could 

also be expressed using the SDL embedding (Figure 5.1, lines 22-23). 

5.1.3 Remarks on Representing Exceptions 

In Chapter 4.3, it was discussed that the ideal solution for formalizing exceptions is 

using non-monotonic logic, e.g., an Isabelle/HOL embedding of such a logic. However, an 

alternative solution that uses only the SDL embedding was discovered during this thesis and 

will be introduced below. 

The example from Chapter 4.3 will be used: 

”The following artifcial intelligence practices shall be prohibited: the use of ‘real-
time’ remote biometric identifcation systems in publicly accessible spaces for the 
purpose of law enforcement, unless and in as far as such use is strictly necessary 
for one of the following objectives:...”(Artifcial Intelligence Act, 2021, p. 43). 

One can also look at this part as expressing two diferent implications: One represents the 

general rule for all systems but the ones covered by the exception and one for those afected 
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44 consts 
45 real_time_bioid:: ( * system i s a real time bi o i dentif i cat i on system* ) 
46 use_public_spaces : : ( * system i s planned t o be used in public spaces* ) 
47 use_law_enforcement :: ( * system i s used for law enforcement * ) 
48 strictly_necessary_for : : ( * use of sys t em i s stri ctly necessary for a purpose* ) 
49 consider_ consequence : : ( • cons i der specific consequence of t he use of a system• ) 
50 consider_consequence_no_use: ( * consider specif i c consequence of not using the system* ) 
51 consider_context : (* cons i de r t he context in which the system i s used* ) 
52 complies_with_bioid_rules : : ( * does sys t em compl y or not?* ) 

54 abb reviation "D1 = LYx : :aiSys. real_time_bioid x /I use_public_spaces x /I use_law_enforcement x /I 
55 (((has_purpose x targeted_search) 11 (,(strictly_necessary_for x targeted_search))) v 
56 ((has_purpose x detection) /I (,(strictly_necessary_for x detection))) v ((has_purpose x prevention) /I 
57 ( ,( strictly_necessary_for x prevention)))) - O<prohibited x>J" 
58 (* i mplicit: not prohibited* ) 
59 abb reviation "Dlb = LVx : :aiSys. real_time_bioid x A use_public_spaces x A use_law_enforcement x A 
60 (((has_purpose x targeted_search) 11 (strictly_necessary_for x targeted_search)) v 
61 ((has_purpose x detection) 11 (strictly_necessary_for x detection)) v ( (has_purpose x prevention) 11 
62 (strictly_necessary_for x prevention))) - (,(Q<prohibited x>) /I (O<high_risk x>)) J" 
63 abb reviation "A2a = LYx : :aiSys. real_time_bioid x /I use_public_spaces x /I use_law_enforcement x /I 
64 ( O<high_risk x>) -+ Q<consider _consequence_no_use x harm_psychological> A 
65 Q<consider_consequence_no_use x harm_physical>J" 
66 abb reviation "A2b = LYx : :aiSys. real_time_bioid x II use_public_spaces x II use_law_enforcement x 11 
67 ( O<high_risk X>) - Q<consider _consequence x affect_personal_right s> /I Q<consider _consequence x affect_personal_f reedom> J" 
68 abb reviati on "A2c = LVx : :aiSys. real_time_bioid x A use_public_spaces x A use_law_enforcement x A 
69 (O<high_risk x>) - o<complies_with_bioid_rules x>J" 

by the exception. To represent this in Isabelle/HOL, the same types and predicates defned 

previously (Chapter 5.1.2), as well as some additional constants (Figure 5.9) are needed. 

They can now be utilized to express the exception as explained above (Figure 5.10). 

Figure 5.9: Predicates used to represent Exception 

Figure 5.10: Representation of Exception 

The abbreviation D1a states the prohibition holding for systems not covered by the 

exception, whereas D1b holds that those falling under the exception should not be prohibited 

but considered high-risk systems. Abbreviations A2a, b, and c then summarize the rules 

that the allowed systems must comply with. To check whether Sledgehammer can reason 

correctly with this representation of an exception, a test case is constructed (Figure 5.11). 
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71 consts 
72 z :: aiSys 
73 
74 abbreviation "F4 w = ( real_time_bioi d z) w" 
75 abbreviation "FS w = (use_public_spaces z) w" 
76 abbreviation "F6 w = (use_la1~_enforcement z) w" 
77 abbreviation "F7 w = (has_purpose z targeted_search) w" 
78 abbreviation "F8 w = ~ (stri ctly_necessary_for z targeted_search) w" 
79 abbreviation "F9 w = (strictly_necessary_for z t argeted_search) w" 
81 theorem Result2a : "Dl /\ Dlb /\ A2a /\ A2b /\ A2c ____, LF4 /\ FS /\ F6 /\ F7 /\ F8 -+ (O<prohibited z> )J " 
82 by meson 
83 
84 theorem Result2b : "D1 /\ Dlb /\ A2a /\ A2b /\ A2c ------> LF4 /\ FS /\ F6 /\ F7 /\ F9 -+ ( O<prohibi ted Z> ) J" 
85 ili~ [user_ax i oms , card i = 2] (*found count erexampl e*) 

0 Proof state 

Nitpicking formula ... 
Nitpick found a counterexample for card i = 2 and 

Skolem cons t ants: 
AW X . 
>.w x . 
>.w x . 
>.w x . 
V = i 1 
w = i , 

V = (>.x . 
V = (>.x . 
V = (>.x . 
V = (>.x . 

) (i 1 
) (i 1 
) (ii 
)(ii 

,- (>.x . ) (a , ,- i t), i , 
,- (>.x . ) (a 1 , - i , ), i , 
,- (>.x . ) (a , ,- i , ) ' i , 
, - (>.x . ) (a , , - i t), i , 

0 Auto update Update Search: 

card aiSys = 1: 

, - (>.x . ) (a , := i t)) 
, - (>.x . ) (a , ,- i i)) 
,- (>.x . ) (a , , - i t)) 
, - (>.x . ) (a , , - i i)) 

Figure 5.11: Test case Exception 

As visible in Figure 5.11, there is one case in which the system z should be prohibited 

according to the AIA (result2a): If it is a real-time remote biometric identifcation system 

used in publicly accessible spaces for law enforcement, has the purpose targeted search and is 

not strictly necessary for this objective. We construct a second case in which everything 

is as in case one, except for the fact that this time, the system is strictly necessary 

for targeted search, thereby falling under the exception (result2b). For the frst lemma, 

Sledgehammer fnds proof, whereas, for the second one, no proof is found, and instead, 

Nitpick presents a counterexample. This mirrors the desired behavior, showing that the 

strategy efectively represents the exception. Also, Nitpick fnds a model, confrming the 

representation’s consistency with SDL (Figure 5.12). 

36 



87l lemma True ~itpick [sat i sfy , user_axi oms , show_all ] 

Nitpicking formula .. . 
Nitpick found a model 

Constant: 
(R ) = 

(.Xx. 

0 Proof state 0 Auto update 

for card i = 3: 

(i i .- (.Xx. 
i , := (.Xx. 

) (i i := True, i , := False, i , := False), i , .-
) (i i := False, i , := False, i , := True)) 

Update Search: 

(.Xx. )(ii .- Fal se, i , .- False, i , := True), 

Figure 5.12: Nitpick model found for Exception example 

The introduced strategy efectively preserves the relevant information from the AIA and 

allows for consistent reasoning within Isabelle. However, all exceptions must be explicitly 

stated. Using non-monotonic logic instead would allow for a way to deal with exceptions 

without the need to list all of them (Strasser & Antonelli, n.d.), and should be considered 

for the representation of the AIA in the future. 

5.2 Representing Contrary-to-Duty-Obligations 

Next, selected CTDs from the AIA will be represented. After Chapter 4.6 has already 

identifed DDL as a logic qualifed to express CTDs, this logic and its embedding in Is-

abelle/HOL will now be introduced briefy. 

5.2.1 DDL and its Embedding in Isabelle/HOL 

Dyadic Deontic Logic (DDL), as conceptualized by Carmo and Jones, ofers a formal 

system allowing for the expression of conditional obligations, particularly contrary-to-duty 

scenarios (Carmo & Jones, 2002b). DDL employs dyadic obligations of the form it ought to 

be that... if... to handle such complexities, efectively sidestepping paradoxes like Chisholm’s 

(Carmo & Jones, 2002b). 

DDL formulas are constructed in the following way: Each pj ∈ P is a DDL formula. 
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Given two arbitrary DDL formulas i and k, the classical negation ¬i and the classical dis-

junction i ∨ k are DDL formulas. As usual, other logical connectives can be defned using 

negation and disjunction as primitives (Carmo & Jones, 2002b). 

Additionally, there are a few special DDL formulas, namely: □ a P : P holds in all actual 

versions of the current world, □ p P : P holds in all potential versions of the current world, 

Oa(P ): P is an actual obligation, Op(P ): P is an ideal/potential obligation, and O(P/Q): 

P is obligated given that Q (Carmo & Jones, 2002b). 

Diving into the semantic, the dyadic operator O(P/Q) is used to represent that in any 

context (set of worlds) in which Q is true, it is obligated that P (Carmo & Jones, 2002b, 

p. 282). A function ob: P(W) → P(P(W)) is defned, with P(W) denoting the powerset 

of W. This function then ”picks out for each context the propositions which represent that 

which is obligatory in that context” (Carmo & Jones, 2002b, p. 282). A sentence of the form 

O(P/Q) then is true in a model if in any context X where Q is true and P is possible, P is 

obligatory (Carmo & Jones, 2002b). 

To derive ideal and actual obligations from this, we must diferentiate two notions of 

necessity. First, we will use □ a to represent actual necessity, meaning that which is unal-

terable in a concrete context. This meaning is captured by adding a function av(w) to our 

model that picks out for each world w the set of worlds that are actual versions of w, meaning 

that they make up the relevant context for deriving actual obligations at w. A sentence of 

the form □ a P then is true at a world w if P is true in all actual versions of w (Carmo & 

Jones, 2002b, p. 283). 

Actual obligations are defned as follows: The set of propositions ob(av(w)) are all propo-

sitions representing that which is obligatory in the context av(w). A sentence Oa(P ) then 

is true at a world w if the proposition P is in ob(av(w)). Furthermore, it is required that 

there exists one world in av(w) in which P is false since actual obligations may be violated 

(Carmo & Jones, 2002b, p. 283). 

The second notion of necessity □ p P is used to capture features that ”could not have 

been avoided by the agents concerned, no matter what they had done” (Carmo & Jones, 
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2002b, p. 283). Based on this, potential or ideal obligations can be defned by introducing 

another function pv(w). This function selects for a given world w the set of worlds which 

are potential versions of w, e.g., the relevant context to decide which ideal obligations are 

relevant at w. A sentence □ p P then is true at a world w if P is true at all worlds contained 

in pv(w). Moreover, for all propositions picked out by ob(pv(w)), we can say Op(P ), meaning 

that it is ideally obligatory that P. Again, the truth of Op(P ) demands there to be at least 

one world in pv(w) in which P is false, since ideal obligations can also be violated (Carmo 

& Jones, 2002b, 283f.). 

Using these ideas, a DDL model can be defned as a structure M = <W, av, pv, ob, V>, 

with: 

- W being a non-empty set containing all possible worlds, 

- V being an evaluation function that assigns a truth set (a set of worlds) to each atomic 

sentence, 

- av: W → P(W) being a function that takes a world and maps it to a set of worlds that 

contains the actual versions of a world, and av(w) ̸= ∅, and 

- pv: W → P(W) being a function that takes a world and maps it to a set of worlds that 

contains the potential versions of a world, such that av(w) ⊆ pv(w) and w ∈ pv(w), 

and 

- ob: P(W) → P(P(W)) being a function connecting sets of worlds to sets of sets of worlds 

which represent the set of propositions that are obligated in context X (Benzmüller 

et al., 2022; Carmo & Jones, 2002b). 

Several conditions must hold for ob (where X, Y, Z designate arbitrary subsets of W ): 
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− ∅ ∈/ ob(X). 

− If Y ∩ X = Z ∩ X, then (Y ∈ ob(X) if and only if Z ∈ ob(X)). 

− Let β ⊆ ob(X) and β ≠ ∅. If (∩β) ∩ X ≠ ∅ 

(where ∩ β = {s ∈ S ; for all Z ∈ β, we have s ∈ Z}), 

then (∩β) ∈ ob(X). 

− If Y ⊆ X and Y ∈ ob(X) and X ⊆ Z, then (Z \X) ∪ Y ∈ ob(Z). 

− If Y ⊆ X and Z ∈ ob(X) and Y ∩ Z ̸= ∅, then Z ∈ ob(Y ) 

(Benzmüller et al., 2022; Carmo & Jones, 2002b). 

Truth of a formula A relative to a world w in a model M then is determined in the 

following way: 

j j)M, w |= p if and only if w ∈ V(p 

M, w |= ¬i if and only if M, w ̸|= i (meaning not M, w |= i) 

M, w |= i ∨ v if and only if M, w |= i or M, w |= v 

M, w |= □i if and only if V(i) = W 

M, w |= □ a i if and only if av(w) ⊆ V(i) 

M, w |= □ p i if and only if pv(w) ⊆ V(i) 

M, w |= O(v / i) if and only if V(v) ∈ ob(V(i)) 

M, w |= Oa(i) if and only if V(i) ∈ ob(av(w)) and av(w) ∩ V(¬i) ̸= ∅ 

M, w |= Op(i) if and only if V(i) ∈ ob(pv(w)) and pv(w) ∩ V(¬i) ̸= ∅ 

(Benzmüller et al., 2022; Carmo & Jones, 2002b). 

A DDL formula i is valid in a model M (M |=DDL i), if and only if for all worlds w ∈ 

W, we have M, w |= ϕ. It is valid (|=DDL i), if and only if it is valid in every DDL model 

(Benzmüller et al., 2022; Carmo & Jones, 2002b). 

For more detailed investigations into the specifcs of DDL, the interested reader may 

consult the literature (Carmo & Jones, 2002a, 2002b, 2013, 2022). 
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An embedding of DDL in Isabelle/HOL has already been created and tested by Benzmüller 

et al. (2022) (Figure 5.13). For further explanations, please refer to the literature (Benzmüller 

et al., 2022). 
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1 theory DDL ( * DDL : Dyad i c Deont i c Log i c by Ca rma and Jones, Benzmtiller , Pa rent Far j ami, 2018 *) 
2 imports types Ma i n 
3 begin 
4 

consts av :: "i=>a" pv::"i=>a" ob :: "a=> (a=>bool)" ( * access i bil ity relations* ) 
6 cw : :i ( *cu r rent world * ) 
7 
8 
9 

11 
12 
13 
14 

16 
17 
18 
19 

21 
22 
23 
24 
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axiomatization where 
ax_3a : "'r/W .3x . av( w)( x )" and ax_4a : 
ax_Sa : "v'X. , ob( X)(AX. False)" and 

"'r/W x . av( w)( x ) -, pv(w)( x )" and ax_4b : " 'r/W . pv( w)( w)" and 

ax_Sb: "\fX Y Z. ('r/W . (( Y(w) II X(w)) ....... (Z(w) II X(w)))) _, (ob( X)( Y) ._. ob( X)( Z)) " and 
ax_Sca: "lfX J. ( (v'Z . .J(Z) -, ob( X) (Z)) 11 (3Z. J(Z))) -, 

((( 3y . ((AW. v'Z. ( .1 Z) -, (Z w))( y ) 11 X(y ))) - ob( X)(AW. v'Z. ( J Z) - (Z w))))" and 
ax_Sc : "\fX Y Z. ( (( 3w. (X(w) I\ Y(w) I\ Z(w))) I\ ob( X) (Y) II ob( X) (Z)) _, ob( X)(AW. Y(w) 
ax 5d : "v'X Y Z. (( 'r/W . Y(w) -, X(w)) II ob( X)( Y) 11 ('r/W . X(w) -, Z(w))) 

- ob( Z)(AW. (Z(w) I\ , X(w)) V Y(w))" and 
ax Se : "\fX Y Z. (( 'r/W . Y(w) -+ X(w)) II ob( X)( Z) II (3w . Y(w) II Z(w))) -+ ob( Y)( Z) " 

abbreviation ddlneg ::1 ( " , _ " (52 )53) where " , A = AW. , A(w)" 
abbreviation ddland: : e ( infixr " 11 "51) where "A11B = AW. A(w) 11B(w)" 
abbreviation ddlor : : e ( infixr " v "50 ) where "AVB = >.w. A(w)v B(w)" 
abbreviation ddlimp: : e ( infixr" --+ "49) where "A--+B = AW. A(w) - B(w)" 
abbreviation ddlequiv : : e ( infixr" ... "48 ) where "A ... B = >.w. A(w) ....... B(w)" 
abbreviation ddlbox: :1 where " DA = >.w.\fv . A(v )" ( *A ~ (AW. True) * ) 

11 Z(w)))" and 

abbr eviation ddlboxa :: where " D ,A = AW. (\fx . av( w)( x ) -, A(x ))" ( * i n all actual worlds * ) 
abbreviation ddlboxp ::1' ( " 0 0" ) where " D ,A = AW. (lfx . pv( w)( x ) -, A(x ))" ( * i n all potent i al wo r lds * ) 
abb r eviation ddldia: :1' where 
abb r eviation ddldi aa :: -1 where 
abbreviation ddldiap ::1' where = , 0 0 ( , A) " 

abbreviation ddlo: : e ( " 0 ( _ _1 _ ) " (52 ) 53 ) where " O(B IA) = >.w. ob( A)( B)" ( * it ought to be ,, , gi ven .;, * ) 
abb r eviation ddloa ::1 ( " O, " ) where " O,A = AW. ob(av(w))( A) 11 (3x . av( w)( x ) 11 , A(x ))" ( * act ual obligation • ) 
abbreviation ddlop : :1' ( " 0 0 " ) where " 0 0A = >.w. ob(pv(w)) (A) I\ (3x . pv( w)( x ) II , A(x ))" ( •pr i ma ry obligat i on* ) 
abbreviation ddltop : :a ( " T " ) where " T = AW. True" 
abbreviation ddlbot : : a ( " .L " ) where " .L = >.w. False" 

( * Poss i bi l i st Quanti f i cat i on . * ) 
abb r eviation ddlforall ( " If" ) where " \/<I> = AW.\fx . ( <I> x w)" 
abbreviation ddlforallB (binder" \1" [ 8) 9 ) where " 'Ix . .;, ( x ) = 
abbreviation ddlexists ( " 3" ) where " 3<1> = AW. 3x . ( <I> x w)" 
abbr eviation ddlexistsB (binder" 3" (8) 9 ) where " 3x . .;, ( x ) = 

'I.;, " 

3.;, " 

44 abbreviation ddlvalid : : "a => bool " ( " LJ " [7) 105) where " lAJ = 'r/W . A w" ( * Global validity* ) 
abbreviation ddlvalidcw: : "a => bool " ( " l.J1 " [7) 105 ) where " lAJ1 = A cw" ( *Local validity ( i n cw) * ) 

46 
47 (* A i s obl i agto ry *) 
48 abb r eviation ddlobl ::1 ( " O<_>" ) where " o<A> = O(A IT )" ( * New syntax : A i s obligatory .* ) 
49 

(* Cons i st ency * ) 
.51 lemma True nitpi c_k [ satisfy , user_axioms , show_all ) oops 
52 
153 end 

Figure 5.13: DDL Embedding in Isabelle/HOL 
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5.2.2 Representing Example CTDs 

As explained before, the goal of this section is to represent CTDs from the AIA in DDL. 

Additionally, it will be shown why SDL is unable to reason with CTDs correctly. 

The running example in this chapter appears in Article 16 of the AIA: 

”Providers of high-risk AI systems shall: 
(a) ensure that their high-risk AI systems are compliant with the requirements 
set out in Chapter 2 of this Tile; 
(...) 
(g) take the necessary corrective actions if the high-risk AI system is not in 
conformity with the requirements set out in Chapter 2 of this Tile; 
(h) inform the national competent authorities of the Member States in which 
they made the AI system available or put it into service and, where applicable, 
the notifed body of the non-compliance and any corrective actions taken; 
(...)” (Artifcial Intelligence Act, 2021, 52f.). 

To easier recognize the CTD here, the sentences will be reformulated to suit the typical 

CTD structure (Chapter 4.6). The fact that the obligations in this article are agentive for 

the provider is disregarded for now. Additionally, it is focused on the obligation to inform 

national competent authorities, meaning that the duty to take corrective actions is ignored. 

Finally, point three in the reformulation is not mentioned explicitly but can be inferred from 

the given passage. The resulting CTD then looks as follows: 

1. High-risk AI systems shall be compliant with the requirements set out in 

Chapter 2 of this tile. 

2. If a high-risk AI system is not in conformity, the national competent authorities 

shall be informed of the non-compliance. 

3. If a high-risk AI system is in conformity, the national competent authorities 

shall not be informed. 

4. A high-risk system x is not in conformity with the requirements. 

In the following, the DDL representation of this CTD will be discussed (Figure 5.14). 
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1 theory • 1&_DDLonl y" 
2 imports 
3 DDL 
4 be11in 
5 
6 consts 
7 
8 
9 

10 

compliance_ req_ chap2:: • aiSYS='-a" 
in f orlR _ cOlll _ auth:: • a1Sys=a• 
kil l _everyone:: " aiSys~ a• 

11 ( • CTD exa~ple DD L: * ) 
12 consts 
13 l::aiSys 
14 
15 ( • in t eres t ing part : CTO; Try ing to create t he typical structure• ) 
16 axi01natization where 
17 AO: " , (h1gh_nsk l )J" and 
18 Al : • . Vx: : aiSys . (high_ r i sk x) _. O<( cor,pliance_ r,;q_chap2 x )>J• and 
19 A.2: " LVx: : aiSy s . ~ ( compliance_ req_chap2 x) A (high_ risk x) _. O<(i nf orm_ com_auth x )>J • and 
20 (• pl1nt : If the co-pliance •••1 th the require~ents is a g1ven , the provider 1s ollllgated to not rnfo na authorities 
21 of non- cor.pl1ance ( since that ~•ould ake no sense") 
22 A.3: • _Vx: : ai Sys . O<( co pliance_ req_chap2 x) A (h1gh_ risk x) ( ~ ( in form_co _auth x) )>]" and 
23 Situati on: • ,~ ( compliance_ req_chap2 l) , · 
24 
25 (·••so-e Exper ents • .. ) 
26 l emma, True nj_tpjck [ satis fy , user_axio s, show_all ] oops ( • Cons1stency -check : thtp1ck finds a odel. ) 
27 
28 
29 
30 l emma " [ O<( in f orm_co _auth l )>_ , • using AO A.2 Situation by aut o 
31 le ... a, " LO<~ ( in form_co:n_auth l )>, , • ni1P.ick [ user_axio s] oops ( • counterexa ple found • ) 
32 l emo • O<( kill_everyone l )> 1,• r oops 

34 end 

Figure 5.14: Isabelle representation Article 16 in DDL 
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25 (*''SOl!IE' EKpenments•••) 
26 t-.. True nit PE!ck {satisfy, user_axioms, show_all l oops (•cons1stency-check: N1tp1ck flnds a lll()del. ) 
27 
28 
29 
30 t- "l0<l1nfonn_com_auth ll> 1" using Ae A2 Situation by auto 
31 lema "[0<-.(inform_c011_auth lJ> 1" nitpick (user_ax1oms ) oops (•counterexample found•) 
32 t-.- "[O<lkill_everyone 1)> 1 · oops 

" 
I

;: "' 
] 6 
J7 
J8 
J9 

Nitpickingfonnula .. 
N1tp1ek found a model for card 1 = 2 and card a1Sys = I: 

Constants: 
compliance_req_chap2 = (.\x . _Ha1 := ().x. _ Hi1 := True, i1 := False)) 
rnfonn c0111 auth = (),x. Hai := (.\x . H11 := False, 11 := True)) 
16_DDL0nly-:-l = a1 - -
av = (,\x . _llii := ( >.x . _ Hi1 := False, i1 := True), ii: = (.\x . )(ii: = False, ii := Truell 
CW= ll 
ob=(,\x. J 

(( .\x .- _lli1 := True, ii := True) := (,\x . _) 

0 Proof d lt t 0 Auto upd.1t t Updat t Search: 

(( Ax . _ lb1 := True, 11 := True) := True, (.\x. )(11 := True, 11 := False) := True, (Ax. lb1 := False, 11 := True) := True, (.\x . _H11 := False, 11 := False) := False), 
(,\x . _ )(ii := True, 1, := False) := (,\x . _) 

(( Ax . _ Hi1 := True, ii := True) := True, (,\x . )(ii :"' True, ii := False) := True, (,\x. Hi1 ;"' False , 11 := True) : "' False, (.\x . _)(ii : "' Fa l se, ii :"' False) :"' False), 
(Ax . )(11 := False, 11 := True) := (.\x . ) 

((AX. _ )(ii := True, 11 := True) := True", (.\x . lli1 := True, ii := False) := False, (AK. _ )(11 := False, i1 := True) := True, (.\x . _llli := Fa l se, 11 := False) := False), 
(Ax . llii : "' False, ii :"' False): "' ( >.x . I 

pv = (,\/( ~~ii-;- ':~\~:.T:~~L1\:;r::~e~/\F~~~:), t~; · ;;lg~. :=1~~~e;/{r~=.F~~s~! ~;u=~~se, (,\x . H11 := False, 11 := True) := False, (,\x. _)(11 := False, 11 := False) := Fal se)) 

high_risk "' (,\x . _Ha1 := ( >.x . _ )(ii :"' True, ii :"' Truell 

In lines 2-3, the types fle and the embedding of DDL are imported. The only relevant im-

port from the types fle is the type defnition aiSys for AI systems and the constant high risk 

that evaluates to true if a system is classifed as high-risk. Lines 7-8 then defne two more 

constants: One to indicate whether high-risk AI systems conform with the requirements, 

and one to show whether the responsible national competent authorities are informed about 

an AI system. The constant declared in line 9 can be ignored for now; it is used for experi-

mentation later. 

Afterward, a constant l denoting a particular AI system is declared in line 13. Line 

17 simply states that the given AI system l is indeed classifed as high-risk. The next few 

lines contain the actual CTD: A1 matches phrase one, A2 phrase two, A3 phrase three, 

and what is called Situation in Isabelle expresses phrase four (lines 18-23). To express the 

current situation, we use the notion of local validity, meaning that a statement is valid in 

the current world (Benzmüller et al., 2022). 

Some experiments will test this representation. A frst consistency check with Nitpick in 

line 26 succeeds (Figure 5.15). 

Figure 5.15: Consistency confrmed via Nitpick 
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30 lemma " lO<( inform_com_auth l)>Jt " using A0 A2 Situation by auto 
31 lemma " lO<,( inform_com_auth l)> t " niloo [user_axioms ] oops (*count erexampl e found *) 
32 lemma " lO<(kill_everyone l)>Jt " tr 

0 Proof state 0 Auto update Update Search : 

Trying "solve_direct", "quickcheck", "try0", "sledgehammer", and "nitpick" ... 
Nitpick found a quasi genuine counterexample for card i = 2 and card aiSys = 1: 

Empty assignment 

Figure 5.16: No false statements proven 

Next, diferent lemmas are constructed to control whether Sledgehammer can reason 

with the formalized CTD (Figure 5.16). Fortunately, this leads to the desired results: Only 

the lemma in line 30 can be proven, which states that it is an obligation in the current 

world to inform the authorities about system l. This aligns with the rules specifed in the 

AIA for the given situation (Artifcial Intelligence Act, 2021, 52f.). On the other hand, no 

proof is found for the lemma stating the opposite in line 31, and instead, Nitpick fnds a 

counterexample. Additionally, no proof is found for the abstruse claim that the AI system l 

should kill everyone since the axioms do not lead to inconsistencies when formalized in DDL. 

To display the contrast between SDL and DDL, the same fle is created again, but this 

time, the SDL embedding is imported (Figure 5.17). This easy switch of the two logics is 

possible due to line 48 in the DDL embedding (Figure 5.13), where a syntax is introduced 

that matches the syntax of SDL. 

Using SDL produces diferent results: The consistency check in line 26 fails, and Nitpick 

does not fnd a model. In line 27, the axioms even allow us to infer Falsum using Sledge-

hammer (Figure 5.18). This is a serious problem because, from inconsistency, everything 

can be proven. We can see that in the lemmas in lines 30 and 31. Here, Sledgehammer 

fnds proof supporting the claim that the national competent authorities should be informed 

about system l, as well as for the opposite claim. Line 32 is even more concerning. Here, 

Sledgehammer proves that it is obligatory for the AI system l to kill everyone (Figure 5.19). 
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1 theory " 16_SDLonly" 
2 iaports 
3 SOL 
4 beg i n 
5 
6 const s 
7 co pliance_req_chap2: : " aiSys:;-a• 
8 info rm_ COl!l_auth:: " ai Sys=-a• 
9 kill_everyone:: " ai Sys=a• 

10 
11 ( • (TO el<a ple SO L: • ) 
12 const s 
13 l: :aiSys 
14 
15 (•rnterestrng part : CTO ; Trying to create the typical structure•) 
16 al<i 0111atization where 
17 AO: • , (hi gh_risk l )J" and 
18 Al : " [ 'llx : : aiSy s. (high_risk l< ) - O<( c pliance_req_chap2 x )>j " and 
19 A2: " [ 'llx : : aiSys . ~ (compliance_req_chap2 x) A (high_risk x) -, O<c( in t orm_co _auth x )>J" and 
20 ( 'rr.,pllcit : If the co-p,llance •,;1th the require'")ents 1s a g1ven , the pro•1ider 1s obl1gated to not rnfo authorities 
21 of non- co-pl1ance ( since that would ake no sense • ) 
22 A3: " [ 'llx : : aiSys. x) A (high_risk x) (~ (int orm_co.:n_auth x) )>]" and 
23 Situation : "l~ (cOlllpliance_req_chap2 l ) • 
24 
25 ( * .. So~e Exper ents* .. l 
26 lelllllla True ~Jetc~ (satis fy , user_axioos] oops (•Cons1stency-check : lltp1ck finds no odel ' ") 
27 leJ11111a, False sledge!! es oops 
28 
29 
30 leJ'lllla, " [ O<c( intono_c _auth l )> , • using AO A2 Situation by aut o 
31 l ema, " [O<c ~ ( in f orm_co _auth ll>, , • by (sllllp add : AO Al A3 ) 
32 l e111111a " [O<( kill_everyone l )>J," by ( etis AO Al A2 A3 Situation ) 
33 
34 end 

Figure 5.17: Isabelle representation Article 16 in SDL 

This behavior is problematic and not desirable in a faithful representation. It clearly 

outlines why DDL is needed to represent and consistently reason with AIA paragraphs con-

taining CTDs. 

Fortunately, anything that can be expressed in SDL can also be expressed in DDL (Dov 

Gabbay et al., 2013), meaning that all parts of the AIA containing the modalities discussed 

so far (obligations, permissions, prohibitions, and CTDs) can faithfully be represented using 

the introduced DDL embedding. A representation of the examples from Chapter 5.1 in DDL 

can be found in Appendix Eight. 
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1

25 1 ( **Some Experi ments *** ) 
26 lemma True .nitP.i.~~ [satisfy , user_axi oms ] oops (*Cons i stency -check : Ni tp i ck f i nds no model! *) 
27 lemma False fildgehammer 

0 Proof state 0 Auto update Update Search : 

Sledgehammering ... 
cvc4 found a proof . . . 
verit found a proof .. . 
cvc4: Try this: by (meson A0 Al A2 A3 Sit uat ion seri ality) (15 ms) 
cvc4 found a proof .. . 
cvc4 found a proof .. . 
cvc4 : Try this: by (meson A0 Al A2 A3 Sit uat ion seri ality) (46 ms) 
verit : Try this: by (met i s A0 Al A2 A3 D Situation) (0 .0 ms) 
cvc4: Try this: by (meson A0 Al A2 A3 Sit uat ion seri ality) (0 .0 ms) 
OED 

30 lemma "lO<(info rm_com_aut h l )>Jt " using A0 A2 Situat i on by auto 
31 lemma "lo <-,( i nform_com_aut h l)>Jt " by (si mp add : A0 Al A3) 
32 lemma "lO<(ki ll_eve ryone l)>Jt " ..t y 

0 Proof state 0 Auto update Update Search: 

Trying "sol ve_di rect", "qu i ckcheck", "t ry0 ", "sledgehamme r", and "nitpick" ... 
cvc4: Try thi s: by (meson A0 Al A2 A3 Situation) (0.0 ms) 
ve rit: Try t hi s: by (meson A0 Al A2 A3 Situatio n) (15 ms) 
cvc4: Try this: by (meson A0 Al A2 A3 Situation) (0.0 ms) 
spass: Try t hi s: using A0 Al A2 A3 Situation by blast (46 ms) 
cvc4: Try this: by (meson A0 Al A2 A3 Situation) (0.0 ms) 
cvc4: Try thi s: us i ng A0 Al A2 A3 Situation by blas t (0 .0 ms) 
cvc4 : Try this: us ing A0 Al A2 A3 Situation by blas t (31 ms) 
cvc4: Try this: us i ng A0 Al A2 A3 Situation by blas t (31 ms) 
vampi re: Try t hi s: us i ng A0 Al A2 A3 Situation by blast (31 ms) 
spass : Try t hi s: by (metis A0 Al A2 A3 Situation ) (0 .0 ms) 
z3: Try this: by (meson A0 Al A2 A3 Situation) (15 ms) 
OED 

Figure 5.18: Proving Falsum using Sledgehammer 

Figure 5.19: Consequences of inconsistency 
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5.3 Representing Agency and Agent-Based Obligations 

In this section, the representation of agency will be discussed. As indicated in Chapter 

4.5, the branch of STIT logics is a good choice for this purpose. More precisely, a deontic 

version of STIT theory is needed since the AIA contains not only actions but also agentive 

obligations that must be formalized. Temporal Deontic STIT (TDS) Logic as introduced by 

van Berkel and Lyon in 2019 extends STIT logic with an ought-to-do operator ◦iϕ, making 

it a suitable candidate (van Berkel & Lyon, 2019). 

5.3.1 Temporal Deontic STIT Logic 

TDS Logic combines Lorini’s Temporal STIT (T-STIT) Logic (2013) with atemporal de-

ontic STIT Logic (Murakami, 2005). Its language consists of a countably set of propositional 

variables Var, a fnite set of agents Ag, and the following formulas ϕ: 

p ranging over Var, ¬ϕ, ϕ ∧ ϕ, [i]ϕ with i ranging over Ag, [Ag]ϕ, □ϕ, [G]ϕ, [H]ϕ, ◦i ϕ 

As usual, the other boolean constructions (∨, →, ↔) can be defned based on negation 

and conjunction, whereas ⊤ and ⊥ are defned as p ∨¬p and p ∧¬p respectively (van Berkel 

& Lyon, 2019). 

The individual STIT operator [i] translates to agent i ought to see to it that, and the 

group STIT operator [Ag] to the group of all agents Ag ought to see to it that. To express 

that agent i ought to see to it that, the ought-to-do operator ◦i can be used. The Box op-

erator □ϕ expresses that ϕ is always true, independent of how all agents act. G and H are 

temporal operators that can be used to make statements about the strict future and the 

strict past, with [G]ϕ meaning that ϕ will always be true in the future, and [H]ϕ meaning 

that ϕ has always been true in the past (van Berkel & Lyon, 2019). 

Originally, STIT theory is set against a semantic framework of indeterminism, partic-

ularly the theory of Branching Time and Agent Choices (BT+AC). BT structures are a 
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tree-like ordering over a set of moments. The AC function then maps each moment into a 

history consisting of linearly ordered moments so that the equivalence classes of the partition 

compose the possible choices for an agent at each moment (Lorini, 2013). Since BT+AC 

semantics can be simulated in possible world semantics, they will not be elaborated here. 

For a detailed account of BT+AC, the reader may refer to Belnap et al. (2001). 

Interpreted in Kripke-style semantics, TDS Logic uses multiple accessibility relations 

governed by specifc constraints: 

- R□(w), which returns the set of all worlds that are alternatives to w, 

- Ri(w), which returns the set of worlds that are forced by the choice of agent i at world 

w, 

- RAg(w), which returns the set of worlds that are forced by the choices of all agents in 

the set Ag at w, 

- R◦i (w), which returns the set of ideal worlds that an agent i ought to enforce with 

their choice at w, and 

- RG(w) and RH (w), which return all worlds that are in the strict future [past] of w 

(van Berkel & Lyon, 2019). 

A TDS frame can then be described as a tuple F = (W, R□, Ri | i ∈ Ag, RAg, RG, RH , 

R◦i | i ∈ Ag) where W is a non-empty set of possible worlds, and 

- ”for all i ∈ Ag, R□, Ri, RAg ⊂ W x W are equivalence relations such that: 
(C1) Ri ⊆ R□; T 
(C2) for all u1, ..., un ∈ W: if (ui, uj ) ∈ R□ for all i, j ∈ 1, ..., n then 1≤i≤n 
Ri(ui) ̸= ∅; T 
(C3) for all w ∈ W: RAg(w) = i∈Ag Ri(w); 

- RG is a transitive and serial binary relation and RH is the converse of RG, 
such that 
(T4) for all w, v, u ∈ W: if v, u, ∈ RG(w) then u ∈ RG(v) or v ∈ RG(u) or 
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u = v 
(T5) for all w, v, u ∈ W: if v, u ∈ RH (w) then u ∈ RH (v) or v ∈ RH (u) or 
u = v; 
(T6) RG ◦ R□ ⊆ RAg ◦ RG; 
(T7) for all w ∈ W: if v ∈ R□(w) then v ̸= RG(w); 

- For all i ∈ Ag, R◦i ⊂ W x W are binary relations such that: 
(D8) R◦i ⊆ R□. 
(D9) For all w ∈ W , there exists a v ∈ W such that v ∈ R□(w) and for all 
u ∈ W , if u ∈ Ri(v), then u ∈ R◦i (w). 
(D10) For all w, v, u, z ∈ W , if v, u ∈ R□(w) and z ∈ R◦i (u), then z ∈ 
R◦i (v). 
(D11) For all w, v ∈ W , if v ∈ R◦i (w) then there exists u ∈ W such that 
u ∈ R□(w)and v ∈ Ri(u), and for all z ∈ W , if z ∈ Ri(u) then z ∈ R◦i (w)” 
(van Berkel & Lyon, 2019, p. 3) 

A TDS model is a tuple M = (F,V), with F being a TDS frame as explained above, and V 

being a valuation function for propositional variables such that V : Var −→ P(W). 

The truth of a formula ϕ in a TDS model M is determined based on the following 

conditions: 

”1. M, w |= p if w ∈ V (p) 
2. M, w |= ¬ϕ if M, w ̸|= ϕ 

3. M, w |= ϕ ∧ υ if M, w |= ϕ and M, w |= υ 
4. M, w |= □ϕ 

if ∀v ∈ R□(w) : M, v |= ϕ 
5. M, w |= [i]ϕ if ∀v ∈ Ri(w) : M, v |= ϕ 
6. M, w |= ◦iϕ if ∀u ∈ R◦i (w), M, u |= ϕ 

7. M, w |= [Ag]ϕ if ∀v ∈ RAg(w) : M, v |= ϕ 
8. M, w |= [G]ϕ if ∀v ∈ RG(w) : M, v |= ϕ 

9. M, w |= [H]ϕ if ∀v ∈ RH (w) : M, v |= ϕ” 
(van Berkel & Lyon, 2019, p. 4). 

As visible in the truth conditions, both the individual and the group STIT operators 

employ Chellas notion of a STIT operator (Chellas, 1992; van Berkel & Lyon, 2019). Based 

on this, it is possible to defne the deliberative STIT operator as follows: [i]dϕ if and only if 
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[i]ϕ ∧ ♢¬ϕ (J. Horty, 1989; van Berkel & Lyon, 2019; Von Kutschera, 1986). Similarly, the 

deliberative ought operator can be defned as: ◦idϕ if and only if ◦iϕ ∧ ♢¬ϕ (van Berkel & 

Lyon, 2019). For more details on the diferent notions of STIT, please refer to the literature, 

for example, J. F. Horty and Belnap (1995). 

A TDS formula ϕ is TDS valid (|= T DS ϕ), if and only if for every TDS model M and 

for every world w in M we have M, w |= ϕ. ϕ is satisfable in TDS if ¬ϕ is not TDS valid 

(Blackburn et al., 2001; van Berkel & Lyon, 2019). For more details on the relations in TDS 

Logic and the constraints on them, please refer to van Berkel and Lyon (2019). 

5.3.1.1 Embedding TDS Logic in Isabelle/HOL 

The following section will introduce an embedding of TDS Logic in Isabelle/HOL. The 

work by Benzmüller et al. on embedding DDL in Isabelle/HOL serves as an orientation 

since DDL, like TDS Logic, employs a Kripke-style possible world semantics that must be 

sustained in the HOL embedding (Benzmüller et al., 2022). 

The full TDS embedding can be found in Figures 5.20, 5.21 and 5.22. Explanations are 

provided below. 
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1 theory Tstit_Deontic_clean ( 'TDS logic') 
2 imports Main 
3 begin 
4 
5 decla re [ [ show types ]] 
6 !l,iApill,.,_pa~ [use r_axi oms , show_all , f ormat=2] (*global parameter setting for nitpick*) 
7 
8 typedecl 1 ('possible wo r ld') 
9 type_synonym a = "( i =>bool)" 

10 type_synonym "I = "a~ " 
11 type_synonym g = "a=>a=>a" 
12 type_synonym d = "i => i => bool" (* type of accessibility relations between worlds • ) 
13 
14 datatype ag = al I a2 (' dataype of mutually different agents; we provide 2, more can be added as needed ') 
15 
16 type_synonym w = "ag=>i => i => bool" (* type of agent dependent accessibility relations between worlds *) 
17 type_synonym v = "(ag:::::,.bool) =>i => i =>bool" (* type of set 4 of•agents dependent accessibility relations between worlds •) 
18 
19 consts 
20 cw : : 1 (*current world * ) 

RBox : :o ('worlds that are alternatives to each other : if (w, .:!!! ) then .:!!! is an alternative tow') 
R_ag : :w (*worlds that are actual choices for agent a, set of alternatives that are forced by agents 
R _set : : 11 (•worlds that a re actual choices far the set a f agents Ag*) 
R _ ag_ ought : : w (•set of al te rnati ves that agent a ought to chose at moment m*) 

i choice or action at world w•) 

2 1 
22 
23 
24 
25 
26 
27 
28 
29 

RG: :o ( *all worlds that are the strict future of world w: (w, .:!!! ) means that .:!!! 1s the strict future of w•) 
RH : :d ( *all worlds that are the strict past of world w: (w, !!,! ) means that !!! is the strict past of w*) 

30 Ag:: "ag=>bool" ( ' set of all agents ' ) 
3 1 
32 definition I nv: : "d => i5 " ( "Inv _") where 
33 " I nv R = >.y X . R x y" 
34 
35 lemma True .ni_tgi~ [ sat i sf y , user_axioms , show_all ] oops (*empty assignment* ) 
36 
37 axiomatization where 
38 al Set : "Ag al" and 
39 a2Set : "Ag a2" 
40 

Figure 5.20: Embedding TDS Logic in Isabelle/HOL part 1 

First, a type i for possible worlds is introduced (line 8). This is important since TDS 

formulas (as usual in Kripke-style semantics) are always evaluated based on a given world. 

Consequently, the type for TDS formulas is i → bool, abbreviated as σ (line 9). Next, the 

types γ, ρ, and δ needed for embedding the logical connectives are declared (lines 10-12). 

Line 14 declares the datatype for agents ag and names two mutually diferent agents a1 

and a2 (more can be added as needed). Finally, two more types ω for agent-dependent 

accessibility relations between worlds and ν for accessibility relations depending on the set 

of agents are defned (lines 16-17). 
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41 axiomatization where 
42 (*reflexivit y , symmetry , and transitivity fo r all equi valence relations*) 
43 accReR_ag : "Ila w. (R_ag a) w w" and 
44 accSymR_ag : "Ila w v . (R_ag a) w v - (R_ag a ) v w" and 
45 accTraR_ag : "Ila w v u . ( (R_ag a) w v /\ (R_ag a) v u) - (R_ag a) w u" and 
46 
4 7 accReRBox : "\fw . RBox w w" and 
48 accSymRBox : "\fw v . RBox w v - RBox v w" and 
49 accTraRBox : "\fw v u . (RBox w v II RBox v u) -+ RBox w u " and 

51 accReR_set : "Ifs w. (R_set s ) w w" and 
5 2 accSymR_set : "Ifs w v . (R_set s ) w v - (R_set s ) v w" and 
53 accTraR_set : "Ifs w v u . ( (R_set s ) w v /\ (R_set s ) v u ) - (R_set s ) w u" and 
54 
SS RG_seri al: "( \Ix . (3y . (RG x y )))" and ('serialit y of El!*) 
56 RG_trans : " (\Ix y z . (RG x y ) /\ (RG y z ) -+ (RG x z))" and ('transitivity of El!') 
57 I nv: "(Inv RG) RH" and (*.!lli is the i nve rse of El!') 
58 
59 Cl : "Ila wl w2 . (R_ag a ) wl w2 __, RBox wl w2 " and (*agents can only choose between alternatives*) 

(* independence of agents/choices • if .l!! and .iif are alternatives to each other , there exists a world w which i s 
61 part of the actual choi ce of all agents , see tests*) 
62 C2 : "\fwl w2 . (RBox wl w2 ) __, (3w . \la . (R_ag a) wl w) " and 
63 (* independence of agents/choices • if .l!! and .iif are alternatives to ea ch other, there exists a world w which 1s 
64 part of the actual choice of all agents*) 
65 C3 : " \IS wl w2 . ((R_set S) wl w2 ) - (\la . Sa __, (R_ag a) wl w2 )" and (*choices of agents in gr oup .ill!! are 
66 made up of the choices of the intersection of choices of each individual agent*) 
67 
68 T4 : " \tu v w. ((RG w u ) /\ (RG w v )) -+ ((RG vu ) V (RG u v ) V u = v )" and (*futu re*) 
69 T5 : " \tu v w. ((RH w U) ii (RH w V)) -+ ((RH v U) v (RH u V) v u = v )" and (*past*) 

(* If v is i n the future of wand u and v are i n the same moment , then the re exists an alternative z 
71 i n the collective cho i ce of all agents at w such that u is in the future of z . •) 
72 T6 : "\Iv w u S. (RG w v ) /\ (RBox vu ) -+ ( 3z . ((R_set S) w z ) /\ (RG z u))" and 
73 T7 : "\fw v . ((RBox w v )) -+ . (RG w v ) " and (*if worlds are i n the same moment , they can't be in each others future *) 
74 
75 {* ideal wo r lds accessible at a moment are alte rnatives to the current wo rld*) 
76 D8: "Va. "lw v . ( (R_ag_ought a) w V) - (RBox w V)" and 
77 (*at every moment fo r each agent the re i s a choice available that i s an ideal choice*) 
78 D9: "Va. "lw . (3v . (RBox w v ) 11 (Vu. ((R_ag a) vu ) - ((R_ag_ought a) w u)))" and 
79 ('for each agent, if a world i s ideal from the perspective of a pa r ticular world at a moment, that world i s ideal from 

the perspective of any world at that same moment , ideal worlds are settled upon moments*) 
81 D10: "Va. "lw vu z . (RBox w v ) A (RBox w u) A ((R_ag_ought a) u z) - ((R_ag_ought a) v z)" and 
82 ('Every ideal world extends to a complete i deal choi ce, no choi ce contains both ideal and non-ideal worlds*) 
83 D11: "Va. "lw v . ((R_ag_ought a ) w v ) - (3u. (RBox w u) A ((R_ag a) u v ) A (Vz . ((R_ag a) u z) - ((R_ag_ought a) w z)))" 
84 
85 (*Logical connectives lifted*) 
86 abbreviation t dsNot: ' "I ( " . _" ) where " . A = >.w . • A(w)" 
87 abbreviation tdsAnd: :g ( "_/\_" ) where "A/\B = >.w. A(w)AB(w)" 
88 abbreviation tdsOr :: e ( "_ v _" ) where "AvB = >.w. A(w)vB(w)" 
89 abbreviation t ds l mp: :e ( "_- _" ) where "A- B = >.w. A(w) - B(w)" 

abbreviation tdsEquiv :: e ( " - " ) where "A- B = >.w. A(w)- B(w)" 
91 abbreviation tdsBox: :"I where " DA = ,\w. 'o'V . A(v )" 
92 abbreviation tdsDia: :"I where ..:; o A = .o(.A)" 
93 abbreviation tdsTop: :a ( "T" ) where " T _ >.w . True" 
94 abbreviation tdsBot: :a ( " .L" ) where " .L = >.w . False" 
95 
96 ('Operato rs •) 
97 abbreviation tdsCstit : :"ag=>"I" ( " [_ ] _" ) where .;'. [ i i A = >.w . (Vy . ((R_ag i ) w y ) - (A y))" ('Chellas Stit*) 
98 abbreviation tdsCstitPoss::"ag=>"I" ( "<_>_" ) where .::<i > A = . ( [ i i (. A))" ('Possibility Group Chellas stit*) 
99 abbreviation tdsCstitGr: : ""/" ( " [Ag] _" ) where " [Ag] A = >.w . (Vv . ((R_set Ag) w v ) - (A v))" ('Chellas stit group*) 

abbreviation tdsCstitGrPoss : :""I" ( "<Ag>_" ) whe re "<Ag> A = .( [Ag] (. A))" 
101 abbreviation tdsDstit :: "ag=>')" ( " [_Id _" ) where .:: [ i ]d A = ([ i ]A) A (*Dstit' ) 
102 abbreviation tdsDstitPoss: : "ag=>')" ( "<_>d _" ) whe re "<i >d A = , ( [ i ]d (, A))" ( *Dstit Poss*) 
103 abbreviation tdsDstitG r : : ') ( " [Ag]d_" ) where " [Ag]d A = ( [Ag] A) A (*Dstit group') 
104 abbreviation tdsDstitGrPoss ::"/ ( "<Ag>d_" ) where "<Ag>d A = .( [Ag]d(, A))" 
105 abbreviation tdsOughtToDo: : "ag=>')" ( "® __ " ) whe re " ® i A = >.w. (W . ((R_ag_ought i ) w v) - (A v))" (*OughtToDo Operator') 
106 abbreviation tdsOughtToDoD : : "ag=>"/" ( " ®d " ) whe re " ®d i A aa (® i A) A • A)" ('OughtToDo Operator') 
107 

Figure 5.21: Embedding TDS Logic in Isabelle/HOL part 2 
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108 abbreviation 
109 abbreviation 
110 abbreviation 
111 abbreviation 
112 

(•validity*) 

t dsG : : -y 
tdsH: : -y 
t dsP: : -y 
t dsF: :, 

( "G " ) -
( "H " ) -
( "P " ) -
( " F " ) -

where "G A -
where "H A -
where "P A E 

where " F A E 

Aw. ('ov . ((RG w v ) - (A v )))" (*A will always be true i n the future•) 
,lw. ('ov . ((RH w v ) - (A v )) ) " (*A has always been true i n the past*) 
7 (H ( 7 A)) " (' it has not always been true that not A') 
7 (G ( 7 A))" (' i t wi ll not always be true that not A') 

113 
114 
115 
116 

abbreviation tdsValidl ocal :: => bool " ( " I=_" ) where " I= A ;a A cw" 
abbreviation t dsVal i dGlobal : : " I i => bool) bool " ( " LJ " ) where " [AJ = 'oW . A w" 

.117 lemma True Jlil:l!ll.ll 
118 
1119 end 

[ sati sf y , use r_ax1oms , show_all ] oops 

Figure 5.22: Embedding of TDS Logic in Isabelle/HOL part 3 

Next, some constants are declared. The frst one denotes the current world as cw (line 

20). This is followed by the diferent accessibility relations that are defned as functions 

in Isabelle in lines 22-28: RBox (worlds that are alternatives to each other), R ag (actual 

choices for the agent given as an argument), R set (actual choices for the set of all agents 

Agt), R ag ought (set of ideal worlds that agent a ought to choose at moment m), RG (strict 

future), and RH (strict past). They are defned that way to avoid set notation, which makes 

automation inefcient. 

Line 30 defnes the set of agents Ag, which contains a1 and a2 as specifed in lines 378 

and 39. An inverse function, which is required for the axiomatization, is defned in lines 32 

and 33. 

Afterwards, the constraints for the accessibility relations as defned by van Berkel and 

Lyon (2019) are stated as axioms. First, the properties of equivalence relations, namely 

refexivity, symmetry, and transitivity, are claimed for R ag, R set, and RBox (lines 42-53). 

Lines 55 and 56 defne seriality, and transitivity is established for RG, whereas line 57 iden-

tifes the relation RH as the inverse of RG. 

Next, the constraints governing the accessibility relations are defned in lines 59-83 (see 

Chapter 5.3.1, constraints C1 to D11). Note that the constraints in this Isabelle fle difer 

from the original defnition of van Berkel and Lyon (2019) since we have defned the acces-

sibility relations as functions. However, the meaning is identical. 

The type-lifted TDS logical connectives are declared as abbreviations in lines 85-94. To 

avoid confusion with the usual connectives of HOL, the TDS connectives are printed in bold. 
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D efin ition 4 (Axiomatiza ion of TDS) . For each i E Ag we have, 

AO All pmposi ti onal tautologies. 
Al 'I/J) 
A2 
A3 D<)cp 
A4 [i)(cp '1/J) ([i] cp [i]'lj;) 
AS 
A6 (i )</J [i] (i)</J 
A 7 '1/J) ( [Ag] ip [Ag]'I/J) 
A [Ag] ip <P 
A9 (Ag) </J [Ag](Ag) </J 

AJO /\o<,<n /\o<,<n [i ]<Pk 
A11 /\1~,~n [i ]ip, [Ag]/\ ,<~<-;_ </J, 
A12 1/J) (0,cp ©~ ) 
A13 {[i)</J /\ 0,</J) 
A14 0 ,</J 

A15 
A16 D([i)</J [i]'I/J ) (0 ,</J 0 ,'I/J) 
A17 G(cp 'I/J) (G</J G'ljJ) 
A18 GG </J 
A19 G</J Fcp 
A2O H(</J 'lj;) (H</J Ht/1) 
A21 </J GP</J 
A22 </J HF</J 
A23 FP<t> P</J V </J V F</J 
A24 PF</J P</J V cp V F</J 
A25 (Ag)F</J 
RO 1----ros ( and 1----ros 'lj; implies 1----ros </J 
R1 1----ros</J implies 1----ros[a ]</I, G, H} 
R2 1----ros (D~p I\ Gp I\ Hp)) <p implies 

1----ros <P, given p (/. </J 

Another set of abbreviations declares the TDS operators using the truth conditions for 

TDS formulas ϕ as described in the previous chapter: Lines 97-100 defne the individual and 

group Chellas stit operators and their duals, while lines 101-104 defne the individual and 

group deliberative stit operators and their duals. Lines 105-106 then declare the ought-to-do 

and deliberative ought-to-do operators. 

The abbreviations for the lifted tense operators G and H and their duals P and F (van 

Berkel & Lyon, 2019, p. 2) are introduced in lines 108-111. Finally, local and global validity 

are defned in lines 114-115. 

5.3.1.2 Testing the TDS Embedding 

Figure 5.23: Axiomatisation of TDS (van Berkel & Lyon, 2019, p. 5) 

Several axioms for TDS Logic (Figure 5.23) have been specifed by van Berkel and Lyon, 

which will be tested in the following section. We will formulate the axioms as lemmas so that 

they can be proven using the Sledgehammer tool or disproven with counter models generated 

by Nitpick. To carry out the tests, another Isabelle fle that imports the TDS embedding is 
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I 1 theory Tstit_Deontic_test_cl ean ( *TDS * ) 
2 imports Main Tstit Deont ic clean 

I 3 begin - -
4 
5 (*Tautologies of classical propositional calculus • ) 
6 lemma Identity: " LAJ ==> LAJ" by simp 
7 lemma NonCont radiction : " L-, (A /\ (-,A)) J" by simp 
8 lemma ExcludedMi ddle: " LA v (-,A)J" by simp 
9 lemma Doub leNegation: " L (-, ( -, A)) -+ A J" by simp 

10 lemma Implication : " LA -+ AJ" by simp 
11 lemma DeMorgan!: " L(-,( A /\ 8)) .... ((-, A) v (-, B)) J" by simp 
12 lemma DeMorgan2: " L(-,( A v B)) ..., (hA) /\ (-,B)) J" by simp 
13 lemma Contrapositive: " L(A -+ B) ..., ((-,B) -+ (-,A)) J" by blast 
14 
15 (*other ax i oms • ) 
16 lemma Al : " L ( D (A-+B)) -+ ( ( DA) -+ ( DB)) J" by simp 
17 lemma A2 : " L ( DA) -+ AJ" by simp 
18 lemma A3: -+ by simp 
19 lemma A4: .:L(lal]( A -+ B)) -+ (([al] A)-+ ([a l] B)) J" by simp 
20 lemma AS : : L(lal] A) -+ AJ" by ( simp add : accReR_ag ) 
21 lemma A6 : .:'. L(<al> A) -+ [al](<al>A)J" using accSymR_ag accTraR_ag by blast 
22 lemma A7 : " L( [Ag] (A -+ B)) -+ (( [Ag] A)-+ ( [Ag] B)) J" by simp 
23 lemma AB: " L( [Ag] A) -+ AJ" by ( simp add : accReR_set ) 
24 lemma A9: " L(<Ag> A) -+ [Ag] (<Ag> A)J" using accSymR_set accTraR_set by blast 
25 lemma Al O: ([a l ] A)) /\ ([a2] B))) -+ A) /\ ([a2] B))) J" JJ.il:pick [ user_axioms ] oops ( • r an out of time • ) 
26 lemma All : : L( ( [al] A) /\ ( [a2] B)) -+ ( [Ag] (A /\ B) )J" nitpic~ [ user_axioms ] oops ( * ran out of time * ) 
27 lemma Al 2 : " L(® al (A -+ B)) -+ ((® al A) -+(®al B)) J" by simp 
28 lemma Al3 : A) -+ (([al ] A) /\(®al A)) J" by simp 
29 lemma Al 4 : : L( ® al A) -+ ( [al ) A)) J" using D9 by blast 
30 lemma Al 5 : " L ( ( ® al A)) -+ ( ( ® al A)) J" .oi t.Pi ~.k [ user _axioms ] oops (• ran out of time• ) 
31 lemma A16: (( [al] A) --+ ( [ al ] B))) --+ -((®al A) --+ (® al B)) J" by (meson Dll ) 
32 lemma A17 : " l (G (A --+ B)) --+ (( G A) --+ (G B)) J" by simp 
33 lemma A18 : " l (G A ) --+ (G (G A)) J" using RG_trans by blast 
34 lemma Al 9 : " l (G A ) --+ (F A)J" by ( simp add : RG_seri al ) 
35 lemma A20 : " l (H (A --+ B)) --+(( H A) --+ (H B)) J" by simp 
36 lemma A2 1: " l A --+ (G (P A)) J" by (metis Inv I nv_def ) 
37 lemma A22 : " lA --+ (H (F A)) J" by (metis Inv I nv_def ) 
38 lemma A23 : " l (F (P A)) --+ ((( P A) V A) V (F A)) J" by (metis T5 I nv Inv def ) 
39 lemma A24 : " l (P (F A)) --+ ((( P A) V A) V (F A)) J" by (metis T4 I nv Inv=def ) 
40 lemma A25: " l (F A)) --+ (<Ag> (F A)) J" .nitP-ick [ user_axi oms ] oops ( • ran out of time • ) 
41 lemma R0 : " [lAJ; l A --+ BJil ==> lBJ" by simp 
42 lemma Rl a : " l A J ==> l A J" by simp 
43 lemma Rlb: " l AJ ==> lG AJ" by simp 
44 lemma Rl c : " l AJ ==> lH AJ" by simp 
45 lemma R2: A)) /\ (D(( G A) /\ (H A)))) --+ BJ ==> lBJ" ni,tpick [ user_axi oms ] oops ( * ran out of time* ) 
46 
47 end 

created (Figures 5.24). 

Figure 5.24: TDS tests 

The frst block of lemmas (lines 7-14) contains the tautologies of classical propositional 

calculus that are expected to hold in TDS Logic (van Berkel & Lyon, 2019). All of them can 

be easily proven via Sledgehammer. 

A1-A3, A4-A6, and A7-A9 assure that all of □, [i], and [Ag] are S5 operators (van Berkel 

& Lyon, 2019). Sledgehammer confrms this by fnding proof for refexivity, transitivity, and 
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117l lemma True ..!li:tR " k [satisfy, user_axi oms , show_all ] 

Nitpicking formula . . . 
Nitpick found no model 

0 Proof state 0 Auto update Update 

symmetry for each operator in lines 16-24. 

Axioms A12 and A13 combined with R1a, b and c check that ◦i is a normal modal op-

erator (van Berkel & Lyon, 2019). This is confrmed via Sledgehammer in lines 27-28 and 

42-44. 

Moreover, several axioms consider the tense operators G and H : Operator G is a KD4 

operator and should behave accordingly (van Berkel & Lyon, 2019). This is verifed in ax-

ioms A17-A19, for all of which Sledgehammer fnds proof using transitivity and seriality of 

the relevant RG relation (lines 32-34). For operator H, axiom K must hold, which is specifed 

by axiom 20. Moreover, axioms A21 and A22 ensure that it is the converse of G (van Berkel 

& Lyon, 2019). All axioms relating to H are verifed via Sledgehammer in lines 35-37. 

The remaining axioms establish properties and principles relating to agents and choices. 

For example, axiom A10 verifes the independence of agents, whereas A14 expresses the 

ought-implies-can principle, and axiom A25 states the no-choice-between-undivided-histories 

property. For more details on all axioms, please refer to the literature (van Berkel & Lyon, 

2019). 

Sledgehammer can prove all but the following fve axioms: A10, A11, A15, A25, and R2. 

Fortunately, Nitpick doesn’t fnd a counterexample that would refute them. Instead, it runs 

out of time. 

Figure 5.25: No model for TDS Embedding 

This likely is connected to another fnding made when testing the consistency of the 

embedding. In line 117 of the TDS embedding, Nitpick is called to provide a model satisfying 
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117l temma True m pick [ satisfy , user_axioms , show_all ] 

0 Proof state 0 Auto update Update Search : 

Nitpicki ng formula ... 
Ni tpick found a model for card i = 1: 

Types: 
i x i [boxed ] = {( i , , ii)} 
ag = {al, a2} 

Constants : 
Ag= (,\x : : ag. _)(a l := True , a2 := True) 
RBox = (,\x :: i x i. )((i1 , ii) := True) 
RG = (,\x : :i x i. )((i1 , i i) := True) 
RH= (,\x : :i x i. )((ii , i i) := True) 
R_ag = (,\x ::ag . _)(al:= (,\x : :i x i . _)(( i 1, ii) := True) , a2 := (,\x :: i x i. )((ii , ii):= True)) 
R_ag_ought = (,\x : :ag. _)(a l := (,\x : :i x i . )((ii, i i):= True), a2 := (,\x : :i x i. )((i , , i i) := True)) 
R_set = 

(,\x : :ag bool. _) 
((,\x ::ag. )(a l := True, a2 := True) := (,\x : :i x i. 
(,\x : :ag . ) (a l := True , a2 := False) := (,\x : : i x i. 
(,\x : : ag. ) (a l := False , a2 := True) := (,\x : :i x i. 
(,\x : :ag. )(a l := False, a2 := False) := (,\x ::i x i . 

)(( i 1, i i) := True), 
)(( i 1, ii) := True), 
)(( i 1, ii) := True) , 

) ( (i , , ii) := True)) 

all the properties specifed within the embedding. However, Nitpick fails to do so, as visible 

in Figure 5.25. 

Several experiments have been run to clarify why, of which one has led to a hypothesis. 

It appears that constraint T7 makes a diference. The constraint states the following: 

∀w v.(RBox w v) −→ ¬(RG w v) 

Spelled out, this means that two worlds that are alternatives to each other can not be in 

each other’s future. Within an experiment, the axiom has been adapted to look like this: 

∀w v.(RBox w v) ∧ (w ̸= v) −→ ¬(RG w v) 

The only diference here is that this version asserts that w and v are not equal. If 

everything else is left as it is, Nitpick suddenly fnds a model (Figure 5.26). However, with 

this addition, Nitpick fnds counterexamples to the axioms A10, A15, A25, and R2 (Figure 

5.27), which is undesirable. 

Figure 5.26: Nitpick model found 
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481lemmo Al0 : ( [al) All ([a2] BIii - Al A ([a2] BIIIJ" nitpj.ck [ user_axioms ) oops ( • counterexample found • ) 
49 lemma Al S: (® al A)) -+ (® al A)) J" nit.pick [ user_axioms ] oops ( *counterexample found* ) 
so lemma A25 : " L( f A)) -+ (<Ag> (F A)) J" nij:pick [ user_axioms ) oops ( * counterexample found* ) 
5 1 lemma R2: A)) A (D(( G A) A (H A) ))) - BI= IBI" nitpick [ user_axioms ) ( • counterexample found• ) 

0 Proof state 0 Auto update Update Search : 

Nitpicking formula. 
Nitpick found a counterexample for card i = 1: 

Free variables: 
A: :i => bool = (Ax : :i. _) (i 1 := False) 
B: :i => bool = (Ax : : i. ) (1 1 = False) 

Skolem constants: 
,\w::i . v = (>.x ::i. )(i 1 := ii) 
>.w::i. v = (,\x ::i. )(i 1 := ii) 
,\w::i. v = (,\x ::i. )(i 1 := ii) 
,\w::i . v = (,\x ::i. )(i 1 := ii) 
W = i 1 

Types : 
i x i [boxed] = {(i1, id} 
ag = {al, a2} 

Constants: 
Ag = (,~x : :ag . )(al := True, a2 := True) 
RBox = (,\x : : i i. _){{i1, i d :=True) 
RG = (>. x : :i x i. _)((i1, ii) := True) 
RH= (Ax ::i x i. )((i1, ii) := True) 
R_ag = (Ax ::ag . _)(al:= (Ax : : i x i. _)((i1, ii) := True), a2 := (Ax : :i x i. )((11, 1i) := True)) 
Rag ought= ( ,\x ::ag. )(a l := {,\x : :i x i. ){(i 1, ii) := True), a2 := (,\x ::i x i. )((i1, ii) := True)) 
R-set = - -
-( ,\x : :ag bool. _I 

(( ,\x ::ag. )(al:= True, a2 := True) := (,\x ::i x i. )((i1, ii) := True), 
(Ax ::ag. _)(al:= True, a2 := False) := (Ax ::i x i . )((11, 1 i) := True) , 
(Ax ::ag . )(al := False, a2 := True) := (Ax : : i x i . )((11, 1 i) ·= True), 
(,\x : :ag . )(a l := False, a2 := False) := (,\x : : i x i. )((i , , id := True)) 

Figure 5.27: Counterexamples to axioms with changed constraint T7 

Closer analysis has led to the theory that axiom T7, in combination with the seriality 

and transitivity of the relation RG, results in infnity. This can be seen in Figure 5.28. In 

line 62, an abbreviation for the logical concept of infnity is introduced. Then, two lemmas 

that claim to show infnity are constructed. The frst one uses the seriality and transitivity 

of RG combined with the altered axiom C7; the second one combines them with the origi-

nal axiom C7. For the lemma, one Nitpick fnds a counterexample that refutes the infnity 

claim. However, Nitpick does not fnd a counterexample for lemma two. Instead, it runs out 

of time. These results strongly suggest that TDS Logic has only infnite models, e.g., models 

with an infnite number of possible worlds. A similar problem has already been found for an 

Isabelle/HOL embedding of the related T-STIT logic (Lorini, 2013) in the master thesis of 

Meder, supporting this suspicion (Meder, 2018). 

Unfortunately, Nitpick can only reason with fnite models (J. Blanchette, 2023). Con-

sequently, the TDS embedding created is not suitable for the purpose of this thesis. An 

alternative solution is needed. 
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62 abbreviation " infinity = 3M. (3z : :i. ~ (M z ) /\ (3G. ('v"y : :i. (3x . (M x) /\ (G x ) = y ))))" 
63 
64 lemma assumes 
65 (*ax i oms for .BY. and fil:!*) 
66 RG_serial: "( 'v"x . (3y . (RG x y )))" and ( • serialit y of .!!§' ) 
67 RG_trans : "( 'v"x y z. (RG x y ) /\ (RG y z) - (RG x z))" and ( • transitivity of fili.' ) 
68 C7 : "Vw v . ((RBox w v ) /\ w i- v) - --. (RG w v )" (*if worlds are in the same moment , they can ' t be in each others future * ) 
69 shows "infinity" .Dll.Pill [show_all , user_axioms ] (* counte rmodel found , but only with the unwanted add i t i on i n Q * ) 

0 Proof state 0 Auto update Update Search : 

Nitpicking formula . . . 
Nitpick found a counte rexample for card i = 1: 

Types: 
i x i [boxed) = {(i , , i,)} 
Tstit_Oeontic .ag = {a l , a2} 

Constants: 
Ag = (.Ix . ) (al := True, a2 := True ) 
RBox = (.Ix-:- )(i, := (.Ix . )(i , :=True)) 
RG = (,I x . )(i , := (,Ix . )(i , := True )) 
R_ag = (.Ix-:- _)(al := (.I x-:- _Hi , := (.Ix . ) ( i , :=True)), a2 := (.Ix . 
R set = 

)(i, .- ( .Ix . 

-( .Ix . 
( (.Ix . 

(.Ix . 
(.Ix . 
(.Ix . 

) 
)(al 
)(al 
)(al 
)(al 

71 lemma assumes 

:= True, a2 := True) := (,\x . 
:= True, a2 := False) := (.I x . 
:= Fal se , a2 := True) := (A x . 
:= Fal se, a2 := Fal se) := (.Ix . 

72 ( *axioms for and .fil!* ) 

)(i, := (.Ix . 
) (i , := (.Ix . 
) (i , := (,Ix . 
) ( i , .- (.Ix . 

73 RG_serial : "( 'v"x . (3y . (RG x y )))" and ( • seriality of .!!§' ) 

)(i , := True )) , 
)(i , := True )) , 
)(i , := True )), 
)(i, := True))) 

74 RG_trans: "( 'v"x y z . (RG x y ) /\ (RG y z) - (RG x z))" and ( • transitivity of fili.' ) 

)(i , := True ))) 

75 C7: "'ltw v . ((RBox w v)) - --. (RG w v)" (*if worlds are in the same moment, they can't be in each others future * ) 
76 shows "infinitv" nitoick [ show all , user axioms ] 

Nitpick ing formula ... 
Nitpick ran out of time 

0 Proof state 0 Auto update Update Search: 

Figure 5.28: Infnity proof 
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~64 consts 
65 (*ident i fy agents: *) 
66 a : :ag (*a= type for judicial authorities or independent administrative authorities *) 
67 b: :ag (*b = type for importers*) 
68 c: :ag (*c = type for eu commission*) 
69 d: :ag (*d = type for providers*) 
70 e : :ag (*e = type for conformity assessment bodies*) 
71 f : :ag (*f = type for notifying authorities *) 
72 g: :ag (*g = type for notified bodies*) 

_73 h: :ag (*h = type for members states*) 

The upcoming section will discuss the possibility of extending DDL, which was identi-

fed as being able to represent the modalities discussed in Chapter 5.1 and Chapter 5.2, to 

integrate a STIT operator and agentive obligations. 

5.3.2 Extended DDL 

This section will extend the existing DDL embedding by Benzmüller et al. to enable the 

representation of agency and agentive obligations. 

5.3.2.1 Extending DDL with Agentive Obligations and a STIT Operator 

To start with, a way to state agentive obligations must be included. In DDL, the con-

ditional and normal obligation operators, as well as the □ a and □ p , use the relations 

av (actual worlds), pv (potential worlds), and ob (set of propositions that are obligatory in 

a context). To formulate obligations for a specifc agent, additional accessibility relations 

must be introduced. We declare agents as constants of type ag in the types fle (5.29), with 

each agent constant representing a particular type of agent. The new accessibility relations 

can be associated with specifc agent types. For example, the new relations avd, pvd, and 

obd denote available worlds and potential worlds for agent d, and the propositions that are 

obligatory in a context for that agent d. They are displayed in Figure 5.30. 

Figure 5.29: Agent constants 
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7 consts 
8 cw : : i ( current world*) 
9 av :: pv :: ob :: (*general access ibility relat i ons *) 

10 
11 avd :: pvd :: obd: : (*accessibility relations for agent d*) 

116 axiomatization where 
17 ax_3a : "\IW .3x . av( w)( x )" and ax_4a : " \IW x . av( w)( x ) - pv( w)( x )" and ax_4b : " \IW . pv( w)(w)" and 
18 ax_Sa: "VX . • ob( X)(,\x . Fal se)" and 
19 ax_Sb : "VX Y 2 . (\IW . ((Y(w) /\ X(w)) - ( 2(w) /\ X(w)))) - (ob( X)(Y) - ob( X)( 2))" and 
20 ax_Sca : "VX .J . ((V2 . J ( 2) -, ob( X)( 2) ) /\ (32 . .i( 2))) -, 
21 ((( 3y . ((,\W. V2 . ( I 2) - (2 w))( y ) /\ X(y ))) - ob( X)( ,\W . V2 . ( .J 2) - (2 w))))" and 
22 ax_Sc: "VX Y 2 . ((( 3w . (X(w) /\ Y(w) /\ 2(w))) /\ ob( X)( Y) /\ ob( X)( 2)) -, ob( X)(,\w. Y(w) /\ 2 (w)))" and 
23 ax Sd: "VX Y 2 . (( \IW . Y(w) -, X(w)) /\ ob (X)( Y) /\ (\IW . X(w) - 2(w))) 
24 -, ob (2) ( ,\W , (2 (w) " , X(w)) v Y(w)) " and 
25 ax Se: "VX Y 2 . (( \IW . Y(w) -, X(w)) /\ ob (X)( 2) /\ ( 3w . Y(w) /\ 2(w))) - ob(Y)( 2)" and 
26 
27 ( * fo r agent d : prov i ders* ) 
28 axd_3a : " \IW .3x . avd( w)( x )" and axd_4a: " \IW x . avd( w)( x ) -, pvd( w)( x ) " and axa_4ba : " \IW . pvd (w)(w)" and 
29 axd_Sa: "VX. , obd( X)( ,\x . False)" and 
30 axd_Sb : "VX Y 2 . (\IW . (( Y(w) /\ X(w)) - (2(w) /\ X(w)))) - (obd( X)( Y) - obd( X)( 2))" and 
31 axd_Sca : "VX ,:/. ( (V2 . / (2) -, obd( X) (2 )) /\ (32 . 1( 2))) -, 
32 ((( 3y . (( ,\W , V2 . (.i 2) - (2 W))( y ) " X(y ))) - obd( X)( ,\W , V2 . (.:I 2 ) -, (2 W))))" and 
33 axd_Sc : "VX Y 2 . ((( 3w . (X(w) /\ Y(w) /\ 2 (w))) /\ obd( X)( Y) /\ obd( X)( 2)) - obd( X)(..lw. Y(w) /\ 2(w)))" and 
34 axd_Sd : "VX Y 2 . ( (\IW . Y(w) -, X(w)) /\ obd( X) (Y) /\ (\IW . X(w) - 2 (w))) 
35 -, obd( 2 ) ( ..lw . (2 (w) /\ . X(w)) v Y(w))" and 
36 axd Se : "VX Y 2 . (( \IW . Y(w) - X(w)) /\ obd( X)( 2) /\ (3w . Y(w) /\ 2(w))) -, obd( Y)( 2)" and 

Figure 5.30: Accessibility relations agent d 

Next, what holds for the general accessibility relations must also hold for the agent-

dependent accessibility relations. Therefore, the axioms stated for the general accessibility 

relations are added for the agent-dependent ones (Figure 5.31). 

Figure 5.31: Axioms for new accessibility relations 

Finally, the necessity, possibility, and obligation operators must be adapted to allow 

the expression of both general and agent-dependent obligations, necessity, and possibility 

(Figures 5.32, 5.33). Therefore, the existing operators for actual and potential necessity, 

possibility, and obligation are replaced with more general ones that take as input not only a 

proposition but also a relation. That way, diferent relations can be passed in to the operator 

(agent-dependent or general ones), enabling expressions such as: it is actually obligatory for 

agent a that..., etc., in addition to it is actually obligatory that, etc. If one wants to formulate 

an agentive statement, the respective relation belonging to that agent (Figure 5.30, line 11) 

must be provided. If general statements are desired, the usual, non-agentive relation (Figure 
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15 type_synonym v = 
16 type_synonym µ = 
17 type_synonym = 

123 (1 Necessity/possi billty for agents *) 
124 abbreviation ddlboxa_g: :( ( " D a") whe re "Oa rel A = .\w . (''ix . ( rel (w)( x ) - A( x )))" ( *in all actual worlds* ) 
125 abbreviation ddlboxp_g: : ( rel A = >.w. ('Ix . ( rel (w)( x ) - A(x)))" (*in all potential worlds* ) 
126 abbreviation ddldia_g:: ( ( NO a" ) where "Oa rel A := , Oa rel ( , A)" 
127 abbreviation ddldiap_g:: ( ( " Op" ) where " O p rel A = , O p rel (,A)N 
128 
129 (*gene ralised obligation operators with relat i on as a parameter•) 
130 abbreviation ddlo_g::,, ( " O _ L I_)" ) where " O rel (B IA) = >.w. rel (A)( B)" ( ' it ought to be A, given B ' I 
131 abbreviation ddloa_g: :,, ( " O, " ) whe re " O, rell rel2 A = >.w. rell ( rel2 (w))( A) /\ (3x . rel2 (w)( x ) /\ - A(x))" ( ' actual obligati on*) 
132 abbreviation ddlop_g:: ,, ( " O, " ) where " O, rell rel2 A = >.w . rell ( rel2 (w))( A) /\ (3x . rel2 (w)( x ) /\ - A(x))" ('primary obligation') 

73 1 74 
abbreviation ddlobl ::7 ( " O<_>" ) where " O<A> as 
abbreviation ddlobld : :7 ( " Od<_>" ) where " Qd<A> 

0 ob (A I T ) " ( *New synt ax : A i s obl i gato ry . * ) 
_ 0 obd {A IT )" ( * New syntax : A i s obligato ry fo r agent d . * ) 

5.30, line 9) must be passed in. 

Figure 5.32: Types new operators 

Figure 5.33: New operators 

An additional abbreviation is introduced to enable the easier expression of agentive obli-

gations (Figure 5.34). While line 151 introduces the usual DDL obligation operator using 

the conditional obligation operator with the general ob relation, line 152 defnes an obli-

gation operator for agent d using the conditional obligation operator with the obd relation 

belonging to agent d. Now, the formula Od <P> can be used to express that it is obligated 

for agent d that P. 

Figure 5.34: Agentive Obligation operator 

Even though only one agent type has been introduced so far, further agent types can 

easily be added. For each agent type, a set of accessibility relations, axioms constraining 

them, and an agentive obligation operator must be introduced. With more than one agent 

type, it is also necessary to specify that the agents are distinct from each other. To achieve 

this, an axiom of the form agent1 ≠ agent2 (and more axioms like this if more than two 

agent types are needed) must be added to the axiomatization. 

In addition to agentive obligations, DDL will be extended with a STIT operator (Figure 

64 



13, (*sti t operator•) 
- 14 st1t:: ( *.fill sees to 1t t hat*) 

stit l : "v'a F w. ( (stit a F) w) F w" 

80 consts 
8 1 l : :aiSys 
82 compliance r eq_ chap2 : : " a1.Sys =<>a " 
83 
8 4 lemma assumes 
85 ( *"\/ a F w. ( (st it a F) w) • F w"* ) 
86 " [stit d (compliance_ req_chap2 l) J" 
8 7 shows " [compliance_ r eq_chap2 l J" 

0 Proof state 0 Auto update Update Search 
Try i ng "solve_direct", "quickcheck", " try0 " , "sledgehammer " , and "nitpick " . . 
Ni tpick found a quas i genui ne counterexample for card ag = 1, card ai Sys = 1, and card i = 1: 

5.35). It can be used to represent statements of the form d stit P which express that agent 

type d sees to it that P. 

While this operator can now be used within a statement, it currently lacks semantic 

meaning. In TDS logic, the STIT operator is embedded in a rich semantic framework. That 

level of expressiveness will not be achieved here. Instead, the goal will be to equip the STIT 

operator with only the minimal semantics necessary in the context of the AIA. 

Figure 5.35: STIT operator DDL 

This is achieved by adding an axiom to the DDL embedding (Figure 5.36). With one 

simple line, it is ensured that whatever an agent a sees to actually holds. 

Figure 5.36: Axiomatization STIT operator 

Figure 5.37: Without added axiom example 1 

Let’s look at an example: Article 16 lists several obligations for providers of high-risk 

AI systems, for instance, to ”ensure that their high-risk AI systems are compliant with the 

requirements set out in Chapter 2 of this Title” (Artifcial Intelligence Act, 2021, p. 52). 
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80 consts 
8 1 l: :ai Sys 
82 compliance_ req_chap2:: "aiSys=}a" 
83 
84 lemma assumes 
85 "Y a F w. ((st i t a F) w) F w" 
86 " Lst i t d (compl i ance_ req_chap2 l) J" 
87 shows " Lcompl i ance_ req_chap2 l J" 

0 Proof state 0 Auto update l 

Tryi ng "solve_direct " , "qu i ckchec k" , "try0 " , "sledgehammer" , and "ni tpi ck " . . . 
spass : Try thi s : us i ng assms(l) assms(2) by auto (0 .0 ms) 
cvc4: Try th i s: us i ng assms(l) assms(2) by auto (0.0 ms) 
cvc4 : Try t hi s: us i ng assms(l) assms(2) by auto (0.0 ms) 
cvc4: Try th i s: us i ng assms(l) assms(2) by blast (0 .0 ms) 
vampi re: Try th i s: us i ng assms(l) assms(2) by blast (0 .0 ms) 
vampi re: Try th i s: us i ng assms(l) assms(2) by auto (0.0 ms) 
cvc4: Try th i s: us i ng assms(l) assms(2) by auto (0.0 ms) 
vampire: Try th i s: using assms(l) assms(2) by auto (0.0 ms) 
vampire: Try th i s: usi ng assms(l) assms(2) by blast (0 .0 ms) 
OED 

Figure 5.38: With added axiom example 1 

Formalized, this sentence looks like this: Od <stit d compliance req chap2 l>, with d rep-

resenting the provider, l representing a high-risk AI system, and compliance req chap2 l 

expressing that a quality management system exists for that system l. To then state that 

the provider fulflls their obligation, one can write: stit d compliance req chap2 l. Logically, 

from this statement, it must be possible to infer that compliance req chap2 l evaluates to 

true. However, without the added axioms, this inference does not hold (Figure 5.37). Only 

with the addition the statement can be proven (Figure 5.38). 

In some places of the AIA, obligations for a frst agent to see to it that another second 

agent acts in a certain way are specifed. From this, it should be possible to infer that the 

second agent acts in the way the frst agent desires. For example, let’s look at this sentence 

from Article 26 (disregarding temporality): ”(...) importers of such [high-risk] system shall 

ensure that: (a) the appropriate conformity assessment procedure [is] carried out by the 

provider of that AI system (...)” (Artifcial Intelligence Act, 2021, p. 56). If the importer 

fulflls this obligation in a concrete situation, it should logically follow that the provider sees 
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103 consts 
104 x :: ai Sys 
105 con f _ass_p r oc_done :: 
106 
107 lemma assumes 
108 ( *"V a F w. ( (st it a F) w) , F w"* ) 
109 " Lst it b (stit d (conf _ass_proc_done x ) ) J " 
110 shows " Lconf_ass_p r oc_done xj" r 

0 Proof state 0 Auto updat e 

Tr y i ng " solve_direct " , " qu i ckcheck" , " t r y0 " , " sledgehamme r " , and " nitpick" .. 

Update Search : 

Ni tp i ck f ound a quasi genui ne counterexample f or ca rd i = 1, ca r d ag = 1, and ca rd ai Sys = 1: 

1103 
104 
.105 
106 

consts 
x: :aiSys 
conf as s p roe_ done: : "a1Sys=:-a" 

1107 lemma assumes 
108 "'r/ a F w. ((stit a F) w) -+ F w" 
,109 "lstit b (stit d (conf_ass_proc_done 
,110 shows "lconf_ass_proc_done xj " .tJ:,y 

X) ) J" 

0 Proof state [{] Auto update U 

Tryi ng "sol ve_direct" , "qui ckcheck" , "try0" , "sl edgehammer", and "ni t pi ck" .. . 
cvc4: Try t hi s: usi ng assms (l ) assms (2) by blast (0.0 ms ) 
cv c4: Try thi s : usi ng assms(l ) assms(2 ) by blast (0.0 ms ) 
vampi re: Try t hi s : usi ng assms (l ) assms (2) by bl ast (0.0 ms ) 
vampire: Try thi s : usi ng assms (l) assms(2 ) by bl ast (0.0 ms ) 
vampire : Try t hi s : usi ng assms (l ) assms (2) by blast (0.0 ms ) 
cvc4: Try t hi s : usi ng assms (l ) assms (2) by bl ast (0.0 ms ) 
vampi re : Try thi s : usi ng assms (l) assms(2 ) by bl ast (0.0 ms ) 
QED 

to it that the appropriate conformity assessment procedure is carried out. 

Figure 5.39: Without added axiom example 2 

Figure 5.40: With added axiom example 2 

As visible in Figures 5.39 and 5.40, the added axiom for the STIT operator ensures this. 

Here, agent b denotes the importer of a high-risk AI system, for which accessibility relations, 

afliated axioms, an obligation operator, and an axiom to ensure that it is distinct from agent 

d have been added to the DDL embedding. If it is now stated that the importer fulflls their 
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901 tmna True ..nJJpfil (satisfy,user_axioos,show_all, card i = 2] 

0 Proof state [{] Auto update Update Search : 
Nitpicking fonnula .. 
Nitpick found a model for card 1 = 2 and card ag = 2: 

Type: 
(i '=" bool) x i (boxed) = 

{((,\x . _ )(11 :: True, i2 :: False), ill, (( .\x . _ )(11 :: False, u :: True), i1l, (( .\x . _ )(11 :: False, 11 :: False), 1il, ((,\ x. )(11 := False, 12 :: False), ill, . .. } 
constants: 

av = (.\x . )(i1 := (.\x . )(ii := True, i l := True), ii := (.\x . )(i1 := True, ii := True)) 
avb = ( ,\x .- _Hi1 := ( ,\x .-_)(i1 := True, i2 := False), ii := (,\x~ _ )(11 := False, 12 := True)) 
avd = (,\x . _ )(i1 := (,\x . _ )(i1 := True, ii := True), ii := (,\ x. _ J(i1 := True , ii := False)) 
ob = ( ,\x . _ ) 

obb= 

(( .\x . )(11 := True, 1i := True) :: (.\x . l 
(( .\X . _Hi1 := True, 12 :.::c True) :c:c False, (.\x . )(11 := True, 12 := False) :c:c False, U x. )(11 := False, 11 := True) :c:c False, (.\x . Hi1 := False, 12 ;: False) := False), 

( ,\x , )(i1 := True, ii := False) := (,\x . ) 
(( ,\X . _ lli1 := True, i 2 := True) := FalSe, ( ,\x . )(i1 := True, i 2 := False) := False, ( ,\x . Hi1 := False, ii := True) := False, (,\x . Hi1 := False, ii := False) := False), 

(,\ x. _ l(i1 :c:c False, ii := True) :c:c (,\x . _} 
((,\x . _Hi1 := True, i2 := True) := False, (,\x . )(11 := True, 11 := False) := False, (,\ x. )(11 := False, ii := True) := False, (,\x . )(11 := False, ii := False) := False), 

(.\x . l(i1 := False, 12 := False) := (.\x . ) 
(( .\X . _ l(i1 :: True, i2 :: True) :: False", ( .\x . )(11 ;::c True, ii :: False) :: False, U x. _Hi1 :: False, 11 :: True) :: False, (.\x . Hi1 :: False, ii :: False) :: False)) 

(.\x . l 
(( .\x .- )(11 := True, 12 := True) :"' ( .\x . ) 

(( ,\X . _Hi1 := True, ii := True) := False, (,\x . 1(11 := True, i2 := False) := False, (,\x . )(ii := False, ii := True) := False, (,\x . ){ii := False, ii := False) := False). 
Ux . l (11 := True, ii := False) := (,\x . ) 

(UX. _ l(i1 := True, 11 := True) := FalSe, (.\x . )(11 := True, li := False) ;: False, (.\x . )(11 := False, ii := True) := False, O x. )(11 :: False , l i := False) := False), 
(,\x . _ )(i1 := False, 12 := True) := (,\x . _ ) 

(( ,\x . _ )(i1 := True, i z := True) := False, (.\x . lli1 := True, i i := False) := False, (,\x , )(ii := False, ii := True) := False, (.\x . )(ii := False, i z := False) := False), 
(.\x . )(11 := False, 12 :=False) := (.\x . ) 

( UX . _ )(i1 :c:c True, 11 := True) := False", (,\x . )(11 := True, i 1 := False) :c:c False, (,\x . )(it :c:c False, 12 :c:c True) := False, (,\x . )(11 :c:c False, 11 := False) :c:c False)) 
obd = 

(,\x . _ l 
((,\x. _ )(i1 := True, ii := True) := (,\x . _ ) 

(( ,\x . _ )(i1 := True, iz := True) := False, ( ,\x . )(i1 := True, ii:= False) := False, (,\x . )(i1 := False, iz := True) := False, (.\x . )(it := False, i z := False) := False), 
(.\x. l (11 :: True, 12 := False) ;: (.\x . ) 

(( ,\X . _ lCi1 : "' True, iz := True) ·= FalSe, U x . lli1 : "' True, li := False) := False, (,\x . )(1, := False, ii :"' True) ; c::: False, (,\x . ){11 : c:c False, li : :c False) := False), 
(.\x . )(i1 := False, i l := True) := (.\x . ) 

(( ,\X . _Hi1 := True, 11 := True) := FalSe, (.\x . Hi1 := True, 12 := False ) := False, (,\x . )(11 := False, ii := True) := False, (.\x . l111 := False, 1 1 := False) := False), 
(,\x . _)(i1 := False, ii := False) := U x. _ ) 

(( ,\x . _ lti1 := True, iz := True) := False, ( ,\x . )(11 := True, ii := False) := False , (,\x . )(11 := False, i i := True) := False, (,\x . ){11 := False, iz := False) := False)) 

pv = (,\x . _) Iii := (,\x . _ J(i1 := True, i2 := True), i -; := ( ,\x . _ )(ii := True, b := True)) 

~::: :~:: =:l!: ;: ~~:: ::~: ;: ~~~=~·i!\~"'r~::i. - ~~\2=:~,\:~uenll :c:c True, i2 := True)) 
stit = 

(.\x . ) 
la1 :; (,\x . _ ) 

(( ,\x . )(i1 ·= True, ii := False) := ( ,\x . )( i 2 := False), ( ,\x . )(i1 := False, i i := True) := (,\x . )(i1 := False), 
(.\x . =)(11 := False , 12 :: False) := (.\x .-_)(11 := False, 12 ::- false)), 

a 2 :=( .\x . l 
(( ,\x . Hii := True, ii := False) := ( ,\x . _ )(ii := False), ( ,\x . _Hi1 := False, i z := True) := (,\x . )(ii := False), 
( ,\x . )(i1 :-= False, ii := False) := (,\x . _ ){ii := False, ii := False))) 

obligation, the desired inference can be proven via Sledgehammer using this statement and 

axiom stit1. 

Nitpick is used to confrm consistency, and a model is found for Extended DDL with two 

agents b and d (Figure 5.41). Unfortunately, this is guaranteed only up to a cardinality of 

i=2. For higher cardinalities (i > 2), Nitpick runs out of time, suggesting that the models 

soon become too complex. 

Figure 5.41: Nitpick model Extended DDL 

To further check the correctness of Extended DDL, the tests that Benzmüller et al. have 

run on their DDL Embedding were run for Extended DDL. Expect for lemma C 8 and lemma 

obs II 4 2 2 which is based on it, all lemmas that hold for O, Oa, Op, ♢, and □ in DDL, 

can also be proven for the agentive version for these operators in Extended DDL. It is not 
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possible here to analyze why the two lemmas do not hold, so this is a question for future 

work. The fles containing the DDL embedding with two agents d and b, the tests for DDL 

provided by Benzmüller et al., as well as the adapted version testing the same properties for 

Extended DDL can be found in Appendix Two, Appendix Five, and Appendix Six, respec-

tively. 

The minimal semantics achieved by adding axiom stit1 is nowhere near as expressive as 

TDS semantics. However, this is not necessarily required to represent the AIA. The AIA’s 

main purpose is to specify obligations for diferent agents in a broader context, which already 

seems possible with Extended DDL. The upcoming section will verify this claim by formal-

izing selected parts from the AIA in Extended DDL and running some tests. Whenever 

additional agents are needed, they will be added to the existing embedding, as explained 

earlier. 

5.3.2.1.1 Using Extended DDL to Represent Parts from the AIA 

In this Section, Extended DDL is used to re-formalize the CTD from Chapter 5.2. Having 

disregarded agency before, it will now be taken into account to represent the correct CTD 

in Extended DDL and test whether a faithful representation can be achieved. For the sake 

of completeness, a representation of the example discussed in Chapter 5.1 in Extended DDL 

can be found in Appendix 9. 

The following CTD has already been formalized in (the usual version of) DDL in Chapter 

5.2: 

”Providers of high-risk AI systems shall: 
(a) ensure that their high-risk AI systems are compliant with the requirements 
set out in Chapter 2 of this Tile; 
(...) 
(g) take the necessary corrective actions if the high-risk AI system is not in 
conformity with the requirements set out in Chapter 2 of this Tile; 
(h) inform the national competent authorities of the Member States in which 
they made the AI system available or put it into service and, where applicable, 
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55 ( • - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - · ) 
56 ( • CTO exa ple Extended DD L: • ) 

;J 57 consts 
_58 l:: aiSys 
59 
60 
61 ( • interesting part : CTIJ ; Trying to create the typ1cal structure- ) 

:1 62 axioaatization where 
63 Fl: "l( h19h_r i sk l) J" and 
64 Al: "[\Ix : : aiSys . (high_risk x) - Od<stit d (c OGJpliance_req_chap2 X)>J" and 
65 AB: " [\Ix : :aiSys . ~ ( compliance_ req_chap2 x ) A (high_ risk x ) _. Od< (stit d ( intonn_cOlll_auth x) )>j" and 
66 ( • 1r pl1nt : If the conpllance with the requirerents 1s a given , the prov1de r 1s obligated to not info authont1es 
67 of non-co-pl1ance ( since that would ake no sense• ) 
68 AX: "[\lx: : aiSys . Qdc(co pliance_req_chap2 x A high_ risk x) _. stit d (info nn_cOlll_auth x )>j"and 

_69 Situation: , ~ ( co pliance_ req_chap2 l) J, " 

the notifed body of the non-compliance and of any corrective actions taken; 
(...)” (Artifcial Intelligence Act, 2021, 52f.). 

While the agency of the provider was ignored in Chapter 5.2, it will now be acknowledged 

and modeled using Extended DDL. The general structure of the CTD does not change from 

Chapter 5.2. Again, the focus lies on the obligation to inform authorities, whereas the 

second obligation to take corrective action is ignored. However, this time, the fact that the 

obligations are agentive for the provider will be modeled, too. It is assumed that the agent 

term d denotes providers. The result is displayed in Figure 5.42. 

Figure 5.42: Modeling CTD with agentive obligations in Extended DDL 

Line 58 introduces a constant l for an AI system, whereas line 59 defnes a constant for 

specifying the relation between providers and AI systems. In the axiomatization, it is frst 

claimed that system l is a high-risk system (line 63). Next, line 64 states that for all high-risk 

AI systems, the provider of the system is obligated to see to it that it complies with the 

requirements specifed in Tile 2 of the AIA. Afterward, it is claimed that if an AI system 

is high-risk and does not comply with the requirements, the provider is obligated to see to 

it that the national competent authorities of the concerned Member States are informed 

about the system (line 65). Line 68 then specifes the implicit obligation: If the system is 

high-risk and does comply with the requirements, the provider is not obligated see to it that 

the authorities are informed. Finally, a situation where the high-risk AI system l does not 

fulfll the requirements in the current world is expressed in line 69. 

The lemma in line 72 confrms consistency since Nitpick fnds a model (fgure 5.34.). 
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72 llema True Jlllpick (satisfy , user_axioms , show_all] (•Consistency-check: Nitpick finds a model . ·) 

0 Proof state (t) Auto update Update Searc h : 

Nitpicking formula .. 
Nitpick found a model for card i = 2, card ag = 1, and card aisys = 1: 

Constants : 
av"' {,\x . l(i 1 :: (,\x . l{i 1 := True, i 2 := False), ii:: (,\x . l(i 1 :"' True , ii:= False)) 
avb = (.\x .- )(i 1 := ( ,\x .- )(it := True, i 2 := False), ii := ( .\x .- )(it : : False, iz := True)) 
avd"' (,\x . =)(i 1 :"' (,\x . )(1 1 "'True, 12 "'False), 12 :"' ( ,\x . )(ii:= False, iz : "' True)) 

ob: ( ,\x . I 

obb: 

(( ,\x .-_)(i 1 :"' True, ii := True) := (,\x . ) 
(( ,\x . )(i 1 := True, iz := True) := Fal se, (.\x . )(i1 := True, ii:= False) := False, (,\x . )(i 1 := False, ii:= True) := False, 
(.\x . _ ) (i i := Fal se, ii :: False) :: False), 

(,\x . _ ) (i 1 :"' True, ii := False) := (,\x . ) 
(( ,\x . )(i 1 :: True, iz := True) := FalSe, (,\x . )(i1 :: True, ii:= False) :: False, (,\x . lCi 1 :: False, ii:= True) := False, 
( ,\x . )(i1 := False, ii :: False) ;: False), 

(,\x . _ ) (i1 :: False, iz := True) : : (,\x . ) 
(( ,\x . )(i1 := True, iz := True) := Fal;e, ( .\x . )(i1 := True, ii:= False) := False, (.\x . lCi 1 := False, ii:= True) := False, 
(.\x . _ )(ii := False, ii:: False) :: False), 

(,\x . _ )(i 1 := False, 1 2 := False) := (,\x . ) 
(( ,\x . )(i1 :: True, iz := True) := False, (,\x . )(i1 :: True, ii:= False) :: False, (,\x . lCi 1 :"' False, ii:= True) := False, 
(.\x . _ l(i 1 := False, ii:: False) :: False)) 

( ,\x . I 
(( .\x .- )(ii := True, ii := True) :: {,\x . I 

l 0 0 % v 

(( ,\-; _ _ )(ii := True, ii :: True) := False, ( ,\x . )(ii :: True, ii := False) :: False, (,\x . ) (i 1 := False, ii := True) := False, (,\x . )(ii :: False, iz := False) := False), 
(,\x . _ ) (i 1 :: True, i 2 :"' False) :: (,\x . _ ) 

(( .\x . _ )(i 1 := True, ii := True) :: False, ( .\x . )( i 1 := True, ii:: False) := False, (,\x . )(ii:: False, ii:: True) :: False, ( .\x . )(i1 :: False, ii:= False) :: False), 
(,\x . _ ) (ii :: False, ii := True) := (,\x . _ ) 

f( ,\x . )(i 1 :: True, iz := True) := False, ( ,\x . )(i1 := True, iz := False) := False, (,\x . l(i 1 := False, iz := True) := False, ( ,\x . )(i1 := False, ii:= False) := False), 
( ,\X , Hi1 := False, iz :: False) := ( ,\X . ) 

(( ,\-; _ )(ii :: True, ii := True) := Fals;, ( ,\x . )( i 1 :: True, ii := False) :: False, (,\x . )(i 1 := False, ii := True) := False, (,\x . )(i, :: False, ii:= False) := False)) 

obd : 
( ,\X . ) 
(( ,\x . - )( i 1 := True, i 2 := True) := (,\x . ) 

(( ,\X . )(i 1 :: True , ii:: True) := TrUe, ( .\x . )(i1 := True, ii:= False) := True , ( ,\x . )(i 1 :: False, iz :: True) :"' True, ( ,\x . )(i1 :: False, iz := False) := False), 
( ,\x . )(ii := True, ii:= False) ; : ( .\x . ) 

(( ,\X . _ )(i 1 := True, ii := True) :: True. ( ,\x . )(ii:= True, iz :: False) := True, ( ,\x . )(ii := False, ii := True) :: False, ( .\x . )(i1 :: Fal se, ii:= False) :: False), 
(,\x . )(i 1 := False, ii := True) := ( ,\x . ) 

(( ,\X . l(i 1 :: True, i 2 :: True) := True, ( .\x . Hi 1 := True, i 2 := False) :: False, ( ,\x . )(i 1 := False, ii:= True) := True, (,\x . l(i1 := False, ii:= False) :: False), 
( .\x . )(i1 := False, ii : : False) :: (,\x . I 

(( ,\X . )(i 1 :: True, i 2 :: True) :: False", ( ,\x . _ )(i1 :: True, i 2 :: False) := False, (,\x . )(ii:= False, iz :: True) :: False, ( ,\x . )(i1 :: False, ii := False) := False)) 
pv = ( ,\x . ) (i 1 := (,\x. )(i 1 := True, ii := True), ii := (,\x. )(it := True, iz :: True)) 
pvb = (,\x . - )(i1 := ( ,\x .- l(i 1 := True, ii:= False). ii:"' ( ,\x-:- )(i 1 := False, ii:= True)) 
pvd: ( ,\x . )(it := (,\x . )(ii:: True, i2 :: False). ii := ( ,\x . )(i 1 :== False, ii :: True)) 
stit = 

(.\x . l 
(a1 :_;-( ,\X . ) 

((,\x . )(i 1 :: True, i 2 :: True) :: (,\x . _ )(i1 := False, iz :: True). ( ,\x . _ )(it :: True, ii :: False) := (,\x . _ )(i1 :: False, ii:= Fal se), 
(,\x . )( i i := False, iz := True) := (,\x . )( i i := False, iz := True), (,\x. )(ii:= False, ii:= False) :: (,\x . )(i1 := False, ii := False))) 

high-risk-3:-3- 16-DOL.compliance_req_chap2 = ( ,\x~ _ )(a 1 := (,\x . _ Hi 1 := False, i 2- := True)) 
inform_com_auth : (.\x . _ )(a 1 := (,\x . ) (i 1 := False, i 2 := True) I 
high-risk-3-3- 16-DOL .l = a1 
d=a 1 
high_risk = (.\x . _ l(a 1 := ( .\x . l(i 1 := True, ii := True)) 

The two other lemmas also yield the expected results (Figure 5.44): Whereas Sledgehammer 

provides proof for the statement that, in the current world, the provider is obligated to see 

to it that the authorities are informed (line 74), a counterexample is found for the opposite 

claim (line 75). Consequently, the CTD and its agentive obligations can be successfully 

formalized in Extended DDL. 

Figure 5.43: Nitpick model for Extended DDL CTD 

However, this representation is not without problems. A major faw of Extended DDL is 

the restricted options in modeling types of agents and their relations to one another. Since 

Extended DDL uses accessibility relations that are tied to one generic agent type declared 

as a constant, no further constraints can be imposed on this agent type. If it is stated -
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7 4 1 l emma "L Qd<sti t d (i nform_ corn_ aut h l) > J 1" using AS Fl Situation by auto 
75 lemma " LOd<-.( stit d ( i nform_com_aut h l))>J1" mru!I [user_axi oms , show_all ] (* coun t er example found* ) 

0 Proof state 0 Auto update 

Nitpi cki ng formula . . . 
Nitpi ck found a coun t erexample for card i = 2, card ag 1, and card ai Sys 1: 

Update Search: 

Figure 5.44: Successful tests for Extended DDL CTD 

as in the example above - that the agent constant d represents providers, the obligations 

stated for providers using the obd relation (Figure 5.30) will always hold for all providers. 

Even if Extended DDL included predicates for defning such subgroups and relations and 

quantifying agents (such as provider of d x denoting that d is the provider of x ), it would 

be impossible to defne obligations that afect only the providers of system x. This is not 

optimal. Ideally, it should be possible to further restrict agent types to subgroups fulflling 

certain criteria or standing in a specifc relation, e.g., to all providers of high-risk AI systems, 

to all providers within a certain member state, etc. 

Closely related is another particularity of agents within the AIA: Articles 31, 32, and 

33 talk about conformity assessment bodies and notifed bodies (Artifcial Intelligence Act, 

2021). During the text, it becomes clear that a conformity assessment body can become a 

notifed body if it fulflls certain conditions. A similar notion appears in Article 28: ”Any 

distributor, importer, user or other third-party shall be considered a provider for the pur-

poses of this Regulation and shall be subject to the obligations of the provider under Article 

16, in any of the following circumstances (...)” (Artifcial Intelligence Act, 2021, p. 57), as 

well as in Articles 17, 18, 19, 20, in which the following sentence reappears: ”Providers that 

are credit institutions regulated by Directive 2013/36/EU (...)” (Artifcial Intelligence Act, 

2021, p. 54). For the representation of the AIA, this means that types of agents are not nec-

essarily distinct. One agent can be a conformity assessment body and a notifed body, an 

importer and a provider, a provider and a credit institution, etc. Consequently, Extended 

DDL will lead to problems since its agents are distinct, and the corresponding accessibility 
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relations on which the agentive obligations are based always belong to one generic agent, 

which represents an agent type. 

Based on these insights, it seems necessary to modify Extended DDL and the way agents 

are represented. This will be attempted in the following Section. 

5.3.2.2 Extended DDL 2: A Modifcation for a Flexible Representation of 
Agents 

This Section introduced a modifed version of Extended DDL, which will be referred to 

as Extended DDL 2 from now on. All diferences between Extended DDL and Extended 

DDL will be explained step by step. The full fle containing Extended DDL 2 can be found 

in Appendix Four. 

Let’s begin with the representation of agents: Instead of the diferent constants (Figure 

5.29) that were used in Extended DDL, Extended DDL 2 introduces predicates indicating 

the type of agents (Figure 5.45). The only constant that is introduced is eu comm in line 

71. This constant denotes the EU commission, and since there is only one EU commission, 

this kind of representation makes sense. Using predicates to identify the other agents makes 

it possible to diferentiate types of agents while still having the possibility to impose further 

restrictions on a selection of agents, characterize subgroups, and quantify them. A second 

type fle, types 2, is created, which contains the same content as types but replaces the 

constants from Figure 5.29 with the predicates and the EU commission constant in Figure 

5.45. This types 2 fle is imported into Extended DDL 2. 

Next, the modeling of the av, pv, and ob relations must be changed. Instead of one set of 

relations per agent (Figure 5.30), the relations av g, pv g, and ob g are used, which take an 

agent as a parameter, as visible in Figure 5.46. Consequently, it is easy to employ predicates 

to restrict this agent and specify its type and relations. Based on this new representation of 

the accessibility relations, the corresponding axioms must be adapted as well (Figure 5.47). 
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69 consts 
70 (*i denti f y agents : *) 
71 eu_comm: :ag 
72 provider:: "ag=>a 11 

73 importer:: 11 ag=?a 11 

7 4 not i f _ authority: : 11 

7 5 member_ state: : 11 

76 conf ass body:: "ag=>u 11 

7 cons t s 
8 cw ::i (*current world *) 
9 av :: "i =>u" pv: : "i =>u" ob:: "a=> (u=> bool)" ( *general access i bil ity relations*) 

10 
11 av _g:: "ag=> i =>u" pv _g:: "ag=> i =>u" ob_g:: "ag=> (a=> (u=> bool))" (•agent-dependent access i bility re lations•) 

27 ('agent -dependent axi oms*) 
28 axg_3a : "Vw a . 3x . av_g a (w)( x )" and axg_4a: "Vw x a . av_g a (w)( x ) - pv_g a (w)( x )" and axg_4ba: "Vw a . pv_g a (w)( w)" and 
29 axg_Sa: "\IX a . ~ob_g a (X)(AX. False)" and 
30 axg_Sb : "\IX Y Z a . (Vw . (( Y(w) /\ X(w)) ( Z(w) /\ X(w)))) - (ob_g a (X)( Y) ob_g a (X)( Z))" and 
31 axg_Sca : "VX i a . ( (VZ . .i( Z) - ob_g a (X)( Z)) /\ (3Z . .i( Z))) -
32 ((( 3y . ((,\w. VZ. ( ./ Z) - (Z w))( y ) /\ X(y ))) - ob_g a (X)(,\W. VZ. ( i Z) - ( Z w))))" and 
33 axg_Sc: "VX Y Z a . ((( 3w . (X(w) /\ Y(w) /\ Z(w))) /\ ob_g a (X)( Y) /\ ob_g a (X)( Z)) - ob_g a (X)(,\w. Y(w) /\ Z(w)))" and 
34 axg_Sd: "VX Y Z a . (( Vw . Y(w) • X(w)) /\ ob_g a (X)( Y) /\ (Vw. X(w) - Z(w))) 
35 - ob_g a (Z) (AW. (Z(w) /\ ~X(w)) v Y(w))" and 
36 axg_Se : "VX Y Z a . (( Vw . Y(w) - X(w)) /\ ob_g a (X)( Z) /\ (3w . Y(w) /\ Z(w))) - ob_g a (Y)( Z)" and 

Figure 5.45: Indicating agent types via predicates 

Figure 5.46: Relations with agent term as parameter 

Figure 5.47: Adapted axioms 

The agentive obligation, necessity, and possibility operators must also change. Instead of 

taking in a relation as a parameter, they now accept only an agent term that is then passed 

into the related agent-dependent relation, either av g, pv g, or ob g (Figure 5.48). To main-

tain the option of expressing possibility, necessity, and obligation without association with 

a specifc agent, the non-agentive operators from the original DDL embedding (Benzmüller 

et al., 2022) must be included as well (Figure 5.49). 

Furthermore, the abbreviations for the agentive obligation operators are adapted. In-

stead of one abbreviation per agent, there now is only a single abbreviation taking an agent 

term as a parameter (Figure 5.50). 

The STIT operator and its axiomatization must not be changed since this operator 
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48 ('Necessity / possibility for agents* ) 
49 abbreviation ddlboxa g: :,1 where "o , A = >.w. (\Ix . av_g i (w)( x ) A(x ))" ('in all actual worlds ') 
50 abbreviation ddlboxp- g::,1 A = >.w . (\Ix . pv_g 1 (w)( x ) A(x ))"" ( * in all potential worlds ' ) 
51 abbreviation ddl diaa=g: :11 ( " O a" ) where A = , Da i ( , A)" 
52 abbreviation ddldiap_g::17 ( " O p" ) where A = , O p i ( , A)" 
53 (* generalised operators with agent s as a parameter•) 
54 abbreviation ddl o_g::, ( " O _ l l_ )'") where ·· o i (B IA) = >.w. ob_g i A B"" ( ' Agent 1 ought to A, given B *) 
55 abbreviation ddloa_g: :,1 ( " 0, _ " ) where _.:•o, 1 A = >.w. ob_g i (av_g i (w))( A) /\ (3x . av_g i (w)( x ) /\ ~A( x))" (*actual obligation • ) 
56 abbreviation ddlop_g: :.1 ( " O, _" ) where _'.' O, i A = >.w . ob_g i (pv_g i (w))( A) A (3x . pv_g i (w)( x ) A ~A(x))" ('primary obligation*) 

58 (*non -agent i ve necessity , poss i bility and obligation operators • ) 
59 abbreviation ddlboxa : : '")' ( "O a" ) where _'.' OaA = Aw. ('v'x . av( w)( x ) 
60 abbreviation ddlboxp: : 'Y ( "O p" ) where _:·o ,A = Aw. ('v'x . pv( w) (x ) 
61 abbreviation ddldi aa : : "I where ;:_ o .A = , o , ( , A)" 
62 abbreviation ddldi ap : : 'Y ( " O p" ) where ;:_ o pA = , Op( , A)" 

A(x ))" ( * i n all actual wo r lds* ) 
A(x ))" ( * i n all potent i al wo r lds * ) 

63 abbreviation ddlo : : g ( " Oll_)" [52) 53 ) where " O(B IA) = >.w. ob( A)( B)" (*it ought to be \' , gi ven -,, * ) 
64 abbreviation ddloa : : 'Y ( " Oa'' ) where _'.' O,A = >.w. ob(av( w))( A) /\ (3x . av( w)( x ) /\ , A(x ))" ( •actual obligation• ) 
65 abbreviation ddlop : : 'Y ( " Op" ) where _:' OpA = >.w. ob(pv(w))( A) /\ (3x . pv (w)( x ) A , A(x ))" ( •prima ry obligation• ) 

Figure 5.48: Adapted agentive Necessity, Possibility, and Obligation operators 

Figure 5.49: Non-agentive Necessity, Possibility, and Obligation operators 

already accepts an agent term as an input. 

As in Extended DDL, the obligation for an agent a that P can be expressed in the 

following way in Extended DDL 2: Oa <P>. However, it is now possible to quantify agents 

and express their relations to one another. For example, predicates could be used to state 

that agent a is an importer of a high-risk system x and located in Austria. Obligations 

specifed for agent a in Extended DDL 2 would then not hold for all importers, like in 

Extended DDL, but only for those satisfying the given predicates. 

Before Extended DDL 2 is employed to represent parts from the AIA, its consistency 

must be verifed. Fortunately, all lemmas (originally formulated by Benzmüller et al. for 

DDL) that were proven for Extended DDL (Benzmüller et al., 2022) can also be proven for 

Extended DDL 2. The complete test fle can be found in Appendix Seven. 

However, Extended DDL 2 brings diferent problems, as visible in the consistency check 

in line 84. While it does fnd a nitpick model for a cardinality of i (denoting the possible 

worlds) of one, it fails to do so for a cardinality of two or higher (Figures 5.51, 5.52). 
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79 (*New syntax* ) 
80 abbreviation ddlobl :: ("O<_>") where "O<A> _ O(AIT )" 
81 abbreviation ddlobl g:: r1 ("O_<_>" ) where "O i <A> = 0 i (AIT )" 

831 
84 

( • Consistency •) 
lemma True .nitpick [satisfy , user_axioms,show_all,card i =l ] ('+no model for i >l•) 

0 Proof state ({) Auto update Update Searc h : 

Nitpicking fo rmula. 
Nitpick found a model for card i = 1 and card ag = 1: 

Types: 
(i bool) x (i bool) [boxed] "" 

{(( ,\x . )(i t := True), ( ,\x . )( i t := True)), (( ,\x _ )(1 1 := True), ( ,\x . )(1. 1 = False)), (( Ax . )(11 := False), ( ..\x . )(1. 1 := True ) ), 
(( .>.x .-_ )(i1 := False), ( ,\x~ _ )(ii:= False))} 

(i bool) x i {boxed]= {(( ,\x . _)( i 1 := Tr ue), i t ), (( Ax . )( 11 := False), i1)} 
i x i (boxed] = {(it, ii)} 

Constants: 
av = P,x . )(i t := (..\x . )( i 1 := True)) 
av_g = ( ,\x~ _ )(a 1 : "' ( Ax~ _ )(i, := ( ,\x . _ )(ii: = True))) 
ob = (.Ix . I 

( (Ax . )(11 := True) := (,\x . )(( ,\x )(1 1 = True) := False, ( ,\x . )( 11 = False) := False), 
( ,\x . )(11 :"' False) :"' ( ,\x . )(( ,\x )(11 :: True ) := False , ( ,\x . )(11 := False) := False ) ) 

ob_g = 
( ,\X . -
(a 1 := (,\x . _ 

( (,\x . ) ( 11 := True) := (,\x . _ )(( ,\x . )(1 1 = True) := False, ( ,\x . ) (11 = False) := False), 
(,\x . _ ){i1 := False) := ( ,\x . _ )(( ,\x . )(11 "'True) :"' False, ( ,\x . )(1 1 := False) := False ) )) 

pv = ( ,\x . )(1 1 = (,\x )( 1 1 = True)) 
pv_g = ( ,\X. _ )(a 1 := ()..x . )(11 "'( ,\X ) (11 = True))) 
stit = (.Ix . )(a , := (.Ix . )( (.Ix 1(1, := True) := (.Ix . )(1! := False), (.Ix . 1(1! := False) := (.Ix . 1(1, := False) ) ) 

(*Cons i stency *) 83 1 
84 lemma True !IMP'~ [sati sfy,use r_ax i oms , show_all , ca rd i=2] (*no model for i >l *) 

Nitpi cki ng formula . .. 
Nitpi ck found no model 

0 Proof state 0 Auto update Update 

Figure 5.50: Abbreviation for agentive Obligation operator 

Figure 5.51: Nitpick model found for cardinality of i=1 

Figure 5.52: No Nitpick model found for cardinality of i=2 

This can happen for a variety of reasons, such as the complexity of the model or limita-

tions of Nitpick. Some tests were executed to fnd out whether a model can be found when 

removing some of the constraints on the av g, pv g, and ob g relations. Indeed, this is the 

case: When omitting the axioms commented out in Figure 5.53, Nitpick manages to fnd a 

model for higher cardinalities (Figure 5.54). 
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2 7 I' agent -dependent axi oms•) 
28 axL3a : "'IW a .3x . av_g a (w)( x ) " and axg_4a : "'IW x a . av_g a (w)( x ) - pv_g a (w)( x ) " and axg_4ba: "'IW a . pv_g a (w)lw)" and 
.29 axg_Sa : '"v'X a .~ob_g a (X) (.\x . False) " and 
30 ('MQ._Sb: '"v'X Y Z a . ('IW . ((Y(w) II X(w)) - (Z(w) II X(w))II • (ob_g a(X)(Y) , ob_g a (X)(Z)) " and 
31 MQ._Sca : "'IX 3 a. (( 'IZ . .l(Z) • ob_g a(X)(Z)) /I ( clZ . / (ZIii 
132 ((( 3y . ((,&! , 'IZ. I i Z) " (Z W))(y) 11 X(y))) , ob_g a (X)(,&! , 'IZ. ( i Z) , ( Z W)))) " and 
33 MQ._Sc : "'IX Y Z a . ((( 3w. (X(w) 11 Y(w) 11 Z(w))l II ob_g a (XIIY) 11 ob_g a(X)(Z)) • ob_g a(X) (&. Y(w) 11 Z(w))) " and') 
34 axg_Sd : "'IX Y Z a . (( 'IW . Y(w) - X(w)) /I ob_g a (X)( Y) /\ ('IW . X(w) - Z(w))) 
35 - ob_g a(Z)( ,\w. ( Z(w) /I ~X(w)) v Y(w)) " and 
36 (•~ _Se: "'IX Y Z a . (( 'IW . Y(w) • X(w)) /I ob_g a(X)(Z) /\ (3w. Y(w) /\ Z(w))) • ob_g a(Y)IZ) " and*) 

0 P,ool , tn , 0 Auto updlt• Updat, search: 

Knp1ck1ng !or.uh .. 
Nitpick lou!'IQ aodet for e1rd l 2 •r>(! c.rd &Q * I: 

T1pH: 
l1 ,.. booll 11 .,. booU [boud] • 

{(4,1,,. )(1, :• True, h :• Trutl, j.U, )Iii:• Trut, 1, :• True)f. IP,l<, l(t, :o Tn,e, t, :• Trm,f, l.\lt. )Iii Trut, 1, :• F1\s,>J, UAA. l(t, :• True. h :• Tr..,J, tAA. )<1, :• f1\se, t, :• lrutl), 
u.u. )(1, :• True, h :• r,.,.,. t.u . )(1, :• f1l,e, i, ,. false)> , (p,x . )h, ,. Trut, 1, :• f alse), LU. )h, :• Trut, 1, ,. fah e l), C(:U.. l(i, :• Jru, , i, :• Falu) , (.u<. )!i, :• f alse , 1, :• fal,ef). 
t(:\11. 1(1, :• False, ,, :• True), (.IX •. .JC,,:• Falu, 1, :• True)>, Cl.U, _)h, :• f1he, i, :• TrU<!J, LU, _)l1, :• f1he, i, :• hhel), ((.U, _)(1, :• hhe, i, :• false), p,., )<i, f1\u, i, :• f at.en, } 

11 • booll 1 (bo•edl • 
(lt.U. )(1, :• True. i, :• Tru,,I. 1,). ((.\X. _)(1, :• Tru,, , 1, :• True), i,J. {j.lll. >(11 :• True. 1, :• Folse). h) , (t.\X. )t1, :• Tru,,. 1, :• Folse). i,) , ((All. )11, :• hlu. 1, :• Tru,,). 1,). ((.\X . .)(i, :• Folse, 1, :• True) , 

4C.lll. H>, :• folse, 1, :• f1\se), l1l, !(:Ix. _)( 1, :• f olse, i, :• folsef, >,)) 

co~,u:t!~•eaJ • {(1,. 1,). (1,. t,!, (1,. 1,I, It,, 1,I) 

ov•(.lll._)(11:•(.lll._)(1,:•True),1,:•(:lx. )(11:•True)I 
• • o • ta. )ta,:• ta. )(1, :• c.ui. f(1, :• True. 1, :• false). i, :• ta. Hh :• Tru,,)>f 
ob•(:lx. l 

((All, _1(1, :• True, 1, :• True) :• 4:lx, )UAll, 1(1, :• True, h :• True) :• l ru,,, (All, 1(1, :• True, i, :• f 1lsel :• f alse, I.Ill, _)0, :• f alse, i, :• Truel :• f1\se, c.u. 1(1, ,. f alse, 1, :• f1\se) :• f1lse). 
(.\X. )(1, :•Tru,,, 1, :•f1lse) :• (:Ix. 1((:lx. )(i, :•Tru,,, t,:•True) :•Tru,, , (.\X. )(1, :•Tru,,, 1,:•f1lse) :•True, {All. )It, :•false, 1, :•Tru,,I :•Folse. (:Ix. )(1, :•false . 1, :•Folse) :•false). 
(All. _)(11 :• f alse, 1, :•True):• (:Ix. )((All. )(1, :•True , 1, :• True) :•True, (All .. lC1, :•True , ,,:• false) :• f ain. P-"- )(1, :• false , 1, :•Trll<') :•True , (.Ill .. 111, :•false , ,,:• false):• f alse) , 
(:Ix • .l(i, :•false, i, :• false):• (:U. _)(/:Ix. _)11, :•True, 1, :•True) :•false, 4:U, )(1, :•True, t, :• f alse) :•false, (All, _)Ii, :• f alse, 1, :•True) :•Folse, C:U, f(1, :•Folse, i,:•f1\se) :• f 1\se)I 

obg• 
(All. l 
(a,:•(.\lc.) 

((.\X. )(1, :• True, 1, :• True) :• j.\X. )l(.\X. 1(1, :• True. i, :• True) ,. True. C.\X. l(t, True. t, :• False) :• false, (.\le., )0 1 false. 1, :• True) :• False, (.Ill. l(t, ,. f alse. 1, :• fa l se) :• false), 
(.\le.. _)(11 :•True , ,,:• Falu):• (All. l((.\lc.. )(1, :•Trll<' , i, :• false) :•True, l.\lc. llh :• f alse. i, :• Folse):• f alse). 
(.\le., JU,:• false, 1, :•True):• CAA, IC(-'>!. JU,:• false,,,:• true):• lrll<', 1-'>I, )Ii,:• false, t, : • f alse):• false), 4-'>I, )<1, :• false, 1, :•false): • (AA. )It-"<, )!1, : • f1lse, h :•false):• hlsel)f 

pv•(.lll. )(l,:•(:U. )!1,:•True.1,:•Truef) 
pvg•t-"<. )ta, :•4.lll, )(1, :• j.lll. 1(1, :•lrll<'), 1, j.lll. f(1, :•lrll<'. i, :•Trll<'ll) 

(».. l 
(1,:•(.U._) 

((.\le. JU, :• True, 1, :• True) :• 4-'>I, )<1, :• false, i, :• false), CAA, 1(1, :• True, t, :• f alse) :• (AA. )Ii, :• f alse, 1, :• false), tAA, )(1, :• f alse, h :• True) :• (AA. JU,:• f alse, , , :• false), 
(.\X. )!1,:•false,1,:•fatse):•(.lll. )(1,:•Fatse, 1,:•Fatsef)) 

Figure 5.53: Commenting out certain axioms 

Figure 5.54: Nitpick model found for cardinality of 2 

Analysing why these axioms cause problems for higher cardinalities of i is not within the 

scope of this thesis but should be a topic of future work. For now, it must be acknowledged 

that while Extended DDL 2 ofers more fexibility to represent agents, subgroups of agents, 

and relations between agents, Nitpick only fnds a model confrming its consistency up to a 

cardinality of i=1. 

In the following Section, a representation of an example from Article 31 and the CTD 

already formalized in DDL (Chapter 5.2.2) and Extended DDL (Chapter 5.3.2.1.1) will be 

created in Extended DDL 2. Thereby, it shall be tested how well Sledgehammer can reason 

with the result. 

5.3.2.2.1 Using Extended DDL 2 to Represent Parts from the AIA 

This Section discusses a representation of the following excerpt from Article 31: ”Confor-
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1 theory •extendedDDL-11ult- agents • 
2 imports 
3 DDL_agents_11od 
4 begin 
5 
6 ( •Article 31 •) 
7 consts 
8 e: :ag 
9 not if_auth_of : : •ag = ag• (•gi•ies back notifying authority of a e-ber st ate • ) 

10 established_in:: "ag=> ag • (• e ber state 1n ~•h1ch conf ass body 1s establ1shed• ) 
11 suooit_appl_fo r_notitic: : •ag:,-ag =>a" (•conf ass_body sub its application to a 
12 not1 tying autho n ty •) 
13 
14 
15 
16 
17 

axiomatization where 
Fl: "[conf_ass_body e ,• and 
Rl: "[ 'Ila . (con f_ass_tlod y a ) Oa<stit a (su twoit_appl_f or_not if ic a (notif_auth_of (established_ rn a )) )>j" 

18 l.,..a testl: • ,Oe«stit e (suooit_appl_fo r_notifi c e (noti f_auth_of (establ i shed_i n e ) ) )> • using Fl Rl by aut o 
19 
20 t""""a True ~!J:ill~ (satis fy , user_axi rnns, show_all ] ('Consistency-check: 1tp1ck finds a odel. • ) 

mity assessment bodies shall submit an application for notifcation to the notifying authority 

of the Member State in which they are established” (Artifcial Intelligence Act, 2021, p. 59). 

The complete representation can be found in Figure 5.55. Explanations are given below. 

Figure 5.55: Example Article 31 in Extended DDL 2 

To start with, the fle DDL agents mod is imported. It contains Extended DDL 2, as 

explained above. In line 8, e is declared to be an agent. Next, three predicates needed 

to express the example sentence are defned: notif auth of takes a notifying authority and 

gives back the member state it belongs to; submit appl for notifc checks whether a confor-

mity assessment applies for notifcation with a notifying authority, and established in takes 

a conformity assessment body and gives back the member state it is established in (lines 

9-12). Afterward, the sentence in question is formalized. Axiom F1 states the fact that 

in the current world, agent e is a conformity assessment body (line 15). Axiom R1 then 

represents the example using the previously defned constants: If an agent a is a conformity 

assessment body, it is obligated to see to it that an application for notifcation is submitted 

to the notifying authority of the member state it is established in (line 16). The lemma in 

line 18 tests whether everything works as expected: Since agent e is a conformity assessment 

body, it should be possible to deduce the obligation stated in R1 for it in the current world. 

Fortunately, the Sledgehammer tool fnds a proof. Also, Nitpick confrms consistency, as 
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B2e l 1-. True nitp1tk [setisfr, user odoas , show .tll ] ( • Conust,nc~•chetk: lhtp1ck hnds a aodel.•) 

D P,oof stil t 0 Auto upd1t t Upd1t t Search: 
Nitpicking foraula .. 
N1tp1ckfound<1aodel forcerd 1 - 1 and end ag-1: 

Types: 
(1 "" boot) ,c ti ""' bool) {boxed]" {t(Ax. )(1, :"TrueJ, (.\X. )11, :"True)), ((.U. )(i, :"True), (Ax. ,)(i, :" False)), ((>.x. )(It:" False), (>.x. )(i, :"True)), tPJt. )(i, :" False), tAx. _)(1, :" False))} 
1 >e 1lboxed]-{(1,,1,)) 

Connants: 
av • (AX. )(i 1 :a (All. )!1, ;a True)) 
av_fl" (M~ _)( a,: - (M~ _)( i, :• p,x. _)(i, :• True))) 

ob• (.I.JI. )((.\x. )(11 :•True):- (.\x. )((.\x. )(1, :-True); .. False, (>.x. )(1, ; .. False): - F.tlsel, (),x . )(11 ; .. False): - t.1.x. )((.\x . )(11 ; .. True); .. False, (.I.JI. )(11 :• F.tlsel :• F<tlse)) 
Obfl"(.\x. )( .t,:-( >.x. )((All. )(1,:sTrue):s(.\x. )((AX, )(1 1 :•True):•True, (.I.JI. )(i,:sFalse) :•hlse),(.l.x. )(1,:•False) :•(.I.JI. )(f>.x. _)( 1,:•True):• Fa\se, (AX. )(i,:sFalse):sFalse))J 
pv •(.l.x._)(1,:•(.\x._)( 11 :sTrue)) 
pv f1" (.\x. )(a 1 ;a ( >.x. J(i 1 :,. (.I.JI. )(i 1 ;a True))) 
stit .. (~x. -)(a,; .. (M. -)((.\1<. )(i, : .. True):• (.\I<. )(i, :• True), (M. )(i1 :• F.tlse) :• (.I.JI. )Ii,:• False))) 

established in" ( .\I<. J(a, ; .. a,) 
notlf auth of" (>.x. )(a 1 ;a a,) 
sut1a1"i appl for notlflc a (All. )( a, ;a ( ll. )(a, :a (All. )(i 1 :a True)) ) 
conf_ass_bodr •(.\x. )(a,:•(.i:x. )(1,:-Tr"ue)) 

l theory •high- risk-3-3-16-DDL2 " 
2 iaports 
3 DDL agents mod 
4 be!Jin- -
5 
6 (•nu exa,..ple exten-ded 00L2 : • ) 
7 consts -
8 d: : ag 
9 l::aiSys 

10 prov1der_of:: "ag~ a1Sys~c• 
11 compliance req chap2:: ·a1Sys~a· 
12 inform authorit1es : : · aisys~a• 
13 -
14 axiomatization where 
15 ( • rules, e. g . CTO") 
16 Al : · l v x p. (high_nsk x A provider p A prov1der_of p ,q ___. 04><st1t p (compl1ance_req_chap2 X)>j8 and 
17 AB: \ Vx p. (h1gh_r1sk x /\ provider p /\ provider_of p :ic. ) ...... (-, (compl1ance_req_chap2 :ic.) ..... Op,,-(stit p (infora_authonties x))>) j • and 
18 (•~pllc1t : If the co-pllance "''1th the reQuire:r.ents 1s a given , the provider 1s obligated to not info rm authorities 
19 of non -col"'pllance (since that would 11a ke no sense• ) 
20 AX: · l v x p. (high_risk x A provider p A prov1der_of p :ic. ) (oP<(COClpliance_req_chap2 x ) ..... -, stlt p (infora_authorities X)>) J8 and 
21 
22 P facts • ) 
23 Fl : • l (high_nsk l) , • and 
24 F2: •d provider d) l • and 
25 F3: • l (provider_of d l) , · and 
26 Situation : · i. ...., ( COQpllance_req_ chap2 l) , • 
27 
28 cu•some Exper iaientsH•) 
29 l e.a True 11it1?ick [ satisfy , user_ax1 01S1s, show_all , card 1: l ) oops ( • ran out of time• ) 
30 
31 l e.a * [Qd,;;:st1t d (1nform_authont1es l)> , • using A8 Fl F2 F3 S1tuat1on by blast 
32 l ea.a • tOd<.., stlt d (rnfora_authontles l), , • nitpick [ user_ax.ioms, show_all, card 1: l ) oops (• ran out of time") 
33 
34 
35 end 

visible in 5.56. These results show that Sledgehammer can - at least in this example - con-

sistently reason with the created representation. 

Figure 5.56: Nitpick model Article 31 

Next, it shall be tested whether Extended DDL 2 can reason with CTDs. Therefore, the 

CTD from Article 16 (Artifcial Intelligence Act, 2021) that has already been formalized in 

both DDL and Extended DDL will be represented in Extended DDL 2. The result is visible 

in Figure 5.57. Explanations are provided below. 

Figure 5.57: CTD Article 16 in Extended DDL 2 
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In lines 8 and 9, constants for an agent d and an AI system l are declared. Lines 10-

12 then declare the predicates needed to formalize the CTD. In addition to the predicates 

compliance req chap2 and inform authorities, which are already known from the previous 

formalizations in this or a similar version, the predicate provider of defnes the relationship 

between a provider and an AI system (line 10). 

Afterwards, the axiomatization starts by formalizing the CTD in question using the rules 

from Article 16 (Artifcial Intelligence Act, 2021) in lines 14-20. Axiom A1 states that if 

an AI system x is a high-risk system, and an agent p is a provider, and the agent p is the 

provider of the high-risk system x, the agent p is obligated to see to it that system x fulflls 

the requirements from chapter 2 (line 16). In axiom A8, it is claimed that if an AI system 

x is a high-risk system, and an agent p is a provider, and the agent p is the provider of 

the high-risk system x if system x does not fulfll the requirements from chapter 2, it is 

obligated for the agent p to see to it that the authorities are informed about system x (line 

17). Afterward, the implicit obligation AX is formulated: If the system does indeed comply 

with the requirements in chapter 2, the agent p should not see to it that the authorities are 

informed (line 20). 

Having declared the rules, the next part of the axiomatization defnes facts about the 

current world: It is stated that system l is a high-risk system (line 23), that agent d is a 

provider (line 24), and that agent d is the provider of system l (line 25). Line 26 then defnes 

the current situation, in which system l does not comply with the requirements in chapter 

2. 

As usual, Nitpick is used to perform a consistency check and fnd a model. Unfortunately, 

this is not successful: As visible in Figure 5.58, Nitpick runs out of time and can not fnd a 

model. 
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281(•••so~e E~pe r - ents•~• ) 
29, l a True n_i !:Rtck [satisfy , user a.uoms , sh O'W all, ea rd i =l ] (~ran out of t ,e•) 

itpicking ula ... 
itpick ran ou t o tie 

32 l l emma • LQdoe-. stit d ,inf orm_authorit1es l)>~ ._ • nitpick [ user_a.x 1oms , sho.,_._all, card i =l ] (• ran out of t1 e*) 

tli tp1ck1ng fonnula ... 
~U tpick ran out of t ilne 

Figure 5.58: CTD Article 16 in Extended DDL 2: Nitpick runs out of time 

Figure 5.59: CTD Article 16 in Extended DDL 2: No countermodel 

Lines 31 and 32 contain two lemmas, of which the frst one should be proven and the 

second one refuted within a faithful representation. As visible in Figure 5.57, Sledgehammer 

is able to prove the frst lemma. When it comes to the second one, Sledgehammer does not 

fnd proof as desired. However, Nitpick is not able to fnd a counterexample either. Instead, 

it runs out of time again (Figure 5.59). 

To ensure that the chosen CTD is not an exception or a singular problematic case, an-

other CTD has been formalized in Extended DDL 2 (and Extended DDL), which led to the 

same observations. The Isabelle fle containing this CTD can be found in Appendix Ten. 

It is likely that the models become too complex for Nitpick to handle. The exact reason 

for the difculties must be clarifed in the future. For now, it can be concluded that Extended 

DDL 2 has problems with the formalization of CTDs. While it does not lead to obvious in-

consistencies or contradictions, Nitpick fails to provide a model for the representations of 

the example CTDs and is unable to refute statements that it should disprove. This puts 

Extended DDL 2 at a disadvantage compared to Extended DDL, which does not struggle 

with the representation of CTDs. 

In the following Section, both Extended DDL and Extended DDL 2 will be used to rep-

resent a complete article from the AIA. That way, it will be tested how well the reasoning 

81 



works in both variants with a larger excerpt involving multiple agents. 

5.3.2.3 Representing Article 32 in Extended DDL/Extended DDL 2 

Article 32 has been picked here since it involves four diferent types of agents: The EU 

Commission, notifying authorities, member states, and conformity assessment bodies. Also, 

Article 32 contains no CTDs. This is desirable because it is already known that Extended 

DDL 2 struggles with this modality. The full article reads as follows: 

”Notifcation procedure 

1. Notifying authorities may notify only conformity assessment bodies that 
have satisfed the requirements laid down in Article 33. 

2. Notifying authorities shall notify the Commission and the other Member 
States using the electronic notifcation tool developed and managed by the 
Commission. 

3. The notifcation shall include full details of the conformity assessment ac-
tivities, the conformity assessment module or modules, and the artifcial 
intelligence technologies concerned. 

4. The conformity assessment body concerned may perform the activities of a 
notifed body only where no objections are raised by the Commission or the 
other Member States within one month of notifcation. 

5. Notifying authorities shall notify the Commission and the other Member 
States of any subsequent relevant changes to the notifcation” (Artifcial 
Intelligence Act, 2021, 59f.). 

First, Article 32 will be represented using Extended DDL with four agents. Therefore, 

constants denoting the diferent agents are needed: constant c for the EU Commission, 

constant f for the notifying authority, constant h for the member state, and constant e 

for the conformity assessment bodies. The use of the singular is intentional here since - as 

explained above - Extended DDL only allows for representing a single generic agent that 

stands for a group of agents. The agent constants are included in the types fle, which is 

imported into Extended DDL. It is the same as before, except for the addition of a type 
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8 con s t s 
9 notify:: "ag =>ag=>a" I •11ot1 tying authon tles notl fy confonu ty assess ent body ' ) 

10 satlsfies_ req_Art33:: •ag~a• (•Confo na1ty assess!""ent body satisfies requ1re-ents Article 33" ) 
11 notification_changes:: •notification::;,-a• (*tlot1flcat1on for a confo rmity assess ent body changes .- ) 
12 info rm:: •ag => ag=- (a- )=a• ( *Hot1 fyrng autho n ty rnfo ~ s another agent of the natl hcat1on change• ) 
13 (*t~ot1fying authority uses electronIC not1f1catlon tool") 
14 ("'notification includes details on confo rn11ty assess ent activities" ) 
15 includes_details_conf_ass_modules: (*notiflcatlon includes details on confo rmity assess ent odules*) 
16 includes_details_ai_used: : • notification=-a• (• not1f1Cation includes details on AI technology used*) 
17 (*confo rmity assess ent body acts as nottfled body• ) 
18 objection_ raised_wi thin_lm : (• obJect1on ra1serl by other agent on confo rmity assessment body acting as notified body• ) 
19 notification_ for: : •ag :=- notif icat1on• 

20 axi oaatization where-
21 (" rules fro Ar ticle 32"') 
22 A32_1: •1 -,ofa:: -, (stlt f (notify f e)):,,...,. (satlsfies_req_Art33 e) r and 
23 A32_2: • Jst1t f (notify f h) v st1t f (notify f cl) - of-.stit f (use_elec_not_tool fl>r and 
24 A32_3: •l( stit f (notify f e) -
25 Qf<-stit f ((includes details cont ass activities (notification fore)) A (includes details conf ass 11odules (notification_for e)) A 
26 (includes_details_a1_~se<I (notlt1cat101l)or e)) ):,,) J • and - - - - -
27 A32_4: •[ -,Qf,c -, stlt f (act_as_not1hed_body e)> ._. 
28 -, (objection_ ra1sed_within_la h (act_as notifled_body e) A (0Djection_ ra1sed_within_la c (act_as notifled_body e)) )r and 
29 A32_5: •L( not1flcation_changes (notihcatlon_for e)) - Of<stlt f (rnfora f c (notification_changes (notihcation_for e)) A 
30 (inform f h (notlhcation_changes (notification_ for e)l)l>J• and 
31 
32 (• fac t s for t ests of t he ru l es *) 
33 Fl ·Lsat1sfies_ req_Art33 e •• and 
34 F2 • (stit f (notify f h) l ,• and 
35 F3 • ~stit f (notify f e) ,• and 
36 F4 •L-,(0Dject1on_ ra1sed_w1th1n_la h (act_as_notifled_Dody e) I\ (oDjection_ raised_wlthin_lm c (act_as_notifled_Dody e))) J ,• and 
37 FS •Lnot1hcation_changes (notification_for e) 

for a notifcation. The complete Extended DDL fle with four agents can be found in the 

appendix. 

Additional predicates needed for the representation of Article 32 are shown in fgure 

5.60, including short explanations. Within the axiomatization, the rules from the article are 

declared as Isabelle statements (lines 21-30, Figure 5.61). Afterward, fve facts about the 

current world are specifed so that they can be used to employ the given rules (lines 32-37, 

Figure 5.61). 

Figure 5.60: Constants Article 32 Extended DDL 

Figure 5.61: Axiomatization Article 32 Extended DDL 

Finally, several lemmas that should hold in the situation described in F1-F5 are con-

structed, and Sledgehammer is employed to prove them (Figure 5.62). Sledgehammer uses 

F1 and rule 1 from Article 32 to prove T1, e.g., that it is permissible for the notifying author-

ity (f) to see to it that the conformity assessment body (e) is notifed (line 39). Using rule 2 

and F2, Sledgehammer fnds proof for lemma T2, which states that the notifying authority 

(f) is obligated to see to it that the electronic notifcation tool is used (line 40). Lemma T3 
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39 l etaa Tl: •L _,Of< -, (stit f (notify f e))> ·• using A32_1 Fl by auto 
40 l ewaa 12: 10 lOf<Stit f (use_elec_not_tool f)> t• using A32_2 F2 by auto 
41 l eaa T3: •Iof<st1t f ((includes details conf ass activities (notification fore)) I\ 
42 (include; details conf ass modules CnOtitiC:atiOn fore)) A (includes details ai used (notification_for e))):;,,.\• using A32 _3 F3 by auto 
43 l e.a T4: •L~ Of< .., s!it f- (act_as_notified_body e):;,,-1• using A32_4 F4 by "auto - -
44 l emma T5: •!Of<stit f ((infon11 f c (notiflcation_changes (notiflcatlon_for e))l A (1nfor-. f h (notiflcatlon_changes (notification_for e)l)):> l• 

45 using A32 5 F5 by auto 
46 -
47 l e.a True n!_te}£ ~ (satisfy, user_axioms , show_all ] (*Consistency -check : thtp1ck finds a ,odel. * ) 

holds that the notifying authority (f) is obligated to see to it that the notifcation for the 

conformity assessment body (e) includes details about the conformity assessment activities, 

the conformity assessment modules, and the AI technology used. This can also be proved 

by Sledgehammer via rule 3 and F3 (lines 41f.). In line 43, Sledgehammer can prove that 

it is permissible for the notifying authority (f) to see to it that the conformity assessment 

body (e) acts as a notifed body using rules A4 and F4. Finally, the lemma T5 claims that 

it is obligatory for the notifying authority (f) to see to it that the EU commission (c) and 

the member state (h) are informed if there are changes to the notifcation of the conformity 

assessment body (e), which is proven by Sledgehammer via rule 5 and F5 (line 44f.). 

Figure 5.62: Tests Article 32 Extended DDL 

The fact that all the lemmas were proven as desired shows that Sledgehammer can reason 

with the created representation. Additionally, the consistency check in line 47 is successful, 

meaning that the set of axioms and defnitions within the fle is consistent and doesn’t lead to 

contradictions. It is also visible here that the model involves four distinct agents (card ag=4, 

c=a2, e=a4, f=a3, h=a1), as desired (Figure 5.63). However, as already known, Nitpick only 

provides a model up to a cardinality of i=2. 

84 



lhtp1cku19 10 .... h .. 
lhtp1ck lourtdal!Odd lorcardnot1hcat1on•2, card 1• I. andcardao•4: 

lYIM!S: 
(1 ,. boot) 1 [boxed)• )(Ii:• True). 1,). ((U. H11 :• fatso). 1,1) 

co: t :ni:: ... boot) l [boxed)• {11,. (.U. )(i, :• True). 1 1). ta,. 4.u.. )(1, :• True). 1,) •. ) 

lv•t.U._)(1,:•(.\x._)(1,:•TnH:)I 
ave• jU. )(1, :• _)(11 :•True>) 
ave• jU. )(1, :• )(11 :• TrueH 
avl•t.U.. )(1,:•t.U.. )(1,:•Truell 
avh• t.U.. _)(1, :• _)(11 :•TnH:H 

0 Proof ,tilt• 0 Auto upd;ot o U,,d•to searc h: 

ob • )((.U.. )f1, :•True):• (.\x. )(1, :•True):• false, (.\x. )(1, :•false):• fa\u), (JJ.. )(1, :•fatso):• (U. )(Ii:• True) :• Falu, (U. H1, :•False):• false)) 
obc • 4>.x. )((.U. )(11 :• Tr"") :• {.U.. )(1, :•True):• false, {.U.. )C1, :•false):• false). (.U. )(1 1 :• fat,e) :• {.U.. Ht.U. )(1, :•True):• fat,e, (.U. H1, :•false):• false)) 
obe • t.u.. )((U. )(1, :• Tr"") :• r.u.. 1(4.U.. )(1, :•True):• False, r.u.. JC1, :•False):• False), c.u. )(i, :•False):• tu. Ht.u.. )(1, :•True):• False, t.u.. 1<1, :•False):• false)) 
obl • t.u.. _)((.U., _)(1, :•True):• r.u.. 1((.U.. )(1, :• TnH:J :• True, (Ax, JC1, :•False):• fa\seJ, (Ax. _)Ci, :•Fatso):• (A>I, HL\JC, )C1, :• TnH:) :• Fatso, c.u.. _)<1, :•False):• False)) 

)((Ale. )111 :•True):• (Ax. l(CA>I, )(1, :•True):• False, r.u.. JC1, :•False):• False), C>.x. )(11 :•False):• {Ax. _)(1, :•True):• False, (.\x, Hi,:• False):• Falu)) 
pv• t.\JC. l(i, :• Ill. )(It :•True)) 
pvc• j.U.. )(I,:• jll. )(h :•Truell 

)(11 :• 4.\1<, H11 :• TrueH 

_) 
fa,:• (.l'<. )((.\I<. )(11 :•True):• ll. , (.U. )(1, :•false):• (.U.. )(1, :• False)), a,:• (b. )((U. )(1, :•True):• .u.. , (A>I. )(11 :•false):• (U. H1, :• F•l•e)), 
a,,. (U. )({.U.. JO,:• True) :• tll. )(1 1 :• Truef. t.U.. )(1, :• false) :• (U. )(1 1 :• false)). a, :• t.U.. )((U. )0 1 :• True) :• u. , (.U.. )(1, :• False) :• (A>I. )ti, :• false))) 

ac t_lS_l'IOUhed body. j.\x, _J(a, :• cu. _l(h :• True), a,:• (AA. _)(i, :•false), .. :• .\x, ••• :• (.U., l(i, :• True)) 
inc\udos lkt11ls nu,ed• tu. _)(n, :•U, , n, :• (U, )(1, :•Tr"")) 
includes lktuls con!•" acuv1tus • (.\x. Hn, :• b. , n, :• (JJ.. )(1, :• True)) 
includes lktuls con! assl!Odule• • (.U.. Hn, :• u. , n, :• c.u.. )(1, :• True)) 
inlors• 

{.\x,_) 
la,:• (.\ll, )Ca,:• 4.U:, _)((U. Hi,:• True):• .\x. ). a,:• t.U.. _)(1, :• True) :• .\ll, )), a,:• C.U., )ta,:• l((.lr., )(1, :•True):• .\ll, ), a,:• l.\ll, )((.\ll, }(11 :•True):• .\ll, _l), 
a,:• (U. ){a,:• C.lr.. )((U. >(1, :•True):• (.\x. )(1, :• True)), a,:• (U. )f(.U.. )C1, :•True):• c.u.. )(1, :• True))). a,:• (.U.. Ha,:• (U. )11ll. )(It:• Truel :• .\ll. ). a,:• 4.u.. )!(U. 

notihcauon changes• 1ll. )(ft 1 :• .u.. , n, :• (.\x. )0 1 :•True)) 
no t ilicatlon tor .. (.U., Ha,:• n,, a,:• n,) 
no t ,ly• 

/.\x. l 
11, ,. (.U.. ){a, :•U. , a, :•.U.. , a, :•.U.. ), a,:• (U. )ta, :•.\JC. , a, ,.u. ), a,:• c.u.. )(a,:• 4.u.. )(1, :•True), a,:• (.U.. )(1, :•True). 
a,,. c.u:. )(a, :•AA. , a, :•u .. a, ,-u. , a, , • .u:. n 

objection rusedwlthin l•• 
i.\x,) 
1a, :• (JJ.. ){(.U.. )(1, :•True) :•.U.. , (U. )(1, :•false):• (U. )(1, :•True)), a,:• (il. )((.U.. f(1, :•True):• jll. )(Ii :•Fal ,e), c.u.. )(1, :•false):• (JJ.. )(11 :•True)). 
a,,. (il. )({.\x. )(1 1 :•True) :•.\ll .• (U. )(1, :•false) :•U. ), a,:• (.U.. )((.U.. )(1 1 :•True) . (U. )(1 1 :•false) :•U. l) 

satlshes req ArtH • Ill, _)(a,:• t.u.. 141, :• false). a, :• AA. , a,:• .\ll, _. a,:• Ill, )(1, :• TrueH 
use o\ec 1101 toot• (U, )(1, :• tu. H1, :• False), a,:• .U.. , h :• _)(1, :• Truel, •• :• A>I, ) 
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Figure 5.63: Nitpick model found Extended DDL 

Next, the same article will be represented in Extended DDL 2. In addition to the con-

stants in fgure 5.60, three constants f, h, and e are introduced for the involved agents 

(Figure 5.64). No constant is needed for the EU commission because it is already defned in 

the types 2 fle, which is imported in Extended DDL 2. 

Afterward, the rules from Article 32 are represented as axioms (lines 24-36, Figure 5.65). 

These look diferent from the ones in Extended DDL due to the way agents are represented. 

Axiom A32 1 formalizes rule 1 and states that for all agents a and b, if a is a notifying 

authority and b a conformity assessment body, a may see to it that b is notifed only if b 

satisfes the requirements in Article 33. The other rules are formalized similarly. 

The second part of the axiomatization (lines 38-46, Figure 5.65) contains, again, facts 

about the current situation. There now are 14 axioms since the types of the agents f, h, and 

e, and the fact that they are of distinct types must be specifed (F1-F3, Figure 5.65). 

Next, the same fve lemmas are proven via Sledgehammer. As in the formalization in 

Extended DDL, Sledgehammer successfully provides proof for all lemmas, using the rules 

from Article 32 and the facts about the current situation (Figure 5.66). 
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7 consts 
8 f : :ag 
9 h: : ag 

10 e: :ag 
11 notify: : • ag :::::- ag.=a• ( 9 tlot1fying authorities notify conform.lty assess -ent body* ) 
12 satisfies_ req_Art33:: • ag =-a• ( s(onfori=lt',' assess ent body sat1sf1es requirei"' ents Article 33 "' ) 
13 notification changes : : • notification:::::-o• (*N'otlflcatlon fo r a confon;uty assess ent body changes "') 
14 info rwi : : • ag~ ag~ (a )=-a• ( *Mot1fy1ng authonty lnfo f'W!s another agent of the not1ficat1on change • ) 
15 use elec not tool: : ( "'Jloti f y1ng authon ty uses electronic not1 f 1cat1on tool *) 
16 incl udes=det'a1ls_conf_ass_activities: : • notiflcation=a• ("' not1 icat1on includes details on confo rmity assess ent act1v1tles•) 
17 includes_details_conf_ass_11odules: : • notification:;i.a• (*not1f1cat1on 1nclu-des -details on confo rmity assess ..... ent modules •) 
18 includes_details_a1_used: : • notification.=a• ( *notification includes details on AI technolo9y used -= ) 
19 act as notified body : : • ag=-a• ("'confo rmi t y assess ent body acts as notif i ed body*) 
20 obj'ecti on_ raised_within_lm: : • ag= (o )~a• ('• objection raised by other agent on confo n111ty assessiiient body acting as notlfled body• ) 
21 not1 fication_for : : 

23 axioaatization where 
24 ( -= rules f ro Article 32 • ) 
25 A32_1: • l \l'a b. (notif_authority a) I\ ( conf _ass_body b) - -.Qa< -. (stit a (notify a b) )> - (satisfies_ req_Art33 b) r and 
26 A32_2: •Lv a b. (notif_authonty a) /\ (member_state b) -
27 ( stit a (notify a b ) V stlt a (notify a eu cooa )) --+ Qa<stit a (use elec not tool and 
28 A32_3: •tv a b. (notif_authonty a) /\ (con(ass_body b) - (stit f (n-ot1ti a b) --+ 
29 Qa<s tit a ( (includes details conf ass activities (notification for b)) I\ 
30 (1ncludes_deta1ls_corrt'_ass_m~ules- (n;tification_for b) ) I\ (rn;ludes_deta1ls_ai_used (not1hcat1on_for b-)) ):,,) J• and 
;31 A32_4: • ~Va b. ( conf_ass_body a) A (meml>er_state b) -
32 -.Qa< -, stit a- (act as not ified body a):,, -
33 -.(ob-jection ra1sed- wi"ih1n l a b-- (act as notified b-ody a) A (objection_ ra1sed_within_l m c (act_as_notified_body a))) r and 
34 A32_5: •Lv a b-d. ((c;nf_ass~body a) 1\- (n; tlf_auth;nty b) /\ (member_state h)) 
35 --+ (notification changes (notification for a) ) --+ ot><s tit b ( (inform b eu coa (notification_changes (notification_for a))) 11, 
36 (rnfora b d (notlfication_changes (noti flcation_for a)))),r and -
37 
38 ( "' facts for tests of the rules • ) 
39 Fl a: • (notif _authority f) ,• and Flb: •t~( member_state fl , ,• and Fl c: •t~ (con f_ass_body f) ,• and 
40 F2a : •L (11e.iber_state h) 1• and F2b : • l -. (notif_authonty h) 1 • and f2c: •L -, (conf_ass_body h) .J 1• and 
41 Fla: "l( conf_ass_body e) ,· and Flb: " ~(notif_authority e) ,· and Flc: "l~l mecober_state e) • and 
42 f4 : •tsatisfles_req_Art33 e 1.• and 
43 FS: • (stlt f ( notify f hi 1. ,• and 
44 F6 : • ~stlt f (notify f e) • and 
45 F7: • --, (ob-jection_ raised_within_l m h (act_as_notifled_body e) I\ (object1on_ ra1sed_with1n_la eu_com:ll (act_as_notihed_body e))) • and 
46 FB : •Lnot1hcat10n_changes (not1flcation_for e) 

48 lea.a TI: •l ...,Of< -, (stit f (notify f e))> ,• using A32_1 Fl F3 F4 by auto 
49 l~a 12 : •lofcstit f (use_elec_not_tool f):> t• using A32_2 Fl F2 FS by blast 
50 lei.a T3 : •lOfcstit f (( rncludes_deta1ls_conf_ass_activities (not1ficat1on_for e)) I\ (1ncludes_deta1ls_conf_ass_11odules (not1flcat1on_for e)l A 
51 (includes details ai used (not1hcat1on fore)))> l. using A32 3 Fl F3 F6 by blast 
52 l~IIIB T4: •T--.oec -. St1! e (act_as_notltied_body e) :,, • using A3(4 F2 F3 F7 by blast 
53 l911a TS: • 1 o f-cst1t f (( infora f eu comm (not1flcation changes (not1flcat1on fore))) A 
54 (inform f h (notiflcatlon changeS (notlhcation for -e)))l> ,• using A32 5 F1 F2 F3 FB by auto 
55 - - -
56 lema True nitpick (satisfy, user_ax1 oms , show_all, card ag=4] oops ( "Cons i st ency-check : Hitp IC k finds a model. •) 

Figure 5.64: Constants Article 32 Extended DDL 2 

Figure 5.65: Axiomatization Article 32 Extended DDL 2 

Figure 5.66: Test Article 32 Extended DDL 2 
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5.3.3 Limitations of Representing Agency and Agentive Obliga-
tions 

The last two sections have explored possibilities to represent agency and agentive obliga-

tions. Within the frst section, the TDS logic by van Berkel and Lyon(2019) was identifed as 

a suitable candidate and has been embedded in Isabelle (Chapter 5.3.1.1). However, when 

testing this embedding, it was discovered that Nitpick fails to fnd a model, which has led 

to the conclusion that TDS logic has infnite models. This is a big limitation since Nitpick 

can not work with such infnite models (J. Blanchette, 2023), ultimately making TDS logic 

unsuitable for the purpose of this thesis. 

The second part of this Chapter has explored the option of extending DDL to integrate 

a STIT operator and agentive obligation operators. Within this process and the experimen-

tation with examples from the AIA, two extensions of DDL were developed. 

For the frst one, which was referred to as Extended DDL, Nitpick fnds a model up to 

a cardinality of i = 2. Also, all but one of the lemmas (lemma C 8) that were proven to 

hold for DDL by Benzmüller et al. (Benzmüller et al., 2022) were also proven for Extended 

DDL. Within the conducted experiments, neither Sledgehammer nor Nitpick had problems 

in reasoning with representations in Extended DDL. 

However, the possibilities to model agents, types of agents, and relations between agents 

in Extended DDL are not ideal. Due to the usage of agent constants and accessibility rela-

tions related to exactly one of these constants, it is only possible to formalize obligations for 

generic agent types represented by the agent constants. This is limiting because it is rarely 

enough to state obligations that hold for all providers, importers, distributors, etc. Instead, 

obligations are declared for subgroups of agents fulflling certain criteria or agents in specifc 

relation to other agents, for example, providers of high-risk AI systems or notifed bodies 

situated in a particular member state. 

To summarize, Extended DDL achieves a consistent representation of the parts from the 

AIA that were tested. However, this representation is restricted in that it is not able to 
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capture the details of the types and sub-types of agents and their relation to one another. 

To improve this, a second extension of DDL, called Extended DDL 2, has been devel-

oped. In this variant, the accessibility relations accept an agent as an input so that further 

constraints on that agent, like its type or relations to other agents, can easily be specifed. 

Agents and their relations can hence be modeled more accurately in Extended DDL 2. 

For Extended DDL 2, Nitpick also fnds a model, but only for a cardinality i=1. Also, the 

testing of the lemmas postulated for DDL (Benzmüller et al., 2022) led to the same results 

as the tests for Extended DDL: All but one of the lemmas (lemma C 8) were proven to hold 

in Extended DDL 2. 

One excerpt and one article from the AIA were formalized in Extended DDL 2. This was 

a success since, in both of these representations, Sledgehammer and Nitpick could correctly 

reason with the formalized rules. However, formalizing CTDs in Extended DDL 2 leads to 

problems. In two example cases, Nitpick failed to fnd a model for the formalized CTDs and 

was consequently not able to refute lemmas that should be refuted. This is a weakness of 

Extended DDL 2. 

Neither Extended DDL nor Extended DDL 2 can provide an optimal solution to the 

problem of representing agency and agentive obligations. Also, not all problems of the two 

variants have been understood completely yet. However, Extended DDL 2, with its fexible 

representation of agents, seems to be the strategy more apt for capturing the AIA once its 

difculties have been understood and resolved. This indicates a need for further research, 

analysis of the embeddings and the formalized parts from the AIA, and experimentation 

with additional examples. 
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Chapter 6 

Conclusion 

Finally, this last Chapter will summarize the key fndings, discuss limitations, and present 

several open questions for future work. 

6.1 Summary of Key Findings 

In the frst part of this thesis, a thorough analysis of the AIA was conducted, which has 

led to an answer to research question R1: 

- What modalities (deontic, epistemic, temporal, etc.) are relevant within 

the AIA? 

Within the analysis, the following modalities were identifed: obligations (and permissions 

and prohibitions), fuzziness, exceptions, temporality, and temporal notions, agency and 

agentive obligations, CTDs, and beliefs of agents (Chapter Four). The number of difer-

ent modalities within the AIA demonstrates its complexity and indicates that representing 

the document requires an expressive logic or combination of logics. 

Since it was not feasible to focus on all the modalities, this thesis considered only obli-

gations (Chapter 5.1), CTDs (Chapter 5.2), and agency and agentive obligations (Chapter 

5.3). Unfortunately, this means that research questions R2 and R3 can only be answered for 



the chosen modalities. The two research questions are related and will be answered jointly 

for each of the selected modalities. They read as follows: 

- How can concrete examples from the AIA, employing these modalities, be 

represented in Isabelle, and which logics need to be embedded for this 

purpose? 

- Are the theorem provers available in Isabelle/HOL efective in reasoning 

with these representations? 

To represent obligations (as well as permissions and prohibitions), SDL was identifed 

as a suitable logic in Chapter 4.1. Since a trustworthy embedding of SDL in Isabelle/HOL 

already exists (Benzmüller & Parent, 2018), this embedding could easily be used to represent 

examples from the AIA in Chapter 5.1.2. Additionally, an alternative strategy for represent-

ing exceptions in SDL was tested (Chapter 5.1.3) and proved to be a viable workaround. 

There were no problems with the representations of the example parts, and both Sledgeham-

mer and Nitpick could reason with them correctly. 

DDL is a suitable logic to represent CTDs (Chapter 4.6). Like SDL, DDL already has 

a faithful embedding in Isabelle/HOL (Benzmüller et al., 2022). This embedding could also 

be used to represent selected CTDs from the AIA without problems. The formalization 

of the selected examples from the AIA was straightforward, and fortunately, Nitpick and 

Sledgehammer could work with them successfully. Since DDL can express everything SDL 

can and more (Dov Gabbay et al., 2013), the DDL embedding is suitable for representing 

obligations and CTDs. Consequently, a logic ft to represent two of the chosen modalities 

has been discovered. 

Finally, suitable logics for the representation of agency and agentive obligations were 

explored, which proved more challenging. Chapter 5.3 began by introducing an embedding 

of TDS by van Berkel and Lyon (2019) in Isabelle/HOL, a logic appropriate for represent-

ing both actions of agents and agentive obligations. While most axioms proclaimed by van 
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Berkel and Lyon were provable via Sledgehammer, and none were refuted (Chapter 5.3.1.2), 

Nitpick could not fnd a model for the embedding. This revealed that TDS logic has infnite 

models, making it unsuitable for model checking and representing the AIA. 

The second part of Chapter 5.3 delved into extending DDL with additional operators to 

represent agency and agentive obligations. Two extensions were developed: Extended DDL 

(Chapter 5.3.2.1) and Extended DDL 2 (Chapter 5.3.2.2). For both variants, all but one of 

the lemmas postulated for DDL by Benzmüller et al. were proven. However, each has its 

limitations. Extended DDL restricts the representation of agents, with agentive obligations 

always applying to a generic agent type without the possibility of specifying further con-

straints or relations. In contrast, Extended DDL 2 ofers fexibility in representing agents, 

allowing groupings based on characteristics or relations and formulating obligations for spe-

cifc subsets of agents. However, Extended DDL 2 struggles with CTDs from the AIA, where 

Nitpick fails to fnd a model. While the representation does not lead to contradictions or 

inconsistencies, some incorrect claims cannot be refuted. In contrast, reasoning with CTDs 

in Extended DDL does not pose problems, giving it an advantage over Extended DDL 2 in 

this regard. Another beneft of Extended DDL is that Nitpick fnds a model for it up to a 

cardinality of i=2, whereas for Extended DDL 2, Nitpick only does so for a cardinality of 

i=1. 

Both DDL variants are suboptimal and have weaknesses. Nevertheless, they represent 

a starting point for the representation of agency and agentive obligations, which requires 

further development in the future. 

To summarize, this thesis has produced a structured overview of the modalities that 

are relevant within the AIA and investigated possibilities for representing three of them 

(obligations, CTDs, and agency and agentive obligations) in Isabelle/HOL. It successfully 

represented excerpts from the AIA containing obligations and CTDs using the DDL em-

bedding by Benzmüller et al. (2022) and demonstrated that Sledgehammer and Nitpick can 

reason with these representations. Additionally, it introduced diferent approaches for repre-

senting agency and agentive obligations and discussed their problems, which must be solved 
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in future work. 

6.2 Limitations 

It is the goal of this thesis to both analyze the AIA and its modalities and contribute 

towards its representation in a logical language within the LogiKEy framework (Benzmüller 

et al., 2020). Naturally, there are some limitations to this endeavor, which shall be discussed 

here. 

While the AIA has been carefully analyzed, as shown in Chapter Four and the fgures in 

Appendix One, this analysis was conducted from the lay perspective of someone not knowl-

edgeable about or involved in the legal domain. Therefore, it is possible that parts of the 

AIA content were misinterpreted or overlooked. To discover and address any mistakes or 

shortcomings, it would be benefcial to seek feedback from a legal expert and review analyses 

conducted by other researchers. 

Another limitation of this thesis is that, although many diferent modalities were identi-

fed during the analysis, practical attempts to represent them in Isabelle/HOL and formalize 

examples from the AIA have only been conducted with three modalities. Consequently, any 

analysis of the interplay of modalities also considers only these selected modalities. There-

fore, while research question one was answered, research questions two and three were only 

addressed for the chosen modalities. 

This thesis has successfully created faithful representations of example paragraphs con-

taining obligations and CTDs using DDL (Chapters 5.1 and 5.2). However, no ideal solution 

for representing agency and agentive obligations has been found. Instead, several approaches 

were attempted: an embedding of TDS logic (van Berkel & Lyon, 2019) and two extensions 

of DDL, Extended DDL and Extended DDL 2 (Chapter 5.3.2). While shortcomings and 

problems of each approach were identifed, it was not always possible to determine all their 

causes. For example, it remains unclear why Nitpick does not fnd models for Extended 
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DDL with a cardinality of i > 2 (Chapter 5.3.2.1), for Extended DDL 2 with a cardinality 

of i > 1 (Chapter 5.3.2.2), and for representations of CTDs in Extended DDL 2 (Chapter 

5.2.2.2.1). Moreover, the question of why lemma C 8, which holds for DDL (Benzmüller 

et al., 2022), cannot be proven for Extended DDL and Extended DDL 2 (Chapter 5.3.2) 

remains unanswered. 

This thesis also did not analyze or visualize in detail the models that Nitpick found for 

the embeddings of the diferent logics and the example representations. This would have 

been valuable in verifying the provided models or discovering possible problems. 

Another limitation of the thesis is that only a few parts from the AIA, including the cho-

sen modalities, were represented in Isabelle/HOL with the embedded logics. These examples 

are not representative of the full text. Consequently, it is possible that not all problems were 

discovered. Other sections of the AIA may contain constructions whose formalization leads 

to currently unknown difculties with certain embeddings. 

Finally, the last Section will list open questions to be studied in future research. 

6.3 Open Questions and Future Work 

As stated previously, this thesis was not able to completely answer all of the three re-

search questions that have been formulated in the beginning. Additionally, difculties of 

diferent logics, their embeddings, and Nitpick and Sledgehammer were discovered, which 

could not yet be overcome. These unresolved questions and problems are a good starting 

point for future projects and shall be recorded. 

First, it would be sensible to focus on the modalities within the AIA that were not dis-

cussed in depth in this thesis. Open tasks include the identifcation of suitable logics to 

represent them, the creation of embeddings of these logics, and the experimentation with 

examples from the AIA to verify that the embedded logics work as intended. 

Within Chapter 5.3.1, an embedding of TDS logic by van Berkel and Lyon (2019) has 
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been created. This logic has only infnite models and consequently is rather unsuitable for 

the representation of the AIA from a practical perspective. However, it would make sense 

to investigate strategies to weaken TDS logic to achieve fnite models. If this were achieved, 

TDS logic could support an accurate representation of the AIA. 

Moreover, as already discussed in the previous section, it was not possible to analyze or 

visualize the Nitpick models that were found during this thesis. This would make a valuable 

future project, contributing towards a deeper understanding of the models and the verifca-

tion of their quality. 

This is not the only open task relating to Nitpick. Nitpick is unable to fnd models for 

Extended DDL with a cardinality of i > 2 and for Extended DDL 2 with a cardinality of i > 

1. The reasons for this have not been clarifed yet but should be investigated in the future. 

Further analyses or visualizations of the Nitpick models found for lower cardinalities could 

support this process. 

Another problem of the two extensions of DDL is that lemma C 8 which was postulated 

by Benzmüller et al. (2022) and holds for DDL could not be proven for Extended DDL and 

Extended DDL 2. It would be useful to understand why this is the case and investigate 

whether the embeddings can be adapted so that the lemma is provable. 

Apart from answering the open questions on Extended DDL and Extended DDL 2, it is 

sensible to consider related research that could potentially solve the problems of the discussed 

approaches. For instance, while a fexible representation of agents, as achieved in Extended 

DDL 2, is desirable, its models are too complex and currently struggle with the represen-

tation of CTDs and higher cardinalities of i (potential worlds). A possible solution to this 

could be considering diferent semantics for DDL, for example, the less complex Hanson-type 

preference-based semantics (Danielsson, 1969; Hansson, 1969), which was discussed in-depth 

by Parent (Parent, 2021). In his work, Parent has also created an embedding of DDL logic 

with preference-based semantics in Isabelle/HOL, which is available in the LogiKEy GitHub 

repository (Benzmüller et al., 2023). It would be interesting to attempt the integration of 

a STIT operator and an operator for agentive obligations into this embedding, analyze the 
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performance of Nitpick and Sledgehammer, and check whether the problems discovered with 

Extended DDL 2 can be avoided. 

Similarly, it would make sense to look at Term-modal Deontic Logic (TMDL) s as an 

alternative to Extended DDL. In TMDLs, obligation operators are indexed with variables 

or constants denoting agents and use ternary or quaternary accessibility relations instead 

of binary ones. Consequently, obligations can be indexed by agent terms, and these agent 

terms can be quantifed. This strategy appears to solve the main problem of Extended DDL: 

The lack of the possibilities to quantify over types of agents and characterize subgroups or 

relations among them (Frijters, 2023). In future research, an embedding of TMDLs in HOL 

must be created. It should then be tested whether this embedding is a suitable option that 

solves the problems of Extended DDL and is manageable for Nitpick and Sledgehammer. 

Finally, it is advisable to formalize larger parts of the AIA in Isabelle/HOL using the 

embedded logic discussed in this thesis or others created in future projects. This may lead to 

the discovery of new problems that must be handled before a complete representation of the 

AIA can be achieved. Another relevant factor is the combination of logics. While diferent 

logics can be used to formalize diferent modalities, they must eventually be combined to 

formalize the full document. In the case of obligations and CTDs, DDL has proven to repre-

sent both modalities. This might not always be the case, especially when all the modalities 

found in Chapter Four are included in the discussion. Hence, strategies that allow for the 

combination of diferent modalities and logics must be explored. 
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Appendix 

1 Analysis of the AIA: Tables and Visualizations 

Further visualizations created during the analysis of the AIA can be found on miro via 

the following links: 

- First mind map 

- Analysis of modalities 

https://miro.com/app/board/uXjVMm4iF2E=/?share_link_id=590457124570
https://miro.com/app/board/uXjVNWmJSK4=/?share_link_id=401697181302


1 theory DDL agents clean (•00L including STIT operator and agentive obligations •) 
2 illports - -
3 Main 
4 types 
5 b•gin 
6 
7 consts 
8 ciw : : i ("'current worl-d") 
9 av:: • i =a• pv:: • i =-a• ob:: •a::::;-- (u=-bool) • ( •general accessib1 llty relations"') 

10 avd:: • i = a• pvd :: • i = a• obd:: •a= (a= bool) • (•access1b1 l1 ty relations for agent ,d •) 
11 avb:: • 1= a• pvb:: • i ~ a• obb :: "'a=- (a=- bool) • ("'access1b1l1 ty relations for agent b") 
12 
13 (•stlt operator•) 
14 stit :: • ag=-a=-a• ( 8 E..Y_ sees to 1t that *) 
15 
16 ax i oaatization where 
17 ax_distinct: •d I- b. and 
18 ax 3a: ""'1. 3x . av( w)( x ) " and ax 4a: ""'1 x. av( w)l x ) - pv (w) lx ) " and ax_4b: ·w. pv(w)(w) " and 
19 ax- Sa: " vX. - ob( X) ( :Ix . False) " an d 
20 ax)b: "\IX Y 2. (W . (( Y(w) A XM) - (2(w) A Xl w)))) - (ob( X)( Y) - ob( X)l 2)) " and 
21 ax_Sca: ·vx ,. 11 \12. ,1( 2) - ob( X)1 2)) > (32 . , 12111 -
22 11( 3y. (( ;\w . \12. I 1 2) - 12 w))( y ) ,._ X( y))) - ob(X)( ;\w. \12. I i 2) - 12 w)))) " and 
23 ax Sc: "VX Y 2 . I I ( 3w . (X(w) ,._ Y(w) ,._ Z(w) I) , ob( X) (Y) ,._ ob( XI I Z) I - ob( X) I :lw. Y(w) A Zl w) I I " and 
24 ax)d: "\IX Y 2. I (W . Y(w) - X(w) I ,._ ob( XI (YI A (W . X(w) - 2(w) I I 
25 - obl 2)( ;\w . 121w) , -X(wl) v Yl w)) " and 
26 ax_Se: " \IX Y 2 . IIW . Y(w) - XMI ,._ ob( X1( 2 ) A (3w . Y(w) , 2 (w))I - ob( Y)( 2) " and 
27 
28 (*for agent d: pro1-11-ders*) 
29 axd_3a: •\'w . 3x . avd( w)( x) • and axd_4a: •vw x . avd( w)( x ) - pvd( w)( x) • and axa_4ba: •w. pvd( w)( w)"' and 
30 axd_Sa: •vx . -.abd( X)( ,\x. False) • and 
31 axd_Sb: "oX Y 2. (W. l(Y(w) ,._ X(w)) - ( 2(w) A X(w)))) - (obd( X)(Y) - obd( X)( Z)) " and 
32 axd Sea: ·vx ,. ll 'o2. , ( 2) - obd( X)( 2)) ,._ ( 32. ,J(2))) -
33 - 11( 3y. (( ,lw. \12. ( , 2) - 12 w))l y ) ·, X( y ))) - obd( X)( ;\w . V2. ( I 2) - 12 w)))) " and 
34 axd_Sc: "VX Y 2 . 11( 3w . (X(w) fo. Y(w) > Z(w))) fo. obd(X)( Y) fo. obd( X)( Z)) - obd(X)( ;\W. Y(w) fo. Z(w))) " and 
35 axd_Sd: "oX Y 2 . I (W . Y(w) - X(w) I ,._ obd( X) ( YI A ("'1. X(w) - Zl wl I) 
36 - obd( Z)( ;\w . ( Z(w) ,._ -X(w)) v Y(w)) " and 
37 axd_Se: "VX Y Z. (( W . Y(w) - X(w)) A obd( X)( 2 ) A (3w . Y(w) A 2 (w))) - obd( Y)( Z) " and 
38 
39 (* for agent b: 111porters"') 
40 axb 3a: •w. 3x . a,b( w)( x ) " and axb 4a: •w x . avb( w)( x ) - pvb( w)( x ) " and axb_4ba : •w. pvbl w)( w) " and 
41 axb=Sa: •vx .-.obb( X) ( ,\x . False) • and 
42 axb_Sb: "VX Y 2 . (W . ((Y(w) ,._ X(w)) - ( Z(w) ,._ X(w)))) - (obb( X)(Y) - obb( X)( Z)) " and 
43 axb_Sca: " oX 1. I IVZ. 1( Z) - obb( X) ( Z)) A (32. J (Z) I I -
44 ((( 3y. (( :lw . VZ. I 1 Z) - ( Z w))( y ) I\ X(y ))) - obb( X)( W. ·,;2. I / Z) - ( Z w)))) " and 
45 axb Sc: "'iX Y 2. 1(( 3w . (X(w) ' Y(w) , 2(w))) A obb( X)( Y) obb( X)( Z)) - obb( X)( :lw. Y(w) A 2(w))) " and 
46 a,b- Sd: ·vx Y 2. (( ow. Y(w) - X(w)) A obb( X)I Y) A (W . X(w) - 2(w))) 
47 - - obb( 2)( ,lw . ( 2(w) A -X(w)) v Y(w)) " and 
48 axb_Se: "VX Y 2. ((W . Y(w) - Xl w)) A obb( X)l 2 ) A ( 3w. Y(w) I\ Z(w))) - obb( Y)( Z) " and 
49 
50 stitl: "Va F w. I (s t it a F) w) - F w• 

2 Extended DDL: Complete Isabelle/HOL File with 
Two Agents 

Figures 1 and 2 show the complete Extended DDL fle with two agents. 

Figure 1: Extended DDL with 2 agents part 1 
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51 
52 abl>reviation 
53 at>t>reviation 
54 at>b-reviation 
55 ol>l>reviotion 
56 
57 

abl>reviation 

ddlneg: : , ( • ~- • [ 52 ] 53 I where • -,p, = ,\w . -,A (w) • 
ddland:: 9 ( infixr" /\ "51) where "AAB = ,lw. A(w) oB( w) • 
ddlor : : 9 ( infixr•v• so I where "AVB = >.w . A(w) , B(w)" 
ddl1 p:: 9 ( infixr"-,"49 ) where "A-,B = >.w. A(wl -B(w) " 
ddlequiv:: 9 ( infixr"-"48 I where "A- B = ,\w , A(w) - B( w) " 

al>l>reviation ddlbox:: 1 where >.w.W. A(v ) " 
ol>l>reviation ddldia: :o A = 

l'A = (~ - True)') 

( *t~ecess1ty/poss1b1 lI ty for agents"') 

58 
59 
60 
61 
62 al>l>reviation ddlboxa_g: : ( where • rel A = >.w . ('ix . ( rel (w)l x ) - A(x )) ) " ("rn all actual worlds") 
63 al>l>reviation ddlboxp _g: : ( ( • l where • rel A = ,\w . ( 'ix. ( rel (w) ( x ) - A(x ))) • 1 •1n all potential ,wlds• ) 
64 abl>reviation ddldia_g: : ( ( •o.• 1 where • re\ A = rel ( -,A) " 
65 at>l>reviation ddldiap_g: : ( ( • where • rel A = rel (-,A) • 
66 

(•generalised obllgat1on operators •,.i1th relation as a para--eter*) 
at>l>reviation ddlo_g: , ,, ( • O _ LI_)" ) where • O rel (BIA) = ,\w . re\ (A) ( B) • I •it ought to be A, given B •) 
at>l>reviation ddloa_g: : ,, ( •o, • ) where • 0, r ell rel 2 A = >.w. rell ( rel2 (w)) (A) /\ ( 3x . rel2 (w) ( x ) A -,A ( x)) • 
al>l>reviation ddlop_g:: 11 ( " O," ) where ·o, rell rel2 A = J.w. rell ( rel2 (w))( A) " (3x. rel2 (w)( x) A -,A (x )) " 

67 
68 
69 
7fi 
71 
72 at>breviation ddltop: :a ( • T• ) where • T = .\w . True-
73 at>l>reviation ddlbot: :a ( • .l • ) where • .l = >.w. False" 
74 
75 ( *Poss1b1 list Ouantl f1cat1on . •) 
76 al>l>reviation ddlforall ( "'>'" I where " '>'•~ = ,\w. , x. 14• x W) " 
77 at>l>reviation ddlforallB ( l>inder"V" [ S] 9) where " '>'<. ; ( x ) = '>'.; " 
78 al>t>reviation ddlexists ( "3" ) where • 3,} = J.w. 3x. ( ,f, x w) " 
79 ol>l>reviation ddle<istsB ( l>inder"3" [ 8] 9I where " 3x. r (x ) aa 3, • 
80 
81 al>l>reviation ddlvalid:: "a => boot • ( " ~ " [ 7] !a5 ) where " [AJ = w. A w• ("Global validity•) 
82 at>l>reviation ddlval1dcw: : •.,. :o boot • ( • LJ, • [7 ] ms ) where • ,AJ, = A cw• I ' Local validity I 1n cw)• I 
83 
84 (• A 1s obligatory •) 
85 al>l>reviation ddlobl : : ( "O<_>" I where "O<A> = 0 ob (AITJ" ('lle•a syntax : A 1s obligatory.•) 

(•actual obl1gat1on•) 
(*pn ary obllgat1on:11=) 

86 al>t>reviation ddlobld: :1 ( "Od<_>" ) where " Qd<.A> = 0 obd (A I T) " ( 'New syntax : A 1s ol>l1gatory for agent d . •) 
87 al>t>reviation ddloblb:: , ( "Ob-c_>" ) where " Ob<.A, = 0 obb (AI TJ " ('Ne•• syntax: A 1s obligatory for agent b.') 
8B 
89 ("' Consistency •) 
90 l e..a True ni! pick [ satisty,user_axioms,shm,,,_all, card i = 2) oops 
91 
92 end 

Figure 2: Extended DDL with 2 agents part 2 
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1 theory ODL agents 4 ( • OD L including ST!T operator and aqentive 0Dllgat1ons • ) 
2 i.aports - -
3 Hain 
4 ty?eS 
5 begin 
6 
7 consts 
8 cw :: 1 ( • current world *) 
9 av:: • 1 =-0• pv:: • 1~ 0• al>:: •a~ • ( *general access1b1 l1 ty relations • ) 

10 avh: : • i =-a• pvh: :• i ::.:>a• obh : :•a~ (a~ Dool) • (• access1b1llty relations for agent b") 
11 avc:: • i .:::::,.a• pvc:: •1-::::;:,.a• oDc :: •a.:::::,. (a=;:- Dool) • ("' access1D1l1ty relations for agent c• ) 
12 ave:: pve:: • 1:::,-a• oDe :: • ( • access1b1ll ty relations for agent e") 
13 avf:: • i =-a• pvt:: • 1=-a• oDf:: • ( • accessibl llty relations for agent t • ) 
14 
15 (•~ operator• ) 
16 sti t:: • ag::,.a.:::::,.o• ( • ~ sees to 1 t that * ) 
17 
18 axio.matization where 
19 ax_distinctl: • h f:- c• and ax_distrnct2: • h -/: e• and 
20 a.x_distrnct3: • h #- r and ax_distinct4: • c #- e• and 
21 ax_distinctS: • c -# t • and ax_distinct6: •e -# r and 
22 
23 ax_3a: ·w.3x. av(w)( x ) " and ax_4a: "i>i x. av( w)l x ) - ?V(w)( x ) " and ax_4b: ·w. ?Vl w)lw) " and 
24 ax_Sa: "\IX. ~ob( X)l ,\x. False) " and 
25 ax_Sb: " \IX Y Z. ('i'w. IIYM , Xl w)I - IZM /\ Xl w))ll - lobl X)IYI - obl XIIZI) " and 
26 ax Sea: •·ox .1. l('vZ. ,(Z) - ob( X)IZ)) /\ (3Z. ,!(ZIii -
27 - 111 3y . (( ,lw . vZ. 11 Z) - I Z w))l y ) /\ X(y))) - ob( Xl( Aw . VZ. ( I Z) - I Z w)))) " and 
28 ax_Sc: "• X Y Z. 11( 3w. (Xl w) a Y(w) /\ Z(w))I /\ ob( Xl( Y) /\ ob( X)I Z)) - ob( X)l ,lw . Y(w) /\ Z(w))) " and 
29 ax_Sd: "VX Y Z. l(W . Yl w) - XM ) /\ obl X) I Y) , IW . XM - Zlw) I) 
30 - ob( Z) (Aw. I Zl w) /\ -J< l w) I v YM I • and 
31 ax_Se: "•IX Y Z. IIW. Yl w) - Xl w)) /\ obl XII ZI , ( 3w. Y(w) /\ Zl w))I - obl YIIZ) " and 
32 
33 (*for agent c: co 1ss1on • ) 
34 axe 3: •w.3x. ave(w)l x ) " and axl 4a: •w x. ave( w)l x) - ?Ve( w)l x) " and axm_4ba: •w . ?Ve( wl(w) " and 
35 axe- Sa: •·,tx . --.oDc( X)( .\x . False) • a;d 
36 axe)o: "vX Y Z. (W. l(Y(w) /\ X(w)) - (Z(w) /\ XM ))) - (obe( Xl(Y) - obe(X)( Z)) " and 
37 axc_Sca: •vx 1. l( '.'Z. J(Z) - obc( X)I Z)) 13Z. ,(ZIii -
38 111 3y . l( ,\w. VZ. ( ,I Z) - I Z w))IY) /\ X(y ))) - obc( X)( ,\w . VZ. ( ,I Z) - I Z w)))) " and 
39 axc_Sc : " vX Y Z. 111 3w . I Xl w) A Yl w) a Z(w))) A obcl X)I Y) A obcl X)IZ)I - obcl X)l ,\w . Yl w) A Zl w))) " and 
40 axe_Sd: "vX Y Z. I (W . YM - Xl w) I /\ obel XI IY) • (W. XM - Z(w) I) 
41 - obel Zl( ,\w. I Z(w) /\ -J< l w)) v Yl w)) " and 
42 axe_Se: •·,x Y z. (IW. Yl w) - X(w)) /\ obe( X)I Z) ' (3w . Y(w) /\ Z(w))) - obe( Y)( Z) " and 
43 
44 (*for agent e : confo nru ty assess~ nt bod1es • ) 
45 axe_3a: "W. 3x . avel w)( x ) " and axe_4a: •w x . ave( '1)( x ) - ?vel '1 )( x ) " and axe_4ba : •w. ?ve( w)l '1 ) " and 
46 axe_Sa: " \IX. ~obe( X)( >.x . False) " and 
47 axe_Sb: "vX Y Z. IW. IIYl w) /\ Xl w)) - I Zl w) A Xl w)))) - lobel XIIYI - obelXII ZII " and 
48 ax e_Sea: "VX 1. (I VZ. 1(ZI - obelX)( Z)) /\ 13Z. 1I Z))) -
49 (1( 3y. ll ,\w . \IZ. ( I Z) - I Z w)) IY) A Xl y ))) - obel X)( ,lw. v z. ( I Z) - (Z w)))I " and 
50 axe_Se: •·,x Y Z. 111 3w . (Xl w) A Y(w ) A Z(w))) /\ obe(X)I Y) • obe( X)I Z)) - obe( X)( ,\w . Y(w) A Z(w))) " and 
51 axe_Sd: •·-,x Y Z. l(W . Y(w) - X(w)) ., obe( X)( Y) A ('-N. X(w) - Z(w) I I 
52 - obe( Z)( -lw . I Z(w) A -J< (w) ) v Yl w)) " and 
53 axe_Se: •vx Y Z. l(W. Yl w) - X('1)) /\ obe( X)IZ) , (3w . Y(w) /\ Z(wl)) - obe(Y)( Z) " and 

3 Extended DDL: Complete Isabelle/HOL File with 
Four Agents 

Figures 3 and 4 show the complete Extended DDL fle with four agents. 

Figure 3: Extended DDL with 4 agents part 1 
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54 
55 ( * far agent t : notifying authority•) 
56 axf_3a : •w.3>:. avf( wl( x ) " and axf_4a: •,;,,, x. avf (w)(x) - pvf( wl( x ) " and axf_4ba: •w. pvf( w)( \ol ) " and 
57 axf_Sa: •·, x. ~obf( X) (AX . False) " and 
58 axf_Sb: " \IX Y Z. (W. (( Y(w) A X(w)) - (Z( 11 ) A X(w)))I - (obf( Xl(Y) - abf (Xl(ZII" and 
59 a,:f_Sca: "iX ,. (( \IZ. i (ZI - obf( X)(Z)) A (3Z. 1(Zlll -
60 ( ( (3y. ( (>.w. lfZ. ( I Z) - (Z wl I ( y l I\ X( y )) I - obf( Xl( Aw. vZ. ( J ZI - (Z 11) I I) • and 
61 axf_Sc: " •X Y Z. ((( 3w. (X(w) , Y(w) t, Z(w))) A obf( X)( Y) t, obf( X)(2)) - obf( X)( Aw. Y(w) , 2(w)))" and 
62 axf_Sd: " 'iX Y 2. ((W. Y(w) - X(w) ) A obf( X)( Y) , ('o1o1. X(w) - 2(w))) 
63 - obf(Z) ( ,\11. (Z( w) t, ~(w) ) v Y(w) ) " and 
64 axf_Se: "'IX Y 2. ( (\Ill. Y(w) - X(w) I A obf( X) (21 A ( 3.1. YM A 2M 11 - obf( Yl(21 " and 
65 
66 ( " far agent h: e-ber state • ) 
67 axh_3a : •w.3>:. aeh( w)( x ) " and axh_4a: •,;., x. avh( w)( x ) - pvh( w)( x ) " and axh_4ba : •w. pvh( wl(w) " and 
68 ax h_Sa: •vx.~obh( Xl( ,\x. False) " and 
69 axh_Sb: " \IX Y 2. (W. (( Y(w) A X(w)) - (2M ,, X(w)))) - (abh( Xl(Y) - abh (X)(2))" and 
70 axh _Sea: "\IX , . ( (v2. 1( 2) abh (X) ( 2)) /\ ( 32. ,J ( Z))) -
71 ( ( (3y. ( ( AW. 'ol. I i Z) - (Z w)) ( y ) /\ X( y )I) - abh( X) ( AW. oZ. ( i 2) - (Z w) I)) • and 
72 ax h_Sc: "'IX Y Z. ((( 3.1 . (XM I\ Y(w) A Z(w))) I\ abh (X ) (Y) /\ obh( X)(2)) - obh( X)( ,\w. YM I\ Z(w) )) " and 
73 ax h_Sd: " \IX Y 2, ( ( W, Y(w) - X(w)) I\ obh( X) (Y) 11 (,.,,, XM - 2(11) )) 
74 - obh(2) ( All. (2( w) I\ ~ (11) ) V Y(w) ) " and 
75 axh_Se: " \IX Y Z. ( (W. Y(w) - X(w)) 11 abh( X) (Z) A (3.1. Y(w ) I\ 2(11)) ) - abh( Y) (Z) " and 
76 
77 still : •·,;a F II . ( (stit a F) w) - F w· 
78 
79 at>t>reviation ddlneg:: , ( "~_" [ 52 )53 ) where "-.A = AW. -.A (w) " 
8(') at>t>reviation ddland: =~ (infixr"A" Sl) where "AAB = Aw. A(w) t,B(w)" 
81 at>t>reviation ddlar: =~ ( i nfixr•v•so1 where "A VB = AW, A(11) vB(11 ) " 
82 at>t>reviation ddlimp: : ( infixr• .... •49 ) where "A-,B = AW. A(w) - B(>/) • 
83 at>l>reviation ddlequiv: : !t ( infixr•-•4a ) where ·A- B = Aw. A(w )--.B(w)· 
84 
85 at>t>reviation ddlbox: : 1 where J.11.W. A(v)" ( •A= (~. True) " ) 
86 at>oreviation ddldia : : , where · o A = 
87 
88 ( "!lecess1ty / pass1b1l1ty far agents • ) 
89 at>oreviation ddlboxa_g:: ( rel A = ,111. (\Ix. (rel (11 ) ( x) - A(x)))" ( " in all actual worlds •) 
90 at>t>reviation ddlboxp_g: : ( where • rel A = Aw. (vx, ( rel (w) ( x) - A(x)) ) " (• in all patentlal worlds ") 
91 at>t>reviation ddldia_g:: ( where • o. rel rel (-.A) " 
92 at>t>reviation ddldiap_g: : ( ( • where • rel A = rel (-.A) · 
93 
94 ( * generalised ob-llgat1on ape rato rs ,,,nth relation as a pa ra-ete r• ) 
95 at>t>reviation ddlo_g: : r, ( • O _ L l_)" l where • O rel (BIA) = ;:,1. rel (A) ( B) • ( • it aught ta be A, g1Yen B •) 
96 at>t>reviation ddloa_g:: 11 ( " O. " ) where • o. rell rel2 A = AW. rell(rel2(w ) l(A) ., (3x. rel2(w)( x) A -.A(x )) " ( *actual abl1gat1an• ) 
97 at>t>reviation ddlop_g: : ,, ( • 00 ) where • O, rell rel2 A = Aw, rell( rel2 (w) l(A) A I 3,: , rel2(wll x) I\ -.A(x)) • ( • prlSlary abllgatrnn• ) 
98 
99 at>t>reviation ddltap: : q ( "T" ) where " T = AW, True• 

100 at>t>reviation ddloot : : o- ( " 1-" ) where • 1- = AW, False• 
101 
102 ( • Possib1 list Quant1 f1cat1on . • ) 
103 at>t>reviation ddlforall ( "\/" ) where " \1,1, = ,\w, lfx. (~• x w) " 
104 at>t>reYiation ddlforallB (t>inder"\1" [ 8]9) where "\Ix. ; ( x ) = '>t r " 
1(')5 at>t>reviation ddlexists ( "3" ) where • 3,1, = .:lw. 3x, (•I• x w) " 
106 at>t>reviation ddlexistsB (t>inder"3" [ B] 9) where " 3x . • ( x) = 3 • 
107 
1(')8 at>t>reviation ddlvalid : : •.,- bool " l " L " [7 ] 165 ) where " LA,= ,,.,. Aw• ( *Global val1d1t y• ) 
109 at>t>reviation ddlval1dc" :: •., oaol • ( • w ,• [ 7] 105 ) where • ,A, , = A cw• ( • Local Yal1d1 ty ( in cw) • ) 
110 
111 (• A 1s abl1gatary • 1 
112 at>t>reviation ddlaol: :1 ( "O<_>" ) where "O<A> = 0 ot, (AIT) " ( "!!e'e syntax : A 15 obligatory . • ) 
113 at>t>reviation ddlol>lc: =~ ( ·oc<_::io· ) where · o c<A> = O obc (A I T)9 ( *tle•,,,• syntax : A 1s obligatory for agent c .• ) 
il4 at>t>reviation ddlable:: , ( "oe<_>" ) where • oe<A> = O abe (AIT) " ( " llew syntax : A 1s obligatory far agent e,•) 
115 at>t>reviation ddlaolf: : ,1 ( "Of<_>" ) where • o t <A> = 0 (AIT) " (•New syntax : A 15 obligatory for agent f. *) 
116 at>t>reviation ddlaolh: :1 ( "Oh<_>" ) where "Oh<A> = O abh (A IT)" ( "1/e•a syntax : A 1s abl1gatary far agent h.• ) 
117 
118 (" Consistency •) 
119 l eaa True !'l.itpi~k [ satisfy , user_axioms , show_all , card ag=4, card i =2J oops 
120 
121 end 

Figure 4: Extended DDL with 4 agents part 2 
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4 Extended DDL 2: Complete Isabelle/HOL File 

Figure 5 shows the complete Extended DDL 2 fle. 
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1 theory DOL agents 110d ("'OOL including 5TH operator and ~ obl1gat1ons* ) 
2 iaports - -

Hain 
4 types 2 
5 begin -
6 
7 const s 
8 cw::i ( '"curren t world,.) 
9 av: : · i = a· pv:: · i =M· ob:: --a= (a=>boot )· (*general access1b1llty relations • ) 

la 
11 av_g: : • ag:::::> l =>o• pv_g:: •ag* l =>a• ob_g:: •ag-:::::> (a=> (o= bool) ) • (•agent -dependent access1b1l1t y relations • ) 
12 
13 ( *stlt operator• ) 
14 st1t: : • ag=u=o• ( *![ sees to 1t that- ) 
15 
16 uioutizat i on where 
17 ax 3a: •w. 3x . av(w)( x ) • and ax 4a: •'fw x. av(w)( x ) - pv(w)( x ) • and ax_4b: •vw. pv(w)(w) • and 
18 ax- 5a: •vx . .,ob( X)( .\x. False) • arid 
19 ax- Sb: ">X Y Z. (W. II Y(w) A X(w)) - I Z(w) , X(w)))) - (ob( X)I Y) - ob( X) IZ )) " and 
2(:) ax- Sca: •·,tX ,i . (( \i'Z. j'(Z) - ob(X)( Z)) /\ (~Z. 1(Z))) -
21 - ((( 3y. ( ( .\w. >Z. ( I Z) - ( Zw))( y ) X( y ))) - ob( X)(;w. >Z. ( J Z) - ( Zw) ) )) " ond 
22 ax_Sc: " ,X Y Z. 11( 3w. (X(w) A Y(w) A Z( w))) A ob( X) (Y) A ob( X)( Z)) - ob( X)( .\w. Y(w) A Z(w))) " and 
23 ax_Sd: •vx Y Z. ((W . Y(w) - X(w)) o\ ob( X)( Y) " (W . X(w) - Z(w))l 
24 - ob( Z)( .\w. ( ZM A -,JC (w)) V Y(w)) " and 
25 ax_Se: •,x Y Z. ((W . Yl w) - XM) , ob( X)( Z) , (3w. YM A Z( w))) - ob( Y)I Z) " and 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 

("agent -dependent a:noas•) 
axg 3a: •vw a.3x. av g a (w)( x ) '" and axg 4a: •vw x a. av g a (w) (x ) - pv g a (w)( x ) '" and axg 4ba : •vw a. pv_g a (w)(w) • and 
axg- Sa: ·vx a.-ob g a (X)( .\x . Fa lse) • and - - -
axg- Sb: ·vx Y Z a~ (Vw. ((Y(w) 11 X(w)) ........ (Z(w) 11. X(w)))) - (ob g a(X)( Y) - ob g a (X)( Z)) . and 
axg- Sca : •·-tx .J a. ((VZ. ,J(Zl - ob g a(X)( Z)) /\ ( 32 . i (Z))l - - -

- 1(( 3y . ( ( .\w. v z . ( I Z) - ( Z w))l y ) A X( y))) - ob g a IX)( .\w. VZ. I 1 Z) - ( Z w)))) " and 
axg Sc: · vx Y Z a. ((( 3w. (X(w) Y(w) /\ Z(w))) /1. ob g a- (X)(Y) fl. ob g a(X)( Z)) - ob g a(X)( ,\w. Y(w) /1. Z(w))) . and 
axg- Sd: ">X Y Z a. ((W. YM - X(w)) , ob g a (X)( Y) A (W. X(w) - - Z( w))) -

- - ob g a(Z)( ,\w. (Z(w) A :.X(w)) v Y(w)) • and 
36 axg_Se: · '.-'x Y Z a. (( W .- Y(w) - X(w)) /\ ob_g a(X)( Z) /\ (~ - Y(w) 11 Z(w))) - ob_g a(Y)( Z) · and 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 

st1tl: •va F w. ( (st1t a F) w) - F w• 

abbreviation ddlneg:: " c• _,_. (52) 53 ) where • -.A = Aw. -.A(w) '" 
abbreviation ddland:: !! ( infixr•/\• Sl) where •A I\B = Aw. A(w) t,.B(w) • 
abbreviation ddlor: : !.1' ( infixr •v•s&) where "'AVB = .\w . A(w)vB(w) '" 
abbreviation ddlll'!p:: @ ( infixr• ~ • 49) where •A- B = Aw . A(w) - B(w) • 
abbr eviation ddlequiv:: !? ( infixr • .... • 4s ) where •A.,_.B = >.w . A(w) - B(w) • 
abbreviation ddlbox:: .... c•a• ) where •a.A = ,\w. Vv . A(v ) '" 
abbreviation ddldia:: '\ 1•o• i where " O A = -,Q(~) • 

( *Necess1ty/ poss1b1 l i t~ for agents • ) 
abbreviation ddlboxa g:: .,, 1• 0 ... • ) where A = Aw. (\>'x . av g 1 (w)( x ) - A( x))" ( • in all ac t ual 1,mrl ds* ) 
abbreviation ddlboxp- g:: .,, ( "'Oii" ) where "' Op i A = .\w . ( v'X. pv g 1 (w)( x ) - A( x)) • (•1n all po t entia l worl ds *) 
abbreviation ddldiaa- g:: q , •oa• ) where • o .!I J. A = -.o ,. 1 (-.A)-. 
abbreviation ddldiap=g::11 ( "o ;i• ) where • o D 1. A = .,o p J. (-.Al " 
( •general1sed operato r s with agents as a para-eter* ) 
abbreviation ddlo_g: :\ ( " O _ LLr l where •o 1 (BIA ) = Aw. ob_g 1 A s· ( ' Agen t 1 ought t o A, gl'len 8- • ) 
abbreviation ddloa_g:: 'l' c• o.!I _ "' ) where .: o~ 1 A = .\w. ob_g 1 (av_g 1 (w))(A) 11 (3x. av g 1 (w)( x ) ,.. -.A( x )) " ( * actual oblll]a t 1on* ) 
abbreviation ddlop_g::,, c• o P _ " l where :_ Op 1 A = ,\w . ob_g 1 (pv_g i (w))( A) ( 3x. pv_g 1 (w)( x ) /\ -A( x)) • ("pnl"lary obl1gatlon • ) 

(•non -aqentH"e necessity , poss1b1l1ty and obllgation operators• ) 
abbreviationddlboxa: :'i 1·0. · 1 Aw . ('vx . av(w)( x ) - A( x)) · (• in all ac t ual worlds " ) 
abbreviation ddlboxp::1 wher e Aw. (\ix. pv(w)( x ) - A( x)) • ( ' i n all potential worlds ' ) 
abbreviation ddldiaa:: ')' 1•0 ,." ) where .,a a(-.A)• 
abbreviation ddldiap:: 'i c·o:," ) where :: o JJ,. = .,o p(-.A) • 
abbreviation ddlo :: q ( " OLJ_} • [S2] 53 ) wher e " O(BI A} = ,\w. ob( A)( B) • ( • 1t ought to be ,, given ,,.~ " ) 
abbreviation ddloa::,. c· o~• i wher e · o~ = ,\w . ob(av(w))(A) /\ (3x . av(w)( x ) A -,A (x )) • ( • actua l obllga t 1on• ) 
abbreviation ddlop::1 c-- oD" l where ::: oi,A = .\w . ob(pv(w))(A) I\ (3x . pv(w)( x ) 11. -.A (x )) • ( *pnmary obl1gat1on • ) 

abbreviation ddltop:: o c• T " ) where " T = ,\w . True" 
abbreviation ddlbot:: n ( " ..L " ) where • .1 = ,\ w. False• 

70 ( *Poss1b1llst Ouant1flcat1on .* ) 
71 abbreviation ddlforall ( " "'• ) where: • \i' •I• = Aw .'1/x . ( •l• x w) • 
72 abbreviation ddlforallB (binder•\.'"' [ 8) 9) where • \Ix. ,.. ( x ) = V,.. • 
73 abbreviation ddlexists c• 3• ) where • 3,ft = >.w. 3x . ( •Ii x w) • 
74 abbreviation ddlexistsB- (binde r·3- [ 8) 9) wher e • 3x . .,,.. ( x: ) _ 3,;• 
75 
76 abbreviation ddlvalid:: •n boot • ( • L.J • [7 Jl05) where " l AJ ='It.I . Aw• (*Gl oba l va l 1d1t)'•) 
77 abbreviation ddlvalidcw:: ·o =- bool " ( " L-J, • [7 ] 185 ) where • LA 1 = A cw• ( '"Loca l 1JalHllty (rn cw) • ) 
78 
79 ( '"J{ew syn t ax • ) 
80 abbreviation ddlobl::1 c• 0c_>• ) where •o,.A> = O(A IT) '" 
81 abbreviation ddlobl_g:: 11 1• 0_<_>" ) where: •o 1 <A> a O 1 (AIT)• 
82 
83 ( " Consistency '"' ) 
84 l ~ a True nitpick [ sat1sfy , user_ax10G'ls,show_all,card i =l ] ( * no c;odel for I > l * ) oops 
85 
86 end 

Figure 5: Extended DDL 2 
103 



1 theory CJ_DDL_Test s ilnports DDL ( • Chris t oph l!enz uller, Al1 Far j a 1, Xavier Parent, 2020 • ) 
2 begin ( • So e Tests on the Meta -Theory of DDL • ) 
3 leftla True nitP.ick [ satisfy ,user_axio s,expect=genui ne ] oops ( • Consistency conf1 e<l by 1tpick ' ) 
4 
5 lema MP: "[LAj ; [A -, BJ[ ==;, [BJ" by s:iJnp 
6 lemma t ee: "lAJ = [ CIAJ" by s p 
7 1-11 tl eca: • ,AJ = by simp 
8 lemma tl ecp: • ,AJ = l AJ • by si p 
9 

10 (• • o• 1s an • ) 
11 1-11 C_l _ refl : • , CIA _. Aj• by Sll'IP 
12 lemma C_l _trans : _. ) j • by s1 p 
13 lemma C_l _sym : • A -, by s · p 
14 
15 ( 1s an KT odality ) 
16 l emma C_9_p_ refl : --+ AJ" by ( s1 p add : ax_4tl ) 
17 lemma Jl_;.!_p;ck ( user_ax.i o s ] e>ops ( * counte odel • ) 
18 lemma "lA -, J!i!F!!.~ [ user_axioms ] oops ( * counte odel • ) 
19 
20 ( • • o.• 1s an KD odahty 
21 lemma C_lO_a_seri al: by (si p add : ax._3a ) 
22 lemma --+ AJ" '!?-t.11:;.s_k ( user_ax.imns ] oops ( • counte odel * ) 
23 1-11 ..... )J" nJJ.11.!ck [ use r_ax.i oms ] oe>ps ( • counte odel • ) 
24 lemma •tA --+ ( o ) )J" @eick [ user_a:doms ] oops (• counte odel ) 
25 
26 ( • Relationship ben.-een • •• 0 0 • • ) 
27 1-11 C_ll: ", CIA ..... sled~e_h ~ er by simp 
28 lemma C_l2: ..... j" using ax_4a by auto 
29 
30 ( • Observation II -2-1 • ) 
3 1 1-a ax_So' : "ol) X Y - oo X ( ,\z. X z /\ Y z) " by ( etis ( no_t ypes , l if ting ) ax_So) 
32 lemma ax_SI> '' : • oo X Y oo X (.l.z . Y z /\ X z) " by ( etis (n o_t ypes, lif ting ) ax_So) 
33 
34 ( • Cha racte nsation of • o• • ) 
35 1-11 C_2: ", O(A I B) ..... A)J" by (metis ax_Sa ax_So) 
36 lemma C_3: B /\ C) /\ D(BIA} I\ D((I A) ) -, O( (B /\ C) IAJJ• using ax_Sc by auto 
37 lemma C_4: ..... B) I\ I\ C)) /I O((I B)) ..... O((I A)J" using ax._Se by !>last 
38 lemma C_S: B) ..... ( D((I A) ..., O((I B)) J" by prestlurger 
39 1-a C_6: ..... (A .... B)) ..... ( O(A I C) .... O(BIC)) J• by (smt ax._So) 
40 l emma C_7: "[O(B IA) -, by olast 
41 lemma C_B: • O(B IA) ..... O( (A -, B) I T)J" 
42 proof -
43 have ·vx Y z. (OD X YA (W . X w - Z w)) - OD Z ( Aw . ( Z w A --J( w) v Y ... , . by ( smt ax Sd ax_SD ax._51) " ) 
44 thus 7thes1s using, ax_So by f ast f orce qed 

5 Test Files for DDL 

Figures 6 and 7 shows the tests for DDL by Benzmüller et al. (2022). 

Figure 6: Tests for DDL part 1 
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45 
46 ( • Relationship IJ.et ... ·een • o •. o •. 0 0 • ) 
47 l ema (_l3_a: 
48 l ema C_B _b: 
49 l e11111a C_14_a: 

l emma C_l 4_b: 
51 

-+ ( ~ D,A /\ ~ O, ( -,A )) J" 
( ~ O,,A /\ ~ O, ( -,A )) j" 

+-+ B) -+ ( 0 ..,. O,B)J" 
+-+ B) -+ ( O,,A +-+ O,B)J" 

by (met1s ( f ull_t ypes) ax_Sa ax_Sb) 
by ( etis ( f ull_t ypesl ax_Sa ax_Sb ) 
by ( et1s ax_Sbl 
by ( etis ax_Sbl 

52 ( • Relationship bet..,·een · o, o . . 0,, * ) 
53 l a C_lS_a: "l( O(BIA) /\ o.A /\ /\ -+ O,BJ" 

O,BJ • 
using ax_Se by blast 
using ax_Se by IJlast 54 l emma C_15_b: ", ( O(B IA) /\ 

55 
56 ( • Soundness and consistenc~ • ) 
j57 l emma Il_3_1: " ( ([ D(B IA)J ) A (3x. Z( x ) 11 A(x) II B( x))) olJ (Z)(A -+ B) " 
158 proof 
59 assume "([O(B IAJJ) 11 ( 3x. Z( x) I\ A(x) I\ B( x) ) " 

hence · 011 ( Az . A z II Z z ) ( >.z . A z /I Z z I\ B z) " using ax_Se ax_SIJ ax_SIJ ' ax_Sd by s t 
61 hence • 011 (>.z. Z z /\ A z) ( >.z . Z z /\ A z II B z) " using ax_Se ax_Sb ax_Sb ' ax_Sd by smt 
62 hence • 011 Z (>.w. (Z •~ /\ ~ (Z w I\ A w)) v (Z w /\ A w /\ B >1 ) ) " by (metis (mono_tags) ax_Sd ) 

,63 from th is show Ll9: " olJ (Z) (A -+ B) • by ( s t ax_SIJ ) q:ed 
64 
65 ( • So-·e theore s and denved (proof) rules " ) 
66 l eua. Il_4_1: B) -+ (C(A) +-+ C(B)) J" using ext by IJlast 
67 l enia obs_II_4_1_a : "[A .... BJ ==;- [C(A) .... C(B)J" using ext by blast 
68 l ema obs_Il_4_1_11 : "I A ..., BJ = [ ( /\ ( ) /\ O((I B)) --+ O((IA)J" using, ax_Se by blast 
69 1e11111a obs_Il_4_l _c_l : -+ D( O(BIA)))J" by IJlast 

l ema obs_II_4_1_c_2: --+ by auto 
71 l ema obs_Il_4_l _c_3: "[O( D(BIA)) -+ O(BIA)) J" by IJlast 
72 l a obs_Il_4_1_c_4: • O(BIA))) -+ o( ~ ( O(BIA))) J" by blast 

res_II_ 4_1_a_l : "[~ ( 0 (..LI A))J" by ( s1mp add : ax_Sa) 
re s_Il_4_l _a_2: B I\() I\ O(B IA) /\ O((IA)) -+ O( (B /\ ()I A)J" using C_3 by auto 

a res_II_4_1_a_3: "[O(B IA} -+ O(B l(A /\ B))J" by ( s t ax_Sa ax_SIJ ax_Se) 
76 l ea,a res_Il_4_l _a_4: O(BIA)) --+ /\ B))) j" by (s t ax_Sa ax_Sb ax_Se) 
77 l e11111a res_Il_4_l _a_S: /\ B /\ C) /\ O(C IA)) --+ D(C l(A /\ B))J" by (s t ax_Sa ax_Sb ax_Se ) 
78 l eua re s_II_4_1_b_l : "[A .... BJ =- [ O((I A) .... O((I B)J" by ( smt ax_Sa ax_Sb ax_Se) 
79 l eans res_Il_4_1_11_2: "LC --+ (A .... B)J ==;- [ O(AI CJ H O(BICJJ" by ( smt ax_Sb) 

l ema obs_Il_4_2_1: "L( O(B IA) B) ~B))-+ ( O(BIA) B) B))) J" by blast 
8 l l e11111a obs_II_4_2_2: "[D(B IA)--+ O((A -+ B) I T)J" by ( sa p add : C_S) 
82 l emo obs_Il_4_2_3: "[( O( (A -+ B)I T) I\ D,T /\ --+ B) I\ ~(A -+ B))) -+ O, (A -+ B)J" by (s t ax_Se ) 
83 l enia obs_II_4_2_4: by si p 
84 l ema obs_II_4_2_5: "L( O( (A -+ B) I T) /\ B) B))) -+ O, (A -+ B)J" by (s t ax_Se ) 
85 l emma obs_lI_4_2_6: "l( O(B IA) /\ /\ B) ~B)) ---, O, (A -+ B)J" by (simp add : Il_3_1) 
86 l emma obs_II_4_2_6_p: "[ ( O(B IA) B) ~B)) -+ O, (A -+ B)J" by ( simp add : 11_3_1) 
87 
88 l ema Oa_C: /\ B) /\ D,.A /\ O, B -+ O, (A 
89 l emma Op_(: "[ /\ B) /\ D,A /\ D,B --+ D,( A 

l emo Oa_DD: " ( O.A /\ O(B IA) A /1. B)) 
91 declare [[ smt _tl eout=308]] 

,92 l ema Op_DD: "[ ( O,A /\ O(BIA) /\ /1. B)) -+ 
93 

194 end 

/\ B)J" using ax_Sc by auto 
/\ B)J" using ax_Sc by auto 
O, (A /\ B) j" using ax_Sb ax_Sc obs_Il_4_2_6 by s t 

O, (A /\ B)J" using, ax 511 ax Sc obs_II_4_2_6_p by smt 

Figure 7: Tests for DDL part 2 
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6 Test File for Extended DDL with Two Agents 

Figures 8, 9, and 10 show the tests (created by Benzmüller et al. (2022)) for Extended 

DDL with two agents. 
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50 

1 theory CJ_DDL_agents_Tests impor ts DDL_agents_clean ( • Christoph Benzr-,Oller, Ali Far j a"l1 , Xavier Parent. 2020 • ) 
2 begi n ( • Soce Tests on the Meta -Theory of ODL• ) 
3 l ...,a True !!i!l!:i,.<j\ [ satis fy ,user_axi01115 ,expect=genurne ] oops ( • Consistency confrnoed l>y N1tp1ck • ) 
4 
5 l eaia MP: " (.AJ ; lA _, BJI => tBJ • by Sllllp 
6 l emma l ee: " [AJ =" , CIAJ" by silllp 
7 l eaia lleca: \ AJ =" av AJ" by Sllllp 
8 l e11111a llecp: • ,AJ => pv AJ" by Sllllp 
9 

( • 1s an i2_ odal1ty • ) 
11 l eana C_l _refl: " l CIA -, AJ" by 51 p 
12 l .,_a C_l _t rans: " l CIA -, by silllp 
13 l elllla C_l _sym : " [A -+ )J" by s - p 
14 
15 ( • 15 an KT .odal1t y •) 
16 l .,_a C_9_p_refl: pv A -+ Aj" by (Sllllp add : ax_41> ) 
17 lea a pv A __. pv pv A)) J" i;itpick [ user_ax10 s] oops ( • ran out of tl e• ) 
18 le.1111a " lA -, ( pv ( pv A) )j" ~i!pi~k [ user_axi oms] oops ( • counterexa ple• ) 
19 

( " • a.• 1s an~ odal1ty • ) 
21 le,..a C_lO_a_serial : av A -, av Aj" by ( sllllp add : ax_3a ) 
22 le.1111a • av A __. AJ" nitp ic~ [ user_axio s] oops ( • coun te model • ) 
23 l eaia av A __. ( av ( av Al )J" ngpi_s_k [ user_axio s] oops ( • counte rmoJJel • ) 
24 l .,_a " [A -+ ( av ( av A) )j" _ajje_j.~j\ [ user_axio s] oops ( • counte noodel ") 
25 
26 ( • Relat1onsh1p bet11een • ) 

27 l eaia C_l l: A -+ pv AJ" by Sl p 
28 l ama C_l 2: pv av AJ• using ax_4a by auto 
29 

( • Ol>servat1on II-2-1 • ) 
31 l eaia ax_SI> ' : " ol> X Y - ol> X ( :lz. X z I\ Y z)" by (metls (no_types , lifting ) ax_SI> ) 
32 l .,,.a ax_Sb " : "oil X Y ob X (>.z. Y z /\ X z)" by (metis ( no_types , lifting ) ax_Sb ) 
33 
34 ( • Charactensat1on of • o• "' ) 
35 l eaia C_2: " [ O ob (A I BJ-, /\ A)J" by (metls ax_Sa ax_Sb ) 
36 l .,,.a C_3: B /\ C) /\ O ob (BIA)/\ O ob ((IA) ) -, O ob(( B /\ C) IA)J" using ax_Sc by auto 
37 l elllla C_4: B) C)) /\ 0 ob ((I B)) --, 0 ob ((IA)J" using ax_Se by blast 
38 l .,...a C_S: - B) _, ( 0 ob (CI A) - 0 ob ((I B) )J" by presl>urger 
39 l eaia C_6: (A - B)) -, ( 0 oil (Al() - 0 ob (BI CJ )J" by (01et1s ax_Sb) 

l .,,.a C_7: • ,o ob (B IA) 0 ob (BIA)) , by blast 
41 l .,...a C_B: "[O oil (B IA) -, 0 ob (( A --, B) I T)J" 
42 proof -
43 have •'iXYZ. (ab XY /\ (W .Xw - Zw)) - ob Z(>.w.(Zw /\ ---JCw ) v Yw) • 
44 by (s t ax_Sd ax_Sb ax_Sb ' ' ) 
45 t hu s ?thesis using ax_Sb by fastforce qed 
46 
47 ( • Relat1onsh1p bet.·een ·o •. • ) 
48 l e,ma C_l3_a: av A __. ( ~ O. ob av A /\ ~o, ob av ( --,A )) j" by ( et1s ( full_types ) ax_Sa ax_Sb ) 
49 lemsa C 13 b: pv A __. (~o, ob pv A /\ ~o, ob pv ( --,A )) j" by (metis ( full_types ) a., Sa ax_Sb) 

le1111a C_l 4_a: • av (A B) ( 0, ob av A o, ob av B)J" by (01et1s ax_Sb ) 
51 l eaia C_l4_b: pv (A - B) --, ( 0, ob pv A - o, ob pv B)J" by (metis ax_Sb ) 
52 
53 ( • Relationship bet11een • 0 0, , 00 , • •) 
54 le.1111a C_l5_a: " [ ( O al> av av B /\ av ( ~B)) 
55 l eaia C_l 5_b: " , ( O ob pv pv B /\ pv (~B)) 
56 

o, ob av BJ" using ax Se by blast 
o, ob pv BJ" using ax_Se by blast 

Figure 8: Tests for Extended DDL with 2 agents part 1 
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57 (• Soundness and consistency "' ) 
58 lewaa II_J_l: " (( [0 ob (BIA)J I " (3x . Z(x ) /\ A(x) /\ B(x))I - ob( Z)( A - BI" 
59 proof 
6(:) assuffle "(lO ob (BIA)J I /\ (3x. Z(x ) /\ A(x) /\ B(x)) " 
61 hence •all ( ,\z . A z A Z z ) ( .:\z . A z " Z z 11, B z ) • using ax Se ax Sil ax_SD ' ax_Sd by smt 
62 hence "ob (.lz . Z z /\ A z l (.lz . Z z /\ A z /\ B z )" using ax- Se ax- Sb ax Sb" ax Sd by s11t 
63 hence • oo Z ( ,\w . ( Z w /'I -, ( Z w A A w) ) v ( Z w A A w I\ B w))• by - (met1 s - (mono_ t~gs ) ax_Sd ) 
64 fr011 this show Ll9: "ob( Z)(A - BI" by ( smt ax_Sbl qed 
65 
66 (* Sol""ie theorems and derived (proof) rules *) 
67 l - • II_4_1: •,o( A - BI - (CIA) - CIBI) • using ext by bla st 
68 l - • obs_II_4_l _a : " [A - BJ = [CIA) - C(BIJ" us ing ext by blast 
69 l -. obs_II_4_l _b : " IA - BJ = /\ C) /\ 0 ob ((I S)) - 0 ob ((I A)J " using ax_Se by blast 
70 l -. obs_II_4_l _c_l: ob (BIA)) - ob (BIA)) IJ" by blast 
71 l-. obs_II_4_l _c_1: ob (BIA))) - ob (BIA)I J" by aut o 
72 l - • obs_II_4_l _c_J: ob (BIA)) - O( 0 ob (BIA)) J" by blast 
73 l .,_a obs_II_4_l _c_4: ob (BIA))) - ob (BIA))) j" by blast 
74 l eMa res II 4 I a 1: " c~ ( O ob (.LIA) IJ" by ( s imp add : ax_Sal 
75 l - • res)(( (a) : pv IA /\ B /\ Cl /\ O ob (BIA)/\ O ob ((I A)) - O ob (( B /\ Cl IA)J" using C_l by auto 
76 l - • res_II_4_l _a_J: " LO ob (BIA) - 0 ob (BII A /\ B))J" by (s,rt ax_Sa ax_Sb ax_Se) 
77 l - • res_ll_4_l _a_4: pY I O ob (BIA)) - o , pv ( 0 ob (Bl (A /\ B)}) j" by (smt ax_Sa ax_Sb ax_Se) 
78 l -. res_ll_4_!_a_S: pv (A /\ B A Cl A O ob (CIA)) - 0 ob (C l(A A B))J" by l smt ax_Sa ax_Sb ax_Se l 
79 l - • res_II_4_l _b_l: " ,A - BJ => 0 ob ((I A) - 0 ob ((I B)J" by (smt ax_Sa ax_Sb ax_Se) 
8(:) l - • res II 4 I b 1: •,c - IA - BIJ = , o ob (AIC) ..., 0 ob (BI C)J" by l smt ax_Sb l 
81 l ._a obs_ll_4_1_1: " LI O ob ay (A /\ BI /\ av (A /\ ~BI I - ( 0 ab av IA - BI /\ aY l ~ IA - Bll )J" by blast 
82 l ,-a obs_ll_4_1_1 : " tO ob (BIA) - 0 ob ((A - B) IT)J" by (su,p add : C_81 
83 l - • obs II 4 1 J: "L IO ob (I A - BIIT) A a. av T /\ av IA - BI av l ~(A - BIii - o. ob av IA - BIJ " by ( smt ax_Se l 
84 l - • obs)((1=4: " [O, av TJ" by simp 
85 l _, obs_ll_4_1_S: " LI O ob (I A - BI av IA - B) /\ av l ~(A - B))) - O, ob av (A - B)J " by (smt ax_Sel 
86 l -. obs_ll_4_1_6: " [( 0 ob (BIA) av (A /\ B) av (A A ~B)) - 0, ob av (A - B), " by (su,p add : ll_J_ll 
87 l - • obs_II_4_1_6_p: " 1 ( 0 ob (BIA) pv (A A 81 pv (A A ~811 - O, ob pv IA - BIJ" by (s 1mp add : II_J_ll 
88 
89 l etaa Oa_C: • ~o• av (A /\ B) /\ O!I oil av A /\ o~ oD av B -
90 \ e..a Op_C: • ~°'" pv (A /\ B) /\ 0 11 ob pv A A O:i oil pv B -
91 l eMa Oa_DD: " [( O, ob av A /\ 0 ob (BIA) av IA /\ BI) 
92 declare [ [smt tlmeout• l88 )] 
93 l - a Op_DD: ~L (O, ob pv A /\ 0 ob (BIA) A pv (A /\ BI I 
94 
95 (•Tests for agent d*) 
96 I" Observation II-1-1 'I 

o. ob av (A /\ B)J• using ax_Sc by auto 
0 11 ob pv (A A B)J• using ax Sc by aut o 

0, ob av (A /\ BI using ax_Sb ax_Sc obs_II_ 4_1_6 by smt 

D:i ob pv (A /\ B)r using ax_Sb ax_Sc olls_II_4_2_6_p by smt 

97 l e11aa dax_SD ' : •obd X Y - olld X ( ,\z . X z /1. Y z ) • by (met1s ( no_types, lifting ) axd_SD) 
98 l eata dax Sil " : • oDd X Y - olld X (Az. Y z /\ X z ) • by ( s1111p add : axd Sil) 
99 - -

100 (• Charactensat1on of • o• •) 
101 l - • dC_l: " , O obd (AIB) - /\ A)J " by (met1s axd_Sa axd_Sbl 
Hl2 l -. dC_l: /\ B A Cl /\ 0 obd (BIA) A O obd ((IA ) I - 0 obd (I B A C) IA)j" by lmetls axd_Scl 
Ie3 l - • dC_4: " [ID( A - BI A A Cl) A O obd ((1 8)) - 0 obd ((I A)J" using axd_Se by blas t 
Ie4 l eaa d(_S: " [ O(A ..., 8) - 10 obd ((I A) - 0 obd ((I B)) J" by presburger 
leS l - a dC_6: " [DI C - (A - BI) - ( 0 obd (Al () - 0 obd (BIC)IJ " by ( etl s axd_Sb l 
Ie6 l -. dC_l: · , o obd (BIA) - o( O obd (BIA)I J" by s :unp 
107 I 'le a !!£_ 8: • 0 obd (B IA) - 0 obd (IA - BI IT) " 
108 proof -
1(:)9 have "'X Y Z. (abd X Y ( , w. X w - Z w) I - obd Z (~ . (Z w ·Jl w) Y w) " by I~ axd Sd axd _Sb axd _Sb) 
110 thus "thesis using axd 51:J. Dy fastforce 9!Q_•) 

Figure 9: Tests for Extended DDL with 2 agents part 2 
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111 
112 ( * Relat1ansh1p b-eb·een "O., , O,;, , Oeo , Osi• • ) 
113 l e.a dC_l3_a: avd A - ( -. 011 ol:J.d avd A A -.0., obd avd ( -4)) r using d(_2 by auto 
114 l eaa d(_l3_b: pvd A - (-.011 obd pvd A A -.00 obd pvd ( ~ )) J" using d(_2 by bla st 
115 l eaa dC_l 4_a: avd (A - B) -+ ( 0 11 obd avd A - 0 ., ol:J.d avd B)r using dC_6 by Dlast 
116 l saa d(_l4_b: pvd (A ,.... B) - ( Op obd pvd A - Op oDd pvd B)J" using d(_6 by l>last 
117 
118 ( " Relat1onsh1p b-et..,·e-en 0 , 0 t11, 0 s, ,O a,O," "' ) 
119 l eaa dC_l S_a: "l ( O obd {B IA}/\ avd A A 0 .11 ayd B /\ avd (-.8 )) 
120 l ,..,a dC_l5_b: " , ( O obd pvd pvd B /\ pvd ( ~BI) 
121 
122 ( :ic Soundness and cons1s t enc~ * ) 

Oa obd avd sr using dC 4 by blast 
OJI obd pvd BJ" using d( 4 by blast 

123 l - • dll_l _J: " (( LO obd (B IA)JI • ( 3x . Z(x ) A A(x ) A B(x ))) - obd ( Z)(A - BI " 
124 proof 
125 assu1DO " ( , O obd (B IA)J) A (3x. Z( x) A A(x ) • B( x)) " 
126 hence "obd ( l z. A z /\ Z z) Pz . A z A Z z I'\ B z) " using axd Se axd 51> a.xd Sb axd Sd by smt 
127 hence • obd ( ,\z . Z z I\ A z ) (lz . Z z A A z /I B z ) • using ax(Se axd)b ax(Sb ax(Sd by smt 
128 hence • obd Z ( .\w. ( Z w /I -, ( Z w A A w)) v ( Z w "' A w I\ B w)) • by (metis (mono tags ) axd Sd ) 
129 froa this show Ll 9: " obd( Z)( A - B) • by ( smt axd_Sb ) qed - -
l30 
131 (" SoQe theorems and derived (proof) rules * ) 
132 l - • di!_ 4_1: • , - B) - ( C (A) - C (B) )J" using ext by blast 
133 l eaa dobs_II_4_1_a : • tA .... BJ ===:,, C(A) .... C(B )j"' using ext by blast 
134 le- • dobs_Il_4_J_b : " [A - BJ = A C) AO obd ((IB )) - 0 obd ((I A)J" by presburger 
135 l 9aa dobs_Il_4_l _c_ l : obd (BIA)) - obd (BIA)) )J" by blast 
136 l eaa dobs_Il_4_J_c_2: obd (BIA))) - obd (BIA)) J" by auto 
137 l ..,a dobs II 4 I c J: obd (BIA)) - O obd (BIA)) j" by simp 
138 l ,-a dobs)(((c=4: • , o(~( O obd (BIA))) - obd (BIA)))J" by blast 
139 l - • dres II 4 I a I : • , ~<O obd (.LI A) )J" by ( s1mp add : axd_5a) 
140 l .,.a dres) ( ((a): pvd (A /\ B /\ C)/I O obd (B IA)/\ 0 obd (CIA)) - 0 obd (( B /\ C) IA)J" by ( et1s dC_l l 
141 l eaa dres II 4 I a J: • , o obd (B IA) - 0 obd (B l(A /\ B))J" by ( smt (vent ) dC_2 dC_4) 
142 l eaa dres)(((a=4: pvd I O obd (BIA)) - pvd ( 0 obd (Bl(A A B)))J" by ( sunp add : dres_II_4_l _a_l l 
143 l - • dres II 4 I a 5: pvd (A /I B /I C) /I O obd ((IA)) - 0 obd (Cl(A /I B))) " by ( smt (verit ) axd_Se ) 
144 l eaa dres)(((b): • A - BJ = LO obd ((IA) - O obd ((I B)J" solve_ direct oops 
145 l ... a dres_Il_4_l _b_2: •,c - (A - B)J = LO obd (A l() - O obd (BI ()) " using dC_6 by auto 
146 l ... a dobs_Il_4_2_1: " , (O obd (B IA) /I o . avd (A A BI A o . avd (A A ~B)) - (0 obd (BIA) avd IA - BI avd ( ~ IA - B)) )J" by auto 
147 ( " le a dobs II 4 2 2: • 0 obd (BIA) - 0 obd ((A - Bi IT) • f!" I 
148 le• a dobs_Il_4_2_3: • t ( O otJ.d (( A - B)IT) /\ avd T /\ avd (A - B) /\ avd ( -, (A - B))) - otJ.d avd (A - B)J"' solve_direct oops 
149 l e.a dotJ.s _Il_4_2_4 : avd TJ"' by Sll'IP 
150 l eaa dobs_Il_4_2_5: " [ (O obd (( A - B)IT) A o . avd (A - BI A o . avd (~( A - BIii - o . obd avd (A - B)J" by ( smt ( veri t, best ) dC_4) 
151 le• a dobs_Il_4_2_6: " [ (0 obd (B IA) A o . avd (A A B) /\ avd (A A ~ B))-, O, obd avd (A -, B)J" by ( s,mp add : <III_J_ll 
152 l ._a dobs_Il_4_2_6_p: "'( 0 obd pvd (A /I B) /\ pvd (A /\ ~BI) -, O, obd pvd (A - B)J" by ( sllOp add : dll_l _ll 
153 
154 l ea.a dOa_C: •Lo~ avd (A /\ B) /\ 0,. obd avd A /\ 0 11 obd avd B - o. obd avd (A A B)J• by (1net1s ( full_types ) dC_3) 
155 l ,-a dOp_C: pvd (A A B) A 00 obd pvd A /\ O, obd pvd B - O, obd pvd (A /\ B)J" by (met,s ( full_types ) dC_J) 
156 l emma dOa_OD: • l ( 0 9 obd avd A /\ 0 obd (BIA) avd (A A B)) 0 11 obd avd (A /\ B)J• using axd_Sb axd_Sc dobs_lI_4_2_6 by smt 
157 decl are ([ smt t1meout=300 )] 
158 l eaa ( 0-11 obd pvd A A O obd (BIA) A pvd (A /\ Bl) - 0 11 obd pvd (A /\ B) J• using axd_Sb axd_Sc dobs_II_4_2_6_p by s11t 
159 
160 end 

Figure 10: Tests for Extended DDL with 2 agents part 3 
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7 Test File for Extended DDL 2 

Figure 11 shows the tests (created by Benzmüller et al. (2022)) for Extended DDL 2. 
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1 theory CJ_DDL_agents_mod_tests i.lnports DDL_agents_ ad (• Chnstoph S.enz Liller, Ali Fari a 1, Xavier Parent, 2020 • ) 
2 begin ( • So e Tests on the Meta -Theory of DD L • ) 
3 l eaa True r,_gpif ~ [ sa t isfy , user _a,ioms, e,pect=genuine ] oops ( • Consistency conf 1 ed oy Nitpick • ) 
4 
5 (• Observation II-2 -1 ' ) 
6 l eoaa dax_5b' : " ol>_g a X Y - ob_g a X (Az. X z /\ Y z) " by (smt (verit, ccfv_SIG) axg_5b) 
7 l eaa dax_Sb" : " ob_g a X Y - ob_g a X ( ,\z. Y z I' X z)" by ( si.lnp add : a,g_Sb) 
8 
9 ( • (haractensat1on of • o• • ) 

HJ l eoaa dC_2: • , o a (A IB)-+ 11 A)J" by (metis axg_Sa a,g_SI>) 
11 l .,..a d(_3: II B II C) 11 0 a (BIA) 11 0 a ((IA))-+ 0 a (( S. 11 Cl IA)J" by ( et i s a,g_Sc) 
12 l ea,a dC_4: S. ) A O a ((I B))-+ O a ((I A)J" using axg_5e by blast 
13 l ea,a d(_S: .... B) --+ ( 0 a ((IA) .... 0 a ((I B) )J" by presbu rger 
14 l - • d(_6: (A .... B)) -+ ( 0 a (A l () .... 0 a (Bl () l j" by ( smt (verit , del_i nsts) axg Sb) 
15 l eaa dC_7: " [ D a (S. IA)-+ a (BIA) )J" by simp 
16 ( • le a !!f_ B: • 0 a (B IA)-+ 0 a ((A-+ B) IT) " 
17 proof 
18 have •·,x Y Z. (ob g a X Y ('ow. X w - Z w)) ob_g a Z (~ . (Z w ..,X w) v Y w) " by (smt ~ _Sd ~ _Sb ~ Sb) 
19 thus ?thesis using Sb by fastforce ~ • ) 
20 
21 (• Relat1onsh1p bet~·een •o. , 
22 l eoaa dC_13_a: a A -+ ( , o. a A A , o. a ( ---J\ ) )j" using dC_2 by auto 
23 l ..,a d(_l3_b: a A -+ ( , 0 , a A A , 0 0 a ( ---J\ )) J" using d(_2 by blast 
24 l ema dC_l 4_a: a (A S. ) ( o, a A .... o, a B)j" using dC_6 by olast 
25 l emma d( 14 b: a (A .. S. ) -+ ( O, a A .... o, a S. )j" using d(_6 by blast 
26 
27 (• Relat1onsh1p between • 1 
28 l ea,a d(_l5_a: _:[ ( 0 a a A a B ( , B)) 
29 l ea,a d(_15_b: _: [ ( O a (S. IAJ a A a a (,B)) 
30 
31 ( • Soundness and consistency " ) 

o. a BJ" using d(_ 4 by blast 
O, a BJ" using d(_ 4 by blast 

32 l ema dll_3_1: " ( ([ O a (B IA) ] ) I\ ( 3•. Z(x) 11 A( • ) I\ BM)) ob_g a (Z)( A -+ B) " 
33 proof 
34 assu e " ( [ O a (B IA)J) f'. (3•. Z(x ) /\ A(x ) A B(x )) " 
35 hence " ob_g a ( ,\z, A z II Z z) (,lz, A z /\ Z z A B z)" using axg_Se axg_SI> axg_5b axg_5d by smt 
36 hence " al> _g a (,lz. Z z I\ A z ) ( ,lz. Z z /\ A z I\ S. z) • using axg_Se a•g_SI> a•g_Sb axg_Sd by smt 
37 hence " ol>_g a Z ( ,lw, (Z w 11 , ( Z w A A w)) v ( Z w , A w /\ B w) )" by ( etis (mono_tag s) axg_Sd ) 
38 froa th i s show Ll9: " ob_g a( Z)( A -+ B) " by ( smt axg_Sb ) qed 

39 
40 (• Soce theorens and derived (proof) rules • ) 
41 le1111a d!I_4_1: .... B) -+ (C(A) .... C(B)) j" using ext by blast 
42 l emma dobs_II_4_l _a : "[A ,... BJ = [C(A) H C(B)J" using ext by blast 
43 l .-a dobs_II_4_l _l, : " ,A .... BJ== A O a ((1 8)) -+ 0 a ((IA)J" by presourger 
44 lem a doos_II_4_l _c_l: a (BIA)) -+ a (BIA))) J" by olast 
45 le1111a doos_II_4_l _c_2: 0 a (BIA))) -+ a (BIAJ)J" by auto 
46 l emma doos_II_4_l _c_3: a (BIA)) -+ D a (BIAJ)J" by simp 
47 l eaa doos_II_4_l _c_4: D a (BIA))) -+ a (BIA))) ] " by olast 
48 lem a dres_II_4_l _a_l: "[ , ( O a (.J.I A)) J" by (simp add : axg_Sa ) 
49 l e1111a dres_II_4_l _a_2: a (A A B /\ C) /\ 0 a (B IA)/\ 0 a (CI A))-+ 0 a (( B A C)IA)J" by (metls dC_3) 
50 l emma dres_II_4_l _a_3: •.o a (BIA)-+ 0 a (B l(A A B))J" by (smt (verit ) dC_2 dC_41 
51 l•- • dres_II_4_l _a_4: a ( 0 a (BIA)) -+ o, a ( 0 a (Bl(A /\ B))) J" by ( s1mp add : dres_II_4_l _a_31 
52 lem a dres_II_4_l _a_5: a (A A B A C) A O a ((IA)) -+ 0 a ((l(A /\ B))J" by (sait (Yerit ) axg_Se ) 
53 1 . ... dres_II_4_l _l,_l: " [A .... BJ= [ O a ((IA) .... 0 a ((I B)J" SO})(t_.diu,ct OO?S 
54 l emma dres_II_4_l _b_2: " [C ---, (A .... B)J = [ O a (Al() .... 0 a (BIC)J" using dC_6 by auto 
55 l eaa doos_II_4_2_1: ::_, ( O a a (A /\ B) (A /\ , B)) -+ ( 0 a (BIA) a (A ---, B) a ( , (A -+ B))) J" by auto 
56 ( * le a doos II 4 2 2: • 0 obd (B IA) 0 obd (IA-+ B) IT) j ll' ) 
57 le.,,a doos_II_4_2_3: :'. [ ( O a (( A -+ B)ITJ a T (A -+ B) (,(A -+ B)))-+ D, a (A ~ B)J" 19,l)(e_direct OO?S 
58 l eaa doos_II_4_2_4: a TJ" by simp 
59 le- • doos_II_4_2_5: .:'. [ ( O a (( A -+ B)IT) a (A -+ B) ( , (A -+ B)))-+ 0, a (A -+ B)J" by (smt (verit , oest ) dC_4) 
60 lem a doos_II_4_2_6: ::_ , ( O a (BIA) a (A A BI (A A , B)) D, a (A -+ B)J" by ( s1 p add : d!I_3_11 
61 l eaa doos_II_4_2_6_p: ::_ , ( O a (BIA) a (A /\ BI a (A /\ , B)I -+ 0, a (A -+ B) j " by (simp add : d!I_3_11 
62 
63 le- • dOa_C: :'.l a (A /\ B) /\ 0, a A /\ D, a B -+ o. a 
64 lem a dOp_(: ::_ , a (A /\ B) A O, a A A 0, a B O, a 
65 l ema dOa_DD: _:[ ( O, a A A O a (BIA) (A /\ B)) 
66 dec l are [ [ smt _ t imeout=300] ] 
67 l ea• dOp_DD: .'.\ ( O, a A /\ 0 a (BIA) a (A /\ B)) -+ 
68 
69 end 

(A /\ B) j" by lmeti s (full_types ) d(_3) 
(A A B)J" by (metis (full_types) dC_3) 
0, a IA A B)J" using axg_SI, axg_Sc doos_II_ 4_2_6 by smt 

0, a (A /\ B)j" using axg_SI, axg_5c doos_II_ 4_2_6_p by smt 

Figure 11: Tests for Extended DDL 2 
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1 theory prohibited 
2 import s 
3 DDL 
4 t ypes 
5 beg i n 
6 
7 consts ( • Pred1Cates/ relat 1ons 10 ) 

8 sublilninal_technique: ( "'-deploys a subl iminal techn1que beyond a persons consnousness *) 
9 has_conse-quence: : • aiSys-=:;> conse-quence=-a• has or ay have a consequence ., ) 

10 has_purpose:: • aiSys=- purpose-~a• (*syst em has a purpose• ) 
11 explo1 ts_vulnera tn lI t1es_g roup:: • aiSys ::::> quall ty_l)erson~ a• 
12 exploits_vulnerable_group:: "aiSys = a• ( •exploits any of the vulnerab1l1t1es of a spec1f1c group due to a certain qual1ty• ) 
13 employed_by_pauthorities: : • aiSys==-a• ( • e p-loye<I b-y public authont1es or on their behalf * ) 
14 prohibited : : •aiSys =- a• ( "' placing on a rket, putt mg into service, or use*) 
15 
16 abbreviation "Hl = \Ix:: aiSys. ( (has_consequence x harm_physical) v 
17 (has_consequence x harm_psychological)) - has_consequence x harmj" 
18 abbreviation "H2 = L \Ix:: aiSys. ((exploits_ vulnerabilities _group x age) v ( exploits _vulnerabilities _group x physcial_ disability) 
19 V (explo1ts_vulnerabil1t1es_group x 11ental_d1sabil1ty)) - explo1ts_vulnerable_group xj" 
20 abbreviation "Al = , \Ix: :aiSys. subl111inal_techn ique x /\ has_consequence x harm /\ 
21 has_purpose x distort_behavior - ()<prohibited x>r 
22 abbreviation •s1 = 1.Vx: :aiSys. exploits_vulnerable_group x A has_purpose x distort_behavior A 
23 has_consequence x harm - 0<prohib1ted <>j" 
24 abbreviation ·c1 = Vx: :aiSys. eir!ployed_ by_pauthorities x /\ has_purpose x eval_trustworthrness_over_t ime A 
25 (has_consequence x detn_treat ent_unrelated_context V has_consequence x detri_treat111ent_unjust1fied_disprop) 
26 - Q-<prohibited X>J" 
27 
28 consts 
29 x: :aiSys 
30 
31 abbreviation •n w = (subl1111nal_techn1que x) w• 
32 abbreviation · F2 w = (has_consequence x harm_physical) w· 
33 abt>reviation •F] w = (has_purpose x distort_behavior) w• 
34 
35 
36 theorea Resultla: "Hl A H2 Al A Bl A Cl - , (Fl /\ F2 /\ F3) - (0<proh1bited <>) J " 
37 !>y etis 
38 
39 theorea Resultlb: "Hl I\ H2 II Al I\ Bl I\ Cl - [Fl /\ F2 - ( 0<proh1blted X>) J" 
40 nitp,ick [user_ axioms ] oops ( *counte rexa,..p-le found *) 
41 
42 l eaa True nitpJck [satisfy, user_axiDlls, show_all ] oops 
43 

8 Prohibited (Chapter 5.1) in DDL 

Figures 12 and 13 shows the example on prohibited AI systems from Chapter 5.1 in DDL. 

Figure 12: Prohibited example Chapter 5.1. in DDL part 1 

112 



44 consts 
45 real_tlme_bioid: : " aiSys= a· ( ' systeaa 1s a real t · e b10 1dent1f1cat1on syst •) 
46 use_public_spaces:: " aiSys=-a• ( •syste11 1s planned to be used in public spaces•) 
47 use_la11_enforcement : : " ai5ys =0-a" (•syste 1s used for law enforce ,ent •) 
48 st rict\y_necessa ry_for:: " aiSys =0 pu rpose=a• ( • use of syste 1s st nct\y necessary tor a purpose•) 
49 consider_consequence: : • aiS-ys-=- consequence~ u• (:o:consHler spenf1c consequence of the use of a S:t'Ste *) 
50 consider_consequence_no_use : : • aiS.ys:;;,- consequence==-a• (*consider specific consequence of not usrn.g the syste *) 
51 consider_con t ext : : "ai5ys =0a" (•consider the context in which the syste 1s use<! •) 
52 complies_11ith_b1oid_rules: : " aiSys=oa" ( *does systei, co ply or not>•) 
53 
54 abbreviation "DJ = [ \ix ::aiSys. real_ti e_bioid x /\ use_pub\ic_spaces x /\ use_law_enforcement x /\ 
55 (((has_purpose x targeted_search) 11 (,(stnct\y_necessary_for x targeted_search))) v 
56 ( ( has_pu rpose x detection) /\ ( , ( st nctly_necessa ry_for x detection))) v ( ( has_pu rpose x prevention) /\ 
57 ( , (strict\y_necessary_for • prevention)))) - O<prohibited X>J • 
58 (• pl1nt : not proh1b1ted ') 
59 abbreviation "Dlb as [ \ix : :a1Sys. real_t11De_b101d x /\ use_public_spaces x /\ use_la11_enforce ent x /\ 
60 (((has_purpose x targeted_search) /\ (stnct\y_necessary_for • targeted_search)) V 
61 ((has_purpose x detection) /\ (stnct\y_necessary_for x detection)) V ((has_purpose x prevention) /\ 
62 (strictly_necessary_for • prevention))) - (,(Q<prohiblted • >) /\ (O<high_ risk x>)) J" 
63 abbrevia:tion •A2a = lVx: :ai5ys. real_time_l:noid x I\ use_publ1c_sp-aces x /\ use_law_enforce ent x /\ 
64 (O<high_ risk x,) -t Q<.consider_conse-quence_no_use x harm_psychological:;i. /\ 
65 Q<cons1der _consequence_no_use x ha rm_physical:;i.j • 
66 abbreviation •A2b = /i x: :ai5ys. real_tll[le_bioid x A use_public_spaces x A use_law_enforcement x A 
67 (Qch1gh_nsk X->) .Q<:cons1der_consequence x affect_personal_nghts> /\ Q-.:consider_consequence x affect_personal_fre-ed~J• 
68 abbreviation •A2c = Vx: :aiSys. real ti.Jne bioid x A use public spaces x /\ use law enforcement x A 
69 (O<high_risk x>) - 0<complies_11ith_bi;;id_ rules ~>J" - - - -
70 
71 consts 
72 z: : ai5ys 
73 
74 abbreviation " F4 w as ( real_tillle_bioid z) w• 
75 abbreviation " FS " = (use_publ1c_spaces z) .,. 
76 abbreviation •F6 w = (use_law_enforcefllent z) w• 
77 abbreviation " F7 11 as (has_purpose z targeted_search) w• 
78 a.bbreviation • Fs w = -. (strictly_necessary_for z targete-d_search) w• 
79 abbreviation • fg "' = (stnctly_necessary_for z targeted_search) w• 
80 
81 t heore11 Resul t2a: " DJ A Dlb A A2a A A2b • A2c - Lf4 /\ FS /\ F6 /\ F7 /\ FB - ( ()<prohibited Z>) J" 
82 by meson 
83 
84 t heorell Result2b: " Dl A DJb A A2a , A2b ,, A2c - 0 F4 /\ FS /\ F6 /\ F7 /\ F9 - (Q<prohibited Z>) j" 
85 n_i,_m_ck [ user_axioms, card i = 2) oops ("found counterexa0 ple*) 
86 
87 l ema True nitpick [ satisfy, user_axioms, sho>1_a\l ] oops 
88 
89 end 

Figure 13: Prohibited example Chapter 5.1 in DDL part 2 
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1 theory prohibited 
2 iJnport, 
3 DDL_agents_clean 
4 types 
5 begin 
6 
7 consts ( • Pred i cates / relations •) 
8 subl 1JDinal_techmque:: •a1Sys ::.>a• (*deploys a sul>l1 rnal technique D-eyond a persons consnousnessi< ) 
9 has_consequence: : • aiSys =H Dnsequence~a• ( :1: syste has or a;i hai.ie a consequence ") 

10 has_purpose:: •aiSys =>purpose:::,.a• (>1: syste has a purpose *) 
11 exploi ts_vulnerabi li ties_g roup:: •aiSys :::;>quali ty_person~a• 
12 exploits_vulnerable_group: : • aiSys=a• (,,; exploits any of the \1ulnerab1llt1es of a specific gr oup due to a certain qua l i t y~) 
13 eQ'lployed_by_pauthon ties:: • aiSys=-a• ( " er""ployed by public authon ties or on the1 r behalf •) 
14 prohibited : : • a1Sys ::::,,. a• (*pl acing on a rket, pu t trng into serv i ce , or use •) 
15 
16 abbreviation " Hl = [\lx:: aiSys. ((has_consequence x ha nn_phys1cal) v 
17 (has_consequence x ha nn_psychological)) - has_consequence x ha n,J" 
18 abbreviation " H2 = [\lx:: aiSys. ((e.xploits_vulnerabilities_group x age) V (e.xploits_vulnerabilities_group x physcial_disability) 
19 v (exploits_vulnerabilities_group x mental_disability) I - explo1ts_vulnerable_group xJ" 
20 abbreviation •Al = pl x:: ai5ys . subllmrnal_techmque x A has_consequence x ha nn /\ 
21 has_purpose x d1stort_behav1or - 0<-prohibited x;,,J• 
22 abbreviation • s1 = tVx: :aiSys. exploits_vulnerable_group x I\ has_purpose x: d1stort_behavior /\ 
23 has_consequence x ha rvi - 0<prohib1ted x:;,,J• 
24 abbreviation · c1 = t Vx: :ai.S.ys. ecnployed_by_pauthorit1es x A has_purpose x eval_trustworthiness_over_t ime /\ 
25 (has_consequence x detri_treat ent_unrelated_context v has_consequence x detri_treatment .... unjust1fied_disprnp) 
26 - <)<prohibited X>J" 
27 
28 consts 
29 x::aiSys 
30 
31 abbreviation •n w = (subl a inal_technique x) w• 
32 abbreviation • F2 w = (has_consequence x ha nD_physical) w• 
33 abbreviation • F3 w = (has_purpose x distort_behavior) w• 
34 
35 
36 theore.D Resultla: " Hl I\ H2 /\ Al /\ Bl /\ Cl - lfl /\ F2 /\ F3) - (0<proh1b1ted X>) J" 
37 by metis 
38 
39 theor ... Resultlb: "Hl /\ H2 /\ Al A Bl A Cl - / 1 /\ F2 - ( <)< prohibited X>) J" 
40 ni tpick [ user_ax.10:ns ) oops ( "' counterexa-.p l e found * ) 
41 
42 l.,...a True ~itpick [sa t isfy, user_axioms, show_all ) oops 

9 Prohibited (Chapter 5.1) in Extended DDL 

Figures 14 and 15 show the example on prohibited AI systems from Chapter 5.1 in 

Extended DDL. 

Figure 14: Prohibited example Chapter 5.1 in Extended DDL part 1 
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43 
44 consts 
45 real_time_bioid: : "ai5ys=>a" (•syste 1s a real t1 e b10 1dent1ficat1on syste,a•) 
46 use_public_spaces:: · aiSys-=,.a• (*syste 1s planned to be used 1n publH spaces•) 
47 use_law_enforce ent: : · aiSys ::::,.a• (*syste 1s used fo r la•.,.i enforc nt*) 
48 strictly_necessary_for: : • aiSys=-purpose==-a· (•use of syste 1s strictly necessary fo r a purpose• ) 
49 consider_consequence: : · aiSys=- consequence=-a· (•consider spec1f1 c consequence of the use of a syste •) 
50 consider_ consequence_ no_ use:: • aiSys =:> consequence~ a• ( :11:cons1de r spec1 f1c consequence of not using the syste, ") 
51 consider_context:: • a1Sys ~a• (*conside r the context 1n 'iil'hHh the syste 1s used•) 
52 cmnplies_with_bioid_ rules: : • aiSys=-a• (*does syste• co ply or not?"') 
53 
54 abbreviation • 01 = LVx: :a1Sys. real_ti.me_bio1d x A use_publ1c_spaces x /\ use_ law_enforce ent x A 
55 ( ( (has_purpose x targeted_search) A ( ~(stnctly_necessary_for x targeted_search))) I/ 
56 ( (has_purpose x detection) A ( ~(strictly_necessary_for x detection))) I/ ( (has_purpose x prevention) A 
57 (~ (strictly_necessary_for x prevention)))) - Q<prohibited x, j" 
58 ("1 pl1nt : not proh1b1ted•) 
59 abbreviation • 010 = pi x: :aiSys. real_tllle_b1oid x A use_public_spaces x A use_law_enforcanent x /\ 
60 ( ( (has purpose x targeted search) A (strictly necessary for x targeted search)) I/ 
61 ( ( has purpose x detection) A (strictly necess; ry for x ;ietection)) I/ (( has purpose x prevention) A 
62 ( st ri~tly_necessary_ for x prevention)) ) - ( ~ ( 0:prohibi ted x,) A ( Q<high _~isk x,)) j" 
63 abbreviation •A2a = LVx: :aiSys. real_tllle_b1oid x A use_publ1c_spaces x A use_la'iii_enforcanent x /\ 
64 (Ochigh_ risk X>) o,cconsider_consequence_no_use x harm_psychological> /\ 
65 o,cconsider_consequence_no_use x harm_physical=-J• 
66 abbreviation •A2b = Vx: :a1.Sys. real_tl.Ile_bioid x A use_publlc_spaces x /\ use_la'ft.•_enforceaie-nt x /\ 
67 (O<:high_ risk x.> ) O,...cons1de-r_consequence x affect_personal_ nghts.:- A Q<consider_consequence x af1ect_personal_freed0il'i>J• 
68 abbreviation •A2c = l'vx: :aiSys. real _ti.me_bio1d x /\ use_public_spaces x A use_law_enforcement x /\ 
69 (Q<high_ risk x,) - Q<complies_with_bioid_ rules X>j" 
70 
71 consts 
72 z: :a1Sys 
73 
74 abbreviation " F4 w = ( real_t1me_b101d z) w• 
75 abbreviation " F5 w = (use_public_spaces z) w• 
76 abbreviation "F6 •,1 = (use_la>1_enforce;nent z) w• 
77 abbreviation " F7 w = (has_purpose z targeted_search) 11• 
78 abbreviation "FB w = ~(strictly_necessary_for z targeted_search) w• 
79 abbreviation "F9 w = (stnctly_necessary_for z targeted_search) w• 
80 
81 theore11 Result2a: "Dl A Dlb I\ A2a , A2b , A2c - [F4 A F5 A F6 A F7 A FB - (Q<proh1bited Z>) J" 
82 by o,eson 
83 
84 theore11 Result2b: · 01 /\ Dlb A A2a I\ A2b A A2c - [F4 A F5 A F6 A F7 A F9 - (0<proh1bited Z>) J" 
85 l)j._tp_g__k [user_axio s, card i = 2] oops (•found counterexa ple• ) 
86 
87 leaa True J!i!2i,ck [satisfy, user_axioms, show_all ] oops 
88 
89 end 

Figure 15: Prohibited example Chapter 5.1 in Extended DDL part 2 
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l theory " high-risk-3-3-26-DDL" 
2 import s 
3 DDL_agents_clean 
4 begin 
5 
6 (•CTO structure •) 
7 const s 
8 l: :aiSys 
9 systelll i n confo rmity:: "aiSys=a• 

1.0 not_on=a,a-;:ket: : " aiSys=>o" 
11 
12 
13 axiomatization where 
14 AO: "[high_risk l Jl" and 
15 Ala: • 1vx. (high_ri sk x) ..... Ob<stit b (syste _i n_confo rmi ty x ),-J" and 
16 ABa: "[ \Ix . ( syst em_in_con formi t y x ) /\ (h1gh_risk x ) ..... Qb<(s tit b (not_on_ arket x ) ),-J" and 
17 (• pllcit : If the syst 1s in confo rmi ty, the porter 1s obligated to not see to 1t that the syst is not placed 
18 on the arket•) 
19 AXa: "[\Ix. Ob<(stit b (syste111_in_con formity x)) - ( ~(stit b (not_on_market x )) ),-J" and 
20 Situationb: ·t~ (sys t eill_in_confo rmity l) ,· 
21 
22 (•••so e Expen ents .. •) 
23 l e,nma True '!!! ill~ [ satisfy, user_axioms , show_all ] oops (•Consistency-check: thtp1ck finds a odel.•) 
24 
25 l eanil "[Ob<(stit b (not on arket l) )>I,• using, A6 ABa by auto 
26 1....,., "[OI><~ (stit I> (not_on_ arket l ) )>, ,• J:1:iJRi,<;_k oops (•counterexa-ple found") 
27 
28 end 

10 CTD from Article 26 in Extended DDL and Ex-
tended DDL 2 

Figures 16 and 17 show an example CTD formalized in Extended DDL and Extended 

DDL 2. While the representation in Extended DDL is successful, the one in Extended DDL 

2 leads to the same problems already discussed in Chapter 5.3.2.2.1. 

Figure 16: CTD from Chapter 26 in Extended DDL 
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l theory "high- risk-3-J-26-DDU " 
2 i.Jnport s 

DDL_agents_mod 
4 begi n 
5 
6 consts 
7 sys t e;;:n_in_confo nn1 ty:: • a1Sys =-a• 
8 not_on_mar ket: : • aiSys=?a• 
9 l: :aiSys 

10 b: : ag 
11 lll'lpo rt er _of: : • ag=>a1Sys ~ o • 
12 
1J axioaatization where 
14 Al a: • 0 'llx 1. (high_ r isk x A iml)orter 1 /\ importer_of 1. x ) - Oi<stit i (system_in_confo naity and 
15 A8a : • l 'llx 1. ( .... (system_in_conformlty x) /\ (high_nsk x A i mporter 1 A 1mporter_of 1 x)) - Ol<( Stlt 1 (not_on_market x)) >J• and 
16 (•uapllnt: If the sys t em 1s 1n confo nalty, the 1 porter 1s obligated to not see t o 1t that the syste11 1s not placed 
17 on the 111arket *) 
18 AXa : • L'llx 1. (high_risk x /\ importer 1 /\ illporte r_of 1 x) - ( Q1..:stit 1. (syst ea_in_confo nr11ty x ) - ( .... (stit 1 (not _on_11arket x ))) >)j9 and 
19 
20 F6: • ... high_risk l l • and Fl : • Llllporter b l • and F2: • LllJporter_of b l t • and 
21 Sltuationb: • -, (syst ea_in_confo rmi t y l ) 
22 
23 (•-- so e Experlr',ents 0 • ) 

24 l e.a True nit_p!,_c~ [satisfy, use r_axi oms, card i =l ] oops (*Consistency-check: thtpick ran out of t Uie*) 
25 
26 l e11111a • to b<.(stit b (not_on_ma rket l)) >~l• using ABa F6 Fl F2 Situat ionb by blas t 
27 l eaa • lo b< -. (stit b (not_on_market U) > , • !Jj.tpic ~ [user_axi 0a1s ] oops ( '"lbtp-Hk ran out of tli»e~ ) 
28 
29 end 

Figure 17: CTD from Chapter 26 in Extended DDL 2 

11 Git Repository with all Isabelle/HOL Files 

All Isabelle/HOL fles created in this thesis can be found in this Git repository. 
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E in HOL (EasyChair Preprints) (Series: EasyChair Preprints). EasyChair. https: 
//doi.org/10.29007/t29j 

Benzmüller, C., Farjami, A., & Parent, X. (2022). Dyadic Deontic Logic in HOL: Faithful 
Embedding and Meta-Theoretical Experiments [Series Title: Logic, Argumentation & 
Reasoning]. In S. Rahman, M. Armgardt, & H. C. N. Kvernenes (Eds.), New Devel-

https://doi.org/10.1007/978-3-319-21768-0_6
https://doi.org/10.1007/978-3-319-21768-0_6
https://doi.org/10.2307/2108182
https://doi.org/10.1111/j.1755-2567.1988.tb00717.x
https://doi.org/10.1016/j.scico.2018.10.008
http://www.jstor.org/stable/30041776
https://doi.org/10.4204/EPTCS.186.5
https://doi.org/10.29007/t29j
https://doi.org/10.29007/t29j


opments in Legal Reasoning and Logic (pp. 353–377, Vol. 23). Springer International 
Publishing. https://doi.org/10.1007/978-3-030-70084-3 14 

Benzmüller, C., & Fuenmayor, D. (2021). Value-Oriented Legal Argumentation in Isabelle/HOL. 
LIPIcs, Volume 193, ITP 2021, 193, 7:1–7:20. https://doi.org/10.4230/LIPICS.ITP. 
2021.7 

Benzmüller, C., Fuenmayor, D., Parent, X., iamsreiche, & lex-lex. (2023). Logikey. https: 
//github.com/cbenzmueller/LogiKEy 

Benzmüller, C., & Parent, X. (2018). First experiments with a fexible infrastructure for 
normative reasoning. 

Benzmüller, C., Parent, X., & van der Torre, L. (2020, May 24). Designing normative theories 
for ethical and legal reasoning: LogiKEy framework, methodology, and tool support. 
Retrieved June 26, 2023, from http://arxiv.org/abs/1903.10187 

Blackburn, P., de Rijke, M., & Venema, Y. (2001). Modal logic. Studia Logica, 76 (1), 142– 
148. 

Blanchette, J. (2023). A User’s Guide to Nitpick for Isabelle/HOL. 
Blanchette, J. C., & Paulson, L. C. (2013). A User’s Guide to Sledgehammer for Isabelle/HOL. 
Boley, H., Paschke, A., & Shafq, M. (2010). Ruleml 1.0: The overarching specifcation of 

web rules. https://doi.org/10.1007/978-3-642-16289-3 15 
Brown, M. A. (1988). On the logic of ability. Journal of Philosophical Logic, 17 (1), 1–26. 

https://doi.org/10.1007/BF00249673 
Carmo, J., & Jones, A. J. I. (2002a). Deontic Logic and Contrary-to-Duties. In D. M. Gabbay 

& F. Guenthner (Eds.), Handbook of Philosophical Logic: Volume 8 (pp. 265–343). 
Springer Netherlands. https://doi.org/10.1007/978-94-010-0387-2 4 

Carmo, J., & Jones, A. J. I. (2002b). Deontic Logic and Contrary-to-Duties. In D. M. Gabbay 
& F. Guenthner (Eds.), Handbook of Philosophical Logic (pp. 265–343). Springer 
Netherlands. https://doi.org/10.1007/978-94-010-0387-2 4 

Carmo, J., & Jones, A. J. I. (2013). Completeness and decidability results for a logic of 
contrary-to-duty conditionals. Journal of Logic and Computation, 23 (3), 585–626. 
https://doi.org/10.1093/logcom/exs009 

Carmo, J., & Jones, A. J. I. (2022). Carmo and jones’ logic for contrary-to-duty obligations 
revised. Journal of Logic and Computation, 32 (7), 1352–1364. https://doi.org/10. 
1093/logcom/exac026 

Chellas, B. F. (1992). Time and modality in the logic of agency. Studia Logica, 51 (3-4), 
485–517. https://doi.org/10.1007/bf01028972 

Chisholm, R. M. (1963). Contrary-to-duty imperatives and deontic logic. Analysis, 24 (2), 
33–36. https://doi.org/10.1093/analys/24.2.33 

Church, A. (1940). A formulation of the simple theory of types. The Journal of Symbolic 
Logic, 5 (2). https://doi.org/10.2307/2266170 

119 

https://doi.org/10.1007/978-3-030-70084-3_14
https://doi.org/10.4230/LIPICS.ITP.2021.7
https://doi.org/10.4230/LIPICS.ITP.2021.7
https://github.com/cbenzmueller/LogiKEy
https://github.com/cbenzmueller/LogiKEy
http://arxiv.org/abs/1903.10187
https://doi.org/10.1007/978-3-642-16289-3_15
https://doi.org/10.1007/BF00249673
https://doi.org/10.1007/978-94-010-0387-2_4
https://doi.org/10.1007/978-94-010-0387-2_4
https://doi.org/10.1093/logcom/exs009
https://doi.org/10.1093/logcom/exac026
https://doi.org/10.1093/logcom/exac026
https://doi.org/10.1007/bf01028972
https://doi.org/10.1093/analys/24.2.33
https://doi.org/10.2307/2266170


Cintula, P., Fermüller, C. G., & Noguera, C. (2023). Fuzzy Logic. In E. N. Zalta & U. Nodel-
man (Eds.), The Stanford encyclopedia of philosophy (Summer 2023). Metaphysics 
Research Lab, Stanford University. 

Cornell Law School. (n.d.). Akoma ntoso. Retrieved June 6, 2024, from https://www.law. 
cornell.edu/wiki/lexcraft/akoma ntoso 

Danielsson, S. (1969). Preference and obligation. Filosofska foereningen. 
Dov Gabbay, John Horty, Xavier Parent, Ron van der Meyden, & Leendert van der Torre. 

(2013). Handbook of Deontic Logic and Normative Systems. http://www.collegepublications. 
co.uk/downloads/handbooks00001.pdf 

European Parliament. (2023). Eu ai act: First regulation on artifcial intelligence. https : 
//www.europarl.europa.eu/news/en/headlines/society/20230601STO93804/eu-ai-
act-frst- regulation-on-artifcial- intelligence#:∼:text=It%20says%20that%20AI% 
20systems,world’s%20frst%20rules%20on%20AI. 

Fitch, F. B. (1963). A logical analysis of some value concepts. The Journal of Symbolic Logic, 
28 (2), 135–142. Retrieved March 11, 2024, from http://www.jstor.org/stable/2271594 

Frijters, S. (2023). An andersonian-kangerian reduction of term-modal deontic logics. 
Garson, J. (2023). Modal Logic. In E. N. Zalta & U. Nodelman (Eds.), The Stanford ency-

clopedia of philosophy (Spring 2023). Metaphysics Research Lab, Stanford University. 
%5Curl%7Bhttps://plato.stanford.edu/archives/spr2023/entries/logic-modal/%7D 

Gillmann, B., Neuerer, D., & Stiens, T. (2023). ’man kann technologie nicht mit verboten auf-
halten’: Diskussion um chatgpt-regulierung in deutschland. https://www.handelsblatt. 
com/politik/deutschland/nach-vorstoss-in-italien-man-kann-technologie-nicht-mit-
verboten-aufhalten-diskussion-um-chatgpt- regulierung- in-deutschland/29075002. 
html 

Goranko, V., & Rumberg, A. (2023). Temporal Logic. In E. N. Zalta & U. Nodelman (Eds.), 
The Stanford encyclopedia of philosophy (Fall 2023). Metaphysics Research Lab, Stan-
ford University. 

Governatori, G. (2023, June). Defeasible semantics for l4. https://doi.org/10.31219/osf.io/ 
d6f2p 

Governatori, G., Maher, M. J., Antoniou, G., & Billington, D. (2004). Argumentation se-
mantics for defeasible logic. Journal of Logic and Computation, 14 (5), 675–702. https: 
//doi.org/10.1093/logcom/14.5.675 

Governatori, G., & Wong, M. W. (2023). Encoding Defeasible Deontic Logic in Answer Set 
Programming. 

Hansson, B. (1969). An analysis of some deontic logics. Noûs, 3 (4), 373–398. https://doi. 
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