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ABSTRACT 

We report some results regarding the mechanization of normative (preference-
based) conditional reasoning. Our focus is on Aqvist’s˚ system E for conditional 
obligation (and its extensions). Our mechanization is achieved via a shallow seman-
tical embedding in Isabelle/HOL. We consider two possible uses of the framework. 
The frst one is as a tool for meta-reasoning about the considered logic. We employ 
it for the automated verifcation of deontic correspondences (broadly conceived) and 
related matters, analogous to what has been previously achieved for the modal logic 
cube. The second use is as a tool for assessing ethical arguments. We provide a 
computer encoding of a well-known paradox in population ethics, Parft’s repugnant 
conclusion. Whether the presented encoding increases or decreases the attractive-
ness and persuasiveness of the repugnant conclusion is a question we would like to 
pass on to philosophy and ethics. 

KEYWORDS 
Conditional obligation; betterness; Isabelle/HOL; automated theorem proving; 
population ethics; mere addition/repugnant conclusion paradox 

1. Introduction 

We report some results regarding the mechanization of normative (preference-based) 
conditional reasoning. Our focus is on Åqvist’s system E for conditional obligation 
(and its extensions). Our mechanization is achieved via a shallow semantical embed-
ding in Isabelle/HOL adapting the methods used by Benzmüller et al. (2015). To look 
at Standard Deontic Logic (SDL) and extensions (Chellas, 1980; Parent and van der 
Torre, 2021) would not be very interesting. First, no new insights would be gained, 
since SDL is a normal modal logic of type KD, which is already covered by the prior 
work of Benzmüller et al. Second, SDL is vulnerable to the well-known deontic para-
doxes, including in particular Chisholm’s paradox of contrary-to-duty obligation, see 
Parent and van der Torre (2021) for details. We thus focus here on Dyadic Deontic 
Logics (DDL) with a preference-based semantics, which originate from the works of 
Hansson (1969) and Lewis (1973). In these works, one uses an “intensional” conditional 
to represent conditional obligation sentences that is weaker than the one obtained us-
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ing material implication. The semantics generalizes that of SDL: the SDL-ish binary 
classifcation of states into good/bad is relaxed to allow for grades of ideality (best, 
second-best, ...). In this framework, which is particularly popular in deontic logic (cf. 
the overview chapter by Parent (2021) in the second volume of the Handbook of Deon-
tic Logic), a preference relation ⪰ ranks the possible worlds in terms of comparative 
goodness or betterness.1 The conditional obligation of ψ, given φ (notation: ⃝(ψ/φ)) 
is evaluated as true if the best φ-worlds are all ψ-worlds. Like in modal logic, diferent 
properties of the betterness relation yield diferent systems. 

In this paper, our emphasis is on two possible uses of the mechanized tool. First, we 
employ it as a tool for meta-reasoning about the considered logics. So far the corre-
spondences between properties and modal axioms have been established “with pen and 
paper”. This raises the question of how much of these correspondences can be auto-
matically explored by modern theorem-proving technology. The automatic verifcation 
of correspondences can be done for the modal cube (Benzmüller et al., 2015). We want 
to understand if it can also be done in DDL. As explained by Benzmüller et al. (2015) 
we believe that “automation facilities could be very useful for the exploration of the 
meta-theory of other logics, for example, conditional logics, since the overall method-
ology is obviously transferable to other logics of interest”. Here we follow up on that 
suggestion, building on further prior results from Benzmüller et al. (2019), where the 
weakest available system (called E) has faithfully been embedded in Higher-Order 
Logic (HOL). In the present paper we consider extensions of E. We look at connec-
tions or correspondences between axioms and semantic conditions as “extracted” by 
relevant soundness and completeness theorems. Thus, we take “correspondence” in the 
same (broad) sense as Hughes and Cresswell, who write: 

“D, T, K4, KB [are] produced by adding a single axiom to K and [...] in each case the 
system turns out to be characterized by [sound and complete wrt] the class of models in 
which [the accessibility relation] R satisfes a certain condition. When such a situation 
obtains–i.e. when a system K+α is characterized by the class of all models in which R 
satisfes a certain condition−we shall [...] say [...] that the wf α itself is characterized 
by that condition, or that the condition corresponds [their italics] to α.” (Hughes and 
Cresswell, 1984, p. 41) 

The second use we consider for our mechanized system is as a tool for assess-
ing ethical arguments in philosophical debates. As an illustration, we look at one of 
the well-known impossibility theorems in population ethics, the so-called “repugnant 
conclusion” due to Parft (1984). We provide a computer encoding of the repugnant 
conclusion in order to make it amenable to formal analysis and computer-assisted ex-
periments. We believe that the formalisation has the potential to further stimulate the 
philosophical debate on the repugnant conclusion, since the simplifcations achieved 
are indeed quite far-reaching. In particular, our formalization indicates the possibility 
of a new take on the scenario. It has been suggested that, since the transitivity of 
“better than” is presupposed in the impossibility theorem, one can avoid such a result 
by simply giving up on transitivity. The solution is sometimes dismissed on the ground 
that it is too radical. The formalization reveals a less radical variant solution, which 
consists in weakening transitivity rather than giving it up wholesale. However, not all 
candidate weakenings of transitivity will do. For instance, a-cyclicity works fne, but 
not the interval order condition. 

The paper is organized as follows. Section 2 recalls system E and its extensions. 
Section 3 shows the embedding of E in Isabelle/HOL. Section 4 studies the corre-

1For i ⪰ j, read “i is at least as good as j”. 
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spondence between the properties of the betterness relation and the axioms. Section 5 
discusses the repugnant conclusion. Section 6 concludes.2 

2. System E 

We describe the semantics and proof theory of system E and its extensions. This one 
introduces the primitive symbol ⃝( / ) for “it is obligatory that ... given that ...”, 
from which symbol P ( / ) for “it is permitted that ... given that ...” is defned. The 
language also has 2 and 3. 

2.1. Semantics 

We start with the main ingredients of the semantics. A preference model is a structure 
M = (W, ⪰, V ), where W is a non-empty set of possible worlds, ⪰ is a preference 
relation ranking elements of W in terms of betterness or comparative goodness, and 
V is a function assigning to each propositional letter a subset of W (intuitively, the 
subset of those worlds where the propositional letter is true). a ⪰ b may be read “a is 
at least as good as b”. ≻ is the strict counterpart of ⪰, defned by a ≻ b (a is strictly 
better than b) if a ⪰ b and b ̸⪰ a. ≈ is the equal goodness relation, defned by a ≈ b 
(a and b are equally good) if a ⪰ b and b ⪰ a. 

The truth conditions for modal and deontic formulas read: 

• M, a ⊨ 2φ if ∀b ∈ W we have M, b ⊨ φ 
• M, a ⊨ ⃝(ψ/φ) if ∀b ∈ best(φ) we have M, b ⊨ ψ 

When no confusion can arise, we omit the reference to M and simply write a |= φ. 
Intuitively, ⃝(ψ/φ) is true if the best φ-worlds are all ψ-worlds. There is variation 
among authors regarding the formal defnition of “best”. It is sometimes cast in terms 
of maximality (we call this the max rule) and some other times cast in terms of 
optimality (we call this the opt rule). An φ-world a is maximal if it is not (strictly) 
worse than any other φ-world. It is optimal if it is at least as good as any φ-world. 
The two notions coincide only when “gaps” (incomparabilities) in the ranking are 
ruled out. Formally: 

Max rule Opt rule 
best(φ) = max(φ) best(φ) = opt(φ) 

where 

a ∈ max(φ) ⇔ a |= φ & ¬∃b (b ⊨ φ & b ≻ a) 
a ∈ opt(φ) ⇔ a |= φ & ∀b (b ⊨ φ → a ⪰ b) 

The relevant properties of ⪰ are (universal quantifcation over worlds is left implicit): 

• Refexivity: a ⪰ a; 
• Transitivity: if a ⪰ b and b ⪰ c, then a ⪰ c; 
• totalness or (strong) connectedness: a ⪰ b or b ⪰ a (or both); 

2The theory fle is available for downloading at http://logikey.org under sub-repository “/Deontic-
Logics/cube-dll/” (fles “cube.thy” and “mere addition.thy”). 
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• Interval order: ⪰ is refexive and Ferrers (if a ⪰ b and c ⪰ d, then a ⪰ d or 
c ⪰ b); 

• A-cyclicity: ≻ contains no cycles of the form a1 ≻ a2 ≻ ... ≻ an ≻ a1. 

A-cyclicity and the interval order condition are discussed in Parent (2022). They are 
two weakenings of the assumption of transitivity. In particular, the interval order 
condition makes room for the idea of non-transitive equal goodness relation due to 
discrimination thresholds. These are cases where a ≈ b and b ≈ c but a ̸≈ c (see Luce 
1956). 

Lewis’ limit assumption is meant to rule out sets of worlds without a “limit” (viz. 
a best element). Its exact formulation varies among authors. It exists in (at least) the 
following four versions, where best ∈ {max, opt} 

Limitedness 
If ∃x s.t. x |= φ then best(φ) ̸= ∅ 
Smoothness (or stopperedness) 
If x |= φ, then: either x ∈ best(φ) or ∃y s.t. y ≻ x & y ∈ best(φ) 

(LIM) 

(SM) 

A betterness relation ⪰ will be called “opt-limited” or “max-limited” depending on 
whether (LIM) holds with respect to opt or max. Similarly, it will be called “opt-
smooth” or “max-smooth” depending on whether (SM) holds with respect to opt or 
max. For pointers to the literature, and the relationships between these versions of the 
limit assumption, see Parent (2014). 

The above semantics may be viewed as a special case of the selection function seman-
tics favored by Stalnaker and generalized by Chellas (1975). The preference relation 
is replaced with a selection function f from formulas to subsets of W , such that, for 
all φ, f(φ) ⊆ W . Intuitively, f(φ) outputs all the best φ-worlds. The evaluation rule 
for the dyadic obligation operator is thus given as: ⃝(ψ/φ) holds when f(φ) ⊆ ∥ψ∥, 
where ∥ψ∥ is the set of ψ-worlds. It is known that when suitable constraints are put on 
the selection function, the two semantics validate exactly the same set of formulas− cf. 
Parent (2015) for details.3 The correspondence between constraints put on the selec-
tion function and modal axioms have been verifed by automated means by Benzmüller 
et al. (2012). A comparison between this prior study and ours is left as a topic for 
future research. 

2.2. Systems 

The relevant systems are shown in Fig. 1. A line between two systems indicates that 
the system to the left is strictly included in the system to the right. 
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F+(DR)

Figure 1.: Systems 

3One can go one step further, and make the selection function semantics an instance of a more general 
semantics equipped with a neighborhood function, like in traditional modal logic (cf. Chellas (1975)). 
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All contain the classical propositional calculus; they then add the following 
schemata: 

• For E (the naming follows Parent (2021)): 

S5-schemata for 2 (S5) 
⃝ (ψ → ξ/φ) → (⃝(ψ/φ) → ⃝(ξ/φ) (COK) 
⃝ (ψ/φ) → 2 ⃝ (ψ/φ) (Abs) 
2φ → ⃝(φ/ψ) (Nec) 
2(φ ↔ ψ) → (⃝(ξ/φ) ↔ ⃝(ξ/ψ)) (Ext) 
⃝ (φ/φ) (Id) 
⃝ (ξ/φ ∧ ψ) → ⃝(ψ → ξ/φ) (Sh) 
If ⊢ φ then ⊢ 2φ (N) 

• For F: axioms of E plus 
3φ → (⃝(ψ/φ) → P (ψ/φ)) (D⋆) 

• For F+(CM): axioms of F plus 

(⃝(ψ/φ) ∧ ⃝(ξ/φ)) → ⃝(ξ/φ ∧ ψ) (CM) 

• For F+(DR): axioms of F plus 

⃝ (ξ/φ ∨ ψ) → (⃝(ξ/φ) ∨ ⃝(ξ/ψ)) (DR) 
• For G: axioms of F plus: 

(P (ψ/φ) ∧ ⃝(ψ → ξ/φ)) → ⃝(ξ/φ ∧ ψ) (Sp) 

We give an intuitive explanation for these axioms. COK is the conditional analogue of 
the familiar distribution axiom K. Abs is the absoluteness axiom of Lewis (1973), and 
refects the fact that the ranking is not world-relative. Nec is the deontic counterpart of 
the familiar necessitation rule. Ext permits the replacement of necessarily equivalent 
formulas in the antecedent of deontic conditionals. Id is the deontic analogue of the 
identity principle. D⋆ rules out the possibility of conficts between obligations, for a 
“consistent” context A. CM and DR correspond to the principle of cautious monotony 
and disjunctive rationality from the non-monotonic logic literature. CM tells us that 
complying with an obligation does not modify the other obligations arising in the same 
context. DR tells us that if a disjunction of states of afairs triggers an obligation, then 
at least one disjunct triggers this obligation. Due to Spohn, Sp is equivalent with the 
principle of rational monotony; ⃝(ψ → ξ/φ) is changed into ⃝(ξ/φ). The principle 
says that realizing a permission does not modify the other obligations arising in the 
same context. 

We give below the main soundness and completeness theorems. Those stated in Th. 
2.1 hold under both the opt rule and the max rule. It is understood that limitedness 
is cast in terms of opt when the opt rule is applied, and in terms of max when the 
max rule is applied. The same holds for smoothness. 

Theorem 2.1 (Soundness and completeness, Parent2021; 2022). (i) E is sound and 
complete w.r.t. the class of all preference models; (ii) F is sound and complete w.r.t. the 
class of preference models in which ⪰ is limited; (iii) F+CM is sound and complete 
w.r.t. the class of preference models in which ⪰ is smooth; (iv) F+DR is (weakly) 
sound and complete w.r.t. the class of (fnite) preference models in which ⪰ meets the 
interval order condition. 
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Theorem 2.2 (Soundness and completeness, Parent2014). (i) Under the opt-rule G 
is sound and complete w.r.t. the class of preference models in which ⪰ is limited 
and transitive; (ii) under the max-rule, G is sound and complete w.r.t. the class of 
preference models in which ⪰ is limited, transitive and total. 

For more background on these systems, see Parent (2021) and the references therein. 

2.3. Correspondences 

Table 1 shows some of the known “correspondences” between semantic properties and 
formulas that can be extracted from Th. 2.1 and Th. 2.2. The leftmost column shows 
the properties of ⪰. The two middle columns show the corresponding modal axioms, 
the frst column for the max rule, and the second one for the opt rule. As before 
it is understood that smoothness (resp. limitedness) is defned for max in the max 
column, and for opt in the opt column. The rightmost column gives the paper where 
the completeness theorem is established. The symbol × indicates that the property 
(or pair of properties) is known not to correspond to any axiom, in the sense that the 
property does not modify the set of valid formulas. On the ffth (resp. seventh) line 
the parenthesis “(+smoothness)” (resp. “(+limitedness)” ) indicates that smoothness 
(resp. limitedness) is assumed in the background.4 

Property Formula (max) Formula (opt) Reference 
refexivity 
totalness 
limitedness 
smoothness 
transitivity (+smoothness) 
transitivity+totalness 
interval order (+limitedness) 

× 
× 
D⋆ 

CM 
× 
Sp 
DR 

× 
× 
D⋆ 

CM 
Sp 
× 
DR 

Parent (2015) 
Parent (2015) 
Parent (2015) 
Parent (2014) 
Parent (2014,2) 
Parent (2014) 
Parent (2022) 

Table 1.: Some correspondences 

3. System E in Isabelle/HOL 

Our modelling of System E in Isabelle/HOL reuses and adapts prior work (Benzmüller 
et al., 2019) and it instantiates and applies the LogiKEy methodology (Benzmüller 
et al., 2020), which supports plurality at diferent modelling layers. 

3.1. LogiKEy 

Classical higher-order logic (HOL) is fxed in the LogiKEy methodology and infras-
tructure (Benzmüller et al., 2020) as a universal meta-logic (Benzmüller, 2019) at the 
base layer (L0), on top of which a plurality of (combinations of) object logics can 

4Even though smoothness does not play any apparent role in the validation of the axiom, the completeness 
result is for a class of models satisfying this property. 
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Figure 2.: Basic semantical ingredients; propositional and modal connectives 

become encoded (layer L1). In the case of this paper, we encode extensions of System 
E at layer L1 in order to assess them. Employing these object logics notions of layer 
L1 we can then articulate a variety of logic-based domain-specifc languages, theo-
ries and ontologies at the next layer (L2), thus enabling the modelling and automated 
assessment of diferent application scenarios (layer L3). Note that the assessment stud-
ies conducted in this paper at layer L3 do not require any further knowledge to be 
provided at layer L2; hence layer L2 modellings do not play a role in this paper. 

LogiKEy signifcantly benefts from the availability of theorem provers for HOL, 
such as Isabelle/HOL which internally provides powerful automated reasoning tools 
such as Sledgehammer (Blanchette et al., 2013; Blanchette et al., 2016) and Nitpick 
(Blanchette and Nipkow, 2010). The automated theorem proving systems integrated 
via Sledgehammer include higher-order ATP systems, frst-order ATP systems, and 
SMT (satisfability modulo theories) solvers, and many of these systems in turn use 
efcient SAT solver technology internally. Indeed, proof automation with Sledgeham-
mer and (counter-)model fnding with Nitpick were invaluable in supporting our ex-
ploratory modeling approach at various levels. These tools were very responsive in 
automatically proving (Sledgehammer), disproving (Nitpick), or showing consistency 
by providing a model (Nitpick). In the frst case, references to the required axioms 
and lemmas were returned (which can be seen as a kind of abduction), and in the case 
of models and counter-models they often proved to be very readable and intuitive. In 
this section and subsequent ones, we highlight some explicit use cases of Sledgehammer 
and Nitpick. They have been similarly applied at all levels as mentioned before. 
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Figure 3.: Truth-conditions 

3.2. Faithful embedding of system E 

In the work of Benzmüller et al. (2019), it is shown that the embedding of E in 
Isabelle/HOL is faithful, in the sense that a formula φ in the language of E is valid 
in the class PREF of all preference models if and only if the HOL translation of φ 
(notation: ⌊φ⌋) is valid in the class of Henkin models of HOL. 

Theorem 3.1 (Faithfulness of the embedding). 

PREF φ if and only if HOL ⌊φ⌋|= |= 

Remember that the establishment of such a result is our main success criterium at 
layer L1 in the LogiKEy methodology. 

This frst two screenshots show the encoding of E in Isabelle/HOL. Fig. 2 shows the 
basic ingredients in the preferential model, and describes how the propositional and 
alethic modal connectives are handled. The betterness relation ⪰ is encoded as a binary 
relational constant r (l. 31). In Fig. 3, the notions of optimality and maximality are 
encoded. Diferent pairs of modal operators (obligation, permission) are introduced to 
distinguish between the two types of truth-conditions. The model fnder Nitpick is able 
to verify the consistency of the formalization (l. 60) and to verify the non-equivalence 
between the two types of truth-conditions (l. 66). Sledgehammer is able to show the 
validity of the axioms of E. By presenting a suitable counter-model, Nitpick is able to 
show the invalidity of the axioms pertaining to the stronger systems. 
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3.3. Properties 

The encoding of the properties of the betterness relation are shown in Figs. 4 and 5. 
On l. 99-104 of Fig. 4, one sees the diferent versions of Lewis’ limit assumption. The 

Figure 4.: Standard properties 

property in Fig. 5 is the interval order condition. This one is usually described as the 
combination of totalness with the Ferrers condition as shown on l. 137. Sledgehammer 
is able to confrm a fact that has been generally overlooked in the literature, namely 
that totalness can be replaced by the simpler condition of refexivity (l. 139-141). More 

Figure 5.: Interval order 

weakenings of transitivity Parent (2022) are encoded in the theory fle. For simplicity’s 
sake we give the example of quasi-transitivity and a-cyclicity. The encoding of the 
second is shown in Fig. 6. The formal defnition of this notion reads: if a ≻⋆ b, where 
≻⋆ is the transitive closure of ≻, then b ̸≻ a. In Isabelle/HOL, the transitive closure 
of a relation can be defned in a few lines, shown in Fig. 7. 

Figure 6.: A-cyclicity 

Quasi-transitivity requires the strict betterness relation be transitive. Its encoding 
is shown in Fig. 8. 
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Figure 7.: Transitive closure 

Figure 8.: Quasi-transitivity 

4. Correspondences 

4.1. Max rule 

Here we check known correspondences between modal axioms under the max rule. 
First, Nitpick is able to confrm that the formula is not valid unless the matching 

property is assumed. Figs. 9 and 12 show that, when the relevant property is not 
assumed, counter-models for D⋆ , CM, DR and Sp are found by Nitpick. 

Figure 9.: D⋆ , CM and DR invalid in general 

In Figs. 10, 11 and 12, it is confrmed that if the property is assumed, then the 
axiom is validated. Thus, the implications having the form “property ⇒ axiom” are 
all verifed; Fig. 10 shows it for limitedness and smoothness, Fig. 11 for the interval 
order condition, and Fig. 12 for the combination of transitivity and totalness. But the 
converse implications are all falsifed by Nitpick. We will come back to this point later 
on. 
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Figure 10.: Limit assumption 

Figure 11.: Interval order 

4.2. Opt rule 

The outcomes of our experimentation are the same as for the max rule except for 
one small change. Transitivity no longer needs totalness to validate Sp. This one only 
needs transitivity. Besides, the assumption of transitivity of the betterness relation 
gives us a principle of transitivity for a weak preference operator over formula, defned 
by φ ≥ ψ if P (φ/φ ∨ ψ). This is shown in Fig. 13. 
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Figure 12.: Transitivity and totalness (max) 

Figure 13.: Transitivity (opt) 

4.3. Inclusion 

In the work of Benzmüller et al. (2015), proper inclusion between systems in the modal 
cube are verifed by looking at the model constraints of their respective axiomatiza-
tions. Because of the lack of full equivalence between modal axiom and property of 
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the relation, we cannot do the same, at least not yet. Nor can we show equivalence 
between systems when restraining the number of worlds. 

4.4. The ∃∀ truth-conditions (Lewis) 

Variant evaluation rules have been proposed for the conditional in order to handle some 
of the problems encountered with the usual pattern of evaluation in terms of best. We 
take the example of Lewis (1973)’s evaluation rule. In order to avoid commitment to 
the limit assumption, Lewis suggests that ⃝(ψ/φ) should be true whenever there is 
no φ-world or there is a φ ∧ ψ-world which starts a (possibly infnite) sequence of 
increasingly better φ ∧ ψ-worlds. Formally: 

a ⊨ ⃝(ψ/φ) if ¬∃b (b |= φ) or 
(∃∀)∃b (b |= φ ∧ ψ & ∀c (c ⪰ b ⇒ c |= φ → ψ)) 

We shall refer to the statement appearing at the right-hand-side of ”if” as the ∃∀ rule. 
The encoding is shown in Fig.14. 

Figure 14.: ∃∀ rule 

Isabelle/HOL is able to verify in what sense the standard account in terms of best re-
quires the limit assumption. The law “from 3φ, ⃝(ψ/φ) and ⃝(¬ψ/φ) infer ⃝(χ/φ)” 
is valid. This is known as the principle of “deontic explosion”, often called DEX. It says 
that, in the presence of a confict of duties (unless it is triggered by an “inconsistent” 
state of afairs) everything becomes obligatory. This has led most authors to make the 
limitedness assumption in order to validate D*, and hence make DEX harmless: the 
set {3φ, ⃝(ψ/φ), ⃝(¬ψ/φ)} is not satisfable. This is shown in Fig. 15. On l. 371, the 
validity of DEX is established under the max rule. On l. 374, DEX is falsifed under 
the ∃∀ rule. 

Isabelle/HOL is also able to verify that when all the standard properties of the 
betterness relation are assumed, then the three evaluation rules collapse. This is shown 
in Fig. 15. L. 380-384 show the equivalence between the ∃∀ rule and the opt rule, and 
l. 386-390 show the equivalence between the ∃∀ rule and the max rule. 

Questions of correspondence between properties and modal axioms are still under 
investigation. There are two extra complications. First, a completeness result is avail-
able for the strongest system G only: it is complete with respect to the class of models 
in which ⪰ is transitive and total (and hence refexive). Second, only two properties 
seem to have an import, but the matching between them and the axioms is not one-
to-one: one property validates more than one axiom, sometimes in combination with 
the other property. This is shown in Table 2. The left column gives the axiom. The 
right column shows the property (or pair of properties) required to validate this one. 
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Figure 15.: Deontic explosion (DEX) 

Axiom of G 
(D⋆) 
(Sp) 
(COK) 
(CM) 

Property (or pair of properties) of ⪰ 
totalness 
transitivity 
transitivity and totalness 
transitivity and totalness 

Table 2.: Axioms and properties under the ∃∀ rule−from Parent (2021) 

Figure 16.: Axioms independent of the properties (∃∀ rule) 
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Figure 17.: Transitivity and totalness alone (∃∀ rule) 

Figure 18.: Transitivity and totalness alone (∃∀ rule, ct’d) 

Figure 19.: Transitivity and totalness together (∃∀ rule) 
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Figure 20.: Transitivity and totalness together (∃∀ rule,ct’d) 

In Fig. 16, Sledgehammer shows the validity of the axioms of E holding indepen-
dently of the properties assumed of the betterness relation. In Figs. 17 and 18, Sledge-
hammer confrms that the D⋆ axiom and the Sp axiom call for totalnesss and tran-
sitivity, respectively. Similarly, Figs. 19 and 20 show that COK and CM call for both 
transitivity and totalness. 

4.5. Discussion 

To conclude, with regards to correspondence, the situation for conditional (deontic) 
logic is still slightly diferent from the one for traditional modal logic. In the latter 
setting, the full equivalence between the property of the relation and the modal formula 
is verifed by automated means. In the former setting only the direction “property ⇒ 
axiom” is verifed by automated means. To be more precise, what is verifed is the 
fact that, if the property holds, then the axiom holds. What is not confrmed is the 
converse statement, that if the axiom holds then the property holds. This asymmetry 
deserves to be discussed. 

First, it is usual to distinguish between validity on a frame and validity in a model 
based on a frame. A frame is a pair F = (W, R), with W a set of worlds and R the 
accessibility relation. A model based on F = (W, R) is the triplet M = (W, R, V ) 
obtained by adding a specifc valuation V , or a specifc assignment of truth-values to 
propositional letters at worlds. For a formula to be valid on a frame F , it must be 
valid in all models based on F . In other words, it must be true for every assignment 
to the propositional letters. We have worked at the level of models. But in so-called 
correspondence theory, see e.g. van Benthem (2001), the link between formulas and 
properties is in general studied at the level of frames themselves. One shows that 
F meets a given condition if formula A is valid on F . In a recent extension of the 
semantical embedding approach for public announcement logic PAL, cf. Benzmüller 
and Reiche (2022), an explicit dependency on the concrete evaluation domain has been 
modeled. It remains future work to study whether this idea can be further extended 
and adapted to also support a notion of validity for frames as needed here. 

Second, the most we got is that a given property is a sufcient condition for the 
validity of the axiom, but not a necessary one. For instance, to disprove the implication 
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(a) Model for HOL 
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i1 : ¬',¬ ,¬�

(b) Preferential model. An arrow from i1 to i2 
means i1 ⪰ i2. No arrow from i2 to i1 means 
i2 ̸⪰ i1 

Figure 21.: A non-smooth model validating CM (max) 

“CM ⇒ m-smoothness” under the max rule (Fig. 10), Nitpick exhibits a model in 
which CM holds and m-smoothness falsifed. This model is shown in Fig. 21. The 
corresponding preferential model is also shown below. Smoothness is falsifed, because 
it contains an infnite loop of strict betterness, making the smoothness condition fail 
for, e.g., φ ∨ ¬φ. But CM (vacuously) holds, because the two conjuncts appearing in 
the antecedent of the axiom are both false. Indeed, i3 is a maximal φ-world, and it 
falsifes ψ and χ. This shows that m-smoothness is not a necessary condition for the 
axiom to hold. 

It is interesting to remark that Nitpick always presents a fnite standard model. We 
leave it as a topic for future research to investigate if the crucial distinction between 
standard and non-standard models for HOL which, according to Andrews (2002), 
sheds so much light on the mysteries associated with the incompleteness theorems, 
has a bearing on the issue at hand. 

Another open problem concerns the possibility of verifying “negative” results. As 
shown in Table 1, under the max rule transitivity alone does not correspond to any 
axiom. Also under both the max rule and the opt rule neither refexivity nor totalness 
correspond to an axiom. Finally, under the ∃∀ rule the limit assumption has no import. 
All this has been established with pen and paper. It would be worth exploring the 
question as to whether and how this problem could be tackled in Isabelle/HOL. 

5. The repugnant conclusion 

In this section, we illustrate another possible use of the logical machinery. It consists 
in employing it for the computer-aided assessment of ethical arguments in philosophy. 
We use the repugnant conclusion discussed by Parft (1984). We provide a computer 
encoding of his argument for the repugnant conclusion in order to make it amenable 
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to formal analysis and computer-assisted experiments. Isabelle/HOL is able to con-
frm the viability of a possible solution to the paradox, advocated by Temkin (1987) 
among others. It consists in resolving the paradox by abandoning the assumption of 
transitivity of “better than”. Isabelle/HOL is also able to confrm the availability of 
a variant solution, which consists in weakening transitivity rather than abandonning 
it wholesale. Furthermore, one can show that not all the conceivable weakenings of 
transitivity will do. 

The repugnant conclusion reads: 
“For any perfectly equal population with very high positive welfare, there is a population 
with very low positive welfare which is better, other things being equal” (Parft, 1984, p. 
523). 

The target is “total utilitarianism”, according to which the best outcome is given by 
the total of well-being in it (Parft, 1984, p. 387). This view implies that any loss in 
the quality of lives in a population can be compensated for by a sufcient gain in 
the quantity of a population. Fig. 22 illustrates the repugnant conclusion. The blocks 
correspond to two populations, A and Z. The width of each block represents the 
number of people in the corresponding population, the height represents their quality 
of life. All the lives in the above diagram have lives worth living. People’s quality of 
life is much lower in Z than in A but, since there are many more people in Z, there is a 
greater quantity of welfare in Z as compared to A. Consequently, although the people 
in A lead very good lives and the people in Z have lives only barely worth living, Z is 
nevertheless better than A according to classical utilitarianism. 

Very high quality in life 

A 
Very low but positive quality in life 

Z has a lot more people 
Z 

Figure 22.: Repugnant conclusion 

It has been argued by e.g. Temkin (1987) that the repugnant conclusion can be blocked, 
by just dropping the assumption of the transitivity of “better than”. This is best ex-
plained by considering a smaller version of the paradox, called the mere addition para-
dox. The repugnant conclusion is generated by iteration of the reasoning underlying 
the mere addition paradox. 

The mere addition paradox is shown in Fig. 23. In population A, everybody enjoys 
a very high quality of life. In population A+ there is one group of people as large as the 
group in A and with the same high quality of life. But A+ also contains a number of 
people with a somewhat lower quality of life. In Parft’s terminology A+ is generated 
from A by “mere addition”. Population B has the same number of people as A+ , their 
lives are worth living and at an average welfare level slightly above the average in A+ , 
but lower than the average in A. The link with the repugnant conclusion is that by 
reiterating this structure (scenario B+ and C, C+ etc.), we end up with a population 
Z in which all lives have a very low positive welfare. 
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A A + 
B 

+ people 

average in A+ 

Figure 23.: Mere addition paradox 

The following statements are all plausible: 

(P0) A is strictly better than B: A > B. Otherwise, in the original scenario, by parity 
of reasoning or consistency (scenario B+ and C, C+ etc.) one would have to 
deny that A is better than Z. 

(P1) A+ is at least as good as A: A+ ≥ A. Justifcation: A+ is not worse than (and 
hence at least as good as) A; the addition of lives worth living (the + people) 
cannot make a population worse. 

(P2) B is strictly better than A+: B > A+ . Justifcation: A+ and B have the same 
size; the average welfare level in B is slightly above the average in A+ , and the 
distribution is uniform across members. So B is better in regard to both average 
welfare (and thus also total welfare) and equality. 

The relations ≥ and > appearing in (P0)-(P2) apply to propositional formulas. It 
is usual to take φ ≥ ψ as a shorthand of P (φ/φ ∨ ψ), and φ > ψ as a shorthand of 
φ ≥ ψ and ψ ̸≥ φ. (Cf. Lewis (1973)). This is shown in Table 3. 

Defniendum Defniens Reading 
φ ≥ ψ 
φ > ψ 

P (φ/φ ∨ ψ) 
P (φ/φ ∨ ψ)∧ ⃝(¬ψ/φ ∨ ψ) 

φ permitted, if φ ∨ ψ 
φ permitted and ψ forbidden, if φ ∨ ψ 

Table 3.: Preference on formulas 

Fig. 24 shows the encoding of P0-P2 in terms of obligation. 

Figure 24.: Encoding of the mere addition scenario 

Fig. 25 shows some sample queries run on the scenario. On l. 19, the assumption of 
the transitivity of the betterness relation (on possible worlds) is assumed. Sledgeham-
mer shows the inconsistency of (P0)-(P2). On l. 23, the assumption of transitivity is 
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not assumed. Nitpick shows the satisfability of (P0)-(P2). The model generated by 
Nitpick is shown in Fig. 26. 

Figure 25.: Sample queries on (P0)-(P2) 

Figure 26.: A non-transitive model satisfying (P0)-(P2) 

Figure 27.: A-cyclicity and quasi-transitivity 

20 



Figure 28.: Interval order 

Nitpick is also able to confrm that the mere-addition paradox is avoided if transitiv-
ity is not rejected wholesale, but weakened into a-cyclicity or quasi-transitivity. This 
point has in general been overlooked in the literature. On the other hand, Sledgeham-
mer can verify that this solution does not work for the interval order condition, which 
represents another candidate weakening of transitivity. The verifcations are shown in 
Figs. 27 and 28. 

6. Conclusion 

Utilizing the LogiKEy methodology and framework we have developed mechanizations 
of extensions of Åqvist’s preference-based system E for conditional obligation. We 
have illustrated the use of the resulting tool for (i) meta-logical studies and for (ii) 
object-level application studies in normative reasoning. Novel contributions, partly 
contributed by the automated reasoning tools in Isabelle/HOL, include the automated 
verifcation of the correspondence between semantic properties and modal axioms, and 
the formalization and mechanization of Parft’s argument for the repugnant conclusion. 
This one reveals the possibility of a take on the scenario usually under-appreciated in 
the literature, which consists in weakening transitivity rather than reject it wholesale. 
Future work includes the handling of the full equivalence between properties and 
formulas, the formalization of (and comparison with) other solutions to the repugnant 
conclusion, and the analysis of other variant paradoxes discussed in the literature. 
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