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Abstract. We propose the new EI-clustering method for random net-
works. Regarding the underlying graph of a random network, EI-
clustering is an advanced statistical tool for community detection and
based on the estimation of the extremal index (EI) associated with each
node. The EI metric is estimated by samples of indices of the node influ-
ences. The latter quantities are determined by the PageRank and a Max-
Linear Model. The EI values of both models are estimated by a blocks
estimator for each node which is considered as the root of a Thorny
Branching Tree. Generations of descendant nodes related to the root
node of the tree are used as blocks. The reciprocal of the EI value indi-
cates the average number of influential nodes per generation containing
at least one influential node. In the context of random graphs the EI
metric indicates the ability of a randomly selected node to attract highly
ranked nodes in its orbit. Looking at the changing shape of a plot of the
EI metric versus the node number, the node communities are detected.
The EI-clustering method is compared with the conductance measure
regarding the data set of a real Web graph.

Keywords: Clustering · Node influence · PageRank
Max-Linear Model · Extremal index · Web graph

1 Introduction

Random graphs are accepted as realistic models of real world networks such as
technological networks, e.g. Internet, P2P, and transportation networks, social
and information networks, [6,7,15]. Given the massive amount of data about
real networks, the determination of the importance of nodes, a fast finding of the
most influential nodes in a graph and the efficient detection of communities, i.e.
clustering of nodes that are similar in some sense, constitute important research
problems.

Clustering tools for random graphs such as the “null model” or the “configu-
ration model” (see [6,15] for a survey) do not take into account the distributions

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-99447-5_7&domain=pdf


72

of extremes regarding the influence indices of nodes and their dependency. The
intuition of those clustering methods is mostly based on the idea that nodes
which are interconnected by a large number of edges are likely belonging to
the same community. Then one has to find sets of nodes with a high internal
connectivity that are highly disconnected between each other by calculating the
number of edges of all the vertices in the network. Such approaches avoid the
consideration of random graphs as “locally tree-like” structures due to loops and
possible edges between vertices belonging to the same generation of a root node.
A random graph with such a tree structure is called Thorny Branching Tree
(TBT), [4].

These sketched clustering methods are based on an a-posteriori state of the
network and do not allow to take into account random changes of links within
the network and an on-line detection of structures. Moreover, a sudden explosion
of edges of a node caused by local or temporary rare events like catastrophes in
markets or sport events in social networks, that may generate new giant clusters,
cannot be predicted by such tools. Those features require a new methodology
concerning extremes of nodes in random graphs. It was theoretically derived in
[11] that the tail index and extremal index of the PageRank (PR) and the Max-
Linear Model (MLM) that are used as influence indices of the nodes in random
graphs coincide. In [13] we have checked this property by means of real data of
a Web graph.

In this paper it is our first objective to develop a clustering algorithm for
the detection of communities of similar nodes in a random network. To partition
a random network into (weakly dependent) communities around highly ranked
nodes, we propose to use the extremal index (EI). The latter is a measure of
dependence of extremes, [2,8]. The reciprocal of the EI approximates the mean
cluster size of a structure. In this context a cluster is determined as a block of
data with at least one exceedance over a given threshold. In a random graph
the EI metric indicates the ability of a node u to perform clustering or, in other
words, to attract influential nodes following u in its orbit.

In [1] semi-supervised learning methods are proposed for weighted similarity
graphs. Two sets of nodes are determined as similar if they are connected by
an edge and the weight of the edge indicates the strength of the similarity. We
determine a community as a galaxy or a cluster of nodes related to a node with a
large influence index, i.e. we detect extremes of the network and node followers
of an extremal node as its community. Our approach is somewhat similar to
[1], where local learning sets of similar nodes are used to build classifiers. We
estimate the EI value of each node considering this entity as the root of a TBT,
i.e. a branching tree with possible loops.

Our second objective is to compare the clustering approach that is based on
the change of the conductance of a graph proposed in [10] by our EI-clustering
based on the EI indices of the nodes.

The paper is organized as follows. In Sect. 2 basic results related to the detec-
tion of node communities and EI-estimation methods are sketched. Section 3
presents the EI-clustering algorithm and its comparison with the clustering based
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on the conductance measure proposed in [10] by means of a real Web data set.
The exposition is finalized by some conclusions.

2 Fundamental Properties of Random Networks

2.1 Community Detection by Clustering Methods

Surveys about graph partitioning techniques are presented in [6,10]. They reveal
that the conductance metric and the clustering coefficient are important char-
acteristics of random graphs.

The conductance measure of a set S of nodes in a random graph is calculated
as

φ = s/v, or φ = s/(s + 2e). (1)

Here s is the number of edges with one endpoint in S and one endpoint in S,
where S denotes the complement of S. v is the sum of degrees of nodes in S,
and e is the number of edges with both endpoints is S, [10]. Small conductance
of the set means that it is densely linked inside itself. It is remarkable that
shape changes of the plot of φ against the number of nodes, called the Network
Community Profile plot, indicate disconnected clusters.

The clustering coefficient C of a random network [15] is determined as

C =
3 · number of triangles in the network

number of connected triples
,

where a connected triple implies a single vertex connected by edges to two others.
The triangle of nodes is considered as a basic social community. C = 0 means the
lack of triangles. Then a part of the network associated with some node can be
represented as a branching tree (see Fig. 1(a)). Descendants of each generation
of the node taken as the root of a TBT are not linked and thus, independent. In
reality, due to links between descendants within and between generations (see
Fig. 1(b)), the dependence is determined in [15] by means of triangles.

Our approach is to estimate the extremal index (EI) of each node influence
in the random network. The EI value shows the ability of a node to create a
cluster. It reveals the community built around the underlying node as a part of
the Thorny Branching Tree associated with this node as its root.

2.2 Influence Indices of a Node

In fact, the in- and out-degrees of nodes are the only statistics gathered about
a random network, [10]. The influence of a node may be determined by its in-
degree, its PageRank (PR) and the Max-Linear Model (MLM), [12,13]. Both
latter statistics are calculated by the in-degree and out-degree of a node and the
PR values of those nodes that point to it. The PR of a node, e.g. a Web page,
grows with the PRs of those nodes pointing to it and with the in-degree of the
node. It can be calculated by different methods, see for instance [3,4,14].
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Fig. 1. Branching tree corresponding to a cluster coefficient C = 0 (a); Branching tree
with short loops containing triangles and single edges corresponding to 0 < C < 1 (b);
Generations of nodes following the root node are shown by grey ellipses.



75

2.3 The Extremal Index

Definition 1. ([8, p. 53])
The stationary sequence {Rn, n ≥ 1} is said to have extremal index θ ∈ [0, 1] if
for each 0 < τ < ∞ there is a sequence of real numbers un = un(τ), n ∈ N, such
that it holds

lim
n→∞ nF (un) = lim

n→∞ n(1 − F (un)) = τ, lim
n→∞ P{Mn ≤ un} = e−τθ, (2)

where Mn = max{R1, ..., Rn} =
∨n

j=1 Rj holds.

Conditions (2) determine the thresholds un in such a way that the probability
to exceed it are very small. This feature corresponds to high quantiles of {Rn}.
For independent r.v.s θ = 1 holds, but the converse is not true. θ ≈ 0 implies a
strong dependence. θ = 0 implies that the maximum Mn likely does not exceed
a sufficiently high threshold u ∈ R. As it holds [2]

θ = lim
n→∞

P{Mrn
> un}

rn(1 − F (un))
,

where rn = o(n) as n → ∞, P{Mrn
> un} implies the probability that a data

block of size rn contains at least one exceedance over the threshold un (such
block is called a cluster) and rn(1−F (un)) shows the fraction of exceedances in
the sample. Hence,

1/θ ≈ number of exceedances
number of clusters

(3)

approximates the mean cluster size.
With regard to a random graph the EI value of a node influence implies that

each generation of descendants of the node that are accepted as blocks has on
average [1/θ] nodes with high influence values. As the influence of a root node
decreases over generations, one can use a truncated TBT such that its leaves do
not impact significantly on the PR of the root. Such a truncation rule is specified
in [13].

θ = 1 or θ ≈ 1 mean that followers of a node which have links to a root
node have independent or approximately independent influence characteristics.
θ ≈ 0 implies a condensed cluster with regard to dependent influence values of
followers.

2.4 Bias-Reduced Estimation of the Extremal Index

Nonparametric estimators of the extremal index (EI), like the blocks, runs,
or intervals estimator, [2], are calculated by sequences of an underlying node
characteristic. These estimators are usually calculated by random sequences or
time series. They are distinguished by the definitions of the cluster. In this
respect their application to random graphs constitutes further problems. The
EI-estimators require one or two parameters. To apply the blocks estimator, for
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instance, one can split the sample {X1, ...,Xn} of size n into mn = �n/rn	 ∈ N

blocks of length rn ∈ N. Then the blocks estimator is determined by

θ̂n =

∑mn

j=1 1I{max(j−1)rn<i≤jrn
Xi > un}

∑mn

j=1

∑jrn

i=(j−1)rn+1 1I{Xi > un} (4)

for a sequence of thresholds un ∈ R satisfying rnF (un) → 0, but nF (un) → ∞.
Dealing with graphs and to create a sequence, we can only use the blocks

estimator and its modifications to avoid the numeration of nodes in the graph.
The blocks estimator requires the block size r ∈ N and the threshold u ∈ R as
its parameters.

There are bias-reduced estimators of the EI which avoid a selection of u,
[5,16]. These estimators have the advantage that their plots θ̂n against u are
stable. The stable plateau that is close to a constant indicates the estimated
EI-value. Hence, one has to select only an appropriate parameter r.

Let {Xi, 1 ≤ i ≤ n ∈ N} be an univariate stationary time series with dis-
tribution function F and extremal index θ ∈ (0, 1]. One may use the following
bias-reduced estimator [5]

θ̂n,t =

∑mn

j=1 1I{max(j−1)rn<i≤jrn
Xi > Xn−�nvnt�,n}

∑mn

j=1

∑jrn

i=(j−1)rn+1 1I{Xi > Xn−�nvnt�,n} , t ∈ (0, 1], (5)

where the sequence {vn, n ∈ N} is such that rnvn → 0, nvn → ∞ as n → ∞.
In [12,13] generations of descendants of the TBT root node (see Fig. 1(b))

were proposed as blocks. Due to loops these blocks can be overlapping since the
same node can be assigned to different generations. Such node may appear in one
of the blocks or in all blocks which contain it. One can consider sets of nodes
located on a path with m links (edges) from the root as the mth generation.
To find the block size automatically and to build confidence intervals of the
EI-estimate we use the bootstrap method described in [13].

3 The EI-Clustering Method

3.1 The EI-Clustering Algorithm

We study the clustering of n nodes in a random network using the extremal
index of an influence characteristic of the nodes.

Algorithm 31

1. Estimate the PR and the MLM values of each node by one of the recurrent
methods in [13].

2. Estimate the EI values using samples of the PRs and MLMs of the lengths
k ∈ {1, . . . , n} by means of the blocks estimator (4) or by its bias-reduced
modification (5). Find a threshold u by the bootstrap method [13] for a given
block size r in the case (4). In the case (5) r can be found by the bootstrap
method for a given parameter 0 < t ≤ 1 (u is not required).
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3. Given the EIs of the samples and enlarging the lengths k, k + 1, . . . , n, one
calculates the average EI among the nodes of each of those samples.

4. Partition the nodes into clusters according to changes of the shape regarding
the curves (node number, PR) or (node number, MLM).

3.2 The Bootstrap Algorithm

Let us further interpret k and k1 as the total numbers of exceedances over the
threshold u ∈ R in the sample {Xi, 1 ≤ i ≤ n ∈ N} and in the bootstrap
re-sample {Xi

∗, 1 ≤ i ≤ n1 ∈ N} of a smaller size n1 < n, respectively, i.e.

k =
n∑

i=1

1I(Xi > u), k1 =
n1∑

i=1

1I(Xi
∗ > u). (6)

Then one can find u corresponding to the selected k and find the estimate of the
extremal index θ̂(u).

Algorithm 32

1. Generate B re-samples {X∗
1 , . . . , X∗

n1
} of size n1 < n with replacement from

the original observations {Xi, i = 1, . . . , n}, where n1 is defined as

n1 = nβb , 0 < βb < 1.

The number of the largest order statistics k1 ∈ {1, ..., n1 − 1} corresponding
to any re-sample relates to k and n by

k = k1

(
n

n1

)αb

, 0 < αb < 1. (7)

2. Estimate B values θ̂n1 using the blocks estimator (4) by each of B re-samples.
3. Calculate the mean squared error (MSE) by the re-samples,

MSE (n1, k1) = (bias (n1, k1))
2 + var (n1, k1) , (8)

where the bias and variance are the following quantities

bias (n1, k1) =
1
B

B∑

b=1

θ̂n1 − θ̂n,

var (n1, k1) =
1

B − 1

B∑

b=1

(
1
B

B∑

b=1

θ̂n1 − θ̂n1

)2

,

and find a minimal MSE (n1, k1) among different k1 ∈ {1, ..., n1 − 1}.
4. Using the obtained k1 find the optimal k by (7) and then the corresponding

estimate θ̂n by (4).

In this case the values αb and βb are not precisely known due to the lack of theory
and we may take αb = 2/3 and βb = 1/2 similar to the tail index estimation
[13].
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3.3 Comparison of Clustering Approaches

Similar to [13] we study a Web graph of the Berkeley-Stanford dataset [10].
Therein, nodes represent Web pages and edges represent hyperlinks between
those pages, [9]. The selected graph contains 685230 nodes and 7600595 edges.

Figures 2 and 3 visualize the clustering of the 10000 most influential nodes
regarding their influence indices based on PR and the MLM as well as the
EI metrics that are estimated by the MLM values of each node by the blocks
estimator (4) combined with the bootstrap method.

Fig. 2. Clustering of the sub-graph of the 10000 most influential nodes with regard
to PR and the MLM from the Berkeley-Stanford dataset: the more intensive colour
reflects the larger value of PR and, the bigger the circle is the larger is the MLM.

We apply Algorithm 31 to partition the network nodes into clusters both by
the EI-values and conductance metrics for all nodes of the considered sub-graph.
Figures 4 and 5 show that the changing shape of the conductance metrics (1)
is close to those ones arising from the EI plots of the PR and the MLM of
corresponding nodes. The EI-plot of PR is more sensitive than that one of the
MLM regarding the community detection. The EI-values of PR and MLM tend
to be similar for larger values of k which is in the agreement with the theoretical
conclusions [11].
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Fig. 3. Clustering of the same graph as in Fig. 2 with regard to EI values of the MLM:
the more and the less intensive colours imply the EIs that are close to 1 and to 0,
respectively.

Fig. 4. Conductance (lower line at k = 300), the blocks estimates of the EI values of
PR (upper line at k = 300) and the MLM (middle line at k = 300) of nodes with their
95% bootstrap confidence intervals against the numbers of nodes k.
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Fig. 5. Clusters of nodes corresponding to conductance steps (a) and to steps of the
EI-plot of the PR (b); Grey circles at left-hand side on top correspond to the smallest
conductance values and EIs equal to 0.7.
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4 Conclusions

We have proposed the EI-clustering algorithm for random networks. It is a new
tool for community detection in random graphs based on the estimation of the
extremal index (EI) of each node from an underlying vertex set. In contrast
to known approaches, the EI index provides the dependence of extremes in the
graph and shows the ability of a randomly selected node to attract highly ranked
nodes in its orbit.

The EI-plots built by the PageRanks and the Max-Linear Model of nodes are
compared with the conductance plot for a real data set. Finally, communities of
nodes are partitioned corresponding to the changes of the shapes regarding the
latter plots.

Our future study will elaborate on an on-line clustering algorithm for random
networks.
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