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1 Introduction 
The 15th of September, 2008 marks an historic event. Lehman Brothers, the fourth-
largest U.S. investment bank at that time, fled for bankruptcy. The subsequent 
global fnancial crisis 2007/08 was the biggest post-war era downturn. It has not 
only triggered a worldwide recession, but also had negative impact on a humanitar-

ian level given roaring unemployment and suicide rates. The crisis further revealed 
the failure of standard economic models to neither explain nor anticipate these events. 
Those neoclassical models are still dominating within the economics profession, al-
though they are built on doubtful assumptions of e.g. a perfectly rational and fully 
informed representative agent maximizing her utility function or the belief that free 
markets guarantee perfectly efcient price equilibria. In such a perfect world, fnan-
cial crises simply do not exist. It became, hence, apparent that we need new tools 
to better understand the complexity of today’s economic world. In fact, we observe 
complex behavior on a macro-level in fnancial markets. Those emergent phenomena, 
like bubbles and crashes, volatility clustering and fat tails, are universal among difer-
ent kinds of fnancial markets. One approach to study these features is agent-based 
modeling (ABM). The main idea of ABM is that aggregate behavior is reconstructed 
from the bottom-up by computing what emerges from the micro-behavior and lo-
cal interaction of heterogeneous agents. Since human attention capability has been 
proven to be limited in nature, those agents are supposed to have bounded ratio-
nality, a limited amount of processable information and limited computing power. 
Typically, they make use of simple heuristic rules based on local information. Sim-

ulation runs are then used to study the dynamics of the system providing us with 
artifcial laboratories. 
One drawback of ABM is that the modeler is left with enormous degrees of freedom 

in choosing the types of agents and their behavioral rules. Consequently, existing 
models often difer in their assumptions and are perceived as black boxes making 
it hard to clearly detect which macro pattern is a result of which micro property. 
Therefore, we need models that have convincing building blocks, generate realistic 
dynamics and produce reasonable stories. Furthermore, to increase their acceptance 
among economists and policy-makers, we need powerful yet simple models that are 
econometrically tested and verifed. Estimating the parameters of an ABM is, yet, 
a challenging and computationally demanding task. Often, the dynamic properties 
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cannot be studied analytically. Their high dimensionality and inherent non-linearity 
further complicate any estimation approach. 
The goal of this thesis is two-folded. The frst two papers are dedicated to foster 

the research on agent-based fnancial market models by studying two newly developed 
models that aim at explaining a broad number of stylized facts of fnancial markets. 
Chapters 2 and 3 seek to answer how behavioral patterns of speculators may help to 
explain complex phenomena of fnancial markets. 
The frst paper in Chapter 2 studies how market entry decisions of single market 

participants are subject to herding behavior and market risk. The paper shows, both 
analytically and numerically, that speculators’ market entry and exit behavior can 
explain volatility clustering. In fact, herding-induced market entry waves lead to 
an further increased excess demand triggering long-lasting periods of high volatility. 
This then turns into higher stock market risk. Speculator’s evaluation of heightened 
stock market risk drives them out of the market and volatility eventually decreases. 
Simulations show that the model is able to produce prominent statistical properties 
of fnancial markets including bubbles and crashes, excess volatility, fat-tailed return 
distributions and serially uncorrelated price changes. 
The second paper in Chapter 3 introduces a simple agent-based fnancial model in 

which the trading behavior of heterogeneous interacting speculators causes bubbles 
and crashes, excess volatility, serially uncorrelated returns, fat-tailed return distri-
butions, and volatility clustering. Speculators are heterogeneous in their trading be-
havior since they individually derive trading signals from fundamental and technical 
analysis. Consequently, stock prices fuctuate constantly around their fundamental 
values and are excessively volatile. If speculators, however, collectively react to simi-

lar trading signals, heterogeneity spontaneously vanishes and extreme returns emerge. 
Instead of exogenous sunspots, the model endogenously generates short-lived periods 
in which speculators’ behavior is coordinated causing market turmoil. Periods of high 
volatility are long-lasting since speculators persistently receive strong trading signals 
due to past price movements. Numerical simulations also reveal that circuit breakers 
may efectively combat market turbulences. 
The second aim of this thesis is to deepen the understanding of estimation and 

validation approaches when applied to ABM. With the rise of computational power, 
simulation-based methods have become a popular choice. Their basic idea is to 
defne an objective function over a parameter vector that minimizes the distance 
between a set of empirical and simulated moments. This intuitive and transparent 
approach makes simulated moment estimators quite appealing. Although they have 
well-understood mathematical properties, their regularity conditions are not fully met 
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by most ABM leading to biases in the parameter estimates. Chapters 4 and 5 of this 
thesis are going to shed light on the potential difculties when applying simulated 
moment estimators to validate agent-based fnancial market models. 
The paper of Chapter 4 builds on the work of the previous chapter as it takes its 

theoretical model and estimates it. In fact, the goal here is to study the performance 
and properties of a simulated joint moment estimator as guidance for future research. 
We test its ability to recover parameters consistently and efciently using Monte Carlo 
simulations. We focus on the replicability of the study by ofering a transparent, not 
overly technical and easily computable estimation framework. The computational 
burden of the repetitive Monte Carlo runs is reduced by the use of machine-learning 
surrogates. As it turns out, this allows to explore the parameter space at low costs. 
The goal of the fnal paper in Chapter 5 is to further add to the blooming research 

on the estimation of agent-based fnancial market models. This paper deals with the 
impact of broken ergodicity on the convergence of a simulated moment estimator and 
its single moment functions. Ergodicity is, besides stationarity, a precondition for any 
estimation-related approach. Its absence, hence, violates regularity conditions and 
results in uncertainty in terms of biases in the estimates. Therefore, we systematically 
study how to reduce these biases when the computational resources are limited. We 
take two prototype fnancial market ABM for which we run various Monte Carlo 
experiments. We fnd that for most moment functions the convergence times are 
infeasibly long, thus leaving us in pre-asymptopia. Choosing an efcient mix of 
ensemble size and simulated time length can help guiding validation eforts through 
this jungle of uncertainty. 
The research on the empirical validation and estimation of agent-based fnancial 

market models is a very active feld where many diferent approaches have emerged 
during the last decade. They range from information-theoretic similarity-based mea-

sures, over likelihood-based methods to a whole bunch of Bayesian applications. So 
far, the research community has not reached a state of consensus. This is partly 
caused by the immense computational burden that most sophisticated techniques 
sufer from. The thesis is, hence, dedicated to focus on the efciency and feasibility 
of estimation methods allowing them to run on standard computing resources with-
out the need for high-computing clusters. This thesis’ ultimate goal is to advocate 
for inclusive and fully accessible research which is one key to unlock the full potential 
of agent-based modeling. 
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2 Market entry waves and volatility 
outbursts in stock markets 

This chapter contains joint work with Noemi Schmitt and Frank Westerhof which 
has already been published in the Journal of Economic Behavior & Organization, 
2018, Vol. 153: 19-37: https://doi.org/10.1016/j.jebo.2018.03.022. Frank Westerhof 
conceived the original idea of the paper and supervised the project. Noemi Schmitt 
performed the analytical analysis of the model. Ivonne Schwartz worked out the 
numerical simulations for the stochastic dynamics of the model. All three authors 
contributed to equal parts to the discussion of the results and the writing of the fnal 
manuscript. In the following, the published version will be included. 
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We develop a simple agent-based financial market model in which speculators’ market

entry decisions are subject to herding behavior and market risk. In addition, speculators’

orders depend on price trends, market misalignments and fundamental news. Using a mix

of analytical and numerical tools, we show that a herding-induced market entry wave may

amplify excess demand, triggering lasting volatility outbursts. Eventually, however, higher

stock market risk reduces stock market participation and volatility decreases again. Simula- 

tions furthermore reveal that our approach is also able to produce bubbles and crashes, ex- 

cess volatility, fat-tailed return distributions and serially uncorrelated price changes. More- 

over, trading volume is persistent and correlated with volatility.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The goal of our paper is to develop a simple agent-based financial market model to explain a number of important 

stylized facts of stock markets. In particular, we analytically and numerically demonstrate that speculators’ market entry and 

exit behavior may give rise to volatility clustering. Our model’s key features and its main implications may be summarized 

as follows. We assume that there is a market maker who adjusts stock prices with respect to speculators’ orders, which, in 

turn, use technical and fundamental trading rules to determine their trading behavior. Speculators’ market entry decisions 

depend on two socio-economic principles. First, speculators are subject to herding behavior and increasingly enter the stock 

market as the number of active speculators increases. Second, speculators react to stock market risk. The higher the past 

volatility of the stock market, the lower the probability that a speculator will enter the stock market. As it turns out, the 

stock market is relatively stable if the number of active speculators is low. Since stock market risk is then perceived as 

negligible, more and more speculators become active. Consequently, excess demand increases, the market maker adjusts 

stock prices more strongly and volatility picks up. Due to the increase in stock market risk, stock market participation 

eventually decreases again. Confronted with a lower excess demand, the market maker needs to adjust stock prices less 

strongly. 

� Presented at the 23rd International Conference on Computing in Economics and Finance, June 28–30, 2017, New York City, United States of America,

and at the Summer School in Economics and Finance, July 17–21, Alba di Canazei, Italy. We thank the participants, in particular Roberto Dieci and Jan

Tuinstra, for their helpful comments. Our paper also benefited from valuable feedback of an anonymous referee.
∗ Corresponding author.

E-mail address: frank.westerhoff@uni-bamberg.de (F. Westerhoff).
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0167-2681/© 2018 Elsevier B.V. All rights reserved.
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We also show that the repeated inflow and outflow of speculators along with their heterogeneous trading behavior may 

produce bubbles and crashes, excess volatility, serially uncorrelated returns and a fat-tailed return distribution. Moreover, 

trading volume displays significant memory effects and is strongly correlated with volatility. Keeping track of the individual 

speculators’ wealth dynamics reveals that heterogeneity among speculators may be a persistent phenomenon of financial 

markets, i.e. neither do a few speculators accumulate all the wealth and dominate the market nor does a substantial fraction 

of speculators go bankrupt and vanish from the market. 

Our paper adds to the burgeoning stream of literature on agent-based financial market models (see Chiarella et al., 2009a; 

Hommes and Wagener, 2009; Lux, 2009 for surveys). Within these models, speculators apply technical and fundamental 

trading rules to determine their orders. Technical trading rules ( Murphy, 1999 ) are usually based on trend extrapolation and 

tend to destabilize the dynamics of financial markets. In contrast, fundamental trading rules ( Graham and Dodd, 1951 ) bet 

on mean reversion, exercising a stabilizing impact on the dynamics of financial markets. Models by Day and Huang (1990) , 

De Grauwe et al. (1993) , Brock and Hommes (1998) , LeBaron et al. (1999) , Farmer and Joshi (2002) , Chiarella et al. (2007) , 

Franke and Westerhoff (2012) and Jacob Leal and Napoletano (2017) , for example, show that (non-linear) interactions be- 

tween speculators relying on technical and fundamental trading rules can produce dynamics which resembles the dynamics 

of actual financial markets quite closely. Without question, this line of research helps us to improve our understanding of 

the functioning of financial markets. For instance, agent-based financial market models reveal that a bubble may emerge 

if speculators forcefully rely on technical analysis while a crash can be set in motion if speculators put more weight on 

fundamental analysis. Such a time-varying impact of technical and fundamental trading rules can also produce volatility 

clustering. Financial markets tend to be relatively stable when speculators prefer fundamental analysis but turn wilder when 

speculators opt for technical analysis. 

Herding behavior plays a prominent role in a number of agent-based financial market models. In Alfarano and 

Lux (2007) ; Kirman (1993) ; Lux and Marchesi (1999) , speculators’ herding behavior influences whether they choose techni- 

cal or fundamental trading rules to determine their orders. Cont and Bouchaud (20 0 0) and Stauffer et al. (1999) assume that 

speculators’ herding behavior influences whether they are optimistic or pessimistic. Bischi et al. (2006) show that complex 

asset price dynamics may emerge if speculators mimic the buying and selling behavior of other speculators. LeBaron and 

Yamamoto (2008) study imitation behavior which results from social learning and show that it may be responsible for long 

memory effects in trading volume and volatility. Tedeschi et al. (2012) develop a model in which speculators imitate the be- 

havior of more successful speculators. In Schmitt and Westerhoff (2017) , speculators’ herding behavior may lead to changes 

in the heterogeneity of trading rules applied. Compared to these models, we assume in our paper that speculators’ herding 

behavior affects their stock market participation. 

In fact, empirical evidence suggests that stock market participation changes over time and is influenced by social inter- 

actions. Most importantly for our approach, Hong et al. (20 04, 20 05) , Brown et al. (2008) and Shiller (2015) report that 

households and professional investors regard a stock market as increasingly attractive the more of their peers participate in 

it. Surprisingly, there are only a few agent-based models which explicitly study speculators’ market entry and exit behavior. 

Alfi et al. (20 09b, 20 09c, 20 09a) show that agent-based models with a fixed number of speculators may lose their ability 

to produce realistic dynamics if the number of speculators is set either too high or too low. Against this background, they 

endogenize the number of speculators and explore under which conditions the model dynamics may self-organize such 

that the number of active speculators approaches a level which generates realistic dynamics. Iori (1999, 20 0 0) develops 

a more involved agent-based simulation framework with heterogeneous interacting agents. Due to trade frictions, such as 

trading costs or information processing constraints, speculators may become inactive. However, communication and imita- 

tion among speculators may lead to a spontaneous spark in stock market participation and elevate price fluctuations. To 

study the effects of transaction taxes, Westerhoff and Dieci (2006) develop a model in which speculators have the choice 

between technical trading, fundamental trading and being inactive. Speculators’ choices depend on the past profitability of 

these alternatives. Schmitt and Westerhoff (2016) show that although speculators’ inflow and outflow may create bubbles 

and crashes, their market entry and exit behavior is not subject to herding effects. 

Our approach differs to these contributions in several dimensions. One advantage of our model is that its determin- 

istic skeleton allows us to derive a number of analytical insights which make the model’s functioning and the origin of 

volatility clustering rather transparent. For instance, our model possesses a steady state in which prices reflect their funda- 

mental values and in which all speculators are active. We analytically show that this steady state becomes unstable (via a 

Neimark–Sacker bifurcation) if speculators strongly extrapolate past price trends. Simulations reveal that the dynamics we 

then observe are characterized by alternating periods of high volatility, pushing destabilizing speculators out of the stock 

market, and periods of low volatility, attracting destabilizing speculators to the stock market. The same forces are at work 

in a stochastic version of our model which is able to mimic a number of important time series properties of stock markets. 

It is important to note that our results are not driven by speculators who constantly lose money or by speculators who 

become very rich. 

The rest of our paper is organized as follows. In Section 2 , we present our simple agent-based financial market model. 

In Section 3 , we study the properties of the model’s deterministic skeleton. In Section 4 , we illustrate that the model’s 

stochastic version is able to replicate a number of important stylized facts of stock markets. In Section 5 , we conclude our 

paper and point out some avenues for future research. 
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2. A simple agent-based financial market model

The key elements of our agent-based financial market model may be summarized as follows. We consider a stock market 

which is populated by a single market maker and a time-varying number of heterogeneous speculators. A market maker 

adjusts the stock price with respect to speculators’ orders which, in turn, depend on the stock market’s price trend, its 

misalignment and current fundamental news. The probabilistic market entry decision of a speculator is repeated at the 

beginning of each trading period. We assume that the probability that a given speculator will enter the market increases 

with current stock market participation and decreases with current stock market risk. Since the total number of speculators 

is fixed, the number of active speculators follows a binomial distribution. As we will see, a gradual inflow and outflow of 

speculators may lead to alternating periods of high and low volatility. 

Let us turn to the details of our model. We assume that the stock market’s log fundamental value follows a random walk. 

To be precise, the stock market’s log fundamental value in period t + 1 is given by 

F t+1 = F t + n t+1 . (1) 

Fundamental shocks n t are normally distributed with mean zero and constant standard deviation σ n . Note that fundamental 

shocks represent the only extrinsic force in our model. 

Following Day and Huang (1990) , a market maker adjusts the stock price using a log-linear price-adjustment rule, i.e. 

P t+1 = P t + a 

N t ∑ 

i =1

D t,i , (2) 

where P t stands for the log of the stock price at time t, a is a positive price adjustment parameter, N t represents the number 

of active speculators, and D t, i denotes the order placed by an active speculator. 
1 Accordingly, the market maker increases 

the stock price if buying exceeds selling, and vice versa. 

As in Chiarella and Iori (2002) ; Chiarella et al. (2009b) ; Pellizzari and Westerhoff (2009) , the order placed by an ac- 

tive speculator i depends on a linear blend of technical and fundamental trading signals. In addition, speculator i ’s trading 

behavior is influenced by the arrival of new information. The order placed by speculator i is formalized as 

D t,i = b t,i (P t − P t−1 ) + c t,i (F t − P t ) + d t,i (F t − F t−1 ) . (3) 

The first component of (3) reflects speculator i ’s technical trading ( Murphy, 1999 ). Speculator i receives a buying (selling) 

signal if prices increase (decrease). Parameter b t, i > 0 defines how strongly speculator i reacts to the price signal. The second 

component of (3) formalizes speculator i ’s fundamental trading ( Graham and Dodd, 1951 ). Since c t, i is a positive reaction 

parameter, speculator i obtains a buying signal when the market is undervalued and a selling signal when it is overvalued. 

The third component of (3) indicates that speculator i also reacts to the arrival of new information ( Pearce and Roley, 1985 ). 

Positive news stimulates buying orders while negative news triggers selling orders. Of course, reaction parameter d t, i is 

also positive. In the following, we assume that reaction parameters b t, i , c t, i and d t, i are uniformly distributed, i.e. b t,i ∼
U(b − β, b + β) , c t,i ∼ U(c − γ , c + γ ) and d t,i ∼ U(d − δ, d + δ) , with b > β ≥0, c > γ ≥0 and d > δ ≥0. Hence, all speculators 

follow their own time-varying trading strategy. 

Before we continue with the description of our approach, let us derive a convenient model property. First, inserting (3) in 

(2) reveals that

P t+1 = P t + a 

N t ∑ 

i =1

( b t,i ( P t − P t−1 ) + c t,i ( F t − P t ) + d t,i ( F t − F t−1 ) ) 

= P t + a ( P t − P t−1 ) 

N t ∑ 

i =1

b t,i + a ( F t − P t ) 

N t ∑ 

i =1

c t,i + a ( F t − F t−1 ) 

N t ∑ 

i =1

d t,i . 

(4) 

Recall next that the sum of independently uniformly distributed random variables follows a uniform sum distribution. 2 

Defining 
∑ N t 

i =1 
b t,i = B t , 

∑ N t 
i =1 

c t,i = C t and
∑ N t 

i =1 
d t,i = D t yields B t ∼ USD ( N t , { b − β, b + β} ) , C t ∼ USD ( N t , { c − γ , c + γ } ) and

D t ∼ USD ( N t , { d − δ, d + δ} ) , respectively, and we can rewrite (4) as

P t+1 = P t + a ( B t ( P t − P t−1 ) + C t ( F t − P t ) + D t ( F t − F t−1 ) ) . (5) 

Apparently, our setup has the convenient property that it is not necessary to evaluate the trading rules of all N t active spec- 

ulators, each consisting of three different com ponents, to simulate its dynamics. We simply need to generate three uniform 

sum distributed random variables. Moreover, the means and variances of the three uniform sum distributed random vari- 

ables are given by μB = bN t , μC = cN t , μD = dN t , σ 2 
B = 

N t 
3 β, σ 2 

C = 
N t 
3 γ and σ 2 

D = 
N t 
3 δ, respectively. In particular, note that 

the means of the uniform sum distributed random variables increase with the number of active speculators, i.e. if there is 

an inflow of speculators, there is, on average, stronger trend extrapolation trading, a stronger mean reversion behavior and 

1 For notational convenience, we use the index i = 1 , 2 , . . . , N t to refer to active speculators in trading period t . Clearly, index i does not stand for a 

specific speculator.
2 A uniform sum distribution, also called an Irwin–Hall distribution, approaches a normal distribution as the number of added random variables increases.
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a stronger reaction to new information. It is easily imaginable that this will have a destabilizing impact on the model dy- 

namics, at least for some parameter constellations. We also remark that the variances of the three uniform sum distributed 

random variables vanish if β , γ and δ approach zero. 

Let us now return to our model. At the beginning of each trading period, speculators decide whether to enter the stock 

market. We assume that speculators’ probabilistic market entry decisions are influenced by two socio-economic principles. 

In line with empirical evidence reported by Hong et al. (20 04, 20 05) , Brown et al. (2008) and Shiller (2015) , speculators 

regard a stock market as increasingly attractive when more speculators are already active. A similar herding perspective is 

taken in Iori (1999, 20 0 0) . Moreover, speculators’ market entry decisions also depend on market circumstances: the higher 

the stock market risk, the less attractive the stock market appears to be. As in Alfi et al. (20 09b, 20 09c, 20 09a) , stock market 

risk is represented by the stock market’s volatility 

V t = mV t−1 + (1 − m )(P t − P t−1 ) 
2 , (6) 

where 0 ≤m < 1 is a memory parameter controlling how strongly current and past price changes affect volatility. We sum- 

marize both socio-economic principles by the following relative fitness function 

A t = hN t−1 − v V t , (7) 

where h and v are positive parameters. Accordingly, market participation is regarded as increasingly attractive the more 

speculators are active in the market and less attractive the higher the stock market’s past volatility. 

We use exponential replicator dynamics ( Hofbauer and Sigmund, 1988; Hofbauer and Weibull, 1996 ) to model specula- 

tors’ probabilities of entering the market. The probability that a speculator will enter the stock market can thus be written 

as 

W t = 

W t−1 

W t−1 + (1 −W t−1 ) exp [ −λA t ] 
, (8) 

where parameter λ> 0 denotes speculators’ intensity of choice. Note that the exponential replicator dynamics term has 

three important properties. First, speculators’ probabilities of entering the market depend positively on the stock market’s 

relative fitness. The higher the stock market’s relative fitness, the more probable it is that speculators will enter the market. 

Second, an increase in λ implies that speculators react more sensitively to the stock market’s relative fitness. If speculators’ 

intensity of choice approaches zero, they have a 50% probability of entering the market. If speculators’ intensity of choice 

goes to plus infinity, the probability that they will enter the market is either 100% if the herding component dominates the 

risk component or zero percent otherwise. Third, market entry probabilities display a mild form of inertia. If W t−1 is either 

close to zero or close to one, market entry probabilities depend less strongly on the stock market’s relative fitness. 3 

Obviously, the number of active speculators is binomially distributed, i.e. 

N t ∼ B (N, W t ) , (9) 

where N > 0 denotes the total number of speculators. As is well known, the mean and variance of the number of active 

speculators are given by NW t and NW t ( 1 −W t ) , r espectiv ely. 

3. Analysis of the model’s deterministic skeleton

In this section, we explore the model’s deterministic skeleton. In Section 3.1 , we derive the model’s dynamical system 

and analyze under which conditions the model’s steady states are locally asymptotically stable. In Section 3.2 , we introduce 

a base parameter setting to explain the functioning of our deterministic model. In Section 3.3 , we study how the model’s 

parameters affect its global dynamics. In Section 3.4 , we show that the model may also give rise to coexisting attractors 

and produce bubbles and crashes. In Section 3.5 , we briefly discuss the dynamics of our model for an alternative parameter 

setting. 

3.1. Dynamical system, steady states and local stability 

By setting β = γ = δ = σn = 0 and introducing the auxiliary variable ˜ P t = P t−1 , we can summarize our model by the 

four-dimensional nonlinear map 

X : 

⎧ ⎪ ⎨ 

⎪ ⎩ 

P t+1 = P t + aN t { b(P t − ˜ P t ) + c(F − P t ) }
˜ P t+1 = P t 
V t+1 = mV t + (1 − m )(P t+1 − P t ) 2 

N t+1 = N 
N t

N t +(N−N t ) exp [ −λ(hN t −v V t+1 )] 

. (10) 

3 Dindo and Tuinstra (2011) provide a deeper discussion of exponential replicator dynamics. Further economic examples in this direction include

Bischi et al. (2015) , Kopel et al. (2014) and Schmitt et al. (2017) .
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Since we set the scaling parameters a and λ to 1, the dynamics depends solely on seven parameters: b, c, N, h, v, F and m . 4 

Straightforward computations reveal that our dynamical system may give rise to two steady states, namely 

X ∗1 = (P ∗, ˜ P ∗, V ∗, N 
∗) = (F , F , 0 , N) (11) 

and 

X ∗2 = (P ∗, ˜ P ∗, V ∗, N 
∗) = (P ∗, ˜ P ∗, 0 , 0) . (12) 

As can be seen, the steady-state price is given by the fundamental value, the stock market’s volatility is zero and all spec- 

ulators are active at X ∗
1 
, while X ∗

2 
has zero active speculators, an indeterminate price and also a volatility of zero. Since the 

second steady state is economically uninteresting, we will focus now on X ∗
1 
, which we also call the fundamental steady state 

of our model. 

To determine the stability of X ∗
1 
, we derive the characteristic polynomial from the Jacobian matrix of (10) , i.e. 

J(X ∗1 ) = 

⎛ 

⎜ ⎝ 

1 + bN − cN −bN 0 0 
1 0 0 0 
0 0 m 0 

0 0 0 e −hN 

⎞ 

⎟ ⎠ , (13) 

and obtain 

(e −hN − z)(m − z)(z 2 + z(cN − bN − 1) + bN) = 0 . (14) 

The steady state is locally asymptotically stable if the eigenvalues of the polynomial are less than one in modulus (see, e.g. 

Gandolfo, 2009 or Medio and Lines, 2001 ). It is easy to see from (14) that the first two eigenvalues are given by z 1 = e −hN 

and z 2 = m . Since we assume that h > 0, N > 0 and 0 ≤m < 1, we have | z 1, 2 | < 1. However, the eigenvalues of z 2 + z(cN − bN −
1) + bN are less than one in modulus if and only if

c > 0 , (15) 

c < c c = 

2

N 

+ 2 b (16) 

and 

b < b c = 

1

N 

(17) 

simultaneously apply. Recall that c is a positive reaction parameter, which is why condition (15) is always fulfilled. According 

to (16) , the fundamental steady state becomes unstable if c crosses c c , a situation which leads to a flip bifurcation and the 

onset of a period-two cycle. If b exceeds its critical value b c , condition (17) is violated, which is associated with a Neimark–

Sacker bifurcation, i.e. the emergence of a cyclical motion. In economic terms, these two conditions imply that the steady 

state becomes unstable if speculators react to market misalignments or to price trends too strongly. Note that (16) and 

(17) also depend on the total number of speculators. Hence, the stock market also becomes unstable if N increases.

To visualize our analytical results, we depict in Fig. 1 combinations of b and c for which the model’s fundamental steady

state is locally asymptotically stable. Since the two black lines represent stability conditions (16) and (17) , the model’s funda- 

mental steady state is always locally asymptotically stable for parameter combinations within these two lines. As indicated 

by the arrows, an increase in parameter b may cause a loss of stability via a Neimark–Sacker bifurcation while an increase 

in parameter c may cause a loss of stability via a flip bifurcation. Moreover, the gray shaded area indicates the parameter 

space for which the steady state becomes unstable if the number of speculators increases from N to N 
′ . 

For the sake of completeness, note that the Jacobian matrix of (10) at the second steady state is given by 

J(X ∗2 ) = 

⎛ 

⎜ ⎝ 

1 0 0 c(F − P ∗) 
1 0 0 0 
0 0 m 0 
0 0 0 1 

⎞ 

⎟ ⎠ , (18) 

from which the characteristic polynomial 

−z(m − z)(1 − z) 2 = 0 (19) 

can be derived. Therefore, we obtain z 1 = 0 , z 2 = m and z 3 , 4 = 1 , which implies that the second steady state is always 

unstable. 

4 Note that N t is given by NW t , i.e. we focus in this section on the mean dynamics of the active number of speculators. Such a procedure is common 

in this line of research, see, for instance, Sandholm (2015) . In fact, numerical experiments confirm that our analytical results predict the properties of

the non-mean dynamics quite well. The same is true for the simulation results presented in Section 3 . For simplicity, we call N t the active number of

speculators.
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Fig. 1. Combinations of b and c for which the fundamental steady state is locally asymtotically stable. The two black lines represent stability conditions

(16) and (17) , i.e. c = 
2 
N 

+ 2 b and b = 
1 
N 

, respectively. 

Fig. 2. Dynamics of the deterministic model for our base parameter setting. The panels show the evolution of the log price, the number of active spec- 

ulators, the stock market’s volatility and the number of active speculators versus the log price, respectively. The underlying parameter setting is given in

Section 3.2 .

3.2. Base parameter setting and functioning of the model 

To be able to explain the functioning of our deterministic model, represented by the four-dimensional nonlinear map 

(10) , we make use of the following parameter setting: b = 0 . 011 , c = 0 . 001 , N = 100 , h = 0 . 001 , v = 2000 , m = 0 . 25 and

F = 0 . Recall that the scaling parameters a and λ are set equal to 1. Accordingly, we have b > 1/ N , which implies that our

fundamental steady state, i.e. X ∗
1 

= (F , F , 0 , N) , is unstable and that its instability is due to a Neimark–Sacker bifurcation.

Fig. 2 shows a representative simulation run for 800 periods (after omitting a longer transient period). The first three panels

depict the evolution of the log price, the number of active speculators and the stock market’s volatility, respectively, while

the fourth panel presents the number of active speculators versus the log price.

14 
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Obviously, our model is able to produce intricate dynamics, in particular, alternating periods with low and high volatility. 

In a nutshell, the working of our deterministic model may be summarized as follows. Note first that the gray line in the top 

right panel of Fig. 2 indicates the threshold for the number of active speculators for which the dynamics of our deterministic 

model becomes unstable, i.e. N c = 
1 
b 

≈ 90 . 91 . If the number of active speculators is below N c , the market is stable and 

prices converge slowly towards their fundamental value. Since volatility is relatively low during these periods, speculators’ 

herding behavior dominates their risk aversion and more and more speculators enter the stock market. However, the picture 

changes if the number of active speculators exceeds N c . Once N t > N c , the model dynamics becomes unstable, i.e. price 

fluctuations are characterized by oscillations with an increasing amplitude. As a result, volatility increases up to the point 

where speculators’ risk aversion offsets their herding behavior. Speculators then start to exit the market and initiate a new 

period of relative stability. During the 800 depicted time steps, we witness four marked volatility outbursts. The strange 

attractor, visible in the bottom right panel, illustrates the complexity of the model dynamics. 

3.3. The impact of the model’s parameters on its global dynamics 

To demonstrate how the global dynamics of our deterministic model depends on its parameters, we present a number of 

simulations in this section. Fig. 3 contains examples of how parameters b, c and N may influence the model dynamics. The 

first, second and third rows depict bifurcation diagrams for 0 < b < 0.020, 0 < c < 0.004 and 80 < N < 120, respectively. While 

the left side presents their effect on log prices, the right side shows how they affect the number of active speculators. 

As predicted by our analytical results, we have P ∗ = F = 0 and N 
∗ = N = 100 for b < b c = 

1 
N = 0 . 01 . As soon as b exceeds 

this critical value, the fundamental steady state loses its stability and endogenous dynamics emerges. While the two top 

panels reveal that our model dynamics becomes unstable if technical trading is too aggressive, the second row shows that 

a stronger fundamental trading reduces the amplitude of price fluctuations. The two panels at the bottom also confirm our 

previous analytical results. The fundamental steady state loses its stability at N = N c = 
1 
b 

≈ 90 . 91 , after which the amplitude 

of price dynamics and speculators’ market entry and exit behavior increases with N . 

In Fig. 4 , we show bifurcation diagrams for 0 < h < 0.0 04, 10 0 0 < v < 30 0 0 and 0 < m < 1. The left panels reveal again how 

log prices react to an increase in parameters h, v and m and the right panels illustrate how this affects the number of 

active speculators. It can be seen from the two top panels that a stronger herding behavior increases the amplitude of price 

fluctuations as well as fluctuations in the number of active speculators. In contrast, price dynamics is less pronounced if 

speculators show a stronger risk-sensitive behavior. However, the amplitude of price fluctuations also increase with m . Of 

course, this also causes higher fluctuations in speculators’ market entry and exit behavior. 

3.4. Special features: coexisting attractors and bubbles and crashes 

As is well known, nonlinear dynamical systems may give rise to a number of complicated dynamic phenomena. As 

indicated by the (asymmetric) bifurcation diagram in the top left panel of Fig. 3 , our model may also produce coexisting 

attractors. The left panels of Fig. 5 provide an example of this outcome. The panels show from top to bottom the evolution 

of the log price, the number of active speculators and the number of active speculators versus the log price, respectively. We 

use the base parameter setting, except that we set b = 0 . 0155 (instead of b = 0 . 011 ). Moreover, the dynamics is depicted for 

two different initial values, represented in black and red. The top left panel of Fig. 5 shows that one set of initial conditions 

produces a sequence of bull markets while the other set of initial conditions produces a sequence of bear markets. As it 

turns out, the evolution of the number of active speculators is identical for both price trajectories. The bottom left panel 

of Fig. 5 reveals that the bull market dynamics is intricately intertwined with the bear market dynamics. In the absence of 

exogenous shocks, the model generates either persistent bull or persistent bear market dynamics. However, it is clear that 

the addition of some exogenous noise may easily push the dynamics from one attractor to the other. The overall dynamics 

is then characterized by erratic switches between bull and bear market dynamics. 

Interestingly, the right panels of Fig. 5 demonstrate that our model is able to generate endogenous boom-bust dynamics. 

Once more we use the base parameter setting but assume that c = 0 . 0 0 0 04 (instead of c = 0 . 001 ). The top right panel of 

Fig. 5 demonstrates that a boom period can be followed by another boom period but also by a severe crash (and since 

the model is symmetric, the same is true the other way around). The right panel in the center of Fig. 5 indicates that the 

dynamics is again driven by speculators’ market entry and exit behavior. Since speculators’ mean reversion trading is now 

relatively weak, we do not observe repeated volatility outbursts but the emergence of pronounced and lasting bull and 

bear market dynamics. It is easy to check that the instability of the model’s fundamental steady state is again caused by a 

Neimark–Sacker bifurcation. However, the strange attractor visible in the bottom right panel of Fig. 5 reveals that the model 

dynamics is quite complicated for the underlying parameter setting. 

3.5. Alternative parameter setting 

So far, we focused mainly on the Neimark–Sacker bifurcation scenario. We now turn briefly to the flip bifurcation sce- 

nario. Fig. 6 is based on an alternative parameter setting: a = 1 , b = 0 . 005 , c = 0 . 0301 , N = 100 , h = 0 . 005 , v = 10 , m = 0 . 1 , 

λ = 1 and F = 0 . Hence, the model’s fundamental steady state is unstable due to a flip bifurcation. Since the flip bifurcation 

occurs at c = c c = 0 . 03 , the onset of endogenous dynamics, initially in the form of a period-two cycle and then in the form 
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Fig. 3. The impact of b, c and N . The first, second and third rows show bifurcation diagrams for parameters b, c and N , respectively. While the left side

presents their effect on log prices, the right side depicts how they affect the number of active speculators. Parameters are as in our base parameter setting.

of more complicated dynamics, is caused by speculators’ excessively aggressive fundamental trading. The first three panels of 

Fig. 6 show the evolution of the log price, the number of active speculators and the stock market’s volatility for 800 periods, 

respectively. As can be seen, the model is also able to produce volatility clustering for the alternative parameter setting. The 

reason for this is similar to before. If the number of active speculators is low, the market is stable. Since speculators’ herd- 

ing behavior outweighs their risk aversion, they quickly enter the stock market. This process renders the dynamics unstable 

and we observe increasing (improper) oscillations. Eventually, the associated increase in stock market risk makes the stock 

market become unattractive. Speculators exit the stock market and there is a brief period of market stability in which the 

price approaches its fundamental value. Then, the process repeats itself, albeit in an intricate manner. This is also confirmed 

by the right panel in the center of Fig. 6 , which presents the corresponding dynamics in ( N t , P t ) space. 

The bottom two panels of Fig. 6 show bifurcation diagrams for parameter c . The left panel reveals how the log price 

reacts to increasingly aggressive fundamental trading, while the right panel shows how this affects the number of active 
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Fig. 4. The impact of h, v and m . The first, second and third rows show bifurcation diagrams for parameters h, v and m , respectively. While the left side

presents their effect on log prices, the right side depicts how they affect the number of active speculators. Parameters are as in our base parameter setting.

speculators. As predicted by our analytical results, the model dynamics approaches the fundamental steady state for c < 0.03. 

However, a flip bifurcation occurs at c = c c = 0 . 03 . Within a small parameter range, the dynamics is then characterized by a 

period-two cycle. Afterwards, we observe the start of more complex dynamics, as already depicted in the first four panels 

of Fig. 6 . Note furthermore that the amplitude of the price dynamics increases with parameter c . Here we have an example 

where excessively aggressive mean reversion trading by speculators leads to a destabilization of the stock market. As price 

fluctuations increase, the number of active speculators also displays more pronounced fluctuations. 

4. Stochastic dynamics

In Section 3 , we show that the deterministic version of our simple agent-based financial market model is – at least in

a qualitative sense – able to produce bubbles and crashes, excess volatility, extreme price changes, complex price dynamics 
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Fig. 5. Emergence of bubbles and crashes. The left panels show for two different sets of initial conditions (black and red) the evolution of log prices, the

number of active speculators and the number of active speculators versus the log price for our base parameter setting, except for b = 0 . 0155 . The right 

panels show the same for a single initial condition and our base parameter setting, except for c = 0 . 0 0 0 04 . (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.)

and volatility clustering. In this section, we go one step further and demonstrate that the stochastic version of our model 

may also replicate a number of key statistical properties of actual stock markets in finer detail. In Section 4.1 , we first review 

the stylized facts of stock markets. Then, we discuss the dynamics of our stochastic model and explain its functioning in 

Section 4.2 . In Section 4.3 , we explore the wealth dynamics of individual speculators. 

4.1. Stylized facts of stock markets 

As is well known, the dynamics of stock markets is characterized by bubbles and crashes, excess volatility, fat-tailed 

return distributions, serially uncorrelated returns and volatility outbursts. Moreover, trading volume is persistent and cor- 
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Fig. 6. Dynamics of the deterministic model for an alternative parameter setting. The panels show the evolution of the log price; the number of active

speculators; the stock market’s volatility; and the number of active speculators versus the log price. The last two panels show bifurcation diagrams for the

log price and the number of active speculators with respect to parameter c . The underlying parameter setting is given in Section 3.5 .

related with volatility. The boom-and-bust behavior of stock markets and their volatile nature is discussed thoroughly in 

Shiller (2015) . Moreover, Mantegna and Stanley (20 0 0) , Cont (20 01) and Lux and Ausloos (2002) provide excellent sur- 

veys about the statistical properties of financial markets. For illustrative reasons, we focus below on the behavior of the 

Dow Jones Industrial Average between 1981 and 2016, as depicted in Fig. 7 . The underlying data set comes from Thomson 

Reuters Datastream and contains about 90 0 0 daily observations. The top left panel of Fig. 7 shows the development of the 

Dow Jones Index. Despite its long-run upwards movement, a number of severe crashes can be spotted. For instance, the 

Dow Jones Index witnessed dramatic depreciations around 2001 and 2007. The top right panel of Fig. 7 presents the corre- 

sponding return time series. Overall, the Dow Jones Index may be regarded as quite volatile. Just to give one example, the 

standard deviation of the return time series is about 0.011. Furthermore, there are several larger returns visible and calm 

periods obviously alternate with turbulent periods. 
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Fig. 7. Properties of the Dow Jones Industrial Average. The panels show the evolution of the Dow Jones Index between 1981 and 2016, the corresponding

returns, the log probability density function of normalized empirical returns (black) and standard normally distributed returns (gray) and the autocorrela- 

tion function of raw returns (gray) together with the autocorrelation function of absolute returns (black).

The bottom right panel of Fig. 7 compares the log probability density function of normalized Dow Jones Index returns 

(black dots) with standard normally distributed returns (gray line). Apparently, the distribution of the returns of the Dow 

Jones Index contains more probability mass in the center, less probability mass in the shoulders, and again more probability 

mass in the tails than warranted by a normal distribution with identical mean and standard deviation. Since the kurtosis of 

empirical returns is 42.66 and thus much larger than the kurtosis of a normal distribution, namely 3, there is clear evidence 

of excess kurtosis. However, the tail index provides a more reliable measure to quantify the fat-tail property of the distribu- 

tion of returns ( Gopikrishnan et al., 1999; Lux, 1996; Lux and Alfarano, 2016 ). Using the largest 5% of the observations, the 

Hill tail index estimator indicates a typical tail index of about 3.02 for this time series, suggesting that the fourth moment 

of the distribution of the returns does not exist. The bottom right panel of Fig. 7 shows the autocorrelation coefficients of 

absolute returns (black dots) and raw returns (gray dots) for the first 100 lags, together with their 95% confidence bands 

(thin gray lines). The absence of autocorrelation of raw returns demonstrates that the evolution of the Dow Jones Index is 

hardly possible to predict, i.e. that its path is close to a random walk. In contrast, the autocorrelation coefficients of abso- 

lute returns are highly significant, implying a temporal persistence of volatility for more than 100 days. Finally, we remark 

that trading volume shows clear signs of long-memory effects and is highly correlated with volatility. Due to missing data 

availability, these properties are not depicted here. However, see Brock and LeBaron (1996) , Cont (2001) and Schmitt and 

Westerhoff (2014) for a deeper empirical account. 

4.2. Properties and functioning of the stochastic model 

In the last couple of years, considerable progress has been made in estimating agent-based financial market models, see, 

e.g. Alfarano et al. (2005) ; Amilon (2008) ; Boswijk et al. (2007) ; Chiarella et al. (2014) ; Hommes and in ’t Veld (2017) . One

powerful method to estimate such models is given by the method of simulated moments, which seeks to align a selection

of empirical moments, i.e. certain summary statistics which quantify the stylized facts of financial markets, with model

generated moments. Contributions in this direction include Gilli and Winker (2003) , Winker et al. (2007) , Franke (2009) and

Franke and Westerhoff (2012) . Unfortunately, the large number of parameters of our model prevents us from using this

method (which requires a multi-dimensional grid search in parameter space). Instead, we rely on a more informal calibration
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approach. After a tedious and time-consuming trial-and-error exercise, we can at least show that our model has some ability 

to match the stylized facts of stock markets. 

To be precise, we use the following parameter setting to discuss the dynamics of our stochastic model: a = 1 , b = β = 

0 . 0 0 01 , c = γ = 0 . 0 0 0 0 05 , d = δ = 0 . 01 , h = 0 . 0 0 0 08 , v = 130 , m = 0 . 99 , λ = 1 , σ n = 0 . 005 and N = 500 . Fig. 8 depicts the 

outcome of a typical simulation run with 9,0 0 0 observations. The top left panel of Fig. 8 displays the evolution of the stock 

price. While the stock price fluctuates quite erratically, there are a number of stronger price appreciations and depreciations, 

resembling the boom-and-bust behavior of the Dow Jones Index (since the fundamental value follows a random walk in our 

model, there is no long-run upwards trend in the simulated stock price dynamics). The top right panel of Fig. 8 depicts 

the corresponding return time series. The standard deviation of simulated returns is given by 0.011, i.e. our model matches 

the average volatility of the Dow Jones Index quite well. Moreover, the standard deviation of the fundamental value only 

amounts to 0.005. Hence, returns are roughly twice as volatile as justified by changes in the fundamental value. This panel 

also reveals that there are a number of larger returns as well as occasional volatility outbursts. 

The bottom left panel of Fig. 8 relates the log probability density function of normalized returns (black dots) with the 

log probability density function of standard normally distributed returns (gray line). As can be seen, the distribution of 

simulated returns possesses more probability mass in the center, less probability mass in the shoulders, and again more 

probability mass in the tails than warranted by a normal distribution with identical mean and standard deviation. The fat- 

tail property is also confirmed by estimates of the kurtosis for which we obtain a value of 4.62. While this value indicates 

excess kurtosis, it should be noted that it is much lower than the value we observe for the Dow Jones Index. Estimates of 

the tail index point in the same direction. For the simulated time series, the Hill tail index estimator produces a value of 

4.56, implying that the fourth moment of the distribution of returns exists. Clearly, simulated returns have more probability 

mass in the tails of their distribution than normally distributed returns but less than actual returns. 5 The bottom right panel 

of Fig. 8 presents the autocorrelation coefficients of absolute returns (black dots) and raw returns (gray dots) for the first 

100 lags. Raw returns are serially uncorrelated, i.e. also simulated prices are hardly possible to predict. The autocorrelation 

coefficients of absolute returns are highly significant, revealing strong evidence of volatility clustering. 

Fig. 9 presents some properties of trading volume and how it relates to volatility. The panels show the evolution of 

trading volume, the autocorrelation function of trading volume, the return dynamics and the cross-correlation function of 

trading volume and absolute returns, respectively. Following Schmitt and Westerhoff (2014) , we assume that all speculators 

trade directly with the market maker, i.e. speculators do not trade with other speculators. Trading volume can then be 

defined by T V t = 

N t ∑ 

i =1

| D t,i | . As can be seen, trading volume is highly persistent, i.e. autocorrelation coefficients of trading

volume are positive and decay rather slowly. Moreover, trading volume is positively correlated with volatility. While there 

is a strong contemporaneous correlation between trading volume and volatility, lagged correlations are rather low, as is the 

case for real markets ( Brock and LeBaron, 1996 ). 

Overall, we may thus conclude that the stochastic version of our simple agent-based financial market model is able to 

replicate key empirical regularities of actual stock markets. To explain its functioning in more detail, we continue with the 

simulation run depicted in Fig. 8 but focus our attention on a shorter time window. The four panels of Fig. 10 show from 

top left to bottom right the evolution of stock prices (black line) and fundamental values (gray line), the corresponding 

returns, the stock market’s volatility and the number of active speculators between periods 6150 and 7650. During this time 

period, there are three pronounced volatility outbursts. Note also that volatility tends to increase with the number of active 

speculators. Accordingly, the functioning of our stochastic model may be understood as follows. Suppose that stock market 

volatility is low. In such a situation, speculators’ herding behavior dominates their risk aversion. Consequently, more and 

more speculators enter the stock market and volatility picks up. Eventually, speculators’ risk aversion offsets their herding 

behavior. As the number of speculators declines, the stock market becomes more stable. However, this leads directly to 

the next market entry wave and to another high volatility episode. Of course, higher stock market participation also drives 

trading volume up, i.e. stock market participation, trading volume and volatility are correlated. 

It is interesting to note that the functioning of the stochastic version of our agent-based model is very similar to the func- 

tioning of its deterministic counterpart. In the deterministic setup, endogenous dynamics and volatility outbursts emerge 

when a model parameter crosses the Neimark–Sacker bifurcation boundary, either because speculators react too strongly to 

price trends or because there are too many speculators. While the calibrated parameter setting of our stochastic model im- 

plies that the fundamental steady state of the corresponding deterministic model is locally stable, the model’s cyclical nature 

prevails. We remark that this phenomenon, i.e. realistic model dynamics for parameter settings in which the fundamental 

steady state of the model’s deterministic skeleton is locally stable, is quite common in this line of research. As it turns out, 

it is the interplay of nonlinear forces and random elements that causes realistic dynamics. Nevertheless, the analytical and 

numerical insights we gain from studying the deterministic framework prove to be instrumental in our understanding of 

the much more complicated stochastic framework. 

5 Although our model does a fairly good job of matching the stylized facts of stock markets, it produces too few extreme returns. Further experiments

(available upon request) reveal that simple model extensions can alleviate this issue. In particular, our model may produce quite realistic tail indices if

certain model parameters, such as speculators’ reaction to fundamental shocks, are allowed to vary over time – without destroying its ability to match the

other stylized facts. Since our main focus is on explaining volatility outbursts in stock markets, we abstain, for simplicity, from such model extensions.
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Fig. 8. Properties of the stochastic model. The panels show the evolution of the stock price for 90 0 0 observations, the corresponding returns, the log

probability density function of normalized model returns (black) and standard normally distributed returns (gray) and the autocorrelation function of raw

returns (gray) together with the autocorrelation function of absolute returns (black). The underlying parameter setting is given in Section 4.2 .

Random elements in our model stem from speculators’ probabilistic market entry decisions, from their time-varying 

trading rules and from changes in the fundamental value. As can be seen in the top left panel of Fig. 10 , stock prices and 

fundamental values tend to move in the same direction. However, stock prices may substantially disconnect from funda- 

mental values. This is particularly true if the number of active speculators is rather high or rather low – the stock market 

then reacts too strongly or too weakly to incoming fundamental shocks. Since positive and negative fundamental shocks 

are equally likely, stock price changes are basically random. Moreover, in an environment in which stock prices already 

fluctuate quite erratically, speculators’ trend extrapolation behavior does not add predictable structure to the return time 

series. Whether the technical part of speculators’ trading rules produces a buy or sell signal is essentially equally likely. 

Large price changes occur if a large number of active speculators receive a strong trading signal, either because of signif- 

icant price trends, pronounced misalignments or distinct fundamental shocks, or if the time-varying reaction parameters 

of their trading rules suggest aggressive trading. Of course, extreme returns may emerge if these forces act together, i.e. if 

many speculators act aggressively on heavy trading signals. 

4.3. Wealth dynamics of individual speculators 

Stock price changes induce diverging wealth dynamics among speculators relying on heterogeneous trading rules. In the 

long run, the evolutionary pressure originating from such wealth dynamics may act as a natural selection device among 

speculator types. While some speculator types may turn out to be successful and survive evolutionary competition, other 

speculator types may fail and become extinct. The so-called market selection hypothesis ( Blume and Easley, 1992 ) therefore 

predicts that heterogeneity among speculators can only be a short-run phenomenon. Note that the implications of this hy- 

pothesis may be far-reaching. In particular, naive speculator types who persistently lose wealth may eventually vanish from 

the market, implying that stock prices would then only be subject to smart speculator types who manage to make a profit. 

However, Anufriev and Dindo (2010) , Bottazzi and Dindo (2014) and Bottazzi et al. (2017) demonstrate that heterogeneity 

among speculators may prevail in stock markets, especially if speculators differ in their risk aversion, beliefs or sentiments. 

Overall, this important line of research points out that the relation between rationality and survival is rather weak and that 

stock prices are also influenced by boundedly rational speculators. 
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Fig. 9. The relation between trading volume and volatility. The panels show the evolution of trading volume, the autocorrelation function of trading

volume, the return dynamics and the cross-correlation function of trading volume and absolute returns, respectively. The parameter setting is as in Fig. 8 .

In the following, we explore how speculators’ wealth evolves within our model. Fig. 11 illustrates our main results. Its 

top left panel shows the development of log prices for 250 trading periods, i.e. for a time span of about one year. Two 

things deserve our attention. First, the stock price in period 1 roughly corresponds to the stock price in period 250. Second, 

speculators have triggered a bubble in between. The center left panel of Fig. 11 presents the orders of two randomly selected 

speculators, say speculator 1 (red line) and speculator 2 (black line). Apparently, speculators’ order flows differ substantially. 

The bottom left panel of Fig. 11 depicts (myopic) profits of the two speculators. Here we use the same time structure and 

definition of profits as Westerhoff and Dieci (2006) do. Accordingly, an order submitted in period t − 2 is filled at the price 

in period t − 1 . This transaction then appears as a profit or as a loss depending on the price in period t . Formally, profits of 

speculator i in period t are given with πt,i = (exp[ P t ] − exp[ P t−1 ]) D t−2 ,i (recall that P t refers to log stock prices). As can be 

seen, it is difficult for speculators to beat the market. More precisely, the probability that speculator i will make a profit in 

period t is – due to the stock market’s random walk nature – equal to the probability that he will make a loss, namely 50%. 

The top right panel of Fig. 11 shows the evolution of the positions of speculators 1 and 2 while the center right panel 

of Fig. 11 displays the corresponding wealth dynamics. For simplicity, we abstract from trading costs, interest rates and div- 

idend payments. Moreover, the wealth level is initially set to zero and then updated according to �T,i = exp[ P T ] 
T ∑ 

t=3

D t−2 ,i −
T ∑ 

t=3

exp[ P t−1 ] D t−2 ,i . Hence, the wealth of speculator i after T trading periods depends on the value of his position, given by 

the stock price in period T multiplied by the sum of his orders, and his actual expenditures and revenues from accumulating 

his position, given by his executed transactions. Note that speculator 1 (red line) builds up a positive position and initially 

benefits from the bubble. When the bubble bursts, however, much of his wealth vanishes again. In contrast, speculator 2 

enters a short position around period 75 and loses wealth. Between periods 75 and 125, speculator 2 then increases his 

stock position and finally depletes it again. In the end, the wealth gains and losses of both speculators are roughly equal 

and close to zero. 

The bottom right panel of Fig. 11 extends this experiment by visualizing the wealth dynamics of 50 randomly selected 

speculators (alternating red and black lines). While there is a somewhat larger wealth dispersion during the height of the 

bubble, speculators’ wealth differentials diminish after the market’s mispricing reduces. Hence, our model’s stock price dy- 
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Fig. 10. Functioning of the stochastic model. The panels highlight the evolution of stock prices (black) and fundamental values (gray), the returns, the stock

market’s volatility and the number of active speculators between periods 6150 and 7650 of the simulation run depicted in Fig. 8 .

namics does not imply that some speculators consistently lose money (and should thus eventually vanish from the market) 

nor that some speculators become richer and richer (and should thus dominate the market in the long run). Put differently, 

our analysis reveals that stock markets are difficult to beat. Some speculators may be lucky and make money; other spec- 

ulators may be unlucky and lose money. However, no speculator encounters systematic profits or losses. Of course, actual 

speculators are not infinitely lived. In reality, speculators will eventually leave the stock market permanently, either with a 

higher or a lower wealth level, and newborn speculators will emerge. Taking such a perspective, the outcome depicted in 

Fig. 11 may be regarded as a representative snapshot of a stock market’s long-run wealth dynamics. 

5. Conclusions

We develop an agent-based financial market model with heterogeneous interacting speculators to explain a number of 

important statistical regularities of stock markets. Speculators base their orders on current price trends, the market’s mis- 

pricing and new information. Speculators are heterogeneous in the sense that each of them follows his own time-varying 

trading rule. However, not all speculators are always active in the stock market. Two socio-economic principles govern spec- 

ulators’ probabilistic market entry decisions. First, speculators’ market entry decisions are subject to herding behavior. The 

more speculators are active in the stock market, the more attractive the stock market appears to them. Second, speculators’ 

market entry decisions depend on stock market risk. The higher the stock market risk, measured by the past volatility of 

the stock market, the less attractive the stock market appears to them. All orders placed by speculators are matched by a 

market maker who adjusts stock prices with respect to excess demand. The only extrinsic forces in our model are exogenous 

shocks which drive the random evolution of the fundamental value. 

We use a mix of analytical, numerical and empirical tools to investigate our model. Our main result is that sporadic 

market entry waves may cause volatility outbursts in stock markets. To be precise, we show that a herding-induced inflow 

of speculators leads to rather unstable market dynamics with high volatility while a consecutive risk-driven outflow of 

speculators leads to more stable market dynamics with low volatility. This kind of volatility clustering is observed in the 

deterministic skeleton of our model, for which we provide a full steady-state and stability analysis, and in the stochastic 

version of our model, which we calibrate to the stylized facts of stock markets. The latter exercise demonstrates that our 

model is able to generate bubbles and crashes, excess volatility, fat-tailed return distributions, serially uncorrelated returns 
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Fig. 11. Wealth dynamics of individual speculators. The panels show the evolution of log prices, the positions of two individual speculators, their orders,

wealth and profits and the wealth of 50 individual speculators, respectively. The parameter setting is as in Fig. 8 . (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of this article.)

and, as already mentioned, volatility clustering. In addition, trading volume is persistent and correlated with volatility. In 

this sense, our model may be regarded as validated. 

Our analytical results prove instrumental in our understanding of the functioning of our model. In particular, we show 

that the model’s fundamental steady state becomes unstable once too many speculators enter the stock market. Since the 

instability of the fundamental steady state is due to a Neimark–Sacker bifurcation, we observe the onset of (quasiperiodic) 

endogenous dynamics. In this respect, it is worth mentioning that our stochastic agent-based model starts from the descrip- 

tion of the trading behavior of a large number of individual speculators but can, after some straightforward transformations, 

be expressed as a four-dimensional deterministic nonlinear map. In this way, it is possible to obtain valuable analytical 

insights for a rather complex agent-based model. Moreover, the reduced model version greatly reduces computational ef- 

forts when it comes to a simulation-based model calibration. Of course, once the model is calibrated, one may simulate 
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the original agent-based framework and monitor various aspects of the behavior of individual speculators, e.g. their wealth 

dynamics. 

We conclude our paper by pointing out a few avenues for future research. First, speculators follow a linear blend of tech- 

nical and fundamental trading rules in our model. One interesting extension of our model could be to let active investors 

make a behavioral choice for a specific trading rule. We could then have situations with a large number of active specula- 

tors who prefer fundamental analysis or situations with a small number of active speculators who favor technical analysis 

– just to give two examples. Such a rule selection behavior could be modeled along the lines of Brock and Hommes (1997) ;

Lux and Marchesi (20 0 0) or Franke and Westerhoff (2012) . Second, speculators who do not enter the stock market in our

model are simply inactive. Another interesting extension of our model could be to model speculators’ outside option. For in- 

stance, Dieci et al. (2018) develop a model in which speculators can invest their wealth in stock, bond and housing markets. 

Alternatively, one may assume that speculators switch between different stock markets. Research in that direction is sur- 

prisingly scant so far. Third, one may also use our model to conduct policy experiments (see, e.g. Jacob Leal et al., 2016 and 

Jacob Leal and Napoletano, 2017 ). Our model implies that (destabilizing) speculators increasingly enter the stock market if 

stock market volatility is low. This model feature may prove a real challenge for regulatory measures which seek to tame 

stock market fluctuations. To sum up, we hope that our paper stimulates more research in this direction. The financial crisis 

at the end of the noughties has not only made clear that our understanding of the dynamics of financial markets is still 

incomplete – it revealed, once again, how important it is to make scientific and real progress in this area. 
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ABSTRACT
We propose a simple agent-based computational model in which speculators’ trad-
ing behavior may cause bubbles and crashes, excess volatility, serially uncorrelated
returns, fat-tailed return distributions and volatility clustering, thereby replicating five
important stylized facts of stockmarkets. Since each speculator bets onhis own (techni-
cal and fundamental) trading signals, stock prices are excessively volatile and oscillate
erratically around their fundamental value. However, speculators’ heterogeneity occa-
sionally vanishes, e.g. due topanic-inducedherdingbehavior, yieldingextreme returns.
Lasting regimes with high volatility originate from the fact that speculators extract
stronger trading signals out of past stock price movements when stock prices fluctu-
ate strongly. Simulations furthermore suggest that circuit breakers may be an effective
tool to combat financial market turbulences.
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1. Introduction

We propose a simple agent-based computational model to explain a number of important stylized facts of stock
markets. In a nutshell, our model and our main results may be summarized as follows. We consider a stock
market that is populated by a market maker and a given number of heterogeneous interacting speculators. The
market maker adjusts stock prices with respect to the excess demand of speculators who, in turn, determine
their orders by following their own individual trading signals, derived either from private market research or
from applying complex (algorithmic) trading systems. Simulations reveal that speculators’ trading behaviormay
generate bubbles and crashes, excess volatility, serially uncorrelated (log) stock price changes, fat-tailed return
distributions and lasting volatility outbursts. Since speculators bet on technical and fundamental trading signals,
stock prices are excessively volatile and circle in an apparently random fashion around their fundamental value.
Extreme returns occur in our model due to a sporadic loss of heterogeneity. To be precise, there are short-lived
periods in which speculators’ behavior becomes coordinated, e.g. because they react to the same trading signals,
hard-wired into their trading systems, or because they display panic-induced herding behavior, e.g. caused by
sharp stock price changes. Lasting periods of high volatility occur when speculators persistently receive strong
trading signals. Since many speculators infer their trading signals out of past stock price movements, the latter
occurs in periods characterized by significant stock price changes. In such periods, speculators also tend to
overreact to their own individual trading signals, which keeps volatility high. Our model also indicates that
circuit breakers may be an effective tool to stabilize the dynamics of stock markets.

Our paper belongs to a well-developed field of literature that seeks to explain the dynamics of stock markets
by taking an explicit agent-based perspective. Analytically tractable small-scale agent-basedmodels, focusing on
a few representative speculator types, have been proposed, for instance, by Zeeman (1974), Beja and Goldman
(1980), Day and Huang (1990), Chiarella (1992), De Grauwe, Dewachter, and Embrechts (1993), Lux (1995),
Farmer and Joshi (2002) and Chiarella and Iori (2002). More elaborated and simulation-oriented, large-scale
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agent-based models, studying the interplay between many different and evolving speculator types, have been
advanced, for instance, by Palmer et al. (1994), Arthur et al. (1997), LeBaron, Arthur, and Palmer (1999), Chen
andYeh (2001) andRaberto et al. (2001).While it is still important to better understand the forces thatmay create
financial market havoc, current research increasingly addresses questions that revolve around input validation
(Anufriev, Bao, and Tuinstra 2016; Fagiolo et al. 2017; Guerini and Moneta 2017), model estimation (Lamperti,
Roventini, and Sani 2018; Platt 2020; Kukacka and Kristoufek 2020), policy applications (Stanek and Kukacka
2018; Diem, Pichler, and Thurner 2020; Schmitt, Tramontana, and Westerhoff 2020) and prediction (Demirer
et al. 2019; Zhang, Sornette, and Zhang 2019; Westphal and Sornette 2020). See Delli Gatti et al. (2018), Dieci
and He (2018), Iori and Porter (2018) and Lux and Zwinkels (2018) for up-to-date surveys.

Recently, Schmitt and Westerhoff (2017a, 2017b) and Schmitt (2020) started to develop rather simple agent-
based computational stock market models by assuming that speculators’ trading behavior can be represented
at least partially by correlated random variables. For instance, Schmitt (2020) proposes an agent-based version
of the asset-pricing model by Brock and Hommes (1998), keeping the correlation between speculators’ random
demand components constant. Nevertheless, her model produces lasting volatility outbursts when the mass of
speculators switches towards destabilizing technical trading rules. Schmitt and Westerhoff (2017a) put forward
an agent-based version of the asset-pricing model by Franke and Westerhoff (2012). Extreme price changes
emerge within their model when the arrival of exogenous sunspots initiates a spontaneous coordination of
speculators’ trading behavior. Relatedly, Schmitt and Westerhoff (2017b) assume in their asset-pricing model
that the correlation between speculators’ trading behavior changes slowly with respect to the market’s volatil-
ity. If volatility increases, speculators become afraid and follow the trading behavior of other speculators more
closely. As a result, speculators’ excess demand escalates, keeping volatility high. In our paper, we assume that
endogenous market events may lead to a spontaneous coordination of speculators’ trading behavior, and thus
to extreme returns, while speculators’ trading intensity depends positively on the market’s volatility, an aspect
that may produce lasting volatility outbursts.

Within our model, speculators’ trading behavior contains a strong random component. In fact, we capture
their trading behavior by a vector of multivariate normally distributed random variables to which we impose a
certain minimalistic structure. Note that such a modeling strategy is quite common in certain areas of research,
e.g. in econophysics. For instance, Cont and Bouchaud (2000) assume in their stock market model that the deci-
sions of clusters of active speculators whether to buy or sell stocks are random variables with equal probabilities.
See Stauffer and Penna (1998), Chang and Stauffer (1999), Stauffer and Sornette (1999), Stauffer and Jan (2000)
and Iori (2002) for extensions and generalizations of this framework. Similarly, Gode and Sunder (1993, 1997),
Daniels et al. (2003), Farmer, Patelli, and Zovko (2005a, 2005b) and Ladley (2012) study stock market models
that are driven by zero-intelligence agents who trade randomly, subject only to their budget constraints, demon-
strating that important properties of stockmarkets depend less on agents’ strategic (rational) behavior, andmore
on their institutional arrangements. More recent contributions in which speculators’ behavior also contains a
larger random component include, for instance, Ladley et al. (2015), Xing and Ladley (2019) and Ladley (2020).

The remainder of our paper is organized as follows. In Section 2, we present a simple agent-based compu-
tational model of the stock market. In Section 3, we compare the dynamics of our approach with the behavior
of actual stock markets. In Section 4, we explain the model’s functioning. In Section 5, we discuss possible
effects of circuit breakers. In Section 6, we conclude our paper. A number of robustness checks are presented in
Appendix A.

2. A simple agent-based computational stockmarket model

In this section, we develop a simple agent-based computational model that aims at explaining a number of
important stylized facts of stock markets. Let us start with previewing the basic setup of our approach. We con-
sider a single stockmarket that is populated by amarketmaker and a given number of heterogeneous interacting
speculators. The market maker adjusts the price of the stock with respect to speculators’ order flow. Each spec-
ulator bases her orders on her own individual trading signals, derived either from private market research or
from applying complex (algorithmic) trading systems. For simplicity, we model speculators’ trading signals as
multivariate normally distributed random variables, imposing the following minimalistic structure. First, the
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means of the random variables reflect speculators’ tendency to extrapolate past stock price changes and to bet
on mean reversion. Second, the variances of the random variables represent speculators’ trading intensities and
increase in line with the stock market’s volatility. Clearly, speculators infer stronger trading signals – or react
more strongly to given trading signals – if the volatility of the stock market is high. The former argument is
consistent with the observation that speculators derive trading signals out of past stock price movements and
that the strength of these trading signals naturally grows with the stockmarket’s volatility. The latter argument is
in line with the observation that speculators tend to overreact to their trading signals in volatile periods, simply
because they are agitated and thus regard their trading signals as more relevant in such times. Third, the corre-
lation between speculators’ trading signals increases if the stock market displays significant stock price patterns.
This may be because speculators observe the behavior of others more strongly during periods of heightened
uncertainty or because certain price patterns, such as significant reversals of stock price changes, are hard-wired
into a sufficient number of speculators’ complex (algorithmic) trading systems.

Let us now turn to the details of our model. We assume that a market maker adjusts the price of the stock
with respect to the excess demand originating from the orders of N heterogeneous interacting speculators. As
in Beja and Goldman (1980), Day and Huang (1990) and Farmer and Joshi (2002), the market maker’s behavior
is formalized as

Pt+1 = Pt + a
N∑
i=1

Dt,i, (1)

where Pt is the log price of the stock at time t, a is a positive price adjustment parameter, reflecting the stock
market’s liquidity, and

∑N
i=1 Dt,i is the aggregate excess demand resulting from the individual ordersDt,i of spec-

ulators i = 1, 2, . . .N. Hence, if the sum of speculators’ orders is positive (negative), the market maker increases
(decreases) the log stock price.

The orders placed by speculator i depend on her own individual trading signals, derived either from private
market research or by applying complex (algorithmic) trading systems. Inspired by the aforementioned line of
research initiated by Gode and Sunder (1993) and Cont and Bouchaud (2000), we do not aim at formalizing
speculators’ trading behavior in detail. Instead, we simply represent speculator i’s order in period t by

Dt,i = δt,i (2)

where δt = {δt,1, δt,2, . . . , δt,N}′ is a vector of multivariate normally distributed random variables, i.e. δt ∼
N(Mt ,�t). We assume for the mean vector

Mt = {μt,1, μt,2, . . . , μt,N}′ (3)

and the variance-covariance matrix

�t =

⎡
⎢⎢⎢⎢⎣

σ 2
t,1 σt,1σt,2ρt,1,2 . . . σt,1σt,Nρt,1,N

σt,2σt,1ρt,2,1 σ 2
t,2

...
...

. . . σt,N−1σt,Nρt,N−1,N
σt,Nσt,1ρt,N,1 . . . σt,Nσt,N−1ρt,N,N−1 σ 2

t,N

⎤
⎥⎥⎥⎥⎦

(4)

that μt = μt,i, σ 2
t = σ 2

t,i and ρt = ρt,i,j for i, j = 1, 2, . . . , N and i �= j. Despite these restrictions, each specu-
lator submits a different order to the market maker, unless, of course, ρt = 1. In that case, all speculators submit
an identical order to the market maker.

The empirical and laboratory evidence reviewed by Menkhoff and Taylor (2007) and Hommes (2011) high-
lights the fact that speculators rely on technical and fundamental analysis to determine their orders. The key
idea behind technical analysis (Lo, Mamaysky, and Wang 2000) is that stock prices move in trends. Fundamen-
tal analysis (Graham and Dodd 1951), in contrast, postulates that stock prices display a tendency to return to

31 



N. SCHMITT ET AL.

their fundamental values. Let F denote the constant log fundamental value of the stock market. We thus assume
that

μt = b(Pt − Pt−1) + c(F − Pt). (5)

Note that μt captures the core principles of technical and fundamental analysis. The first component of (5)
suggests that speculators should place a buy (sell) order if the stock market goes up (down), while the second
component of (4) recommends that they sell (buy) overvalued (undervalued) stocks. The reaction parameters
b, c > 0 determine the strength of these trading signals.

Moreover, we assume that speculators’ trading intensity increases with the stock market’s volatility. This
assumption is supported by two arguments. First, speculators make their beliefs about future stock prices (and
hence their demand) dependent on past stock price movements. If there is considerable stock price variabil-
ity, then their trading signals will grow correspondingly (Murphy 1999). Second, speculators overreact to their
trading signals in periods of high volatility (Manzan and Westerhoff 2005). Let us capture the stock market’s
volatility by

Vt = dVt−1 + (1 − d)(Pt − Pt−1)
2, (6)

where 0 < d < 1 is a memory parameter. Moreover, let V̄ > 0 be a reference value for the stock market’s
volatility. We model the intensity of speculators’ trading behavior by specifying σ 2

t as

σ 2
t = el + eh − el

1 + exp[−es(Vt − V̄)]
. (7)

Note that (7) represents a logistic function that is bounded between 0 < el < eh. For Vt = V̄ , speculators’ trad-
ing intensity is equal to the midpoint of (7), i.e. σ 2

t = (el + eh)/2. The slope parameter es > 0 of (7) determines
how sensitively σ 2

t reacts to a change in Vt . Economically, the S-shaped function (7) implies that speculators’
trading intensity increases in line with the stock market’s volatility.1

However, speculators are not isolated in their decision-making. As already observed by Keynes (1936), spec-
ulators tend to herd together in periods of heightened uncertainty. Moreover, it seems that certain price patterns
are hard-wired into speculators’ complex (algorithmic) trading systems. If such a price pattern emerges, specu-
lators’ trading systems generate correlated trading signals.2 In reality, there may be many price/return patterns
that initiate correlated actions among market participants. To keep things as simple as possible, however, we
assume that the correlation of speculators’ trading behavior depends on the strength of a single condition, given
by

Ct = ((Pt − Pt−1) − (Pt−1 − Pt−2))
2. (8)

According to (8),Ct may take a particularly large value when a significant reversal of stock price changes occurs;
say when a four percent price drop is followed by a three percent price increase. Clearly, a more developed
version of our model may incorporate more than one condition. Moreover, these conditions may then evolve
over time and/or contain probabilistic components.3 The correlation between speculators’ trading behavior is
formalized as

ρt = f l + f h − f l

1 + exp[−f s(Ct − C̄)]
, (9)

where f l and f h determine the lower and upper boundary of ρt , with 0 ≤ f l < f h ≤ 1, f s > 0 describes the
slope of (9), and C̄ > 0 marks the position of its midpoint. The greater the value of condition (8), the stronger
the correlation of speculators’ trading behavior. If ρt approaches 1, speculators’ trading signals become fully
correlated and, consequently, they submit identical orders. If ρt approaches 0, speculators’ trading behavior
becomes uncorrelated, implying that a substantial part of their orders cancel each other out.

In principle, we can simulate the dynamics of our simple agent-based computational stock market model by
using (1) to (9). For a larger number of speculators, however, simulations soon become rather time-consuming.
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Fortunately, our assumptions about speculators’ trading behavior conveniently enable us to summarize their
excess demand by

N∑
i=1

Dt,i = N(b(Pt − Pt−1) + c(F − Pt)) + σt
√
N + N(N − 1)ρtεt , (10)

where εt ∼ N(0, 1). As a result, we can therefore also simulate the model’s dynamics by iterating the following
stochastic nonlinear dynamical system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pt+1 = Pt + a
{
N(b(Pt − Pt−1) + c(F − Pt)) + σt

√
N + N(N − 1)ρt εt

}

σ 2
t = el + eh − el

1 + exp[es(Vt − V̄)]
Vt = dVt−1 + (1 − d)(Pt − Pt−1)

2

ρt = f l + f h − f l

1 + exp[f s(Ct − C̄)]
Ct = ((Pt − Pt−1) − (Pt−1 − Pt−2))

2

. (11)

Note that speculators’ excess demand, and, therefore, the market maker’s price adjustment, increases with σ 2
t

and ρt , which, in turn, depend on Vt and on Ct , respectively.4 It might be helpful to realize that Vt changes
only slowly over time, provided that the memory parameter d is not too small. As a result, speculators’ trading
intensity remains high during turbulent market periods, keeping volatility high. In contrast, Ct may change
quickly and take larger values only for brief moments of time. In such an event, speculators’ trading behavior
becomes correlated and a larger price change may occur. This is exactly what we will see when we simulate our
model in the next section.

3. Time series properties of actual and simulated stockmarkets

Before we turn to the dynamics of our model, let us briefly recap the behavior of actual stock markets. As is well
known, actual stockmarkets are characterized by a number of prominent stylized facts, including (i) bubbles and
crashes, (ii) excess volatility, (iii) fat-tailed return distributions, (iv) serially uncorrelated returns and (v) volatility
clustering. SeeMantegna and Stanley (2000), Cont (2001) andLux andAusloos (2002) for detailed reviews. In the
following, we briefly visualize the dynamics of three major stock markets. The left panels of Figure 1 depict the
evolution of the DAX, the NIKKEI and the DJI from 1980 to 2019. Each time series, downloaded from Refinitiv
Datastream, comprises about 10,000 daily observations. Despite the long-run upward trends of the DAX and the
DJI, the boom-bust nature of all three stock markets is clearly striking.5 The right panels of Figure 1 present the
corresponding return dynamics, defined as log price changes. Obviously, actual stock markets are quite volatile.
For instance, the standard deviations of the return time series of the DAX, the NIKKEI and the DJI are given by
0.013, 0.017 and 0.011, respectively. Moreover, there are a number of larger price changes. In particular, the DJI
produced the largest daily loss (25.6 percent), while the NIKKEI produced the largest daily gain (13.2 percent).
It is also apparent that periods of low volatility alternate with periods of high volatility.

Figure 2 documents a number of distributional and correlation properties of the DAX, the NIKKEI and the
DJI, using the same color coding as in Figure 1. The top left panel of Figure 2 compares the distributions of nor-
malized stockmarket returns with the distribution of standard normally distributed returns (black line). The top
right panel of Figure 2 shows the same, except that we present the evidence on a log-linear scale. As can be seen,
the distributions of actual stockmarket returns are unimodal, almost symmetric and bell-shaped. Relative to the
standard normal distribution, however, the distributions of actual stockmarket returns possessmore probability
mass in the center and in the tails. This is also evident from the center left panel of Figure 2, which illustrates the
cumulative distributions of normalized actual stock market returns together with the cumulative distribution
of standard normally distributed returns (black line) on a log-log scale. The outer parts of the distribution of
actual stockmarket returns can be surprisingly well fitted by a power law in the form prob(|return| > x) ≈ cx−α ,
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Figure 1. Time series dynamics of actual stock markets. The left panels show the evolution of the DAX, the NIKKEI and the DJI from 1980 to
2019, comprising about 10,000 daily observations. The right panels show the corresponding return dynamics.

where α is the so-called tail index. Note that a smaller tail index indicates fatter tails. In the center right panel of
Figure 2, we plot the Hill tail index estimator (Hill 1975) as a function of the largest returns in percent. Using the
largest 5 percent of the observations, for instance, the tail index for the DAX, the NIKKEI and the DJI is given by
3.07, 3.09 and 3.20, respectively.6 The bottom left panel of Figure 2 shows the autocorrelation functions of raw
returns (the gray lines represent the 95 percent confidence band). As can be seen, the autocorrelation coefficients
of raw returns are not significant for almost all lags, indicating that the paths of the DAX, the NIKKEI and the
DJI are close to a random walk. The bottom right panel of Figure 2 reports the autocorrelation coefficients of
absolute returns. Since the autocorrelation coefficients of absolute returns are significant for more than 100 lags,
we can conclude that volatility outbursts are quite persistent.

Let us now illustrate the extent to which our simple agent-based computational model can replicate the
dynamics of actual stock markets (a more detailed robustness analysis is presented in Appendix A). For this
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Figure 2. Distributional and correlation properties of actual stock markets. The panels show a number of distributional and correlation
properties of the DAX, the NIKKEI and the DJI. The same data set and color coding as in Figure 1.

purpose, we have to determine the model’s 14 parameters. In the first step, we decided to set N = 100, F = 0
and a = 1. Roughly speaking, parametersN and a are scaling parameters, while parameter Fmerely determines
the level around which stock price fluctuations take place. Assuming furthermore that es = f s = ∞ implies
that the intensity of and the correlation between speculators’ trading signals jumps between their lower and
upper boundaries. To fix the remaining nine model parameters, we conducted a tedious trial-and-error cali-
bration exercise. In the end, we arrived at the following parameter values: b = 0.00005, c = 0.00001, d = 0.87,
el = 0.00000055, eh = 0.00000245, V̄ = 0.000125, f l = 0.0006, f h = 0.055 and C̄ = 0.00257. Future work may
try to estimate our model, e.g. via the method of simulated moments, as discussed by Franke and Westerhoff
(2012, 2016) and Schmitt and Westerhoff (2017a, 2017b).7

Figures 3 and 4 portray the dynamics of three representative simulation runs. Each simulation run comprises
10,000 observations, corresponding to a time span of 40 years with 250 trading days per year. The first, second
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Figure 3. Time series dynamics of simulated stockmarkets. The left panels show the evolution of three stockmarket simulations, comprising
10,000 daily observations. The right panels show the corresponding return dynamics. Parameter setting as in Section 3.

and third simulation runs differ only with respect to their random seeds. For comparability reasons, we selected
the same layout for Figures 3 and 4 as we did for Figures 1 and 2. The left panels of Figure 3 show the evolution
of three simulated stock markets in the time domain. As can be seen, simulated stock prices oscillate around
their constant fundamental value, given by exp[F] = 1. The amplitude of the boom-bust dynamics suggests that
simulated stock prices tend to be ‘a factor 2’ away from the fundamental value, a relation that is reported by Black
(1986), Bouchaud et al. (2017) andMajewski, Ciliberti, andBouchaud (2020) for actual stockmarkets, alongwith
evidence that a self-correction of mispricing in stock markets can take several years.8 Note that mispricing in
the simulated stock market is also quite persistent. The right panels depict the corresponding return dynamics.
On average, volatility is quite high in the simulated stock markets. Although the fundamental value is constant,
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Figure 4. Distributional and correlation properties of simulated stockmarkets. The panels show a number of distributional and correlation
properties of three representative stock market simulations. The same data set and color coding as in Figure 3.

the standard deviations of the three return time series are given by 0.0124 (top), 0.0118 (center) and 0.0117
(bottom), comparable to those reported for the DAX, the NIKKEI and the DJI. The same is true for extreme
price changes, given, for instance, by 15.3 percent and −13 percent for the first simulation run.

The first three panels of Figure 4 show that the distributions of simulated stockmarket returns are bell-shaped,
yet possess more probability mass in their tails than warranted by a normal distribution. From the center right
panel of Figure 4, we can conclude that the tail indices for the three simulated time series, taking again the
largest 5 percent of the returns into account, range between 3.28 and 3.53, only somewhat higher than their
empirical counterparts. As revealed by the bottom right panels of Figure 4, returns hardly display any kind of
serial correlation, i.e. the evolution of simulated stock markets is close to a random walk. Accordingly, it is dif-
ficult to ‘beat the market’, an important (economic) property that holds for actual and simulated stock markets.
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The bottom right panel reveals that the autocorrelation coefficients of absolute returns are highly significant,
up to 100 lags. Of course, the ability of our simple agent-based computational stock market model to produce
volatility clustering is already apparent from its return dynamics, depicted in Figure 3.

The Monte-Carlo study presented in Appendix A1 suggests that we may indeed regard the simulation runs
discussed above as representative simulation runs. Overall, we can thus conclude that our simple agent-based
computational stock market model is able to match the stylized facts of stock markets in a systematic and robust
manner.

4. Functioning of themodel

Let us now explain the functioning of our model. Figure 5 depicts a snapshot of the dynamics of the first simula-
tion run (750 observations, ranging from period 4351 to 5100). The left panels show the evolution of simulated
stock prices and returns while the right panels show speculators’ trading intensity (variance) and their coordi-
nation (correlation). Based on these panels, our model’s ability to match the stylized facts of stock markets may
be understood as follows:

• Bubbles and crashes: The intricate trading behavior of speculators, and in particular their reliance on tech-
nical and fundamental trading signals, creates significant bubbles and crashes. As can be seen in the top left
panel of Figure 5, for instance, the stock market is overvalued up to around period 250 and then enters a sig-
nificant bear market. While technical trading tends to drive stock prices away from their fundamental value,
fundamental trading exercises a long-run mean reversion pressure.

Figure 5. Functioning of model. The left panels show the evolution of simulated stock prices and returns while the right panels show spec-
ulators’ trading intensity (variance) and their coordination (correlation). Extract of the first simulation run, as depicted in Figure 3, ranging from
period 4351 to 5100.
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• Excess volatility: Since the fundamental value of the simulated stock market is constant, we have to regard all
stock price changes as excessive. Clearly, once stock prices mirror their fundamental value, there is no need
for further stock market adjustments. However, speculators constantly receive new trading signals, which
translate into new speculative orders and prompt the market maker to quote new stock prices, as visible in
the left panels of Figure 5.

• Serially uncorrelated returns: Due to speculators’ heterogeneous trading behavior – each speculator obtains
her own individual trading signals, either from private market research or from following complex (algorith-
mic) trading systems – the path of simulated stock prices closely resembles a random walk, implying that
(log) price changes are serially uncorrelated.

• Fat-tailed return distributions: Occasionally, however, we observe a breakdown of speculators’ heterogeneity.
For instance, salient price patterns may result in panic-induced herding behavior, leading to a spontaneous
synchronization of speculators’ trading behavior. Moreover, certain price signals may be hard-wired into
speculators’ complex (algorithmic) trading system, producing coordinated buying or selling behavior. One
such example occurs shortly after period 250. As evident from the bottom left panel of Figure 5, the stock
market decreases by more than 12 percent. The bottom right panel of Figure 5 illustrates that this event is
associated with a strong correlation between speculators’ trading signals.9

• Volatility clustering: If volatility picks up, speculators extract stronger trading signals out of past price move-
ments. Since this leads to more forceful trading behavior, volatility may remain high. Moreover, speculators
may overreact to their trading signals in periods of heightened volatility since they are agitated and thus clas-
sify their trading signals as relatively important. Such behavior lends volatility outbursts persistency. In fact,
note that in periods when speculators’ trading intensity is high (top right panel of Figure 5), the variability of
stock prices also tends to be high (bottom left panel of Figure 5).10

5. Circuit breakers

Understanding the functioning of stock markets is important. In particular, policymakers need to develop a
sound economic knowledge of what really drives stock markets if they plan to implement new regulatory mea-
sures. Since our model is able to replicate a number of important stylized facts of stock markets, we may use it
as an artificial laboratory to study the effects of regulatory policy measures. In this paper, we explore whether
policymakers may stabilize the dynamics of stock markets by implementing circuit breakers.11 Circuit breakers
(trading halts) automatically interrupt the trading process for a given period of time when price changes are
about to exceed a pre-specified limit. Policymakers hope that, by interrupting an overheated market, specula-
tors are given time to cool off and reassess market conditions, enabling the trading process to resume in a more
orderly manner after the interruption. Following the stock market crash of 1987, circuit breakers were widely
implemented and are now in practice inmany leading stockmarkets around the world. See Kim andYang (2004)
and Sifat and Mohamad (2019) for surveys.

Here we follow Westerhoff (2003, 2006, 2008) and implement circuit breakers as follows. Let parameter s
stand for the maximum allowed log price change for a given trading period. Then the market maker’s price
adjustment rule turns into

Pt+1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Pt + sifa
N∑
i=1

Dt,i > s

Pt + a
N∑
i=1

Dt,iif − s < a
N∑
i=1

Dt,i < s

Pt − sif − s < a
N∑
i=1

Dt,i

. (12)

If policymakers set s = 0.05, for instance, then the market maker has to interrupt the trading process when
the log price is about to either increase or decrease by more than 5 percent. The stock market reopens in the
next trading period, i.e. there are no further transactions in a period when trading has been interrupted. For
simplicity, we assume that all orders that have not been executed are deleted.
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Figure 6. Effects of circuit breakers. The top panels show the evolution of stock prices and returns for s = 0.05, respectively. The bottompanels
show the stock market’s distortion and volatility for 0 < s < 0.1. Blue, green and red lines are based on σ F = 0, σ F = 0.006 and σ F = 0.012,
respectively. Remaining parameters as in Section 3.

Figure 6 depicts a number of possible effects of circuit breakers. The top panels show the evolution of stock
prices and returns for s = 0.05. For comparability, the simulation run is based on the same random seed as
the first simulation run in Figure 3 (top panels, marked blue). First of all, circuit breakers manage to limit
extreme returns to 5 percent. However, there are further important effects. The blue lines in the bottom panels
of Figure 6 report the stock market’s distortion, defined as dis = 1/T

∑T
t=1 |Pt − F|, and volatility, defined as

vol = 1/T
∑T

t=1 |Pt − Pt−1|, for 0 < s < 0.1. The sample length is set to T = 100, 000 observations and param-
eter s is increased in 25 discrete steps. As circuit breakers becomemore restrictive, both volatility and distortion
decline. In the extreme case of s = 0, volatility is completely eliminated. If we furthermore assume that the initial
value of the stock price is identical to its fundamental value, then circuit breakers also suppress the emergence
of any kind of distortion.

Let us briefly explain how circuit breakers affect themodel’s stockmarket dynamics. Obviously, circuit break-
ers have an immediate direct effect: if policymakers set s = 0.05, for instance, there will be no stock price change
larger than 5 percent. Importantly, however, there are also indirect effects that amplify the direct effect. First,
circuit breakers naturally reduce the strength of speculators’ technical trading signals by preventing sharp stock
price changes. Technically, this effect originates from Equation (5). Second, circuit breakers reduce speculators’
trading intensity (variance) by reducing the stock market’s volatility, as can be concluded from Equations (6)
and (7). Third, circuit breakers prevent (or at least deter) speculators from displaying panic-induced herding
behavior and/or from coordinating on certain salient price patterns that are hard-wired into their complex
(algorithmic) trading systems, as is evident from Equations (8) and (9).

However, Fama (1989) argues that stock markets are efficient and thus warns that circuit breakers may only
lead to a delayed price discovery and to a spillover of volatility. Here, volatility spillovermeans that a stockmarket
that hits its upper or lower price boundary in the current trading period will experience greater volatility in the
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next trading period, since the necessary price adjustment has not yet been fulfilled. Our model allows us to
address this issue, at least partially, by assuming that the stock market’s fundamental value is not constant, but
evolves in the form of a random walk. Accordingly, we specify the stock market’s log fundamental value by
Ft = Ft−1 + nt , (13) where the fundamental shocks nt that hit the stock market are normally distributed with
mean zero and constant standard deviation σ F . The blue, green and red lines depicted in the bottom lines of
panels of Figure 6 are computed on the basis of σ F = 0, σ F = 0.006 and σ F = 0.012. As reported in Section 3,
the standard deviations of actual and simulated stock markets returns hover around 0.012. Assuming that the
stockmarket’s excess volatility is given by a factor of two (Shiller 2015), a reasonable guess for the stockmarket’s
fundamental volatility may be given by σ F = 0.006. In order to push our analysis to the limit, we also explore
the case σ F = 0.012.

One important finding of our simulations is that circuit breakers may reduce the stock market’s volatility,
independently of its fundamental volatility. Another important finding of our simulations is that circuit breakers
may increase the stockmarket’s distortion if they are too restrictive. To put it differently, stockmarkets apparently
need some price flexibility, though not a perfect price flexibility. The reason behind this outcome is that circuit
breakers prevent technical and fundamental orders. If the fundamental value evolves randomly, at least some
fundamental orders are needed for the stock price to be able to track its fundamental value. However, even for
σ F = 0.012, at least a mild reduction of the stock market’s volatility and distortion is possible. Fundamental
values are presumably less volatile than implied by σ F = 0.012 and thus circuit breakers seem to be a useful tool
for policymakers to stabilize stock markets. In this sense, our results contradict the hypothesis of a delayed price
discovery process and a volatility spillover, as put forward by Fama (1989). Interestingly, the results presented
in Westerhoff (2003, 2006, 2008) are quite similar to ours, despite resting on different stock market models. See
also Yeh and Yang (2010, 2013) and Jacob Leal and Napoletano (2019) for more work in this direction.

6. Conclusions

Galbraith (1994), Kindleberger and Aliber (2011) and Shiller (2015) emphatically stress that the boom-bust
nature of stock markets as well as their excessively volatile behavior and tendency to produce occasionally very
large price changesmay be quite harmful to the real economy. In this paper, we therefore develop a simple agent-
based computational model that may help us to foster our understanding of the functioning of stock markets.
Within ourmodel, stock prices adjust with respect to the excess demand of speculators, who, in turn, derive their
trading signals either fromprivatemarket research or from applying complex (algorithmic) trading systems.Our
modeling strategy is inspired by the work of Gode and Sunder (1993), Cont and Bouchaud (2000), Iori (2002)
and Alfi et al. (2009) in the sense that we use a rather minimalistic approach to represent speculators’ trading
behavior. In particular, we formalize speculators’ orders via multivariate normally distributed random variables,
which allows us to acknowledge speculators’ use of technical and fundamental analysis and to condition the
intensity and correlation of their trading activities on the stock market’s past behavior.

Despite the simplicity of our approach, simulations reveal that our model is able to mimic a number of
important stylized facts of stock markets and, consequently, may be deemed to be validated. One crucial model
insight is that we may regard stock markets as self-exciting systems. If volatility picks up, speculators trade more
aggressively, an outcome that keeps volatility high.Moreover, certain salient price patternsmay prompt complex
(algorithmic) trading systems to trigger correlated trading signals ormay result in panic-induced herding behav-
ior, yielding extreme price changes. Put differently, stock markets display a life of their own and their dynamics
contains a larger endogenous component that policymakers may seek to influence. In fact, simulations reveal
that policymakers may stabilize the dynamics of stock markets by implementing circuit breakers.

We conclude our paper by pointing out a few avenues for future research. The simplicity of our model allows
for a number of straightforward model extensions. For instance, one may try to endogenize the number of
(active) speculators, e.g. by considering interactions between different stock markets. Alternatively, one may
consider that the correlation of speculators’ trading signals does not depend on a single, deterministic condi-
tion, but onmultiple conditions, possibly time-varying and containing stochastic elements. Although ourmodel
contains a larger number of parameters, it might be interesting to try to estimate it. The method of simulated
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moments seems to us to be quite appropriate for such an endeavor. We hope that our paper stimulates more
work in this important and exciting research direction.

Notes

1. According to Murphy (1999), the reliability of technical trading signals increases with the trading volume of a stock market, i.e.
a high trading volume indicates that the current trading signal is strong whereas a low trading volume indicates that the current
trading signal is weak. Since simulations reveal that our model produces a high contemporaneous correlation between trading
volume and volatility, an interesting model extension could be to condition speculators’ trading intensity on the trading volume
of the stock market. See Westerhoff (2006) for an example in that direction.

2. A well-known example in this respect concerns the stock market crash of October 1987, which, according to Greenwald and
Stein (1991), Harris (1998) and Shiller (2015), was at least partially triggered by computer (program) trading, and could have
been stopped by circuit breakers. More recent examples include the occurrence of so-called flash crashes, amplified by high-
frequency traders who follow computerized trading systems. See Jacob Leal et al. (2016) and Jacob Leal and Napoletano (2019)
for empirical evidence and interesting modeling approaches. Gomber and Zimmermann (2018) and Vassiliadis and Dounias
(2018) provide insightful overviews of complex (algorithmic) trading systems.

3. As we will see in the next section, however, one condition may already be sufficient for our model to produce extreme
price changes and, consequently, fat-tailed return distributions. We remark that we also experimented with other condi-
tions. For instance, similar dynamics to those discussed in the next section may be observed if (8) is replaced by Ct =
gCt−1 + (1 − g)(Pt − Pt−1)

2, where 0 < g < 1 is a memory parameter. In relation to (6), however, our simulations suggest
that the memory parameter has to be set to a rather low value, say g = 0.05, implying that coordination among market par-
ticipants critically hinges on the stock market’s short-run behavior. To save one parameter, we opted for specification (8). Of
course, this aspect deserves more attention in future work, in particular along the lines indicated above.

4. The excess demand also increases with the number of speculators. For a = α/N and N → ∞, however, the price adjustment
equation reads Pt+1 = Pt + α

{
(b(Pt − Pt−1) + c(F − Pt)) + σt

√
ρtεt

}
. Hence, it is possible to rescale our model such that

its dynamics does not depend on the number of speculators. While we prefer to keep N as a model parameter, it might be
worthwhile to try to endogenize the number of (active) speculators in future work. See Iori (2002), Alfi et al. (2009), Blaurock,
Schmitt, and Westerhoff (2018) and Dieci, Schmitt, and Westerhoff (2018) for examples in this direction.

5. Bubbles and crashes are difficult to identify in real stock markets. However, Galbraith (1994), Kindleberger and Aliber (2011)
and Shiller (2015) stress that bubbles and crashes do exist in these markets. See Schmitt andWesterhoff (2017c) and Majewski,
Ciliberti, and Bouchaud (2020) for attempts on how to capture the mispricing of actual stock markets.

6. Such estimates are representative for many different financial markets, see, e.g. Gopikrishnan et al. (1999) and Plerou et al.
(1999).

7. Of course, other estimationmethodsmay also be useful, see, e.g., the work by Lamperti, Roventini, and Sani (2018), Platt (2020),
Kukacka and Kristoufek (2020) and Bertschinger and Mozzhorin (2020).

8. The famous “factor 2” rule by Black (1986, 533) implies that the stock “price is more than half of value and less than twice
value”. For our case, simulated stock prices should thus fluctuate in the interval 0.5 < F = 1 < 2.

9. Note that a high correlation between speculators’ trading behavior does not always lead to a strong stock price change. For this
to be the case, speculators have to coordinate on a significant trading signal.

10. Note that speculators’ trading intensity (variance) may remain high for extended periods of time, thereby producing lasting
volatility outbreaks, while their coordination (correlation) spikes only occasionally, forming the base for rare but extreme
returns. We discuss this aspect in more detail in Appendix A.2.

11. As pointed out by an anonymous referee, it might also be worthwhile to use our model to study the effects of margin require-
ments, leverage cycles and short-selling constraints. For inspiring work in this direction, see, for instance, Poledna et al. (2014),
Aymanns et al. (2016) and Sng, Zhang, and Zheng (2020). Aymanns et al. (2018) and Westerhoff and Franke (2018) discuss in
more detail how policymakers may use models with heterogeneous interacting agents as test beds to evaluate the effectiveness
of regulatory policies.

12. Our model is also able to generate extreme returns for lower values of σ 2
t = 0.000003. However, we found that this number

matches actual tail indices quite well.
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Appendix A. Robustness analysis
The robustness analysis we carry out in this appendix consists of two parts. In Appendix A1, we first conduct aMonte Carlo study to
demonstrate that the simulation runs presented in the main body of our paper may in fact be deemed as representative simulation
runs. In Appendix A2, we then conduct a sensitivity analysis to explain in more detail how certain building blocks of our model
may affect its dynamics.
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Appendix A1. Monte Carlo study
Our Monte Carlo study rests on 5000 simulation runs with 10,000 observations each, generated with the parameter setting intro-
duced in Section 3 and different random seeds. Based on these simulations, Figure A1 shows probability density functions for
volatility, distortion, the tail index at the 5 percent level, the autocorrelation coefficient of raw returns at lag 1 and the autocorrela-
tion coefficients of absolute returns at lag 5 and at lag 95, respectively. Using these summary statistics (moments), we seek to capture
a number of important stylized facts of stock markets, as discussed in Sections 3 and 4.

Our measure of volatility is defined as in Section 5, i.e. vol = 1/T
∑T

t=1 |Pt − Pt−1|. As can be seen from the top left panel of
Figure A1, our volatility estimates hover around a value of about 0.0082. Further computations reveal that 90 percent of the volatility
estimates are located in the range 0.0080 and 0.0096. To put these numbers into perspective, note that the volatility estimate for the
DAX, at 0.0093, fits nicely into this interval. The top right panel of Figure A1 portrays the probability density function of the
simulated stock markets’ distortion, defined as dis = 1/T

∑T
t=1 |Pt − F|. Apparently, the average mispricing of simulated stock

Figure A1. Monte Carlo study. The panels show probability density functions for volatility, distortion, the tail index, the autocorrelation coef-
ficient of raw returns at lag 1 and the autocorrelation coefficients of absolute returns at lag 5 and lag 95, respectively, based on 5000 simulation
runs with 10,000 observations each. Parameter setting as in Section 3.
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markets is usually above 10 percent, and can easily increase to as much as 30 percent or more. While we cannot compute the
distortion for the time series discussed in Section 3, we remark that Schmitt and Westerhoff (2017b) report that the distortion of
the S&P500 between 1871 and 2015 was about 30 percent.

The center left panel of Figure A1 depicts the probability density function of our estimates of the tail index (at the 5 percent
level). The median estimate is 3.55, while the 90 percent confidence interval ranges from 3.2 to 3.88. According to Lux and Ausloos
(2002), the tail indices for most financial market data scatter between 3 and 4. In this sense, our simple agent-based computational
model is able to replicate the fat-tail property of stock market returns (though Gopikrishnan et al. 1999 and Plerou et al. 1999 stress
that the tail indices of major stock markets are somewhat closer to 3). The center right panel of Figure A1 reveals that the estimated
autocorrelation coefficients of raw returns at lag 1 are near zero. To be more precise, 90 percent of the estimated autocorrelation

Figure A2. Sensitivity analysis. The left and right panels show simulated stock prices and return dynamics for 10,000 time steps, respectively.
Top: full model. Center: model without coordinationmechanism, i.e. ρt = 0.0006. Bottom: model without trading intensity mechanism, i.e. σ 2

t =
0.000003. Remaining parameters as in Section 3.
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coefficients fall into the interval −0.03 and 0.03, with a median estimate of about 0.01, implying that the paths of simulated stock
prices are indeed close to random walks.

The bottom two panels show probability density functions for the autocorrelation coefficients of absolute returns at lag 5 and lag
95, respectively, demonstrating ourmodel’s ability to generate volatility clustering and longmemory effects. For instance, 90 percent
of the estimated autocorrelation coefficients of absolute returns at lag 5 are between 0.7 and 0.22, while more than 95 percent of the
estimated autocorrelation coefficients of absolute returns at lag 95 are still larger than 0.04. Hence, the volatility outbursts produced
by our model are quite persistent.

Appendix A2. Sensitivity analysis
Finally, we outline how certain building blocks of our model may affect its dynamics. For convenience, the top panels of Figure
A2 show simulated stock prices and the corresponding return dynamics for the full model, using the same parameter setting and
random seed as in the top panels of Figure 3. As demonstrated above, our model is able to replicate key stylized facts of stock
markets, in particular fat-tailed return distributions and volatility clustering. The center panels of Figure A2 report the dynamics of
our model when its coordination mechanism is switched off (achieved by setting ρt = f l = 0.0006). Apparently, the model is still
able to produce lasting volatility outbursts, yet its ability to generated extreme returns diminishes. The bottom panels of Figure A2
present the dynamics of the model when the trading intensity mechanism is switched off (we now fix σ 2

t = 0.000003).12 Obviously,
our model is able to generate extreme returns, yet its ability to produce lasting volatility outbursts is basically gone. More precisely,
the 90 percent confidence intervals of simulated autocorrelation coefficients of absolute returns at lag 5 and at lag 95 are 0.16 and
0.21 and 0.03 and 0.09 for themodel without the coordinationmechanism and 0.00 and 0.04 and−0.02 and 0.02 without the trading
intensity mechanism.Moreover, the 90 percent confidence intervals for the tail index (at the 5 percent level) are 3.73 and 4.59 for the
model without the coordination mechanism and 3.26 and 3.78 without the trading intensity mechanism. To conclude, our simple
agent-based computational model is only able to match the stylized facts of stock markets when the coordination and the trading
intensity mechanism act together.
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4 Estimation of agent-based models: 
Testing and applying a simulated 
joint moment approach 

This chapter contains single-authored work. In the following, the working paper 
version will be included. 
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The growing literature on the estimation of agent-based models offers new
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the behavior of the response surface of the objective function and test the
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Hans-Böckler-Stiftung (PK 045).

50 



1 Introduction

With the global meltdown of 2007-2009, our limited understanding of the work-

ings of financial markets became apparent and traditional economic models have

increasingly faced criticism because of their flawed assumptions. Consequently,

alternative approaches emerged focusing more on the behavioral dynamics of fi-

nancial markets. Among them is the rapidly growing literature on agent-based

(computational) models (ABM). ABM are abandoning the traditional paradigm

of the representative agent framework by looking at the interactions of boundedly

rational speculators who are heterogeneous in their expectations and behavior.1

These models have proven to help understand the dynamics of financial markets

since many of them are able to replicate an important number of stylized facts.

The literature is rich and reviews can be found in Hommes (2006), LeBaron (2006),

Chiarella et al. (2009), Lux (2009), Delli Gatti et al. (2018), Dieci and He (2018)

and Iroi and Porter (2018) among others.

Despite their proven potential for better explanation of financial crises, the ac-

ceptance of agent-based financial market models is not yet widespread even in the

economics profession. To increase acceptance, it is crucial that we have models

that are both powerful yet simple and can be econometrically tested and verified.

In order to create policy-oriented models that can compete with more traditional

models, we have to bring our models to the data. However, given the specific prop-

erties of ABM, this is not a trivial task. In fact, most ABM are characterized by

high-dimensionality, inherent non-linearity, stochasticity and lack of closed-form

expressions. Hence, standard estimation techniques (e.g. maximum likelihood,

ordinary least squares, generalized method of moments) are often applicable only

partially if at all.2 Investigating the micro-macro relationships and causal mech-

anisms requires different methods and techniques. Simulation-based techniques

are among the preferred choices, yet they vary much in their details. Following

pioneering contributions by McFadden (1989), Pakes and Pollard (1989), Lee and

Ingram (1991) and Duffie and Singleton (1993), the simulated method of moments

(SMM) has made its path towards the estimation of economic ABM, see e.g. sem-

inal works by Gilli and Winker (2003), Winker et al. (2007), Franke (2009) and

Franke and Westerhoff (2011, 2012, 2016).3 In general, the goal of any SMM is

1This family of behavioral models is often also referred to as heterogeneous agent models (HAM)
or agent-based computational economics (ACE). We will here stick to ABM.

2Exceptions are for example given by Alfarano et al. 2005, 2006, 2007 (maximum likelihood),
Boswijk et al. 2007 (nonlinear least square) and Amilon 2008 (efficient method of moments).

3This method is also known under the name of ’method of simulated moments’ (MSM).
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to find parameter values that minimize the distance between a set of empirical

and simulated summary statistics, i.e. moments. Besides such a SMM standard

version with a quadratic loss function, Franke and Westerhoff (2012) propose the

concept of a joint moment coverage ratio (JMCR). This JMCR aims at maximiz-

ing the fraction of simulation runs for which all simulated moments jointly fall

into the 95 percent confidence intervals of their empirical counterparts. Franke

and Westerhoff (2012) report that the joint moment coverage ratio’s informational

value differs from that of the traditional SMM leading to different parameter es-

timates. Since this approach is not overly technical, very transparent and offers

an intuitive understanding of the estimates’ validity, it has often been used for

the calibration of stock market ABM (see e.g. Schmitt and Westerhoff 2017a,b or

Schmitt 2021).

The first goal of this paper is to contribute to the blooming research on the

empirical validation of agent-based financial market models by providing a sys-

tematic numerical study of the performance and properties of a simulated joint

moment estimator as guidance for future research. Given that numerical studies

are extremely expensive in terms of computation time, the literature is still missing

an in-depth study of the joint moment estimator. In fact, the SJM has been used

mostly for calibration exercises so far. We will hence test the estimator’s ability

to recover model parameters consistently and efficiently in an estimation setting.

To explore the behavior of the objective function’s response surface, we will run

a large number of Monte Carlo simulations. Being aware of the computational

burden of such a Monte Carlo study, we will use a machine-learning meta-model

as proposed in Lamperti et al. (2018).4 We will train a surrogate meta-model

with a limited number of true (cost-intensive) model evaluations. By doing so,

we have been able to efficiently explore the parameter space at low cost. Since

Lamperti et al. (2018) only consider the p-value of a Kolmogorov-Smirnov test as

a validation criterion, we will, thus, take their approach one step further by cou-

pling the use of machine-learning surrogates with a simulated moment estimator.

This allows us to test the potential of AI-enhanced surrogates in a broader scaled

applied estimation routine.

To undergo such a study we need an agent-based financial market model that

is rather simple to keep the computational burden manageable and yet sophisti-

cated enough to produce realistic dynamics. We found the model of Schmitt et al.

4In recent years, machine-learning has been a hot topic and it also made its way towards the
field of economics. See e.g. Varian (2014) for an introductory discussion on big data, machine
learning and potential in economics.
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(2020) which is henceforth referred to as SSW quite appealing for this purpose.

They propose a small-scale behavioral asset-pricing model (including nine relevant

parameters) that is able to explain some important stylized facts of financial mar-

kets. Assuming that all speculators follow their own individual trading signals, it

turns out that stock prices are excessively volatile and fluctuate erratically around

their fundamental value. Schmitt et al. (2020) then show that during short peri-

ods of high uncertainty, speculators start to panic and coordinate their behavior.

This panic-induced herding behavior leads to a sporadic loss of heterogeneity and

gives rise to extreme market events. Periods of high volatility are long lasting

since speculators persistently receive stronger trading signals out of past stock

price movements. Despite the model’s simple nature, simulations in Schmitt et

al. (2020) indicate that the SSW model is indeed able to replicate a number of

important stylized facts of financial markets. Yet, in their paper, the authors only

provide a rough calibration of the model. Any true empirical validation is missing

so far. Therefore, our study aims at closing this gap and attempts at a thorough

empirical analysis of the SSW model. Hence, we make a second contribution by

estimating the model of Schmitt et al. (2020) for a total of five empirical financial

time series.

Our paper also relates to the work by Grazzini et al. (2012a,b) who study

the performance of an SMM estimator for a simple innovation diffusion model

and show that parameter estimates of small sample populations are biased due to

the non-linear nature of moments. They report that biases vanish with increasing

sample size. In a similar vein is the work by Jang (2015). He uses SMM estimation

for the model of Alfarano and Lux (2007) and finds the objective function to be

non-smooth, having multiple local optima and large flat areas. This hampers the

consistent and efficient estimation of model parameters. Following this line of re-

search, Chen and Lux (2018) study the efficiency of SMM estimation for the model

by Alfarano et al. (2008). Their main findings include the arbitrariness of results

due to different starting conditions. They, hence, propose the use of an extensive

grid search. They further mention the limited general usefulness of SMM estima-

tion for ABM using univariate financial time series because of the limited number

of available moments and the very nature of stylized facts of financial markets.

More macroeconomic-related SMM studies can be found in Grazzini and Richiardi

(2015), Kukacka et al. (2019) and Franke (2018). Since the research on empirical

validation and estimation of economic ABM is blooming, other approaches have

emerged as well. They include information-theoretic similarity-based measures

as given by Lamperti (2015) and Barde (2016). Guerini and Moneta (2017) use
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causal inference through SVAR regressions. Most recently, a number of Bayesian

alternatives have emerged, too (see Grazzini et al. 2017, Platt 2019, Bertschinger

and Mozzhorin 2020, Delli Gatti and Grazzini 2020 and Lux 2020a). Yet, these

sophisticated techniques often suffer from immense computational burden. In con-

trast, this work presents an estimation methodology which can be realized with

the computing resources of a state-of-the-art personal computer.5 So far, there is

no real consensus on the empirical validation of ABM. The status quo is discussed

in Fagiolo et al. (2019), Delli Gatti et al. (2018), Lux and Zwinkels (2018).6

The remainder of this paper is organized as follows. Section 2 briefly describes

a simple agent-based financial market model of Schmitt et al. (2020) which will

be used to explain the econometric challenges of estimating such a model. Section

3 proposes a simulated joint moment estimator. In Section 4, we present results of

several Monte Carlo simulation runs to study the performance of the joint moment

estimator. Section 5 includes an empirical application of the previously proposed

estimation approach on a large set of financial data. We conclude this paper in

Section 6.

2 A simple agent-based financial market model

A study of estimation techniques is not feasible without any actual (economic)

model under consideration. Hence, in this section, we will introduce a simple

stochastic agent-based financial market model of Schmitt et al. (2020) that aims

at replicating the stylized facts of financial markets. This model considers a single

speculative stock market in which a market maker adjusts stock prices with respect

to the speculators’ order flow. Speculators have different beliefs about future prices

and base their orders on their own trading signals, either derived from private

market research or from applying complex trading systems. In calm periods,

i.e. when volatility is low, speculators act rather independently. Their trading

signals, which they derive out of past price movements are also rather weak. What

happens in more turbulent times? If volatility is high, speculators receive strong

trading signals which results in long-lasting periods of high volatility, i.e. volatility

clustering. In these times of great uncertainty, speculators also tend to herd more

strongly. Heterogeneity breaks down and the herding-induced coordination of

5All experiments in this paper have been performed using Julia 1.1.0 on a standard desktop
computer with an eight core 3.00 Ghz AMD Ryzen 7 1700 CPU, 32 gigabytes of memory
and an ASUS GeForce GTX Phoenix OC 6 GB GPU.

6For a good overview on empirically estimated ABM, see Chen et al. (2012), which is expanded
in Kukacka and Barunik (2017), and Ellen and Verschoor (2018).
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speculators leads to extreme returns.

Let us now turn to a detailed description of the model. A market maker adjusts

stock prices with respect to the sum of the orders of N heterogeneous speculators.

Inspired by Day and Huang (1990), the market maker’s behavior is thus given by

Pt+1 = Pt + α

N∑

i=1

Dt,i, (1)

where Pt is the log price of the risky asset at time t, α is a positive price adjust-

ment parameter reflecting the market’s liquidity, and
N∑
i=1

Dt,i is the aggregate excess

demand resulting from the individual orders Dt,i of speculators i = 1, 2, . . . , N .7

Hence, if the sum of total orders is positive (negative), the market maker increases

(decreases) the price of the risky asset.

The order of speculator i depends on her or his own trading signal, which is

a complex mixture of e.g. private market research, rumors, or the application of

(algorithmic) trading systems. Thus, all agents have different expectations about

future prices and their expectations are correlated to some extent. For simplicity,

a single order Dt,i of speculator i at time t is represented by

Dt,i = δt,i, (2)

where δt = {δt,1, δt,2, . . . , δt,N}′ is a multivariate normally distributed random

variable vector with, i.e. δt ∼ N (µt,Σt).

The mean vector is given as µt = {µt,1, µt,2, . . . , µt,N}′ with µt = µt,i and in-

corporates empirical and laboratory insights according to which financial specula-

tors rely on fundamental and technical trading rules (Menkhoff and Taylor 2007,

Hommes 2011). It is thus assumed that

µt = βc(Pt − Pt−1) + βf (F − Pt), (3)

where µt is a linear function to capture the core principles of technical and funda-

mental analysis. The first component of (3) implies that speculators rely on the

most recent price trend. If prices go up (down), they receive a positive (negative)

trading signal. The second component of (3) suggests that speculators sell (buy)

overvalued (undervalued) assets with F being the stock’s fundamental value. The

7The use of a market maker allows us to avoid further sources of uncertainty when analyzing
the root causes of biases in the parameter estimates. For example, Platt and Gebbie (2018)
found parameter degeneracies for agent-based order book models suggesting that a stylized
fact-centric validation approach is insufficient for intraday models.
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strength of trading signals is determined by the reaction parameters βc and βf .

Next, let us now turn to the symmetric variance-covariance matrix of the mul-

tivariate normally distributed random variable δt which is given by

Σt =




σ2
t,1 σt,1σt,2ρt,1,2 · · · σt,1σt,Nρt,1,N

σ2
t,2 · · · ...

. . . σt,N−1σt,Nρt,N−1,N

σ2
t,N




, (4)

with σ2
t = σ2

t,i and the time-varying correlation coefficients ρt = ρt,i,j for i, j =

1, 2, . . . , N and i 6= j. It is assumed that the intensity of trading signals increases

with the market’s volatility. This reflects two behavioral aspects. First, specu-

lators are known to make up their beliefs about future prices (and hence their

demand) (at least partially) dependent upon past and current price movements.

If there is greater variability in the market, then their trading signals will grow

correspondingly. Second, speculators are known to be biased in times of uncer-

tainty. Shiller (2015) argues that they tend to become prone to hysteria. Hence,

speculators overreact to their signals in more volatile periods and regard them as

highly relevant. Based on these insights, the market’s volatility is defined as a

smoothed measure of past and current volatility, i.e.

Vt = λVt−1 + (1 − λ)(Pt − Pt−1)
2, (5)

where 0 ≤ λ < 1 is a memory parameter governing the relative strength of past

and current volatility. If λ approximates 0, speculators are becoming more and

more myopic, focusing only on the most recent price movements. For λ = 1,

speculators have a behavioral bias towards past volatility solely. The intensity of

speculators’ trading behavior is then modeled as

σ2
t = γl +

γh − γl

1 + exp[−γs(Vt − γm)]
. (6)

Note that (6) represents a logistic function with 0 < γl < γh. Considering γm > 0

as a reference value for the stock market’s volatility, speculators’ trading intensity

is equal to the midpoint of (6) if Vt = γm. Slope parameter γs > 0 determines

sensitivity of reactions to changes.

As supported by empirics (Welch 2000) and experiments (Hommes et al. 2005),

financial speculators are not isolated in their decision-making. Instead, they are

subject to herding behavior and observe the decisions of their peers quite carefully
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in times of heightened uncertainty as already argued by Keynes (1936). For sim-

plicity, herding behavior is dependent upon current regime shifts in the market,

given by

Ct =
(

(Pt − Pt−1) − (Pt−1 − Pt−2)
)2

. (7)

According to (7), the functional value of Ct increases when price reversals occur.

The correlation between speculators’ trading behavior is then formalized as

ρt = φl +
φh − φl

1 + exp [−φs (Ct − φm)]
. (8)

In analogy to (6), ρt represents again a logistic function with 0 ≤ φl < φh ≤ 1,

where φl and φh determine the lower and upper boundary of ρt. The slope of

ρt is defined by parameter φs > 0 and φm > 0 marks its midpoint. The greater

the current price movements as captured by (7), the stronger is the speculators’

tendency to coordinate their behavior. Thus, the strength of herding, i.e. the

correlation coefficients, increases with (7) due to the sigmoid shape of (8). Note

that if ρt approaches 1, trading signals become fully correlated and, hence, are

identical among all market participants. If ρt approaches 0, speculators’ beliefs

are uncorrelated.

Given our assumptions, the evolution of the log price is governed by the following

law of motion

Pt+1 = Pt + α
{
N

(
βc (Pt − Pt−1) + βf (F − Pt)

)
+ σt

√
N +N (N − 1) ρt · εt

}
,

(9)

with εt ∼ N (0, 1). For the simulation of (9), we face a total of 14 parameters. We

set N = 100, α = 1 and F = 0. Parameters a and N are scale parameters while

parameter F determines the stock’s (constant) fundamental value around which

prices will fluctuate. Further, we assume that γs = φs = ∞ implying that the

trading signals’ intensity and correlation jump discontinuously between lower and

upper boundaries of (6) and (8), respectively. For the remaining parameters, we

define θ as a 9 × 1 parameter vector from the nine-dimensional parametric space

Θ with θ :=
(
λ, γh, γl, γm, φl, φh, φm, βc, βf

)
. The main goal of this estimation

study will be to find empirically validated estimates for the parameter vector θ.

Regarding its dimensionality, it may be deemed to be representative for most small

scale ABMs.8

8Related studies mostly use prototype-like models with only 3 to 5 parameters (e.g. Franke
2008, Jang 2015 or Chen and Lux 2018). In a recent study by Delli Gatti and Grazzini
(2020), they consider a medium-sized macro ABM with 11 parameters.
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3 Simulated Method of Moments

In this section, we will define a simulated joint moment estimator as first pro-

posed by Franke and Westerhoff (2012). In general, the goal of any moment-based

estimation approach is to find parameter values that minimize the distance be-

tween a set of empirical and simulated moments. Those moments can be any

summary statistic which puts the choice of moments at the very core of every

SMM estimation. Since the moment conditions are not predetermined by default,

we face a broad range of possibilities. That means, the simulated method of mo-

ments requires the modeler to be clear about her goals. This arbitrariness is often

stressed as the main disadvantage of SMM. In fact, it is less a question of cor-

rect choice than of transparency, reasonableness and thoughtfulness. Given the

model that is studied in this paper, we try to explain the emergence of some of

the well-documented stylized facts of financial markets.9 These include bubbles

and crashes, excess volatility, fat-tailed return distributions, absence of autocorre-

lations in the raw returns, volatility clustering and long memory. See left panels of

Figure 9 to 13 in Appendix A which illustrate these universal properties showing

the dynamics of the S&P500 stock market index, the German DAX, the Japanese

Nikkei, the price of gold and the USD-EUR exchange rate. A set of reasonable

summary statistics, i.e. moments, will incorporate quantitative measurements of

these features as summarized in Table 1. Hence, our first moment is the volatility

of returns defined as the mean of absolute returns. The second and the third mo-

ment are the Hill tail estimates at 2.5 and 5.0 %, respectively. Next, we take the

autocorrelation of raw returns at lag 1 as the fourth moment to show the absence

of serial correlation in returns. The final five moments are the autocorrelations

of absolute returns at lags 3, 6, 12, 25, 50 and 100 and take the long memory

effect into account. Section 4.2 includes a sensitivity study of our set of moments

showing that it is robust and reasonable.

Based on the previously defined moments, we will now define an objective func-

tion to be optimized. Basically, the objective function for a standard SMM esti-

mation would be formulated to minimize the distance between the empirical and

the simulated moments. This is typically done by a quadratic loss function in-

cluding a positive definite weighting matrix to account for the differences in the

sampling variability of the moments. Franke and Westerhoff (2012) have shown

that minimizing such an objective function does not necessarily lead to the best

9Surveys about the statistical properties of financial markets can be found in Mantegna and
Stanley (2000), Cont (2001), Lux and Ausloos (2002) and Lux (2009).
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Moment Statistic
m1 E (|rt|)
m2 α2.5

m3 α5.0

m4 E (rtrt−1)
m5 E (|rt||rt−3|)
m6 E (|rt||rt−6|)
m7 E (|rt||rt−12|)
m8 E (|rt||rt−25|)
m9 E (|rt||rt−50|)
m10 E (|rt||rt−100|)

Table 1: Moments of interest. We define a set of ten moments including the returns’
volatility, the Hill tail indices α2.5 and α5.0, the autocorrelation coefficient of raw returns
at lag 1 and the autocorrelation coefficients of absolute returns for lags 3, 6, 12, 25, 50
and 100.

model in terms of joint moment matching. They introduce the joint moment cov-

erage ratio which aims at maximizing the fraction of simulation runs for which

all simulated moments jointly fall into the 95 percent confidence intervals of their

empirical counterparts. This estimator offers an intuitive interpretation of the

parameter estimates’ validity, i.e. how often can the model and the real-world not

be told apart, which makes the SJM an appealing choice. While research on the

properties of the standard SMM estimator is abundant, the SJM has been used

mostly for calibration exercises so far. We will try to close this gap by providing

a coherent study of the performance and properties of a simulated joint moment

estimator as guidance for future research.

Based on the work by Franke and Westerhoff (2012), we will, therefore, now

define a simulated joint moment estimator. We consider a large number of sim-

ulation runs whereof each single realization of our economic model is given as

Y = {yt (θ, s)}Tt=1 , (10)

where Y represents the simulated return series over T time steps. Initial conditions

for yt are given by the parameter vector θ and random seed s. Given the artificial

data from our economic model, we can compute the set of moments mk as

mk (y (θ, T ; s)) . (11)

Next, we conduct the test statistic

zk (y;mk) =

(
m̂k −mk,0

σk,0

)
, (12)
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with mk,0 and σk,0 being the (pseudo-) true kth moment value and its corre-

sponding standard error and m̂k being the simulated moment. We now define an

indicator function

f(z; . . . ) :=





1 if zk ≤ zc , ∀k
0 otherwise

, (13)

which is only true if all (ten) moments are (jointly) smaller than a critical value

zc. Under asymptotic theory, a 95% confidence interval amounts to a value of 1.96

for zc. Since we are interested in the number of positive realizations, i.e. joint

moment matches, the total loss function maximizes the sum of the joint moment

events. Our objective function is, hence, given by

θ̂ = arg max
θ∈Θ

MC∑
f(z; . . . ). (14)

To reduce sample variability, the SJM estimator θ̂ is run over a large number

of simulations MC. The strong penalty in (13) can become problematic when

searching on a broader parameter space. One might end up getting zero informa-

tion. Franke and Westerhoff (2012) introduced for that reason a piecewise linear

function. Experimenting with similar adjustments, however, gave us no better

results than the proposed loss function here.

3.1 Response Surface

To get a first idea of the objective function’s behavior, we do some preliminary

sensitivity analyses. This allows us to get a better understanding of potential

hurdles during estimation and to define an appropriate parameter space for our

upcoming simulation study.

For the remaining nine parameters, we set the pseudo-true parameter vector

θ0 = {0.81, 0.35, 0.058, 14.5, 0.001, 0.065, 0.0032, -0.1, 10}. The parameter set

is chosen in proximity to actual empirical estimates to satisfy that the generated

data resembles the statistical properties of financial returns. Note that parameters

γh, γl, γm, βc and βf are always multiplied by 105 for better readability.

In order to illustrate the behavior of the response surface of our objective func-

tion as given in (14), we generate a two-dimensional grid of varying parameter

pairs of λ ∈ [0.795, 0.825] and γh ∈ [0.32, 0.38]. The grid size contains 961 equi-

distant parameter combinations of the two parameters. We run simulations over

combinations of T = 20 000 and T = 80 000 for 400 and 5 000 Monte Carlo rep-

etitions. The results of the response surfaces of the SJM estimator are shown in
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(a) T = 20 000, MC = 400 (b) T = 80 000, MC = 400

(c) T = 20 000, MC = 5 000 (d) T = 80 000, MC = 5 000

Figure 1: Objective function’s response surface. The panels reveal the asymptotic
behavior of the objective function for different time length T and different number of
repeated simulation runs MC over varying values for parameters λ and γh. All other
parameters are fixed. Black lines indicate the (pseudo-) true parameter values for λ and
γh and red dots visualize the highest peak of the response surface.

Figure 1. Black lines indicate the (pseudo-) true parameter values for λ and γh

and red dots visualize the highest peak of the response surface. Apparently, the

objective’s function response surface is rugged, yet globally concave and differs

among the four different settings. Increasing both time length T and the number

of Monte Carlo simulations MC makes the surface less rugged and more smooth.

We clearly see that the SJM estimator struggles with identifying parameter λ,

while parameter γh is almost always correctly estimated. Only in a somewhat

ideal world where we could run 5 000 simulations over time length T = 80 000

the red dot coincides with the intersection of both black lines.10 However, this

10Running a complete estimation, i.e. over all nine parameters with 5 000 Monte Carlo simula-
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comes at the price of less information available, i.e. the large dark red-shaded

area. Let us explain this in more detail. The SJM estimator appears to be a much

stronger criterion compared to other traditional SMM estimators which focus on

simply minimizing the distance between the simulated and empirical moments.

That often leads to parametrizations for which some moments are fit very well

while others are far away from their empirical counterparts. A joint moment esti-

mator aims at avoiding this drawback by considering all moments simultaneously.

This way, the informational value of the SJM estimator is limited, though, which

hampers estimation. Let us consider, for example, any parameter combination θ1

that is not even close to the true parameter vector θ0. The corresponding SJM

would be 0 giving us no information at all. A small change in the parameter values

may probably still give us a SJM of 0. Hence, the response surface in this area of

the parameter space is completely flat leaving us unable to detect any direction

for optimization. This is especially true for large values of T . The reason is that

for generating pseudo-empirical data, the length of T is directly linked to the mo-

ments’ variance. The longer T is, the smaller tends to be the moments’ variance

(given a high enough number of Monte Carlo repetitions to ensure convergence).

Consequently, time length T restricts the size of the areas of the parameter space

that carry valuable information as shown in the panels of Figure 1.

This is very important to keep in mind for the estimation routine and so far the

biggest drawback of the here presented SJM estimator. What does this mean for

the design of our estimation study? We have to find an optimal trade-off between

empirical and simulated time length T and the number of Monte Carlo runs MC.
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Figure 2: Box Plots for Temp = 20.000 (left) and Temp = 80.000 (right). The Figures
show Monte Carlo studies with 100 repetitions for parameter λ = 0.81 and different
settings of R = Tsim

Temp
.

Given that the available length of real financial data naturally limits the choice

for T , we run a second sensitivity analysis. In fact, we tested if we can reduce some

tions and over T = 80 000 observations, using the same computational resources and setup
as in this paper would take us approximately 250 days.

62 



of the estimator’s variability by increasing the simulated time length only (and

keeping the empirical time length constant). We define R as the ratio of simulated

time length per empirical time length. In related studies, e.g. Chen and Lux

(2018), R is often chosen to be larger than 1. Therefore, we run a small simulation

study with 100 independent repetitions for varying values of parameter λ under

ceteris paribus. MC is set to 400. Figure 2 depicts the relationship between

simulated and (pseudo-) empirical time lengths. We see that the variability is not

decreasing but increasing for higher values of R. Also, estimates are biased and

not centered around the (pseudo-) true value. The reason that higher values of

R have no positive effect here, might be related to findings by Secchi and Seri

(2017). They discuss the potential risks of under- and overpower of ABM in terms

of statistical power analysis. When overpowered, differences in effects may become

so small that the model might disregard them. This is exactly what we see here.

Given our test statistic as proposed earlier in this section, one way to solve this

issue is to set the critical value zc significantly lower. This means reducing the

significance level. Figure 2 shows that this would reduce the estimator’s variance.

However, this comes again at the cost of less available information which is the

reason why we did not include lower values of zc in our numerical study.

4 Monte Carlo Study

In this paper, we aim at developing a robust estimation routine, giving a better

understanding of possible obstacles, e.g. sources of biases, and providing a sound

base for an empirical application. Before we will apply the proposed SJM estimator

on real-world data, we test its performance in a controlled laboratory environment

in order to investigate the consistency and efficiency properties over small samples

from simulated data of our model. Section 4.1 introduces a general setup of the

estimation routine. Section 4.2 conducts an extensive Monte Carlo study and

reports the corresponding results.

4.1 Estimation Routine

Conducting a massive estimation study is a computationally challenging attempt.

It is well known that ABM are computationally demanding in terms of simulation

time per run, their validation and estimation. More details on the computational

costs of running and estimating ABM is given by Fagiolo et al. (2019). Recall that

our objective function as given in (14) possesses no analytical expression. This
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limits the number of possible optimization techniques at hand by large. Further,

as we have shown previously, the response surface of the loss function tends to

be non-smooth. This makes it even harder to find the right tools to investigate

the emergent behavior of an ABM. In such cases, optimization heuristics are often

used (see e.g. Gilli and Winker 2009) and the Nelder-Mead algorithm has been

an especially popular choice. However, it is known for its strong variability of

results depending on its starting values. To mitigate any bias, one would have to

run the algorithm several times with different initial values leading to increased

computational costs.

If one is lucky enough to have access to powerful cluster infrastructures, or

willing enough to pay for cloud computing services (e.g. Amazon Web Services

or Google Computing Cloud), one might be less concerned with computational

limitations. Yet, we strongly believe in academic equity and advocate for inclusive

and fully accessible research. Hence, we here provide an estimation routine that

is easily doable on any up-to-date home computing device. To make that happen,

we reduce the computational burden with the help of a meta-model.

Meta-models (also known as surrogates) can be used as a computationally cheap

proxy since they approximate the mostly non-linear relationship between input

parameters and model output. They, thus, reduce the computational burden.

This meta-modeling approach has first been introduced into the field of economic

ABM by Salle and Yıldızoğlu (2014), followed by Dosi et al. (2018a, b, c).

The statistical tool, that these studies use, is called Kriging and it facilitates

sensitivity analyses over a large parameter space. However, Kriging struggles to

correctly approximate the non-smooth response surface of most ABM. Therefore,

Lamperti et al. (2018) propose the use of machine-learning surrogates as a more

efficient alternative. Machine-learning, as an applied form of artificial intelligence,

learns autonomously from given data and is able to make predictions based on that

data.11 In their study, they introduce a (semi-) supervised regression/classification

approach. The basic idea is to map a user-defined fitness measure and a specific

parameter set of the underlying ABM. Using a budgeted online approach, the

surrogate’s performance improves successively over multiple rounds while correctly

identifying parametrizations of interest. We will adopt this approach which is

described in the following. A corresponding pseudo code is given in Figure 3. The

source code to run and replicate the numerical experiments in this section can be

found online: https://github.com/IvonneSchwartz/SurrogateEnhanced-Mo

11See Van der Hoog (2019) for a broad discussion of potential uses of machine learning surrogates
to agent-based modeling in the field of economics.
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for i=1 to 100, do
RandomSeed 1: seed1(i)
Pseudo empirical data Temp

RandomSeed 2: seed2(i)
Simulated data Tsim (Grid 2500)
for j=1 to 4, do

RandomSeed 3: seed3(i)
Train the machine-learning surrogate (CatBoost)
Make predictions over a large pool of parameter combinations
400 best predictions: Simulate data T n

sim with seed2(i)
end for

end for

Figure 3: Pseudo code of our estimation routine.

mentEstimation. The specific design of our estimation algorithm is mainly due

to the computational limitations we faced. Our goal was to find a feasible balance

between the computational burden and the significance of our results. To get any

insightful results at all, we set the number of repetitions to 100 per setting as

the bare minimum. A first random seed is used to generate the pseudo empirical

data. We choose two different time length; T = 20 000 and T = 80 000. Using

a second random seed, we run and evaluate an initial grid over 2 500 parameter

combinations. This is done for two reasons.

First, given the behaviour of the objective function’s response surface as dis-

cussed in Section 3.1 with its flat valleys and multiple local optima, any attempt

to converge to a potential global optimum will critically depend on initial con-

ditions. Different initial conditions may lead to drastic differences in parameter

estimates. This has also been reported by Grammig and Schaub (2015) and Chen

and Lux (2018). The usual work-around is to start with a rough grid search to

provide a first mapping of the objective function’s behavior. Such an initial guid-

ance prior to the optimization is crucial here for another reason. To efficiently

explore the parameter space with the help of machine-learning surrogates, we first

need to train the machine-learning model. In order to get an acceptable predic-

tion performance, the training sample size should not be too low. We stick to the

results by Lamperti et al. (2018) who report a satisfactory explanatory perfor-

mance by training the surrogate on 2 500 points (i.e. parameter combinations).

This works great here too, but it is important to mention that the initial sam-

ple size most probably depends on the complexity of the economic model under

consideration. Given the dimensionality of our model, equi-distant grid points, as
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in Chen and Lux (2018), are computationally not feasible here. Instead, we used

Quasi Monte Carlo sampling based on Sobol sequences to get a set of 2 500 param-

eter combinations that are evenly distributed over the nine-dimensional parameter

space of interest. Sobol sequences generate a uniform distribution in probability

space which are more evenly distributed compared to random sequences. Alterna-

tive sampling techniques include Monte Carlo sampling based on pseudo-random

numbers or Latin Hypercube sampling as used in Salle and Yıldızoğlu (2014). Yet,

Kucherenko et al. (2015) have shown that Sobol sequences possess space-filling

properties which are superior to the other aformentioned sampling techniques.

We, thus, start with a preliminary manual search over a restricted subset of

the parameter space as given in Table 2. Parameter boundaries are chosen such

that (i) (pseudo-) true values lay well within the parameter space and (ii) pre-grid

search finds at least one positive output, i.e. at least one joint moment event.

Otherwise, we would search in the dark.12 However, this is not an easy task

given the high dimensionality of the ABM and computational costs will probably

outrun the performance benefits. Therefore we decided to manually calibrate the

restricted subset.

The training of the surrogate model is now done repeatedly over multiple rounds.

This way it is successively improved to make more accurate predictions after each

training round.13 With another set of random seeds, we train the machine-learning

surrogate using our previously simulated grid data. For the meta-model learn-

ing, we resort to CatBoost (Prokhorenkova et al. 2018). CatBoost is a gradient

boosting toolkit that is freely available and open-source.14 One of CatBoost’s

advantages is its little required training time and little required expertise for pa-

rameter tuning. After experimenting with other algorithms, e.g. the XGBoost

library as proposed in Lamperti et al. (2018), we found that the prediction time

is much faster for CatBoost. Although CatBoost’s default performance is already

high, we initially optimized the surrogate’s hyperparameters to foster predictive

performance further. In contrast to Lamperti et al. (2018), this is not done auto-

mated. Since the nature of our economic model and the estimator don’t change

throughout our study, we use the same set of optimized hyperparameters for all

our experiments. To further improve CatBoost’s predictive performance, we made

12We thank an anonymous referee who remarked that, ideally, this should be done by a search
algorithm. We takes this as an open issue for future research.

13We have experimented with different options of splitting up our total evaluation budget and
found the presented one to result in the most precise parameter estimates given our limited
resources.

14The Github repository can be found here: https://github.com/catboost. For a thorough
introduction into boosting, see Schapire and Freund (2012).
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use of feature engineering and included additional input features. This is done by

creating new features out of already existing ones in order to improve model per-

formance. Feature engineering aims at highlighting import patterns within the

data, i.e. interactions between features. What we did is try to highlight the re-

lationship between the variables of the (economic) model’s variance function and

correlation function, respectively. We hence included features considering the ra-

tio/quotient of the upper and lower bound parameters of those functions. Plus

the quotient of the upper and lower bound and the threshold parameter as well.

We also experimented with different type of normalizing our input data, but we

could not detect any improvements from that.15 After successfully training the
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Figure 4: Surrogate behavior and performance. The figure reveals the performance of
the surrogate for a simulation exercise run over 10 000 parameter combinations. The
black line (belonging to the right y-axis) shows the median value of the mean-squared
error (MSE) together with its confidence band for increasing training sample size. The
solid and dashed red lines (belonging to the left y-axis) indicate the computation time
in seconds for the surrogate and the true ABM, respectively.

surrogate, we can finally make predictions over a very large number of parameter

combinations. In fact, we set up a pool containing 40 million parameter combina-

tions. Given the predictions, we take the best 400 (in terms of the predicted SJM

estimator) and simulate those via the true ABM. Adding the newly simulated data

to the initial data set drives the estimation towards parameterizations that match

our desired properties since the machine-learning surrogate becomes successively

smarter. In total, we repeat this procedure four times. Obviously, our algorithm

can be easily adjusted at several points to scale it up (or down) given the available

15See Zheng and Casari (2018) for a useful guide on applied feature engineering.
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computational resources.

Before running a batch of experiments, let us first consider the behavior of the

machine-learning surrogate to check if it is truly able to approximate our ABM.

To do so, we test the predictive performance of the surrogate for increasing size

of the training sample. The experiment is based on a set of 10 000 parameter

combinations run over 100 independent experiments with different random seeds

for the surrogate. Predictive performance is measured in terms of the mean-

squared error (MSE) which is the squared deviations of the predicted estimator’s

value and the true value (that comes from running/simulating and evaluating the

true ABM). Figure 4 shows the results.

As expected, the MSE is decreasing for an increasing training sample size. Given

that we are using a real-valued setting (regression problem instead of classifica-

tion), the MSE is already satisfyingly low for small sizes of the training sample.

The red dashed line shows the increase in computation time for running the true

ABM. The timing results for the surrogate include average training and predic-

tion time and remain steady around two seconds for all considered training sample

sizes. In contrast to the growing computational demand of the ABM, we see no

increase for the surrogate. Depending on the available computational resources,

we need to decide for a certain trade-off between computational cost and perfor-

mance. As described earlier, we decided for a training size of 2 500 parameter

combinations.

4.2 Simulation study

Let us now turn to our simulation study where we investigate the performance

of our proposed estimation approach. Therefore, we start this subsection with a

detailed description of our setup for the numerical experiments. Afterwards, we

will report and discuss the results of our Monte Carlo simulations.

We start our estimation study with first considering a reduced subversion of

the economic model including only four parameters. This first experiment lets us

investigate if our approach and set of moments is basically suitable to estimate

the chosen economic model. Therefore, we switch off the coordination mechanism

of the model, as given in (8), by setting ρt = φl = 0.0006. For the remaining

pseudo-true parameter set θ =
{
λ, γh, γl, γm, φl, βc, βf

}
, we choose the (pseudo-)

true parameter vector θ0 = {0.81, 0.35, 0.058, 14.5, 0.0006, -0.1, 10}, whereof

we include only the first four parameters for the estimation exercise. Results are

shown in the first part of Table 2 and look very promising. All four parameters are
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precisely estimated with their sample means being very close to their (pseudo-)

true values. Standard errors of the estimates are fairly low, too. We can conclude

that our approach is, indeed, able to correctly identify model parameters.

λ γh γl γm φh φm φl βc βf tsec

θ0 0.81 0.35 0.058 14.5 - - 0.0006 -0.1 10
[0.795,0.825] [0.22,0.48] [0.045,0.071] [13,16]

T = 20 000
0.808 0.346 0.057 14.324
0.002 0.006 0.001 0.242
0.003 0.007 0.001 0.298

θ0 0.81 0.35 0.058 14.5 0.065 0.0032 0.001 -0.1 10
[0.795,0.825] [0.22,0.48] [0.045,0.071] [13,16] [0.05,0.08] [0.0022,0.0042] [0.0001,0.01] [-1,-0.01] [1,100]

T = 20 000
MEAN 0.8125 0.2661 0.0468 14.4186 0.0689 0.0026 0.0038 -0.405 12.8029 855.87
FSSE 0.0044 0.0115 0.0018 0.5125 0.0053 0.0002 0.0007 0.2382 4.541 9.56
RMSE 0.0050 0.0847 0.0114 0.5166 0.0065 0.0007 0.0029 0.3863 5.3187

T = 80 000
MEAN 0.8125 0.2746 0.0477 13.8439 0.0654 0.0025 0.0030 -0.3746 12.3685 2177.75
FSSE 0.0039 0.0173 0.0034 0.4858 0.0063 0.0001 0.0007 0.2367 6.2806 13.48
RMSE 0.0046 0.0773 0.0109 0.8150 0.0062 0.0007 0.0021 0.3617 6.6834

Table 2: The table shows the means, finite sample standard errors (FSSE) and root-
mean squared errors (RMSE) of the parameter estimates of 100 Monte Carlo repetitions
per scenario. MC is fixed at 400. The last column reports the average computation
time in seconds needed for the execution of one single estimation.

Next, we go one step further and take the full version of the model with its

nine parameters into consideration. For the pseudo-true parameter set θ ={
λ, γh, γl, γm, φl, φh, φm, βc, βf

}
, we choose the (pseudo-) true parameter vector

θ0 = {0.81, 0.35, 0.058, 14.5, 0.001, 0.065, 0.0032, -0.1, 10}. A summary of the

included parameter ranges is found in Table 2. Parameter intervals are chosen

based on preliminary sensitivity analyses over the global parameter space and ac-

cordingly restricted given the computational resources at hand. We have further

chosen parameter intervals in a way that the pseudo-true values are perfectly cen-

tered within (except for βc and βf ). Note that, for this test scenario, we restrict

the reaction parameter of chartists βc to only allow for contrarian behavior.

We run the Monte Carlo simulations over two different time length T = {20 000,

80 000}. Experimenting with smaller time lengths led to high sampling variations

which is why we chose 20 000 observations as our baseline setting. By including an

increased sample size of 80 000 observations, we aim at obtaining valuable insights

about the asymptotic tendencies of the estimator. Table 2 reveals the correspond-

ing results of our Monte Carlo study where we report the means, standard errors

and root-mean squared errors of the sample estimates.

Apparently, some parameters are easier to identify than others. Results show

that parameters λ, γm, φh and βf are very precisely identified with their mean

estimates being quite close to their (pseudo-) true values. The previously well
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Figure 5: Densities of parameter estimates for experiment 1. The panels show smoothed
kernel densities for parameter estimates with red lines indicating the (pseudo-) true
values and dotted black lines visualizing the 95% confidence intervals of the sample
estimates.

identified parameters γh and γl are now far off their true values. Parameters

φm and φl are troublesome as well. There also seems to be no improvement in

the precision for these parameters with increasing time length. It seems that the

estimator converges to different optima here. This might be due to the fact that

these parameters belong to one of the s-shaped functions. In fact, parameter γh

limits the upper bound and parameter γl the lower bound of the function for the

variance of the trading signals, respectively. So it seems reasonable that there

exists a multitude of parameter combinations which are equally good. A similar

pattern can be observed for the other s-shaped function, i.e. the trading signals’

correlation function. Figure 5 reveals additional insights about our numerical

experiment. The panels show the parameter estimates’ smoothed kernel densities

for T = 20 000 and T = 80 000. Red lines indicate the (pseudo-) true values while

dotted black lines visualize the 95% confidence intervals of the sample estimates.

Figure 5a confirms multitudes of maxima since it shows multimodal distributions

for most of the parameters. Increasing the time length T from 20 000 to 80 000, the
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multimodality and distortions becomes less pronounced. In total, for five (six) out

of nine parameters, the (pseudo-) true values are well within in the 95% confidence

intervals given T = 20 000 (T = 80 000). Yet, increasing T does not necessarily

improve the FSSE and RMSE for all parameters. This suggests convergence slower

than
√
T as expected by asymptotic theory. Possible explanations may be found

in Table 3 where we report correlations of the sample estimates. Inspecting the

sample correlation matrix, we see that biases in the estimates can most probably be

explained by high correlations between model parameters. We find especially high

values for the parameter pairs defining the intensity and correlation of speculators’

trading behavior: (γl, γh), (φh, φm) and (φl, φh). They are also high for the

cross-functional pairs (γh, φl) and (γm, φl). This suggests that a possible lack

of identification is mainly due to the specifics of our underlying economic model.

More precisely, this means that the S-shaped functional form of the two core model

mechanisms (see Equation (6) and (8)) are complicating our estimation endeavor.

In the last column of Table 2, we report average timing results which refer to

the average computation time in seconds needed for the execution of one single

estimation run. Note that the increase in computation time from T = 20 000 to

80 000 is less than proportional given the fact that we efficiently run all avail-

able cores of our CPU in parallel. How can we quantify these numbers in terms

of performance improvement. Running the proposed routine, we need a total of

4 100 cost-intensive ABM evaluations. Using the same budget to evaluate a simple

Sobol sample (without using any sophisticated estimation technique) leads to a

significantly lower SJM estimator. More precisely, our approach gives us a qualita-

tive performance increase of at least 25%. To get the same qualitative results, the

Sobol Sequence has to cover a minimum of 200 000 data points. A full estimation

run, i.e. including 100 Monte Carlo repetitions, over such a sample size would

take around 12 days for T = 20 000. This equals a reduction in computation time

of 90%.

With regard to the empirical application, we run a second set of experiments

over a slightly different and less restricted parameter space (details can be found

in Table 2). For this setting, we allow for both contrarian and trend-following

behavior. Note also that the (pseudo-) true parameter values are not necessar-

ily centered within in the used parameter space anymore. We were suspecting

that results would get worse with a broader parameter space. But that did not

happen. However, results look differently which we report in Table 4. Compared

to our first setting, mean estimates have significantly improved for parameters

γh and γl which are now fairly close to their true values. The same holds for
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λ γh γl γm φh φm φl βc βf

λ 1.0 -0.40 0.24 0.68 0.21 0.12 0.45 0.08 -0.06
γh 1.0 0.73 -0.36 -0.58 -0.10 -0.86 -0.29 -0.24
γl 1.0 0.17 -0.56 -0.16 -0.58 -0.22 -0.23
γm 1.0 0.55 0.54 0.70 0.20 -0.09
φh 1.0 0.84 0.82 0.41 0.01
φm 1.0 0.50 0.31 -0.14
φl 1.0 0.32 0.04
βc 1.0 0.16
βf 1.0

Table 3: Correlation matrix of parameter estimates.

parameter φm. However, this comes at the cost of higher distortions for other

parameters, including λ and γm which have been estimated precisely before. Fig-

ure 6 reveals the densities of the parameter estimates for the second setting. It

shows again skewed multimodal distributions for most of the parameter estimates.

For T = 20 000, they are far from being normally distributed. For T = 80 000,

this becomes a bit less pronounced which is a common pattern between the first

and second experiment. Further increasing T might eventually give us any true

convergence behavior. Note that any statement about the asymptotic properties

of the estimator should be taken cautiously given that the considered sample size

is not long enough. It is known that the choice of moments effects the efficiency

and precision of parameter estimates (Chen and Lux 2018). The reason is that the

informational value differs among moments. Given that the choice of moments is

also often criticized as being arbitrary, we aim at offering a high degree of trans-

parency here. Therefore, we run a small sensitivity analysis for T = 20 000 where

we tested the impact of different moment sets on the estimator’s performance.16

Results are reported in Table 4:

• M6 includes the following six moments: volatility, Hill tail index at 5%,

autocorrelation of raw returns at lag 1 and the autocorrelations at lags 3, 12

and 50. M6 might be regarded as the minimum of set of useful moments.

• M7 uses all moments of M6 plus the Hill tail index at 2.5%.

• M9 includes all moments except for the Hill tail index at 2.5%.

At first glance, the overall quality of the results did not worsen. Yet, inspecting

the RMSE shows that results for M6 and M9 fall behind the standard setting

16Alternatively, Creel and Kristensen (2016) propose a cross-validation method for the selection
of appropriate statistics for Approximate Bayesian Computing. They also suggest their
approach for SMM-related estimation.
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including all ten moments. Interestingly, M7 performs pretty well if not slightly

better than M10. What we can learn from this is that the chosen set of moments

is quite robust. Cutting off single moments does not deteriorate the results at

large. We have also experimented with an extended set of moments adding the

autocorrelations of squared returns. Results are also reported in Table 4 under

M16. We find minor improvements for some of the parameter estimates which

come at the expense of increased RMSE for other model parameters plus increased

computational overhead of roughly ten percent. Overall, our baseline set of ten

moments seems to be robust since the extended set of 16 moments could not foster

performance significantly.

λ γh γl γm φh φm φl βc βf tsec

θ0 0.81 0.35 0.058 14.5 0.065 0.0032 0.001 -0.1 10
[0.78,0.92] [0.25,0.46] [0.046,0.076] [13.5,18] [0.003,0.1] [0.0023,0.0040] [0,0.003] [-10,10] [1,50]

T = 20 000
M6

MEAN 0.817 0.355 0.066 16.699 0.054 0.0029 0.0014 3.047 19.51
FSSE 0.007 0.025 0.003 0.391 0.006 0.0004 0.0005 3.295 9.595
RMSE 0.01 0.025 0.009 2.234 0.012 0.0004 0.0006 4.546 13.479

M7
MEAN 0.817 0.344 0.063 16.622 0.063 0.0032 0.0018 3.323 19.479
FSSE 0.005 0.012 0.002 0.325 0.007 0.0004 0.0001 3.491 8.096
RMSE 0.008 0.014 0.005 2.146 0.007 0.0004 0.0008 4.877 12.441

M9
MEAN 0.821 0.34 0.065 16.637 0.054 0.0028 0.0017 3.904 21.764
FSSE 0.005 0.016 0.002 0.323 0.007 35.433 0.0003 3.219 9.608
RMSE 0.012 0.019 0.007 2.161 0.013 53.739 0.0007 5.129 15.163

M10
MEAN 0.818 0.341 0.063 16.553 0.063 0.0031 0.0019 4.000 21.339 857.80
FSSE 0.005 0.014 0.002 0.36 0.008 0.0004 0.0002 4.208 9.723 6.94
RMSE 0.01 0.016 0.005 2.084 0.008 0.0004 0.0009 5.861 14.907

M16
MEAN 0.811 0.343 0.058 15.904 0.074 0.0040 0.0020 1.240 15.409 948.73
FSSE 0.009 0.014 0.004 0.771 0.006 0.0003 0.0003 5.012 10.862 7.62
RMSE 0.009 0.015 0.004 1.600 0.011 0.0004 0.0011 5.165 12.089

T = 80 000
M10

MEAN 0.820 0.34 0.061 16.569 0.075 0.0034 0.0021 5.586 21.235 2179.10
FSSE 0.005 0.009 0.002 0.559 0.003 0.0001 0.0002 3.34 7.540 14.73
RMSE 0.011 0.016 0.004 2.143 0.01 0.0003 0.0012 6.589 13.510

Table 4: The table shows the means, finite sample standard errors (FSSE) and root-
mean squared errors (RMSE) of the parameter estimates of 100 Monte Carlo repetitions
per scenario. MC is fixed at 400. The last column reports the average computation
time in seconds needed for the execution of one single estimation.

Summing it up here, we find five out of nine parameters fairly well matched with

the true values lying within the 95% confidence intervals of the sample estimates.

For all other parameters, we observe small to strong biases. Our results suggest

that estimates tend to depend quite strongly on initial conditions. We have shown

that varying the parameter space gives us quite different results. This is a well-

73 



0.805 0.810 0.815 0.820 0.825 0.830 0.835
0

20

40

60

80

100

120

λ

0.30 0.32 0.34 0.36 0.38 0.40
0

10

20

30

40

50

γh
0.060 0.065 0.070

0

50

100

150

200

250

γl

14 15 16 17 18
0.0

0.5

1.0

1.5

2.0

γm
0.05 0.06 0.07 0.08

0

10

20

30

40

50

60

ϕh

0.0010 0.0015 0.0020 0.0025 0.0030
0

500

1000

1500

2000

2500

3000

ϕl

0.0025 0.0030 0.0035
0

200

400

600

800

1000

1200

1400

ϕm

-15 -10 -5 0 5 10
0.00

0.05

0.10

0.15

βc

-20 0 20 40
0.00

0.01

0.02

0.03

0.04

0.05

0.06

βf

(a) T = 20 000

0.800 0.805 0.810 0.815 0.820 0.825 0.830
0

50

100

150

200

λ

0.30 0.32 0.34 0.36 0.38
0

20

40

60

80

γh
0.050 0.055 0.060 0.065

0

100

200

300

400

γl

14 15 16 17 18
0.0

0.5

1.0

1.5

γm
0.055 0.060 0.065 0.070 0.075 0.080 0.085

0

50

100

150

200

250

300

ϕh

0.0010 0.0015 0.0020 0.0025 0.0030
0

1000

2000

3000

4000

5000

ϕl

0.0025 0.0030 0.0035
0

2000

4000

6000

8000

10000

12000

ϕm

-15 -10 -5 0 5 10
0.00

0.05

0.10

0.15

0.20

0.25

βc

-30 -20 -10 0 10 20 30 40
0.00

0.02

0.04

0.06

0.08

0.10

βf

(b) T = 80 000

Figure 6: Densities of parameter estimates for experiment 2. The panels show smoothed
kernel densities for parameter estimates with red lines indicating the (pseudo-) true
values and dotted black lines visualizing the 95% confidence intervals of the sample
estimates.

known and common problem in the estimation of ABM and is mostly rooted in

the struggle that search algorithms face when dealing with non-globally convex

surfaces. Gilli and Winker (2003) suggest to include a stochastic acceptance rule

in order to avoid being trapped in local optima. However, Platt and Gebbie (2018)

find that the Nelder-Mead paired with a threshold accepting heuristic can still con-

verge towards local minima. Here, it seems that the machine-learning surrogate

is prone to this as well. Our workaround is to combine results from various esti-

mation runs based on different settings. Figure 7 shows smoothed kernel densities

of combined parameter estimates coming from both experiments for T = 20 000.

This seems a natural and effortless task to gain a better understanding of the esti-

mator’s performance for the considered economic model. In fact, we can boost the

estimator’s efficiency given that now eight out of nine (pseudo-) true values fall

well within the 95% confidence intervals of their corresponding sample estimates.

We, further, see that bimodality is even more apparent here. This again supports

our hypothesis that it may most probably be explained by the specifics of the
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economic model. Recall the S-shaped functions of Equations (6) and (8) for the

intensity and correlation of speculators’ trading behavior, respectively. Given their

functional form, we have to deal with possible multiple local optima. Convergence

to a global optimum can, thus, not be expected.
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Figure 7: Combined densities of (theoretical) parameter estimates. The panels show
smoothed kernel densities for parameter estimates with red lines indicating the (pseudo-)
true values and dotted black lines visualizing the 95% confidence intervals of the sample
estimates coming from both settings for T = 20 000.

5 Empirical Application

In this section, we proceed with an empirical application and apply our approach

to estimate the model for several financial time series. Since Schmitt et al. (2020)

only run calibration exercises for the model, we will provide a thorough empirical

validation with which we are able to investigate the model in a far better way. Us-

ing different asset classes, including stock market indices, commodities and foreign

exchange rates, will allow us to get valuable insights. We use three stock market

indices which are the German DAX, the S&P500 and the Japanese Nikkei225.

As commodities, we chose the price of gold. To account for the specifics of for-

eign exchange markets, we also include the U.S. dollar to euro (USD/EUR). All

five time series cover 25 years from January 1, 1993 to December 31, 2017 with

the total number of daily observations ranging between 6146 to 6421. In table
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6, we report for each empirical dataset all ten moments together with their stan-

dard deviations. Since the standard deviations of the empirical moments need to

be approximated, we resort to do this via bootstrapping.17 Following Winker et

al. (2007), we used a block bootstrap to account for the long-range dependence

in the empirical time series when computing the frequency distributions for the

volatility and the tail indices. We, hence, subdivided the original time series into

blocks of 250 daily observations and constructed 5 000 block bootstrapped time

series from random draws with replacement. For the frequency distributions of

the lagged autocorrelations, we consider the reasoning of Franke and Westerhoff

(2016) that the long-range dependence in the return series gets distorted when

two non-adjacent blocks are put consecutively. To avoid a bias in these statistics,

we sampled single observations together with their accordingly lagged past data

points as they suggest.18 For the empirical estimation, we use the same setup from

the previous numerical exercise reported in 4.2. For all five empirical time series,

we run a total of 100 independent estimations over T = 20 000.19 The results

of our empirical study are reported in Table 5 and visually depicted in Figure 8.

Based on our findings in the previous section, we are well aware that part of the

parameter estimates are most likely biased to some degree. Using the same initial

conditions for the estimation of all empirical time series, the probable biases are

supposedly consistent. Hence, we are still able to get some insights when compar-

ing the empirical estimates. A first inspection of the parameter estimates shows

that the values are quite similar for the SP500, Nikkei, Gold and DAX. This is not

much of a big surprise when looking at the empirical moments (see Appendix B)

which are in a close range for these four time series. Looking at the estimates for

reaction parameters of chartists βc and fundamentalists βf , we recognize strong

fundamental forces. In case of the first four series, fundamentalists tend to react

around six times more strongly than chartists to given trading signals. Further, we

found contrarian behavior on average for the SP500 and Nikkei index paired with

very high mean estimates for the reaction parameter of chartists βf . In contrast,

we find trend-following behavior for Gold, the DAX index and the USD-EUR ex-

17Alternatively, the Newey-West estimator of the covariance-matrix of the empirical moments
might be used to obtain confidence intervals. Yet, those intervals might be less narrow and
hence not optimal.

18If an estimated moment from the empirical time series happened to differ significantly from
its computed median value, we increased the number of bootstrap repetitions up to 50 000
until the moment’s frequency distribution centered around its empirical observation.

19Note that the simulated time length is significantly longer than the empirical time series. As
stated earlier, running simulations on a smaller time length would result in high sampling
variations and thus leading to strongly biased parameter estimates.
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SP500 Nikkei Gold DAX USD-EUR USD-EUR

λ 0.8108 0.7939 0.8908 0.7992 0.8723 λ 0.9092
∈ [0.78, 0.92] (0.0064) (0.0087) (0.0031) (0.0116) (0.0073) ∈ [0.83, 0.925] (0.0028)

γh 0.3759 0.3695 0.2911 0.3999 0.2788 γh 0.1766
∈ [0.25, 0.46] (0.0136) (0.0239) (0.0084) (0.0101) (0.0208) ∈ [0.15, 0.3] (0.0031)

γl 0.0515 0.0640 0.0718 0.0518 0.0539 γl 0.0533
∈ [0.046, 0.076] (0.0012) (0.0021) (0.0022) (0.0044) (0.0012) ∈ [0.04, 0.058] (0.0006)

γm 16.4974 15.8042 17.5011 16.4373 15.3356 γm 10.7996
∈ [13.5, 18] (0.4641) (0.4538) (0.4251) (0.6546) (0.6641) ∈ [10, 15] (0.1462)

φh 0.063 0.0662 0.0567 0.0584 0.0085 φh -
∈ [0.003, 0.1] (0.0051) (0.0070) (0.0061) (0.0059) (0.0049)

φl 0.0021 0.0019 0.0019 0.0025 0.0008 φl 0.0003
∈ [0.0, 0.003] (0.0002) (0.0004) (0.0003) (0.0005) (0.0003) ∈ [0.0, 0.003] (0.0002)

φm 0.0034 0.0036 0.0028 0.0030 0.0033 φm -
∈ [0.0023, 0.0040] (0.0003) (0.0003) (0.0002) (0.0004) (0.0004)

βc -9.1625 -5.9052 2.7243 4.1345 4.4039 βc 7.7633
∈ [−10, 10] (0.5034) (3.1288) (5.0827) (4.5304) (3.4059) ∈ [−10, 10] (1.7912)

βf 47.575 35.7463 16.4968 26.4697 6.9985 βf 9.1051
∈ [1, 50] (1.534) (10.5134) (9.6083) (11.7108) (5.5135) ∈ [1, 50] (5.6502)

SJM 0.192 0.099 0.247 0.226 0.0594 0.2102
(0.0076) (0.0075) (0.0177) (0.0256) (0.0149) (0.0105)

Table 5: Simulation results of the empirical application. The table shows the mean
of the parameter estimates. The used parameter intervals are given in the first and
seventh column. For better readability, parameter estimates for γh, γl, γm, βc and βf

are multiplied by 105. The final row shows the mean value of the SJM estimator with
estimations based on 5 000 repetitions over time length T set equal to the corresponding
empirical time series. Standard errors are reported in parentheses.

change rate. Speaking of Gold, it is interesting to see that the memory parameter

λ is especially high. This is in line with other research, e.g. Baur and Glover

(2014), who found long-term oriented trend-following behavior for the price of

gold.

With regard to the second main mechanism of the economic model, we found the

herding parameter φh to be significant and similar for almost all time series except

for the USD-EUR exchange rate. In fact, the estimates for the USD-EUR exchange

rate differ significantly for most parameters from those of the other series. First, we

find overall low values for the trading intensity mechanism defined by parameters

γh, γm and γl together with a comparatively high memory parameter λ. Second,

the estimates for the parameters of the coordination/herding mechanism reveal

statistical insignificance. Finally, we observe reaction parameters for chartists βc

and fundamentalists βf which are almost equal in strength. Given these results,

we hence decided for an slightly adjusted second estimation run where we cut off

strong herding effects and allowed only mild yet persistent coordination behavior
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among speculators ruled by parameter φl. See the last two columns of Table 5 for

the adjusted parameter space and the corresponding results. Estimations of this

second run reveal that speculators’ trading intensity is rather weak. Speculators

tend to be long-term oriented given a high value for the memory parameter λ.

Since the time series of the USD-EUR exchange rate barely shows extreme events

(highest daily return is around 4 percent, see Appendix A for a sample simulation

run), speculators’ herding behavior appears weak, too. Reaction parameters are

again of comparable strength.
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Figure 8: Densities of empirical parameter estimates. The panels show smoothed kernel
densities for parameter estimates with red lines indicating the mean values and dotted
black lines visualizing the 95% confidence intervals of the sample estimates.

Figure 8 shows the smoothed kernel densities for parameter estimates. Red

lines indicate the median values and solid block lines mark the 95% confidence
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intervals of the sample estimates. Given the small sample sizes we are using

here, it is no surprise that parameter estimates suffer from right-hand and left-

hand skewness. Most densities also show at least some degree of multimodality

(mostly bimodality). The bimodality of the parameter estimates tends to be more

pronounced for the SP500 and Gold, is less pronounced for DAX and USD-EUR

and least pronounced for the Nikkei. Overall, we find the multimodality to be less

distinct than in the purely numerical studies before suggesting that the quality

and quantity of empirical data is sufficient enough. It is also interesting to see

that the standard errors are similar in size for most of the parameters. Only for

the reaction coefficients of chartists and fundamentalists, we find some differences.

While parameter estimates of βc and βf are narrowly distributed for the SP500, the

densities for Nikkei, Gold and Dax show much greater variability. Hence, it might

make sense to pre-calibrate them to achieve more efficiency during estimations for

these three time series.

Let us next assess the validity of the empirical parameter estimates. The SJM’s

great advantage is that it comes with an inherent goodness-of-fit measure. There-

fore, we calculate the fraction of simulation runs for which all simulated moments

jointly fall into their empirical counterparts. This is a simple, intuitive and compu-

tationally cheap way. Recall that we used an extended time length with T = 20 000

for the empirical estimation. To get unbiased estimates of the SJM estimator, we

re-evaluated the results for the same time length as the empirical time series (rang-

ing between 6146 and 6421 daily observations) over 5 000 repetitions. The last row

of Table 5 reports the mean estimates for the joint-moment measure which ranges

from almost 10% to 25% with the Nikkei performing worst and Gold performing

best. That means for the Nikkei that for every tenth simulation run all ten mo-

ments jointly fall into their empirical counterparts. And for Gold it is even every

fourth simulation run. Given the simplicity of the economic model and the known

struggle to estimate certain model parameters, we find the overall performance of

the model to be fairly satisfactory. Sample simulation runs vis-a-vis their empirical

counterparts can be found in Appendix A.

6 Conclusion

In this paper, we study the performance of a simulated joint moment estimator as

first proposed by Franke and Westerhoff (2012) which has been used (mostly) for

calibration so far. This estimator belongs to the bigger group of simulated moment

estimators which is rich but varies in details. We aim at contributing to this line of
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research by providing a comprehensive and thorough estimation study of the SJM.

The economic model under scrutiny here is a simple agent-based computational

stock market model by Schmitt et al. (2020) which is able to replicate a number

of important stylized facts of stock markets.

In a first bunch of sensitivity analyses, we reveal that the estimator’s objective

function is non-smooth and has partially flat response surfaces. We further show

that the response surface is strongly dependent on both simulated and empiri-

cal time length, plus the number of simulation runs. Hence, stochasticity causes

identification problems here. To overcome these, we can increase the time lengths

and number of simulation runs leading to a massive computational burden. A

machine-learning surrogate helps to reduce the computational costs and to max-

imize the objective function. A (relatively massive) initial grid search provides

a first rough mapping of the objective function and is used to feed the machine

learning meta-model. The proposed methodology offers an easily scalable estima-

tion framework which can be run on any standard home computing device. In

fact, we find that our approach leads to a reduction in computation time of at

least 90%. There is, hence, no need for a High-Performance Computing Cluster.

Running a massive Monte Carlo study, we test if our estimation framework is

able to precisely estimate model parameters. We show that most parameters of

the SSW model are correctly identified. Results also suggest biases in the esti-

mates and convergence behavior for just some model parameters in small sample

populations. To be precise, parameter estimates show bi-modal densities. This

is a common and persistent pattern across model parameters and experimental

settings. The reason lies in the functional form of the theoretic model with its

S-shaped functions for the intensity and correlation of speculators’ trading leading

to high correlation between model parameters. Considering our economic model as

naturally misspecified (as is every model), it is essential to understand the relation

between model and estimation routine. This allows to detect possible biases and

carefully interpret meaningful results. Given the dimensionality of the economic

model, the number of model parameters and the limited computational resources,

we find the precision of the estimates quite satisfying.

The joint moment estimator has often been criticized for being somewhat arbi-

trary and offering limited validity and comparability. It is indeed quite sensitive

to a lot of assumptions, e.g. time length T , the number of Monte Carlo repetitons

MC or the set of chosen moments. Hence, comparisons across different studies

might not be feasible. What this work offers is a focus on the distributional prop-

erties of the estimator instead of a single point estimate. This way, evaluations
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of the performance of the model are much more insightful. This is also the first

study to use this kind of estimator on various empirical time series. Indeed, we

have demonstrated that the model by Schmitt et al. (2020) is valid for all five

datasets. This compensates, at least to some degree, for the missing comparability

across studies.

We have further shown that the machine-learning surrogates are prone to con-

vergence to local optima too. This is most probably due to the specific choice and

size of the pool of parameter combinations which we identify as the main weak

spot of this approach. Due to limited memory capacity, the size of the pool cannot

be set arbitrarily large.

Our work offers possible new research directions. Inspired by the recent work

of Lux (2020b) and Platt (2020) who test the performance of different estima-

tion routines, we find that a similar study could be a worthwhile task. In this

regard, we would like to test an upscaled version of our framework given more

computational resources and benchmark it against other estimation approaches.

Moreover, the broader applicability of our estimation framework opens avenues

for future research. For instance, it may be interesting to check and see if it is still

useful and computationally manageable in larger and more complex settings of

e.g. macroeconomic models. One possible direction for future work could also be

to use a mixture of surrogates including classification considering CatBoost’s su-

periority in handling categorical features. Since our approach is somewhat related

to Approximate Bayesian Computation, we also see potential for a methodological

marriage here.
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A Sample simulation runs

Figure 9: Dynamics of the SP500 between 1993 and 2017 (left panel) and dynamics
of a sample simulation run (right panel) using the following parameter set: λ = 0.82,
γh = 0.36, γl = 0.051, γm = 16.1, φl = 0.002, φh = 0.067, φm = 0.0034, βc = −0.0001,
βf = 0.0005. The panels show from top to bottom the price evolution, the log returns,
the log probability density functions of normalized returns (black) and standard normally
distributed returns (gray), the Hill tail index estimator and the autocorrelation functions
of raw (gray) and absolute returns (black), respectively.
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Figure 10: Dynamics of the Nikkei225 between 1993 and 2017 (left panel) and dynamics
of a sample simulation run (right panel) using the following parameter set: λ = 0.80,
γh = 0.34, γl = 0.064, γm = 16.2, φl = 0.002, φh = 0.073, φm = 0.0036, βc = 0.000024,
βf = 0.00047. The panels show from top to bottom the price evolution, the log returns,
the log probability density functions of normalized returns (black) and standard normally
distributed returns (gray), the Hill tail index estimator and the autocorrelation functions
of raw (gray) and absolute returns (black), respectively.
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Figure 11: Dynamics of the German DAX between 1993 and 2017 (left panel) and
dynamics of a sample simulation run (right panel) using the following parameter set:
λ = 0.82, γh = 0.39, γl = 0.061, γm = 17.7, φl = 0.002, φh = 0.05, φm = 0.0024,
βc = −0.000016, βf = 0.00016. The panels show from top to bottom the price evolu-
tion, the log returns, the log probability density functions of normalized returns (black)
and standard normally distributed returns (gray), the Hill tail index estimator and the
autocorrelation functions of raw (gray) and absolute returns (black), respectively.
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Figure 12: Dynamics of the gold price between 1993 and 2017 (left panel) and dynamics
of a sample simulation run (right panel) using the following parameter set: λ = 0.90,
γh = 0.27, γl = 0.074, γm = 17.1, φl = 0.002, φh = 0.049, φm = 0.0024, βc = 0.00006,
βf = 0.00024. The panels show from top to bottom the price evolution, the log returns,
the log probability density functions of normalized returns (black) and standard normally
distributed returns (gray), the Hill tail index estimator and the autocorrelation functions
of raw (gray) and absolute returns (black), respectively.
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Figure 13: Dynamics of the USD-EUR exchange rate between 1993 and 2017 (left
panel) and dynamics of a sample simulation run (right panel) using the following pa-
rameter set: λ = 0.91, γh = 0.17, γl = 0.053, γm = 10.5, φl = 0.0001, βc = 0.0001,
βf = 0.0001. The panels show from top to bottom the price evolution, the log returns,
the log probability density functions of normalized returns (black) and standard nor-
mally distributed returns (gray), the Hill tail index estimator and the autocorrelation
functions of raw (gray) and absolute returns (black), respectively.
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B Empirical moments and their bootstrapped

standard deviations

SP500 Nikkei Gold DAX USD-EUR

E (|rt|) 1.136 1.487 1.022 1.435 0.603
(0.109) (0.098) (0.085) (0.103) (0.03)

α2.5 3.124 3.235 3.464 3.232 4.877
(0.192) (0.227) (0.228) (0.219) (0.272)

α5.0 2.954 3.317 3.143 3.104 4.466
(0.137) (0.17) (0.139) (0.148) (0.248)

E (rtrt−1) -0.062 -0.042 -0.002 -0.004 0.007
(0.023) (0.022) (0.02) (0.019) (0.014)

E (|rt||rt−3|) 0.285 0.24 0.19 0.288 0.084
(0.025) (0.031) (0.021) (0.023) (0.014)

E (|rt||rt−6|) 0.305 0.193 0.207 0.258 0.097
(0.032) (0.028) (0.021) (0.02) (0.016)

E (|rt||rt−12|) 0.285 0.195 0.178 0.241 0.073
(0.031) (0.027) (0.018) (0.023) (0.015)

E (|rt||rt−25|) 0.223 0.096 0.172 0.202 0.074
(0.024) (0.017) (0.019) (0.018) (0.015)

E (|rt||rt−50|) 0.176 0.09 0.129 0.161 0.059
(0.019) (0.015) (0.016) (0.018) (0.014)

E (|rt||rt−100|) 0.133 0.055 0.099 0.123 0.032
(0.018) (0.016) (0.016) (0.016) (0.013)

Table 6: Empirical moments of the S&P500, the Japanese Nikkei, the German DAX,
Gold and the USD-EUR exchange rate. The first line contains estimates of the returns
standard deviation V, the tail indexes at 2.5 and 5.0%, the autocorrelation coefficients
of raw returns for lag 1, and the autocorrelation coefficients of absolute returns for lags
3, 6, 12, 25, 50, 100. The second line shows the standard deviations of the summary
statistics that are reported in the first line. Standard deviations have been computed
from bootstrapped distributions of the moments. See Section 5 for further details.
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5 Time is limited on the road to 
asymptopia: An analysis of the 
ergodic properties of moment 
functions in the validation of 
fnancial agent-based models 

This chapter contains joint work with Mark Kirstein. Ivonne Schwartz took the 
lead in designing the study, carried out all numerical simulations, performed all data 
analyses, interpreted results, designed fgures and wrote Sections 2.5, 3 and 4. Mark 
Kirstein developed the theoretical formalism of the study and discussed its numerical 
implications. He is responsible for writing Sections 2.1 - 2.4 and designing the cor-
responding fgures. Ivonne Schwartz and Mark Kirstein were involved in equal parts 
in structuring and writing Section 1. Both authors read, commented and revised the 
manuscript. In the following, the working paper version will be included. 
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1 Introduction

Financial crashes, global pandemics or disruptive innovations all qualify as formative
events during which economic systems reach a new order. On an aggregate level such
events can trigger the transition from an old equilibrium to a new equilibrium. A
rapid sequence of such formative events can prevent the economy, financial markets
and observables from ever reaching their long-time equilibria and thus keeping them
steadily out-of-equilibrium. In an effort to use a new methodology to understand such
complex emergent behaviors and answer urging policy questions1 a community of
researchers adopted financial agent-based models (FABMs) that deliberately allow for
more complexity than traditional models.2 The scientific challenge is to work with
FABMs that are capable to endogenously reproduce known statistical regularities and
that remain statistically and computationally tractable for estimation exercises.3 The
ever increasing amounts of data and computational resources make FABMs a promising
candidate to ultimately join the set of models which drive informed policy decisions.4

The development of a consensual validation and estimation protocol for (F)ABMs
is important for scientific standards of reproducibility. However, the estimation and
validation of FABMs remains challenging and despite a growing body of research there
exists no consensus in the literature, yet.5 Having a standardized protocol after all
would address main methodological critiques raised against agent-based modeling.6

Here we follow a direction outlined in Gaffeo et al. (2007, p. 96) of a ‘descriptive
output validation’, where we focus on simulated moment estimators which have been
studied already intensively for FABMs.7 Apart from the simulated method of mo-
ments (SMM) used here, different estimation approaches have recently emerged in the
literature including likelihood-based methods, information-theoretic similarity-based
measures and more recently a number of Bayesian estimations of FABMs appeared,

1Bouchaud 2008; Farmer and Foley 2009; Lux and Westerhoff 2009.
2Tesfatsion and Judd 2006; Hommes and LeBaron 2018.
3The most important stylized facts of financial time series include phenomena like excess volatility,

fat-tailed return distributions, absence of autocorrelations in the raw returns but long memory in
absolute returns and volatility clustering. Regarding the study of financial markets, there exists a
large strand of literature which provides models that explain the stylized facts well. Surveys about
the statistical properties of financial markets can be found in Cont (2001), Lux and Ausloos (2002),
Hommes (2006), LeBaron (2006) and Lux (2009).

4Westerhoff and Franke 2018.
5Richiardi et al. (2006) is one attempt in this direction, Delli Gatti, Fagiolo et al. (2018) is a helpful

textbook. See Fagiolo, Guerini et al. (2019) and Lux and Zwinkels (2018) for recent surveys.
6Leombruni and Richiardi 2005; Richiardi et al. 2006; Fagiolo and Roventini 2017.
7Amilon 2008; Gilli and Winker 2003; Winker, Gilli et al. 2007; Franke 2009; Schmitt 2021; Schwartz

2022.
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too.8

Reliable estimation rests on sufficient convergence speed given finite-sample lengths
and limited computational resources. Surprisingly, the development of better tools
and protocols in the validation of (F)ABM has often overlooked the ergodicity issue so
far. Our contribution enters exactly at this issue. Already the seminal contribution by
Cont (2001, p. 225) emphasised ergodicity in the process of estimation of parameters
in models of financial market:

One needs an ergodic property which ensures that the time average of a
quantity converges to its expectation. Ergodicity is typically satisfied by IID
observations but it is not obvious – in fact it may be very hard to prove or disprove
– for processes with complicated dependence properties such as the ones
observed in asset returns. (emphasis added)

Admittedly, ergodicity is an elusive property and the fact that no ready-to-use econo-
metric test for ergodicity exists stands in the way of a comprehensive treatment. It
may come as less of a surprise then that only few publications identify ergodicity as an
important assumption at all.9 Regardless, ergodicity often lurks in the background as
an implicit regularity condition.10 As mentioned by Cont (2001) a proof of ergodicity
of the relevant observables is not trivial, because it depends on the convergence speed
and the respective time scales are often large. The danger for modellers is to run into
unnoticed trouble during the process of estimation and validation since knowledge
about the estimator’s convergence behaviour is instrumental.

In this paper, we aim to contribute to a growing body of research on the validation
and estimation of FABMs. In particular, we add useful steps towards a coherent study
of the effects of broken ergodicity. We do not propose any new estimation technique,
but rather enhance the understanding and applicability of existing ones with regard
to the ergodicity issue. Our main contributions are the following. First, there exists a
nucleus of publications studying ergodicity in the estimation of (F)ABMs especially by
Jakob Grazzini and Matteo Richiardi, which started with the study of models much

8Kukacka and Barunik 2017; Lamperti 2018; Barde 2016; Grazzini, Richiardi and Tsionas 2017;
Platt 2021; Bertschinger and Mozzhorin 2021; Delli Gatti and Grazzini 2020; Lux 2018, 2021a,b.

9To convey a rough idea, the four volumes of the Handbook of Computational Economics only casually
mention ’ergodic’; esp. in the volumes most relevant, i.e. Vol. 2 on Agent-based Computational Finance
(Tesfatsion and Judd 2006) and Vol. 4 on Heterogeneous Agent Modeling (Hommes and LeBaron 2018),
’ergodic’ is mentioned in Ch. 22 & 32 and resp. in Ch. 8 & 14, however with no relation to the
validation of ABMs.

10Soltyk and Chan 2021, p. 19; Franke and Westerhoff 2016, p. 25, footnote 36; LeBaron 2021, p. 91,
footnote 8.
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simpler than the FABMs we study here.11 We analyse broken ergodicity in the SMM
estimation of two well established FABMs, the Alfarano et al. (2008) (ALW model)
and the Franke and Westerhoff (2012) (FW model), which reproduce a much larger
set of stylized facts of financial markets. We perform Monte Carlo simulations and use
the simulated method of moments (SMM) approach for the estimation of both ABMs.12

Second, we use the terminology of time averages and ensemble averages which
allows to express many challenges in the estimation process as depending on taking
different types of averages. For instance, we explicitly analyse the convergence beha-
viour over time vis-a-vis the convergence behaviour over replications. Doing so, we
show how to reduce the uncertainty coming from broken ergodicity by analysing the
estimation for different choices of ensemble size and simulation time length under
limited computational resources, for which most estimators remain in a pre-asymptotic
regime.

A brief survey of related work puts our contribution in context of the existing
literature. Our work is closely related to a series of publications initiated by Grazzini
and Richiardi who in Grazzini (2012) and Grazzini and Richiardi (2015) introduced
a useful terminology and also use the SMM approach. However, they analyse the
ergodic properties of much simpler models than those FABMs that we study here. As
stated by Grazzini and Richiardi (2015, p. 154), ergodicity assures consistent estimates
even in the adjustment phase, i.e. when the system has not yet fully reached the limiting
distribution, because the properties are invariant across different realizations of the
stochastic process. This assumes that certain regularities are ‘stable enough across
different replications of the model’ to be identified. In general, Grazzini (2012) and
Grazzini and Richiardi (2015) use non-parametric statistical tests to test for ergodicity
(and stationarity). Grazzini (2012) applies a Wald-Wolfowitz runs test to check whether
the observed and simulated data come from the same population. This can also be
done using a Kolmogorov-Smirnov test.13 These tests can offer a first starting point.
However, Dosi et al. (2018) find conflicting results using these econometric tests and
thus conclude that they are not reliable to detect (non-)ergodicity. Another approach
based on robust statistics is given by Winker, Gilli et al. (2007) who study situations
when a typical distribution or time series is better represented by the median instead
of the mean. The divergence of the median from the mean is a typical symptom of

11Grazzini 2011; Grazzini and Richiardi 2013, 2015.
12Standard references for the SMM are McFadden (1989), Pakes and Pollard (1989), Lee and Ingram

(1991) and Duffie and Singleton (1993). A textbook treatment is in Davidson and MacKinnon (2003,
Chap. 9.6).

13For ergodic Markov processes, the tests by Domowitz and El-Gamal (1993, 2001) are applicable.
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broken ergodicity as the mean or ensemble average is prone to outliers and because of
that tracks the exceptional individual whereas the median is resistant to extremes and
approximates the time-averaged behaviour and thus the behavior of typical individuals.

Furthermore, sufficient asymptotic convergence might be beyond reach for all prac-
tical purposes. Bouchaud and Farmer (2021) recently termed these situations quasi
non-ergodicity, i.e. convergence times are astronomically-long such that for most prac-
tical purposes the estimation takes place in a pre-asymptotic regime where ergodicity
is notoriously hard to achieve. Similarly Dessertaine et al. (2022) draw another ana-
logy from physics and refer to non-ergodic effects of estimation in pre-asymptopia
as violations of the adiabatic assumption, ‘in the sense that the time needed for the
system to reach equilibrium is much sh orter than the time over which the environment
changes, so out-of-equilibrium effects can be neglected’. The model data-generating
process (mDGP) of a (F)ABM is usually not analytically solvable let alone available in
closed-form, which makes it even harder to choose the number of simulation runs and
length without any prior knowledge about the speed of convergence. Our study helps
to reduce this uncertainty.

The remainder of the paper is organised as follows. In Section 2 we provide a basic
understanding of ergodicity for the purpose of moment selection. It turns out that the
simulated method of moments like any estimation approach closely relies on ergodicity
somewhere along the process. Section 2 shows where exactly ergodicity enters. In
Section 3 we investigate how (broken) ergodicity influences the validation of FABMs.
In doing so, we run a bunch of numerical experiments on two financial market models
and present the results of our simulations. Section 4 contains a summary and concludes
the paper.

2 Ergodicity and moment selection

This section starts with a brief discussion of ergodicity for the purpose to guide the
selection of proper moments. In short, proper moments must be ergodic to be invariants
of the model and not artefacts of particular simulated trajectories. With the help of an
example of (geometric) Brownian motion we show that it is possible and necessary to
derive ergodic observables from non-ergodic processes. These insights about ergodicity
then guide the process of moment selection in Subsec. 2.3. The moments enter the
method of simulated moments which is briefly described in Subsec. 2.5.
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2.1 Ergodicity

Ergodic theory can be understood as a mathematical theory that studies the asymptotic
behaviour of averages. Results from this mathematical field become relevant in an
economics context whenever an economic observable is modelled as a stochastic process,
In our context of financial markets, the asset price as our economic observable of interest
is modelled as a random variable in a static context or as a stochastic process if we are
interested in the time evolution as well. Figure 1 provides an intuitive understanding
of the core aspects of ergodicity and shows five sample time series.
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Xt (x1) · · · · · ·

Xt (x2) · · · · · ·

Xt (x3) · · ·

Xt (x4) · · · · · ·

Xt (x5) · · ·· · ·
...

Xx3,•

Xx3,• = lim
T→∞

1
T

T−1
∑

t=0
Xx3,t〈X•,t∗〉 = lim

N→∞
1
N

N
∑

n=1
Xxn,t∗

Figure 1: Two Averaging Procedures. Averaging over all realizations at a fixed time,
e.g. at t∗, yields the ensemble average at that time (blue shade): 〈X•,t∗〉 =
limN→∞ 1/N ∑N

n=1 Xxn,t∗ . Averaging over time of a single realization of the
stochastic processes, e.g. the sample path associated with initial condition x3,
yields the time average (red shade): Xx3,• = limT→∞ 1/T ∑T−1

t=0 Xx3,t (adapted
from Kirstein 2019, p. 68).

From a modelling standpoint we think of the five time series as five realizations of a
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stochastic process {Xt}t∈T with five different initial conditions x1, . . . , x5.14 For FABMs,
the raw observables will be time series of asset prices or returns initialized by the series’
first observations. We think of the observed data as being generated by some unknown
real-world data-generating stochastic process (rwDGP), which remains a purely mental
construction, of course. The FABM is the model data-generating process (mDGP), from
which we are able to sample. Validation and estimation in econometrics can then be
understood as a test of the match between the mDGP and the rwDGP with respect to
some metric. In SMM, this metric consists of a vector of moments. The selection of
moments is discussed in Subsec. 2.3.

With the help of ergodicity and Fig. 1, we distinguish between two types of the
physical identity of an average, ensemble average (blue shade) and time average
(red shade). Ensemble and time averages perform different aggregations on different
instances of the observables. A time average computes an average along a single time
series (or a single realization of a stochastic process) which is is depicted in Fig. 1 by the
red shade tracking the time series Xt(x3). An ensemble average computes an average
over different realizations of the random variable (or stochastic process) at a single
point in time which is depicted in Fig. 1 by the blue shade covering realizations at
time t∗. In econometric terminology time averages correspond to longitudinal averages
and ensemble averages to cross-sectional averages. Intuitively, a time average gives an
aggregate statement about a single system over time, an ensemble average gives an
aggregate statement about many systems at an instance in time.15

Ergodicity is then a mathematical property of an observable that describes the
conditions under which both averages exist and coincide. A common definition of
ergodicity establishes some type of convergence of longitudinal or time series averages
on the LHS towards the cross-sectional average on the RHS:

lim
T→∞

1
T

T

∑
t=1

f (xt)

︸ ︷︷ ︸
average along a single infinite time series

a. s.
−→

∫

Ω
f (x)P(x)dx

︸ ︷︷ ︸
average over population

= 〈X〉 , (2.1)

where f is an arbitrary function of the observables. This handy notation allows to cover
the case of analysing the raw observables as well as some transformation of them, in
the former case f is simply the identity mapping, f (x) = x. In our context, the function

14For simplicity we will omit the initial conditions in the notation if they are not relevant.
15A key insight that has recently become better understood is to distinguish not only between the

physical identity of an average (ensemble/time) but to further abstract and distinguish the phys-
ical identity from the mathematical identity or mathematical functional form of an average (arith-
metic/geometric/harmonic/etc.) (Kirstein 2019).
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f potentially represents some summary statistic of the data, i.e. a moment function
which we discuss below in more detail. The LHS of Eq. (2.1) yields a time average in
the long-time limit. It is important to note that the RHS is also the result of a limit,
it yields the ensemble average in the large-ensemble limit. The latter is rarely made
explicit and instead the RHS is often presented just as the expectation value, i.e. 〈X〉 =
E [X].

2.2 Identifying ergodic observables

In this section we briefly discuss the possibility to extract ergodic observables from
non-ergodic processes. This corresponds to extracting moment functions from some
rwDGP of which we don’t need to know whether it is ergodic or not as long as we
select an ergodic moment function. The goal is to identify invariants of a model which
is a key goal in science.16 Invariants are adequate quantities when describing and
comparing models of real-world phenomena. Identifying these invariants and package
them in moment functions will be instrumental for the selection of proper moments
discussed in the subsequent section.

Ergodicity as a property of mathematical models characterises such possible invari-
ants in the specific sense of Eq. (2.1), i.e. an ergodic observable converges (almost
always) towards a unique invariant limit distribution.17 Most models of real-world
phenomena are per se non-ergodic processes, because some dynamic aspect (like growth)
is relevant.18 For illustration purposes let us look at the standard model of asset price
evolution which is that of (geometric) Brownian motion (GBM).

As such the model of GBM is clearly non-ergodic. Yet it is possible to derive ergodic
observables from this non-ergodic process. Quite generally, a stochastic process is a
model of an uncertain economic observable that can vary in time and over realizations.
A simple stochastic process is the Wiener process Wt. In finance the Wiener process
is used as a model of the price evolution, i.e. the repeated measurements of the price
of an asset.19 The Wiener process Wt is non-ergodic, as its time average behaves as
Wt ∼ N (0, t/3) for t → ∞, and thus does not converge, because the distribution has
a time-dependent variance, i.e. the distribution is broadening over time. Therefore,
the time-dependent time average cannot almost always be equal to its time-independent

16Petersen 1996.
17In a sense, an ergodic observable ensures that more data is better for estimation and validation purposes,

because more observations are likely to lead to better convergence.
18Let us emphasise that ergodicity is not a property of reality but of the mathematical model.
19The Wiener process is sometimes also called Brownian motion because it was initially conceived to model

the real-world phenomenon of Brownian motion, i.e. the jittery motion of pollen suspended in fluids.
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ensemble average 〈Wt〉 = 0, if so then only occasionally (by chance).
Again, we are interested in identifying ergodic observables or summary statistics of

a process. In the unlikely case that the raw observable is ergodic we are lucky. More
generally some transformations might be necessary to arrive at an ergodic observable.
Typical derived observables are increments, squared increments (sometimes referred
to as squared displacements), correlations, multiples, returns or growth rates. If
we analyse the squared displacement from the origin of a Wiener process as our
observable of interest, D2

T = (WT −W0)
2, then this observable is ergodic,

〈
D2

T

〉
= D2

T.20

The increments of a Brownian motion converge towards a unique invariant time-
independent distribution, and are in this sense an ergodic observable. The increments of
a geometric Brownian motion, however, are not converging but remain level-dependent.
For GBM it is the exponential growth rate that converges to an ergodic invariant
distribution instead. This little example is meant to show that it is possible to derive
ergodic observables from non-ergodic processes. In fact, we use the ergodic observables
to characterize non-ergodic processes and thus in a similar way like in this little example
use ergodic moments to characterize the mDGP of a (F)ABM.

It is the ergodic property that makes a summary statistic a suitable moment for the
validation of (F)ABMs. However, the high degrees of freedom in (F)ABMs often prevent
the existence of a closed-form solution, which would simplify the direct analysis of
the stochastic data-generating process and to analytically derive the limit distributions
of observables. Therefore, we have to rely on numerical simulations to study the
convergence behavior and ergodic properties of moment functions. With this in mind,
we now turn to the process of moment selection.

2.3 Selection of moment functions

The term moment is central in all moment-based estimations as the generalized method
of moments (GMM) and the simulated method of moments (SMM) which we use in
this paper. However, the word moment has different meanings in different fields. Let us
therefore briefly clarify how we use it here. Whenever we refer to moments, we use this
term in the narrow sense of their ordinary meaning in stochastics as properties of a
probability distribution P in Eq. (2.2). In the context of SMM estimation of (F)ABMs,
the literature refers to moments in a wider sense as some summary statistic. To avoid
confusion we will thus refer to them as moment functions in this paper.

20Metzler et al. 2014.
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2.3.1 Moments

In stochastics a moment m of order q = 0, 1, 2, 3, . . . ; q ∈ N of a distribution is computed
as the mean of the q-th power of its realizations, mq =

∫ ∞
−∞ xqP(x)dx = E [Xq] . It is

often convenient and therefore desirable to work with probability density functions
such as P, but the density of a measure doesn’t always exist, thus we can express
moments using only the probability measure P instead,

mq = E [Xq] =
∫ ∞

−∞
xq dP(x) . (2.2)

As the mDGP for most FABMs is not readily available in closed form, the moment
functions can’t simply be calculated analytically. Thus we need to simulate the data
first and then compute the moments numerically. Inference from a given sequence of
moments to a distribution is a classical problem in mathematics known as the moment
problem. The estimation task of a (F)ABM is an inverse form of the classical moment
problem. Generally, moment problems are only solvable if long sequences of moments
are available, which is usually not the case for distributions of observables of financial
markets because they turn out to be heavy-tailed.21 Higher-order moments of heavy-
tailed distributions (HTDs) quickly vanish and in extreme cases even the first moment
doesn’t exist.22 It seems therefore unlikely that solutions to classical moment problems
are of immediate help for our estimation task. However, it provides an additional
motivation to extend the selection of moment functions in SMM beyond the ordinary
moments.23

Empirical analyses of economic and financial data at least since the 1960s24 have
repeatedly confirmed that many observables are not very well described by the family
of Gaussian distributions but instead follow HTDs, often with a power law tail. Since
the increasing magnitude of an extreme event raised to the q-th power, xq, can’t be offset
by its decreasing probability, dP(x), the integral in Eq. (2.2) diverges and higher-order
moments cease to exist for HTDs. For instance, the calculation of the second central
moment, the variance, is numerically always possible but does not converge for larger
samples. Associated with the (existence of the) variance is a typical scale of dispersion.

21A classic text on the moment problem is Akhiezer (1965), more recent research reveals the solvability of
the Hamburger moment problem depends on the non-negative extendability of the Hankel matrix,
see Bolotnikov (1996, 2008), Chen and Hu (1998) and Dyukarev et al. (2008).

22Rachev 2003.
23Soltyk and Chan (2021) use solutions to classical moment problems for modelling time-varying

higher-order conditional moments of financial time series.
24Mandelbrot (1960, 1963) and Fama (1963) are prominent references that find heavy-tailed price

increments (returns).
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If the distribution has no second moment, then such the variations are so extreme
that they lack a typical scale. Obviously, non-existing moments would not be good
candidates for moment functions. An invariant of such volatile behavior might be
the scaling exponent of the increments or returns. In fact, it is now understood that
power laws are invariants of scaling relationships which again are imprints of complex
systems and their otherwise out-of-equilibrium dynamics.

2.3.2 Moment functions

Moments ‘provide a natural source of information about the parameters, other functions
of the data may also be useful’ (Greene 2018, p. 491). A natural motivation to move
beyond moments to moment functions is to not only use static properties of distributions
but also dynamic properties of the underlying processes, e.g. correlations are not a
property of a distribution but of observations at different times, locations or both. We
refer to these ’other functions of the data’ as moment functions. Our notation proves
convenient here, as it is possible to interpret the function f in Eq. (2.1) simply as some
moment function f (x) = m(x). Eventually, our vector of moments m can contain
ordinary moments in the sense of Eq. (2.2) as well as moment functions.

A hierarchy of convergences in ergodic theorems In order to emphasise how strong
a statement about an ergodic property actually is, it is worthwhile to make explicit a
hierarchy of convergences contained in ergodic theorems like Eq. (2.1). For an ergodic
theorem to hold:

1. almost all individual time series averages need to converge at all,

2. almost all individual time series averages need to converge to some (arbitrary)
identical value,

3. and this value must be a particular one, namely coincide with the expectation
value.

Let us comment on this hierarchy. On the first two points, most raw time series do
not converge at all to a single value and are thus not stationary in this sense, e.g. all
growth processes, security prices, business cycle dynamics or exchange rates. Some
transformation like first or higher differencing is necessary to impose stationarity
and thus convergence.25 However, such transformations do not necessarily impose

25Delli Gatti, Fagiolo et al. 2018, p. 145.
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ergodicity, as they operate only on a single time series. On the third point, the
expectation value is a particular average, i.e. the probability-weighted arithmetic mean
of all realizations of a random variable. Thus its mathematical identity is an arithmetic
mean and its physical identity is an ensemble average. Note that in general both time
and ensemble averages do not coincide and hence non-ergodicity or broken ergodicity
is our default condition. In fact, ergodicity only holds for very special cases or carefully
chosen transformations of the observables.

This convergence hierarchy also applies to moment functions. Already Franke (2009,
p. 805) and Ruge-Murcia (2012, p. 918) note that many empirical moment functions are
computed as time averages of some function of the (time series) data, 1/T ∑T

t=1 m (xt) .
We only take the obvious next step to demand the ergodicity of moment functions in
the selection process such that they converge towards a unique value or distribution
and capture invariants of the mDGP. So far it is only tacitly assumed in the literature
that moment functions are ergodic but rarely explicitly analyzed, which implies that
the calculation for (almost) all time series samples converges (almost) always towards
a particular and identical value (namely the expectation value). For FABMs that offer
no closed-form analytical solution, the convergence of moment functions can only
be assessed numerically which will be done in Subsec. 3.2.2. Thus, the hierarchy of
convergences is directly informative in the context of the validation of ABMs. Firstly,
the time averages of the moment functions need to converge at all and additionally to
some value, 1/T ∑T

t=1 m (xt) → m. Corresponding to the third aspect in the hierarchy,
this convergence needs to go towards the expected value we observed empirically,
m = 1/T ∑T

t=1 m (xt) → 〈m〉. Eventually, proper moment functions have to rely be
ergodic invariants of the mDGP.

Ergodic theory implies a further highly relevant aspect to the validation of FABMs
which is its asymptotic nature. Roughly speaking, ergodic theorems live in the land of
asymptopia, while reality and the estimation of (F)ABMs take place in pre-asymptopia
with finite samples. For all practical purposes real-world data will always be limited
even if the available computational resources are constantly expanding. If there are
only finite observations in the time series of the FABMs in pre-asymptopia then the
time scales of the convergences will become crucially important sooner or later. Any
uncertainty about the LHS in Eq. (2.1) vanishes only in the large-time limit.26 In pre-
asymptopia all quantities are computed under the constraint of finite computational
resources. Thus we operate with samples finite in time and ensemble size, limt→T, T �

26But there is also some uncertainty about the true expectation value on the RHS in Eq. (2.1), which only
vanishes in the large-ensemble limit.
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∞ and limn→N , N � ∞. Given any limited budget of computational resources, the
uncertainties in computing moment functions of our FABM depend on such limits and
behave differently and might never vanish sufficiently fast.

2.4 Monte Carlo cube

So far we have discussed (i) ergodicity in general, (ii) the importance of the ergodic
property, (iii) assumptions hidden in the ergodic theorem about specific convergences
that reappear in the selection of suitable moments of FABMs and (iv) the fact that val-
idation of FABMs always takes place in pre-asymptopia where ergodicity is generically
broken due to slow convergences. In this section we focus on the different dimensions
where convergences take place when performing Monte Carlo simulations and how to
visualize them. This section prepares for a better understanding of the effects of broken
ergodicity along the different dimensions as discussed in Sec. 3. It will turn out to be
instructive for the choice of how to split a limited number of total observations over (i)
the simulation length, (ii) the number of simulation runs and (iii) the number of Monte
Carlo repetitions to improve validation efforts.

We model observables as realizations of a random variable X.27 Repeated observa-
tions or realizations x of the same random variable at regular intervals from time 0 to
time T form a time series of our observable, {x0, x1, x2, . . . , xT}, also denoted by {xt}T

0 .
Within this stochastic model a specific observed time series can therefore be interpreted
as a realization of finite length of a stochastic process {xt}t∈T, where T denotes the
time domain of the time index.28 A stochastic process, {xt}t∈T, is then a family of all
infinite time series.

Our notation establishes the following relation between the real world (which is
observable) and our model. Nature or the financial markets are thought of as a rwDGP
which is unknown and of which we often observe only exactly one unique time series.
On the other hand we have an economic model of a financial market – a FABM in our
case – which is our model data-generating stochastic process (mDGP), from which we
can generate an ensemble of (at least in principle) arbitrarily many N time series of
(finite) length T. At least two facts distinguish two time series generated by the same
stochastic process. First, the two time series (or realizations of the stochastic process)

27Throughout this paper we denote random variables by capital letters and their realizations by the
respective lower case.

28The flexible notation of the time domain as T allows to easily adopt different time domains. For a
continuous time model the time parameter t of the stochastic process is T = R or {xt}t∈R . For a model
in discrete time T = N which yields the stochastic process {xt}t∈N .
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differ in their random initial conditions or random seeds.29 The dependence on some
initial conditions is indicated in Fig. 1 by the argument in the function, e.g. Xt (x1)

signifies a process Xt that started in x1. Second, randomness in the noise realizations –
there are simply different realizations of the random variable that appear over time or
are generated and used in the simulation.

Throughout the paper, the distinction between the time dimension and the ensemble
dimension will be crucial. We denote time by T and denote the size of the ensemble by
N. A Monte Carlo simulation experiment is then fully determined by the

1. simulated time length T, which yields a (1× T)-matrix or row vector of size T;

2. an ensemble of N different generated time series, which yields a (N × T)-matrix;

3. number of M Monte Carlo realizations, which yields M different (N × T)-
matrices.

Figure 2 contains a visualization of the three dimensions of simulations of (F)ABMs.
Commonly, this third dimension of the Monte Carlo runs is understood as belonging
to the ensemble dimension as only the random seeds might be different, but additional
numerical effects appear that make a distinction between the two dimensions possible
which are discussed in more detail in Sec. 3.30 The convergence behavior in the
numerical estimation crucially depends on the ensemble size N, the time length T and
the number of Monte Carlo simulations M in a non-intuitive and non-linear way. In
principle different convergence behaviours in these three dimensions have not been
investigated before. Our analysis is thus contributing to the joint community efforts of
improving the validation of (F)ABMs.

2.5 Simulated method of moments

Let us now turn to the simulated method of moment estimation. This estimation
method is studied for different kind of models such as dynamic stochastic general
equilibrium (DSGE) models31 as well as (F)ABMs.32 In general SMM is more robust to

29Delli Gatti, Fagiolo et al. 2018, pp. 39–40.
30Related two-dimensional visualisations in the context of tests for ergodicity can be found in Guer-

ini and Moneta (2017, Fig. 3, p. 132). Grazzini and Richiardi (2015, p. 155) refer to the
three-dimensional mental model of a cube and refer to it as the ‘replications’ dimension. Sim-
ilar reasoning about correct alignment of research question and statistical identification led to
the idiographic paradigm in behavioral psychology and physiology and similar visualisations
(MolenaarCampbell2009; NeumannEtAl2022).

31Ruge-Murcia 2012, 2013.
32Franke 2009; Fagiolo and Roventini 2017; Fagiolo, Guerini et al. 2019.
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Figure 2: Monte Carlo Cube. Every column depicts an ensemble, i.e. a collection of N
realizations of the random variable x at some instance of time. Every row of
a matrix depicts a time series, i.e. realizations of the random variable x in a
particular realization given by the first argument over time t which is denoted
by the second argument. Every matrix of such rows and columns depicts
the outcome of a single Monte Carlo run denoted by the superscript number
in parenthesis. Three possibly different dimension along which averaging
and thus convergence can take place, the ensemble dimension (blue), the
time dimension (red) and a third dimension along different Monte Carlo runs
(green).

110 



misspecification than for example maximum likelihood methods33 and performs better
for large-scale models.34 SMM belongs to the broader class of simulated minimum
distance methods whose goal is to identify the unknown parameters of the model,
which generate the least distance between the simulated moment functions and the
empirical observed moment functions.

Let us now introduce a simulated method of moment estimator. Therefore, we
consider a FABM with unknown parameter vector θ ∈ Θ, which we ultimately want to
estimate from the parameter space Θ. In many empirical studies it is the primary goal
to fit parameter values of the mDGP e.g. by matching empirical and simulated data
moment functions. In our context, the goal is to assess the quality of the estimation
approach itself, i.e. how well does the estimation approach identify some known ’true’
parameter values θ0. If no empirical data is used for the evaluation of the estimation
approach but data simulated from an ABM – like in our study – then it is a common
practice to use known parameter values from the literature as the benchmark of the
estimation that match the moment functions well and refer to them as ’true’ values.35

Since SMM belongs to the broader class of simulated minimum distance methods, a
distance function d measures the difference between empirical and simulated data given
some parameters θ.36 Thus, we compute the distance between the two moment function
vectors for the simulated and empirical moment functions d = memp (xt)−msim (xt|θ

)

given some parameters θ. In the following, we explicitly consider two different types
of averaging over simulated observables. First, simulated moment functions can be
computed as time averages over one realization of observables xt of time length T:

msim =
1
T

T

∑
t=1

m (xt) . (2.3)

Or second, they can also be captured as averages over an ensemble of size N of time
averages of length T:

msim =
1

NT

N

∑
n=1

T

∑
t=1

m (xt) . (2.4)

The objective function or criterion function for a given a set of model parameters θ

33Ruge-Murcia 2007.
34Platt 2020.
35They are sometimes also referred to as ’pseudo-true’ values as they are derived from synthetic/simulated

data. See also Subsubsec. 3.2.1.
36To be very precise, the empirical data is produced given the true parameters θ0, which we want the

estimation to recover reliably.
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aggregates then the distances

J (θ) = d (θ)′W d (θ) , (2.5)

for a given weighting matrix W which is positive semi-definite. The estimator θ̂ yields
that vector of model parameters for which the objective function is minimized:

θ̂ = arg min
θ

J (θ) . (2.6)

Under standard regularity conditions, the distance function d is assumed to be sta-
tionary and ergodic resulting in an asymptotically consistent estimator.37 For most
(F)ABMs, however, a corresponding SMM estimator might not have such properties.
In fact, we will show that in pre-asymptopia the following inequality holds due to
non-commutativity of the limits in ensemble size, time and also of the number of MC
runs:

1
NT

N

∑
n=1

T

∑
t=1

m (xt) 6=
1

NT

T

∑
t=1

N

∑
n=1

m (xt) . (2.7)

Put simply, under broken ergodicity and/or in pre-asymptopia the order matters in
which the limits are taken.38 We thus study the effect of an efficient allocation of a
limited budget of observations and how to get an estimator with improved properties.

The efficiency of the SMM estimator is affected by the design of the weighting matrix
W. The optimal choice is given by a weighting matrix with the smallest asymptotic
covariance for the estimator. One popular choice would be the use of the Newey-West
estimator. In our numerical study, we are interested in the uncertainty that can be
solely associated with broken ergodicity. Therefore, we will consider the inverse of the
long-run covariance matrix of the true data as the optimal weighting matrix.

To summarize this section, we have discussed how the ergodic property plays a crucial
role in moment selection. As we will see next, convergences along the three different
dimensions might behave differently due to broken ergodicity in pre-asymptopia. How
exactly shows the evaluation of the simulation experiments in the next section.

3 Simulation experiments

To conduct our study of (broken) ergodicity in the convergence of moment functions,
we take two established financial agent-based models: Alfarano et al. (2008) (ALW

37Lee and Ingram 1991; Duffie and Singleton 1993.
38Grazzini 2011, eq. 2 on p. 6.
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model) and Franke and Westerhoff (2012) (FW model). They are both based on a
herding mechanism that has its roots in Kirman (1993). Both models are commonly
used for estimation exercises in the community.39 They replicate most of the stylized
facts mentioned above and require comparatively little computational resources despite
their prototype-nature.

3.1 Agent-based financial market models

In this subsection we briefly discuss the key mechanisms underlying the ALW model
and the FW model which are the basis of our numerical experiments hereafter.

3.1.1 ALW model

The first model by Alfarano et al. (2008) incorporates a behavioural herding mech-
anism based on Kirman (1993) with precedent analysis in Alfarano et al. (2005).
40

The ALW model assumes two types of financial speculators, fundamentalist and
chartist traders. Fundamentalists’ excess demand is given by Df = NfVf

(
p?t − pt

)

where Vf is the average demand of Nf fundamental speculators. The fundamental value
p?t is assumed to follow a random walk p?t = p?t−1 + σf · ε f ,t with ε f ∼ N (0, 1). The
excess demand of chartist traders is given by Dc = NcVcxt. Chartists are in one of
two opinion states, either optimistic or pessimistic. A sentiment index xt is defined
as xt = 2nt/Nc − 1 with nt optimistic traders at time t of a total number of Nc chartists.
They are assumed to change their sentiment based on the (extensive) transition rates
π+ = a + bn and π− = a + b(N − n), where parameter a indicates idiosyncratic
switches and b measures the herding intensity. The resulting sentiment dynamics is
approximated by the following Langevin equation with drift component A(x) = −2ax
and diffusion term D(x) = 2b(1− x2

t ) + 4a/N which gives

dxt = A(x)dt + D(x)dWt = −2axt dt +
√

2b(1− x2
t )dWt . (3.1)

Eq. (3.1) can be discretized with ∆t = 1:

∆x = xt+∆t − xt = −2axt +
√

2b
(
1− x2

t
)

εt (3.2)

39Chen and Lux 2018; Lux 2018; Kukacka and Kristoufek 2020; Bertschinger and Mozzhorin 2021.
40For a simple variant of the herding model by Kirman (1993) with local interaction between the agents

(or equivalently extensive transition rates) a closed-form exists for which analytical solutions of the
time-variation of moments and some related quantities of interest exist can be computed (see Alfarano
et al. 2005 and esp. Alfarano et al. 2008, Section 4).
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with ε ∼ N (0, 1). The distribution of the sentiment index is known to be bimodal for
a < b and unimodal for a > b.

Price dynamics are governed by a standard Walrasian adjustment mechanism, de-
pending on total excess demand of both trading groups:

pt+1 = pt + β
(

Df,t + Dc,t
)

= pt + β
[

Nf,tVf,t
(

p?t − pt
)
+ Nc,tVc,txt

]
,

(3.3)

where β is the assumed price adjustment speed. With instantaneous market clearing,
i.e. β→ ∞, and setting NcVc/NfVf = 1, we get the following evolution of returns:

rt+1 = pt+1 − pt

= σfεt + (xt − xt−1) .
(3.4)

Finally, the parameter vector to be estimated for the ALW model contains three items
θALW = (a, b, σf)

>. In accordance with the literature we use for all our simulation
experiments the following true model parameters θ0 = (0.3, 1.4, 30)>.41

3.1.2 FW model

Franke and Westerhoff (2012) propose an entire model zoo for which they run a
model contest. Here, we will only consider their top performing DCA-HPM model
version (discrete choice with herding, predisposition and price misalignment). Franke
and Westerhoff (2012) apply a market maker model that considers as well two types
of speculators: chartist and fundamentalists, whose fractions are denoted by nc and nf,
respectively. The evolution of the log prices is then determined by

pt+1 = pt + µ
(
nf,tDf,t + nc,tDc,t

)
, (3.5)

with µ reflecting the speed of price adjustment. Excess demand of chartists Dc and
fundamentalists Df is given by

Df,t = φ
(

p? − pt
)
+ εf,t

Dc,t = χ
(

pt − pt−1
)
+ εc,t ,

(3.6)

41See Ghonghadze and Lux (2016) and Chen and Lux (2018). The (pseudo-)true parameter setting for the
ALW model that is used in this paper represents the bimodal case of the underlying sentiment index
given that b > a. Since Chen and Lux (2018) have shown that the bimodal case gives the best fit to
empirical data, we will only focus on this model scenario. Note that for better readability parameters
of the ALW model are always multiplied by 103 throughout the paper.
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with εf ∼ N
(

0, σ2
f

)
and εc ∼ N

(
0, σ2

c

)
. Parameters χ and φ are always positive and

indicate the strength of reaction. The switching between both trading strategies is
governed by a fitness function measuring the attractiveness at of fundamentalism over
chartism:

at = αn
(
nf,t − nc,t

)
︸ ︷︷ ︸
herding intensity

+α0 + αp
(

pt − p?
)2

︸ ︷︷ ︸
misalignment

, (3.7)

where α0 represents a constant idiosyncratic predisposition for one of the two trading
strategies, αn relates to herding intensity and αp accounts for price misalignments
from the fundamental value p?. Note that while αn and αp are always strictly positive,
parameter α0 might be negative as well. The current market shares of fundamentalists
nf,t and chartists nc,t at time t are then updated according to the following discrete
choice approach:

nf,t =
1

1 + exp
(
−βat−1

)

nc,t = 1− nf,t

(3.8)

As in Franke and Westerhoff (2012, p. 1199) we set the intensity of choice parameter
to β = 1, the speed of price adjustment parameter to µ = 0.01 and the fundamental
price to p∗ = 0. Finally, the parameter vector to be estimated for the FW model contains

a total of seven parameters θFW =
(

φ, χ, α0, αn, αp, σf, σc

)>
. In accordance with Franke

and Westerhoff (2012) we use for all our simulation experiments the following true
model parameters θ0 = (0.12, 1.5,−0.336, 1.839, 19.671, 0.708, 2.147)>.

To sum up, the ALW model by Alfarano et al. (2008) is a small-scale model which

can be reduced to only three estimation parameters θALW =
(

a, b, σf

)>
. The FW model

by Franke and Westerhoff (2012) is more complex with a total of seven parameters

θFW =
(

φ, χ, α0, αn, αp, σf, σc

)>
. Sample simulation runs for both model dynamics can

be found in appendix A.

3.2 Moment functions

The following subsection builds on Sec. 2 and explains the motivation behind the
choice of our set of moment functions. As explained in Subsec. 3.1, we focus on
two agent-based asset pricing models which replicate many of the stylized facts of
financial markets. The vector of moment functions m should contain a set of reasonable
summary statistics that (partly) capture these stylized facts expressed as observables
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and thus measurable statistical quantities. A necessary condition for the choice of
moment functions is given by the order condition, i.e. for estimations with more than
one model parameter the number of moment functions K needs to be greater or equal
than the number of model parameters or the cardinality of the parameter vector θ.
Thus, the order condition provides a lower bound for the number of moment conditions.
Theoretically, the (full) rank condition is a sufficient condition for identification assuring
that only moment functions without linear dependence are included. While the order
condition is easy to meet, the rank condition is barely testable for most (F)ABMs given
their non-linearity and the lack of analytical closed-form expressions.

Besides these restrictions the number and choice of moment conditions is not strictly
limited which may render it arbitrary. However, this is not a weakness per se, because
SMM is designed to capture complex patterns which likely escape any single moment
condition. Thus, if empirical data show complex patterns that are hard to squeeze
into a single metric, it can be necessary to wrap the patterns in more than a single
moment condition. The stylized facts of financial markets show such complex patterns
like bubbles and crashes, excess volatility, heavy-tailed return distributions, absence
of autocorrelation in raw returns or slow decay in volatility. Especially the statistical
pattern of slow non-linear decay in autocorrelation over many lags requires more than
one moment condition. This justifies the comparatively large size of our vector of
moment functions with K = 18 listed in Table 1. For the SMM approach this is a
common size of the moment vector, see e.g. Chen and Lux (2018, p. 722) who analyse
the ALW model with up to 15 moment functions or Ruge-Murcia (2012, p. 930) who
uses 16 moment functions for the estimation of a macroeconomic DSGE model.

As the first two moment functions we use the mean of absolute returns and the
variance of the return series. As mentioned in Sec. 2, ordinary moments in the sense
of Eq. (2.2) for HTDs do only exist for orders lower than the tail index. For example,
if a return series has a tail index of α = 3, only the first and second moment exist.
This means that sample estimates of the third or higher moments will never converge
with increasing sample size. Hence, such moments might not be suitable as moment
functions for estimation purposes. We yet consider the kurtosis of the return series
as one moment function and additionally include the Hill tail index estimates at 2.5 %
and 5.0 %. The autocorrelation of raw returns at lag 1 checks for the absence of serial
correlation in returns. Finally, in order to capture the slow decay of volatility we include
autocorrelations of absolute and squared returns for the lags 1, 5, 10, 25, 50 and 100.

Table 1 offers an extensive yet non-comprehensive list of possible summary statistics
considered for the estimation of financial market models. We abstain from modelling
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Table 1: Moment functions. We use a set of eighteen moment functions to cover the
most important stylized facts. Therefore we include the returns’ volatility
defined as the mean value of absolute returns, unconditional second and
fourth return moments, Hill estimators of the power law tail index for the top
2.5% and top 5%, α2.5 and α5.0, the first order autocorrelation coefficient of raw
returns and the autocorrelation coefficients of absolute and squared returns for
lags 1, 5, 10, 25, 50 and 100.

Moment function Notation Statistic

expectation value m1 E
[
|rt|
]

variance m2 E
[
r2

t

]

kurtosis m3 E
[
r4

t

]

power law tail exponent top 2.5% m4 α2.5

power law tail exponent top 5% m5 α5.0

AC raw returns lag 1 m6 E [rtrt−1]

AC absolute returns lag 1 m7 E
[
|rt||rt−1|

]

AC squared returns lag 1 m8 E
[
r2

t r2
t−1

]

AC absolute returns lag 5 m9 E
[
|rt||rt−5|

]

AC squared returns lag 5 m10 E
[
r2

t r2
t−5

]

AC absolute returns lag 10 m11 E
[
|rt||rt−10|

]

AC squared returns lag 10 m12 E
[
r2

t r2
t−10

]

AC absolute returns lag 25 m13 E
[
|rt||rt−25|

]

AC squared returns lag 25 m14 E
[
r2

t r2
t−25

]

AC absolute returns lag 50 m15 E
[
|rt||rt−50|

]

AC squared returns lag 50 m16 E
[
r2

t r2
t−50

]

AC absolute returns lag 100 m17 E
[
|rt||rt−100|

]

AC squared returns lag 100 m18 E
[
r2

t r2
t−100

]

moment functions as further derived processes, like a GARCH(1, 1), firstly because
of the additional computational cost associated with the estimation of the GARCH
parameters. Secondly and more importantly, they introduce additional uncertainty
leading to possible biases in the estimates.
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3.2.1 True moment vector

In order to apply any moment estimator, it is important that simulated moments
(asymptotically) equal their true values. This means that true values exist and conver-
gence happens with an increasing number of observations (either over time T and/or
the ensemble N). Otherwise, meaningful inference is not possible. Hence, the very
first step of our analysis is to numerically check if the moment functions do exist, i.e.
if they quickly converge to identical values for some finite number of observations.
Since the mDGP for most (F)ABMs is not available in closed form, the ensemble av-
erage 〈X〉 is not readily at hand. Living in a pre-asymptotic numerical simulation,
sufficient convergence to the theoretical average needs to take place rather quickly
for finite observations. Recall that we talked about the conditions for the existence of
higher moments in the previous section. To find the moments’ true values, we run
simulations over different time lengths T with T1 = 10 000, T2 = 100 000, T3 = 1 000 000
and T4 = 10 000 000. We run each scenario over M = 5000 replications. Results are
presented in Tab. 2. For each moment function, we report mean, variance and p-value
of a Kolmogorov-Smirnov test statistic.

We observe convergence behaviour for all moment functions for both the ALW model
and FW model for an increased number of observations. In fact, the variance decreases
consistently for all considered moment functions and models. Given that the variance
is low for all considered moment functions, we can assume that the long-run estimates
are informative for the estimation. Therefore, we will consider the estimates of the
longest time length T4 to compute the inverse of the long-run covariance matrix as the
optimal weighting matrix in our SMM estimator. High p-values for the KS-test also
suggest normally distributed samples of the moment estimates. Given that the true
values exit and converge, we can move on to the next step which is to test if the chosen
moment functions are suited for identification of the model parameters.

3.2.2 Pre-asymptotic properties of moment functions

In this subsection we are concerned with the pre-asymptotic properties of our moment
functions and their identification power. We want to check if the mapping between
model parameters and model output in terms of moment functions is unique. Only
a one-to-one mapping works as a sufficient condition (i.e. full rank condition) for
identification. For the one parameter case, the identification issue is quite obvious. A
sufficient condition for identification would be a strictly monotone relationship between
model parameter and moment function. For higher dimensional models, this is less
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trivial. In fact, as stated earlier, the rank condition is barely directly testable for ABMs.
Nevertheless, running sensitivity analyses allows us to study how strongly moment

functions react towards changes in model parameters.42 Therefore, we break down the
model’s dimensionality and study how sensitive our moment functions are to variations
of the model parameters.

Figure 3: Sensitivity of the moment functions to model parameters in the ALW
model. Model parameters are varied on horizontal axis, moment response is
on the vertical axis. The top panel shows selected moment function responses
for parameter a, the middle panel for parameter b and the bottom panel for
parameter σf. Simulations are run over M = 100 Monte Carlo replications
with T = 20 000 and N = 50.

For the ALW model, we sample 151 equidistant points over a large range of para-
meter variations: a ∈ [0.06, 0.66], b ∈ [0.28, 3.28] and σf ∈ [6.0, 66.0]. We plot the relative
responsiveness of moments m1, m2, m3, m4, m6, m7 and m8 for the ALW model in
Fig. 3.43 We find non-linear relationships for all moment-parameter pairs. Moment
function m6 (autocorrelation of raw returns at lag 1) shows highly non-smooth beha-
viour towards changes in model parameters a and b of the ALW model. Regarding the
strength of reactions, moment functions react most sensitive to parameter σf . This is in

42Since not all moment functions are equally informative, another way to identify relevant moment
functions is in terms of statistical efficiency. Gallant and Tauchen (1996) suggest using scores of an
auxiliary model as moment functions in a generalized method of moment (GMM) estimator in order
to reduce loss of efficiency due to uninformative moments. Hence, by searching for the statistically
most informative moments, such an approach tries to reach the efficiency of maximum-likelihood.
Auxiliary models are considered to be especially attractive when the number of moment functions is
rather limited.

43Moment functions m9 to m18 for the autocorrelations of absolute and squared returns at higher lags
show qualitatively the same functional behaviour as m7 and m8, respectively.
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line with earlier findings by Chen and Lux (2018). In fact, the moment functions are
least sensitive towards varying values of parameter a.

For the FW model, we also run simulation for 151 equidistant points over a broad
range of parameter variations: φ ∈ [0.02, 1.52], χ ∈ [0.75, 2.25], α0 ∈ [−0.4, 2.0], αn ∈
[0.839, 2.339], αp ∈ [11.671, 23.671], σf ∈ [0.58, 0.88] and σc ∈ [1.447, 2.947]. Results are
shown in Fig. 4. We find again highly non-linear functional relationships for almost
all moment-parameter combinations. We further see parameter α0 as probably hard to
identify correctly given the wild and untamed nature of the moment function responses.
Additionally, moment functions react comparatively insensitive towards parameter χ

suggesting that it might trigger identification problems, too.
To conclude, sensitivity analyses reveal that most functional relationships are non-

linear which might result in (small) biases of the estimates. As mentioned in Grazzini,
Richiardi and Sella (2012) and Grazzini and Richiardi (2015), if a moment function
happens to be non-linear, there will be a small bias with the direction of the bias
depending on moment functions’ derivatives. Thereby concave (convex) moment
functions lead to an upward (downward) bias. Such biases can be reduced in different
ways: (i) given the analytical expression of the moment function, however, this is
unknown for most ABMs, (ii) through monotonic transformations and (iii) through
increased number of observations. The latter brings us to the focus of our study.

Recall that biases decrease for increasing number of observations since the simulated
moment functions converge to their true theoretical value. Hence, the next step is to
take a closer look at the convergence speed of the moment functions. The goal here
is twofold. First, we want to check if an ensemble N of simulation runs converges to
the exact same value as the corresponding long-run realization, i.e. how strong the
effect of broken ergodicity is. Second, we aim at evaluating the speed of convergence.
For this experiment, we run simulations over M = 5000 repetitions for two different
scenarios: (i) T = 400 000, N = 1 and (ii) T = 40 000, N = 10. In Fig. 5 we plot
again the convergence behaviour for the moment functions m1, m2, m3, m4, m6, m7 and
m8 defined as relative deviations from their true values, i.e. their long-run estimates
reported in Subsubsec. 3.2.1. The top and lower panels of Fig. 5a and Fig. 5b show
results for scenario (i) and (ii), respectively. The left (right) panels refer to the selected
moment function including m6 (excluding m6). We find for both the ALW model and
FW model that moment functions m1, m2 and m4 closely converge towards their true
values, while m3, m7 and m8 show more or less pronounced and persistent biases.
Regarding the speed of convergence, we observe long transition phases for scenario
(i) and comparatively fast adjustments for scenario (ii). Yet, deviations are more
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Figure 5: Convergence behaviour for selected moment functions. Plots reveal the
relative deviations of moment functions from their true values for the ALW
model in Fig. 5a and for the FW model in Fig. 5b. The top and lower panels
show results for scenario (i) and (ii), respectively. The horizontal axis is
representing the number of Monte Carlo runs (M = 5000).

severe here, too. Looking at the right panels including moment function m6 which is
the autocorrelation of raw returns at lag 1, we find very volatile and probably non-
convergent behaviour for both models. This suggests that moment m6 might not be
suited for identification of the given model outcomes.

3.3 Properties of the objective function

Next, we study the properties of the SMM’s objective function with explicit regard to
the impact of broken ergodicity. Let us start with investigating the objective function’s
response surface. The aim is to check for discontinuities, (non-)smoothness and
flat valleys, which create problems during the optimization as they impede finding
global optima during the estimation. Such plots provide further help in gaining an
understanding of the mapping between model parameters and the objective function.
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Table 3: Simulation Scenarios. Allocation of limited budget of observations of T ×
N ×M = 80 000 000 observations over different simulation dimensions.

Scenario
Time only T × N mix

Tshort Tlong
(a) (b) (c) (d) (e)

Time Length T 40k 400k 40k 20k 10k 40k
Ensemble Size N 1 1 10 20 40 20
Monte Carlo Runs M 200 200 200 200 200 200

3.3.1 Response surface

For this analysis, we will focus only on the most problematic model parameters in terms
of identification power. For the ALW model, we have identified both herding parameters
a and b as troublesome. We run simulation scenarios summarized in Tab. 3 with a
constant observation budget of 8 000 000 throughout all experiments, i.e. one short time
series realization Tshort = 40 000, a long time series with Tlong = 400 000 and over an
ensemble with N = 10 and T = 40 000. The parameter grid consists of 41 equidistant
points between [0.06, 0.66] for parameter a and between [0.28, 3.1] for parameter b.
The moment conditions are based on all 18 moment functions of Tab. 1. Figure 6
shows the corresponding results for three different sample simulation runs using
different random seeds. The solid lines mark the true value of the model parameters
(a, b) = (0.0003, 0.0014). The intersection of the two lines build the theoretical optimum
of the objective function. Note that we plot the response surface of the inverse of the
objective function to better visualize the global optimum. Ideally, the highest peak on
the response surface coincides with the intersection of the true parameter values.

The response surface of the objective function is clearly non-smooth and contains
multiple local optima. Depending on the choice of random seeds, the fitness of the
objective function differs greatly. While parameter b is correctly identified in all three
simulation samples, estimates of parameter a happen to be far (left plot) to slightly off
(middle plot) compared with the true value of a = 0.0003. One might be even lucky
enough to identify both parameters correctly (right plot).

Increasing the number of observations from T = 40 000 to T = 400 000, we find a
smoother surface as well as less variations as expected. However, even for this higher
sample size, local optima arise (see the middle plot) depending again on the choice (or
luck) of random seeds. Comparing this with an ensemble of N = 10 simulation runs
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Figure 6: 3D surface plots for critical model parameters. Contour plots of the inverse
objective function J−1 for varying values for parameter pairs (a, b) for the
ALW model in Fig. 6a and (χ, αp) for the FW model in Panel Fig. 6b. Sample
simulations are run over different settings: Tshort = 40 000, Tlong = 400 000
and T × N with T = 40 000 and N = 10. Black lines indicate the (pseudo-
)true parameter values for selected model parameters and red dots denote
the highest peak of the inverse of the objective function’s response surface.
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for T = 40 000, we qualitatively observe the same patterns.
During a pre-exploratory experiment for the FW model, we identified the most

problematic parameter pairs (χ, α0) and (χ,αp). The latter pair is visualized in Fig. 6.44

In the following, we set the (pseudo-)true values
(

χ, αp

)
= (1.5, 19.671) and grid points

result from 41 equidistant parameter variations over [0.3, 2.7] for parameter χ and over
[3.9342, 3.9342] for parameter αp. Let us first note that we find qualitatively the same
results as for the ALW model. Yet, the contour plots look rather different for the FW
model. We observe that the surface is less elevated with peaks at much lower levels than
we see for the ALW model. Especially for the Tshort-setting, we find very flat hilltops
for parameter χ and even flat plateaus for both parameters. Increasing the number of
observations helps to smoothen the surface. However, identification issues leading to
biases in the estimates might be more pronounced here which is most probably due to
the higher dimensionality and complexity of the FW model.

While these contour plots of the objective function reveal a partially non-smooth
surface, they allow no assessment of the estimator’s further distributional properties.
To do so, we need to include the third dimension of our simulation cube shown in
Fig. 2 which is referred to the Monte Carlo repetitions. Hence, we run the simulations
repeatedly over M = 200 and present graphical results in Figure 7. The left panel shows
boxplots for the three different simulation settings. First, we notice that for the ALW
model the estimator is consistent and overall able to detect the true value of parameter
a on average. Unsurprisingly, variations are comparatively larger for the Tshort-setting.
Regarding the other two settings, variations differ only slightly with almost unbiased
estimates for the Tlong-setting and a small downward bias in the mix-setting. The paired
histogram plot on the right panel in Fig. 7 confirms this observation. While for the
Tlong-simulation the histogram is quite symmetric, the histogram for the mix-simulation
is skewed towards lower values of a.

For the FW model results differ slightly. We find small biases of the estimates for the
Tshort and Tlong-cases while the T × N-setting is able to perfectly identify the true value
of parameter χ on average. This suggest that the ensemble setting might lead to more
consistent and efficient estimates. However, we are cautious to not overinterpret our
results here given that we have included only two varying parameters while keeping
the rest fixed.

44Graphical results for the objective function’s response surface of the FW model are almost identical for
parameter pairs (χ,α0) and (χ,αp).
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Figure 7: Box plots and paired histograms for critical model parameters. Upper panel
Fig. 7a for the ALW model and lower panel Fig. 7b for the FW model. Left
figures show box plots of the estimates for parameter a for the ALW model and
parameter χ for the FW model. The settings are the following: Tshort = 40 000,
Tlong = 400 000 and T × N with T = 40 000, N = 10, whereby the latter two
have the same budget of observations. Simulations are run over M = 200
Monte Carlo repetitions.

3.3.2 Numerical estimation experiment

This brings us directly to the next experiment where we include all model parameters
for estimation. In the following, we will run a small estimation exercise over a Sobol-
sequenced sample of 2000 parameter combinations. The included parameter space is
given by ±25% of the true values which results in the following parameter ranges: a ∈
[0.225, 0.375], b ∈ [1.05, 1.75], σf ∈ [22.5, 37.5] for the ALW model and φ ∈ [0.09, 0.15],
χ ∈ [1.125, 1.875], α0 ∈ [−0.252,−0.42], αn ∈ [1.379, 2.299], αp ∈ [14.753, 24.589], σf ∈
[0.531, 0.885], σc ∈ [1.61, 2.684] for the FW model.45 The number of Monte Carlo runs is
set again to M = 200. Since we are interested in the degree of uncertainty that solely

45The defined parameter ranges provide broad parameter variations while keeping execution times of the
simulation runs feasible.
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comes from broken ergodicity, we abstain from running a full estimation exercise given
that the choice of the optimization algorithm would highly influence and distort our
results.46 We report graphical results in Fig. 8 and the corresponding mean estimates
together with their standard deviations and root-mean squared errors in Tab. 4. Looking
at Fig. 8, the left vertical axis shows the value of the objective function J. Settings (a)
and (b) result in the lowest values of J. For the ALW model, it seems that both (a) and
(b) are compatible in terms of minimized objective function. Mean sample estimates in
Tab. 4 confirm these findings. Decreasing the length of T while increasing the ensemble
size N raises the level of uncertainty in the estimates, pushing mean estimates slowly
away from their true values. Accordingly, standard deviations and root-mean squared
errors tend to increase, too.

Regarding the FW model and its comparatively higher dimensionality, results are
qualitatively similar yet the loss in efficiency for increasing ensemble sizes N is more
pronounced here. This loss in efficiency becomes particularly obvious for setting (d)
with T = 10 000 and N = 40. In fact, the number of observations per realized time
series is too short here resulting in uninformative samples.

Summing up, we find different values of the objective function J for different alloca-
tions of the total budget of observations. While the differences might be negligible for
longer time lengths T, they significantly deteriorate estimates for shorter time lengths
due to broken ergodicity. Recall the ergodic theorem in Eq. (2.7) which is effective here.

However, investigating only the finite sample properties of the parameter estimates
neglects the computational resources needed to run these simulations. Therefore, we
add the execution times as black stars, belonging to the right vertical axis, to Fig. 8.
Setting (a) is by far the most computationally demanding simulation. The three T × N-
settings (b), (c) and (d) have similar execution times which reduce the benchmark
setting (a) by a factor of three for both the ALW model and FW model. The reason is
that single simulations over Tlong are memory intense and inefficient. In fact, repeated
simulations over different random seeds are so called embarrassingly parallel tasks and
can, thus, be easily distributed over multiple processing units which is done here.47 We
finally run a fifth scenario (e) for which we take the best performing T × N-setting (b)

46Winker and Maringer (2009) provide a study of the joint convergence of an estimator and a heuristic
optimization algorithm. They compute the necessary number of Monte Carlo repetitions of the
optimization routine to derive robust estimates.

47All numerical simulations in this paper have been performed using Julia 1.0.5 on a standard desktop
computer with an eight core 3.00 Ghz AMD Ryzen 7 1700 CPU and 32GB of memory. We made sure to
run all simulation settings most efficiently to keep the different scenarios comparable.
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Figure 8: Box plots and timing results of estimation exercise. Box plots of objective
function J (left vertical axes) together with star points representing the re-
quired computational time to run the simulations (right vertical axes). Left
panel Fig. 8a shows results for the ALW model. Right panel Fig. 8b shows
results for the FW model. The scenarios allocate differently the total budget
of 400 000 observations in the following ways: (a) T = 400 000, N = 1; (b)
T = 40 000, N = 10; (c) T = 20 000, N = 20; (d) T = 10 000, N = 40 and
(e) T = 40 000, N = 20. Simulations are run over M = 200 Monte Carlo
repetitions.

with T = 40 000 but double the amount of ensemble size N = 20. This setting is able to
easily outperform all other settings, even scenario (a) while taking only two third of
setting (a)’s computational time. We find this to be a consistent pattern for both FABMs
considered here.

With this analysis, we are not only aiming for an adequate mixture of T× N from the
perspective of (broken) ergodicity but also considering the associated computational
costs. We conclude that for a limited budget of computational resources, using a mix
of T × N is favourable over a single long simulation run with the same number of
observations.
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Table 4: Estimation results. The table lists mean estimates, their standard deviations
and root-mean squared errors of the estimated parameters for the scenarios
(a)-(e) given in Tab. 3. We also report J-values in the last column of the ALW
model and FW model, respectively. Results are based on M = 200 repetitions.

ALW model FW model

a b σf J φ χ α0 αn αp σf σc J

θ0 0.3 1.4 30 0 0.12 1.5 -0.336 1.839 19.671 0.708 2.147 0

(a) mean 0.298 1.4 30.003 400.09 0.123 1.801 -0.287 1.871 19.153 0.702 2.19 747.07
STD 0.03 0.019 0.219 125.26 0.016 0.108 0.024 0.135 1.253 0.009 0.11 193.05

RMSE 0.03 0.019 0.218 0 0.016 0.32 0.055 0.138 1.353 0.011 0.118 0

(b) mean 0.292 1.405 30.017 423.84 0.123 1.785 -0.284 1.88 18.905 0.702 2.194 829.72
STD 0.026 0.022 0.207 149.98 0.015 0.147 0.019 0.131 0.984 0.01 0.119 222.86

RMSE 0.027 0.022 0.208 0 0.015 0.321 0.056 0.137 1.245 0.012 0.128 0

(c) mean 0.288 1.412 30.086 504.92 0.121 1.696 -0.296 1.925 18.564 0.707 2.153 963.66
STD 0.03 0.021 0.258 179.94 0.017 0.233 0.032 0.14 1.184 0.013 0.126 262.44

RMSE 0.033 0.024 0.272 0 0.017 0.304 0.051 0.164 1.619 0.013 0.126 0

(d) mean 0.287 1.426 30.111 948.87 0.123 1.579 -0.306 1.982 18.212 0.714 2.109 1481.87
STD 0.028 0.024 0.282 344.38 0.016 0.249 0.038 0.116 1.111 0.013 0.112 386

RMSE 0.031 0.035 0.302 0 0.016 0.261 0.048 0.184 1.832 0.015 0.118 0

(e) mean 0.29 1.403 30.033 244.35 0.128 1.832 -0.277 1.897 18.634 0.702 2.179 622.62
STD 0.019 0.013 0.162 70.73 0.009 0.084 0.01 0.068 0.49 0.005 0.065 156.9

RMSE 0.022 0.013 0.165 0 0.012 0.342 0.06 0.089 1.147 0.008 0.073 0

3.3.3 Robustness of results

How robust are these numerical results especially regarding variations of the moment
function set? In the following, we try to answer this question by running sensitivity
analyses for varying sizes K of the moment vector m. For this, we randomly sample 17
different moment sets per number of moment vector size and evaluate them for the
numerical estimation data of setting (a). Fitness is defined as the euclidean distance
between the (pseudo-)true and estimated parameter vector. We decide to investigate two
different scenarios here. For the first scenario we sample from the complete range of 18
moment functions as listed in Tab. 1. For the second scenario we exclude m6 known as
the autocorrelation of raw returns at lag 1. The reason is that we have seen for example
in Fig. 3 problematic to non-convergent behaviour for moment function m6. We suspect
improved results in terms of fitness given that m6 offers very limited identification
power. We present graphical results in Fig. 9. The two figures show boxplots for
the ALW model on the left and the FW model on the right. Unsurprisingly, results
improve for an increasing number of included moment functions. More interestingly
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Figure 9: Sensitivity analysis for varying number of moment functions. Boxplots
show improved fitness for increased moment vector size with fitness defined
as the euclidean distance between the (pseudo-)true and estimated parameter
vector. We consider two different settings for the sampling of moment func-
tions: dark red boxplots including moment function m6 and orange boxplots
excluding m6. Left panel Fig. 9a shows results for the ALW model. Right
panel Fig. 9b shows results for the FW model. Note that we use a logarithmic
scale for the vertical axis to better visualize the fitness.

and rather unexpectedly, the improvement does not happen linearly. While variations
in the fitness are quite large for smaller moment vector sizes, we observe a sudden drop
for moment vector sizes of nine (ALW model) and ten (FW model), respectively. After
that drop results are pretty robust for further increasing number of moments. This is
especially true for the FW model while we see slight improvements for the ALW model.
Comparing both scenarios (with and without m6, graphically represented by dark red
and orange) we find consistently better fitness for moment sample sets excluding the
autocorrelation of raw returns at lag 1. Additionally, estimates related to this scenario
tend to produce less outliers (see the grey and black dots).

This suggest that re-evaluating our estimation results from Tab. 4 for an adjusted
moment vector should lead to significantly better results. Therefore, we take our
previous results as presented in Tab. 4 and recompute them for a reduced moment
vector excluding m6. We relabel these results J18 since they have been actually estimated
for a complete set of 18 moments. Now we can compare them with the J17 results that
we estimated based on 17 moment functions. We report the differences between J18 and
J17 values for all five settings in Tab. 5. As we anticipated, we find clearly improved
J-values as a common and consistent pattern. Furthermore, one-tailed t-tests reveal
statistical significance for all results except for setting (d).
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Table 5: J results for adjusted moment vector. For the scenarios (a) − (e) given in
Tab. 3. Significance levels of a one-tailed t-test are represented by ∗, ∗∗ and ∗∗∗

for 10%, 5% and 1%, respectively.

J18 − J17

(a) (b) (c) (d) (e)

ALW model 23.84∗∗∗ 26.24∗∗∗ 23.15∗∗ 23.25 12.17∗∗∗

FW model 27.42∗∗ 34.02∗∗ 29.18∗ 24.8 17.99∗∗

4 Conclusion

(F)ABMs are often conceived as black boxes lacking a sound and well-behaved math-
ematical model. This has caused considerable resistance in the (economics) community
to accept computer simulations as proper research methods. The development of
estimation and validation tools that are particularly suited for the special properties
of most (F)ABMs is a very active field of research. This paper aims to contribute to
this line of research by explicitly considering the uncertainty coming from broken
ergodicity.

We systematically study the properties and convergence behaviour of a SMM estim-
ator and its individual moment functions. We have seen that assuring a one-to-one
mapping between model output in terms of moment functions and model parameters
is not trivial. Most moment functions are indeed non-linear and non-monotone. This
can lead to biased estimations. More important is however the relative responsiveness
of moment functions towards changes in the model parameters, i.e. how strongly they
react. Parameters for which we find weak responsiveness of moment functions tend
to be the most troublesome during estimation. We have further shown that not all
moment functions which are considered to be a popular choice for the estimation of
univariate asset pricing models are actually suited. As it turns out, the convergence of
the autocorrelation of raw returns at lag 1 is highly erratic making it an unfavourable
candidate statistic. We show that estimation results improve significantly when leaving
out this summary statistic. For all other moment functions we find robust results for
the moment matching fitness. Therefore, our analysis confirms our choice of moment
functions for (univariate) asset price models and thereby offers a response towards the
arbitrariness critique of SMM.

Estimation methods like SMM are perfect tools for perfect models. Living in an
ever-changing world, it should be no design fault to create models that possess non-
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ergodic properties. Even if regularity conditions are not fully met, models and tools
may still be useful. Being aware of broken ergodicity is the key here. We further
suggest researchers to not blindly follow previous studies based on other models. In
fact, every (F)ABM behaves differently as we have seen here. Therefore, we run a bunch
of Monte Carlo analyses to learn about the FABMs’ sensitivity and responsiveness
towards changes in model parameters and simulation settings. We have shown that for
a given computational time budget an adequate mixture of ensemble size N and time
length T is better suited than the same number of observations in one realization. We
can conclude that due to careful selection of moment functions and consideration of
ergodicity, we can improve the objective function’s potential to correctly identify model
parameters for a limited budget of computational resources.

So far, the energy demand of simulation models seems to play a minor role. Access
to institute-owned high performance computing clusters and the recent global increase
in cloud computing may have made the necessity for energy-efficient simulations
obsolete. Yet, the opposite is true given the looming threat of climate change and a
likely exponential increase in demand for simulations like FABMs especially for policy
purposes in the near future. A holistic approach to fight global warming will include
many different aspects of our lives. This also includes an efficient and mindful use of
resources when it comes to research. Our work provides steps into this direction.

We have limited our focus in this paper on the use of an SMM estimator. The
scale of our work can be extended to including other estimation methods as well. We
specifically aim to apply our approach to likelihood-based methods. Since computing
the likelihood function is expensive in terms of computational costs, applying our
insights might improve cost efficiency there too.
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A Sample simulation runs of model dynamics
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(a) ALW model.
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(b) FW model.

Figure 10: Model dynamics of sample simulation runs. Upper panel Fig. 10a shows
dynamics for the ALW model using the following parameter set: a = 0.3,
b = 1.4, σf = 30. The lower panel Fig. 10b reveals dynamics for the
FW model using the following parameter set: φ = 0.12, χ = 1.5, α0 =
−0.336, αn = 1.839, αp = 19.671, σf = 0.708, σc = 2.147. The panels
show from top left clockwise to bottom left the evolution of log returns,
the log probability density functions of normalized returns (black) and
standard normally distributed returns (gray), the Hill tail index estimator
and the autocorrelation functions of raw (gray) and absolute returns (black),
respectively.
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