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NONPARAMETRIC ESTIMATION OF THE RENEWAL FUNCTION
BY EMPIRICAL DATA

Natalia M. Markovich � Institute of Control Sciences, Russian Academy of Sciences,
Moscow, Russia

Udo R. Krieger � Information Systems and Applied Computer Science, Otto-Friedrich
University, Bamberg, Germany

� We consider an estimate of the renewal function (rf) H (t) using a limited number of
independent observations of the interarrival times for an unknown interarrival-time distribution
(itd). The nonparametric estimate is derived from the rf-representation as a series of distribution
functions (dfs) of consecutive arrival times using a finite summation and approximations of the
latter by empirical dfs. Due to the limited number of observed interarrival times, the estimate is
accurate just for closed time intervals [0, t ]. An important aspect is given by the selection of an
optimal number of terms k of the finite sum. Here two methods are proposed: (1) an a priori
choice of k as function of the sample size l which provides almost surely (a.s.) the uniform
convergence of the estimate to the rf for light- and heavy-tailed itds if the time interval is not
too large, and (2) a data-dependent selection of k by a bootstrap method. To evaluate both the
efficiency of the estimate and the selection methods of k, a Monte Carlo study is performed.

Keywords Bootstrap method; Nonparametric estimate; Renewal function.

Mathematics Subject Classification 62G05; 60K05; 62M09.

1. INTRODUCTION

Renewal processes have a wide range of applications in the warranty
control, in the reliability analysis of technical systems and, particularly, of
telecommunication networks such as high-speed packet-switched networks
like the Internet. Normally, measurement facilities count the events
of interest, e.g., the number of requested and transferred Web pages,
incoming or outgoing calls, frames, packets or cells in consecutive time
intervals of fixed length. It is important for planning and control purposes
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to estimate the related traffic load in terms of the mean numbers of
counted events and their variances in these intervals. In such applications
the renewal function (rf) H (t) constitutes the basic characteristic of an
underlying renewal process since by means of this function the expectation
H (t) = �(Nt) and variance var(Nt) of the number of arrivals Nt of the
relevant events before a fixed time instant t can be calculated. It is well
known that the variance of the number of arrivals Nt is equal to

var(Nt) = 2
∫ t

0
H (t − �)dH (�) + H (t) − H 2(t)

(Ref.[12], p. 98, (2.3.7)). To estimate the rf, several realizations of the
counting process may be required, e.g., the observations of the number
of calls within several days. Here we estimate the rf using interarrival
times between events of only one realization of the process. Let F (t) =
���n < t� with F (0+) = 0 denote the common distribution function (df)
of the i.i.d. interarrival times ��n ,n = 1, 2, � � � � of these events. The renewal
counting process �Nt , t ≥ 0� denotes the number of events before time
t , Nt = max�n : tn < t� for t ≥ 0, where tn = ∑n

i=1 �i , t0 = 0 are the arrival
times.

The rf H (t) is expressed by

H (t) = �(Nt) =
∞∑
n=1

��tn < t� =
∞∑
n=1

F ∗n(t) (1)

for t ≥ 0 where F ∗n denotes the n-fold recursive Stieltjes convolution of F .
Several rf-estimation methods have been developed for a known

interarrival-time distribution. Unfortunately, explicit forms of the rf are
obtained only in rare cases, for example, if the interarrival times have
a uniform distribution, or for the wide class of matrix-exponential
distributions (exponential and Erlang distributions belong to this class)
(Ref.[2]). Therefore, several attempts have been made to evaluate the rf
computationally (Refs.[4,6,9,17,25]).

If the mean � and variance �2 of F are finite, then the rf H (t) may be
approximated for large t by an expression

H (t) = t
�

+ �2

2�2
− 1

2
+ ◦(1)

widely used in the literature (Ref.[12]). In Ref.[4] an alternative asymptotic
expression is stated for the case that the Laplace-Stieltjes transform (LST)
of F (t) is a rational function. Such estimates do not perform well for small
times t relative to �, which is especially important for the warranty control
of devices (Ref.[10]).
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In practice, it is a more realistic situation that the distribution is
unknown or that just general information describing it is available. The
restoration of the df or the probability density function (pdf), if the latter
exists, may become complicated if the distributions of the random variables
(rvs) are heavy-tailed. This means that those distributions have heavier
tails than an exponential one (Refs.[7,8,13,18,19]). Weibull distributions with a
shape parameter less than one and Pareto distributions provide examples
of such pdfs. Heavy-tailed distributions often arise in practice, for example,
in insurance and queueing or in the characterization of World Wide Web
(WWW) traffic (Ref.[20]).

In this paper, we propose to estimate the rf without any information
about the form of the underlying distribution and we use only an empirical
sample T l = ��n ,n = 1, 2, � � � , l� of the nonnegative i.i.d. interarrival times
between events of the size l . The stated nonparametric estimate is related
to a histogram-type estimate where the unknown probabilities ��tn < t�
in (1) are replaced by the corresponding empirical dfs and a limited
number of terms k is used in the summation. A similar nonparametric
estimate

Hl(t , k) =
k∑

n=1

F (n)
l (t) (2)

was proposed by Frees[10,11] and further investigated in Ref.[24]. These
authors have used

F (n)
l (t) =

(
l
n

)−1 ∑
c

�(t − (�i1 + · · · + �in ))

as estimate of the arrival-time distribution. Here �(t) = {
1, t≥0
0, t<0 and

∑
c

denotes the sum over all
(

l
n

)
distinct index combinations �i1, i2, � � � , in� of

length n. The U -statistic F (n)
l (t) is a minimum-variance unbiased estimator

of F ∗n(t). In contrast to our estimate (4), which uses just one combination
of adjacent interarrival times, the computation of the Hl(t , k) is awkward.

The accuracy of such types of estimates depends on k. Frees has
obtained the uniform consistency of Hl(t , k) a.s. on compact intervals
[0, t ], 0 ≤ t < ∞, under the assumptions that k = l and F (t) has a positive
mean and finite variance and the asymptotic normality of Hl(t , k) for
each fixed point t under some moment conditions (Ref.[11]). However, the
data-dependent selection of k (which is important for moderate samples)
was not considered in Refs.[10,11,24]. In Ref.[14] the convergence of a non-
computational empirical rf

Hlg (t) =
∞∑
n=1

F̂ ∗n
l (t) (3)
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on � as l → ∞ has been proved. Here, F̂ ∗n
l (t) is the n-fold convolution of

the empirical df Fl(t) based on the sample T l .
In our consideration, we use an unbiased estimate of F ∗n(t), but its

variance is not minimal. We compensate this inaccuracy by the data-
dependent selection of k and the use of larger samples. An a priori choice
of k as a function of the sample size l is proposed to obtain a.s. the uniform
convergence of the estimate to the rf as l → ∞ for light- and heavy-tailed
pdfs. The bootstrap method is applied for a data-dependent choice of k.

The paper is organized as follows. In Section 2 the histogram-type
estimate of the rf is investigated. Theorems 2.1.1., 2.1.2, and 2.1.3, related
to the a.s. uniform convergence of this estimate to the rf are stated. The
selection of the parameter k by the bootstrap method is described for
different time intervals. Section 3 contains a simulation study about the
accuracy of the proposed estimate for different itds and different values
of k selected by the bootstrap method. A comparison with Frees’ estimate
is given. Finally, the findings are summarized in the conclusion. In the
Appendix, the proofs of the theorems of Section 2 are presented.

2. HISTOGRAM-TYPE ESTIMATE OF THE RENEWAL FUNCTION

We consider the estimate of the rf H (t) which was first introduced
in Ref.[16]. Let [r ] denote the integer part of a number r . Inserting
the empirical mean for �(Nt), we replace the df ��tn < t� by the
empirical df Fln (t) = 1

ln

∑ln
i=1 �(t − t in). It is its unbiased estimate and t in =∑n·i

q=1+n(i−1) �q , i = 1, � � � , ln , ln = [
l
n

]
, n = 1, � � � , k, are the observations of

the rv tn . Then one can estimate the renewal function H (t) based on
the samples of independent renewal-time observations t1 = {

t 11 , � � � , t
l1
1

}
, � � � ,

tk = �t 1k , � � � , t
lk
k � by:

H̃ (t , k, l) =
k∑

n=1

1
ln

ln∑
i=1

�(t − t in)� (4)

Note that H̃ (t , k, l) = k holds for t ∈ [tmax(k),∞) where tmax(k) =
max1≤n≤k max1≤i≤ln t

i
n and k is some fixed number.

The errors of the estimation arise both from the approximation of H (t)
in (4) by a finite sum and the approximation of ��tn < t� by the empirical
df Fln (t):

‖H (t) − H̃ (t , k, l)‖ =
∥∥∥∥ ∞∑

n=k+1

��tn < t� +
k∑

n=1

(��tn < t� − Fln (t))
∥∥∥∥� (5)

By this formula one can see that H̃ (t , k, l) as well as the estimator (2) are
biased since k is limited.
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A rough upper bound of the bias is given by

bias(t , k, l) = H (t) − �H̃ (t , k, l) =
∞∑

n=k+1

��tn < t�

≤
∞∑

n=k+1

(F (t))n = (F (t))k+1

1 − F (t)
� (6)

For small t F (t) is generally small and F (t) < 1, thus, this error is small.
To provide a good approximation of ��tn < t� by the empirical df,

according to the Glivenko-Cantelli theorem sufficiently large values ln
should be used, i.e., k < l . Note that lk = 1 for l

2 < k ≤ l , i.e., the sample
tk contains only one point. Therefore, it is reasonable to take k ≤ l

2 . In
the following, we provide an optimized estimate of k. On the other hand,
to provide a good approximation of H (t) by means of H̃ (t , k, l) in general,
the value of k should be large enough. Therefore, the estimate H̃ (t , k, l) is
sensitive to the choice of k and the length of the estimation interval [0, t ].
Obviously, the estimate H̃ (t , k, l) may only be accurate within the interval
[0, tmax(k)] since the sample size l is limited.

2.1. Convergence of the Histogram-Type Estimate

Now we investigate the convergence of the estimate (4) to the rf in
the metric of the space C of continuous functions. To estimate the risk
(5), one is interested in the t -regions [0, t ] ⊆ [0, tmax(k)]. It is the main
problem to estimate the systematic error

∑∞
n=k+1 ��tn < t�. To estimate

it, one needs some information about the df F (t) of the rv � and then
one can use precise large deviation results for ��tn < t�. Such a principal
information may be the existence of the moment generating function
(Cramér’s condition) (Ref.[21]). The rv � satisfies Cramér’s condition
if there exists � > 0 such that �(e ��) < ∞� The Cramér’s condition is
equivalent to an exponential decay rate of 1 − F (t) and it is satisfied for
light-tailed distributions. The Cramér’s condition provides the existence of
all moments of the rv �.

Theorem 2.1.1. Let ��1, � � � , �l� be a sequence of i.i.d. rvs and t ∈ [0, tmax(k)].
We suppose that �|�i |m< ∞ for some integer m ≥ 1, ��i = �, var(�i) = �2,
and that the parameter k obeys

k = k(l) ∼ l � (as l → ∞), 0 < � < 1/3� (7)

Then

�
{
	 : lim

l→∞
sup

t

∣∣H (t) − H̃ (t , k, l)
∣∣ = 0

}
= 1

holds.
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The rate of this uniform convergence may be proved for the class S̃ of
itds such that

1 − F (t) ≥ exp(−
t)

for any t ∈ [0,T ] and some 
 > 0. We assume, without loss of generality,
that [0,T ] = [0, 1]. The class S̃ includes, for example, the exponential
distribution and the Weibull distribution with a shape parameter larger
than one. Hence, it follows for the estimate of the right-hand side of (6):

(F (t))k+1

1 − F (t)
≤ (1 − exp(−
t))k+1

exp(−
t)
�

Then, for F (t) ∈ S̃ the error of an approximation by (4) in the metric of
C is estimated by

sup
t

|H (t) − H̃ (t , k, l)|

≤ sup
t

(
(1 − exp(−
t))k+1

exp(−
t)
+

∣∣∣∣ k∑
n=1

(��tn < t� − Fln (t))
∣∣∣∣
)
� (8)

Theorem 2.1.2. If ��1, � � � , �l� is an i.i.d. sample with the df F ∈ S̃ , t ∈ [0, 1]
and the parameter k = c · l � (c = c(
, �, �) > 0), 0 < � < 1/3 − (2/3)�,
0 < � < 1/2, then the asymptotic rate of convergence of the estimate H̃ (t , k, l) to
H (t) is given by the expression

�
{
	 : lim

l→∞
sup

t
l �

∣∣H (t) − H̃ (t , k, l)
∣∣ ≤ c1

}
= 1,

where c1 is a constant that is independent of l .

Then the following confidence interval is derived for the rf.

Corollary 2.1.1. If the assumptions of Theorem 2.1.2 hold, then the following
inequalities hold with a probability of at least 1 − �, 0 < � < 1:

H̃ (t , k, l) − D ≤ H (t) ≤ H̃ (t , k, l) + D,

where

D = l−� + k

√
−k ln(�/2)

2l
�

In practice, interarrival times are often described by distributions
with heavy tails (Refs.[5,13]). Two classes of heavy-tailed distributions
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are well known: the distributions with regularly varying tails where
1 − F (t) = t−�L(t), t > 0, � > 0, and L is a slowly varying function, and
the subexponential distributions, i.e., the distributions with the property:
for any 
 > 0 there exists T = T (
, F ) such that for any t > T , 1 − F (t) >
exp(−
t). It is the specific feature of heavy-tailed distributions that they do
not satisfy Cramér’s condition.

If t is not too large, an approximation of ��tn > t� by the tail of the

standard normal distribution �(x) = 1√
2�

∫ ∞
x e− y2

2 dy is used for heavy-tailed
distributions, namely,

��tn > t� ∼ �

(
t√
n

)
(9)

(this means that limn→∞ sup0<t< cn
hn

∣∣∣��tn>t�

�

(
t√
n

) − 1
∣∣∣ = 0) if t ∈ (

0, cn
hn

)
for any

choice of the sequence hn → ∞ as n → ∞ (Ref.[18]).
Several threshold sequences cn are proposed by different authors. For

example, for a Weibull distribution with a shape parameter 0 < � ≤ 0�5,
cn/hn ∼ n1/(2−�) and for 0�5 < � < 1, cn/hn ∼ n2/3, for distributions with
regularly varying tails and � > 2, cn/hn may be ∼n0�5 ln0�5 n (Ref.[19]). Hence,
the following theorem can be proved.

Theorem 2.1.3. If ��1, � � � , �l� is a sequence of i.i.d. rvs with the heavy-tailed df
F (t), t ∈ (

0,min
(
tmax(k),

ck
hk

)]
, and the parameter k obeys (7), then

�
{
	 : lim

l→∞
sup

t

∣∣H (t) − H̃ (t , k, l)
∣∣ = 0

}
= 1

holds.

The theorems determine the values of k as functions of the sample
size l . These values k are given only up to a rough asymptotic equivalence.
For instance, k can be multiplied by any positive constant and the theorems
remain valid. In practice, one needs exact optimal values of k which are
adapted to the empirical data. Therefore, we subsequently consider a data-
dependent selection of k.

2.2. Selection of k by a Bootstrap Method

Using empirical data, the automatic choice of k can be done by
minimizing the bootstrap estimate of the mean squared error of H (t) for
fixed t , i.e.,

MSE(t , k, l) = �(H̃ (t , k, l) − H (t))2 → min
k

�
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The bootstrap estimate is obtained by drawing B re-samples with
replacement from the original data set T l . Some observations from T l may
appear more than once while others do not appear at all.

Considering the solution of several problems of statistics like the
choice of smoothing parameters of the kernel estimator for a pdf,
a nonparametric regression or Hill’s estimate of a tail index, it is
recommended to use smaller re-samples of the size l1 < l . It is the goal to
avoid the situation when the bootstrap estimate of the bias is equal to zero
regardless of the non-zero true bias of the estimator (Ref.[15]).

The bootstrap estimate of the rf that is constructed from T l by some of
the re-samples T ∗

l1
= ��∗

1, � � � , �
∗
l1
� of size l1 is given in a way similar to (4) by

H̃ ∗(t , k1, l1) =
k1∑
n=1

1
l 1n

l1n∑
i=1

�(t − t ∗in ), l 1n = [l1/n], t ∗in =
ni∑

q=1+n(i−1)

�∗
q �

The values l1 and l may be related by

l1 = l �, 0 < � < 1� (10)

The values k1 and k are related by

k = k1(l/l1)�, 0 < � < 1� (11)

The problem arises which � and � should be taken. Considering the
related problem to choose the smoothing parameter in the case of a
nonparametric pdf estimator or nonparametric regression, Hall[15] has
derived by means of an asymptotic theory that � = 1/2 leads to the most
accurate results. Regarding the bootstrap estimation of the parameter of
Hill’s estimate � = 2/3 has been recommended.

The bias and the variance of H̃ ∗(t , k1, l1) are given by

b∗(t , l1, k1) = ��H̃ ∗(t , k1, l1) |T l� − H̃ (t , k, l) (12)

and

var∗(t , l1, k1) = ��H̃ ∗(t , k1, l1)2 |T l� − (
�

{
H̃ ∗(t , k1, l1) |T l

})2
, (13)

respectively. Here, T l is fixed and the expectation is calculated over
all theoretically possible re-samples T ∗

l1
of T l with the size l1. Then the

bootstrap estimate of the MSE(t , k, l) is determined by

MSE ∗(t , k1, l1) = ��(H̃ ∗(t , k1, l1) − H̃ (t , k, l))2 |T l�

= (b∗(t , l1, k1))2 + var∗(t , l1, k1)�
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In the following, we will show that minimizing MSE ∗(t , k1, l1) by k1 is as
awkward as the calculation of the estimator (2). The problem arises from
the calculation of the subsequently considered statistic Fln (t). It coincides
with the statistic F̂ ∗n

l (t), see (3), and it is close to the U -statistic F (n)
l (t).

We note the difference that Fln (t) is calculated over all combinations of
n observations with possible repetitions. Namely, there are l , l 2,� � � , l k1

re-samples from T l of sizes 1, 2, � � � , k1, respectively. Then

��H̃ ∗(t , k1, l1) |T l� = �
{ k1∑

n=1

1
l 1n

l1n∑
i=1

�(t − t ∗in ) |T l

}

=
k1∑
n=1

1
l n

l∑
i1=1

· · ·
l∑

in=1

�(t − (�i1 + · · · + �in )) =
k1∑
n=1

Fln (t)

(14)

holds. Hence, by (12) and (14) one can see that the bias of the bootstrap
approach does not depend on l1, i.e.,

b∗(t , l , k1) =
k1∑
n=1

Fln (t) − H̃ (t , k, l)� (15)

When re-samples of size l are used, then the bias of the bootstrap

b∗(t , l , k) =
k∑

n=1

Fln (t) − H̃ (t , k, l)

may be close to 0 for sufficiently large l (since Fln and Fln may not differ so
much), but for k = 1 it is equal to 0 since l n = ln regardless of the true bias
of H̃ (t , 1, l) (see (6)).

Independent of the values k1 and l1 the bootstrap variance is equal to 0.
This property follows from (13), (14) and the expression

��H̃ ∗(t , k1, l1)2 |T l�

=
k1∑
n=1

k1∑
m=1

1
l n+m

l∑
i1=1

· · ·
l∑

in=1

l∑
j1=1

� � �

· · ·
l∑

jm=1

�(t − max(�i1 + · · · + �in , �j1 + · · · + �jm ))�
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Hence, the bootstrap estimate of the MSE(t , k, l) is given by

MSE ∗(t , k1, l) = b∗(t , l , k1)2� (16)

However, it is a problem that the statistic Fln (t) cannot be computed easily.
The idea to use the empirical estimate of b∗(t , l , k1)

b̂∗(t , l1, k1) = 1
B

B∑
b=1

H b(t , k1, l1) − H̃ (t , k, l)

(where B denotes the number of l1-sized re-samples) instead of the actual
bootstrap bias may give rough results. Here, we denote by H b(t , k1, l1)
the estimate (4) constructed by some re-sample. By the same reasons we
suggest to minimize in practice the empirical estimate of MSE ∗(t , k1, l)

M̂SE
∗
(t , k1, l1) = b̂∗(t , l1, k1)2 + v̂ar∗(t , l1, k1), (17)

where

v̂ar∗(t , l1, k1) = 1
B − 1

B∑
b=1

(
H b(t , k1, l1) − 1

B

B∑
b=1

H b(t , k1, l1)
)2

is an empirical estimate of the bootstrap variance. All possible values of k1
should be examined, where k1 is an integer in the interval [1, [l1/2]].

The estimate Hl(t , k) requires A1 = ∑k
n=1

( l
n

)
(n + 1) = 2l(1 + l/2) −∑l

n=k+1

( l
n

) − ∑l
n=k+1 n

( l
n

) − 1 operations, whereas H̃ (t , k, l) requires A2 =∑k
n=1

[
l
n

]
(n + 1) operations. The selection of k in H̃ (t , k, l) by means of

the empirical bootstrap method (i.e., the minimization of (17)) requires
additionally to A2 A3 = ∑[l1/2]

k1=1

(
B

∑k1
n1=1

[ l1
n1

]
(n1 + 1) + 6

)
operations. Note,

that

Sk =
k∑

n=1

1
n

= c + �(k) + 1
k
,

where c ≈ 0�5772 is Euler’s constant, �(z) = � ′(z)/�(z), �(·) is the Gamma-
function (Ref.[23]). We suppose for simplicity that [l/n] = l/n, [l1/n1] =
l1/n1, [l1/2] = l1/2 and k = [l/2] = l/2. By Ref.[23] it holds

l/2∑
n=0

(
l
n

)
= 2l−1 + 1 + (−1)l

4

(
l
l/2

)
,
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hence, we have

A1 = 2l−1(1 + l) + 1 + (−1)l

4

(
l
l/2

)
− 1 −

l∑
n=l/2+1

n
(
l
n

)
,

A2 = l(l/2 + Sl/2), A3 = Bl1

(
l1(2 + l1)/8 +

l1/2∑
k1=1

Sk1

)
+ 3l1�

Hence, for example, when k = 10, l = 20 we have A1 = 5�86 · 106, A2 =
258�579, A1/A2 = 2�266 · 104. Let B = 50, l1 = 6 ≈ l 0�6 then A3 = 3�118 · 103
and A1/(A2 + A3) = 1�735 · 103.

3. A SIMULATION STUDY

To evaluate the performance of the bootstrap approach, we have to
investigate the influence of the values � and � in (10) and (11) by a Monte-
Carlo simulation. The following values � ∈ �0�1, 0�2, 0�3, 0�4, 0�5, 0�6, 0�7�
are used for a � ∈ �0�3, 0�5, 0�7�. Let [0,T ] be the interval of the estimation.
The provided times are given by T ∈ �0�5, 2�5, 4�5, 6�5, 8�5, 10�. We generate
samples with the known pdfs

f1(t) =
{
� exp (−�t), t ≥ 0,
0, t < 0,

of an exponential distribution with the parameter � = 1,

f2(t) =
{
t s−1�−s exp(−t/�)/�(s), t > 0,
0, t ≤ 0,

of a Gamma distribution Ga(�, s) with the parameters s = 2 and � = 1,

f3(t) =
{
st s−1 exp(−t s), t > 0,
0, t ≤ 0,

of a Weibull distribution with s = 0�5. The latter distribution is heavy-
tailed and subexponential. It is one of the most interesting distributions in
reliability engineering where the pdf is singular.

For f1(t) and f2(t) the rfs are determined by H1(t) = �t and H2(t) =
0�5 · (t − 0�5 + 0�5 exp(−2t)), respectively. For f3(t) an explicit form of the
rf is unknown. Therefore, we use the results of a numerical approximation
by Xie’s RS-method as H3(t) since this method provides rather accurate
results for a known pdf and a correctly selected step size h = t

N . Here N is
the number of points inside the interval [0, t ] (Ref.[25]). Strictly speaking,
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H (i) is recursively calculated by

H (i) ≈ F 1(i) + ∑i−1
j=1 F (i − j)(H (j) − H (j − 1)) − F 0H (i − 1)

1 − F 0
,

where 0 = z0 < z1 < · · · < zN = t and H (i) = H
(
i·t
N

)
, F (i) = F

(
(i+0�5)t

N

)
,

F 0 = F
(
0�5 t

N

)
, F 1(i) = F

(
it
N

)
are used.

In Tables 1 and 2 one can see the bias and mean squared error of the
estimate (4) calculated by 200 repeated samples for the given f1(t) and
f2(t). The parameter k in (4) is determined by the bootstrap method. The
sample size l = 50 and the number B = 50 of bootstrap re-samples were
taken. In order to understand the results of Tables 1–3 and Figures 1 and
2 may be helpful. The values MSE and BIAS are the averages of absolute
values of MSE and BIAS over all different T for each fixed tuple (�, �). In
Figures 1 and 2, the left figures correspond to Table 1 and the right figures
to Table 2. In Table 3, one can see the corresponding minimal values of
MSE and BIAS for a Gamma and an exponential distribution.

From Tables 1–3 and Figures 1 and 2 one can see that

• � = 0�7, � = 0�3 provide the minimal MSE ;
• the better trade-off between the averages MSE and BIAS is provided by
� = 0�7, � ∈ �0�3, 0�5�;

• the mean squared error increases if the time interval [0,T ] of the
estimation is extended.

One can observe that the bias and, consequently, the MSE arising from
an exponential distribution are worse than those of a Gamma distribution,
especially for large T . Obviously, the difference stems from the fact that
an exponential tail is heavier than a Gamma tail. By our experience we
know that the bias and the MSE of the heavy-tailed Weibull distribution
f3(t) are worse than those of the exponential distribution f1(t). These
results do not contradict the theory. Namely, the central limit theorem is
fulfilled for heavy-tailed distributions just for relatively small time intervals
(see (9)). The width of these intervals is established asymptotically and
depends on the shape parameters which determine how heavy the tail
of the distribution is. This theoretical fact is partly supported by our
experiment with moderate samples since we have considered the same time
intervals [0,T ] both for f1(t) and f2(t).

In Figures 3–5, Xie’s estimate and the histogram-type estimate are
shown for the pdf f3(t) and the pdf

f4(t) =


c
�

(
�

� + t

)c+1

, t > 0,

0, t ≤ 0,
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TABLE 1 Quality of estimate (4): Gamma (s = 2, � = 1, �� = 2), sample size l = 50

� = 0�3 � = 0�5 � = 0�7

BIAS MSE BIAS MSE BIAS MSE
T � ·104 ·104 ·104 ·104 ·104 ·104

0�5 0.1 −26�99 17�5 82�3 21�36 45�3 17�18
0.2 26�3 20�06 −16�99 19�09 −13�7 16�74
0.3 23�3 15�67 18�3 19�05 29�3 19�21
0.4 59�3 23�45 −26�7 18�03 14�3 17�74
0.5 −31�57 19�62 39�3 17�09 −23�7 18�17
0.6 14�3 18�14 50�43 23�12 14�3 19�82
0.7 −68�7 19�59 32�3 20�51 −36�7 15�91

2�5 0.1 −280 210 −270 200 −220 260
0.2 −530 170 −270 230 −230 200
0.3 −110 290 −390 230 −260 230
0.4 −140 250 −120 250 −98�68 250
0.5 76�86 250 36�35 270 −40�05 280
0.6 64�45 230 83�03 270 −320 250
0.7 −68�84 260 −76�26 280 −68�47 270

4�5 0.1 −1840 910 −1660 750 −570 690
0.2 −1400 1130 −1310 650 −760 660
0.3 −240 800 −1010 850 −670 620
0.4 260 670 −200 610 24�27 880
0.5 120 690 99�1 710 −190 760
0.6 −26�1 600 230 890 −130 780
0.7 110 630 −1040 670 −350 720

6�5 0.1 −4700 4360 −3090 2560 −1300 1570
0.2 −3970 4770 −2680 2800 −1630 1570
0.3 −330 1540 2330 3310 −1500 1770
0.4 −280 1600 −320 1410 −880 1820
0.5 −870 1260 −390 1330 −540 1940
0.6 410 1340 −540 1500 −57�84 1800
0.7 −7�029 1270 260 1510 360 1410

8�5 0.1 −7070 11100 −6160 7920 −2870 4130
0.2 −8920 18220 −6060 10400 −2620 4320
0.3 −1720 3530 −5280 11640 −2470 4350
0.4 −1140 3570 −710 2480 −2540 5870
0.5 290 2220 −170 2730 −840 1900
0.6 −130 2150 −170 2040 −1940 5630
0.7 150 2430 320 2360 280 2210

10 0.1 −11340 18530 −8180 14530 −5550 7060
0.2 −17940 46720 −7290 16290 −4260 8400
0.3 −4560 8850 −10660 29870 −4670 1120
0.4 −4370 8770 −1120 3290 −4750 13830
0.5 −340 3360 −1620 4510 −6370 18730
0.6 87�66 3240 300 2750 −3920 11810
0.7 −240 2680 −570 3200 450 3180
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TABLE 2 Quality of estimate (4): Exp (� = 1, �� = 1), sample size l = 50

� = 0�3 � = 0�5 � = 0�7

BIAS MSE BIAS MSE BIAS MSE
T � ·104 ·104 ·104 ·104 ·104 ·104

0�5 0.1 −170 120 −280 130 −220 130
0.2 −250 140 −120 130 −100 140
0.3 63�17 180 −110 160 −220 140
0.4 −170 130 −180 180 −87 170
0.5 38�92 140 160 160 −41�12 150
0.6 −94�96 200 96�71 160 −21�37 130
0.7 −14�29 160 39�46 160 83�21 170

2�5 0.1 −5580 4620 −4160 2920 −2760 2190
0.2 −4290 4430 −4750 3780 −3100 2250
0.3 −810 2240 −4600 4100 −3300 2809
0.4 −1760 1990 −520 1705 −2060 2540
0.5 −300 1500 −360 1800 −1620 2520
0.6 −240 1780 −91�67 1780 −1480 2340
0.7 200 1900 −310 1790 10�83 1980

4�5 0.1 −13190 24050 −11850 21340 −8880 12660
0.2 −14970 35240 −12300 27260 −8190 14160
0.3 −5920 11690 −11990 34250 −11140 23220
0.4 −6370 12122 8570 7344 15500 24025
0.5 −1530 4914 8980 8064 −8940 23720
0.6 −340 5970 −690 5530 −10160 28880
0.7 −340 6050 −580 4760 −840 4750

6�5 0.1 −29770 93881 −17910 53084 −16540 45496
0.2 −43990 196426 −25250 96100 −17600 56929
0.3 −29560 98470 −25900 121243 −20780 79919
0.4 −30890 104522 −10460 38887 −25240 111020
0.5 −16080 37133 −7080 31541 −24060 112225
0.6 −5660 11534 −3200 15951 −24000 110622
0.7 −970 7691 −1290 12454 −3420 20050

8�5 0.1 −47860 232324 −28200 116417 −24310 98658
0.2 −65030 422890 −44620 242950 −29930 148687
0.3 −54830 301401 −51080 325356 −35690 206116
0.4 −54720 300523 −27000 143110 −40360 266565
0.5 −43610 194481 −24240 127377 −4220 279417
0.6 −29300 97281 −12490 54102 −39760 269464
0.7 −15120 34040 −8290 39720 −16810 89880

10 0.1 −60990 372954 −46240 246810 −32180 152412
0.2 −8000 160000 −65010 447293 −43990 287296
0.3 −70040 490560 −75810 598302 −48620 345162
0.4 −70030 490420 −55120 370272 −51640 424061
0.5 −60020 360600 −52790 348808 −56520 387048
0.6 −48530 239806 −30320 163944 −55660 451449
0.7 −35700 137418 −28160 150466 −17800 141676
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TABLE 3 The minimal values minMSE and minBIAS of averages MSE
and BIAS calculated by Tables 1, 2 and corresponding � and �

Gamma distribution

minMSE 0�121 (�, �) = (0�7, 0�3)
minBIAS 0�011 (�, �) = (0�7, 0�3)

Exponential distribution
minMSE 3�121 (�, �) = (0�7, 0�3)
minBIAS 0�6445 (�, �) = (0�7, 0�5)

of a Pareto distribution with the parameters c = 0�5, � = 0�5 at the time
interval [0, 5], as well as for the exponential pdf with � = 1. The sample
size l = 100 is used. The parameter k has been selected by the bootstrap
method with parameters (�, �) ∈ �(0�7, 0�3); (0�7, 0�5); (0�7, 0�7); (0�1, 0�5);
(0�4, 0�5)�. Regarding the bootstrap the number B = 50 of re-samples was
taken. In Figures 4 and 5, the lines corresponding to (�, �) ∈ �(0�7, 0�3);
(0�7, 0�5); (0�7, 0�7)� coincide with each other. In Figure 3, the line
corresponding to (�, �) = (0�7, 0�7) differs from those lines with (�, �) ∈
�(0�7, 0�3); (0�7, 0�5)� approximately at the interval [2�3, 3]. One can see
that the curves corresponding to k selected by bootstrap with (�, �) ∈
�(0�7, 0�3); (0�7, 0�5)� for f3(t) and with (�, �) ∈ �(0�7, 0�3); (0�7, 0�5);
(0�7, 0�7)� for the Pareto and exponential pdf’s are closer to the true
rf than all other curves. The line with (�, �) = (0�4, 0�5) is better than
that with (�, �) = (0�1, 0�5), especially for the Pareto pdf. The figures
support our previous conclusion regarding the prevalence of � = 0�7 and
� ∈ �0�3, 0�5�.

FIGURE 1 The averages of the MSE s from Tables 1, 2 over different T for fixed � = 0�1(0�1)0�7,
� ∈ �0�3, 0�5, 0�7� and for a Gamma distribution (left) and an exponential distribution (right).
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FIGURE 2 The averages of absolute values of BIASs in Tables 1, 2 over different T for fixed � =
0�1(0�1)0�7, � ∈ �0�3, 0�5, 0�7� and for a Gamma distribution (left) and an exponential distribution
(right).

FIGURE 3 Estimation of the renewal function of a Weibull distribution: H̃ (t , k, l) against t .
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FIGURE 4 Estimation of the renewal function of a Pareto distribution: H̃ (t , k, l) against t .

The figures also illustrate the following phenomenon. Referring to
formula (4) one can see that for some fixed t the value of H̃ (t , k, l)
may not change any more as k increases. For example, we have for
f3(t) (Figure 3) and t = 3 that k ∈ �3; 3; 26; 29; 36� for (�, �) ∈ �(0�1, 0�3);
(0�4, 0�5); (0�7, 0�7); (0�7, 0�3); (0�7, 0�5)�, respectively. It reflects the
situation when the corresponding �t in� are larger than t and the
corresponding terms in sum (4) are equal to 0.

The second part of the simulation study relates to the comparison
with Frees’ tables presented in Ref.[10]. For this purpose samples of the
log normal distribution with density f (x) = (x�

√
(2�))−1 exp(−(log x −

�)2/(2�2)), where � = 0 and �2 = 1 and of the Weibull distribution
with s = 3 (not heavy-tailed Weibull) have been generated. The Gamma
distribution Ga(1, 0.55) presented in Ref.[10] was not considered. Since the
generator of Gamma random variates (Ref.[1]) used in Ref.[10] is not reliable
for small samples, it influences adversely on the accuracy of the results of
a simulation study.

The provided times are given by T ∈ �0�25, 0�5, 0�75, 1�0, 1�25�
and l ∈ �10, 15, 20, 25, 30, 100� are the samples sizes. As in Ref.[10] two
characteristics, the bias and the mean squared error of the estimates,
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FIGURE 5 Estimation of the renewal function of an exponential distribution: H̃ (t , k, l) against t .

were calculated over 500 Monte Carlo repetitions and H (t) is the true rf.
For the fixed number of points T and for the mentioned distributions
the latter was taken from those tables presented in Ref.[3]. The results
of the calculation are presented in Tables 5 to 8. Frees’ results are
included here, where H3n(t) denotes the estimate (2). Since (2) requires
much computational effort, only k ∈ �5, 10� and l ≤ 30 were considered.
Considering (4), the parameter k is calculated by the bootstrap method,
i.e., by minimizing (17) by k1, where l1 and k1 are related to l and k by
the formulas (10) and (11) with the parameters � = 0�7 and � = 0�3. The
number B = 50 of bootstrap re-samples was taken. The Tables 5 to 8 show

TABLE 4 Comparison of H3n(t) for the sample size 30 and H̃ (t) for the
sample size 100 regarding averages of the MSE and the |BIAS | for
different distributions

Distribution MSEH3n /MSEH̃ |BIAS |H3n
/|BIAS |H̃

Log normal 2.62 2.7
Weibull 2.25 1.69
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TABLE 5 Part I: Log normal (� = 0, � = 1, �� = exp(1/2))

H3n(t) (k = 5) H3n(t) (k = 10) H̃ (t , k, l) (kboot )

BIAS MSE BIAS MSE BIAS MSE
Size T ·104 ·104 ·104 ·104 ·104 ·104

10 0�25 −1 77 −1 77 44�24 77�25
0�5 149 255 149 255 55�69 270
0�75 128 422 128 422 43�35 610
1 163 659 −163 659 63�68 800
1�25 117 918 117 918 −51�65 1220

15 0�25 1 54 1 54 10�21 53�47
0�5 123 179 123 179 59�68 190
0�75 99 296 99 296 −33�54 360
1 133 443 123 443 −100 620
1�25 93 619 93 619 35�89 890

that for all estimates

(a) the mean squared error increases as T increases;
(b) for any fixed T the mean squared error decreases as l becomes larger;
(c) the bias does not exhibit a stable behavior.

TABLE 6 Part II: Log normal (� = 0, � = 1, �� = exp(1/2))

H3n(t) (k = 5) H̃ (t , k, l) (kboot )

BIAS MSE BIAS MSE
Size T ·104 ·104 ·104 ·104

20 0�25 −10 38 −52�57 36�04
0�5 94 124 −22�15 130
0�75 95 218 59�99 280
1 141 329 −61�07 390
1�25 126 452 55�8 600

25 0�25 16 29 16�62 29�71
0�5 111 101 −37�62 100
0�75 123 188 30�21 200
1 179 277 110 340
1�25 185 384 −120 520

30 0�25 9 23 15�63 26�05
0�5 79 80 −31�47 77�29
0�75 67 151 −29�83 150
1 96 218 −66�82 320
1�25 112 305 −100 430

100 0�25 n.a. n.a. −49�98 7�425
0�5 n.a. n.a. −24�53 27�44
0�75 n.a. n.a. −16�75 52�76
1 n.a. n.a. −21�61 88�89
1�25 n.a. n.a. −20�67 120
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TABLE 7 Part I: Weibull (s = 3, �� = 0�89)

H3n(t) (k = 5) H3n(t) (k = 10) H̃ (t , k, l) (kboot , (�, �) = (0�5, 0�7))

BIAS MSE BIAS MSE BIAS MSE
Size T ·104 ·104 ·104 ·104 ·104 ·104

10 0�25 −12 15 −12 15 −8�295 13�79
0�5 9 98 9 98 −19�33 100
0�75 16 238 16 238 7�938 260
1 −8 318 −8 318 16�52 370
1�25 −35 307 −35 307 34�9 440

15 0�25 −17 9 −17 9 −6�965 9�494
0�5 −13 71 −13 71 28�48 79�1
0�75 36 177 36 177 −40�44 190
1 9 211 9 211 9�58 260
1�25 −20 219 −20 219 71�88 320

Comparing H̃ (t , k, l) with H3n(t) one may conclude that

(a) biases and mean squared errors of H̃ (t , k, l) and H3n(t) are
comparable for the same sample sizes;

(b) increasing the sample size provides better accuracy regarding H̃ (t , k, l)
as shown in Table 4, where MSEH3n , MSEH̃ and |BIAS |H3n

, |BIAS |H̃ are

TABLE 8 Part II: Weibull (s = 3, �� = 0�89)

H3n(t) (k = 5) H̃ (t , k, l) (kboot )

BIAS MSE BIAS MSE
Size T ·104 ·104 ·104 ·104

20 0�25 −12 7 −2�307 7�818
0�5 1 53 12�61 59�16
0�75 43 130 47�86 130
1 34 174 −14�42 200
1�25 35 171 25�26 230

25 0�25 −13 6 16�46 6�059
0�5 −12 38 13�47 48�87
0�75 1 104 −92�19 120
1 −12 130 12�23 160
1�25 13 125 −14�9 200

30 0�25 −14 5 −2�973 5�554
0�5 −39 31 −22�65 38�53
0�75 −35 90 −25�33 92�53
1 −46 114 −58�66 130
1�25 −47 111 16�28 160

100 0�25 n.a. n.a. 8�271 1�582
0�5 n.a. n.a. 6�621 11�29
0�75 n.a. n.a. −7�625 29�3
1 n.a. n.a. 22�16 46�03
1�25 n.a. n.a. −61�99 67�3
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averages of the MSE and the |BIAS | over different T . The averaging
was provided using the results of Tables 6 and 8 when the sample size
is equal to 30 in the case of H3n and equal to 100 regarding H̃ .

4. CONCLUSIONS AND DISCUSSION

In this paper we have developed and investigated a nonparametric
histogram-type estimate of the renewal function (rf) which does not
require any knowledge about the form of the interarrival-time distribution.

Due to the limited number of empirical data the histogram-type
estimate (as well as Frees’ estimate (2)) can be applied for closed time
intervals [0, t ] with a relative small t . Compared to Frees’ estimate F (n)

l (t) of
the arrival-time distribution F ∗n(t) in (2), the estimate (4) proposed here
uses a simpler and rougher estimate of F ∗n(t). The rf H (t) is approximated
by a finite sum of estimates of the arrival-time distributions with k terms.
The parameter k is selected to compensate the error of the risk function.
The estimate (4) may be computed for sufficiently large l and k which is
not realistic for (2).

The Theorems 2.1.1 and 2.1.3 state both for heavy- and light-tailed
interarrival-time distributions (itds) those values of the parameter k as
functions of the sample size which provide a.s. the uniform convergence
of the histogram-type estimate (4) to the true rf for sufficiently small t .
It is proved that a smaller value of k (k < l) than in Ref.[11] is sufficient to
get a reliable estimate of the rf. In Theorem 2.1.2 the rate of the uniform
convergence and a confidence interval of the rf for the specific class of
itds with an exponential decay rate of the tails are presented. But these
theorems determine k only up to a rough asymptotic equivalence. Such a
value k does not depend on the empirical data. This feature may influence
the accuracy of the estimation.

To estimate k by samples of a moderate size, the bootstrap method
is used. Following Hall’s idea Ref.[15], a smaller re-sample size l1 (and k1,
respectively) is used to avoid the situation where the bootstrap estimate of
the bias is equal or close to zero regardless of the true bias of the estimate.
Then the bootstrap estimate of the mean squared error MSE(t , k, l) =
��(H̃ (t , l , k) − H (t))2�, i.e., ��(H̃ (t , l1, k1) − H̃ (t , l , k))2 |T l�, is minimized
by k1, where H̃ (t , l1, k1) is the rf estimate derived from one of the
re-samples. The relevant relationships between l and l1 as well as between
k and k1 are found by a Monte Carlo study.

It has been shown that the bias and the mean squared error of the
histogram-type estimate (4) with a bootstrap selected k are comparable with
those characteristics of Frees’ estimate (2) for samples of the same sizes.
For larger samples the mean squared error of H̃ (t , k, l) is less than that of
Frees’ estimate.
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The amount of operations required by (4) with the bootstrap selection
of k is much less than that of Frees’ estimate.

In conclusion, a reliable computationally tractable histogram-type
estimate of the renewal function has been investigated that is also
applicable to heavy-tailed interarrival-time distributions.

APPENDIX

Proof of Theorem 2.1.1. By (5) we get for 0 ≤ t ≤ tmax(k):

sup
t

∣∣H (t) − H̃ (t , k, l)
∣∣ ≤ sup

t

∞∑
n=k+1

��tn < t� + k max
1≤n≤k

sup
t

|��tn < t� − Fln (t)|�

Under the conditions of the theorem it follows by well-known results
that

�
{
tn − n�
�
√
n

< t
}

= �(t) +
m−2∑
i=1

Qi(t)
ni/2

+ o
(
n−(m−2)/2

)
(18)

holds uniformly in t ∈ (−∞,∞), where Qi are expressions involving the
density function �(x) = (2�)−1/2 exp�−x2/2� of the standard normal df �,
the Hermite polynomials and semi-invariants of �i (Ref.[8], Theorem 2.3.2,
p. 85; Ref.[21]). Particularly,

Q1(x) = �(x)
1 − x2

6
�(�1 − �)3

�2

and for m = 3

�
{
tn − n�
�
√
n

< t
}

= �(t) + �(�1 − �)3

6�3
√
n

(1 − t 2)
1√
2�

exp�−t 2/2� + o
(

1√
n

)
holds.

Hence, ��tn < t� is defined like the right-hand side of (18) with the
replacement of t by (t − n�)/(�

√
n).

Hence,
∑∞

n=1 ��tn < t� converges for m ≥ 3 and

∞∑
n=k+1

��tn < t� ≤ c , c > 0 (19)

holds. If

k max
1≤n≤k

sup
t

|��tn < t� − Fln (t)| ≤ �
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holds for any constant � > 0, then at t ∈ [0, tmax(k)]
sup

t
|H (t) − H̃ (t , k, l)| ≤ c + �

follows. Hence:

�
{
sup

t
|H (t) − H̃ (t , k, l)| > c + �

}
< �

{
k max

1≤n≤k
sup

t
|��tn < t� − Fln (t)| > �

}
�

The right-hand side may be estimated using the asymptotical estimate of
the convergence rate of the empirical df to the true df (Ref.[22])

�
{
sup

t
|��tn < t� − Fln (t)| > �

}
≤ 2 exp(−2ln�2), (20)

which is satisfied for sufficiently large l . Then it follows

�
{
sup

t
|H (t) − H̃ (t , k, l)|> c + �

}
< 2 exp

(
−2

l
k3
�2

)
= P (�, l , k)�

Since k ∼ l �, 0 < � < 1/3, holds, the series
∑∞

l=1 P (�, l , k) converges at least
for one � > 0, and according to the Borel-Cantelli lemma the assertion of
the theorem follows.

Proof of Theorem 2.1.2. Using (8) we have for t ∈ [0, 1]:
sup

t
|H (t) − H̃ (t , k, l)|

≤ (1 − exp(−
))k+1 exp(
) + k max
1≤n≤k

sup
t

|��tn < t� − Fln (t)|

and for � > 0:

l � sup
t

∣∣H (t) − H̃ (t , k, l)
∣∣

≤ l �(1 − exp(−
))k+1 exp(
) + l �k max
1≤n≤k

sup
t

∣∣��tn < t� − Fln (t)
∣∣�

Since k = c(
) · l �, where � < 1/3 − (2/3)�, 0 < � < 0�5, � > 0, for
sufficiently large l and the corresponding c(
) we get

l �(1 − exp(−
))k+1 exp(
) ≤ 1,

therefore, if

l �k max
1≤n≤k

sup
t

|��tn < t� − Fln (t)| ≤ �
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for any constant � > 0, then it follows

l � sup
t

|H (t) − H̃ (t , k, l)|≤ 1 + ��

Hence,

�
{
l � sup

t
|H (t) − H̃ (t , k, l)|> 1 + �

}
< �

{
l �k max

1≤n≤k
sup

t
|��tn < t� − Fln (t)|> �

}
�

Using (20) we have:

�
{
l � sup

t
|H (t) − H̃ (t , k, l)| > 1 + �

}
< 2 exp

(
− 2

l
k3

(
�

l �

)2)
= P (�, l , k)�

(21)

Since k = c(
) · l � and � + 1�5� < 0�5 holds, the series
∑∞

l=1 P (�, l , k)
converges at least for one � > 0, and according to the Borel–Cantelli
lemma the assertion of the theorem holds.

Proof of Corollary 2.1.1. Let the right-hand side of (21) be equal to
0 < � < 1:

2 exp
(

−2
l
k3

(
�

l �

)2)
= ��

Hence, we have

� = kl �
√

−k ln(�/2)
2l

�

Then one gets the level of the confidence interval D = (1 + �)l−�.

Proof of Theorem 2.1.3. Since for t ∈ (
0, ck

hk

)
expression (9) is valid for

sufficiently large n,

∞∑
n=k+1

��tn < t� ∼
∞∑

n=k+1

�

(
t√
n

)
holds. The expansion at the right-hand side converges. Therefore,∑∞

n=k+1 ��tn < t� < c follows, where c is a constant. The rest of the proof is
similar to the proof of Theorem 2.1.1.
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