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Abstract

Since many decades, a lot of methods have been proposed which are capable of investigating (strictly)
stationary time series. However, it is expectable that many time series of practical interest (like those that
underlie stock market data) are non-stationary. This motivates to consider locally stationary processes,
which allow to model not just a stationary behaviour but also gradual distribution changes over a re-
garded time period.

In this thesis, some new tools for exploring a quite general class of locally stationary processes, which ful-
fil pretty weak moment conditions, are introduced and applied to log returns of several stock prices. Con-
cretely, instruments are proposed that detect deviations between the distributions of the stationary approx-
imations belonging to a locally stationary process and that also measure how large such deviations are. In
addition, a new consistent level-alpha test for independence is introduced, which aims to reveal whether
dependences between the stationary approximations of two locally stationary processes exist. Moreover,
it is shown that the present methods also allow to formulate approximate statements about deviations
between the distributions of the random variables contained in a locally stationary process and about
dependences between two locally stationary processes.

In detail, at first, the class of locally stationary Bernoulli shift processes (which underlies the present
thesis) and belonging characteristic functions as well as their estimators are introduced. Next, two L?-
distance-based measures that quantify deviations between the distributions of the stationary approxima-
tions belonging to a locally stationary process are proposed, which are based on the previously defined
characteristic functions. However, these characteristic functions are commonly unknown in practise, such
that confidence intervals for both measures are estimated in order to quantify the intensity of deviations
between distributions in applications. Therefor, in a first step, empirical versions of both measures are
proposed, which are constructed by using estimators for the underlying characteristic functions. Next, in
a second step, for each measure, the asymptotic distribution of the (with an appropriate rate of conver-
gence scaled) difference between this measure and its empirical version is stated. Since these limiting
distributions depend on parameters which are commonly unknown in practise, dependent wild bootstrap
procedures are introduced in a third step that approximate them. Overall, combining these steps yields
suitable estimators for the confidence intervals for both measures. Furthermore, based on the empirical
measures, consistent level-alpha tests are constructed that aim to detect whether deviations between the
distributions of the stationary approximations belonging to a locally stationary process exist, whereby
the associated p-values are estimated by an appropriate dependent wild bootstrap procedure. In addition,
the first change point in the distributions of the stationary approximations is estimated by using these
empirical measures.

Subsequently, a consistent level-alpha test is proposed that allows to reveal whether the stationary ap-
proximations of two locally stationary time series dependent on each other within arbitrary but fixed
time periods. The belonging test statistic is constructed by using empirical characteristic functions in
combination with an L?-distance and the associated p-values are estimated by a dependent wild boot-
strap procedure.

Furthermore, the finite sample behaviour of the instruments introduced in this thesis is evaluated by
simulation studies and these tools are applied to log returns of several stocks, whereby the results are
interpreted from an economic perspective.
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1. Introduction

1.1. General introduction to local stationarity and aims of the
present thesis

Since their first formal description in [47, Khintchine (1934)], (strictly) stationary processes play a fun-
damental role in time series analysis, whereby several tools for investigating them were introduced in the
past. However, as stated in [35, Hirukawa (2006), p. 114], empirical studies show that many time series
data have non-stationary behaviour. For instance, modelling the world population over the last centuries
by a stationary time series does not seem to be adequate. To give another example, it is expectable that
many financial time series (like stock prices of listed companies or from them derived log returns) are
affected by global financial/economical crises, energy price changes or other time-dependent economic
developments, such that describing financial time series by stationary processes may be inappropriate.
These and several other applications indicate that evolving methods for analyzing non-stationary pro-
cesses is of high importance. However, constructing consistent estimators for features (like the time-
dependent expectation, variance or characteristic function) of a general non-stationary time series is often
not possible because all of the random variables contained in such a process may own very different dis-
tributions with various moments and no useful connection between these distributions. A common way to
solve this issues is to consider a locally stationary framework, that is more general than a stationary one
and for which evolving a comprehensive estimation and hypothesis testing theory is possible. Intuitively
spoken, locally stationary time series are processes which rely on the property that the distributions
of the contained random variables do not differ much from each other within short time periods but
may vary substantially over long periods. Thereby, on the one hand, many belonging features (like the
time-dependent expectation, variance or characteristic function) can be estimated appropriately by using
kernel-based estimators that respect the time-dependence of this feature (see e. g. [74, Vogt (2012)], [14,
Dahlhaus (2012)] as well as [40, Jentsch et al. (2020a)] for some of these investigations) and, on the other
hand, many practical examples that are characterized by gradual changes over time are conceivable. For
instance, in [1, Adak (1998)], speech signals as well as earthquake data are modelled by locally stationary
time series and in [68, Shiraishi and Taniguchi (2007)], a locally stationary framework is used to describe
returns of investment portfolios. Moreover, in [29, Fryzlewicz et al. (2006)], financial data (like a stock
index, a currency exchange rate or a share price) are investigated by modelling the belonging log returns
series as a certain non-stationary triangular array, which can be regarded as a special case of a locally
stationary process (for details, see (1) in [29, Fryzlewicz et al. (2006), p. 688]).

Originally, locally stationary processes were introduced in [61, Priestley (1965)], where they are defin-
ing by time-dependent spectral representations, which generalize the spectral representations of sta-
tionary processes. In contrast, in the present thesis, locally stationary processes are not expressed by
spectral representations but another approach is used to define them, which is similar to that in [76,
Vogt and Dette (2015), p. 717] and introduced in the following:

Assume that {X; 7 : t € {1,... ,T}}OTO:1 is a (triangular) array of R%valued random variables (with
d € N) which lives on a probability space (2,2, P). Moreover, it is supposed for all u € [0, 1] that
R?-valued (strictly) stationary processes {X;(u) : t € Z} and arrays {Up(u) : t € {1,... T,
of positive random variables exist on (€2, 3, P), which fulfil E [U; 7(u)"] < C for some n > 0 as well
as C' < oo (whereby n and C' are independent of ¢, T" as well as u). In addition, the following property
should hold for all t € {1,...,T},T € N, u € [0, 1] and for the /! -norm on R, which is denoted as |-,

L1
T

t

a0, < (o

) Uir(u) a.s. (1.1)

Then, {X,r : t € {1,...,T}},_, is called locally stationary process and, for each u € [0, 1], the pro-
cess {)N(t(u) (te Z} is called stationary approximation of this locally stationary process.
Thereby, sup,_; 7 E[|X:r — Xi(t/T)|]] vanishes asymptotically for T — oo, which motivates why



{)?t(u) : t € Z} is called stationary approximation.

Further, one observes that this definition is based on rescaling the time in the sense that ¢/T",u € [0, 1],
such that the theory for 7" — oo belonging to locally stationary processes is based on infill asymptotic
(cf. [14, Dahlhaus (2012)]). This projection of the points in time ¢ € {1,...,7} into the interval [0, 1]
(which is also proposed in, e.g., [13, Dahlhaus (1996)], [74, Vogt (2012)] and [40, Jentsch et al. (2020a)])
is advantageous for evolving a comprehensive theory of locally stationary processes because [0, 1] is a
bounded compact interval.

The present thesis investigates locally stationary processes that can be expressed by Bernoulli shifts,
such that these processes are called locally stationary Bernoulli shift processes (which are formally in-
troduced in Section 2.1). This class of locally stationary processes also underlies [62, Richter (2016)] as
well as [16, Dahlhaus etal. (2019)] and contains many linear, non-linear and, in particular, also several
recursively defined locally stationary processes (as mentioned in [62, Richter (2016), p. 14]).

The first aim of the present work is to evolve instruments that investigate distribution changes of )?o(u)
in dependence of varying u. Concretely, two measures that quantify how intensive the distribution of
Xo(u) changes within the rescaled time period [y, ${;] with arbitrary but fixed lo, ${; are introduced,
estimated and empirical confidence intervals for these measures are constructed. Derived from estima-
tors for these measures, consistent level-alpha tests are proposed which investigate whether )N(o(u) owns
the same distribution as Xo(v) for all u,v € [, £l ]. In addition, the rescaled point in time at which
the characteristic function of )N(g(u) changes (smoothly) for the first time in dependence of u € [0, 1] is
estimated.

The second aim of the present thesis is to construct a consistent level-alpha test based on characteristic
functions which decides for (arbitrary, non-empty, fixed as well as finite) sets ©1,9s < Ny and the
stationary approximations {X’P] (u) : t € Z} as well as {)N(tp] (u) : t € Z} of two locally stationary
processes {Xt[lT] cte{l,... ,T}};?zl and {Xt[le cte{l,... vT}}$=1’ respectively, that live on the

same probability space, whether ()Z' [_10] (u))aem is (stochastically) independent of ()N( [_20] (u))be% for all

u € [0, 1] against the full alternative. (Formulating this test problem based on points in time —0 which
belong to the present (for @ = 0) and the past (in the case ? > 0) will prove to be useful in regard of the
structure of the locally stationary processes considered in this work.)

Concerning these aims, it should be noted that the research presented in this thesis is focused on in-
vestigating the stationary approximations instead of locally stationary processes themselves, which is
beneficial from a methodical point of view because this allows to formulate the null hypothesis and al-
ternatives which underlie the consistent level-alpha tests constructed in the present work independently
of the number of observations 7. However, it is explained in the course of the present publication that
the proposed tools allow to formulate for large given numbers of observations 1" approximative state-
ments that concern the similarity of the distributions of the random variables X; 7, ..., X7 1 as well as
the dependence between the time series (Xt[lT])tT:1 and (Xt[QT])tT:l, respectively. Moreover, it is worth
mentioning that focusing on exploring propefties of the static;nary approximations is consistent with the
literature (see e.g. [60, Paparoditis (2009)], [19, Detteetal. (2011)], [76, Vogt and Dette (2015)], [65,
Schmidtetal. (2021)] and [4, Beering (2021)]).

Further, the instruments introduced in the present work are constructed based on characteristic functions
because, as explained in the following, this is advantageous for detecting as well as quantifying distri-
bution changes and for testing for independence over other methods that determine some distribution
features (like expectations, distribution functions, density functions) or dependence properties (e. g., co-
variance functions, distribution functions, density functions). Concretely, in contrast to the expectation
and variance, the characteristic function depicts all properties of the distribution of a random variable. In
addition, characteristic functions can detect all kinds of dependences between two random variables,
which is not possible by using covariances. Further, taking characteristic functions avoids to assume that
density functions have to exist and, in contrast to distribution functions, all characteristic functions are
continuous (even uniformly continuous), which allows to construct the above-mentioned tools for mea-
suring distribution changes and testing for independence based on integrated L?-distances (regardless
whether the underlying random variables are continuously distributed). Furthermore, it is well-known
that many approaches which are derived from density estimation own weaker convergence rates than
similar ones that are constructed by estimating characteristic functions.



In order to motivate the instruments introduced in the present thesis, it is explained in the following
two sections how they allow to explore questions of high practical relevance and how they differ from
existing methods which fulfil similar purposes.

1.2. Motivation for investigating distribution changes

In many applications, it is of interest to analyze whether and how intensive the distributions of the ran-
dom variables contained in a time series depend on time. To give some examples: One likes to investigate
for a certain geographical region whether the distribution that underlies the amount of precipitation on
day ¢ changes within a season, i. e., for varying ¢. Thereby, it may also be important to answer whether
the intensity of such changes is higher in one season than in another because this may contribute to
agricultural risk management. Moreover, investigating whether and how strong the distributions of the
frequency and the intensity of earthquakes in a volcanic region have changed in the last time is in-
teresting because such changes may be an indicator for an upcoming eruption since, according to [66,
Seropian et al. (2021), p. 1], earthquakes may trigger volcanic activity. Further, analyzing for each species
in an ecosystem whether and how intensive the distribution of the number of animals of this species has
changed over time allows to evaluate how stable the structure of the fauna in this ecosystem is. Such an
analysis may contribute to decide for the regarded ecosystem whether actions for nature conservation are
necessary. Quantifying the degree of distribution changes also has various economic applications. For
example, it is of interest to check whether the productivity of an employee is related to his working ex-
perience (e. g., measured in total working hours) and whether this dependence is stronger in the first five
years of pursuing this profession than in the next five years, which may be the case due to learning ef-
fects (that often decrease over time). Thereby, such a quantification of changes in the working-experience
depending productivity distribution can contribute to decide how much impact the working experience
should have on the salary of an employee. E. g., if the distribution of the productivity of an employee
(almost) does not change between the last and next determination of his salary, it will not be justified
that working experience gotten by this employee in the meanwhile contributes to the next salary negotia-
tion. Further, it is of interest to evaluate different investment portfolios in a fixed time period based on the
distribution change intensity of their (daily) returns. Thereby, a stronger time-dependence of the return
distribution may indicate that the belonging portfolio reacts more intensively to events which occurred
in the investigated time period. In addition, the question rises whether the degree of distribution changes
of the returns of an investment portfolio is higher after a certain event (like the Coronavirus outbreak)
than before. This may be the case because such events can trigger various crises. For instance, it is ex-
pectable that the share price of a company with many small shareholders whose sales are mainly driven
by storefronts changes gradually during a pandemic because the shareholders react differently to curfew
laws and other regulations. E. g., some risk averse shareholders try to sell their stocks as fast as possible,
whereas others hold or even buy more stocks in the hope of a stock price increase after the pandemic.
The classical change detection theory assumes that the considered feature (like the expectation, variance
or characteristic function) of an investigated time series stays the same in a (sufficiently large) time period
but this feature differs abruptly from one to the next time period (see e. g. [3, Aue and Horvéth (2012)],
[42, Jirak (2015)], [39, James and Matteson (2014)], [27, Fearnhead and Regaill (2020)] as well as refer-
ences therein). However, it is well-known that many of the factors (like atmospheric pressure or temper-
ature) which determine the weather may vary smoothly over time and learning effects are often modelled
by using continuous learning curves (see e. g. [34, Grosseetal. (2015)]). In addition, the Corona pan-
demic was accompanied by many often changed regulations of several countries and their federal states
(like quarantine duty for infected employees as well as lockdowns), actions carried out by central banks,
insolvencies of companies and probably also non-homogeneous reactions of financial market participants
with different risk tolerance. Thus, it is expectable for many investment portfolios that this pandemic is
not related to a few distribution changes of their returns but to changes of different intensity in (almost)
each point in time. In addition, as pointed out in [76, Vogt and Dette (2015), p. 713], changes occur grad-
ually rather than abruptly in a number of applications (like climatology, neuroscience, finance industry)
in the sense that underlying properties are (approximately) constant for some time and then slowly start
to change. Thus, the classical change detection theory does not seem to be an adequate model for a lot
of practical examples (like those mentioned above).

In contrast, the theory of locally stationary processes allows a suitable modelling of many applications



which are characterized by gradual distribution changes that may occur in each considered point in
time. Hence, this process class seems to describe the climatological, seismological, biological and eco-
nomic applications mentioned above and many others appropriately.

In the last decades, several methods for investigating distribution changes in locally stationary pro-
cesses have been proposed, whereby some belonging publications are mentioned in the following. In
[1, Adak (1998)], a segmentation procedure is introduced that uses binary trees and windowed spectra
to part given data into approximately stationary intervals. A test for detecting whether the local spec-
tral density of a linear locally stationary process depends on the considered point in time can be found
in [60, Paparoditis (2009)]. Thereby, the underlying test procedure is based on a comparison between
the sample spectral density (calculated locally on a moving window of data) and a global spectral den-
sity estimator on the whole stretch of observations. A measure based on an integrated L?-distance for
quantifying the intensity of changes in the local spectral density of a linear locally stationary process
{Xt,T cte{l,... ,T}}?:l with i.1.d. centered innovations is introduced in [19, Detteetal. (2011)]
and in this publication, it is also explained how this measure can be used to test whether the local spec-
tral density depends on the regarded point in time. In particular, it should be noted that if the local
spectral density does not depend on the underlying point in time, the process (X1 7, ..., X7 1) will be
approximately (strictly) stationary for large I' because covariance stationary linear processes are strictly
stationary. In [55, Mallik et al. (2013)], a procedure for estimating the threshold level at which a regres-
sion function (that can be handled similarly to a locally stationary process) takes off from its baseline
value is proposed. In [76, Vogtand Dette (2015)], a CUSUM-statistic-based method is evolved which
allows to detect the first gradual change point u € [0, 1Lin the stationary approximations of locally
stationary processes in the sense that [0,1] 5 v — E[f(Xo(v))] changes at u (smoothly) for the first
time for some functions f in a set of functions F' that fulfils some properties (e.g., F is separable,
compact and its elements are measurable as well as real-valued functions). In [20, Dette et al. (2019)], a
CUSUM-statistic is used to construct a test which detects whether the correlation function of a locally
stationary process changes over time. An approach to test heteroscedasticity of locally stationary time
series (that is based on Gini’s mean difference of logarithmic local sample variances) is developed in
[65, Schmidtetal. (2021)]. In [57, Mies (2021)], a CUSUM-statistic is introduced in the locally station-
ary framework that allows to reveal changes in parameters which may be expressed as not necessarily
linear functions of moments (e. g., expectation, kurtosis, autocorrelation).

In contrast to these researches, as already mentioned in the previous section, characteristic function-based
methods are used in the present thesis to quantify for the stationary approximations {)Z't (u) :te Z} (with

u € [0, 1]) of a locally stationary process how intensive the distribution of )A(Jo(u) changes for varying
u, to test the existence of distribution changes and to estimate the first change point in the distributions
of the stationary approximations. Thereby, it is of particular importance that applying the instruments
for investigating distribution changes proposed in the present thesis will be justified if 1 + 6 moments
of | Xy 1 1> Of SuPyefo 1] |)N(0(u)|1 and of sup,e(o,1] |0u)~(0(u)|1 with an arbitrary but fixed ¢ € [0, 1] are
bounded by a constant A < oo that does not depend on ¢t € {1,...,T'}. Compared to this, assumptions
supposed in [1, Adak (1998)], [60, Paparoditis (2009)], [19, Dette etal. (2011)], [55, Mallik et al. (2013)],
[65, Schmidtetal. (2021)] as well as [57, Mies (2021)] demand the existence of more than two finite
moments (or even stronger moment conditions). More specifically, to see the benefit of the approaches
introduced in the present work, regard for example the locally stationary process, which is defined as
Xer = (1+t/T) (e, —3) Yt e {1,...,T}, T € N with i.i.d. innovations (e;),.,, whereby ¢q is
Pareto-distributed with location parameter 1 and shape parameter 1.5. The belonging stationary approx-
imations are given as X;(u) := (1 + u) (s, —3) Vt € Z, u € [0, 1]. Since these X1 and X;(u) are
centered, a measure based on the expectation does not detect distribution changes. Moreover, methods
which uses the variance or spectral density are inappropriate to analyze distribution changes in the present
example because the random variables X; 7 and )N(t(u) do not own finite second moments. In contrast,

the present publication allows to detect and quantify distribution changes of X o(u) for varying u.

1.3. Motivation for testing for independence

Testing whether time series depend on each other is very important for several applications. For example,
such tests allow to detect for a given time period whether the greenhouse gas concentration in the atmo-



sphere is related to the number of cars on earth, whether a connection exists between the income and the
probability of a COVID-19 infection or whether the population numbers of some animal species depend
on each other. In addition, these tests play an important role for many economic questions. For instance,
they can reveal relationships between the processes that generate share prices of two listed companies,
which contributes to the construction of investment portfolios with a broad risk spread because if such
relationships are visible, it will be known that factors exist which have an impact on the stock prices of
both considered companies.

In the last decades, several tests for independence have been proposed under various assumptions that
concern the underlying stochastic processes. Some of them are briefly introduced in the following. A test
that investigates based on empirical distribution functions whether two random variables are independent
of each other (whereby the underlying distribution functions are assumed to be continuous), is proposed
in [36, Hoeffding (1948)] and generalized to the multivariate case in [5, Blumetal. (1960)]. This test
is modified in [69, Skaug and Tjgstheim (1993)] to investigate whether a stationary time series consists
of independent random variables. Further, the projection covariance, which is a distribution-based de-
pendence measure, is used in [81, Zhuetal. (2017)] for detecting whether two random vectors with not
necessarily the same dimension dependent on each other and in [50, Laietal. (2021)], this approach is
extended to functional random variables on separable Hilbert spaces. In [64, Rosenblatt (1975)], it is
shown that dependence between the components of a random vector with continuous density function
can be tested by using kernel density estimation. Moreover, a density-based method that allows to test
whether X;_; and X; are independent of each other for all ¢ € N\{1} is constructed in [63, Robin-
son (1991)], whereby (X}),.y is supposed to be a real-valued stationary process and X is assumed to
be a continuous distributed random variable. Some authors constructed tests for independence based on
covariance estimation. However, this is just possible in very restrictive situations. For example, this ap-
proach is considered in [38, Horvath et al. (2013)] in order to test whether random functions X1, ..., X,
are i.1. d. against the alternative that X, ..., X, form a stationary as well as ergodic sequence, which
fulfils that some of these functions are correlated. Further, a test for independence is proposed in [11,
Csorg6 (1985)], which aims to detect dependences between the components of a random vector by using
empirical characteristic functions. However, investigations given in [44, Kankainen and Ushakov (1998)]
not only show that the last-mentioned test is inconsistent in the general case but also yield a consistent
test, which results from a modification of the approach regarded in [11, Csorgd (1985)] (whereby this
modification is based on an L-type statistic). Furthermore, a bivariate linear process whose first compo-
nent is a linear combination of random variables u;, u;—1, ... and whose second component is a linear
combination of random variables v¢, v4_1, ..., whereby (ut) ez and (vt) 1e7, Ar€ sequences of 1.1.d. ran-
dom variables, is investigated in [37, Hong (2001)]. In this publication, a method for testing whether u;
depends on v;_; for all j € Z is constructed, which is based on empirical characteristic functions. More-
over, in [72, Székely etal. (2007)], the distance covariance and distance correlation are introduced to
detect dependences between two random vectors X and Y (which may have different dimensions) under
the assumption that i. i. d. copies of (X', Y”)" are given. Many other works contain tests for independence
which are based on the distance covariance and distance correlation. For instance, the approach of [72,
Székely etal. (2007)] is generalized in [18, Davisetal. (2018)] to obtain a test that reveals whether two
time series (Xt) ey and (Yt) +eny are independent of each other under the assumption that ((X{, Y/ ),) teN
is a stationary c.-mixing process.

However, all papers mentioned above investigate stationary processes (or even assume that i. i. d. obser-
vations of the underlying random variables are given), which is often a too restrictive assumption. E. g.,
for obvious reasons, it does not seem to be appropriate to assume that the data generating processes
that underlie the greenhouse gas concentration in the atmosphere, the number of cars on earth, house-
hold incomes, the probability of a COVID-19 infection, population numbers of animal species or share
prices of listed companies and belonging log returns are stationary. Thus, it is necessary to develop
tests for independence, which are suitable to be applied in non-stationary frameworks - like locally
stationary ones. Such a test for independence is introduced in [4, Beering (2021)], which can be re-
garded as an adaption of the approach used in [44, Kankainen and Ushakov (1998)] to a locally sta-
tionary framework. Concretely, in [4, Beering (2021)], linear multivariate locally stationary time series
{(Yt,T’, Zt’T’)I cte{l,... ,T}}?=1 with stationary approximations {(()N’t(u))l, (Zg(u))l)l i te Z}
are considered and it is tested for an arbitrary but fixed v € (0, 1) whether Yy (u) is independent of Zo(u)
against the alternative that Y(u) and Zo(u) depend on each other. Further, it is worth mentioning that
estimators and belonging convergence results for the distance covariance and distance correlation for



linear locally stationary processes are given in [40, Jentsch et al. (2020a)], whereby it seems possible that
these results can also be used to construct an alternative test for the test problem considered in [4, Beer-
ing (2021)]. However, Theorem 4.3 in [40, Jentsch et al. (2020a), p. 126] indicates that justifying this test
requires stronger assumptions with respect to the existence of finite moments than those supposed in [4,
Beering (2021)].

In contrast to the investigations in [4, Beering (2021)] and [40, Jentsch et al. (2020a)], the present test for in-

! /
dependence is based on locally stationary Bernoulli shift processes { (X t[l% , Xt[zjl ) ite{l,...,T} | S
which allows to consider many non-linear processes. In addition, the test problem that underlies this the-

sis does not just allow to identify dependences between )?(Ql] (u) and )?52] (u) for a fixed single u € (0, 1)

> S[2 .
but to detect whether dependences between (X Ea] (u))D o, and (XLa] (u))a e, eXist for any u € [0, 1]
and arbitrary, non-empty, fixed as well as finite sets ©1, D2 < Ny. For instance, in order to better un-
derstand this difference between the present research and that in [4, Beering (2021)], consider daily

log returns xgl% of one stock and daily log returns x?% of another stock belonging to trading days

t € {1,...,T}, whereby (xgl%,x?:]p);
ables (Xt[l%, ti%)tT:1 which is contained in a locally stationary process. Applying the test proposed
in [4, Beering (2021)] to these log returns may detect for sufficiently large 7' dependences between

is regarded as a sample path of a sequence of random vari-

Xt[lT] and Xt[qu in a single previously defined day ¢ = |uT'| (i.e., for a chosen v € (0,1)) because

IEH)Z'[[S]TJ (u) — X[[E“JT‘T] vanishes asymptotically for 7' — oo and all k € {1,2}, u € (0, 1) according
to the definition of locally stationary processes given above. In contrast, (as resulting from Remark 4.2
(iii)) the test proposed in the present work allows to detect for sufficiently large 1" whether days, weeks
or months exist in which the log returns generating time series depend on each other.

1.4. Outline

In the first section of Chapter 2, the class of locally stationary Bernoulli shift processes as well as sev-
eral belonging assumptions are introduced and examples for processes that fulfil theses assumptions are
given. Motivated by the fact that methods are constructed in the present publication which are based
on characteristic functions, the local characteristic function of a locally stationary process as well as of
its stationary approximations and a belonging estimator that can be used to estimate both of these local
characteristic functions are defined in the second section of this chapter. In addition, this section also
contains results concerning the quality of this estimator.

The research presented in Chapter 3 aims to identify and quantify the intensity of distribution changes in
the stationary approximations of locally stationary Bernoulli shift processes. Therefor, two measures for
quantifying distribution changes (which are based on the local characteristic function of the stationary
approximations) and also empirical versions for both measures as well as estimated confidence inter-
vals for these measures are introduced in the first section of Chapter 3. In the second section of Chapter
3, consistent level-alpha tests for the test problem that Xo(u) owns the same distribution as X (v) for
all u,v € [Up, ;] with arbitrary but fixed Ly, l; which fulfil 0 < Ly < &U; < 1 against the full al-
ternative are constructed, whereby the belonging test statistic is based on the empirical measures for
the distribution change intensity constructed in the first section of Chapter 3. Further, the first change
point in the distributions of the stationary approximations is estimated in the third section of Chapter
3, i.e., the (rescaled) point in time V € [0, 1] at which the distribution of X((u) changes for the first
time in dependence of u € [0, 1] (whereby V = 1 means that X((u) owns the same distribution for all
u € [0, 1]). Simulation studies that illustrate the quality of the methods introduced in Chapter 3 in regard
to the finite sample behaviour are contained in the fourth section of Chapter 3.

In Chapter 4, the consistent level-alpha test for independence, which is briefly described in Section 1.1,
is constructed. Thereby, in the first section of Chapter 4, the test problem and belonging framework
are introduced formally. In the second section of Chapter 4, the mentioned test problem is investigated
in the case ®1 = ©y = {0}, i.e., it is tested whether Xt[l] (u) depends on Xt[z] (u) for some t € Z,
u € [0, 1]. Therefor, in the second section of Chapter 4, a test statistic for this problem is constructed, its
asymptotic behaviour (for 7' — o0) under the null hypothesis as well as under the alternative is analyzed
and belonging p-values are estimated. In the third section of Chapter 4, the results of the second section
are generalized to arbitrary, non-empty, fixed and finite sets D1, ®2 < Np. Simulation studies that illus-
trate the quality of the tests introduced in the second and third section of Chapter 4 in regard to the finite



sample behaviour are contained in the fourth section of Chapter 4.

In Chapter 5, the instruments proposed in the present thesis are applied to log returns of several listed
companies and the results are interpreted from an economic perspective.

Appendix A contains some definitions which are often used in the proofs of the results given in the
present work. All theorems, propositions and lemmata which are stated in Chapter 2 (Chapter 3 and
Chapter 4, respectively) are verified in the first section of Appendix B (Appendix C and Appendix D,
respectively). In addition, for all examples which are given in Chapter 2 (Chapter 3 and Chapter 4, re-
spectively), it is shown in Appendix B (Appendix C and Appendix D, respectively) that they fulfil the
claimed properties apart from those examples for which is mentioned that this verification is so straight-
forward that it is omitted. The second sections of the Appendices B, C and D contain auxiliary results
which are used in the proofs given in the first sections of these appendices. Thereby, each of these aux-
iliary results is shown right after it is stated. Additional calculations which support the understanding of
the source codes that underlie the simulation studies in Section 3.4 and 4.4 as well as the applications in
Chapter 5 are given in Appendix E.

1.5. General notations

Throughout this work, the following notations are used:

The expression | - |; denotes the £*-norm that fits to the dimension of its argument. Moreover, define for
all ¢ > 0 as well as all C"-valued random vectors X with fixed r € N and E [| X |{] < oo the expression
IXT, = E[IX |(f])1/ 7. Further, )\ denotes the Lebesgue measure on R”. Thereby, the dimension 7 of the
spaces C" and R" that underlie the notations introduced above is repressed in these notations to shorten
them. To express for a random variable X which lives on the sample space {2 the realization of X that
is associated with an w € €, the icon X (w) is used, whereas f (:13)|uJ denotes the realization of f(x)
belonging to w for a random functions f on €) and an arbitrary element x of the domain of f. Further,
the abbreviated forms X¢ := X — E[X] as well as f¢(x) := (f(x))° are used for random vectors X
with E [|X];] < oo and random functions f: D — C" as well as z € D that fulfil E[|f(z)|;] < o
(with D < C7 for a 7 € N). The notation X 1 Y means for random variables X and Y, which live
on the same probability space, that they are (stochastically) independent, whereas X XY indicates that

they are (stochastically) dependent. Moreover, X Ly expresses that the distribution of X equals that

of Y and the notation X ;lé Y is used to advert that the distribution of X differs from that of Y. The
icons O and o express Landau’s big-O notation and little-o notation, respectively. Further, f; « fo as
well as fo » f; mean f; = o(f2) for real-valued functions f; and f;. The transpose of a vector v is
denoted as v'. For an open set £ € R™, z := (x1,. .. ,mrl)' e E,ie{l,...,r1} and ri,72,k € N, the
k" partial derivative with respect to x; of a function g: E — R which is k times partial differentiable
with respect to x; is written as 0’;1_ g(z). In addition, set >.¥_ =z, := 0as well as [[Y__ z, := 1 for
all z,y € Z with x > y and all z,,...,2, € C. Further, define |z| := max{z€Z: 2z <z} and
[z] == min{z€Z:z>x} Vo € R. Moreover, #A expresses the cardinality of a finite set A. In
addition, R{z} denotes the real part and 3{z} the imaginary part of a complex number z € C, whereby
R{z}? is the abbreviated form of (R{z})? and ${z}? means (3{z}). The icon Z with z € C is defined
as the complex conjoint of z. Further, the expression {Xth} is used to shorten the notation of a locally

stationary process { X, : t € {1,... ,T}}jozl and {)A(Jt(u)} (with w € [0, 1]) is the abbreviated form
of the associated stationary approximation {)N(t(u) : t € Z}. Moreover, C' € (0, c0) denotes an absolute
constant that may have different values at different places.



2. The local characteristic functions of locally
stationary Bernoulli shift processes

In this chapter, locally stationary Bernoulli shift processes are defined and some belonging assumptions,
which underlie the present work, are introduced. Moreover, the local characteristic functions of these pro-
cesses and their stationary approximations are presented and estimated, whereby asymptotic properties
of this estimation are also evolved.

2.1. Locally stationary Bernoulli shift processes

In the following definition, which is based on [16, Dahlhaus et al. (2019), p. 1015 et seq.] (in particular,
Assumption 2.3 (M2) in [16, Dahlhaus et al. (2019), p. 1017]), locally stationary Bernoulli shift processes
are introduced.

Definition 2.1 (Locally stationary Bernoulli shift processes).

Let (ek) ey be a sequence of Rt-valued i.i. d. random variables for an ¢ € N on a probability space
(Q, X, P) and define F; := (e4,€¢—1,...) Vt € L. Further, assume for a d € N that H; 1 RexN _, Rd
with RN := R® x R® x ... is a deterministic measurable function for each t € {1,...,T}, T €
N. Moreover, suppose that {X; 1} is an Re-valued locally stationary process (as defined in Section 1.1)
which fulfils:

Xer=H;r(F) Vie{l,...,T}, TeN.

Then, the process {X; 1} is called ( R%-valued) locally stationary Bernoulli shift process.
The next Assumptions 2.2 [StAp| and 2.4 [DM] contain some additional conditions.

Assumption 2.2 [StAp] (Stationary approximations).

Let {X; 1} originate from Definition 2.1. The following properties are assumed to hold for Re%-valued
(strictly) stationary processes {)th(u)} (with uw € [0,1]), all T € N and arbitrary but fixed § € (0,1] as
well as A < o0:

(i)

<A and sup

A
a T
- t=1,..T

~ t
Xer — X3 (T)

(ii) Suppose for allt € Z that the function u X¢(u) is a. s. continuously differentiable on (0, 1) with
derivative u 0uX¢(u) and the right-hand derivative at 0 as well as the left-hand derivative at 1
of u — Xy(u) should be a. s. existent. Moreover, assume:

sup sup [X¢r

145 S 4,
TeNt=1,..T

[t

<
u€[0,1] 1+6

< A
1+6

sup
ue(0,1)

0uXo(u) ‘ .

In addition, it should hold for all non-empty sets U,V < (0, 1):

<A sup |u—of’. (2.1)
ueU,veV

BuXo(u) — av)”(o(v)‘

sup
ueU,veV

1
1

(iii) Let for all u € [0,1] a measurable function H(u,-): RN — R? be existent with X,(u) =
H (u, F;) Vt € Z, whereby F; originates from Definition 2.1.



The Assumptions 2.2 [StAp] (i) and (ii) are analog to Assumption 2.1 in [16, Dahlhaus etal. (2019),
p. 1015] with ¢ = 1 + ¢ as well as o = 1 in the notation of this assumption in [16, Dahlhaus et al. (2019),
p. 1015]. (The main difference is that (2.1) is not demanded in Assumption 2.1 in [16, Dahlhaus et al.
(2019), p. 1015].) Moreover, Assumption 2.2 [St Ap] (iii) is similar to the first statement of Assumption
2.3 (M1) in [16, Dahlhaus et al. (2019), p. 1017]. In the following remark, it is shown that the first equa-
tion of (2) in [16, Dahlhaus et al. (2019), p. 1015] is fulfilled in the present situation for o = 1 as well as
q = 1 + 6, whereas the second equation of (2) in [16, Dahlhausetal. (2019), p. 1015] holds for @ = 1
and ¢ = 1 + § due to Assumption 2.2 [StAp] ().

Further, (2.1) can be interpreted as a Holder-type condition and one observes that Assumption 2.2 [St Ap]
is less restrictive for smaller choices of § € (0, 1] than larger ones.

Remark 2.3. The mean value theorem and Assumption 2.2 [StAp] (ii) show for all non-empty sets
U,V < 0,1] and a fixed M < co:

sup sup H)?t(u) - )Z't(v)H <

<| sup
ueUveV teZ 1+6

ueU,veV

<M sup |u-—v.
uelU,veV

In the next assumption, dependence measures are introduced that specify the considered locally station-
ary Bernoulli shift processes, the belonging stationary approximations and their derivatives with respect
to u. These dependence measures can be regarded as versions of the functional dependence measure
introduced in [80, Wu (2005)].

Assumption 2.4 [DM] (Uniform functional dependence measures).
Suppose that Assumption 2.2 [StAp| holds, let (5,: )keZ be an (stochastically) independent copy of

the sequence of random variables (£,);.c, which originates from Definition 2.1 and define ]__tx(t—o) =

(61 et-1,6t—2,...) Yt € Z as well as ftx(t_l) = (et,.. . €1141,6 },Et1-1,... ) Yt € Z,l € N. In
addition, the following assumptions should hold for a sequence (A;) leN, Of non-negative numbers:

(i) Suppose (note that H; T originates from Definition 2.1):

sup sup HXt’T—X:T(tfl)
T

<Ay for X[ = Hyp (FY D) and all 1 € Ny, (2.2)
TeNt=1,..., ’

H1+6

(ii) Assume (recall that H is introduced in Assumption 2.2 [StAp] (iii)):

sup sup H)N(t(u) - )Z'tx(tfl) (U)H < A; for )thx(tfl) (u) = H(u,]:tx(tfl)) and all | € Ny.
uel0,1] teZ 1+6

2.3)

In this framework, the following suppositions will be considered:

2.4 [DM.1]| Assumption 2.4 [DM.1] will hold by definition if and only if Assumption 2.2 [StAp],
(2.2), (2.3) as well as the following condition are fulfilled:

e8]
A0+ZAll2 < B foraB < .
=1

2.4[DM.2| Assumption 2.4 [DM.2| will be valid by definition iff Assumption 2.2 [StAp], (2.2),
(2.3) as well as the following conditions hold for 6 € (0, 1] which originates from Assumption
2.2[StAp]:

e}
AO—i—ZAllQ/‘S < B foraB < o and
=1

sup sup | 0, Xy (u) — &JZ}X (tfl)(u) H < Apy Vie Ny, whereby (M), is a sequence of
ue(0,1) teZ 1 0
o0
non-negative numbers with Ap o + Z Al < B. 2.4)

=1



2.4[DM.3]| Assumption 2.4 [DM.3] will be fulfilled by definition if and only if Assumption
2.2[StAp], (2.2), (2.3) as well as the following condition are valid:

Ay < Bp' forallle No,a B < wandape (0,1).

Intuitively spoken, the Assumptions 2.4 [DM.1], 2.4 [DM.2] as well as 2.4 [DM.3] quantify the im-
portance of the innovations e¢,e¢_1,... on X1, )N(t(u) and under Assumption 2.4 [DM.2], also on
Ou )z't(u) Thereby, the impact of an innovation €;_; with [ € Ny will be tendentiously bigger if [ is closer
to zero (i. e., if ;_; belongs to a more recent past of the point in time ¢). In addition, it is worth mentioning
that the Assumptions 2.4 [DM.2] as well as Assumption 2.4 [DM.3] are less general than Assumption
2.4[DM.1] and the first condition of (2.4) is more restrictive for smaller 6 € (0, 1] than larger ones,
whereby ¢ determines moment and smoothness conditions (according to Assumption 2.2 [StAp]).
Assumption 2.4 [DM.1] underlies Section 3.1 in which confidence intervals for two measures for the
intensity of distribution changes (in the stationary approximations of locally stationary processes) are
estimated, whereas Assumption 2.4 [DM.2] is used in Section 3.2 to construct a test for the existence
of distribution changes and in Section 3.3 to estimate the first change point in the stationary approxima-
tions.

Further, Assumption 2.4 [DM.3] is supposed in Chapter 4 to justify the test for independence con-
structed in this chapter. It is expectable that applying this test will also be appropriate if the right sides of
(2.2) and (2.3) decay polynomially with a sufficiently fast decay rate for growing /. However, assuming
exponential decay allows to shorten many proofs belonging to Chapter 4 and it should be noted that
this supposition is valid for many processes. For instance, if (1), is a sequence of i.i. d. real-valued
random variables, G: R x R? x [0,1] — R (with d € N) is a deterministic function and the locally
stationary process {X; 7} fulfils the recursion (cf. [16, Dahlhaus etal. (2019), p. 1015]):

t
Xor =G <5t,Xt1,T, . ,ti,T,max{T,o}) Vt<T,T €N,

Proposition 4.4 in [16, Dahlhaus etal. (2019), p. 1029] will provide under suitable moment as well as
smoothness conditions that the locally stationary process {X; 7} and the belonging stationary approxi-
mations fulfil Assumption 2.4 [DM.3]. Further, it is worth mentioning that exponentially decaying ver-
sions of the functional dependence measure are often used in the literature (see e. g. [57, Mies (2021)]).

In the following example, processes are stated for which the Assumptions 2.4 [DM.1], 2.4 [DM.2]
or 2.4 [DM.3] (and hence also Assumption 2.2 [St Ap]) hold.

Example 2.5. (i) Causal linear locally stationary processes:

Assume that B < oo, 6 € (0,1] and that (¢t),c; is a sequence of i.i.d. real-valued random variables
with |go]y, 5 < co. In addition, let (A}) ey, and (Ap )y, be sequences of non-negative real numbers
with:

e8] e8]
Ao+ Y NP B aswellas Y Aoy < B 2.5)
=1 =0
or
e8] o 0]
Ao+ DA <B and Nyp+ ) Ayl <B. (2.6)
=1 =1

Further, define deterministic functions Ay 7: Nog — R(witht € {1,...,T}, T € N) as well as A:0,1] %
Ny — R, whereby (0,1) 3 u — ﬁ(u, 1) should be continuously differentiable for all | € N with existing
right-hand derivative at u = 0 as well as left-hand derivative at u = 1. Moreover, suppose for all | € N,
a D < o and all non-empty sets U,V < (0,1):

~ ~ (1
sup sup |Ayr ()] <Ay, sup ‘A (u,l)‘ < Ay, sup sup (T ‘At,T ()—A (,l) D < Ay,
TeNt=1,..T uel0,1] TeN t=1,...,T T

0ug(u,l)‘ < Apy aswellas  sup
ueU,veV

sup

OuA (u,l) — &Uﬁ(v,l)‘ <D sup |u-— 1)|6Aa7l.
ue(0,1)

ueU,veV
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Define in this framework the locally stationary Bernoulli shift process {X; 1} as:

0
Xor =Y Ayr(l)-e- Vte{l,...,T}, TeN.
=0

Then, { X} will satisfy Assumption 2.4 [DM.1] if (2.5) is fulfilled, Assumption 2.4 [DM.2] if (2.6) is
valid and Assumption 2.4 [DM.3] if (2.5) with A; < Bp' foralll € Ny, a B < oo and a p € (0, 1) holds.

(ii) Time-varying AR(1)-processes with random coefficients:

Let (¢),cy be a sequence of i.i. d. real-valued random variables and suppose for all k € {0, 1} that
ai: R x R — R is a deterministic function. Moreover, assume for all fixed x € R, k € {0, 1} that the
function u — ay(x,u) is continuously differentiable for all u € (0,1) and the right-hand derivative at
u = 0 as well as the left-hand derivative at uw = 1 of this function should be existent. In addition, let
ar(x,u) = 0Vk € {0,1}, x € R, u < 0. Furthermore, assume that arbitrary but fixed § € (0,1],
D < w0, p € (0,1) and two sequences of i. i. d. positive random variables (Gy )., (with k € {0, 1}) exist
such that:

ldooly s <D, llaioly s <p, sup |ag (e, u)| < gy a.s., sup |duay (g, u)| < Dagy

uel0,1] u€e(0,1)
a.s. aswellas sup |0yai (e,u) — Opay, (e, v)| < D sup |u— v|55k7t a.s. forall
ueU,veV uelU,veV
ke {0,1}, t € Z and all non-empty sets U,V < (0,1). 2.7

Then, the process {X; 1}, which is for all T' € N defined as:

t t
Xt,T = a] (6}, T> thl,T + ag <8t, T) Vte {1, e ,T} with XO,T = Q (80, O) s

is a locally stationary Bernoulli shift process that fulfils the Assumptions 2.4 [DM.2] and 2.4 [DM.3].

(iii) Time-varying ARCH(1)-processes:

Suppose that (¢¢) ey, is a sequence of i.i. d. real-valued random variables with (¢l o5 < o0 for some
0 € (0,1/2], Eleg] = 0, Var(g9) = 1 and P(eg = 0) = 0. Moreover, let ai.: R — [0,0) (with
k € {0, 1}) be deterministic non-negative functions which are twice continuously differentiable on (0, 1)
and assume that the first right-hand derivative at O as well as the first left-hand derivative at 1 of these
functions exist. In addition, suppose ap(u) = 0V k € {0,1}, u < 0. Furthermore, assume for arbitrary
but fixed p € (0,1):

0 <mg:= inf ap(u) < sup ag(u) <o, sup a1(u)<p< HEQH;E%,
ue(0,1] ugl0,1] uel0,1]
sup ‘%ak(u)‘ <woVie{l,2}, ke {0,1} and sup |Oyai(u)| /A/a1(u) <oo.  (2.8)
ue(0,1) u€(0,1):a1 (u)#0

Then, the process {X; 1}, which is for all T € N defined as:

1
t t 2
X7 = (ao <) + a1 () X317T> e Yte{l,....,T} with Xor :=1/ao(0)eo,

T T
is a locally stationary Bernoulli shift process that fulfils the Assumptions 2.4 [DM.2] and 2.4 [DM.3].

The linear locally stationary processes defined in Example 2.5 (i) are causal in the sense that each X; 7
just depends on innovations that belong to the present and past (i.e., on innovations ¢;_; for which
[ € Np), whereas some researches that consider not necessarily causal linear locally stationary processes
are given in, e. g., [40, Jentschetal. (2020a)] as well as [19, Detteetal. (2011)]. Example 2.5 (ii) is a
special case of the class of time-varying (abbr. tv.) autoregressive random coefficient models, which is
investigated in [70, Subba Rao (2006)] and also mentioned in Example 2.2 (iv) in [16, Dahlhaus et al.,
p- 1016]. One observes that these processes have a more general structure than tvAR-processes, which
were often considered in the past (see e. g. Chapter 2 in [14, Dahlhaus (2012)] and Example 2 in [33, Gi-
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raud et al. (2015), p. 2415]), because they may depend on their innovations in a non-linear way. Example
2.5 (iii) describes some tvARCH(1)-processes, that can be generalized to tvARCH(c0)-processes, which
are studied in [17, Dahlhaus and Subba Rao (2006)]. (Some other analyses concerning these time series
can be found in, e. g., [30, Fryzlewicz et al. (2008)]). However, Example 2.5 (iii) ensures that the con-
sidered tvARCH(1)-processes themselves fulfil Assumption 2.4 [DM.3], whereas the investigations of
[17, Dahlhaus and Subba Rao (2006)] are focused on properties of squared tvARCH-processes. This dif-
ference is motivated by the fact that examples of (stochastically) dependent tvARCH(1)-processes can be
constructed whose dependences can be eliminated by squaring them, such that squaring may impact the
decision resulting from the test for independence constructed in Chapter 4. (E. g., by using Rademacher
distributed i. 1. d. innovations, a tvARCH(1)-process {X; 7} can be constructed whose random variables
are not Dirac distributed but which fulfils that {XET} consists of Dirac distributed random variables, that
are obviously stochastically independent of all pr(;cesses.)

2.2. Definition and estimation of the local characteristic functions

In the next definition, the local characteristic functions of locally stationary processes and their stationary
approximations are introduced. These functions are defined for linear locally stationary processes in [40,
Jentschetal. (2020a), p. 114], whereas they are presented below for locally stationary Bernoulli shift
processes.

Definition 2.6 (Local characteristic functions).

Let Assumption 2.2 [StAp| be fulfilled. Then, the local characteristic functions (abbr. LCFs) of the lo-
cally stationary Bernoulli shift process {XLT} and its stationary approximations {)?t(u)} (with u €
[0,1]) are defined as:

prr(s):=E [ei<S’Xt’T>] and @(u,s):=E [ei<s’)zo(“)>] Vie{l,...,T}, TeN, seR% uel01]

The following remark, which is similar to Lemma 2.2 (i) in [40, Jentsch et al. (2020a), p. 1~14], shows for
allt € {1,...,T} the connection between the characteristic function of X; 7 and that of X (¢/T").

Remark 2.7. One obtains for T — oo from Assumption 2.2 [StAp] (i):

t 1
orr(s) — @ (T’S)‘ =0 (T) |s|; VseRY,

whereby the expression O (1/T') does not depend on s € R%

sup
t=1,..,T

The distributions of the random variables X; 7 (with ¢ € {1,...,T}, T € N) and X,(u) (with t € Z,u €
[0, 1]) are unknown in most applications. Therefore, an estimator for the LCF ¢ is constructed in the
following, which can also be used to estimate ¢; 7 due to Remark 2.7.

An estimator for ¢ has to take into account that realizations of X r,..., X7 7 can be observed in
practise, whereas realizations of )Z't(u) are commonly unobservable for all ¢ € Z, u € [0, 1]. Moreover,
motivated by (1.1), it seems to be useful to estimate p(u, -) for u € [0, 1] in such a manner that a X,
for which /T is closer to u has a stronger impact on this estimation than a X; 7 for which the distance
|t/T —u| is larger. A kernel-bandwidth-based estimator which meets these demands for a suitable choice
of the underlying kernel is defined in [40, Jentsch et al. (2020a)] and this work also investigates for fixed
u € (0,1) the asymptotic behaviour of this estimator in regard to linear locally stationary processes. In
contrast, the following research aims to obtain results for this estimator that concern locally stationary
Bernoulli shift processes and are formulated uniformly with respect to u. Therefor, this estimator is
defined below based on a kernel and a bandwidth that fulfil the next assumption.

Assumption 2.8 [K&Db.1] (Kernel and bandwidth).

(i) Suppose that o,y € [0, 1] are arbitrary but fixed with {g < U and o1 = [y, ]. The
kernel K = Ky, ,: R — [0,00) is defined as a non-negative, Lipschitz continuous function
with Lipschitz constant Lx < oo that fulfils K(z) = K(—z) Vz € R, K(z) = 0Vz €
R\ (110 - ill,ﬂl - u()) and S]R K(Z) dz = 1.
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(ii) Define for all T € N a bandwidth b := by as a real number with b € (0,1/2). Furthermore, it
should hold for T — oo that b — 0, Tb?> — oo as well as TY>t20 5 (), whereby 6 € (0,1]
originates from Assumption 2.2 [StAp].

Remark 2.9. The parameter § € (0,1] is commonly unknown in practise and it is expectable that
it cannot be estimated appropriately in general. Nevertheless, a sequence of bandwidths, for which As-
sumption 2.8 [K&b.1] (ii) holds, can be constructed without specifying § (e. g, b:=0br=1/41¢p_1, +
min {7 12y/In(T),1/4} 1720y VT € N).

The properties of the kernel and bandwidth supposed in Assumption 2.8 [K&b.1] are very similar to
those given in Assumption 2.2 (i) and (ii) in [40, Jentsch et al. (2020a), p. 115]. In contrast to the present
publication, the kernel used in [40, Jentsch et al. (2020a)] is just defined in such a manner that it fulfils
Assumption 2.8 [K&b.1] (i) with y = 0 as well as l; = 1 and other choices of Iy or {l; are not
considered explicitly but can be regarded as special cases. (Taking various ly and 4{; into account is of
particular importance in Section 3.3, in which the first change point in the stationary approximations is
estimated.) Moreover, the conditions 76>*2% — 0 for T — oo as well as b < 1/2 are not contained
in Assumption 2.2 in [40, Jentsch et al. (2020a), p. 115]. However, Th? — 0 is assumed for the central
limit theorem (Theorem 3.1 (ii) in [40, Jentsch et al. (2020a), p. 117]), which evolves the asymptotic dis-
tribution of the difference (multiplicated with \/ﬁ) between the estimated and real local characteristic
function ¢. This is a stronger assumption than Tb?>*2° — 0 in the case § > 1/2. In addition, the suppo-
sition b < 1/2 is useful in the Chapters 3 and 4 since it ensures |1/(2b)]| = 1 and A ([b,1 — b]) > 0.
Further, in view of Assumption 2.8 [K&b.1] (ii), it is worth mentioning that 76 and Th**2° are closer
together for smaller values of § € (0, 1] (which determines moment and smoothness conditions accord-
ing to Assumption 2.2 [StAp]) than larger ones. This suggests that the quality of the kernel-bandwidth-
based estimator for the LCF, which is constructed in the following, will fluctuate tendentiously more for
different choices of the bandwidth if 4 is smaller.

In the next example, kernels are introduced for which Assumption 2.8 [K&b.1] (i) holds. Since it is
very straightforward to see that Assumption 2.8 [K&b.1] (i) is valid for these kernels, the proof of this
statement is omitted in the appendix.

Example 2.10. Suppose that 31y, 81 € [0, 1] are arbitrary but fixed with $g < $41. Then, the following
kernels fulfil Assumption 2.8 [ K&b.1] (i).

(i) Triangular kernel:

1 4]
I(ri::IR 07 ) = ]lz - -
T — [0,00), z 9 — Sty ( ) —il()) {z€[tlo—th ,h Lo}

(ii) Epanechnikov kernel:

3 =\’
Kppa : R — [0, 00), o |1 Lioesto— 00—
Ep — [0,0), z +— 1t — %) ( (ﬂl —110> ) {z€[tlo—1 4 —tho]}

In the next definition, an estimator for the LCF ¢ is stated, which is also proposed in [40, Jentsch et al.
(2020a), p. 114].

Definition 2.11 (The local empirical characteristic function).
Let the Assumptions 2.2 [St Ap| and 2.8 [K&b.1] be fulfilled. The kernel estimator ¢ := Q. , for the
local characteristic function , which is defined as:

T
R 1 ¢ | 1
Plu,5) = = ;Kb <T - u) eKoXer) iy e[0,1], s € RY with Ky(z) = LK (%) VzeR,

is called local empirical characteristic function (abbr. LECF).

The following Proposition 2.12 shows for arbitrary but fixed s € R? that the expectation of the LECF
converges for 7' — oo to the LCF ¢ uniformly with respect to u € [(U; —Llp) b, 1 — (L4 — Llp) b],
whereas Proposition 2.13 given below indicates that this convergence result does not hold uniformly
with respect to u € [0, 1].
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Proposition 2.12 (Bias of the LECF - Part I).
Suppose that the Assumptions 2.2 [StAp| and 2.8 [K&b.1] hold. Moreover, define:

Ho,1,p = [(th — o) b, 1 — (th — Lho) b]. (2.9)

Then, one obtains for T — oo:

1
sup [B[Pu,8)] — ol o) = 0 (1554 ) (It +1) vseme
ueuoﬂl’b Tb

whereby the expression O (b1 + 1/(Tb)) does not depend on s € RY,

The upper bound of the (uniform) bias of the LECF given in Proposition 2.12 depends on § € (0, 1],
which determines moment and smoothness conditions according to Assumption 2.2 [StAp]. An up-
per bound of the bias of the LECF in the scale O(b? + 1/(Tb)) results from Lemma 3.1 (ii) in [40,
Jentschetal. (2020a), p. 115] for fixed v € (0,1) as well as s € R? under the assumption that the
i.1.d. innovations belonging to the considered linear locally stationary process (and hence also the ran-
dom variables contained in this linear locally stationary process and its stationary approximations) own
finite third-order moments. In contrast, Proposition 2.12 provides for § = 1 an upper bound in the same
scale without demanding that third-order moments of X 7, ..., Xp 1 or of )N(O(u) are finite. This weak-
ening with respect to the moment conditions is mainly possible due to the assumed Holder-type property
(2.1), which is not demanded in Lemma 3.1 (ii) in [40, Jentsch et al. (2020a), p. 115].

Proposition 2.13 (Bias of the LECF - Part II).
Let the Assumptions 2.2 [StAp| and 2.8 [K&b.1] be fulfilled. Then, fixed cx € (0,841 — ), €ex > 0,
Sk > 0and Tk € N exist for which:

inf IE[3(u,s)] — o(u,s)| = ex Vse[-Sk,Sk]4, TeN:T > Tg.
[0,cxb]lu[l—ckb,1]

The next proposition yields under Assumption 2.4 [DM.1] for arbitrary but fixed s € R? that the
variances of the real and imaginary part of the LECF converge to zero uniformly with respect to v €
[0, 1]. Thereby, it should be recalled that the Assumptions 2.4 [DM.2] and 2.4 [DM.3] are more re-
strictive than Assumption 2.4 [DM.1], such that Proposition 2.14 holds under each of these supposi-

tions. Moreover, this proposition and Proposition 2.12 imply that E [|g’5(u, s) — ¢(u, s) |2] converges for

arbitrary but fixed s € R? to zero uniformly with respect to u € g 1 p.

Proposition 2.14 (Variance of the LECF).
Suppose that the Assumptions 2.4 [DM.1] and 2.8 [K&b.1] are fulfilled. Then, it holds for T — o:

~ ~ 1
sup B [[3(u,5) — E [3(u, 5)]*] = O (Tb) (sl +1) ¥seR
u€el0,1]

whereby the expression O (1/(Tb)) does not depend on s € R?,

Note that Lemma 3.1 (iii) in [40, Jentsch et al. (2020a), p. 116] shows for fixed u1, us € (0, 1), 51, $2 € R
that the (complex) covariance Cov ($(u1, s1), @(uz, s2)) converges to zero with the rate O (1/(Tb)),
which is the same rate as that obtained in Proposition 2.14.

14



3. Investigation of distribution changes

In the present chapter, two measures are defined that quantify the intensity of distribution changes of
Xo(u), which originates from Assumption 2.2 [StAp], for varying v and confidence intervals for these
measures are estimated. In addition, consistent level-alpha tests are constructed that detect whether the
distribution of X’o(u) changes in dependence of w. Further, the smallest w (i. e., the first rescaled point in
time) at which the distribution of X (u) changes is estimated. Moreover, the finite sample behaviour of
the methods proposed in this chapter is evaluated by using simulation studies.

3.1. Quantification of distribution changes

3.1.1. Definition of measures for the distribution change intensity

In order to quantify the degree of distribution changes, an approach which is similar to that proposed in
[19, Detteetal. (2011)] is used. In [19, Dette et al. (2011)], a measure for the deviation from second order
stationarity under local stationarity is defined based on integrated squared minimal distances, which
is briefly described in the following. Let fioc.spec: [0,1] x [—m, 7] — R denote the local spectral
density of the stationary approximations which belong to a centered linear locally stationary process and
SPEC should be the set of all spectral densities fspec: [—7, 7] — R that are associated with centered
covariance stationary processes. Then, the measure for the deviation from second order stationarity is
defined as (cf. (1.1) in [19, Dette et al. (2011), p. 1114]):

T 1
min f f (Jrocspec(ti: ) — fapee(x))? dudz. 3.1)

fapecESPEC

-7 0

Since the distribution of Xo(u) is uniquely defined by the characteristic function of Xo(u) for each
u € [0, 1], the distribution change intensity of Xo (u) with respect to varying u can be measured based on
the local characteristic function ¢ : [0, 1] x R? — C, which is introduced in Definition 2.6. Concretely,
motivated by (3.1), it seems to be appropriate to define the following measure (3.2) for the degree of
distribution changes in the stationary approximations of locally stationary Bernoulli shift processes:

Let CHAR denote the set of all characteristic functions fepar: R? — C. Then, define the intensity of
distribution changes as:

1

it [ [16009) = o 6) duwis) s, (32)

fchareCHAR
Rd 0

whereby w: RY — [0, 00) is a weight function which should ensure that the integral with respect to
s € R? contained in (3.2) is well-defined and should allow to evolve the asymptotic behaviour of an
adequate estimator for (3.2). For these purposes, it is assumed that w fulfils Assumption 3.1 [WEI.1],
which is given below. Alternatively, as described at the end of the present section (on the Pages 30 and
32), the weight function given in Lemma 1 in [72, Székely et al. (2007), p.2771], which does not fulfil
Assumption 3.1 [WEIL.1], can be used to define other measures for quantifying the distribution change
intensity. However, it is also explained on the Pages 30 and 32 why the estimation of the resulting
measures is accompanied by serious disadvantages in the present locally stationary framework that will
not emerge if Assumption 3.1 [WEIL.1] holds.

Assumption 3.1 [WEIL.1] (Weight function).
Assume that d € N originates from Definition 2.1 and 6 € (0,1] from Assumption 2.2 [StAp|. The
weight function w: R? — [0, o0) is defined as a Riemann integrable function which is Lebesgue almost
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everywhere positive and fulfils:

J (1 + |s|?+25) w(s)ds < . (3.3)
Rd

According to Assumption 2.2 [StAp], ¢ is defined by moment and smoothness conditions, such that it is
commonly unknown in applications. However, since 6 € (0, 1] is supposed in Assumption 2.2 [StAp],
the condition (3.3) will be fulfilled if {3, (1 + |3|11 ) w(s)ds < co. Hence, appropriate weight functions
can be selected in practise, whereby some of them are given in the next example. It is very straightforward
to see that Assumption 3.1 [WEI.1] holds for the weight functions introduced in Example 3.2, such that
a belonging proof is omitted in the appendix of the present work.

Example 3.2. Suppose that d € N originates from Definition 2.1. Then, the weight functions given below
fulfil Assumption 3.1 [WEI.1].

(i) Weight functions inspired by Gaussian distributions:

WGyt RY - (0,00), s e lsliy Vy>0

(ii) Weight functions inspired by Laplace distributions:

wy: R — (0,00), s> e lsh/v vy >0

The following Definition 3.3 (i) of a measure for the degree of distribution changes is more general
than (3.2) in the sense that it allows to quantify the distribution change intensity on different intervals
[Lo, 4] < [0, 1] of rescaled time periods and not just on the entire rescaled time period [0, 1]. Due
to this modification of (3.2), it is possible to investigate whether the considered distributions change in
one rescaled time period more intensively than in another and to estimate the rescaled point in time v in
which the distribution of )?o(u) changes for the first time. Furthermore, in contrast to (3.2), the measure
introduced in Definition 3.3 (i) is based on the infimum with respect to the larger set of all continuous
functions (instead of all characteristic functions). However, in Remark 3.7 (i) given below, it is pointed
out that the unique minimizer of the integrated squared distance considered in Definition 3.3 (i) (and,
therefore, also that of (3.2)) is a characteristic function, such that this difference in the underlying sets
does not play a role.

Further, in the following Definition 3.3 (ii), another measure for quantifying distribution changes is
proposed, which is defined similar to (3.10) in [19, Dette etal. (2011), p. 1117] and discussed in Remark
3.5 (ii) given below.

Definition 3.3 ((Normalized) measure for the distribution change intensity).
Let Uy, 84y € [0,1] be arbitrary but fixed with iy < 41 and the Assumptions 2.2 [StAp] as well as
3.1 [WEL.1] be fulfilled.

(i) Define ¢° (Rd) = {f RY — C| fis continuous} as well as (see Definition 2.6):

iy
Uo1 = [Uo, 1] and D :=Dy,, = inf JJMO(U,S) — f(s)]* duw(s)ds.

eCORY)
R4 o

The expression D is called measure for the distribution change intensity under local stationarity
(abbr. MDCI).

(ii) Define:
0y . i 2
Dy =Dy, , 1 = J J|<p(u,3)|2 duw(s)ds, Dy = Dy 1,2 = m J fgo(u, s)du| w(s)ds
R4 Lo R4 4o
norm ., norm ., D2
and D"™ .= ]D)uo,l =1— ]DTl
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Then, D™ is called normalized measure for the distribution change intensity under local sta-
tionarity (abbr. NMDCI).

As stated in Remark 3.5 (ii) given below, the next lemma is of importance to ensure that D"°"'" is well-
defined.

Lemma 3.4. Suppose that {y, 34, € [0, 1] are arbitrary but fixed with Ly < 41 and that the Assumptions
2.2[StAp] as well as 3.1 [WEIL1] are fulfilled. Then, it holds D1 > 0.

Remark 3.5. (i) Assumption 2.2 [StAp| and some obvious arguments imply that the function $lo 1 x
R 5 (u,s) — |p(u,s) — f(s)|? is continuous for all f € €° (R?). In addition, Assumption
3.1 [WEL.1] provides:

301
0<D< f f|gp(u,s) — 0 duw(s)ds < 0. (3.4)
R o

Overall, these considerations yield that 1D is well-defined and bounded.

(ii) Straightforward arguments show that the integrals contained in D1 and Dy are well-defined. Thus,
D™ is well-defined due to Lemma 3.4.
Further, it follows from 1(ue[s.5,7) = Ljue[sto, ]} Luelsio sn]} Y u € R and the Cauchy-Schwarz
inequality:
2 2

1
Dy = TRSSTR gl{ue[ﬂo,u1]}%{¢(u’ s)} du ) + Jl{ue[uo,ul]}g{sﬂ(u, s)} du| w(s)ds
R4 R

1 2 2
<o | [ ety 4o | [ et R ) du 13,0, 0y S ot )2 du
R4 R R R

D, (3.5)

Assumption 3.1 [WEL1] (which ensures Dy > 0) and (3.5) yield D™™ € [0, 1], which motivates
that D"°™ is called normalized measure (for the distribution change intensity).

Further, it is worth mentioning that D is monotonically increasing with respect to the underlying
time interval in the sense that Doy, , < Dy, for Wo1 < o1 S [0, 1]. Thus, the MDCI may be
unuseful in applications which require to compare the distribution change intensity assigned to a
certain rescaled time period g 1 with the distribution change intensities belonging to subsets of
o 1 relatively to the length of the considered rescaled time period, whereby such applications are
contained in Chapter 5. In contrast, this monotonicity property does not necessarily hold for the
NMDCI, such that this measure can be the better choice for some practical examples.

In the parts (i) and (ii) of the following proposition, alternative ways to express the MDCI are introduced,
whereas the parts (iii) and (iv) of this proposition indicate that the MDCI and NMDCI are appropriate
instruments for identifying distribution changes.

Proposition 3.6 (Alternative representations of the MDCI as well as properties of the MDCI and NMDCI).
Let 1y, 341 € [0, 1] be arbitrary but fixed with g < $l; and suppose that the Assumptions 2.2 [StAp]| as
well as 3.1 [WEL.1] are fulfilled. Then, the following statements are valid.

(i) It holds:
ID) = Dl - DQ:

and:

PR S C s !

Uy
o1 %_%Jﬂwﬁm (3.6)
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is the unique minimizer of .
(ii) One obtains:

Uy iy

D= M f f f o, 8) — o(w, )[2 du dww(s) ds.

JREBIGRIN

(iii) It will hold D = 0 if and only if p(u, s) = (8o, s) Yu € o 1, s € R? (recall that ko 1 = [Lo, $41]
according to Definition 3.3 (i)).

(iv) One will obtain D™ = 0 if and only if p(u, s) = @(thy, s) Vu € ty 1, s € RL

Remark 3.7. (i) Proposition 3.6 (i) and Bochner’s theorem imply that fﬁgtl is a characteristic func-
tion, such that the value of the MDCI will not change if one defines this measure based on the
infimum with respect to all characteristic functions fenar: R¢ — C (as proposed by (3.2) for the
case Ly 1 = [0, 1]) instead of all continuous functions (as in Definition 3.3 (i)).

]D)IlOI‘l’n

(ii) Proposition 3.6 (iii) implies that if D = 0 (which is equivalent to = 0 due to Proposition
3.6 (iv)), it will hold for sufficiently large T (i.e., T' = 1/t and [UT'| < | T]) as well as for
all s € R4 (see Definition 2.6):

sup |90t1,T(S) - (pt27T(3)|

t1,toe{max{1,[UoT},....|sh T|}
t t
on.1(8) — @ <11ﬂ 8> + ¢ (;78> — ¢t,7(8)

whereby the right side of (3.7) converges to zero for T' — oo due to Remark 2.7. Hence, the fact
that the characteristic function of a random variable uniquely identifies its distribution motivates
1o regard the locally stationary random variables X . (1,[3,T},T5 - - - » X |4, T),T @S approximately
equally distributed for large T in the case D = 0 (and D"™ = 0, respectively).

Otherwise, if D > 0 (which is equivalent to D"°"™ > 0), it will follow from similar arguments,
Remark 2.3 and the reverse triangular inequality:

_ sup : 3.7)

t1,toe{max{1,[UoT]},.... [t T'|}

1
Fug, u € [Ho, ] withug < uy, s€ RY €>0and T, € {N eEN:N > — JugN| < [ulNJ} :
U1
p(uo, s) — @(u1,8)| > 2¢ aswell as | Pmaxi1,[uort}7(5) — Plusr)r(s)| > € VT =T
(3.8)

Hence, one can conclude in the case D > 0 (and D"°™ > 0, respectively) that the distribution of
Xmax{1,JuoT)},T and that of Xy, 1|1 are not approximately the same for sufficiently large T

(iii) The MDCI and NMDCI are shift-invariant in the sense that they assign the same distribution
change intensity to the processes {X;(u)} and {x + X,(u)} for all deterministic x € R%, which

can be easily shown by using Proposition 3.6 (i), Definition 3.3 (ii) and E[ei<s’x+)~(°(u)>] =

eXSDR, [ei<5’)?0(“)>] Yue[0,1], s e RY

Moreover, both measures for the distribution change intensity are sign-invariant for weight func-
tions w that fulfil w(s) = w(—s) Vs € R in the sense that they do not change their values if
{—)N(t(u)} instead Of{)?t(u)} is considered, which follows from Proposition 3.6 (i), Definition 3.3
(ii), E[ei<s’_)~(°(“)>] = E[ei<_5ﬁ°(“)>] Yu e [0,1], s € RY and integration by substitution.

The MDCI and NMDCI are not scale-invariant in the sense that they do not assign the same
distribution change intensity to the processes {X;(u)} and {yX,(u)} for all deterministic y €
R\{0}. The latter claim holds because Dy and Dy assigned to {y)?t(u)} converge to (4 — L)
. S]Rd w(s) ds for y — 0 due to Lebesgue’s dominated convergence theorem in combination with
Assumption 3.1 [WEL1], such that D and D™ converge to zero for y — 0 according to Propo-
sition 3.6 (i) as well as Definition 3.3 (ii).
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The fact that the present measures for the distribution change intensity are not scale-invariant is not a
disadvantage per se but even a useful property in many practical applications, whereby two of them are
described in the following.

Combining financial products with fixed time-independent payments and others with uncertain payments
that vary over time is a suitable strategy to control the liquidity risk of an investment portfolio. Concretely,
suppose that I is a financial product which generates at each point in time ¢t € {1,...,T'} fixed time-
independent payments amounting to Py per invested U.S. dollar. Moreover, another financial product /o
should exist that leads to time-dependent payments p; 7 per invested U.S. dollar at each point in time
t € {1,...,T}, whereby the last-mentioned payments are modelled as realizations of random variables
P, 1 contained in a locally stationary process {P; r}. Further, consider a person who invests p - W
U.S. dollar (with p € [0, 1]) of his monetary wealth W in the product I; and (1 — p) - W U.S. dollar
in the product I5. The total payment obtained by this person at each point in time ¢t € {1,...,T} is a
realization of the random variable P{$'*' := pW Py + (1 — p) W P, 1, whereby {P/5'} is a locally
stationary process because {Ptj} is assumed to be one. A shift- and scale-invariant measure assigns for
all arbitrary but fixed p € [0, 1) the same distribution change intensity to {P;‘:’ﬁal} (and the associated
stationary approximations, respectively), although increasing p leads to a considerable reduction of the
liquidity uncertainty and should reduce the distribution change intensity because p-W - P; is deterministic
and time-independent.

Another application in which a scale-invariant measure is inappropriate arises in seismology. Many cities
(like Kagoshima or Naples) are built in areas with seismic activity, such that it is of high relevance
to explore these activities, whereby the theory of locally stationary processes may contribute to these
investigations. (E.g., in [1, Adak (1998)], the outcome of a seismic data set is modelled as a locally
stationary process). Concretely, the measures for the degree of distribution changes introduced in the
present work can be used to compare differences in seismic activities which belong to various time
periods. Thereby, it should be taken into account that, according to [25, ESSA (1966), p. 16], in a very
active seismic area, several hundred or even a thousand microearthquakes may be recorded a day, whereas
a destructive earthquake occurs maybe every few tens of years. Thus, for a fixed seismic area, a scale-
invariant measure for the degree of distribution changes does not allow to compare changes in the seismic
activity assigned to different time intervals £ly 1 := [{lo, {41 ] appropriately because one considered time
period may contain just some (almost) not recognizable microearthquakes, whereas much more powerful
and destructive earthquakes can belong to another investigated time period.

3.1.2. Estimation of the measures for the distribution change intensity

In practical applications, the distribution of X((u) is commonly unknown for u € [0, 1], such that
the LCF ¢ and, therefore, the MDCI and NMDCI cannot be calculated. Thus, in the present section,
the LECF @, which is stated in Definition 2.11, is used to construct estimators for I as well as Dy
(which originate from Definition 3.3 (ii)) and, subsequently, these estimators are used to obtain empirical
versions of the MDCI as well as the NMDCI.

At first glance, motivated by the Propositions 2.12, 2.13 and 2.14, it seems to be appropriate to estimate
Dy by:

min{1—(; —o)b,h }

]ﬁ)gl,j{dea] = J |o(u, s)|2 duw(s)ds.

Rd max{(ul —il())b,iio}
Concretely, the Propositions 2.12 as well as 2.14 indicate that ﬁgl%dea] is an useful estimator for the
expression:

min{1—(U; —lo)b,ts}
izt = f [o(u, s)[* duwl(s) ds G:9)

)

R4 max{(t —Llo)b,to}
and Dglr}dea] approximates D1 with an error of order O(b), which decays to zero for T — oo according

to Assumption 2.8 [K&b.1] (ii). More precisely, in the case that £y > 0 and {l; < 1 are arbitrary

but fixed, Dglr}dea] equals D, for sufficiently large 1" (i. e., sufficiently small b). However, if 4l = O or
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= 1, the error bound O(b) which results from approximating D; by ]]])517{ *al cannot be improved to

o(b) in general. In contrast, it is shown below that using a certain Riemann sum (which is inspired by
[19, Dette etal. (2011)]) avoids the issue with respect to the bias of ¢ that originates from Proposition
2.13 and approximates ID; with an error of order o(b) for all Ly, 84 € [0, 1] (in particular, also for

Uy = 0 or YU; = 1). Hence, the estimator H’]\)El’%dea] is not used in the present work. Instead, to construct
an approach to estimate D1, note at first that a Riemann approximation based on the midpoint rule with
|1/(2b)| addends to discretize the integral with respect to u € [lg, ;] contained in D; leads to the
following expression (whereby Ll 1 = [Lly, l;] according to Definition 3.3 (i) and |1/(2b)| > 1 due to
Assumption 2.8 [K&b.1] (ii)):

[1/(20)]
i — o . i — o
apprx ,_ — — _
Dy = ll/ )] E lo(ug, s)|” w(s)ds with ug = up g, = U + (k‘ 2> (/@)
(3.10)

Thereby, 1/(2[1/(2b)]) = 1/(2/(2b)) = b implies for all £ly, £4; € [0, 1] with £y < £k (recall (2.9)):

ug = ur g,k € Yoy VEE{L ... |1/(20)]}, (3.11)

such that the Propositions 2.12 and 2.14 provide for all k € {1,...,|1/(2b)]} that §(ug, s) is an appro-
priate estimator for ¢(ug, s) (in particular, also in the cases £y = 0 or $; = 1). Thus, the issue resulting
from Proposition 2.13 that the LECF will be asymptotically biased if w is too close to 0 or 1 (in depen-
dence of b), is avoided by this Riemann approximation.

Moreover, it should be noted that using the Riemann sum contained in I} to approximate the integral
with respect to u € [Lo, $41] in Dy can be justified by the following con51derations:

Assumption 2.2 [St Ap] (ii) and arguments which are similar to ones stated in [41, Jentsch et al. (2020b),
p.3etseq.] yield for all u € (0, 1), s € R%:

0.E [cos (<s )Nfo(u)>>] —E [— sin (<s )N(O(u)>) <57 au)”co(u)>] , (3.12)

such that (recall Definition 2.6):

Oy (?R {o (u, s)}2) =E [2 cos <<s, )?o(u)>)] E [— sin (<s, )Z'o(u)>) <s, 5u)z'0(u)>] . (3.13)

In addition, it holds for all z,y € R,q > 1 + ¢ (whereby 6 € (0, 1] originates from Assumption
2.2[StAp]) and for g: R — R with either g(z) = sin(z) Yz € Ror g(z) = cos(z) Yz € R:

apprx

l9(2) — g(»)|? < min {2, |z — y|}9"0F) . min {2, [ — y[}1 70 < 207+ g 10 (3.14)

Overall, one obtains for all v,w € (0,1), s € R? by using (3.13), Remark 2.3, Assumption 2.2 [StAp]
(i), (3.14) with ¢ = (1 +6)/6 and due to § € (0, 1], whereby the latter yields [v — w| < [v — w]|® as well
as |s|17° < |s|? + 1 (recall that C € (0, o0) denotes an absolute constant that may have different values
at different places):

0 (R e (0.9))?) = o (Rlp (w.9)))]|

= | [2c0s ({5, Ko(v) )) = 2cos ({5, Ko(w) )) | E [~ sin ({5, Ko(0) )) (s, %(0))]
+E [2 cos (<s )”co(w)>)] E [(— sin (<s )Nfo(v)>> +sin (<s )”(o(w)>)) <3, 0v)N(0(v)>
+ (— <s, 0U)?0(U)> + <3, aw)?o(w)>) sin (<s )Z'O(w)>)”

X v)Hl +C H— sin (<s )Z'O(v)>) + sin <<s )?O(w)>)
Kb, o |-ttt

<O (Js]F+1) v —wl]’. (3.15)

< Clslifv —wllsh 145

8
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Lemma B.2 (iii) in the appendix in combination with (3.15), a similar construction of an upper bound for
the distance |9, (S {¢ (v, s)}? ) — 0w (S {p (w, s)}? )| (with v, w € (0,1)) and Assumption 3.1 [WEIL1]
show that D" approximates Dy with an error of order O (b' %) = o(b). This indicates that DY?P™ is

a tendentiously better approximation of ID; than Dglﬁdea] in the cases 4y = O or ; = 1.

Since the Propositions 2.12 and 2.14 provide together with (3.11) that ¢(uy, -) is an adequate estimator
for p(ug, ) forall k € {1,...,|1/(2b)]|}, an appropriate estimator for I results by replacing ¢(ug, s)
in DY by G(uy, s) forall k € {1,...,[1/(2b)]}, s € R%. The expression Dy (see Definition 3.3 (i)
can be estimated in a similar way. These considerations and Proposition 3.6 (i) as well as Definition 3.3
(ii) motivate the estimators for the MDCI and NMDCI which are introduced in the following definition.

Definition 3.8 ((Normalized) empirical measure for the distribution change intensity).
Suppose that the Assumptions 2.2 [StAp], 3.1 [WEI.1] and 2.8 [K&b.1] hold.

(i) Define (recall that 4y 1 := [y, 1| according to Definition 3.3 (i) and see also Definition 2.11):

=
= ur =t + (- ) 0 Uy Vel e,
o &)l
m) M o 1™
DT,l = DT,ﬂo,hl = f 1/ 2() Z_: uk, (S) dS,
R4 -
2
[1/(20)]
Dy :=Dryg,, 2= J o (ug,s)| w(s)ds and
2 T,0,1,2 ﬂl — Llo J [1/(2()” Pt ( ) ( )

]DT = ]D)T’HQ1 = ]D)TJ - DT,Q.

Then, IB)T is called empirical measure for the distribution change intensity under local stationarity
(abbr. EMDCI).

(ii) The expression:

]ﬁ)norm — ]@norm — 1- H’j)T,Q/@T,la for H:)T,l >0
T To,1 0, fOl’ ]DT,I -0

is called normalized empirical measure for the distribution change intensity under local station-
arity (abbr. NEMDCI).

The definition of Iﬁ)%orm ensures that this estimator exists for all 7' € N. However, in practical appli-
cations, the belonging realization of D7 ; should be positive to obtain a useful estimator, whereby the
following lemma shows that this will be the case if 1" is large enough. In particular, D7 ; does not depend

on unobservable/unknown expressions, such that D7 ; > 0 can be easily examined for given realizations
of Xl,T7 PN 7XT,T-

Lemma 3.9. Let the Assumptions 2.2 [StAp], 3.1 [WEL1] and 2.8 [K&b.1] be fulfilled. Then, a fixed
T e N exists with:

Drp >0 VT eN:T>T.

Remark 3.10. (i) According to Assumption 2.8 [K&b.1] (i) and Definition 2.11, the expressions
]ﬁ)T,uo,l,l and I[AJDT,uOJ,g take no Xy 1 into account for which |t/T — ury, , x| = (L — o) b holds
forallk € {1,...,|1/(2b)|}. The opposite condition (i.e., —urgy k| < (U1 — o) b fora
ke{l,...,[1/(2b)]}) implies due to 1/(2[1/(2b)] ) = 1/(2/(2b)) = b (recall Definition 3.8 (i)):

UpT < uT,Llo,l,lT — (W —Uy)Thb <t < uT7ﬂo,17[1/(2b)JT + (U — ) Th < U4 T.

Hence, it suffices to observe X ax1[soT)}, 5 - - - » X |y 7,7 i order to calculate realizations of
[’D\)T,uo,l,l and ]:’DBT’}JOJ,Q (whereby Xy, 1|1 is well-defined for T' = 1/841).
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(ii) Assumption 3.1 [WEL.1] and the Cauchy-Schwarz inequality imply 0 < @TQ < HSDTJ, such that
Drorm ¢ [0, 1].

(iii) The following claims can be verified by arguments which are similar to those stated in Remark 3.7
(iii):
The realizations of the EMDCI and NEMDCI which belong to a sample path (Xt,T(CL)))Z;l (with

w € Q) will not change if this sample path is replaced by (z + Xt7T(W))?:1 with arbitrary
x € RY. Moreover, if the weight function w fulfils w(s) = w(—s) Vs € RY, the EMDCI as
well as NEMDCI will assign the same estimated distribution change intensity to the sample paths
(XtT(w))tT:l and (—Xt,T(w)),f:l. Further, the realizations of the EMDCI and NEMDCI that are

associated with a sample path (y X, r(w Nk +—1» Whereby y € R, may change in dependence of y.
The following proposition provides alternative ways to express the EMDCI.

Proposition 3.11 (Alternative representations of the EMDCI).
Suppose that the Assumptions 2.2 [StAp], 3.1 [WEIL1] and 2.8[K&Db.1] are fulfilled. Then, one ob-
tains:

(i)
|.1/(Qb)J [1/(2[))] 2
~ ul—ﬂo R 1 )
R ATVED] RANTYE]] . d
T J |1/(2b)] klZl P (uk,, s) [1/(20)] kQZ1 P (ug,, s)| w(s)ds
(ii)

Dr =

[1/(20)]
~ y — Yo “ ~ 2
|S0(u 178) - QO(’U, 273)| W(S) ds

f 211/(20) 2 MZ * ’

Before the asymptotic behaviour of the EMDCI and NEMDCl is presented in Theorem 3.13 given below,
the next lemma is stated, which ensures well-definedness of some expressions that are introduced in
Theorem 3.13.

Lemma 3.12. Let Assumption 2.4 [DM.1] be fulfilled. Then, it holds for all R1,Ra € {R, 3}, s1,52 €
Rd.‘

sup ‘COV (R1 { i(s1,Xo u)>} RQ{ is2.%u(w) >})‘ < C (14 |s1]; +s2]q) -

t= uEOl

The following theorem is the fundamental result of this section. It provides the asymptotic distribution
of the (with /T normalized) differences between the EMDCI and the MDCI as well as between the
NEMDCI and the NMDCI. In particular, it shows that the EMDCI (NEMDCI, respectively) is an appro-
priate estimator for the MDCI (NMDCI, respectively).

Theorem 3.13 (Asymptotic behaviour of the EMDCI and NEMDCI).

Suppose that the Assumptions 2.4 [DM.1], 3.1 [WEIL.1] and 2.8 [K&Db.1] are fulfilled. Moreover, de-
fine for all R € {R, 3}, v 421 € R, w € [0,1], s € R? (recall that o1 = [Lo, ] according to
Definition 3.3 (i) and see also Definition 2.6):

Uy
(2]
i1 R (75 U, 8) = 7[1]R{<p(u, s)} + illv—iloR Jgp(w,s) dw p with ~ = (7[1],7[2])’ (3.16)
o
forall Ri, Ry € {R, 3}, ue[0,1], 51,50 € R
O R1,R2 u, S1, 82 2 Cov (R1 {€i<sl,)~(0(u)>} ,RQ {€i<s2’2t(u)>}) R (3.17)

t=—00
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forall v,5 € R*2:

Osto, (1,7) =8 (th — o) J K(z JJJTHONFE ¥, U, 81) Titg 1 (3, U, 52)
tlo— Rd R Ll
coo R (U, 81, 82) + Tug 1,5 (15U, 81) Tate 1,5 (V5 U, 52) 00,35 (U, 51, 52)
+ Too 1 % (15 U, 51) Toto 1.5 (35 U, 52) O3 (U, 81, 52)
+ Tig 1,3 (7, u,sl)mom (3,4, 82) 00,33 (U, 1, 52) duw (s1) dsy w (s2) dsa  (3.18)

and:

(1))’(8’ 1)) ) . (3.19)

(i)

]]/j)T’l Dy d joint joint 0
ﬁ((]ﬁ)TQ >_(D2 >>_)ng[0,1 with Zgl01 N((())?Eilo,l)' (3.20)

(ii)
VT (@T _ ]D)) sy, with Zyy, ~ /\/<0,auoy1 ((1,-1), (1, —1))). 3.21)

(iii) One obtains for:

norm D2 norm 1
Yo = ]DT% and 'y = —— (3.22)

that:
\/T (H’j)r%orm . Dnorm) Zﬁgrlm with
Zﬁooim ~ N(O, TR ( <,yugr1rﬂl7 ,Yﬁgrln’é) (,yugrlrnl’ ’Yﬁgrlné) )) (323)
Remark 3.14. Lemma 3.12 and Assumption 3.1 [WEL1]| provide that o R, R, (U, $1,52) as well as

oy (7,7) are well-defined. Moreover, Lemma 3.4 implies that ’yﬁorlml and *ynorm are well-defined.

Theorem 3.13 (ii) allows to construct asymptotic confidence intervals for the MDCI. Therefor, suppose
that g, a2 € (0,1) with ay < ag and denote for all € (0, 1) the quantile of the distribution of Zg, ,
which belongs to the level a as qq g, , - Then, it holds under the assumption o, , ((1,—1), (1, —1)) > 0:

JimP (ﬁ)T _ oot <Dy q‘”’”“) Tp—— (3.24)
—0

VT VT
Further, asymptotic confidence intervals for the NMDCI can be derived from Theorem 3.13 (iii). Con-
cretely, denote for all & € (0, 1) the quantile of the distribution of Zg"™ which belongs to the level «

norm norm norm norm norm
as ¢, - Then, one obtains under the assumption oy, , (70" 1o ) (Vo™ 4o™)) > 0 and for

a1, az € (0,1) with oy < ao:

norm

lim P Dnorm . % ]D)norm Dnorm _ M =ay — g (3 25)
T—0 \/T \/T ' '

However, the quantiles g, s, , and qgoﬁgnl (with o € (0, 1)) are unknown in practise. Hence, bootstrap
procedures are evolved in the next section that approximate the distributions of Zy, , and Z, ngrm asymp-
totically, which allows to estimate confidence intervals for the MDCI as well as the NMDCI.
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3.1.3. Estimation of confidence intervals for the measures for the distribution
change intensity

The issue that the distributions of Zy, , and Z, norlm are unknown is solved in the present section by us-
ing dependent wild bootstrap procedures. As mentioned in [67, Shao (2010), p. 218], the dependent wild
bootstrap extends the traditional wild bootstrap proposed in [79, Wu (1986)] to the time series setting
by allowing the auxiliary variables, which are involved in the wild bootstrap, to be dependent. There-
fore, the dependent wild bootstrap is capable of mimicking the dependence in the original time se-
ries. Moreover, similar to the dependent wild bootstrap considered in [52, Leucht and Neumann (2013),
p. 260 et seq.], the bootstrap approaches given below are based on reusing some parts of the bootstrap
statistics in every bootstrap iteration, which is possible by avoiding the direct bootstrapping of the under-
lying random variables X; 7, ..., X7 7. In practise, this recycling in every bootstrap iteration provides
that estimated confidence intervals for the MDCI and NMDCI can be calculated with quite low com-
putational costs. Further, it is worth mentioning that wild bootstrap approaches have also been used in
some other publications that concern locally stationary frameworks, e. g., in [75, Vogt (2015)], to obtain
a bootstrap counterpart for a test statistic that investigates whether structural changes in time-varying
non-parametric regression models exist and in [45, Karmakar etal. (2022)], to approximate confidence
bands for time-varying coefficients of recursively defined locally stationary time series and time-varying
GARCH processes.

In order to evolve bootstrap methods for approximating the distributions of Zy, , and Zg>"™, the fol-
lowing notations are considered under Assumption 2.2 [StAp]: '

The icon P* denotes the conditional probability conditioned on X1 7,..., X7 7, E* marks the associ-
ated conditional expectation, Var* symbolizes the matching conditional variance and Cov* is referred
to the belonging conditional covariance. Moreover, if (Y7) ¢ is a sequence of complex-valued random
variables that live on the probability space (€2, X, P) which originates from Definition 2.1, define:

Yr =op(l) = Thm PP* (|Yr]| > €1) > €2) =0 Ver, ez > 0. (3.26)
—0
In the present work, the property Y7 = op(1) is often verified by using that if E [|Y7|] < oo, Markov’s
inequality and its conditional version will imply:
]P)(]P) (|YT| > 61) > 62) < — [E [|YT|]] —E [|YT|] Ve, ea > 0. 3.27)
€1€2 €1€2
Further, straightforward calculations show for all sequences (Y1,7) ¢y @and (Y2, 1) 1y Of complex-valued
random variables that live on the probability space (2, X, P):

YI,T + }/VQ’T = Oﬁkp(l) if Yl,T = Offn(l) and YVZT = Olﬁ(l) (3.28)

The bootstrap procedures proposed below are based on an arbitrary process (W), of bootstrap random
variables, which fulfils the conditions contained in the next assumption.

Assumption 3.15 [W*] (Process of bootstrap random variables).
Let the suppositions of Definition 2.1 and Assumption 2.8 [K&b.1] (ii) be fulfilled.

(i) Define for all T € N a parameter 3 := B > 0. Moreover, 5 — oo, b — 0 and 5/(T62) —
should hold for T — oo, whereby b is defined in Assumption 2.8 [K&b.1] (ii).

(ii) Suppose for an e, € N that (¢}),c, is a sequence of R**-valued i. i. d. random variables which
lives on (2,2, P) and is independent of (€t),cz, whereby (Q, X,IP) as well as (et),e; originate
from Definition 2.1. Moreover, set F} = (52‘,5;‘_1, . ) Vit € Z, assume for all T € N that
HY : R *N' 5 R is a measurable function with R**N .= R x R%* x ... and suppose for all

T e N that (W),ep = (Wtq:T)teZ is a stationary process for which:

Wiy = HE (Ff) YteZ, TeN.

(iii) Let E[Wé"ﬂ < By for an arbitrary but fixed B, € (0,00) that does not depend on T' € N,
E [Wg] = 0 as well as Cov (W, W) = K* ((t1 — t2) /8) Vt1,t2 € Z, whereby K*: R — R
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should be a function that is continuous at zero with K*(0) = 1 and fulfils:

2|Tb|+T

2,

t=0

K* <;)‘ =0(B) for T — .

(iv) Suppose that (e} * is an independent copy of (€}, and define F| ™ (t=0) (e et 1.6t o,

) ez

...) VYt € Zaswell as .F*X( Q- (ef,.. - ef 6% €51, ) V€ Z,1 € N. In addition,
assume for W (=0 *X(t D= (ft*x(t_l)) VT e N,t e Z,l € Ng and for arbitrary but
fixed C, € (0,00) as well as p* (0, ) that do not depend on T and l:

supHWt Wt ”H <Cup® VieNy,TeN.
teZ

It is worth mentioning that Assumption 3.15 [W*] can be regarded as an adaption of Assumption (B2)
in [52, Leucht and Neumann (2013), p. 262], whereby, analogously to [52, Leucht and Neumann (2013),
p.258], the role of the process (W;*),.,, of bootstrap random variables can be explained in the following
way: A non-degenerate distribution of the centered random variables W;* introduces the necessary ran-
domness and the property Cov (Wt";, Wt’;) — 1 for T'" — oo and all arbitrary but fixed t1, t5 € Z should
take care that the dependence structure of the time series (Xt,T)z;l is asymptotically captured. How-
ever, in contrast to the research presented in [52, Leucht and Neumann (2013)], the present framework
considers locally stationary Bernoulli shift processes that obey versions of the uniform functional de-
pendence measure (according to Assumption 2.4 [DM]), whereas 7-dependent stationary processes are
investigated in [52, Leucht and Neumann (2013)]. In particular, this difference motivates that Assumption
3.15[W*] depends on the bandwidth b which originates from Assumption 2.8 [K&b.1] (ii), whereas the
publication [52, Leucht and Neumann (2013)] does not contain kernel-bandwidth-based estimators.

In the following, some processes of bootstrap random variables are proposed for which Assumption
3.15[W™*] holds, whereby these processes originate from [24, Doukhan et al. (2015), p. 301].

Example 3.16. Suppose that (€} ), is a sequence of i. i. d. random variables with £§ ~ N (0, 1) which
lives on (2, 2, P) and is independent of the sequence (¢),, defined in Definition 2.1. Moreover, assume
that a sequence of parameters [3 is given which fulfils Assumption 3.15[W*] (i). Then, Assumption
3.15[W*] holds for the following processes:

(i) Moving-average process with rectangular weight function:

B-1

1

Wt*[l] = W:}l] = 7B 2 ei_r, VteZ,T €N, whereby, in addition, € N should be fulfilled.
k=0

(ii) Discretely sampled Ornstein-Uhlenbeck process (autoregressive wild bootstrap):
Wil = Wi = e w4 V1 e 2B ViezZ,TeN.

Next, based on an arbitrary process (W;*),., that fulfils Assumption 3.15[W™*], bootstrap procedures
are constructed in a heuristic manner that approximate the distributions of Zy, , and Zﬁgrlm whereas
Theorem 3.19 given below justifies them rigorously. R

Since /T (ID)T — I[])) converges in distribution to Zﬂo,1 and /T (}D)%Orm — }D)norm) to Zﬁgﬂm (according

to Theorem 3.13 (ii) as well as (iii)), bootstrap counterparts of ]]SDT — D and ]IA)%"““ — Dno™ are derived
in the following. Therefor, observe at first (recall the Definitions 3.8 (i) as well as 3.3 (ii)):

[1/(2b)]
Uy — o Z

iy
| /] & RP ) [ Rt o sy s

IB)T,1 -D =

o
o Lyew) th
[T 2 9Bl - [ S duw(s)ds
J e & :
0
- ]D%afer]D)%afd and (3.29)
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J(20)] 2 i 2

R I uoll
By — Dy = f Gy 2 Pl p - | twsduf wis)as
k=1
o
/) 2 o ?

T ilof [1/2b ;1 @ (uk,s) ¢ =S J‘P(%S)du w(s)ds

= D&Y, + D%’ - (3.30)

It follows for all R € {R, 3} by using a Riemann sum which is similar to that contained in (3.10):

~ op s, o 0y — gl L) )
DED: ~ J ll/ 2b ;1 RAG (k. ) = 73] kZl R {p (u, 5)}* w(s)ds
1/(2b
ll/ Z ¢ (ur 8)} + R{p (ur, 5)}) (RAP (ur, 5)} = R{p (un, 5)}) w(s) ds
k=1

(3.31)

and, analogously:

gap
DT 2,R

1 (@ A
T J I, 20 (P ) + Rl D (P00} = Rty ) () .

(3.32)

In practise, the local characteristic function ¢ cannot be calculated directly but estimated by using the
LECF ¢. This motivates to approximate the expression R {@ (ug, s)} + R {¢ (uk, s)} on the right side
of (3.31) by 2R {@ (ug, s)}. However, it is obviously a bad idea to replace R {@ (ux, s)} — R {p (uk, )}
on the right side of (3.31) in the same manner, i. e., by R {@ (ug, s)} — R{@ (ug, s)} (= 0). In contrast,
RA{P (uk, s)} —R {p (ux, s)} is approximated by the centered expression R{® (ug, s)}—E [R{® (ux, 5)}],
which will turn out to be useful for the present construction of a dependent wild bootstrap proce-
dure. Modifying the right side of (3.31) by these steps yields for all R € {t, 3}:

g e
gful 0TS R (B (us )} (R{G (s )} — B[RS (e, 5)}]) wls)ds.  (3.33)

k=1

Carrying out similar modifications leads for all R € {R, 3} to the following approximation of the right
side of (3.32):

2 [1/(2b))

Rwu u()f ll/ 2b kl%::%R{@(uklv5)}(R{¢(uk275)} _E[R{é(ukws)}]) W(S) ds.

m)&ap
DT 2

(3.34)

The expectations contained in (3.33) and (3.34) are unknown in practise. However, a bootstrap coun-
terpart of R {@ (ug, s)} — E [R{{ (u, s)}] can be constructed in the following manner by adapting the
dependent wild bootstrap introduced in [67, Shao (2010)] to the present locally stationary framework.
Investigations given in [67, Shao (2010)] show under certain assumptions that a bootstrap counterpart
of the statistic Zy — E [Z;] for a real-valued, strongly mixing, stationary time series (Z;),o,, and Zr as
notation for the arithmetic mean of 71, ..., Zp with T € N can be derived from pseudo-observations,
which are defined as Z/. := Zp + (Z¢ — Zr) WyrVte{1,...,T}, T € N(see (1) in [67, Shao (2010),
p- 219]) with certain bootstrap random variables W; . Concretely, using the approach proposed in [67,
Shao (2010)] yields the following bootstrap counterpart of the statistic Zr — E [Z1]:

T

1 & _ 1 _
T} = > Zip—Zp = - (20— Zr) Wi (3.35)
t=1 t=1
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Thereby, Theorem 3.1 in [67, Shao (2010), p.221] shows under some assumptions that the conditional
distribution of v/T' T (conditioned on Z1, . .., Zr) approximates the limiting distribution of VT (ZT—
E [Z1] ) asymptotically.

Motivated by (3.35) as well as Remark 2.7 and based on an arbitrary process (W;*),., of bootstrap ran-
dom variables that fulfils Assumption 3.15 [W*], it is an intuitive idea to take the following expression
into account as a bootstrap counterpart of R {¢ (ug, s)} — E[R {® (ug, s)}] with R € {R, 3} (recall

Definition 2.11):
R t i(s, X1 ~ (1 *
=2 Ko (7~ R{e X, }—R Gz ) 1) Wi (3.36)
t=1

However, according to Proposition 2.13, ¢ (t/7, s) will be an unsuitable estimator for ¢ (¢/T, s) (as

well as, due to Remark 2.7, also for E[ei<s’xt*T>]) ift € [0,exTb] U [T — cxTh,T]. In contrast,
Proposition 2.12 together with (3.11) and Proposition 2.14 yield for all & € {1,...,[1/(2b)]}, s € R?
that ¢ (ug, s) is an appropriate estimator for ¢ (uy, s) and the Remarks 2.7 as well as 2.3 provide that
‘IE [ei<5’Xth>] — ¢ (ug, s)‘ will be small for such wy for which K (t/7 — uy) > 0. This leads to the
following bootstrap counterpart of R {@ (ug, s)} — E[R{® (ug, $)}]:

FE (5 n) (O RGaw am

Motivated by the heuristic considerations given above, the expression R {@ (ug, s)} —E LR {gB Uk, 5)}]
contained in (3.33) is replaced by (3.37) in order to obtain a bootstrap counterpart of D" R and the
expression R {@ (ug,, s)} — E [R {® (ug,, s)}] contained in (3.34) is replaced by (3.37) (after k in (3.37)

is renamed as k:g) to get a bootstrap counterpart of D5 .

Replacing ]D) R and ]DDgapR with R € {, 3} in (3.29) as well as (3.30) by these bootstrap counterparts

and re—sortlng some of the resulting terms motivate the expression Di} () introduced in the following as
a bootstrap counterpart of ! (IB)TJ —Dy) +412 (@Tg —D,), whereby 7 := (11, 4[2]) is R1*2-valued
but, for the present purposes, not necessarily deterministic. One defines for all R € {®, 3}, s € R? (note
that £lo ; := [lo, {1 ] according to Definition 3.3 (i) and see also Definition 2.11):

D;LR(S) = Di.kruo 1, R(S)

1/(2b
o 1/ 2b Z “’“S)}z{im’ (é_uk>R{ o) - 3 (u, )}Wt*’
t=1

k=1
[1/(2b)]

~ - 1 U — o ~ 2(111—110)
D s):=D 5) = R ks 8) 00
Fan(®) = Dhuan(®) = =g R ) 2 #0009 ¢ 1)

[1/(20)]

1 t (S t
: thZﬁ(—%)R{ XT) = (g, ) | W,

D} (5) =Dy, (8) = WIDF 1 r(s) + /DT 5 r(s),
Di g (7) = Dy, & (7): fD?R( Jw(s)ds and D7 (y) = Dry,,(7) =Drp(y) +Drg(7) -

R4
(3.38)

Next, bootstrap counterparts of ]IADT — D and ﬁ)%orm — D"°™ are derived from the heuristically obtained

bootstrap counterpart D% () of 41! (IB)TJ —Dy) +412 (IB)TQ — D) by choosing v = (1, 421 suit-
ably. Concretely, Definition 3.8 (i) and Proposition 3.6 (i) provide:

Dy — D = A1 (@TJ - ]D)1> + 41 (]IS)TQ - Dg) for (7[1],7[2]) =(1,-1),
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which motivates to use ﬁ); ((1,—1)) as a bootstrap counterpart of Dy — D.

Further, in order to construct a bootstrap counterpart of ]ﬁ%orm — Drorm note at first that if @T,l > 0,
one will obtain for the function (0,00) x R 3 (y1,y2) — h ((y1,42)") == 1 — ya/y1 and for &rq 0 =
ag (]ﬁ)T’l, @T,g), + (1 —ag) (]D)l, Dz), (with a certain random variable a;¢ that owns realizations in [0, 1])
due to Definition 3.8 (ii), Definition 3.3 (ii), Lemma 3.4 and the mean value theorem for real functions
of multiple variables (whereby V should denote the gradient as a row vector):

=4l (ﬁ)T,l - D1) +1 (]ﬁ)T,Q - DQ) for (7[1]77[2]) =Vh(éri2). (3.39)

Theorem 3.13 (i) implies that (Iﬁ)T,l, Iﬁ)T,g)/ converges in probability to (Dl,Dg)l for ' — oo, which
~ ~ / ~

suggests that {71 o can be approximated by (ID)TJ, }D)Tg) appropriately. This motivates for D71 > 0 to

replace VA (é7.12) in (3.39) by Vh((ﬁ);p,l, @T,g)l) = (]ﬁ)T,g/]ﬁ)QTJ, -1/ ]ﬁ)T,l) to obtain the following

approximation of ]]3)%0”“ — Dnorm:
D™ — DO a4 [1] <®T,1 - Dl) + 412 (]ﬁ)TQ - D2> for (7[1],’7[2]> = (H/j)T,Z/]ﬁ)%p _1/®T,1)7

which leads to the bootstrap counterpart @;((@Tg /]]S)QTJ, -1 /HA)Tl)) of @%Orm — RO in the case
H/]\)TJ > 0.
Overall, these considerations result in the following definition.

Definition 3.17 (Bootstrap counterparts of Iﬁ)T — D and f)%orm — Drerm),
Let the Assumptions 2.4 [DM.1], 3.1 [WEIL.1], 2.8 [K&b.1] and 3.15 [W*] be fulfilled.

(i) The expression ]13)32 ((1, —1)) is called bootstrap counterpart of the EMDCI-based statistic Dy — D
(abbr: B-EMDCI)

(ii) Define:
~ ~ ®T2/®2 fOl’ H’]\)Tl >0
norm norm ) 1 )
= = ' ~ and
TLL T T oL {0, for Dy =0
;)\/norm — ;}\Inorm — _1/DT,17 for ]]E)T,l >0 .
n2 T2 for Dy =0

Then, ]ﬁ)? ( (fAy:r;olr m ’Ay{;‘gm)) is called bootstrap counterpart of the NEMDCI-based statistic ]ﬁ)%orm —
Drer™ (abbr. B-NEMDCI).

Remark 3.18. (i) The B-NEMDClI is defined in such a manner that it exists for all T' € N but it is just
useful in the case D 1 > 0, whereby this property will be valid if T is large enough (according to
Lemma 3.9).

(ii) It holds for all x € R and t1,to € {1,...,T}:

J - {€i<s,x+ th,T>} % {ei<s,m+xt2,T>} 4 {ei<s,x+Xt1,T>} 3 {ei<s,m+xt2,T>} w(s) ds

R4

— f R {ei<s,x+th,T>€i<s,x+Xt27T>} W(S) ds

Rd
= J R {ei<s’Xf1’T_Xt2vT>} w(s)ds
Rd
= J s {ei<s’X11’T>} R {ei<s’Xt2’T>} +$ {ei<s’th’T>} S {ei<5’Xt2’T>} w(s)ds.

R4
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Moreover, one obtains similarly to Remark 3.7 (iii) that the realizations of Y3°{™ and 737%™ which

belong to a sample path (x + le/’T(w));‘F:1 with arbitrary w € Q and v € RY do not change
for different choices of x. Overall, these arguments provide that realizations of D} ((1, —1)) and
@;((Anorm Snorm

YT T )) will not change if the underlying sample path (XLT(W));FZI is replaced by
(x + Xt7T(w))tT:1f0r arbitrary x € R%,
Further, if the weight function w fulfils w(s) = w(—s) Vs € R?, one will obtain similarly to
Remark 3.7 (iii) that the realizations of D7 ((1, —1)) and D%((’Ay%ofm, 3/%05111)) which are asso-
ciated with the sample path (Xt,T(W))tT=1 will stay the same if this sample path is replaced by
(= Xer (@)

In order to obtain bootstrap procedures that approximate the distributions of Zy, , and Zﬁgim’ which are
the asymptotic distributions resulting from Theorem 3.13 (ii) as well as (iii), the bootstrap counterparts
proposed in Definition 3.17 are scaled with /7, whereby this scale is motivated by Theorem 3.13 (ii)
and (iii). The following theorem provides that this yields consistent bootstraps.

Theorem 3.19 (Asymptotic behaviour of the B-EMDCI and B-NEMDCI).
Let the Assumptions 2.4 [DM.1], 3.1 [WEL.1], 2.8 [K&b.1] and 3.15 [W*] be fulfilled.

(i) If oy, ((1,=1),(1,—1)) > 0 (recall (3.18)), it will follow for T — co:

sup |P* (\/Tﬁ;((l, 1) < x) — P (Zy,, < :p)‘ LN (3.40)
zeR

If oy, ((1,—1),(1,—~1)) = 0, one will obtain for T' — oo (see (3.26)):

VT DAE((1,-1)) = 0%(1). (3.41)
(ii) If oy, ((yggfﬁ,yggrlg), (ﬁgrﬁ,yggr;g)) > 0 (recall (3.18) as well as (3.22)), it will follow for
T—>w: ’ ’ ’
sup |P* (\/f B (350, 35%™)) < x) —P (Z;;grlm < m)‘ 0. (3.42)
zeR ’

norm norm norm

I oy, (V0™ ™) (WS, YS™,) ) = O, one will obtain for T — oo:
VI D (5™, 375™)) = 05(1). (3.43)
Remark 3.20. Let the Assumptions 2.4 [DM.1], 3.1 [WEIL1], 2.8 [K&b.1] and 3.15 [W*] be valid.

Then, if oy,, ((1,—=1),(1,—1)) > 0, one will obtain from Theorem 3.19 (i) and Theorem 3.13 (ii)
together with Polya’s theorem:

P (VIDH(1,-1)) < 2) =P (VT (Br-D) <2)| S0,

sup
zeR

If oy, (('yﬁgrﬂ, 7&2??2)7 ('yﬁgrﬂ, Yoo )) > 0, it will hold due to Theorem 3.19 (ii) and Theorem 3.13

0,1,2
(iii) in combination with Polya’s theorem:

sup [P* (VI D3 (33 385™)) < @) — P (VT (D — ) <o) | > 0.

zeR

The following algorithm, that estimates a confidence interval which covers the value of the MDCI with
a probability of ay — vy for chosen g, g € (0, 1) with ;< g, is constructed based on Theorem 3.13
(ii) in combination with (3.24), Theorem 3.19 (i) as well as Remark 3.5 (i) (the latter ensures D € [0, o0)).

Algorithm CONEMDCI

Inputs: $ly, 4; € [0, 1] with Ly < ;5 g, g € (0,1) with a3 < ap; T, N € N; a sample path
(Xt’T(ou))tT:1 (for an w € ); a kernel K for which Assumption 2.8 [K&b.1] (i) holds; a bandwidth
b e (0,1/2); a weight function w that fulfils Assumption 3.1 [WEIL.1]; a parameter § > 0 and an
associated process (W;*),., which satisfies Assumption 3.15 [W*];
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Determine the realization of D that belongs to the sample path (Xer(w))
Independently, fornin1: N do
Generate a sample path of (W)
Calculate the associated realization of /T ]13);2((1, -1));
end for
Estimate for all a € {a1,az} the quantile g, , of the distribution of Zy,, that belongs to the

T .
t=1°

AN AN S ey

level a by using the computed realizations of \/T]IA);((I, —1)) and denote the resulting estimator

for qa 1151 8 G041
7: Calculate the realization of the following estimated confidence interval for D:

A E]\T,Oéz#lo,l KA EZ\T»Oélvu(),l
[]D)T ————— Dr— —F—1|n [0,00).

VT VT

The following algorithm, that estimates a confidence interval which covers the value of the NMDCI with
a probability of g — a1 for chosen aj,ap € (0,1) with a; < ag, is constructed based on Theorem
3.13 (iii) in combination with (3.25), Theorem 3.19 (ii) as well as Remark 3.5 (ii) (the latter ensures
Drerm e [0, 1]). Thereby, it should be noted in regard of the next algorithm that, in contrast to the
previous algorithm, ]D)Tyl( ) > 0 is demanded for the considered sample path (X;7(w))’ 1 (accordlng
to the inputs of this algorithm) and ]ﬁ)%orm as well as /T ]ﬁ);((ﬁ%‘){"m, '7%05‘“)) are used instead of ID)T

and /T D ((1,—1)), respectively. Moreover, the seventh steps of the algorithm given below takes care
of D" ¢ [0, 1], whereas Algorithm CONF.MDCI respects D € [0, c0).

Algorithm CONENMDCI

Inputs: ilg i € [0, 1] with Hy < iy o, a2 € (0,1) with a1 < ag; T, N € N; a sample path

(Xer(w ))t | (for an w € ) with DT 1(w) > 0; akernel K for which Assumption 2.8 [K&b.1] (i)
holds; a bandwidth b € (0, 1/2); a weight function w that fulfils Assumption 3.1 [WEI.1]; a parameter
f > 0 and an associated process (W;*),., which satisfies Assumption 3.15 [W*[;

Determine the realization of ﬁ%‘)rm that belongs to the sample path (Xt7T(w))tT:1;
Independently, fornin 1 : N do
Generate a sample path of (W)
Calculate the associated realization of v/T D ((75%™, 75%™)):
end for
Estimate for all a € {a1, o} the quantile g5, of the distribution of Zg,, " that belongs to the level

AN AN S oy

~Anorm Snorm

«a by using the computed realizations of v/T' ]IA))i_“p ( (fyT 1T )) and denote the resulting estimator

norm “-snorm .
forqoéuo1 aS QT sl 15

7: Calculate the realization of the following estimated confidence interval for D"o"™:

Znorm s norm

Dnorm . 97,05 80 1 pnorm 97,0 8o 1 A [0,1]

T ot JT

Remark 3.21. The asymptotic properties of b and 3 which are demanded in the Assumptions 2.8 [K&b.1]
(ii) as well as 3.15|W™] (i) can be regarded as rough guidances on selecting b and [ for a given
T € N. Thereby, it is worth mentioning that (according to Remark 2.9) such guidances can be derived
although 6 € (0, 1] is (commonly) unknown and not appropriately estimable. In addition, Assumption
3.1 [WEL.1] depends on 0 but this is also not critical because (3.3) (with arbitrary § € (0,1]) is a
weaker condition than g, (1 + |8|411) w(s)ds < .

In the following, a measure for the distribution change intensity under local stationarity is constructed
which is not just shift- but also scale-invariant and, subsequently, it is explained why estimating this
measure is accompanied by issues in the present framework.

Inspired by the measure for differences between multivariate distributions proposed in [56, Matteson
and James (2014), p.335], define for arbitrary but fixed o, ; € [0,1] with Ly < &l the following
measure for the degree of distribution changes (whereby g 1 originates from Definition 3.3 (i), d € N
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from Definition 2.1 and 6 € (0, 1] from Assumption 2.2 [StAp]):

Uy
ID)EJO]Y1 = 2(1[11—110) J J J lo(u, s) — o(w, 3)|2 Wqq(s)dsdudw  with
o Yo RA
.94
Wqq(s) = a2 ((d +9)/2) for some ¢ € (0,1 + 5]\{2}. (3.44)

2md/2T (1 — q/2) | |47

According to Proposition 3.6 (ii), this measure can be regarded as a modification of the EMDCI based on
the weight function w ¢, which does not fulfil Assumption 3.1 [WEIL 1] (note that {3, wg4(s) ds « o
- as mentioned in [72, Székely et al. (2007), p. 2771]).

It follows under Assumption 2.2 [StAp] similarly to Lemma 1 in [56, Matteson and James (2014),
p- 335] (in particular, also regard the proof of Theorem 2 in [71, Székely and Rizzo (2005), p. 178 et seq.])

that D) = 0is equivalent to Xo(u) £ Xo(w) Yu,w € [ty, 4], that D) € [0,00) is valid as
well as for Xo(u) = H (u, ') Yu € [0,1] with F := (),€*,,...), whereby H originates from
Assumption 2.2 [StAp] (iii) and (&) rez, from Assumption 2.4 [DM], that:

Uy Uy

pltl fJQE || Fo(w) - Zo(w)[[] - B[ |Ko(w) - X5 @]
uoilo
HXO XOX( )‘ ] du dw
o 4 i
R Ry o RS S
Lloilo o
DEL ol (3.45)

Thereby, [qo] . € [0, 00), which implies ID)E Lo - Dg;l , motivates to consider the following normal-
ized measure for the distribution change intensity:

Di[lqg 1 ]D)é gl0 1 [q]
[0,1] 5 D = M T b pit, for Di, >0 (3.46)
’ lal  _
0, for Dl(fu(),l =0

[¢],norm

The measure Difo | is scale- and shift-invariant in the sense that it assigns the same distribution change

intensity to the processes {X;(u)} and {x + yX,(u)} for all deterministic € R? as well as y € R\{0}.
However, if Assumption 2.2 [St Ap] holds, estimating DEQLO , and ]D)gqilo , is accompanied by issues - as
explained in the following. ’ ’

Using kernel-bandwidth-based estimators for E[ | Xo(u) — Xo(w) 3] and E[|Xo(u) — X (u) 3] seems to

be the only possibility to obtain appropriate empirical versions of ]D>[ al , and Dg L .However, § € (0, 1]
is commonly unknown in practical applications, such that ¢ < 1 should be chosen under Assumption
2.2 [StAp] to avoid that a q is selected for which ID)HLO,1 and IDJQLM are not well-defined (i. e., for which
q>1+9).

So, let ¢ < 1. A kernel-bandwidth-based estimator for E[|)N(0(u) - )N(O(w)g] with u, w € [0, 1], that is
based on Assumption 2.8 [K&b.1], is given as:

T
1 t1
T2 E Kb (T — u> Kb (T — w) |Xt17T — Xt27T 2

t1,t2=1

(3.47)

This estimator is accompanied by the same issue with respect to its bias than that originating from

Proposition 2.13 because X; 7 is not well-defined for ¢ < 0 and ¢ > T + 1, which is critical for
[q]

the estimation of D o 1 in the cases lg = 0 or ; = 1. To avoid this issue, consider in a first step

[q]

the following approximation of Dy, ' , that results by using Riemann sums which are similar to that
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contained in (3.10):

11/20)
[]apprx — U — Yo > ¥ a
™ = P klkZz—lE [|Ro (ue,) = Ko ()| (3.48)

and, in a second step, replace E H)?O (ug,) — X, (ug,) Z] in (3.48) by (3.47) with u = uy, as well as
W = Up,.

However, in contrast to $lo1 3 u + |p(u, s)|? the functions $lo; 3 u — E[|Xo(u) — Xo(w )|a]
with fixed w € o1 and Hp1 > w — EH)N(O XO( )‘ ] with fixed u € $p 1 do not need to own

Holder continuous derivatives for ¢ < 1 in general. Thus, the approximation }D)g Lapp ™ of ]DDE 21 cannot

be justified by Lemma B.2 (iii) in the appendix. Instead, for ¢ = 1, Lemma B.2 (ii) shows that this

approximation is accompanied by an approximation error of order O(b), whereby it is expectable that

this error cannot be improved to o(b) in general and, for ¢ € (0, 1), it is conjecturable that the error of

this approximation is tendentiously even larger than in the case ¢ = 1. This indicates under Assumption

2.8 [K&b.1] (ii) that /T (D T (Dj ujﬁprx - ng,ilm) is not asymptotically bounded for 7" — oo. Moreover,
[q]

similar issues result with respect to the estimation of D5y, for ¢ € (0,1].
20,1

In contrast, recall that D?prrX (see (3.10)) approximates D1 with an error of order O (b”‘s) (as shown on

the Pages 20 to 21) and v/Th'+® — 0 holds for T — o0 according to Assumption 2.8 [K&b.1] (ii). These
are some of the main reasons that allow to prove Theorem 3.13, which is based on the convergence rate
v/T.In addition, note also that the Algorithms CONF.MDCI as well as CONF.NMDCI allow to estimate
confidence intervals for the MDCI and NMDCI, respectively, without specifying ¢ € (0, 1].

3.2. Testing the existence of distribution changes

3.2.1. Introduction of the test problem and construction of a belonging test
statistic

Suppose that Assumption 2.2 [StAp]| holds and consider for arbitrary but fixed Ly, t4; € [0, 1] with
g < 4l the following test problem (note that £y 1 := [lg, £l;] according to Definition 3.3 (i)):

: ~ ~ : ~ d ~
Hgffofl 0 Xo(u) 4 Xo(v) Vu,ve iy versus Hffgl s Ju,ve s Xo(u) # Xo(v). (3.49)

In the present section, this test problem is investigated based on the EMDCI and it is pointed out that it
can also be decided by using the NEMDCI (see Remark 3.38 (ii)).

Remark 3.22. Note that Remark 3.7 (ii) implies the following claims:

If the null hypothesis HdlStr holds, the locally stationary random variables X a1, [y}, T - - - » X |4, T|,T

can be regarded as approxlmately equally distributed for large T'. Instead, if the alternative 7{(11’&? is

fulfilled, uy,uy € [Lo, L] will exist for which the distributions of Xmax{1,[uoT|}, T and X |y, 1| T are not
approximately the same for large T.

In the case that HdlStr is valid, one obtains 7y, , r ((1, —1),u,s) = 0and 7y, , & ( (’yﬁgrﬁ, 7&32“12) u, s)

=0VR e {R, \s}, u € [0,1], s € R? (recall (3.16) as well as (3.22)), whereby the first equality holds
obviously and the second one results from Proposition 3.6 (i) as well as (iii) (in particular, D; = Dy under

glitor 1) Thus, Theorem 3.13 (ii) and (iii) as well as Proposition 3.6 (iii) and (iv) yield under Hglitor’l
by using that convergence in distribution to a Dirac distributed random variable implies convergence in

probability to this random variable:

\FT]ﬁ)T 50 as well as \/T}ﬁ)%orm 0. (3.50)

In practical applications (i. e., for fixed 7' € N), realizations of the EMDCI and NEMDCI may be positive
under Hglff(f , such that it is not useful to reject ’Hdls“ whenever ]13)T >0 (]IA)“"“n > (0, respectively),
which is suggested by (3.50). Thus, Theorem 3.13 (11) and (iii) are not helpful for constructing an appro-
priate test for the problem (3.49). R

Instead, inspired by the statistic considered in Corollary 1 in [64, Rosenblatt (1975), p. 2], D is scaled
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with Tv/b b (and not V/T) as well as a certain deterministic expression of order O(1//b) is subtracted
from Tv/b ID)T to obtain a test statistic that owns a not necessarily degenerate limiting distribution under
the null hypothesis and which is consistent under the alternative. The resulting statistic is presented in the
next theorem, in which also the asymptotic behaviour of this statistic is stated. Thereby, using the rate of
convergence Tv/b, which is asymptotically larger than +/T" (due to Assumption 2.8 [K&b.1] (ii)) moti-
vates that the - compared to Assumption 2.4 [DM.1] - stronger Assumption 2.4 [DM.2] is demanded
in Theorem 3.23, whereas Assumption 2.4 [DM.1] underlies Theorem 3.13.

Theorem 3.23 (Construction and asymptotic behaviour of the test statistic).
Let the Assumptions 2.4 [DM.2], 3.1 [WEL.1] and 2.8 [K&b.1] be fulfilled. Moreover, define for all
R e {R, S} (see (3.17)):

Biasﬁ}{ijg,hR. \[ f K(2)%dz JJJwRR u, s,s) duw(s)ds,

R4 Lo
Bias%ijg’l = Blas%ﬁf;m% + Blas%‘j};’hg (3.51)
and for all R1,Rs € {R, 3}:
f};s‘ithm =4 (U — ) f K (z J J Jaoo Ri.Rs (U, 51, s9)% duw (s1) ds; w (s3) dsa
R4 R4 o
as well as ofi"" = ol p + Ud?irg,g + oy T Oloys (3.52)

(i) Suppose that the null hypothesis ngiltor,l holds. Then, one obtains for T' — o0:

~ o distr d_dis . is is
TV Dy - Biasfii | 5 Z3 with Z ~ N (0,00). (3.53)

(ii) Consider an arbitrary sequence (Tr) ey Of deterministic real numbers with:

> 0VTEN, 7 2F o aswellas —- 2% (3.54)

TVb

and assume that the alternative Hdlbtr is valid. Then, it holds:
Jim P (T\/B Dy — Biasfi{ | > TT) ~1.

Remark 3.24. Lemma 3.12 and Assumption 3.1 [WEI.1] yield that BlasdIStlr as well as USIS“ are
well-defined.

Commonly, in practical applications, BiasdT‘Sﬁg , and og*" cannot be calculated. Thus, a dependent

wild bootstrap approach is used in the followmg to estlmate p-values that belong to the considered test
statistic. Instead, it is also possible to estimate Blas‘}‘sifr as well as UMIS“ directly by local Newey-West
estimators which are similar to those proposed in Subsectlon 3.2.3 given below and allow to transform
the test statistic in an asymptotically standard-normally distributed one, that can be used to estimate p-
values. However, L?-distance-based test statistics (whereby ]ﬁ)T is one of them according to Proposition
3.11 (i)) are commonly skewly distributed for a fixed number of observations, such that transforming
them into approximately standard-normally distributed random variables works tendentiously less well

than using a suitable bootstrap procedure which mimics this skewness.

dlstr

3.2.2. Bootstrap-based estimation of p-values

In order to obtain a test for the problem (3.49) based on Theorem 3.23 and an appropriate bootstrap
which yields reasonable test decisions, it is necessary to ensure that the conditional distribution (condi-
tioned on X1 7,..., X7 1) of the bootstrap counterpart (for the moment denoted as) Zr. of TvVbDp —

BiasdTiit[é converges for 7' — oo in probability to the distribution of Zdlsfr under Hd‘Str and that
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P(P* (2} > K(e)) < €) 2% 1 holds under ”HdlStr for all € > 0 with suitable, deterministic K (¢) < oo.
The bootstrap procedures introduced in Subsectlon 3.1.3 are inappropriate for this purpose because the

distributions of Zg, , (recall (3.21)) as well as of Zﬁgrlm (see (3.23)) may differ from that of ZS;S?

(note (3.53)) and these procedures do not respect the expression Bias%{sfl; , contained in the present test

statistic. Therefore, a new bootstrap counterpart of ]]S)T is constructed in the following heuristically and
theorems which display the asymptotic behaviour of it are stated below (see the Theorems 3.25 and 3.27).

To obtain such a bootstrap counterpart, note at first that if HdlStr is valid, it willhold 1/|1/(20)| Z,EIQ/ 21b)J

© (Upy, 8) = o (ug,,s) Vkr e {1,...,|1/(2b)]}, s € R4 due to up € Up1 Ve {l,...,[1/(2b)|} (recall
Definition 3.8 (i)). Hence, Proposition 3.11 (i) and Proposition 2.12 together with (3.11) motivate the

: : ; distr .
following approximation under ’;’-[0,11071 :

[1/(20)]
D ks ﬂO p - o (ug, s 2ws S
i) & P BBl s (359

Moreover, Proposition 2.14 provides that Supje(1,... [1/(20)3 E[|@(uk, s)—E[@(ug, s)] ‘2] vanishes asymp-
totically not just under ’Hd“tr but also under ’Hd1bt1r which suggests that (3.55) is an appropriate basis

for constructing a bootstrap counterpart of ]D)T. In order to derive such a bootstrap counterpart, recall that

the expression (3.37) has already been used as a bootstrap counterpart of R{@ (u, s) — E [@ (ux, s)]} for

R € {R, 3} in Subsection 3.1.3. Hence, (3.55) and the equation |z|? = R{z}? + 3{z}? V2 € C motivate

the following bootstrap counterpart of D7 (note that £l 1 := [£lg, {1 ] according to Definition 3.3 (i)):

ZKb (-W)( s Xer) _ o (ug, ))W

2
w(s)ds,

1/(2b
D;Test ::D;Uo,lvTeSt: 1/ 2b Z
R4

(3.56)

whereby the process (W;*),., should originate from Assumption 3.15 [W*].
The following theorem presents the asymptotic behaviour of D7 1., whereby it should be noted that
this theorem holds not just under ’Hd‘m but also under H‘fiffor .-

Theorem 3.25 (Asymptotic behaviour of ]]A)é‘p Test - 2€Neral case).

Let the Assumptions 2.4 [ DM.2], 3.1 [WEIl] 2.8 [K&b.1] and 3.15[W*] be fulfilled. Moreover,
define for all R € {R, 3}, u € [0,1], s € RY (whereby (8 and K* originate from Assumption 3.15 [W*]):

00, (U, 8) 1= i K* (;) Cov (R {e X0} R feiCe St

Bias%‘sflg*lR' \f J K(2)%dz JJUT"OR u, s) duw(s)ds and

R4 tho
BiasdT"Siféi = BlasdT‘itlgi’% + BlasthsLtlgis. (3.57)

Ifagfir > 0 (see (3.52)), it will hold for T — oo (recall (3.53)):

sup [P* (TVb D e — Biasfiss <o) — P (Z3" <a)| 50, (3.58)
zeR ’

Ifaﬁii‘ir = 0, one will obtain for T' — 0 (see (3.26)):
TVb D} g — Biasfiir = of(1). (3.59)

Remark 3.26. (i) Assumption 3.15[W*] (iii), Lemma 3.12 and Assumption 3.1 [WEL1] imply that
the expression BiasCThi};*l is well-defined.

(ii) One obtains the following statements similarly to Remark 3.7 (iii):
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Realizations of ]ﬁ)}’TeSt will not change if the underlying sample path (XLT(w))tT:1 (with w € Q)
is replaced by (x + le/’T(w));‘Fz1 for arbitrary x € RY. Further, in the case that the weight function
w fulfils w(s) = w(—s) Vs € R% realizations of D7 resy Which are associated with the sample

path (Xt,T(oJ))thl will stay the same if this sample path is replaced by (—Xt,T(w))thl.

The Theorems 3.23 and 3.25 show that 7v/b ]D)T Test BiasdTijfg*l is an appropriate bootstrap counterpart
of T/b DT BlasdlStr . However, the expression BlasdT‘Sﬁ:;”‘1 is commonly unknown in practical appli-

cations and its asymptotlc behaviour may differ from that of BiasdTisﬁg, , (see (3.51) as well as (3.17)),

which is mainly caused by the divergent factor 1/+/b contained in BiasdTisi};* and BiasdTiﬂ; ,- More
T—o0

specifically, Assumption 3.15 [W*] (i) and (iii) imply |K™* (h/3) — 1| — 0V h € Z but not necessar-
ily 1/4/b |K* (h/B) — 1] =% 0V h e Z, such that ‘\fBlasg{ﬂg*l —\fBlas%lﬂg N =% 0/is valid (due
to Lemma 3.12, Assumption 3.1 [WEIL.1] and Lebesgue’s dominated convergence theorem), whereas
the asymptotic property ‘Biasg{ﬂgi — B'as%ij}g’ . ‘ =% 0 does not need to hold.

Additional assumptions which ensure that |BlasdT’3}£*1 — Blasdlefg L | —3%” 0 and lead to an usable test for

(3.49) are given in the following theorem as well as in Remark 3.28 (iv). In contrast to Theorem 3.25, the
slightly more restrictive condition ¢ € (1/4, 1] is demanded in the next theorem (compared to ¢ € (0, 1] -
as supposed in Assumption 2.2 [St Ap], which underlies Theorem 3.25), whereby § determines moment
and smoothness conditions according to Assumption 2.2 [St Ap|. Moreover, in the following theorem,
the constraint (3.60) is supposed to hold for the process (W;*),, of bootstrap random variables. As ex-
plained in Remark 3.28 (iii) given below, the condition 6 € (1/4,1] is necessary in the next theorem to
ensure the existence of a sequence of parameters 3 that fulfils not only Assumption 3.15 [W*] (i) but also
(3.60). Further, under the constraint 6 € (1/4, 1], Remark 3.28 (iii) also constructs processes (W;*),.,
of bootstrap random variables and belonging sequences of parameters 3 for which the assumptions of
Theorem 3.27 hold.

Theorem 3.27 (Asymptotic behaviour of ]IA))i_“nTeSt -for § € (1/4,1)).
Suppose that the Assumptions 2.4 [DM.2], 3.1 [WEIL.1], 2.8 [K&b.1] and 3.15 [W*| hold. In addition,
let § € (1/4,1] be fulfilled, whereby 6 originates from Assumption 2.2 [StAp]. Moreover, assume for [3
and K* which are introduced in Assumption 3.15[W*]:

1 - K*(z)|

5\/(;Tio>o ©w and SF= sup ——— < . (3.60)
2eR\{0} |z|

Ifaﬁiitlr > () (see (3.52)), one will obtain for T' — oo (recall (3.56), (3.51) and (3.53)):

p [P (70D e — Biasfiir, <o) — P (240" < $)‘ 0. (3.61)
TE

Ifa&iir = 0, it will hold for T' — o0 (see (3.26)):
TVb D} 1oe — Biasfiit | = of(1). (3.62)

Remark 3.28. (i) Theorem 3.27 provides under HdIStr and under ’Hdlm that the conditional dis-
tribution (conditioned on Xy 1, ..., X1 1) of T\[ ]D)T7Test — Blas%ﬁ; | converges in probability

to the distribution of Zgiosfr. Hence, a test for the problem (3.49) which is based on the Theorems
3.23 and 3.27 is consistent.

(it) If the assumptions of Theorem 3.27 with Ud‘Str > 0 hold and ’Hdmr is valid, one will obtain for
T — oo from (3.61), Theorem 3.23 (i) and Polya s theorem:

sup |P* (T\/B]ﬁ;Test - BianTi,SLEg,l < x) —P (T\/I;HA)T — Bi:ausdTi’SL};1 < x)‘ .0

zeR

(iii) The condition § > 1/4 is necessary in Theorem 3.27 to ensure the existence of a sequence of
parameters [3 for which the demanded properties hold because (3.60), Assumption 3.15[W*] (i)
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and Assumption 2.8 [K&b.1] (ii) yield b2 « B « T « b=, which implies 6 > 1/4. This
and Assumption 2.2 [StAp| (which demands § € (0, 1]) explain why 6 € (1/4,1] is supposed in
Theorem 3.27.

Further, if 6 € (1/4,1], it is possible to fulfil the Assumptions 2.8 |[K&b.1] (ii), 3.15 [W*] and
(3.60), as demonstrated in the following. For instance, Assumption 2.8 [K&b.1] (ii) holds for
b= by := 1/4lyp_yy + min {1/2 - T=Y25,/In(T),1/4} L(p=9y VT € N and, for this choice,
B = Bp = b"1/2 In(T) VT € N ensures that the processes of bootstrap random variables which
are defined in Example 3.16 fulfil Assumption 3.15 [W*] as well as (3.60) with .* = 1 (the latter
can be easily shown for Example 3.16 (i) by using (C.43) in the appendix and for Example 3.16
(ii) by considering (C.46)).

(iv) If {)th(u)} is a sequence of independent random variables for all v € [0,1], one will obtain

Cov (R {ei<s’)~(0(“)>} ,R{ei<s’;{t(“)>}> =0VRe {R,3}, seR% ue 0,1], t € Z\{0}, such

that K*(0) = 1 (as supposed in Assumption 3.15 [W*| (iii)) will imply Blasﬁ}lﬁg , = Bia dTli‘g*l

(recall (3.51), (3.17) as well as (3.57)). In this case, the condition (3.60) is omittable in Theorem
3.27 and the statement of Theorem 3.27 is valid for all 6 € (0, 1].

The Theorems 3.23 and 3.27 provide a consistent level-alpha test for the problem (3.49). The following

algorithm describes how this test can be implemented in practical applications and Remark 3.29 (i) given

below explains why it is justified that this algorithm avoids to calculate or estimate BiasdTi’SJg e

Algorithm TEST.MDCI.1

Inputs: $ly, 4, € [0, 1] with Ly < $l1; significance level « € (0,1); T, N € N; a sample path
(Xt’T(w))tT:1 (for an w € ); a kernel K for which Assumption 2.8 [K&b.1] (i) holds; a bandwidth
b e (0,1/2); a weight function w that fulfils Assumption 3.1 [WEI.1]; a parameter § > 0 and an
associated process (W;*),., which satisfies Assumption 3.15 [W*] as well as the condition .”"* < o0
contained in (3.60);

. Determine the realization of D7 that belongs to the sample path (Xer (w))?zl;
: Independently, for nin 1 : N do
Generate a sample path of (Wt*)tT=13

: end for

1
2
3
4:  Calculate the associated realization of ]IA));TeSt;
5
6: Compute a realization of the empirical distribution function of ]D)T Test DY Using the calculated real-

izations of ]D); Test @nd call this realization of the empirical distribution function ﬁ’:,”i N
7: Reject Hd‘Str ifl — FTN(DT( ) < o

Remark 3.29. (i) At afirst glance, one might think that the Theorems 3.23 and 3.27 require to replace
in Algorithm TESTMDCLI all Dy by T/b Dy — Bias$" | and all Dj,y, by TVD D% 1y, —
n]

Bias®y .. However, if ]D)TT « denotes the realization of DT Test that is calculated in the fourth
step ofAlgorlthm TEST.MDCI.1 and belongs to the n € {1, ..., N} which was selected before in
the second step of this algorithm, it will hold:

dlstr

N
2 . o il . 3.63
N nz_:l TVoDilL, - Biasdistr | <TVEDr(w)-Biastiy 1 T N Z {DF<Dr(w)}’ 08

such that Algorithm TEST.MDCI.1 is designed appropriately and avoids the issue that BiasdTiEf; )
is commonly unknown in practical applications.

(ii) The asymptotic properties of b and 3 which are demanded in the Assumptions 2.8 [K&b.1] (ii),
(3.60) as well as 3.15 [W™] (i) can be regarded as rough guidances on selecting b and [3 for a
given T' € N. Thereby, it is worth mentioning that such guidances are obtainable without knowing
d € (1/4,1] (according to Remark 3.28 (iii)).

In the following subsection, Algorithm TEST.MDCI.1 is manipulated in such a manner that neither
assuming 0 > 1/4 and (3.60) nor demanding that {Xt (u)} is a sequence of independent random variables
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for all u € [0, 1] is necessary to justify the resulting test procedure. However, compared to Algorithm
TEST.MDCI.1, applying the test introduced in the next subsection is accompanied by (slightly) higher
computational costs and requires to choose a larger number of tuning parameters.

3.2.3. Modification of the test statistic based on local Newey-West estimation

To obtain an adaption of Algorithm TEST.MDCI.1 that is suitable for testing (3.49) with arbitrary but
fixed § € (0, 1], define at first under the Assumptions 2.4 [DM.2], 3.1 [WEIL.1], 2.8 [K&b.1] and
3.15[W*] (recall that £y = [Llo,Ll;] according to Definition 3.3 (i) and see also (3.57) as well as
(3.51)):

Bias7{ = Biasg{ﬂgi — Bias(qi{sif; . (3.64)

which allows to rewrite the test statistic proposed in Theorem 3.23 as follows:

~ . ~ 1 .
TVbDy — BiasT | = TVb (]D)T + T\/BBiaseT{?;J — Bias7{* . (3.65)

Thereby, the factor Tv/b and the subtrahend Blasdlsn* contained in (3.65) are also used in the bootstrap

statistic introduced in Theorem 3.25. Hence, in (3.65), the original test statistic T' VoDp — BiasCT“j}g s
rewritten in such a manner that it matches to the bootstrap statistic T\@ ]Dé‘p Test — Bias%{i};i. However,

Bias7 (| is commonly unknown in practical applications. Therefore, it is estimated in the present sub-

section, whereby Newey—West-type estimators are used because Blasﬁfzfr contains long-run variances.
Originally, Newey—West estimators were proposed in [59, Newey and West (1987)] and often investigated
after their first introduction (regard e. g. [2, Andrews (1991)] as well as [46, Keeneretal. (1991)]). In
the following, the classical approach of Newey—West estimation is manipulated in order to handle the
present locally stationary framework that underlies Blas‘fprri?r such that the resulting estimation method
is called local Newey-West estimation. For this purpose, bandwidths and kernels which are introduced
in the next assumption will be considered. To ensure that they are not confused with those originating
from Assumption 2.8 [K&b.1], they are called Newey-West-estimation-kernels (abbr. NW-kernels) and

Newey-West-estimation-bandwidths (abbr. NW-bandwidths) in the present work.

Assumption 3.30 [NW] (NW-bandwidth and NW-kernel for the estimation of Blas%rﬁfor e

Suppose that the Assumptions 2.4 |DM.2]| as well as 2.8 [K&b.1] (ii) hold and that a fixed Cs € [0, )

exists for which Tb**? =% o, whereby 0 € (0, 1] originates from Assumption 2.2 [StAp|. The se-

quence of NW-bandwidths (Br) ey S N and the NW-kernel Kyw : R — R should fulfil the following
properties:

Br 1o
L T%0, sup |Knw(@)| <o, Knw(0) =1, Knw(z) =0VzeR:|z|> 1

VTh? ze[—1,1]

1-K
and I > ZAllH” <o, S = sup M

1

1T

< o0 aswell as Bpbzn =5 0.
T eR\(0) ||

Remark 3.31. (i) The conditions By /N'Tbh? =% 0 and Brb/ (2 =% % given in Assumption

3.30 [NW] require b=/ //T? 2 129, whereby the latter is equivalent to TH>+1/" =% 0. In
addition, Assumption 2.8 [K&b.1] (ii) demands b 2% 0 and Assumption 3.30 [NW] supposes
TH*+%— Cj for a fixed Cs € [0, 0), such that n > 1/8 is necessary to ensure Tb>+1/1 =5 iy
Moreover, if Cs € (0,00) is chosen in Assumption 3.30 [NW| (which is no contradiction to As-
sumption 2.8 [K&b.1] (ii)), each sequence of NW-bandwidths (Br) oy S N for which b=1/n) «
Br « b=92 withn > 1/8 holds will fulfil Assumption 3.30 [NW], whereby 1) > 1/ provides that
b1/ « By is no contradiction to By « b~%/2. This shows that sequences of parameters Br
that satisfy Assumption 3.30 [NW| exist.

However, b=/ « Br « b=%2 with n > 1/9 implies that less suitable sequences of NW-
bandwidths exist for smaller 6 € (0, 1] than larger ones.

(ii) Inthe case § € (0,1), assuming n < 2/5—1 provides that > ;° | A1 < o0 is not more restrictive
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than 3° | AI%° < oo (as supposed in Assumption 2.4 [DM.2]), whereby 1/5 < 2/5 — 1 holds
forall 6 € (0,1), such that n < 2/6 — 1 is no contradiction ton > 1/9.

Instead, if § = 1, the assumption > ;> | AJIM™ < oo withn > 1/8 will be (slightly) more restrictive
than 37° | A% < oo,

(iii) Less NW-kernels fulfil Assumption 3.30 NW| for a smaller § € (0,1] than a larger one because
n > 1/6 and ., < oo require that the NW-kernel has to be smoother at zero for a smaller
d € (0,1]. (The supposition that Kyw owns a bounded support can be weakened by assuming
that Knw () approaches zero sufficiently fast for growing absolute values of x. However, this
generalization does not mitigate the very restrictive condition n > 1/0 and makes some proofs
given in the appendix more difficult to understand, such that it is not considered in the present
work.)

Next, some NW-kernels are stated for which Assumption 3.30 [N'W] holds for all > 0 (and all 6 > 0,
respectively), such that they can be used if 6 € (0, 1] is unknown (which is commonly the case in practical
applications). Since showing this property of the NW-kernels given below is very straightforward, the
belonging proof is omitted in the appendix.

Example 3.32. The following NW-kernels fulfil Assumption 3.30 [NW] for all n > 0:

(i) Truncated kernel:

1 e[-1,1
Kywn: R >R, 24 forx.[ ’].
0, otherwise

(ii) Trapezoid kernel:

1, for x € [—a,a]
K;‘r&}t(l:R—)R, T — ﬁ—ﬁm, for xe[-1,1]\[-a,d] Vae(0,1).
0, otherwise

Many NW-kernels which have already been used for Newey-West estimation in the last decades, like the
Bartlett, Parzen, Tukey-Hanning or quadratic spectral kernel (their definitions can be found in, e. g., [2,
Andrews (1991), p. 821]), do not fulfil Assumption 3.30 [NW] for all § € (0, 1].

Further, (in dependence of the number of given observations 7T') to infinity growing NW-bandwidths
of order o(T 1/ 4) (as demanded in [59, Newey and West (1987)]) or o (\/T ) (as supposed in e. g. [46,
Keeneretal. (1991)] and [49, Kool (1988)]) or o(T') (as considered in [2, Andrews (1991)]) are common
for Newey-West estimation. Compared to this, Assumption 3.30 [N'W] demands more restrictive condi-
tions with respect to the growth rate because B has to increase asymptotically faster than b—1/(27) and
slower than v/Th2, whereby Assumption 2.8 [K&b.1] (ii) yields vVTb2 = o(T/4).

The fact that stronger assumptions with respect to the NW-kernel and NW-bandwidth are supposed to
estimate BiaseTrif(; , can be explained by the following considerations. The publications cited above do
not consider a locally stationary setting, which is captured in the following by combining Newey-West
estimation with the kernel and bandwidth introduced in Assumption 2.8 [K&b.1], which motivates why
the asymptotic behaviour of By supposed in Assumption 3.30 [N'W] also depends on b. In addition,
for Newey-West estimation, it is commonly assumed that the underlying random variables are centered,

whereas the expressions R {ei<5’it(“)>} contained in Biasgfﬁ’;, | (recall (3.64), (3.57), (3.51) as well

as (3.17)) are not centered and their expectations have to be estimated. Beside this, Bias%{ﬁfg , may in-

crease with the rate 1/ Vb for T — o0, whereas the above-mentioned publications consider Newey-West
estimators for bounded expressions. Moreover, very weak moment conditions (which are determined by
d € (0,1]) are assumed in the present thesis.

Further, it should be noted that a method for long-run variance estimation in a locally stationary frame-
work is briefly described in Subsection 4.1.1 in [15, Dahlhaus and Richter (2023), p.1145]. However, this
method just considers the case that the belonging NW-kernel is the truncated kernel. In contrast, in [76,
Vogt and Dette (2015), p. 728 et seq.], a long-run variance estimator is proposed under local stationarity
that is adapted to the variance of a certain CUSUM-type statistic, such that it is more similar to the
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traditional approach of Newey-West estimation. In particular, in [76, Vogt and Dette (2015)], localizing
kernels and bandwidths are just used to estimate expectations of the random variables that are contained
in this long-run variance.

e

——— error . .
In the next definition, two estimators Bias;  and Blaserror for Bias7()  are introduced, which are

based on Newey-West estimation in combination with Assumption 3.30 [NW] Thereby, the construc-

——— eI'T

tion of Biasy " is motivated by (2.3) in [2, Andrews (1991), p. 820] as well as Subsection 4.1.11n [15,
Dahlhaus and Richter (2023), p.1145] and, therefore, more intuitive than that of Blasermr However,

——— error

calculating realizations of Bias;  is computationally more expensive than realizations of Blaserror

Definition 3.33 (Estimators for Blasi}rﬁ’r -

Let the Assumptions 3.30 [NW] (which includes Assumption 2.4 [DM.2]), 3.1 [WEL1], 2.8 [K&b.1]
and 3.15[W*] be fulfilled. Moreover, define for all s € R%, t € {1,...,T}, T € N\{1}, u € [0,1],
he{—|T/2| +1,...,|T/2] — 1}, R € {R, 3} (note that Ly 1 := [y, ] according to Definition 3.3
(0):

. T .
il s, X 1) &u) s Xery _ L J_ i(s,Xjr)
(e ) =e sz:l K T u e ,
OnTR (U, 8) = Op Tty R (U, 8)
T h , &u , &u
% Z Kb (% _ U) R{€z<s’xt’T>} (w) R{61<S,Xt+h,T>} () , for h>=0
s ) ) )
> Ky(£-u) R {ei<5’Xth>} R {ei<$’Xt+th>} , for h <0
t=1—h
[T/2]-1
Serror ’\error * h h ~
OTR (u, s) :== OT o1, R (u,8) = 2 <K <ﬁ> — 1> Knw (BT> onTr(u,s) (3.60)

h=—|T/2]+1

and (recall that uy originates from Definition 3.8 (i)):

]go\error g\error f Kz J U — o [1/(225” — ) wis)d
iasy g = Biasyg, , g = OTR (ug,s) w(s)ds
\f [1/eh] 2
Ho—th R4
— T €erTror — T €rror ———€error —_— error
aswellas Biasp = Biasyy = Biaspy + Biaspg . (3.67)

Then, ]?izs;rmr is called local Newey-West estimator for Bias%{ﬁ); | (see (3.64)). Further, if in addition

error

T = 2Br + 1, define the computationally efficient local Newey-West estimator for Biasy ¢ | as:

_ =

Bias§™ = Bias{yy’,
h=to [1/(20)] T—-Br
1 = 1 t

= — | K@?a )OJ— S <_uk>

b /@) & T—2By, & "\T

Br c(u ) c(u

) e () [0 )
=By 5 T J

(3.68)

Remark 3.34. Since (ei<s’m+Xt’T>)E(u’“) = i) (ei<s’Xt’T>)a(u’“), R {0} R {0} + S {elom}
-3 {ei<5’$>} = 1 as well as 5% eisx) = 1 holdfor allseR%, te{l,....T}, ke {l,...,]1/(2b)]},

——, —error

x € RY, the realizations of Bias;  and BlasCrror

which are associated with a sample path (X 1 (w));f:1

(with w € Q) will not change if this sample path is replaced by (x + Xt,T(W))tT=1 with arbitrary x € R%.
Moreover, in the case that the weight function w fulfils w(s) = w(—s) Vs € RY, it follows from

(e"<sv*Xt,T>)E("’“) = (e i(=s. X T>)C “yseRY te {1,...,T}, ke {1,...,[1/(2b)|} and integration
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e

by substitution that realizations of ]ﬁ;ﬁo as well as Blas
process (X, T) _, s replaced by (— Xt7T)T:

error

will stay the same if the underlying

s

error error

IrTor . .
The next lemma shows that BlasT and Blas are useful estimators for Biasp " .

Lemma 3.35 (L'-convergence of the estimators for Blasﬁfﬁ“ -

Suppose that the Assumptions 3.30 [NW], 3.1 [WEL1], 2.8 [K&b.1] and 3.15 [W*] hold. Then, one
obtains for T'" — o0:

—— €I'Tor
. s s error
(i) E HBI&ST — BlaST7u0’1

] = o(1).

.. D25 o o EITor s, LEITor
(ii) E [ Biasp BlasT’uQ1

| =

The following theorem can be used together with Theorem 3.25 to investigate the test problem (3.49)
under the assumption that § € (0, 1] is arbitrary but fixed.

Theorem 3.36 (Asymptotic behaviour of the Newey-West-estimation-based test statistic).
Let the Assumptions 3.30 [ NW|, 3.1 [WEIL.1], 2.8[K&b.1] and 3.15 [W*] be fulfilled.

Tor

(i) If’Hd‘Str (recall (3.49)) is valid, it will hold for T — oo and all YT € {BlaST Biaserror} (see
Deﬁmnon 3.8 (i), (3.57) as well as (3.53)):

~ 1 i i
Vb (DT + MYT) - Bias(}"ﬂgi - Z&és,fr'

(ii) Suppose that (T7)pey is an arbitrary sequence of deterministic real numbers that fulfils (3.54). If

error

d‘Str ( recall (3.49)) holds, one will obtain for all Y € {BlaST Blase”or}
o N 1 M 1Str
Th_IgOIP’ (T\/l; (]D)T + T\/BYT> - BlasdTl}O”‘1 > TT> =1

Remark 3.37. If the assumptions of Theorem 3.36 with adisgr >0 (see (3.52)) are valid and Hgifforl

Biasermr} from (3.58), Theorem 3.36

error

holds, one will obtain for T' — oo as well as all Y1 € {BlasT
(i) and Polya’s theorem:

sup
zeR

~ . ~ 1 .
P* (T\/E D¥ s, — Bias7{* < x) —P (T\/E (]D)T + MYT> ~ Bias{i™* < x)‘ 0.

The Theorems 3.36 and 3.25 provide a consistent level-alpha test for (3.49) in the case that § € (0, 1]
is arbitrary but fixed, whereby § originates from Assumption 2.2 [StAp]. The following algorithm de-
scribes how this test can be implemented. To shorten the notation, this algorithm is just formulated based

_—
———erTror

on the estimator Blaserror The alternative test procedure that takes Bias;  into account can be ob-

/\ ror . . . . . .
tained by replacing B1aserror by B1asT in the algorithm given below. However, this alternative test is
accompanied by higher computational costs, such that belonging numerical examples are omitted in the
present publication, whereas the next algorithm is used in simulation studies and practical examples con-

tained in Section 3.4 as well as Chapter 5. Further, calculating or estimating BiasdTisflg*l is avoided in this

algorithm, which can be justified similarly to Remark 3.29 (i) by using the Theorems 3.36 and 3.25. (In
particular, note also that Algorithm TEST.MDCI.1 and the following one are based on slightly different

inputs and the algorithm given below demands to calculate a realization of Dy +1 / (T\/I;)lgi\as?mr
instead of D - as in Algorithm TEST.MDCI.I.)

Algorithm TEST.MDCI.2
Inputs: £y, 4; € [0, 1] with Ly < $4;; significance level a € (0,1); T, N € N; a sample path
(XLT(W))tT:1 (for an w € Q); a kernel K for which Assumption 2.8 [K&b.1] (i) holds; a bandwidth
b e (0,1/2); a weight function w that fulfils Assumption 3.1 [WEI.1]; a parameter § > 0 and an
associated process (W;*),., which satisfies Assumption 3.15 [W*]; an NW-bandwidth By € N; an
NW-kernel Knw for which Assumption 3.30 [N'W] holds;
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Determine the realization of Dy + 1 /(TV/b) ]?ia\s%"m]r that belongs to the sample path (XuT(w))tT:l;
Independently, fornin1: N do
Generate a sample path of (W)
Calculate the associated realization of ]13)} Test
end for 7
Compute a realization of the empirical distribution function of ]ﬁ);Test by using the calculated real-

AN AN S ey

izations of ID;Test and call this realization of the empirical distribution function F;i N

7: Reject HJs if 1 — 2 v (Dr(w) + 1/(TVb)Bias§™ (w)) < a;

Remark 3.38. (i) Remark 3.31 (i) ensures that sequences of parameters b and Bp which fulfil As-
sumption 3.30 [NW ] exist, but constructing them without knowing 6 € (0, 1] is impossible, such
that no useful guidances on selecting b and B can be derived from Assumption 3.30 [ NW .
The belonging simulation studies and practical examples given in Section 3.4 as well as Chapter
5 consider several choices of b, 5 (whose asymptotic behaviour is influenced by b according to As-
sumption 3.15 [W*]) and Br in order to analyze how much changes of these tuning parameters
impact the test decision that results from Algorithm TEST.MDCI.2 for fixed T € N.

(ii) If ]ﬁ)T,l (w) > 0, a test for the test problem (3.49) can be constructed that is based on the NEMDCI
D7 (= D7 /D7 1 according to Definition 3.8) instead of Dp. Concretely, just the realizations of

Dr +1/ (T\/B)]?i;s?mr and ]ﬁ);Test calculated in Algorithm TEST.MDCI.2 need to be divided

by @T,l(w) > 0. However, this modification of Algorithm TEST.MDCL.2 leads to the same test
decision as Algorithm TEST.MDCI.2, such that it is redundant and not discussed anymore in the
present publication. Moreover, in the case By = 0, the property K*(0) = 1 (as supposed in As-

—

sumption 3.15 [W*] (iii)) shows ]ga\s?ror = 0 (recall (3.68)), such that Algorithm TEST.MDCI.2
equals Algorithm TEST.MDCIL.1 in this case. Thereby, demand the convention 0/0 = 1 since

—

Knw (0/0) is contained in ]ga\s%rror for By = 0.

3.3. Estimation of the first change point in the distributions of the
stationary approximations

In this section, methods for estimating the first rescaled point in time V € [0, 1] at which the distribution
of Xo(u) changes (smoothly) are introduced, whereby V € [0, 1] is defined in the following formally. The
present investigations are inspired by the publication [76, Vogt and Dette (2015)] and some differences
between them and those in [76, Vogt and Dette (2015)] are described in Remark 3.44 (ii) given below.
For w € (0, 1], let Dyg ,,) originate from Definition 3.3 (i) with {lp; = [0, w] and call V € [0, 1] the first
change point (in the distributions of the stationary approximations) if:

. . D 0,w
(V<1 A Dppuy = 0Vwe [0,V] with Dy =0  Coy = wali 1] (w[—V])QI

v (V=1 A Dy = 0¥we [0,V] with Dig g := 0). (3.69)

>Of0ra2[>0)

Remark 3.39. (i) Note that Dyg ;) = 0 Vw € [0, V] is equivalent to Dy = 0. Further, the case
V =1ADy,m =0Vw e [0, V] means that no distribution change exists in the sense that Hgffgl

holds for 4y 1 = [0, 1].
(it) If V < 1, the expression Cy can be rewritten as:

Cu = inf Diov+e — Do

€(0,1-V] e ) (3.70)

Thus, the smoother the function [0,1] 3 w +— Dio,w) changes at 'V, the larger 2L has to be to
ensure Cy > 0. In this sense, the (in most practical applications unknown) smallest parameter 21
for which Cy > 0 holds determines how smooth the distribution changes at V.
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(iii) Assume thatV < 1. Then, Proposition 3.6 (ii) and (iii) imply for all w € (V,1]:

1 Vv V w
o= o | | [1etes) = oo dudo+ [ [ lotus) = oo, o) dude
R4 0 0 0V
w VYV w w
+ ff lo(u, s) — 2 dudv + JJ lp(u, s) — (v, s)|* dudvw(s)ds
V0 \AY
1 w w w
=30 2VJ|<p(u, s) —o(V, )| du—l—ffkp(u s) — (v, 8)[> dudow(s)ds,
w
R4 A\ Vv

such that Remark 2.3 and Assumption 3.1 [WEL.1] yield (recall that C € (0,00) denotes an
absolute constant which may have different values at different places):

\% 1
Dpow) < € (w (w—V)’+ w (w— V)4> :

Hence, 2 > 3 needs to hold in order to fulfil Cy > 0.

In the following, estimators for V are constructed. Therefor, let (7). be a sequence of deterministic
real numbers that fulfils (3.54). Then, Theorem 3.36 implies under its assumptions (see (3.49) and set
o1 = [0, w] in Definition 3.8 (i) as well as Definition 3.33):

lim E|1, — |
T—00 {T\/BID)T’[()’w]—i-Bias;’fr[%rw]—Biasd‘s”* éTT}

T,[0,w]
lim E[]l R
T—00 {T\/E]D)T 0 w]+B1as§fr[%rw] BlanIStor*]\TT}

] =1 for fixed w € (0, V]

=0 for fixed w € (V,1].

This consideration motivates the following (non-deterministic) approximation \A/T of V:

1

VT = 1 ~ pr— . dA(w
J {TVoDr 0,01+ Blasgiy, ~Biasdistt <o} (w)

=\ ({w € [0,1] : TVbDr g + Bias§yy,; — Biasfii, < TT})

with Dy,jo =0, Bias§o =0 and Bias§sis =0, (3.71)

whereby 77 can be interpreted as a threshold level for rejecting ’Hdlfgrw]

The next lemma provides that VT converges in mean square to V. However, Vr is not an useful estimator

for V because BiasdTls[%r;"U] is commonly unknown in practise but, as shown below, estimators for V can

be derived from @'T.

Lemma 3.40. Let Assumption 3.30 [NW| (which includes Assumption 2.4 [DM.2] and 2.8 [K&b.1]
(ii)), 3.1 [WEL1] as well as 3.15[W*]| be valid. Moreover, suppose that V € [0, 1] fulfils (3.69) and
that (Tr) ey IS a sequence of deterministic real numbers for which (3.54) holds. In addition, assume that
K is a kernel that suffices Assumption 2.8 [K&b.1] (i) with o 1 = [0, 1] and define:

Ko () = %K (%) Vwe (0,1], z € R. (3.72)

[—
error

Further, let for all w € (0, 1] the expression ]ﬁ)T [0,w] Originate from Definition 3.8 (i), BiasT [0,u] from

Definition 3.33 and Blasd‘Str* ) from (3.57) with 4,1 = = [0, w], whereby Ko ,,) is the underlying ker-
nel. Then, one obtains:

lim (@T . VH2 -

T—0
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Remark 3.41. (i) By construction, K| ., suffices Assumption 2.8 [K&b.1] (i) with Lo 1 = [0, w].

(ii) It holds forallt € {1,...,T}, ke {1,...,|1/(2b)|} as well as w € (0,1/(2T)] (recall Definition
3.8 (i) and note that 1/b > 2 according to Assumption 2.8 [K&b.1] (ii)):

YT —urpue _t/T  k—=1/2 _ 1 1

= = >
wb wb  |1/(2b)|]b T wTb b

> 1,

S =

such that Kig ] ((¢/T — ur, [0,], k) /b) = 0(see(3.72)) due to Assumption 2.8 [K&b.1] (i). Hence,

DEbe

DT,[O,w] = Blas%li%fw] = 0VYw e (0,1/(2T)]. This, the last line of (3.71) and some obvious ar-

[

guments show that [0,1] 3 w — Dy (0] [0,1] 2 w Blase”[‘alr jaswell as [0,1] 5 w —

BiasdTlS%r*w (recall (3.57)) are continuous for fixed T' € N with one-sided continuity at 0 and

1. These considerations provide that VT is well-defined.

(iii) Theorem 3.36 and Lemma 3.35 (i) indicate that Blase”[‘a]r | can be replaced by ]gi;s;}gfw] for all

w € [0,1] in VT. However, to reduce the number of notations introduced in the present section,

—

this alternative approach is omitted. In particular, also note that Bias%r[%fw] can be computed with

———Eerror
less computational costs than Biasr. [ ,,)-

One possibility to obtain an estimator for V from XA’T is to replace BiasdTiys[gfﬂ] in @'T by a suitable Newey-

West estimator. Such an estimator can be obtained by replacing the expression K* (h/3) — 1 contained

—

error

in ]gi\asT’[va] by K* (h/3). It can be proved very similarly to Lemma 3.40 and Lemma 3.35 (ii) that
this yields a consistent estimator for V.

However, another approach is used in the following, which is based on the next proposition and described
in detail below.

Proposition 3.42 (Bootstrap-supported estimation of the first change point in the distributions of the
stationary approximations).

Suppose that the assumptions of Lemma 3.40 are fulfilled and that the following property holds for some
Ri,Re € {R, 3} (recall (3.17)):

J f Ow,R1,Ro (0,51,82)2 w (s1) ds1 w (s2) dsg > 0. (3.73)
Rd JRA

Moreover, for all w € (0, 1], the expression H’]\D’j’i [0,1],Test should originate from (3.56) with o 1 = [0, w],

whereby K[q ., (see (3.72)) is the underlying kernel. Further, define for all o € (0, 1), w € (0, 1] (recall
(3.57), the last line of (3.71) as well as Definition 3.33):

a5 (0) = 0, g (w) = inf {z € R i P (TVBD} g e — Biasiiir) <o) > 1-a}
and @'T,lfa = ({w e [0,1] : Tvb f)T,[o,w] + ]ﬁgsgﬁr[‘afw] - BiasdTls[BrfU] Sq}hftr:;(w)b . (374
(i) Then, it holds for all fixed o« € (0,1):

lim sup HQT’PO‘ — VH2 <+aV.

T—o0

(ii) In addition to the assumptions given above, let (Tr) ey be a sequence of deterministic real num-

bers that fulfils (3.54) and:

T Togp
VT

Moreover, suppose that (o) ey IS a sequence of deterministic real numbers for which the follow-

(3.75)
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ing properties hold:

T T—w

are (0,1)VT eN, aTji;OO and g —> ¢ fora€ > 0. (3.76)

VT

Then, one obtains:

li ‘@ _ —VH ~0.
7 || Tmer 2

Remark 3.43. Assumption 2.8 [K&b.1] (ii) provides VT = O(T\/B), such that (3.54) is not a contra-
diction to (3.75). In addition, (3.75) ensures that a sequence (o) oy Which suffices (3.76) exists.

To obtain an useful procedure for estimating V that results from Proposition 3.42, @T,l,a is approx-
imated at first in such a manner that the contained Lebesgue measure vanishes, which simplifies the
implementation of such a procedure. Concretely, choose a (large) M € N and approximate %A’TJ,Q by
the following expression:

M . . —_—
SIM J—1 7 i s . error . istrs
ng’l]_a = A ({w € U (M y M:| : T\/BDT,[O,[U)MVM] + BlaST,[O,[wM]/M] - Blas%[%’[wMVM]

< g o) /M>})

M
SN
M = {lﬁmo, jan+1/(TVB) Biasier < (g (/0 + Biasdise® ) /(T0) }

Thereby, Theorem 3.25 provides that (g5 5* (/M) + BiasdTis[%r;f M )/(T'V/b) can be estimated by using

~

(condit'io.na.lly on X LT XT,T) sampleq realizatiops of ]DD’Z’ZZ[O’]. /M], Test (note that BiasdT{s[%l:;’f /M is
deterministic), which leads to the next algorithm that aims to estimate V.

Algorithm DETECT.MDCI

Inputs: « € (0,1); T, N, M € N; a sample path (Xt,T(w))Z;l (for an w € (2); the kernel K7 ., which
originates from (3.72); a bandwidth b € (0, 1/2); a weight function w that fulfils Assumption
3.1 [WEIL.1]; a parameter 3 > 0 and an associated process (W;*),, which satisfies Assumption
3.15[W*]; an NW-bandwidth B € N; an NW-kernel Knw for which Assumption 3.30 [N'W] holds;
1: SetV; « 0;
2: Forjinl: M do
3: Set jar <—]/M,

4 Compute the realization of HA)T,[OJM] + 1/(T \/5) ]ﬁa\sﬁ}”[%rm] that belongs to the sample path
T
(Xt.7(w)); g3

5:  Independently, fornin 1 : N do

6: Generate a sample path of (Wt*)thl;

7: Calculate the associated realization of ]DD; [0,jar], Test>

8:  endfor . ~

9:  Estimate 1/(TV/b) (q%‘i‘t_rz (9m) —I—Bias%s[tO‘:jM]) by using the computed realizations of D7, [0,jar], Test

and denote the resulting estimator as g% (jar);

10: If ﬁ)T’[O.’jM] +1/ (T\/E)B/'i\aseTir[‘(’)ij] § a;hffie (jar) holds for the calculated realizations of the
expressions that are contained in this inequality, set Vs <« Vj, + 1;

11: end for;

12: Estimate V by V,/M;

Remark 3.44. (i) If the suppositions of Proposition 3.42 are valid except Assumption 3.30  NW],
which does not need to hold in all its entirety but the therein contained Assumptions 2.4 [ DM.2]
as well as 2.8 [ K&b.1] (ii) are satisfied and either 6 € (1/4,1] as well as (3.60) are fulfilled
(whereby § originates from Assumption 2.2 [StAp]) or {)Z't(u)} is a sequence of independent
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random variables for all u € [0,1], replacing ]ﬁ)T,[OJM] +1/ (T\/I;)]gi;seTrf[%ij] by Iﬁ)T@’jM] in
the fourth and tenth step of Algorithm DETECT.MDCI will also lead to a suitable algorithm for

estimating V due to Theorem 3.27 as well as Remark 3.28 (iv).

(ii) The Definition (3.69) of the change point V can be regarded as a modification of the kinds of
change points considered in [76, Vogtand Dette (2015)]. In the latter mentioned work, the first
change point ug € [0, 1] is estimated, at which [0,1] 3 v — E[f ()N(O(v))] changes (smoothly)
for the first time for some functions f in a set F of functions that fulfils some properties (e. g., F
is separable, compact and its elements are measurable as well as real-valued functions). It seems
that the method for estimating ug which is proposed in this publication can also be used to de-
tect changes in the entire distribution of )N(O(u) for varying u. Therefor, set F := {Rd 3T
R {ei<s’x>} +W(s) : s e R, R € {R, 3}} with a weight function W : R? — (0, o0) which decays
to zero sufficiently fast for |s|; — o0 to ensure that Assumption 5.1 in [76, Vogt and Dette (2015),
p. 721 et seq.] is fulfilled. In contrast to the present thesis, a CUSUM-type statistic (instead of an
L2-distance-based one) is used in [76, Vogt and Dette (2015)], which does not depend on a band-
width b but owns a weaker rate of convergence, such that it is tendentiously less powerful in reject-
ing Hgff(t)fw] for some w € (0, 1] (in regard of fixed alternatives). This property provides that the
threshold level that underlies the work [76, Vogt and Dette (2015)] is assumed to grow to infinity
with the speed 0(\/?), whereas the present sequence (Tr) ey Suffices the (according to Assump-
tion 2.8 [K&b.1] (ii) weaker) condition Tp = O(T \/B) In addition, an approach that is based on
a given level a € (0, 1) and Newey-West-type estimation is proposed in [ 76, Vogt and Dette (2015)]
to choose the threshold level for practical applications, whereby, similarly to the present work, this
method requires to select a bandwidth for the Newey-West estimation approach and another one
for the Nadaraya-Watson estimator for E[ f (Xt;r)] witht € {1,...,T} (details can be found in
[76, Vogt and Dette (2015), p. 727 et. seq.]). Let ﬁo,T,a denote this estimator for the first change
point ug < 1. Then, Corollary 5.5 in [76, Vogt and Dette (2015), p. 727] provides for a chosen
a€ (0,1):

P (o 1,0 <uo) < a+o(l) and P(upr1a > uo+o(l)) =o(l), (3.77)

i. e., the probability that the estimated and true change point differ from each other is small for
large T' and small . However, this result does not provide an asymptotic upper bound for the
difference between o 1o and u in dependence of o (as Proposition 3.42 (i) does), whereby such
an upper bound can be regarded as an approximative error bound for large values of T..

(iii) In some papers (e. g., [39, James and Matteson (2014)]) that belong to the classical change point
theory, which considers abrupt (instead of smooth) distribution changes, estimators not just for
the first but also subsequent change points are constructed. However, the continuity of the local
characteristic function [0,1] x R? 3 (w,s) — ¢(w, s) with respect to w (which holds due to
Assumption 2.2 [StAp]) implies that [0,1] 3 w — Xo(w) contains either no or uncountable
many distribution changes directly after the first change point. Moreover, )N(O (w) may have a dif-
ferent distribution for each w € [0, 1]. Thus, in general, it is expectable that it is impossible to
detect all of these change points in practical applications because commonly just a sample path of
(XtT)T is observable. So, the present research aims to estimate the first change point (like [76,

t=1
Vogt and Dette (2015)]).

3.4. Simulation studies

In the present section, the finite sample behaviour of the Algorithms CONFEMDCI, CONE.NMDCI,
TEST.MDCI.1, TEST.MDCI.2 and DETECT.MDCI is investigated by simulation studies. Therefor,
these algorithms are implemented in the programming language R and applied to sample paths of several
locally stationary processes with various selections of the rescaled time interval g 1 (which is introduced
in Definition 3.3 (i)), whereby the next setting describes all versions of these algorithms that are used
in this section. In contrast, the considered locally stationary processes and the investigated rescaled time
intervals o 1 are specified in each simulation study.
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Setting 3.45. All of the algorithms mentioned above are applied to sample paths which contain’T' = 1000
observations that originate from a real-valued locally stationary process. Thereby, the weight function
R 3 s — w(s) == wr,1(s) (see Example 3.2 (ii)) and the kernel Kgyp, originating from Example 2.10
(ii) are used for each applied algorithm. Moreover, all algorithms are carried out with the bandwidths
b € {1/10,1/14}, such that the Riemann sums contained in the EMDCI as well as NEMDCI (recall
Definition 3.8) are based on |1/(2b)| = b5 addends for b = 1/10 and |1/(2b)| = 7 summands for
b = 1/14. Since |1/(2b)| = 1/(2b) holds for these choices of b, no observations of the investigated
processes are excluded from the EMDCI and NEMDCI because of the fact that 1/(2b) is rounded in
these empirical measures. Moreover, the process of bootstrap random variables introduced in Example
3.16 (i) with B € {0.3Tb?,0.7Tb?} is used for each algorithm (which, in particular, fulfils /* = 1
(see (3.60)), as mentioned in Remark 3.28 (iii)). Further, a1 = 1 — a with ag € {0.975,0.95} and
N = 500 bootstrap iterations are selected for the applied versions of the Algorithms CONF.MDCI as
well as CONF.NMDCI. The considered versions of the Algorithms TEST.MDCI.1 and TEST.MDCI.2
are based on o € {0.05,0.1} as well as N = 500, whereas o = 0.05, N = 200 and M = 100
underlie all used versions of Algorithm DETECT.MDCI. (A compared to the other algorithms smaller
choice of the number of bootstrap iterations N is taken for Algorithm DETECT.MDCI because this
algorithm is much more computationally expensive than the other ones.) Further, Example 3.32 (ii) with
a = 0.25 is used as the Newey-West-estimation-kernel Knw and the Newey-West-estimation-bandwidths
Br € {0, 3,5} are chosen for the Algorithms TEST.MDCI.2 as well as DETECT.MDCI. Thereby, recall
that, in the case Bt = 0, Algorithm TEST.MDCIL.2 equals Algorithm TEST.MDCI.1 (according to
Remark 3.38 (ii)) and applying Algorithm DETECT.MDCI with Bt = 0 is justified under the conditions
mentioned in Remark 3.44 (i).

3.4.1. Estimation of confidence intervals for the measures for the distribution
change intensity

In this subsection, the versions of the Algorithms CONFE.MDCI and CONF.NMDCI that are described
in Setting 3.45 are evaluated based on the locally stationary processes {At7T} as well as {Bt,T}, which
are introduced in the following.

Suppose that (sEA]) +e7 18 a sequence of 1. 1. d. random variables with EEA] ~ N (0.1,0.1) and define:
0.2- (gt[A] + agﬂ) , for t <T)/2
Ay o= Vte{l,...,T}, T eN.

(sin 2r (4 = 05))* +02) (" +&f2]) for > 7/2
(3.78)

Further, let Sg (B, ~,0 ) denote the S 0—parametrization of the stable distribution (which is contained in

the R-package ’stabledist‘) with index parameter &, skewness parameter 3, scale parameter 7 as well as

location parameter  and take a sequence (EEB]) +ez, Of 1. 1. d. random variables with e([]B] ~ 8Y.(0,1,0).
(3.79)
Define:
. " 3100 4 -
B, 7= 16- (T — o.5) ]21 e Vte{l,...,T}, TeN. (3.80)

The locally stationary processes {ALT} and {BLT} fulfil Assumption 2.4 [DM.1] (in particular, note
that (0,1) 3 u = 0.2-1ge[0,0.53 + (sin (27 (u — 0.5))2+0.2) “1{ue(0.5,1]y is one-time differentiable with
Lipschitz continuous derivative). Hence, applying the Algorithms CONF.MDCI and CONFENMDCI

to these locally stationary processes is justified. In addition, it is worth mentioning that (AmT)T

t=1
is m-dependent with m = 1 and the impact of 5?3]]» on B; r decays polynomially for growing j €
{1,...,100}. Furthermore {At7T} and {BLT} do not fulfil the assumptions which are supposed in [19,
Detteetal. (2011)] because (0,1) 3 u = 0.2+ Lyeq0,0.5); + (sin (27 (u — 0.5))* +0.2) “L{ue(0.5,1} is not
twice continuously differentiable (in v = 0.5), as demanded in [19, Dette etal. (2011), p. 1114], and E([)B]
does not own 1.5 (or more) finite moments, such that the local spectral density [0, 1] x[—m, 7] 3 (u,z) —
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fioc.spec(u, x) of the stationary approximations of {Bt,T} is not well-defined for all v € [0, 1]. Hence,
it is not reasoned to use the in this publication proposed estimated confidence bands for the mea-
sure (3.1), which quantifies the intensity of second-order stationarity in locally stationary processes
(whereby second-order stationarity is equivalent to strict stationarity under the assumptions supposed
in [19, Dette et al. (2011), p. 1114]). It should also be noted that many approaches which are considered
in the change point theory (see e. g. [3, Aue and Horvath (2012)]) are focused on detecting changes in
the expectation, such that they do not detect changes in the stationary approximations of {Bt,T} because
]E[s([)B]] = 0. In contrast, the MDCI as well as NMDCI (recall Definition 3.3) are based on the local
characteristic function, such that they measure changes in the entire distribution and not just in the ex-
pectation.

The measures Dy, , as well as Dﬁgrlm (see Definition 3.3) that belong to {At,T} and {Bt,T} are ap-
proximated for the following purposes because calculating them for these locally stationary processes
explicitly is very complicated - except in the case that {AtT} with g ,, == [0, v] for some v < 0.5 is
considered, in which the MDCI as well as NMDCI equal zero according to Proposition 3.6 (iii) and (iv),
such that they are not approximated but calculated exactly in this case. In a first step, to approximate
Dy, , and D™, the integral with respect to s € R? (with d = 1 in the present framework) contained in
Dy, 1,1 as well as Dy, , 2 is approximated by an integral with respect to s € (—10, 10) and, in a second
step, the resulting integral with respect to s € (—10, 10) is replaced by a belonging Riemann sum with
1000 addends that is based on the midpoint rule. Moreover, the integral with respect to u € [lg, £4]
which is contained in Dy, , 1 and Dy, , 2 is also approximated by a Riemann sum based on the midpoint
rule with 1000 addends. Next, denote the resulting approximations of Dy, , 1 as well as of Dy, 2 as

Di[f; plprlx] and D[app ™I respectively. Then, approximate Dy, by ]D)Ez pfrx] = ID)EE pf’rx] — ]D)Eﬁ) pfrx] and

Dﬁgrlm by D[norm apprx] =1 jo pfrzx /Dy, apprx . These approximations can be justified by Lemma B.2

(iii) in the appendlx together with (3.15) as well as similar arguments, Proposition 3.6 (i) and Definition
3.3 (ii).

In the following, 500 sample paths of (Ath)Z;l with 7" = 1000 are generated independently of each
other and confidence intervals for the MDCI as well as NMDCI with 4l ; € {[0, 1], [0, 0.5],[0.25,0.75],
[0.5,1]} are estimated by applying the versions of the Algorithms CONEMDCI and CONF.NMDCI
given in Setting 3.45 to each of these sample paths. Thereby, for each of the chosen &y 1, Table 3.1 shows
the relative frequencies that D[apprx] belonging to {At T} is contained in the 500 calculated estimated
confidence intervals which result from the used versions of Algorithm CONE.MDCI, whereas Table 3.2
displays the relative frequencies that ]D)[nofm aPPr] agsociated with {At T} is covered by the computed es-
timated confidence intervals which originate from the applied versions of Algorithm CONENMDCI. The
relative frequencies belonging to ap = 0.975 that are the closest to 0.95 and the relative frequencies as-
sociated with ap = 0.95 which are the closest to 0.9 are printed in bold for each considered interval £l 1
in both tables, which is motivated by the fact that, according to (3.24) ((3.25), respectively), the versions
of Algorithm CONE.MDCI (Algorithm CONFE.NMDCI, respectively) defined in Setting 3.45 aim to
generate estimated confidence intervals that contain the true value of the MDCI (NMDCI, respectively)
with a probability of as — a1 = 2a9 — 1 = 0.95 for g = 0.975 and g — a1 = 29 — 1 = 0.9 for
ag = 0.95.

Table 3.1.: Relative frequencies that Di[zpfrx] belonging to {At,T} is covered by the estimated confidence
intervals which originate from the versions of Algorithm CONF.MDCI introduced in Setting

3.45
b (N o [0,1] [0,0.5] [0.25,0.75] [0.5,1]
2

03Ty | 0975 0822 0.96 0.916 0.93

110 ' 0.95 0.756  0.89 0.862 0.888
0Ty | 0975 0828 0.93 0.892 0.926

' 0.95 0.77  0.858 0.838 0.89

037pe | 0975 0902 0846 0.916 0.916

114 ' 0.95 0.862  0.698 0.858 0.846
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0.926
0.872

0.868
0.706

0.912
0.864

0.916

2
077 0910

0.975
0.95

Table 3.2.: Relative frequencies that ]D)[rlorm apprx] associated with {At T} is contained in the estimated

confidence intervals which result from the versions of Algorithm CONF.NMDCI introduced

in Setting 3.45

b 8 o Ho. [0,1] [0,0.5] [0.25,0.75] [0.5,1]
037p2 | 097 0.834 0.96 0.918 0.928
110 0.95 0.764 0.888 0.858 0.886
orTe | 097 0.838  0.93 0.894 0.926
0.95 0.776  0.86 0.838 0.886

037p | 097 0.904 0.848 0.914 0.916

114 0.95 0.866  0.698 0.86 0.846

orqp2 | 0975 0926 0.868 0.914 0.92

0.95 0.874 0.706 0.866 0.848

In the following, 500 sample paths of (Bth)Z;l

with 7" = 1000 are generated independently of each

other and confidence intervals for the MDCI as well as NMDCI with £ ; € {[0, 1], [0, 0.5],[0.25, 0.75],
[0.5,1]} are estimated by applying the versions of the Algorithms CONEMDCI and CONFNMDCI
given in Setting 3.45 to each of these sample paths. Thereby, for each of the chosen &y 1, Table 3.3 shows
the relative frequencies that ]D)[apprx] belonging to {B; 7} is contained in the 500 calculated estimated

confidence intervals which result from the used versions of Algorithm CONF.MDCI, whereas Table 3.4

displays the relative frequencies that ]D)[norm PPl g ssociated with {Bt T} is covered by the computed es-

timated confidence intervals which orlglnlate from the applied versions of Algorithm CONFE.NMDCI. As

in the previous tables, the relative frequencies belonging to as = 0.975 that are the closest to 0.95 and

the relative frequencies associated with ap = 0.95 which are the closest to 0.9 are printed in bold for

each considered interval iy ;1 in the next two tables.

Table 3.3.: Relative frequencies that D[apprx] belonging to {By 1} is covered by the estimated confidence
intervals which originate from the versions of Algorithm CONF.MDCI introduced in Setting

3.45

b B Ho. [0,1] [0,0.5] [0.25,0.75] [0.5,1]
o , 0. 25,0. 5,

037y | 0975 0.752 0.934 0.77 0.918

1/10 0.95 0.63 0.884 0.694 0.86

07Ty | 0975 0.802 0.912 0.772 0.916

0.95 0.72  0.87 0.7 0.854

osri | 0975 091  0.918 0.948 0.906

114 0.95 0.858  0.854 0.918 0.832
o7z | 0975 [ 0918 0.912 0.946 0.89

0.95 0.866 0.848 0.922 0.816

Table 3.4.: Relative frequencies that ]D)[norm appry] associated with {Bt T} is contained in the estimated

confidence intervals which result from the versions of Algorithm CONFE.NMDCI introduced

in Setting 3.45
b B N Hoa [0,1] [0,0.5] [0.25,0.75] [0.5,1]
2
0.3TH? 0.975 0.79 0.93 0.764 0.918
1/10 ’ 0.95 0.682 0.874 0.688 0.868
0.7 T2 0.975 0.856  0.918 0.772 0.91
’ 0.95 0.764  0.862 0.698 0.864
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0.3Th 0.975 0.91 0.92 0.948 0.912

1/14 0.95 0.852  0.872 0.918 0.846
0.7 T 0.975 092 0914 0.944 0.9

0.95 0.864 0.858 0.916 0.83

Overall, the Tables 3.1 to 3.4 indicate that many of the computed estimated confidence intervals own
reliable coverage ratios. Thereby, it is worth mentioning that the stationary approximation of {At7T} (see
(3.78)) fulfil Hgfffofl (recall (3.49)) for g 1 := [0, 0.5], such that (3.50) holds and o, , ((1,—-1),(1,—1))
= 0 as well as oy, ((fygggjll, yg}gf;g), (fyggf;jll, yg}gf;g)) = 0 (see (3.21) and (3.23)). In this case, (3.41)
and (3.43) are valid (recall (3.26)), which may explain together with (3.50) the good results concerning
o1 = [0, 0.5] which are displayed in the Tables 3.1 as well as 3.2. However, confidence intervals that
belong to degenerated distributions and their estimators should be seen critically from a theoretical point
of view.

3.4.2. Testing the existence of distribution changes

In this subsection, the versions of the Algorithms TEST.MDCI.1 and TEST.MDCI.2 that are described
in Setting 3.45 are evaluated based on the locally stationary processes {At,T} (see (3.78)) as well as
{Cth’ A}, whereby the latter is introduced in the following and depends on a parameter A that is chosen
as element of the set {0, 0.25,0.5,0.75, 1} in the simulations given below.

Let (SEC’I]) +ez7, D€ a sequence of i.1. d. random variables with 8([)C’1] ~ N (0,1), define
Co (u) =04 (1.1 — u)2 ]l{ue[O,l]}a c1 (u) =04 (1 + cos (27‘(‘ u)) 1{u€[071]} VueR,

1

t t 2\ 2
C([L]T:: co (0) 6([)0’1], C,E,l:]ﬁ: (co (T) +c1 (T) : (Ct[i]l’T) ) g,ECv” Vte{l,...,T}, TeN,

suppose that Pareto(xmin, ©) denotes the Pareto distribution with location parameter x,i, > 0 as well as

shape parameter G > 0, (5%0’2]) +cz, Should be a sequence of i. 1. d. random variables with 5([30’2] +11 ~

Pareto(1, 1.1), which is stochastically independent of <5£C’1]) ; and set:
te

C?] = EEC’Q] + EEE ] + EE’;] + EE’??] + 5?_}’42] + z—:E’g] VteZ aswellas
Cora=A-20C} + (1 —A) - vie(1,... . T}, TeN (3.81)

Assumption 2.4 [DM.2] holds for the locally stationary processes {At,T} and {Ct’T’ A} (for all fixed
A € [0,1]), which can be verified for {A;r} directly by its definition (recall (3.78)) as well as for
{Ctm A} by using straightforward calculations and that {CP}} fulfils the conditions of Example 2.5
(iii), (in particular, note SUPyefo] c1(u) < 0.8 < Hs([)c’l] H;f% for & = 0.26). Hence, applying Algo-
rithm TEST.MDCI.2 to test the problem (3.49) for the locally stationary processes {A¢ 7} and {C¢ 72 }
(with A € [0,1]) is appropriate. In contrast, Algorithm TEST.MDCI.1 is suitable to investigate (3.49)
for {A; 7} and for {Cy 71 } but using it is not justified by Theorem 3.27 or Remark 3.28 (iv) for {C¢ 4 }
with A € [0, 1).

Further, since the random variables contained in the process (C,EQ]) 1z, OWn less than 1.1 finite moments,
the assumptions supposed in [60, Paparoditis (2009)], [19, Dette et al. (2011)], [65, Schmidtetal. (2021)]
and [57, Mies (2021)] do not hold for {Ct,T, A} with A € [0, 1), such that applying the tests proposed in
these publications to {CLT, A} with A € [0, 1) is not justified. (Recall that these tests are briefly described
in Section 1.2 and also aim to detect the existence of changes with respect to some kinds of distribution
properties of locally stationary time series). In addition, the stationary approximations of {Ctm A} are
centered for all A € [0, 1], such that tests which investigate whether the expectations of the belonging sta-
tionary approximations change in dependence of the rescaled time would not detect distribution changes.
In the following, 500 sample paths of (Ath)Z;l with 7" = 1000 are generated independently of each
other and the versions of the Algorithms TEST.MDCI.1 as well as TEST.MDCI.2 given in Setting 3.45
are applied to all of these sample paths. Thereby, it should be recalled that, as explained in Remark 3.38

49



(i), Algorithm TEST.MDCI.1 equals Algorithm TEST.MDCI.2 in the case By = 0. The belonging rel-
ative frequencies of rejecting Hd‘“r (see (3.49)) for the intervals & ; € {[0, 1], [0, 0.5], [0, 0.6], [0, 0.65],
[0.25,0.75],[0.5, 1]} are given in Table 3.5.

Table 3.5.: Relative frequencies of rejecting ’Hd‘btr that result from applying the versions of the Algo-
rithms TEST.MDCI.1 and TEST. MDCI.2 which are introduced in Setting 3.45 to sample

paths of (At,T) ?:1

b g |Br|, Y1 110.11 [0,05] [0,06] [0,0.65] [0.25,0.75] [0.5,1]
0 0.05 1 0082 0156 0874 1 1
0.1 1 0148 0254  0.968 1 1
0.05 1 0066 0132 085 1 1
2
037671 3 0.1 1 0112 0208  0.952 1 1
- 0.05 1 0064 013 0.844 1 1
110 0.1 1 0116 021  0.954 1 1
0 0.05 1 0092 0152  0.828 1 1
0.1 1 0172 0252  0.952 1 1
0.05 1 0088 0134 0818 1 1
2
0.776% | 3 0.1 1 0152 0222 094 1 1
- 0.05 1 0088 0136 0818 1 1
0.1 1 0162 0224 094 1 1
0 0.05 1 0136 0334 0966 1 1
0.1 1 0222 0434  0.998 1 1
0.05 1 0.102 0264 0.932 1 1
2
03767 3 0.1 1 0142 0362  0.986 1 1
. 0.05 1 0106 0256 0926 1 1
114 0.1 1 014 036  0.982 1 1
0 0.05 1 0.122 0278 0.916 1 1
0.1 1 0192 04  0.982 1 1
0.05 1 0106 0.246 0.9 1 1
2
0.7T6% 1 3 0.1 1 0154 036  0.966 1 1
- 0.05 1 0.112 0244  0.898 1 1
0.1 1 016 037  0.968 1 1

The locally stationary process {AtT} (see (3.78)) fulfils Hgifforl for 4y 1 = [0,0.5] but not for the other

considered choices of 4 ;. In the case Ly ; = [0,0.5], the test versions with b = 1/10, 3 = 0.3 Tb* and
By € {3, 5} can be regarded as the most suitable ones among the applied tests in the present simulation
study because they reject ’Hd‘fgro 5) Very satisfactory rarely for the significance levels o € {0.05,0.1}. Fur-

ther, if [0, 0.5] is a large proper subset of iy 1, identifying the validity of H(lhitrl will be tendentiously

challenging for the Algorithms TEST.MDCI.1 and TEST.MDCL.2. Concretely, the applied versions
of these algorithms reject Hd‘m with $p; = [0,0.6] not often (based on the significance levels
a € {O 05,0.1}). However, if the interval o1 = [0,0.6] is slightly enlarged, which means that
o1 = [0,0.65] is considered, all of the used test versions will reject Hdlm very reliably. More-
over, for o1 € {[0,1],[0.25,0.75],[0.5, 1]}, each applied version of the Algorithms TEST.MDCI.1
and TEST.MDCIL.2 rejects HdlStr for all generated sample paths of {Ath}.

In the following, for all A € {0,0.25,0.5,0.75,1}, 500 sample paths of (Cy7.4),_, with T = 1000
are generated independently of each other and the versions of the Algorithms TEST MDCI.1 as well
as TEST.MDCI.2 given in Setting 3.45 are applied to all of these sample paths. Thereby, it should
be recalled again that Algorithm TEST.MDCI.1 equals Algorithm TEST.MDCI.2 in the case By =
0. The belonging relative frequencies of rejecting Hd‘S“ for the interval $lp; = [0, 1] and each A €
{0,0.25,0.5,0.75, 1} are given in Table 3.6.
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Table 3.6.: Relative frequencies of rejecting Hgiitorl with £y 1 := [0, 1] that result from applying the ver-
sions of the Algorithms TEST.MDCL1 and TEST.MDCI.2 which are introduced in Setting

3.45 to sample paths of (ct,T,A)tT:1 with A € {0,0.25,0.5,0.75, 1}

b B Br o A 0 0.25 0.5 0.7 1
0 0.05 | 0.16 0.268 0.816 1 1
0.1 0.26 0.358 0.892 1 1
0.05 | 0.068 0.178 0.754 1 1
2
0370 3 0.1 0.112 0.266 0.846 1 1
5 0.05 | 0.042 0.126 0.712 1 1
1/10 0.1 0.072 0.2 0.802 1 1
0 0.05 | 0.044 0.144 0.722 1 1
0.1 0.1 0232 0.83 1 1
0.05 | 0.03 0.106 0.688 1 1
2
0-7T% 3 0.1 0.066 0.2 0.8 1 1
5 0.05 | 0.026 0.086 0.652 1 1
0.1 0.05 0.174 0.772 1 1
0 0.05 | 0.744 0.672 0.944 1 1
0.1 0.86 0.768 0.978 1 1
0.06 | 0.28 0.378 087 0.998 1
2
0-3T0 3 0.1 0.388 0.518 0.928 1 1
5 0.06 | 0.14 024 0.808 0.998 1
1/14 0.1 0.194 0.334 0.87 1 1
0 0.05 | 0.236 0.308 0.828 0.996 1
0.1 0.396 0.458 0.912 1 1
0.05 | 0.112 0.204 0.758 0.996 1
2
0.770 3 0.1 0.19 0.326 0.858 1 1
5 0.05 | 0.064 0.148 0.698 0.996 1
0.1 0.132 0.246 0.822 1 1

The locally stationary process {CtT’ A} (recall (3.81)) fulfils Hgfﬁ%‘"l with Ll 1 = [0, 1] just in the case

A = 0. In this case, the tuning parameters b = 1/10 and either 3 = 0.37T? as well as By € {3, 5} or
B = 0.7Tb? and B € {0, 3,5} can be regarded as suitable choices because the belonging test versions

reject Hgifforl very satisfactorily rarely based on the significance levels o € {0.05, 0.1}. In contrast, some

other choices of the tuning parameters (in particular, b = 1/14, b = 0.37b? and By = 0) lead to in-
appropriate high rejection frequencies for A = 0. One explanation therefor may be that the conditions

TH2+28 2% 0 and T2 2% oo (as supposed in Assumption 2.8 [K&b.1] (ii)) are more restrictive for
smaller values of ¢ than larger ones, whereby {Ctm A} with A = 0 fulfils Assumption 2.2 [StAp] just
for 6 € (0,0.1). In this context, note also that, according to the Assumptions 3.15 [W*] (i) as well as
3.30 [NW], b impacts the boundaries for the asymptotic growing rates of 5 and By. In addition, C?]

[2] error

depends on C;~ ; forall j e {1,...,5} quite strongly. Thus, local Newey-West estimation of Biaspy'( |

(recall (3.64)) may have a large impact on the test decision belonging to {Ctm A} for A € [0, 1), whereby,
as mentioned above, applying Algorithm TEST.MDCL1 to {C; 1} with A € [0,1) is not justified by
Theorem 3.27 or Remark 3.28 (iv).

Further, if A € [0, 1] is closer to one, the influence of {CP:]F} on {Ct’T, A} is higher, whereas the impact

of the stationary process (C?]) teZ,
distr

quencies of rejecting 'y ", which are displayed in Table 3.6 increase with growing A for fixed b, 5, Br

and « tendentiously. In particular, rejecting Hg,iﬁtorJ reliably is more challenging for smaller A € [0, 1]

on {Ct,T, A} is lower, which may be the reason why the relative fre-

than larger ones. Concretely, most of the applied test versions reject %Sifforl with £y = [0, 1] based on

the significance levels a € {0.05,0.1} not reliable for A = 0.25 but very satisfactory often for A = 0.5
T

and Hgifforl is rejected by the used test versions for (almost) each generated sample path of (Ct;ﬂ A) o1

in the cases A € {0.75,1}.
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Overall, the applied versions of the Algorithms TEST.MDCI.1 and TEST.MDCI.2 are quite powerful
in both considered simulation studies under the alternative and the (by the relative rejection frequencies)
estimated type I error rate is appropriately small for some investigated choices of the tuning parameters
b, B as well as B but large for other selections of them.

3.4.3. Estimation of the first change point in the distributions of the stationary
approximations

In this subsection, the versions of Algorithm DETECT.MDCI that are described in Setting 3.45 are
evaluated based on the locally stationary processes {At,T} (see (3.78)) as well as {Dt,T}, whereby the
latter is introduced in the following.

Suppose that the sequence (EEB]) 1, Originates from (3.79) and define:

100 1 [B]
2 e for t <0.3T
Dy =<7t Vte{l,...,T}, TeN. (3.82)

100
(22 (£-03)"" +1) D) Azl for 1> 037
]:

The locally stationary processes {A; 7} and {D; 7} fulfil Assumption 2.4 [DM.2] with § € (1/4,1] (in
particular, note that (0,1) 3 u = 0.2 - Lgep0.5} + (sin (27 (u — 0.5))% + 0.2) - Liue(0.5,17y is one-
time differentiable with Lipschitz continuous derivative, whereas (0,1) 3 u +— Liueo,0.3); + (200/3 .
(u— 0.3)3/ 2+ 1) 1{ue(0.3,1]) 18 one-time differentiable with Holder continuous derivative - with Holder
exponent 1/ 2). Hence, applying Algorithm DETECT.MDCI (even with By = 0) to these processes is
justified.

In the following, 100 sample paths of (At,T);‘le and of (Dt;f);f:l with T' = 1000 are generated indepen-
dently of each other and the versions of Algorithm DETECT.MDCI given in Setting 3.45 are applied to

each of these sample paths. Figure 3.1, which is based on the computed sample paths of (At,T)tT:p and

Figure 3.2, that is based on the generated sample paths of (Dt,T)thl, show belonging histograms of the

estimated first change point in the distributions of the stationary approximations (see (3.69) for a formal
definition of this change point). In each histogram, the true first change point (V = 0.5 for (At,T)thl
as well as V = 0.3 for (Dt,T)tT:l) is indicated by a red dashed line and the arithmetic mean associated
with this histogram by a blue dashed line.

Thereby, all of these arithmetic means that are marked in the histograms contained in the Figures 3.1 and
3.2 are close or very close to the belonging true first change point V. In addition, the given histograms are
quite narrow (especially those histograms that belong to the tuning parameters b = 1/10, 3 = 0.3 Tb?
and Bt € {0, 3, 5} lie tightly around V in both figures), which indicates that these first change points are
estimated adequately.

Figure 3.1.: Histograms of the estimated first change point belonging to (At,T)thl

b =1/10; beta = 0.3TbA2; B_.T=0 b=1/10;beta=0.3Tb"2;B_T=3 b=1/10;beta=0.3Tb"2;B_T=5 b=1/10;beta=0.7TbA2;B_ T=0 b=1/10;beta=0.7TbA2;B_T=3 b=1/10; beta=0.7Tb"2;B T=5
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Figure 3.2.: Histograms of the estimated first change point belonging to (D,:;p)tT=1

b =1/10; beta=0.3Tb"2; B_.T=0 b=1/10;beta=0.3Tb"2;B_T=3 b=1/10;beta=0.3Tb"2;B_T=5 b=1/10;beta=0.7TbA2; B_.T=0 b =1/10;beta=0.7TbA2; B_T=3 b =1/10; beta=0.7Tb*2; B_T=5
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4. Testing for independence

In the present chapter, it is tested whether dependences between two locally stationary Bernoulli shift
processes exist, whereby the concrete test problem is introduced in (4.1) given below. In order to improve
the readability of the investigations presented in this chapter, a consistent level-alpha test for a special
case of this test problem is constructed at first and, thereafter, this test is modified in such a manner that it
allows to handle the original test problem. Further, at the end of this chapter, the finite sample behaviour
of the proposed tests is investigated by using simulation studies.

4.1. Preliminaries

At first, the central assumption which underlies this chapter is stated in the following.

Assumption 4.1[INDEP]. Let d := dy + dy for fixed di,dy € N. Moreover, assume that {X; 1} is
an R%-valued locally stationary Bernoulli shift process which fulfils Assumption 2.4 [DM.3] (especially
also Assumption 2.2 [St Ap|) and owns the following representation:

!
Xor = Hyp (F) = (XE}',XET]') Vte{l,...,T}, TeN,

whereby Hy 7 (witht € {1,..., T}, T € N) as well as F; (with t € Z) are defined according to Definition
2.1 and Xt[lgl (with k€ {1,2}, t e {1,...,T}, T € N) is an R%-valued random variable.

Furthermore, introduce for the stationary approximations {)th(u)} of { X1} the following notation:

~ ~ I~ N’

K =17 = (W) (ZPw)) veez ueal
whereby H (u, -) originates from Assumption 2.2 [StAp] (iii) and )th[k] (u) is an R¥*-valued random
variable.

In this chapter, the following test problem is investigated under Assumption 4.1 [INDEP)] for arbitrary,
non-empty, fixed as well as finite sets ©1, 5 < Ny (note that 1l denotes (stochastic) independence and
M (stochastic) dependence):

Hioro,: (X))

HoPo,: Jue[0,1]: (X(w)

2
i (X—a (u))ae©2 Vue[0,1] versus

Ve ()N([_QD] (u))ae%. @.1)

€D

€D

This test problem is formulated based on the negative points in time —0 (with @ € ©; and 0 € Do,

respectively), which is motivated by the fact that, for £ € {1,2}, v € [0,1] and j,t € {1,...,T}

with j < ¢, the random variables X ][kql and X ][-k] (u) are measurable with respect to the sigma-algebra

generated by F; := (4,&_1, ... ). This property turns out to be useful in Section 4.3.

Remark 4.2. (i) Straightforward arguments show that if Assumption 4.1 [INDEP] is valid, the tri-
angular array {Xt[];l} = {Xt[lf} cte{l,.. .,T}};?zl (with k € {1,2}) will be an R%-valued
locally stationary process for which Assumption 2.4 [DM.3] holds with the belonging stationary
approximations {)?t[k] (w)} = {)?t[k] (u) : t € Z} (with u € [0,1]). Hence, (4.1) can be regarded
as a test problem that concerns dependences between the stationary approximations of two locally
stationary processes.

(ii) Denote for k € {1,2} the elements of the set Dy as Oy 1,...,0 4o, and define for all t € Z,
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€ [O, 1], S[k] € de'#gk, S = (3[1]/7 3[2],)/‘-

~ / ~ Y ~ ~ ! e N’
KB = (X, @) o (B, @) ) Revesew= (5], ), (K5, ()

k
and @@1,@2 (’U,, 8) —F |:ei<s,)2917332’0(u)>:| _E [ Z<s[1] X[l] u)>:| [ z<s[2] 7)?[92;,0(U)>:| ) (42)

Since two random variables X (with characteristic function px) and'Y (with characteristic func-
tion py ) that live on the same probability space but do not need to own the same dimension will be
independent of each other if and only if the characteristic function of (X', Y")’ (denoted as ¢ x y)
Sulfils px vy = ox - oy (cf. [43, Kankainen (1995), p. 23]), the test problem (4.1) can be rewritten
as:

an%?’m Qo,2,(u,8) =0 Yue[0,1], s € RU#D1 x RE2#D2 yergys

HyoPo,: Jue0,1], s € RU#D x RE#D2 . Qg 5, (u, s) # 0.

(iii) For many practical applications, it may be more useful to formulate statements about dependences
between the locally stationary processes {Xt[lj]ﬂ} and {Xlt[qu} than about dependences between
the belonging stationary approximations. Such statements can be derived in the following manner
under the null hypothesis and under the alternative.

Therefor, note at first that ()?331,92715@)),562 is stationary for all u € [0, 1] due to Theorem 3.35 in
[78, White (2001), p. 44], such that it holds for all u € [0,1], sI¥] € RA#2x s .= (sl s[2")"
teZ:

Qo,0,(u,8) =E [ei<sm Xgi,t(“)>ei<s[2]’Xg;t(“»} —-E |:ei<s[1],)?gi’t(u)>:| E [€i<s[2]’)zg;t(”)>} :

4.3)
Moreover, assume for the remaining part of this remark that T' > 1 + maxyen, L, 0 and define
forallk e {1,2}, t € {1 + maxpep, 0,...,T} (recall that Oy 1, . .., 40, denote the elements
of the set Dy):
M (xR (k) '
xB = (X e X o 1) (4.4)

If’;"-[g’l%efgz is valid, which implies Qp, »,(t/T,s) = 0Vt € {1,....,T}, T € N, s €
RA-#D1+d2#D2 que to Remark 4.2 (ii), one will obtain from (4.3), Assumption 2.2 [StAp] (ii)
and Remark 2.3:

]E[< X )i >} E{ei<s“hxf£ﬂ,tm>]1@[ei<s[2]vxéfé,w>”

sup

t=1+max0691U@2 D,...,T

%0 vl e RUE#Dk e (1,2 (4.5)
indep [1] [2] ,

Hence, under HOQ 1, the (sub-)processes (Xt DT)De© and (Xt aT)aeg can be interpreted

as approximately totally independent of each other for all t € {1 + maxyen, 0, 90,-..,1} and

large T'e N.

Instead, if Hilrj%ell?% holds, it will follow similarly to (4.5):

/ —
Jue[0,1], s:= (5[1]/, 5[2],) e RUHPL 5 RE2#92 ¢ > 0and T e N :

[1] [2] [ _
‘E[ <[1]X©1 tu, > <[2]X©2tuT]—E[ <[1]X91tuT] [e<[2]X92tuT”>e vT =T

with 1, —max{l—i— max_ 0, [uT]}
WED 1 UDo

and (XE] can be re-

indep [1]
Therefore, under 7—[1791792, the (sub-)processes (Xf tu—o,T)bei)z

tu—a,T)aez)l
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garded as approximately dependent of each other for large T € N.

These considerations show for instance that, as mentioned in Section 1.3, a test for (4.1) (with
suitable choices of ©1,%2) allows to investigate under appropriate assumptions whether days,
weeks or months exist in which the data generating processes that belong to daily log returns of
two stocks depend on each other:

In the following section, a procedure for deciding the test problem (4.1) in the case ©; = Do = {0}
is evolved, i. e., one that investigates whether the stationary approximations are pairwise independent of
each other in the same points in time. Thereafter, the belonging results are generalized in the subsequent
section to obtain a test for total blockwise independence, i. e., one that belongs to the problem (4.1) with
arbitrary, non-empty, fixed and finite sets ©;, ®9 < N.

4.2. Testing for pairwise independence in the same points in time

4.2.1. Construction of a test statistic and derivation of its asymptotic behaviour

To investigate the test problem (4.1) with ®; = Do = {0}, note at first that Assumption 2.2 [StAp]
(ii) (which is contained in Assumption 4.1 [INDEP]) and Remark 4.2 (ii) show that Hgn%elp% with
D1 = D9 = {0} will be valid if and only if (recall Definition 2.6 as well as d = d; + da according to

Assumption 4.1 [INDEP)):

1
Q= j f |Q(u, s)|* w(s)dsdu = 0 with

0 Rd

Q(u, s) == (u,s) — go[l] (u, s[l]) @[2] (u, 5[2]) , ap[k] (u, s[k]) =E [ei<5[k]’gék](u)>]

/

vue[o,1] sM e R%, s = (s sE) @)

and a weight function w that fulfils the next assumption.

Assumption 4.3 [WEIL.2] (Weight function - Part 2).

Let d € N originate from Assumption 4.1 [INDEP] and § € (0, 1] from Assumption 2.2 [StAp] (which
is contained in Assumption 4.1 [INDEPY)). The weight function w: R? — [0, 00) is defined as a Rie-
mann integrable function which is Lebesgue almost everywhere positive and fulfils:

J (1 + s %Jr% + |s|§') w(s)ds < 0. 4.7)
Rd

Remark 4.4. The Assumption 4.3 [WZEL.2] is stronger than necessary to ensure that ng%?)% with
D1 = Dy = {0} is equivalent to Q = 0 because this assumption is also used below to construct and
Jjustify a test statistic for the present test problem that is based on an estimator for Q. In addition, it is
worth mentioning that Assumption 4.3 [WEL.2] is more restrictive for § € (0,1/2) than Assumption
3.1 [WEL.1], which underlies Chapter 3. However, 6 € (0, 1] is (commonly) unknown in applications,
such that it is necessary in practise to take a Riemann integrable and Lebesgue almost everywhere
positive function w: R? — [0, 00) for which Spa (1+ |s|1l ) w(s) ds < o0 holds to ensure that Assumption
3.1[WEIL.1] or 4.3 [WEL.2]| is fulfilled, whereby some of these weight functions are given in Example
3.2. Hence, the difference between Assumption 3.1 [WEL.1] and 4.3 [WEL.2] is (often) not of practical
interest.

In order to derive a test statistic for the problem (4.1) with ©; = © = {0} from Q, consider at first

under Assumption 4.1 [INDEP] the following estimator for okl (u, s[k]) with k € {1,2}, u € [0,1],
(k] R

skl e :

T
S (o, oMY e ol [y ) = LN (t_ ) i st x )
%) U, s ={ Uu, s : u e , 4.8)
( ) T ( ) T ;1 "\T

56



whereby K, originates from Definition 2.11 and the underlying kernel K as well as bandwidth b should
fulfil the next assumption.

Assumption 4.5 [K&b.2] (Kernel and bandwidth - Part 2).
(i) Assumption 2.8 [K&b.1] (i) with 4y = 0 and 4 = 1 should hold for the kernel K.

(ii) Let the sequence of the bandwidths b = by suffice Assumption 2.8 [K&b.1] (ii) and, in addition,
Tv?/In(T)? — oo for T — .

Remark 4.6. (i) Although the parameter 6 € (0,1] is commonly unknown in practise and it is
expectable that it cannot be estimated appropriately in general, a sequence of bandwidths
that fulfils Assumption 4.5 [K&b.2] (ii) can be selected (e. g, b = br = 1/4lgp_qy +

min {T_1/2 In(T)",1/4} Lyp=0, VT € N). Note also that the supposition Tb?/In(T)? s gV

(contained in Assumption 4.5 [K&b.2] (ii)) is slightly stronger than T 2% o (as demanded in

Assumption 2.8 [K&b.1] (ii)). However, all asymptotic results given in the present chapter remain

valid under weaker assumptions on b but demanding TbH?/In(T)3 2% o allows to shorten some

belonging proofs significantly.

The Propositions 2.12 (with £ly 1, = [b,1 — b] under Assumption 4.5 [K&b.2]) and 2.14 motivate the
following estimator for £, which can be used to test (4.1) with ©; = Dy = {0} (recall (4.6), Definition
2.11 as well as (4.8)):

1-b

~ ~ 2 ~

Qp = J J‘@T(U,S)‘ w(s)dsdu with Qp(u,s) == 3 (u,s) — @ (u,s[1]> Nl (u,s[2]>
b R4

Vuel0,1], s™ e R%, s :— (SM',SM')’. (4.9)

Thereby, it is worth mentioning that LAQT equals the integral (with respect to u € [b, 1 — b]) of the statistic
(5.2) considered in [4, Beering (2021), p. 72]. (Note that the belonging test problem investigated in [4,
Beering (2021)] is briefly described in Section 1.3.)

Remark 4.7. (i) In view of the research presented in Chapter 3, it is expectable that an alternative

useful estimator for Q results by replacing the integral with respect to u € [b,1 — b] contained
in Qr by a Riemann sum based on the midpoint rule with the evolution points ur g, ,  With
o1 = [0,1] that originate from Definition 3.8 (i). This estimator for Q may also be suitable
for testing (4.1) with ©1 = Do = {0} but it is expectable for practical applications, i.e., for
fixed T' € N, that this approach is tendentiously less powerful in detecting dependences between
)Z'(gl] (u) and )20[2] (u) for u € [b,1 — b] than a test which is based on Q7.
In contrast, such Riemann approximations have been used in Chapter 3 because the EMDCI as
well as NEMDCI should not just allow to detect whether distribution changes exist but also to
estimate confidence intervals for the MDCI as well as NMDCI on the entire rescaled time period
[0, 1] and to estimate the first change point, whereby, for the latter; a good estimation of the MDCI
belonging to the rescaled time intervals [0, w] with w € (0, 1] is useful.

(ii) It is also conceivable to test (4.1) with ©1 = Do = {0} based on integrated distance covariances,
i. e., based on the weight function w 4 (see (3.44)). However, the following considerations explain
that this approach is accompanied by some issues in the present framework.

If the weight function wq 4 is used (which is non-integrable according to [72, Székely et al. (2007),
p.2771], i.e., SRd Wqq(s)ds € oo), the Propositions 2.12 and 2.14 are not suitable for justi-
fying the estimator ﬁT for , whereby this estimation is essential for analyzing the behaviour
of the present test statistic under the considered null hypothesis and alternative. To overcome
this issue, define at first )N((gk]x(u) and )N((gk]xx(u) (with k € {1,2}) in such a manner that
()?([)k] (u),)?(gk]x(u),)?(gk]xx(u)) is a sequence of i.i.d. random variables for all v € [0,1]
(whereby constructing them is possible by using independent copies of the sequence (&), that
originates from Definition 2.1). Remark 3 in [72, Székely et al. (2007), p. 2783 ] motivates to test
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(4.1) with ©1 = D9 = {0} by using an kernel-bandwidth-based estimator for the following ex-
pression (with q € (0,2)):

fE )?gl]x(u)‘z \;2321 () — X1~ (u)‘Z] +E HX X (u)‘Z]

0

E H)?om( )= &P @] - 28 [[ZM ) = K @] | K @) - X @) ] du.
(4.10)

However, lf’Hmdepg with®1 = Dy = {0} is fulfilled, (4.10) will not be well-defined in general for
q > (1 + 6)/2 under Assumption 2.2 [StAp] (which underlies Assumption 4.1 INDEPY)). This
causes issues in regard to power considerations of a test for (4.1) with ©1 = D9 = {0} that is
based on an estimator for (4.10). Further, for ¢ < (1 + 9)/2, (4.10) is well-defined under As-
sumption 2.2 [StAp| but the contained expectations are just Héolder continuous (with exponent
q) with respect to u, which is problematic (especially for small values of the commonly unknown
parameter ) for the estimation of (4.10) by kernel-bandwidth-based estimators.

In particular, note also that Theorem 4.3 in [40, Jentschetal. (2020a), p. 126], which states for
linear locally stationary processes the asymptotic behaviour of a kernel-bandwidth-based estima-
tor for (4.10) in the case q = 1 with fixed u € (0,1) (instead of the integral with respect to u),
demands that the | - |1-norm of the innovations that underlie the investigated linear locally station-
ary processes own more than four finite moments.

Overall, these considerations motivate that the present test is not evolved based on distance co-
variances but on weight functions for which Assumption 4.3 [WEL.2] holds to handle the quite
weak assumed moment conditions. Thereby, it is worth mentioning that the statistic that underlies
the test for independence proposed in [4, Beering (2021)] is also not based on distance covari-
ances but on integrable weight functions in order to consider linear locally stationary processes
for which the same (weak) moment conditions as demanded in Assumption 2.2 [St Ap| hold.

Before the asymptotic behaviour of flT is presented in Theorem 4.9 given below, the following lemma
is stated, which ensures well-definedness of some expressions that are introduced in Theorem 4.9.

Lemma 4.8. Suppose that Assumption 4.1 [INDEP] holds. Define for all u € [0, 1], s := (5[1],, 5[2],)/
e RN x R®, 7 := (z10 20 e RN x R®, t € Z, R e {R, S} (recall (4.6)):

gus(z) = eioy _ ol (%8[1]) ity o2l (%8[2]) _ei<5[1]7q;[l]>7

Gi(u,s) = gus ()N(t(u)> and étﬁa(u, s) = R{ét(u, s)} : (4.11)
Then, one obtains for all R, Ry € {R, 3}, 51, 59 € R%

sup ‘COV(GO Ry (U, 1), Gt Rs (u, 32))‘ C(|s1|y +|s2]y +1).
teZuE[Ul

The following theorem describes the asymptotic behaviour of ﬁT under the null hypothesis and the
alternative of the test problem (4.1) with ©; = ©y = {0}.

Theorem 4.9 (Asymptotic behaviour of iADT).
Let the Assumptions 4.1 [INDEP], 4.3 [WEI.2| and 4.5 [K&b.2] be fulfilled. Moreover, define:

Y& (u, 5,t) := Cov (éo gcg(u,s) u,s)) + Cov (éo,g(u,s),étjg(u,s)) Vue[0,1], s€ RY teZ,

.0 (
fjlzzj (u,s,t) duw(s)ds (4.12)
R4 0

1
Bias ' = 1b j K(z
—1

as well as:

Covﬁld‘?{’ (u, s1,52) Z Cov (Go R, (u,51), Gy R, (U, 32))
teZ

VRi,Ro € {R, S}, ue[0,1], 51,50 € R and
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1

2
gindep ._ o J JK(Q)K(Q +v) J ffcovg‘imfp u, s1, 52) + Covlndep (u, 81,52)2
—2 \~1 RI R4 0

+2 Covlnd P (u,s1,52) duw (s2) dsow (s1) dsi. (4.13)
(i) If?-lmdep@ with ©1 = Do = {0} holds, one will obtain for T' — o0:

TVb A — Biash® L, zinder iy zinder | nf (o,ai“dep). (4.14)

(ii) Assume that Hmdep , With®1 = Do = {0} is valid and consider an arbitrary sequence (Tr) ey
of determzmstlc real numbers which fulfils (3.54). Then, it holds:

lim P (T\/BQT — BlaslndeP > TT) =1.

T—0

Remark 4.10. Lemma 4.8 and Assumption 4.3 [WEI.2] ensure that Blaslrldep Co lfr{lldeffg (u, s1,52) as

well as 0P gre well-defined.

Commonly, in practical applications, Bias ” and ¢™™4P cannot be calculated. Thus, a dependent

wild bootstrap approach is used in the followmg to estimate p-values that belong to the considered test
statistic. Instead, it is also possible to estimate Biasir;dep as well as ¢'"9¢P directly by local Newey-West
estimators which are similar to those proposed in Subsection 3.2.3 and allow to transform the test statistic
in an asymptotically standard-normally distributed one, that can be used to estimate p-values. However,
L?-distance-based test statistics (whereby QT is one of them) are commonly skewly distributed for a
fixed number of observations, such that transforming them into approximately standard-normally dis-
tributed random variables works tendentiously less well than using a suitable bootstrap procedure which

mimics this skewness.

4.2.2. Bootstrap-based estimation of p-values

In order to obtain a test for the problem (4.1) with ©; = D3 = {0} based on Theorem 4.9 and an ap-
propriate bootstrap which yields reasonable test decisions, it is necessary to ensure that the conditional
distribution (conditioned on Xy r,..., X7 ) of the bootstrap counterpart (for the moment denoted as)
2% of TVb b — Blasmdep converges for ' — oo in probability to the distribution of Z™4¢P under
7{6?%61‘3@2 and that P(P* (2% > K(¢)) <€) 2% 1 holds under Hlln%ipgz for all e > 0 with suitable,
deterministic K (€) < 0.

A bootstrap approach which owns these properties is constructed in the following heuristically and the-
orems which display the asymptotic behaviour of the proposed bootstrap statistic are stated below (see
the Theorems 4.11 and 4.13).

To obtain such an approach, note at first that if ’}-[md(“p:D with ©; = D9 = {0} is valid, Remark 4.2 (ii)

will provide that QT can be rewritten in the following manner (see (4.9) and (4.6)):
~ r ~ 2
Qp = J j ‘QT(u, s) — Q(u,s)| w(s)dsdu. (4.15)
d

In addition, since Assumption 4.5 [K&b.2] underlies Qr, the Propositions 2.12 and 2.14 indicate that
Qr(u, s) is a reasonable estimator for Q(u, s) (with u € [b,1 — b], s € R?). This motivates under the
null hypothesis the following approximation:

Qr ~ f J‘QT u, s) [QT(U 5)]‘2 w(s) ds du. (4.16)
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Further, @T can be rewritten as (see (4.9), Definition 2.11 as well as (4.8)):

T
1 t ~ . ~ . ~ il 52 [2]
== Z K, <T - u) qer(u,s) with G r(u,s) = s Xer) _ Pl (u s ) < Xe >
t=1
/
Vuel0,1],s:= (S[l]l,8[2]/> eRN x R%, te{l,..., T}

Thus, considerations which are similar to those that lead to the bootstrap complement (3.37) of R{p(uy,
s)} — E[R{® (ux,s)}] (with R € {®,S}), the equation |z|> = R {z}* + S {z}* Vo € C and (4.16)
motivate the following bootstrap counterpart of Q7 (whereby (W;*),., should be a process of bootstrap
random variables for which Assumption 3.15 [W*] holds):

[1 Idea] W(s) ds du. (4.17)

;Kb (7~ ) (@urtu.s) - @t ) e 2

As explained in the following, this bootstrap approach is accompanied by a serious issue, such that

ﬁ[Tl Adea] 1s modified below to solve it:

/ !
Alternatively to {X ¢ T} one may also consider the locally stationary process { ( h jl , X t[lT] ),}, whereby

Xt[T] and Xt[ql originate from Assumption 4.1 [INDEP]|. However, the test for independence which

[1.Idea]

results from QT and its bootstrap counterpart QT may revise its test decision in practise (i. e., for

fixed T' € N) if its test decision is not longer based on the sample path (Xt,T(w))thl (with arbitrary
! !

w € ) but on the sample path ((Xt[%l (w), Xt[lql(w) ),) thl. This property is commonly not appropriate

because interchanging the components of the process does not effect whether they depend on each other.

This issue can be solved in the following way:

At first, use a weight function w that fulfils not only Assumption 4.3 [WEL.2] but also for a Riemann
integrable function w: R — (0, 00):

d
= [Jw(ns) Vs:=(1s,..., as) € RY, (4.18)

n=1

which ensures that interchanging <s[1],Xt[11]1> and <s[2] ) Xt[QT]> for all s € R% with k € {1,2} as well
asall t € {1,...,T} does not change realizations of ﬁT (recall (4.9)). However, even if (4.18) holds,

[1.Idea]*

this 1nterchange may have an impact on realizations of Q . To avoid the latter, consider at first the

following modification of @T.

A¥od(u,s): QTus ( ZKb<_u>_1)90[]( [])@[]( [])

Vuel0,1],s:= (s 2’) e R% x R%.

/\

Thereby, (B.40) and (B.41) in the appendix with g = 0 as well as £{; = 1 show under Assumption

4.5 [K&b.2] for T — co:
L 1
g (—u) —1 =O<Tb), (4.19)

such that @T can be approximated by @%md. Moreover, straightforward calculations show:

sup
u€e[b,1-b]

QPod(u, s) = Z Ky ( - u) AmOd(u, s) with
Ao, 5) = X0 X0r) G (ol () (@[” (1 st1) = X[“>) ! s2)

!
Vuel0,1],s:= (s[l],, 5[2]/) e R4 x R%,
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Replacing g; r by qud in (4.17) leads to the following expression (recall (4.9)):
Q% J
b

- 1 t . - \
Q) = Y Ko (o) (8% 9) - Qo) W;

_ 1 K t i(s,Xer) _ 5 Sl1] (1]

_TZ bl —u)le —o(u,s)+ ¢ (u,s )

) (@[2] (u’ 3[2]> < 1,x12, >> ( (u’ 3[1]) z<5[1 X[1]>> <P ( ]) )Wt*

Vuel0,1], s = (s[l],,sm,), e R% x R, (4.20)

J ‘@i}(u, 3)‘2 w(s)dsdu with

If (4.18) holds, realizations of ﬁ; will be unaffected by interchanging <s[1],X t[171> and <s[2], X t[QT]>
for all sl¥l e I@dk with k € {1,2} as well as all t € {1,...,T}, which avoids the issue described
above. Hence, Q7 seems to be an useful bootstrap counterpart of Q7. Further, note that the random
function @T contained in (4.17) is not replaced by @?Od to obtain fl’j’i because this would increase the
computational costs for calculating realizations of ﬁi}

The following theorem presents the asymptotic behaviour of the heuristically motivated bootstrap

counterpart QT In particular, it should be noted that this theorem holds not just under ’Hgl@epg but also

under Hmdep , with ®; = Dy = {0}. Further, in this theorem, it is not demanded that (4.18) holds
because, in some applications, if additional informations that concern properties of the distributions of
X DT] and X [QT] with t € {1,...,T} are available, it might be appropriate to differ from using a weight

/ !/
function w that fulfils (4.18). (However in this case, the test decision may differ if {( A ,Xt[lT] )I}
instead of {Xt;p} is con51dered.)

Theorem 4.11 (Asymptotic behaviour of 55; - general case).
Let the Assumptions 4.1 [INDEP], 4.3 [WEIL 2], 4.5 [K&b.2| and 3.15 [W*] be fulfilled. Moreover,
define (recall (4.12)):

Bias "% .= 7 JK 2dz - ffEK( )VG u, s,t) duw(s) ds. (4.21)

teZ

Ifaindep > 0 (see (4.13)), it will hold for T — oo (recall (4.14)):

P (TVh Q5 - Biasp™™ <) - P (2" < )| >0, (4.22)

zeR
If 0'29¢P = 0, one will obtain for T — o (see (3.26)):
TVb Q% — Biasy ' = of(1). (4.23)

Remark 4.12. Assumption 3.15|W™] (iii), Lemma 4.8 and Assumption 4.3 |[WZEL.2]| ensure that
Bi indepx .
ias is well-defined.

The latter theorem shows that the conditional distribution (conditioned on X5 7, ..., X7 1) of the boot-
strap statistic /b QT Blasln °P* approximates for large values of T the distribution of Z"4°P, which
is the asymptotic distribution of T/b ﬁ; - BiaSi,Iledep under HH}%??% with ©; = Do = {0} according
to Theorem 4.9 (i). Thereby, analog to Theorem 3.25 and the subsequent considerations, the asymptotic
behaviour of Blasmdep* may differ from that of Blasmdep (recall (4.12)). However, as stated in the next

theorem, this issue can be solved similarly to Theorem 3 27 under the additional assumptions § € (1/4,1]
and (3.60).
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Theorem 4.13 (Asymptotic behaviour of ﬁ; - for 0 € (1/4,1]).

Suppose that the Assumptions 4.1 INDEP], 4.3 [WEL.2], 4.5[K&b.2] and 3.15 [W*] hold. In addi-
tion, let § € (1/4, 1] be fulfilled, whereby ¢ originates from Assumption 2.2 [StAp| (which is contained
in Assumption 4.1 [INDEP]). Moreover, assume for  and K*, which are introduced in Assumption
3.15[W*], that (3.60) is valid.

If 029eP > () (see (4.13)), it will hold for T — oo (recall (4.12) and (4.14)):

P (TVh Q5 — Biasp™™® <o) — P (2" <o )| S50, 4.24)

zeR
If 0™9°P = 0, one will obtain for T — oo (see (3.26)):
TVb 9 - Biashii®® = o3(1), (425)

Remark 4.14. (i) Theorem 4.13 provides under Hmdep and under Hmdep with D1 = Dy =

{0} that the conditional distribution (conditioned on X 1T+, XT7T) Of T\/B LAQT Blasmdep
converges in probability to the distribution of ZP. Hence, a test which is based on the Theorems
4.9 and 4.13 is consistent under the assumptions supposed in Theorem 4.13.

(ii) If the assumptions of Theorem 4.13 with o™™4°? > 0 hold and Hmdep , is valid, one will obtain
forT — oo from (4.24), Theorem 4.9 (i) and Polya’s theorem:

P* (T\@ﬁ; — Biasi;}dep < x) (T\/Z;QT — Blaslmdep < )‘ 0.

T€R

(iii) It can be argued similarly to Remark 3.28 (iii) that the condition § € (1/4, 1] is necessary under

the Assumptions 4.5 [K&b.2] (ii) and 3.15[W™] (i) to ensure that parameters (3 exist for which
(3.60) holds. Moreover, if § € (1/4,1], (e. g.) the bandwidths b := by := 1/41p_qy +min {1/10-
T—1/251n(T)' 6, 1/4}1{T>2} VT € N suffice Assumption 4.5 [K&b.2] (ii) and, for this choice of
the sequence of bandwidths, § = Pr = b—1/2 In(T) VT € N can be selected to ensure that the
processes which are defined in Example 3.16 fulfil Assumption 3.15 [W*] as well as (3.60) with
* =1 (recall that the property * = 1 originates from Remark 3.28 (iii)).
Further, if {)?t(u)} is a sequence of independent random variables for all u € [0, 1], one will
obtain vg (u,s,h) = 0Vu € [0,1], s € R, h € Z\{0} (see (4.12) and (4.11)). In this case, it
follows analogously to Remark 3.28 (iv) that the condition (3.60) is omittable in Theorem 4.13 and
the statement of Theorem 4.13 is valid for all 6 € (0, 1].

The Theorems 4.9 and 4.13 provide a consistent level-alpha test for the problem (4.1) with ©; = Dy =
{0}. The following algorithm describes how this test can be implemented, whereby one obtains similarly

to Remark 3.29 (i) why it is justified that this algorithm avoids to calculate or estimate Biasl}l dep,

Algorithm TEST.INDEP.1
Inputs: significance level « € (0,1); T, N € N; a sample path (XLT(W));F:1 (for an w € Q); a kernel K
for which Assumption 4.5 [K&b.2] (i) holds; a bandwidth b € (0, 1/2); a weight function w that fulfils
Assumption 4.3 [WEI.2] (and possibly also (4.18)); a parameter 5 > 0 and an associated process
(W{),ez, Which satisfies Assumption 3.15 [W*] as well as the condition .* < o0 contained in (3.60);

. Determine the realization of Q7 that belongs to the sample path (Xer (w))-

! ;

2: Independently, fornin 1 : N do =

3:  Generate a sample path of (Wt*);zl;

4:  Calculate the associated realization of ﬁ;,

5: end for

6: Compute a realization of the empirical distribution function of 55.; by using the calculated realiza-

tions of Q% and call this realization of the empirical distribution function F;iﬁfdep;

7: Reject HB‘?%??D with®; = Dy = {0} if 1 — *mdep (DT( ) <

Remark 4.15. (i) The asymptotic properties of b and  which are demanded in the Assumptions
4.5 [K&b.2] (ii), 3.15|W™] (i) as well as (3.60) can be regarded as rough guidances on se-
lecting b and B for a given T € N. Thereby, Remark 4.14 (iii) provides that such guidances are
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obtainable without knowing 6 € (1/4,1]. In addition, Assumption 4.3 [WEL.2] depends on ¢ but
this is also not an issue because (4.7) is a weaker condition than {3, (1 + Bl ) w(s)ds < 0.

(ii) Algorithm TEST.INDEP.1 can be modified in such a manner that its application to locally station-
ary processes { X; 1} for which Assumption 4.1 [INDERPY] holds for arbitrary but fixed § € (0, 1]
is justified (without assuming that {Xt(u)} is a sequence of independent random variables for all

u € [0, 1]) This target can be meet similarly to the research given in Subsection 3.2.3, i. e., by
indep.error

omitting the condition (3.60) and replacing Qr by Qr + 1/(T\/B)]§i;ST in the first and
seventh step of Algorithm TEST.INDEP.1, whereby Bias;1 P Should be a local Newey-West
estimator for Biasl;dep* - Bias?dep, which is constructed similarly to one of those proposed in
Definition 3.33. This modification of Algorithm TEST.INDEP.1 is omitted in the present thesis to

shorten it.

(iii) The following two claims can be verified by arguments which are similar to those stated in Remark
3.7 (iii): The test decision that results from applying Algorithm TEST.INDEP.1 to a sample path
(Xt,T(W))Z;l will not change if this underlying sample path is replaced by (v + XtT(w))Z:l
with arbitrary © € R® Moreover, if the weight function w fulfils w(s) = w(—s) Vs € R%
Algorithm TEST.INDEP.1 assigns the same test decision to the sample path (Xt,T(w))Zﬂ and
(= Xer (@)1
However, Algorithm TEST.INDEP.1 is not scale-invariant in the sense that it does not inevitably
yield the same test decision for the sample path (X r ((,u))tT:1 and (y X,;’T(w))tT:1 with arbitrary
y € R\{0}. A distance covariance (or distance correlation) based approach may provide this kind
of scale-invariance but Remark 4.7 (ii) indicates that using such an approach is problematic under
the weak moment conditions that underlie the present framework.

In the following, the results evolved in the present section are generalized in such a manner that they
yield a test for total blockwise independence, i.e., a procedure which investigates (4.1) for arbitrary,
non-empty, fixed and finite sets D1, Do < Np.

4.3. Testing for total blockwise independence

In order to investigate under Assumption 4.1 [INDEP] the test problem (4.1) with arbitrary, non-empty,
fixed and finite sets ®1, 92 < Ny, define at first the triangular array {X;g1 Dot T} = {Xg1 0,01 " LE

{1,... ,T}}?=1 in the following way (recall (4.2) and (4.4)):

'
+ (xS ;
X©175327t7T '_ <X5‘31,©27t7T ’X5‘31,©27t7T with

W+ gl (1 [£]
X@1,@2,t,T T X@]C,t <T) ]l{te{l,...,manE;glU@Q D}} + Xﬁk,t,T]l{t21+maXDe©1u@2 D}

Vke{1,2},te{l,...., T}, TeN. (4.26)

Remark 4.16. If Assumption 4.1[INDEP] is valid, {X{ o ,p} will be an RT#91+d2#92.
valued locally stationary Bernoulli shift process (as defined in Definition 2.1) that fulfils Assump-
tion 2.4 [DM.3] (especially also Assumption 2.2 [StAp|) for the same § € (0,1] as the locally sta-
tionary Bernoulli shift process {Xt,T}, which originates from Assumption 4.1 INDEP], whereby
{)?@17;92’15(71)} with u € [0, 1] (see (4.2)) are the stationary approximations belonging to {Xgth’t’T}.
This claim follows from the fact that Assumption 2.2 [StAp]| (i) as well as Remark 2.3 imply for all
ke {l1,2}:

~ t
+
sup | X — X9, 0.t ()
=T D1,92,t,T 1,42 T s
2
. [%]
S ]]'{Témaxoez)IUQQ D}O + 1{T>1+maxoemlu92 9} t:1+maxasegll) 0,0 T;l ~Z© ‘th,T
v EERES) =13¢ &
4 L Rl N o U W el IO U
t—2 T t—2d T t3\T ) |46
C
<=
T
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and from some other more straightforward arguments.

The test problem (4.1) with arbitrary, non-empty, fixed and finite sets ©1,®o < Ny is equivalent to
considering the null hypothesis )251]0(“) 1 )?ggo(u) Vu € [0,1] and the alternative Ju € [0,1] :
)?gl]o(u) yd )?gg,o (u) (recall (4.2)), whereby Remark 4.16 indicates that a test for this problem can be
constructed by using the results of the previous section.

Concretely, to obtain such a test, adapt at first the domain of the weight function w (which is introduced
in Assumption 4.3 [WEI.2]) to the dimension of the random variables XSM%J’T (witht e {1,...,T},
T € N), i. .e., consider the following assumption:

Assumption 4.17 [WEL3] (Weight function - Part 3).

Suppose that 1,99 < Ny are the sets which underlie the considered test problem (4.1), let dy,ds €
N originate from Assumption 4.1 [INDEP] and § € (0, 1] from Assumption 2.2 [StAp|. The weight
function w: RO-#P1+d2#92 _, [0,00) is defined as a Riemann integrable function that is Lebesgue
almost everywhere positive and fulfils:

(1 + 5220 4 |s|§) w(s) ds < 0. 4.27)

Rd1-#91 +d2-#D2

Deﬁmng the test statistic QT (recall (4.9), Definition 2.11 as well as (4.8)) and its bootstrap counterpart
QT (see (4.20)) based on {Xz)1 Dot T} instead of {Xt T} does not yield a feasible approach for testing

(4.1) because the random variables XQ D47 Are commonly unobservable in practical applications for
t < maxpen, uD, 0 due to the contained statlonary approximations of {Xt T} However, removing these
unobservable random variables from QT and QT is asymptotically uncritical because just a finite num-
ber of them exist since ©1,%9s < Ny are finite sets. Moreover, by definition, each Xih,@g,t,T contains
random variables that originate from different points in time, which motivates to modify the localizing
terms K3(t/T — ) in flT and fl; similarly to (4.18) in [40, Jentsch et al. (2020a), p. 124 et. seq.]. Over-
all, these considerations lead to the statistic ﬁ@hg%T and its bootstrap counterpart 55%17@2?, which are
introduced in the following.

Let T > 1+maxyen, D, 0 and the Assumptions 4.5 [K&b.2] as well as 4.17 [WEI.3] be fulfilled. De-
fine for all k € {1,2}, u € [0,1], s[¥l € R%#2k 5 := (s[l]l, 3[2]/>I (recall Definition 2.11 as well as
(4.4)):

1
D = max b D = 0
max €D ODs mean #:Dl +#©2 DGDZUQQ s

~ ~ 1 - X[l] (21 x[2!
@@1,@2 (u7 S) = @Ql,QQ,T(uas) = T Z Kb < Tmean — U) < tT> <s Do tT>
t 1+©n)ax

P 7 1 gmean (k] x[F]
SO%},@Q (U”S[k]) = ()0%‘3733277” (U,S[k]> = T 2 Kb ( 7 u) < X tT>

t=1+Dmax

Qoy0.1(1,8) = Poy 0, (1,5) — 31 o, (51) - ) o, (w51,
1-b

Q’lei)mT = J f ‘QDLQ%T(U’ 5)
b

RA1-#D1+d2-#D2

‘2 w(s) dsdu (4.28)

and for a process of bootstrap random variables (W;*),., which fulfils Assumption 3.15 [W*]:

n/

JAN 1 Qmean Z<S [Dl] t,T 7X[;],t,T >

Qb, 0,7(u, 8) = — Z K —ulle ( b 2 )

) ) T T
t=14+Dmax

~Bou 0, (,5) + 301 o (wsl1) (ggi% (1,5 - ei<s[2]7X§;,t,T>>

+ (@%},92 (U>5[1]) _ ei<s[”,xgi’t,T>) @%21@2 (u,sp]) >Wt* as well as
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1-b
2

ﬁ%l,@Q,T = f J ‘@%1,92,T(u’ s)| w(s)dsdu. (4.29)
b

RA1L-#D1+do-#Do

The following theorem justifies that the test statistic 55@1,;927T and its bootstrap counterpart 55% Do T
can be used to investigate (4.1) for arbitrary, non-empty, fixed and finite sets ©1,®2 < Ny. To shorten
the present work, 0 € (1/4,1] is assumed in this theorem to ensure that it yields a practicable test
procedure. Instead, if § € (0, 1] is arbitrary, one can proceed similarly to Subsection 3.2.3 and construct
a local Newey-West estimator which allows to modify the test statistic accordingly.

Theorem 4.18 (Testing for total blockwise independence - for § € (1/4, 1]).

Suppose that 1,02 < Ny are arbitrary, non-empty, fixed and finite sets. Moreover, let the Assumptions
4.1 [INDEP], 4.17[WEL3], 4.5 [K&b.2] as well as 3.15 [W*] be fulfilled and 6 € (1/4,1], whereby
d originates from Assumption 2.2 [StAp]. In addition, (3.60) should be valid. Further, define for all

!
u € [0,1], skl € RA#D% ywith k € {1,2}, s = (s[l]l,s[Q],) , S1,89 € RUW#HDL o Rb2#D2 ¢ ¢ 7,
R,R1,Ro € {R, 3} (see (4.2)):

é@l 9, tR(U, 8) = R{ei@j@l@?’t(“» —E [ei<sm’f(gi’0<u)>] . ei<8[2]’)?[©2;’t(u)>
& [ei<s[2],f(§;0(u)>] ‘ ei<3[1]7)?[©13’t(u)> }’

7@17@276;(“) S, t) = Cov <G©1,©2,0,§R(u’ 5)7 G©1,©2,t,§R(ua 5))

+ Cov (Gm,m,os(% 5), G, 90,t,5(U, 8)) ,

1 1
.. _indep o 1 2 ~
Biasg 5, 7 = 7 f K(z)*dz - f fE 7331792,G(u7 s,t) duw(s)ds,
] Ry #D, +dy-#Dy 0 EL
indep . ~ ~
Covi)l,Dg,Rl,Rg (u7 51, 52) = Z Cov (G91,©2,0,R1 (uv 51) > G91,®2,t7R2 (u, 52)) and
teZ
2 /1 2 1
indep , indep 2
719: 7 2J j K@K (q+v) dq | dv- f f fcovglﬁg,éﬁ,ﬂ? (u, s1,52)
—2 \—~1 RI1L-#D1+do-#Dg Rd1-#D1+da-#Dg 0

+ Covglfg%gs (u, s1,52)° + 2 Covglfg%%s (u, s1,52)° duw (s2) dsow (s1) dsy. (4.30)

(i) If Hy'y Py, is fulfilled, it will hold for T — oo:
TVb o, 0,7 — Biasa'D, o 0> Z5°2 with 752 ~ N (0,08°3,). @31
(ii) Assume that Hiln%elp% is valid and consider an arbitrary sequence (Tr) oy Of deterministic real
numbers which fulfils (3.54). Then, one obtains:

lim P (T\/Bﬁgl,gmjﬂ — Biasigie,}gz’T > TT) =1.

T—o0

(iii) Ifaglf%)Q > 0, the following statement will hold for T" — oo:

sup [P (76905, o, — Biash'D, » <) ~P (252, < )| 0. (4.32)
xe

Ingli%)Q = 0, one will obtain for T' — o0 (see (3.26)):

TVbQ%, o, — Biash'D = ob(1). (4.33)
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Remark 4.19. Applying Lemma 4.8 to the stationary approximations {)?@1 Dot } (which is justified
due to Remark 4.16) and Assumption 4.17 |[WEL.3| yield that Blasmd%) Cov%lfeg2 Ry R, (Us 1, 52)

indep
as well as 091792 are well-defined.

Theorem 4.18 provides a consistent level-alpha test for the problem (4.1) with arbitrary, non-empty,
fixed and finite sets ©1,®9 < Ny. The following algorithm describes how this test can be imple-
mented, whereby one obtains similarly to Remark 3.29 (i) why it is justified that this algorithm avoids
to calculate or estimate Bialslz’;de@};'2 o Note also, that the following algorithm is very similar to Algo-
rithm TEST.INDEP.1 with the only differences that w fulfils Assumption 4.17 [WEL3] instead of
43[WEL2] and Oy, 0,7 as well as QD o, 7 instead of Qr and QT, respectively, have to be com-

puted.

Algorithm TEST.INDEP.2

Inputs: arbitrary, non-empty, fixed and finite sets D1, D9  Ny; significance level a € (0, 1);

T, N € N; a sample path (Xt’T(w))tT:1 (for an w € ); a kernel K for which Assumption 4.5 [K&b.2]
(i) holds; a bandwidth b € (0, 1/2); a weight function w that fulfils Assumption 4.17 [WEL.3]; a
parameter 3 > 0 and an associated process (W*),., which satisfies Assumption 3.15 [W*] as well as
the condition .¥* < oo contained in (3.60);

Determine the realization of 5391,@23 that belongs to the sample path (Xt,T(w))thl;
Independently, fornin1: N do
Generate a sample path of (W)L
Calculate the associated realization of 5351@ o,
end for
Compute a realization of the empirical distribution function of 53% , D, 7 DY using the calculated

AN A ey

. . Dk . . . .. . . . kindep
realizations of Q3 o, 7 and call this realization of the empirical distribution function Fg 5.7 x3

indep . mkindep S .
7: Reject Hy'g o, if 1 = Fo o v (Qoy0,7(w)) < o

Remark 4.20. Note that Algorithm TEST.INDEP.2 equals Algorithm TEST.INDEP.1 in the case ©1 =
D9 = {0} and that the considerations mentioned in Remark 4.15 can be easily adapted to Algorithm
TEST.INDEP2.

4.4. Simulation studies

In this section, the finite sample behaviour of the Algorithms TEST.INDEP.1 and TEST.INDEP.2 is
investigated by simulation studies. Therefor, these algorithms are implemented in the programming lan-
guage R and applied to sample paths of several locally stationary processes. The next setting describes all
versions of Algorithm TEST.INDEP.2 that are used in the present section, whereas the considered ver-
sions of Algorithm TEST.INDEP.1 equal those of Algorithm TEST.INDEP.2 with ®; = D5 = {0}. In
contrast, the regarded locally stationary processes and sets ©; as well as D4 are specified in each simu-
lation study.

Setting 4.21. All of the algorithms mentioned above are applied to sample paths which contain T = 1000
observations that originate from R?-valued locally stationary processes. Thereby, the weight function
R#D1+#D2 5 g 1 W, 2,(5) = e 151 and the kernel Kgpa with g = 0 as well as 8y = 1 which
originates from Example 2.10 (ii) are used. Moreover, the bandwidths b € {0.1,0.15}, the bootstrap ran-
dom variables from Example 3.16 (ii) (which, in particular, fulfil .#* = 1) with 3 € {0.3Tb? 0.7 Tb?}
and the significance levels o € {0.05,0.1} are considered. In addition, N = 500 iterations of the un-
derlying bootstrap procedure are taken into account. Further, the integrals with respect to u € [b,1 —b]
contained in the realizations of Q@l D7 and of Q© D, are not calculated exactly but approximated
by right Riemann sums. Therefor, dr = |7/( 2bJ summands are used for the Riemann approximation of
533317;\32,’]“ and et = |T /4| addends for that of Q% \ 0,1 (especially, note that dr varies in dependence

of b). These approximations of Qg, o, 1 and 3 Do, T aTe Jjustified by Proposition E.4 given in the ap-
pendlx (In the course of the proof of the latter named proposition, it is presented that QT apprx as well as
QT apprx introduced in this proposition are these Riemann approximations of Q@l D, T and Q@h@%T,
respectively. )
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4.4.1. Testing for pairwise independence in the same points in time

In this subsection, the versions of Algorithm TEST.INDEP.2 that are described in Setting 4.21 are eval-
uated based on ©1 = Dy = {0} (i.e., Algorithm TEST.INDEP.1 is actually considered) and the locally
stationary processes {Et,;[; A} as well as {th A}, which are introduced in the following. These locally
stationary processes depend on a parameter A € [0, 1], whereby several choices of A are considered
below.

[E.1]

Suppose that (515 [£2,2]

as well as ( €4 SRS

are sequences of i.i.d. random variables with &

)teZ )teZ
[E,2]

895(0,1,2) and g™ ~ SP4(0,1,1) that are independent of each other. (Recall that S2 (83,7, 0) de-
notes the SU-parametrization of the stable distribution - for details see (3.79).) Moreover, define:

(ELY E([)Q]T)/ — (08,03 agE’Q])' ,
)

e1 (u) := 0.6sin (27 u) ]l{uEOI = 0.6sin (47 u) Lyyepony YueR

(u)
[1] [E1]
( H);:(elg (E“T> <0'8€EE72]> Vie{l,....,T},TeN
o e 0.3¢}

10 Bl
and E;7 A = A 1A ) EE% Vte{l,...,T},TeN,Ae|0,1].

[F]

Further, let (EEC]) +e7 A8 well as {CP},} originate from (3.81), assume that (st ) te7

i.1.d. random variables with 5([)F] ~U [ — \/3, \/g] which is independent of (5£C]) 7 and define:

is a sequence of

fo (u) = 0.2+ (1.1 = u)® Lyepoayy, f1(w) =04+ (1 +sin (27 u)) Ljyepy YueR

1
2\ 2
For == /fo (0) i, Ft,T::( ( tf ( ) Ft1T>) e vte{1,....,T}, TeN

1 0
and Ft,T,A1=<A 1—A>'<

Since {E'}} as well as {E[}.} fulfil the conditions of Example 2.5 (ii) with 6 = 0.26 and {C'}-} as well
as {Ft,T} satisfy the conditions of Example 2.5 (iii) with § = 0.26, it is easy to verify that Assumption
4.1 [INDEP] with § = 0.26 holds for the locally stationary processes {ELT, A} and {Ft,T, A} (for all
fixed A € [0, 1]). Hence, it is justified for all A € [0, 1] to apply Algorithm TEST.INDEP.1 in order to

investigate whether the stationary approximations of {EE}} depend on those of {A EE} +(1—=A) E?}}

Qo S

[1]
6T ) Vte{l,...,T}, T eN,Ae[0,1].
t.T

and whether the stationary approximations of { T} depend on those of {A Ct 74+ (11— )Ft’T} (in
the sense that Hmdep@ with D1 = Do = {0} holds).

In the following, for all A € {0,0.025,0.05,0.075,0.1}, 200 sample paths of (E,ZT,A);‘F=1 with
T = 1000 are generated independently of each other and the versions of Algorithm TEST.INDEP.2
given in Setting 4.21 with ©®; = © = {0} are applied to all of these sample paths. The belonging
relative frequencies of rejecting Hlongelp o, With D1 = Dy = {0} are given in Table 4.1.

Table 4.1.: Relative frequencies of rejecting Hmdep@ with ©1 = D5 = {0} that result from applying the

versions of Algorithm TEST. INDEP.2 which are introduced in Setting 4.21 to sample paths
of (EthvA)Z;l with A € {0,0.025,0.05,0.075,0.1}

b B o A 0 0.025 0.05 0.075 0.1
0.06 | 0.07 0.125 066 098 1
2

01 0-3T0 0.1 |0.135 0.29 0.8 099 1
’ 0.7 T 0.05 | 0.075 0.165 0.675 098 1
’ 0.1 |0.195 0.355 0.845 0.995 1
0.3Th 0.05 | 0.06 0.135 0.605 098 1

0.15
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0.1 0.135 0.25 0.8 0.99 1
0.05 | 0.07 0.145 0.665 0.99 1
0.1 0.22 036 0.88 0.99 1

0.7Th?

The locally stationary process {E; 7,4 } fulfils ”Hmdep@ with ©; = Dy = {0} in the case A = 0 but not
for the other considered choices of A. For A = 0 and o € {0.05,0.1}, the test version with b = 0.15
as well as 3 = 0.37b? can be regarded as the most suitable one among the applied ones. However,
the other considered test versions also own adequate rejection frequencies for the significance level
a = 0.05 and that with b = 0.1 as well as 3 = 0.3 Tb? also for a = 0.1.

Further, if A € [0, 1] is closer to one, (EP%)T and (A E[l] +(1—-A7A) E?%) | depend stronger on each
other, which may explain why the relative frequencies of rejecting ’Hm 0.0, w1th D1 = Dy = {0} which
are displayed in Table 4.1 increase with growing A for fixed b, 3 as well as a. In particular, rejecting
7{(1)?%61‘3@2 reliably is more challenging for smaller values of A € [0,1] than larger ones. Concretely,

the applied test versions reject Hgn%ipm with D1 = Dy = {0} based on the significance levels
a € {0.05,0.1} with not satisfactory frequency for A = 0.025 but much more often for A = 0.05 and
this null hypothesis is rejected by the used test versions for (almost) each generated sample path of

(Eera),_, in the cases A € {0.075,0.1}.

In the following, for all A € {0,0.05,0.1,0.15,0.2}, 200 sample paths of (F;7,4),_, with T = 1000 are

generated independently of each other and the versions of Algorithm TEST. INDEP2 given in Setting

4.21 with ©; = ©9 = {0} are applied to all of these sample paths. The belonging relative frequencies

of rejecting Hi)rj%?,’% with ©®; = Dy = {0} are given in Table 4.2.

Table 4.2.: Relative frequencies of rejecting Hmdep@ with ®1 = D = {0} that result from applying the
versions of Algorithm TEST. INDEP.2 which are introduced in Setting 4.21 to sample paths

of (Fyra),_, with A € {0,0.05,0.1,0.15,0.2}

b B o A 0 0.05 0.1 0.15 0.2
0.3TH? 0.056 | 0.055 0.115 0.435 093 1

0.1 0.1 | 0.105 0.205 0.605 0.975 1
0.7 T 0.05 | 0.065 0.135 0.485 0.95 1

0.1 0.13 023 0655 099 1

0.3 TH2 0.06 | 0.05 012 0.545 097 1

015 0.1 {0105 0.23 0675 099 1
0.7 Th? 0.05 | 0.065 0.16 056 0965 1

0.1 0.12 0.265 076 099 1

Table 4.2 indicates for each significance level o € {0.05,0.1} quite or very satisfactory rejection fre-
quencies of all considered test versions under the null hypothesis Hmdepg with ®1 = D5 = {0}, which
holds just for A = 0. However, compared to the previous simulation study, A has to be chosen notice-
ably larger (i.e., A € {0.15,0.2}) to ensure that the applied test versions detect the validity of Hlfjgef%

reliably.

4.4.2. Testing for total blockwise independence

In this subsection, the versions of Algorithm TEST.INDEP.2 that are described in Setting 4.21 are eval-
uated based on ®; = {0,1}, D2 € {Dayp,..., Do} with Dy ; := {j,j + 1} Vj € {0,...,4} and the
locally stationary process {Gt,T}, which is introduced in the following.

Suppose that (EEGJ]) 1y, as well as (EEG’Q]) 1y, are sequences of i.i.d. random variables with 5([)G’1] ~

SY-(—0.5,1,0) and 5£G’2] ~ N (—2,1) which are independent of each other. (Recall that S3 (3,7, 6)
denotes the S 0—parametrization of the stable distribution - for details see (3.79).) Moreover, define:

G[l] 1 [G 1] + cos (27.(_ t ) 5[ , ] + sin (2 t ) €[G 1]
G = t,T = t—1 T 1—2 Vie 17'.‘7T’T€N'
" <G£C]F ) 10 €[G Uy cos (2m k) €£G11] 5£G’2] { }
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The locally stationary process {GuT} fulfils Assumption 4.1 [INDEP] with § = 0.5. Hence, it is jus-
tified to apply Algorithm TEST.INDEP.2 in order to investigate whether the stationary approximations
of {GE},} depend on those of {GE:]F} (in the sense that Hlln%ip o, holds).

In the following, 200 sample paths of (Gt,T)thl with 7' = 1000 are generated independently of
each other and the versions of Algorithm TEST.INDEP.2 given in Setting 4.21 with the above-
mentioned choices of D as well as D4 are applied to all of these sample paths. The belonging relative

frequencies of rejecting Hgn%elp% are given in Table 4.3.

Table 4.3.: Relative frequencies of rejecting ’Hi)n%elpgz with ©; = {0,1} and D5 € {Day,..., D24}

that result from applying the versions of Algorithm TEST.INDEP.2 which are introduced in
Setting 4.21 to sample paths of (GtT)T

t=1
Do

b B o Voo D1 Do Doz Doy
0.05 1 1 1 1 0.02

2
01 0.37b 0.1 1 1 1 1 0.07
S lgape| 005 |1 1T T 1 0065
) 0.1 1 1 1 1 0.09
0.05 1 1 1 1 0.045

2
015 0.370 0.1 1 1 1 1 0.09
| 005 [T 1 1 1 006
’ 0.1 1 1 1 1 0.145

The locally stationary process {Gy 7} fulfils Hgn%ipm with ©1 = {0,1} for Dy = D34 = {4,5} but
not for Dy € {Da,...,D23}. In the case Dy = Doy, just (b, [, ) = (0.15,0.7Tb%,0.1) leads

to a noticeable too large frequency of rejecting Hgn%elp%. In contrast, the rejection frequencies that

belong to the other choices of (b, 3, «) are quite or very satisfactory for ® = D 4. Furthermore,
for ®y € {Day,..., D23}, the validity of ’Hlfl%elpgz is detected by all applied versions of Algorithm

TEST.INDEP.2 for each generated sample path of (G,;T)tT:l.
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5. Applications: Financial time series

In this chapter, the Algorithms CONFNMDCI, TESTMDCIL2, DETECTMDCI as well as
TEST.INDEP.2 are applied to log returns of several listed companies and the outputs of these algo-
rithms are interpreted from an economic perspective.

5.1. Preliminaries

The log returns which are considered in the present chapter are based on opening and adjusted clos-
ing stock prices (adjusted by splits) from 7' = 1000 trading days of GameStop Corporation (share
price: GME) and of Wirecard AG (share price: WRCDF) from July 3, 2017, to June 22, 2021, as well as
from 7" = 1000 trading days of Deutsche Bank AG (share price: DBK.DE) and of Deutsche Lufthansa
AG (share price: LHA.DE) from January 2, 2018, to December 13, 2021, whereby these stock prices
originate from yahoo! finance. Concretely, the regarded log returns of the stocks GameStop (abbr. GS),
Wirecard (abbr. WC), Deutsche Bank (abbr. DB) and Deutsche Lufthansa (abbr. LH) are defined as fol-
lows.

Suppose that ogjl denotes the opening price and cg% the adjusted closing price on trading day ¢ €
{1,. = 1000} of stock S € {GS, WC, DB, LH}. Then, the log return on day ¢ of stock S is given
as:

af = (dF) ~m (off]) vee,..., T =1000}, S {GS,WC,DB,LH}.  (5.1)

Remark 5.1. (i) Note that the date which corresponds with specific t is not the same for all con-
sidered stocks because the investigated T' = 1000 log returns of GameStop as well as Wirecard
originate from another period of time than those of Deutsche Bank and Deutsche Lufthansa.

(ii) Defining log returns based on closing prices of two consecutive trading days is quite common
in the literature (e. g., as in [28, Fryzlewicz(2005)]). However, the present stock price data are
characterized by the fact that the actual time gap between two consecutive trading days may vary
sizeably since the considered stock markets stay closed on Saturday, Sunday and some official
holidays (like December 25), whereby, in this time gap between two consecutive trading days,
events may happen which have an impact on the investigated log returns. In this context, it is
worth mentioning that Lufthansa offers flights on these non-trading days, GameStop’s stores are
open on Saturday and Deutsche Bank as well as Wirecard operate offices in some countries (like
China) in which Saturday and December 25 are working days.

To avoid that the regarded log returns represent considerably differently long periods of time, they
are defined in this chapter based on opening and (adjusted) closing prices that originate from the
same trading day.

(iii) The Remarks 3.10 (iii), 3.18 (ii), 3.26 (ii), 3.34 and 4.15 (iii) (whereby it is easy to see that
the claims of the latter remark also hold for Algorithm TESTINDEP.2) provide together with
the equation In(y z) = In(y) + In(z) Yy, 2z > 0 that applying the Algorithms CONF.NMDCI,
TESTMDCL.2, DETECT.MDCI as well as TEST.INDEP.2 to log returns allows to investigate
distribution changes and the existence of dependences, respectively, without distorting these ex-
plorations by the average scale of the simple returns which belong to each stock.

The following macroeconomic events are contained in the considered time periods from July 3, 2017, to
June 22, 2021 and from January 2, 2018, to December 13,2021: On February 1, 2020, Great Britain with-
drew from the European Union and the European Atomic Energy Community (cf. [9, BMI (2020)]). On
March 11, 2020, the World Health Organization classified the COVID-19 spread as a pandemic (cf. [12,
Cucinotta and Vanelli (2020)]) and first Coronavirus vaccines were authorized in the EU on December
21, 2020 (cf. [10, Cavaleri et al. (2021)]).
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Furthermore, among others, the following events, which might have influenced the regarded sequences
of stock prices of GameStop and Wirecard, happened in the time period from July 3, 2017, to June 22,
2021: On March 22, 2020, GameStop temporarily stopped customer access to US storefronts due to the
COVID-19 pandemic (cf. [32, GameStop Corporation (2020)]). In addition, the GameStop short squeeze
occurred at the end of January 2021. Moreover, Germany’s Federal Financial Supervisory Authority
(named BaFin) prohibited establishing and increasing of Wirecard net short positions from February 18,
2019, to April 18, 2019 (cf. [7, BaFin (2019)]) and leading representatives of Wirecard were arrested for
fraud by Munich Public Prosecution Office I on July 22, 2020 (cf. [51, Leiding (2020)]).

Among others, the time period from January 2, 2018, to December 13, 2021, contains the following
events, which might have influenced the above-mentioned stock price sequences of Deutsche Bank and
Deutsche Lufthansa: On November 29, 2018, police conducted an investigation at some Deutsche Bank
offices in Germany, which was related to the “Panama Papers” (cf. [21, Deutsche Bank (2018)]). More-
over, on July 7, 2019, Deutsche Bank outlined significant strategic transformation and restructuring plans
(cf. [23, Deutsche Bank (2019b)]). In particular, these plans envisaged to exit the Equities Sales & Trad-
ing business and to reduce the costs in order to obtain a cost income ratio of 70% in 2022. Further,
on March 6, 2020, Lufthansa Group announced to reduce its flight programme by up to 50% due to
the COVID-19 spread (cf. [53, Lufthansa Group (2020)]) and on November 3, 2021, Lufthansa Group
released that the company’s third quarter adjusted EBIT was positive again for the first time since the
beginning of the pandemic (cf. [54, Lufthansa Group (2021)]).

5.2. Investigation of distribution changes

In the present section, the Algorithms TEST.MDCI.2, CONENMDCI as well as DETECT.MDCI are
applied to the sequences (xE T) (with T = 1000 and S € {GS, WC, DB, LH}), which are defined
in the previous section. Thereby, the used versions of these algorithms are almost the same as those de-
scribed in Setting 3.45 with the only differences that the weight function R 3 s — w(s) 1= wr,20(s)
(recall Example 3.2 (ii)) instead of R 5 s — w(s) := wr, 1(s) is used for all of these algorithms and
that M = 1000 is selected for Algorithm DETECT.MDCI. This choice of M ensures that each day can
be identified as the day of the first change point, whereas M = 100 is selected in Setting 3.45 to reduce
the computational costs of Algorithm DETECT.MDCI. Further, note that both of the weight functions
wr, 1 and wr, o9 fulfil Assumption 3.1 [WEI.1] but the following considerations indicate that wr, o is a
more suitable choice for the present investigations than wr, ;.

To motivate the weight function wr, o, define at first for each function w for which Assumption
3.1 [WEI.1] holds the belonging non-unitary Fourier transform (with angular frequency = € R%):

Sw(x) = fe_l(s’@w(s) ds. (5.2)

R4

The equality |z|2 = 2%z V z € C provides (recall the Definitions 3.8 (i) as well as 2.11):

A ¢ ¢
Dr; = Z T2 Z Ky (1 — Uk) K (2 - Uk) Sw (X4, — Xiy r) and
[1/ el T T

1/(2b) T

~ iy — o 1 th to

Bro=-'""0 3 5 Y K ( - “’f) Ky ( - “’“> SwXag ~Hug). G
L/@)P kkz 7 2 R

Thereby, it holds wr,1(z) = 2/(1 + 2%) V2 € R and Fwr,20(z) = 40/(1 + 4002?%) V2 € R. Thus,
for choices of « with small absolute value, the additive 1 in the denominator of §wr, 1 (z) is very large
compared to 2. Hence, just due to the fact that the investigated log returns oscillate on a small level,
the EMDCI and NEMDCI which belong to the present log returns are very close to zero in the case that
the weight function wry, ; is used. Compared to §wr, 1, the effect of the additive 1 in the denominator of
SW1,20 is much smaller. (Note also that the factors 2 as well as 40 in §wry, 1 and Fwr, 29, respectively,
can be replaced by any y > 0 without changing the outputs of the Algorithms TEST.MDCI.2,
CONE.NMDCI as well as DETECT.MDCI, which can be shown similarly to Remark 3.29 (i) since the
same weight function is contained in the underlying statistics and their bootstrap counterparts.)
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In the following, the versions of the Algorithms TEST.MDCIL.2, CONENMDCI as well as DE-
TECT.MDCI which originate from Setting 3.45 (apart from the weight function that is selected as
w = Wi, 29 and M which is chosen as M = 1000) are applied to the log returns of GameStop as well as
Wirecard that belong to the time period from July 3, 2017, to June 22, 2021, which is taken as the interval
.1 = [0, 1]. In addition, these versions of the Algorithms TEST.MDCI.2 and CONE.NMDCI are also
applied to the log returns of GameStop for £l ; = [0,0.684], which is the interval that corresponds with
the time period from July 3, 2017, to March 20, 2020 (in particular, the pandemic induced closing of
GameStop’s US storefronts is not contained in this time period) as well as for the rescaled time period
o1 = [0.685, 1] (at whose beginning GameStop’s US storefronts were closed and which also includes
the GameStop short squeeze). Furthermore, the mentioned versions of the Algorithms TEST.MDCI.2
and CONENMDCI are applied to the log returns of Wirecard for the interval £l ; = [0, 0.409], which
belongs to the time period from July 3, 2017, to February 15, 2019 (in particular, BaFin’s prohibition
of establishing and increasing of Wirecard net short positions is not contained in this time period) as
well as for the rescaled time period £l ; = [0.41, 1] (at whose beginning this prohibition applied and in
which leading representatives of Wirecard were arrested).

Table 5.1 (which is based on the log returns of GameStop) and Table 5.2 (that is based on the log returns

of Wirecard) contain the estimated p-values 1 — ﬁT* N (]IA)T(w) + 1/ (T\/E)]?i;sﬁfmr(w)) (resulting
from the used versions of Algorithm TEST.MDCI.2, whereby, as explained in Remark 3.38 (ii),

—

]ia\seTrror = 0 for Br = 0), the estimated 95%-confidence intervals for the NMDCI (obtained by

the applied versions of Algorithm CONENMDCI) and the dates (notated in US date format) that
correspond with the estimated points in time of the first gradual distribution change (which originate
from the considered versions of Algorithm DETECT.MDCI). Thereby, the lower and upper bounds of
the estimated confidence intervals displayed in the Tables 5.1 and 5.2 are values in percentage, whereby
the lower bounds in percentage of these estimated intervals are rounded off to two decimals and their
upper bounds are rounded up to two decimals in order to ensure that rounding does not reduce the
estimated confidence intervals.

Table 5.1.: Estimated p-values, estimated 95%-confidence intervals for the NMDCI and estimated points
in time of the first gradual distribution change that belong to the investigated log returns of

GameStop
TEST.MDCI.2 CONFNMDCI
b 8 Br 0.1 0,1 DETECT.MDCI
[0,1] [0,0.684] [0.685,1] [0,1] [0,0.684] [0.685,1]

0 0 0.002 0 07/24/2019
03762 | 3 0 0.002 0 [2.94,5.73] [0.36,1.42] [1.74,8.81] 07/17/2019
110 5 0 0.002 0 07/02/2019
0 0 0.002 0.002 04/22/2019
0.7T62 | 3 0 0.002 0.002 [2.64,6.03] [0.34,1.39] [1.63,8.95] 04/10/2019
5 0 0.002 0.002 04/15/2019
0 0 0 0.028 06/21/2019
03762 | 3 0 0 0.024 [2.58,5.03] [0.60,1.80] [1.98,7.03] 05/20/2019
114 5 0 0 0.024 05/03/2019
0 0 0 0.028 03/21/2019
07762 | 3 0 0 0.026 [2.35,5.10]  [0.56,1.88]  [1.61,7.05] 03/28/2019
5 0 0 0.026 03/20/2019

Table 5.1 indicates that all applied versions of Algorithm TEST.MDCI.2 reject Hgff}orl (see (3.49)) for
o1 € {[0,1],[0,0.684],[0.685, 1]} based on the significance level & = 0.05 (or even lower levels -
like « = 0.01). Moreover, the estimated 95%-confidence intervals for the NMDCI suggest that the
distribution change intensity is probably higher in the considered time period in which US storefronts
of GameStop were closed due to the pandemic and the GameStop short squeeze occurred than in that
before. Further, the estimated dates of the first gradual distribution change generated by the regarded
versions of Algorithm DETECT.MDCI vary considerably in dependence of the underlying tuning pa-
rameters (but all of these dates are contained in a time period which is quite narrow compared to the
total number of analyzed trading days which belong to several years). Thereby, it should be noted that
Proposition 3.42 (i) implies that the present method for estimating the first point in time V of a gradual
distribution change is accompanied by the asymptotic error 4/« V. The two very different simulation
studies given in Subsection 3.4.3 suggest based on 7" = 1000 as well as « = 0.05 that b = 1/10 and
3 = 0.3 Tb? are recommended choices for Algorithm DETECT.MDCI. For these selections of b and 3
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as well as each By € {0, 3, 5}, the estimated point in time of the first gradual distribution change is close
to (or contained in) the time period from July 7-20, 2019, in which GameStop offered deep discounts on
its products (cf. [31, GameStop Corporation (2019)]).

Table 5.2.: Estimated p-values, estimated 95%-confidence intervals for the NMDCI and estimated points
in time of the first gradual distribution change that belong to the investigated log returns of

Wirecard
TEST.MDCI.2 CONENMDCI
b B Br o1 To1 DETECT.MDCI
[0,1] [0,0.409] [0.41,1] [0,1] [0, 0.409] [0.41,1]

0 0 0 0 05,/24/2018

0372 | 3 0 0 0 [4.96,8.60] [0.16,0.62] [4.52,9.39] 05/03/2018

1/10 5 0 0 0 05/10/2018
0 0 0 0 02/21/2018

0.7TH | 3 0 0 0 [4.68,8.93] [0.18,0.61] [4.35,9.57] 02/12/2018

5 0 0 0 02/15/2018

0 0 0 0 04/19/2018

0372 | 3 0 0 0 [5.78,9.23]  [0.23,0.91]  [4.56,8.55] 03/12/2018

114 5 0 0 0 03/09,/2018
0 0 0 0 02/13/2018

0.7Tb% | 3 0 0 0 [5.75,9.41] [0.24,0.91] [4.92,8.63] 01/22/2018

5 0 0 0 01/25/2018

Table 5.2 indicates that the applied versions of Algorithm TEST.MDCL2 reject Hi'5" highly sig-
nificantly for $lo; € {[0,1],[0,0.409], [0.41, 1]}. In addition, the estimated 95%-confidence intervals
for the NMDCI suggest that the distribution change intensity is probably higher in the considered time
period in which BaFin prohibited establishing and increasing of Wirecard net short positions as well as
leading representatives of Wirecard were arrested than in that before. Further, the outputs generated by
Algorithm DETECT.MDCI vary considerably in dependence of the underlying tuning parameters. For
the above-motivated selections b = 1/10, 8 = 0.3 Tb? and By = {0, 3, 5}, the point in time of the first
gradual distribution change lies closely to the date May 8, 2018, at which Wirecard Bank applied for
becoming a subsidiary company of Wirecard AG from BaFin (cf. [§, BMF (2020), p. 13]).

Further, from July 3, 2017 to June 22, 2021 (i.e., for Llp; = [0, 1]), it seems that stronger distribution
changes are associated with Wirecard than with GameStop. However, this statement is doubtful because
many of the used versions of Algorithm CONFNMDCI yield estimated confidence intervals of
GameStop and of Wirecard that overlap each other for £l ; = [0, 1].

In the following, the versions of the Algorithms TEST.MDCIL.2, CONF.NMDCI as well as DE-
TECT.MDCI which originate from Setting 3.45 (apart from the weight function that is selected as
W = Wi, 209 and M which is chosen as M = 1000) are applied to the log returns of Deutsche Bank as
well as Deutsche Lufthansa that belong to the time period from January 2, 2018, to December 13, 2021,
which is taken as the interval Ll ; = [0, 1]. In addition, these versions of the Algorithms TEST.MDCI.2
and CONENMDCI are also applied to the log returns of Deutsche Bank for £y ; = [0, 0.525], which
is the interval that corresponds with the time period from January 2, 2018, to January 31, 2020 (in
particular, Great Britain’s withdrawal from the European Union and the European Atomic Energy
Community is not contained in this time period) as well as for the rescaled time period £l ; = [0.526, 1]
(at whose beginning this withdrawal was effective). It is worth mentioning that in the time period from
January 2, 2018, to January 31, 2020, official investigations at some Deutsche Bank offices in Germany
were carried out (due to the “Panama Papers”) and Deutsche Bank outlined the strategic transformation
as well as restructuring plans described in the previous section. Furthermore, the considered versions of
the Algorithms TEST.MDCI.2 and CONFE.NMDCI are applied to the log returns of Deutsche Lufthansa
for the interval £y = [0,0.549], which belongs to the time period from January 2, 2018 to March 5,
2020 (in particular, Lufthansa Group’s announcement to reduce its flight programme by up to 50% is not
included in this time period) as well as for the rescaled time period ly ; = [0.55, 1] (at whose beginning
this announcement was published).

Table 5.3 (which is based on the log returns of Deutsche Bank) and Table 5.4 (that is based 3n\the log re-

turns of Deutsche Lufthansa) contain the estimated p-values 1 — }A?fi v(Dr(w) +1/ (T\/I;)Bi’;sﬁfmr(w))
(resulting from the used versions of Algorithm TEST.MDCI.2), the estimated 95%-confidence intervals
for the NMDCI (obtained by the applied versions of Algorithm CONENMDCI) and the dates (notated
in US date format) that correspond with the estimated points in time of the first gradual distribution
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change (which originate from the considered versions of Algorithm DETECT.MDCI). Thereby, the
lower and upper bounds of the estimated confidence intervals displayed in the Tables 5.3 and 5.4 are
values in percentage, whereby the lower bounds in percentage of these estimated intervals are rounded
off to two decimals and their upper bounds are rounded up to two decimals in order to ensure that
rounding does not reduce the estimated confidence intervals.

Table 5.3.: Estimated p-values, estimated 95%-confidence intervals for the NMDCI and estimated points
in time of the first gradual distribution change that belong to the investigated log returns of

Deutsche Bank
TEST.MDCI.2 CONFE.NMDCI
b B Br WMo WMo DETECT.MDCI
[0,1] [0,0.525] [0.526,1] [0,1] [0,0.525] [0.526, 1]
0 | 0.036 0.058 0.002 01/02/2020
0.37%2 | 3 | 0.036 0.056 0.002 [0.07,0.45] [0.11,0.69] [0.44,1.53] 12/09/2019
L 5 | 0.038 0.05 0.002 11/19/2019
/10
0 | 0.042 0.046 0 08/14/2019
07762 | 3 | 0.042 0.046 0 [0.07,0.45] [0.13,0.70]  [0.47,1.49] 08/14/2019
5 | 0.044 0.046 0 08/07/2019
0 | 0.012 0.032 0.028 09/27/2019
0.37v2 | 3 | 0.012 0.028 0.028 [0.12,0.65] [0.24,0.92] [0.41,1.38] 08/26/2019
114 5 | o.012 0.032 0.024 08/13/2019
0 | 0.014 0.034 0.016 06/11/2019
07Ty | 3 | 0.014 0.034 0.016 [0.13,0.65] [0.25,0.90] [0.39,1.40] 06/06,/2019
5 | 0.014 0.034 0.016 05/30/2019

Table 5.3 indicates that most of the applied versions of Algorithm TEST.MDCIL.2 reject Hgffforl for
o1 € {[0,1],]0,0.525],[0.526, 1]} based on the significance level & = 0.05 (and partially also for
a = 0.01). Moreover, the estimated confidence intervals for the NMDCI may suggest that the distribution
change intensity is probably higher in the considered period of time since Great Britain’s withdrawal
from the EU than in that before. However, it should be noted that all of the applied versions of Algorithm
CONE.NMDCI yield estimated 95%-confidence intervals for £l ; = [0,0.525] and kg ; = [0.526, 1]
that overlap each other. Further, the outputs generated by Algorithm DETECT.MDCI vary considerably
in dependence of the underlying tuning parameters. For the above-recommended selections b = 1/10,
B = 0.37b? and By = {0, 3,5}, the point in time of the first gradual distribution change is close to
the date December 6, 2019, at which Deutsche Bank announced that Frankfurt public prosecutor’s office
dropped certain allegations of aiding and abetting tax evasion and of money laundering that it made
against Deutsche Bank more than one year before (cf. [22, Deutsche Bank (2019a)]).

Table 5.4.: Estimated p-values, estimated 95%-confidence intervals for the NMDCI and estimated points
in time of the first gradual distribution change that belong to the investigated log returns of
Deutsche Lufthansa

TEST.MDCL2 CONENMDCI

b B Br 1o 1o DETECT.MDCI
[0,1] [0,0.549] [0.55,1] [0, 1] [0,0.549]  [0.55, 1]

0 0 0.918 0 03/31/2020
03T | 3 0 0.92 0 [0.23,1.05]  [0,0.18]  [0.77,2.55] 03/13/2020
1/10 5 0 0.928 0 03/02/2020
0 | 0.002 0.9 0.002 02/19/2020
0.7Th? | 3 | 0.002  0.906 0.002 | [0.21,1.07] [0,0.18]  [0.71,2.49] 01,/14/2020
5 | 0002  0.906 0.002 12/06,/2019
0 0 0.496 0 03/17/2020
0.3Th2 | 3 0 0.484 0 [0.28,1.08]  [0,0.47]  [1.19,3.58] 03,/06,/2020
114 5 0 0.474 0 02/27/2020
0 0 0.49 0 02/19/2020
0.7TH | 3 0 0.482 0 [0.26,1.08]  [0,0.48]  [1.21,3.41] 01,/21/2020
5 0 0.476 0 11/20/2019

Table 5.4 indicates that all applied versions of Algorithm TEST.MDCI.2 reject Hgf&tor’l highly signifi-
cantly for o, € {[0,1],[0.55, 1]}. However, Hgffforl is not rejected for any statistically relevant signifi-
cance level in the case Ll 1 = [0,0.549],i.e., before Lufthansa announced to reduce its flight programme
by up to 50%. In particular, note that all of the generated estimated 95%-confidence intervals for the
NMDCI with £y ; = [0, 0.549] contain 0. Further, the outputs generated by Algorithm DETECT.MDCI
vary considerably in dependence of the underlying tuning parameters. For the above-motivated selections
b= 1/10, 8 = 0.3Tb? and By = {0, 3, 5}, the point in time of the first gradual distribution change lies
closely to the date March 6, 2020, at which Lufthansa Group announced to reduce its flight programme.
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Further, from January 2, 2018, to December 13, 2021 (i.e., for Llo; = [0, 1]), it seems that stronger
distribution changes are associated with Deutsche Lufthansa than with Deutsche Bank. However, this
statement is doubtful because all of the used versions of Algorithm CONENMDCI yield estimated
confidence intervals for GameStop and for Wirecard that overlap each other in the case Lly; = [0, 1].

5.3. Testing for independence

In the present section, Algorithm TEST.INDEP.2 is applied for different choices of ©; and D5 to the
sequences ((:ct[gﬂs],xggc]),)?:l as well as ((xg)TB], :CP‘;I ]),) thl (with T' = 1000), which are defined in
Section 5.1. It is worth mentioning that the results of the previous section indicate that applying tests for
independence which are evolved for stationary frameworks (like those mentioned in Section 1.3) to these
log returns is not appropriate.

The versions of Algorithm TEST.INDEP.2 that are used below are almost the same as those described in
Setting 4.21 with the only difference that the weight function R#21+#92 5 5 1 g, o, (5) := e~I51/20
instead of R¥©14#%2 5 5 s wg, ,(s) = e 1*I1 is regarded. Both of these weight functions fulfil
Assumption 4.17 [WEI.3] but the following considerations motivate why Wo, o, is a more suitable
choice for the present investigations than wp, p,.

Define R 3 s = w, (s) i= e~ 15/ ¥y > 0. If the weight function Wp, D, 1S used, set y = 1, whereas
y = 20 is taken for the weight function g, o,. Then, the equality |2|* = 2Z ¥V z € C provides in the
case d; = dy = 1 for the weight functions wyp, », and Wp, o, , respectively (see (4.28) as well as (5.2)):

T
~ 1 tL—® ty — 0
QT’©1’®2 _ ﬁ Z Kb 1 Tmean _ u) Kb( 4 Tmean N u)
t17t4=1+®max

: H 5wy(X7t[ilal,T - Xt[ll]fbl,T> H 3wy<Xt[fl02,T - Xt[f]faQ,T)

d1€D1 d2€D2

T
2 to — mean t3 — mean ty — mean
_ ﬁ Z Kb( 2 ? ean u) Kb( 3 ? ean u) Kb( 4 ? ean u>

t2,t3,t4=1+Dmax

: H Swy(*Xt[i]—al,T - Xt[gl]—al,T> 1_[ g7“‘)ZJ<X16[§]—02,T - Xt[f]—ag,T)
d1€9D1 do€Do

1 I t2 - Qmean t5 - :Dmean [1] [1]
+ 71 Z Ky — T u) Ky 7 U H 3wy(Xt5701,T B thfm,T)

t27t5:1+®max d1€Dq

T
t3 - gmean ZL/6 - gmean 2 2
3 Kb(T - u) Kb<T - u) I1 gwy(xt[GlaQ,T - X}glaﬂ) .

t37t6:1+©max d2€©2

Thus, it can be argued similarly to the previous section that Wy, o, is more suitable for investigating the
present log returns than wy, o,.

In the following, the versions of Algorithm TEST.INDEP.2 which originate from Setting 4.21
(apart from the weight function that is chosen as \7\791792) are applied to ((JUES’FS],QC?;C])’) thl, i.e.,
to the log returns of GameStop and Wirecard that belong to the time period from July 3, 2017, to
June 22, 2021. Thereby, ©; = D2 = {0,...,4} is selected (which means that time periods of the
duration of a common trading week are regarded because the considered market place is closed on
weekends) to investigate whether the random variables that underlie these log returns depend on each

other approximately (in the sense described in Remark 4.2 (iiAi)).

Table 5.5 contains the estimated p-values 1 — ﬁ;iln%sz N(QD1,©2,T(W)), which result from the used

versions of Algorithm TEST.INDEP.2.

75



Table 5.5.: Estimated p-values that belong to the investigated log returns of GameStop and Wirecard
TEST.INDEP.2

g

A 0.3Tv 0.7Tb?

0.1 0.328 0.196
0.15 0.306 0.202

The applied versions of Algorithm TEST.INDEP.2 cannot reject the null hypothesis Hgn%elp o, (recall

(4.1)) with ®; = D9 = {0, ..., 4} for commonly used significance levels « (i.e., a € {0.1, 0.05, 0.01}).

In the following, the versions of Algorithm TEST.INDEP.2 which originate from Setting 4.21
(apart from the weight function that is chosen as %@17@2) are applied to ((xE%B],:BE}{{])I)L, i.e, to
the log returns of Deutsche Bank and Deutsche Lufthansa that belong to the time period from January 2,
2018, to December 13, 2021. Thereby, ©; = ©2 = {0} is selected to investigate whether trading days
exist for which the random variables that underlie these log returns depend on each other (in the sense
described in Remark 4.2 (iii)). .

Table 5.6 contains the estimated p-values 1 — ﬁ‘;lln%sz N (ﬁgl,ggy(w)), which result from the used

versions of Algorithm TEST.INDEP.2.

Table 5.6.: Estimated p-values that belong to the investigated log returns of Deutsche Bank and Deutsche

Lufthansa
TEST.INDEP.2
" b 0.37h% 0.7TbH
0.1 0 0
0.15 0 0

Each of the applied versions of Algorithm TEST.INDEP.2 rejects the null hypothesis ’H(i)n%elp% with
D1 = Dy = {0} highly significantly. This suggests that days between January 2, 2018, and December
13, 2021, exist for which the random variables that generate these log returns of Deutsche Lufthansa and

Deutsche Bank depend on each other approximately.
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6. Conclusions and Outlook

In the present thesis, local empirical characteristic functions are used to evolve L?2-distance-based
instruments that allow to investigate distribution changes and to test for independence in a quite general
locally stationary framework, which is characterized by weak moment conditions.

In detail, in Chapter 3, based on the local characteristic function ¢, two measures D and D"°™
are defined which quantify the intensity of distribution changes of the stationary approximations
within choosable rescaled time periods, whereby D"°'™ can be regarded as a normalized version of
D. Subsequently, since the local characteristic function is commonly unknown in practise, estimators
DT and 7™, respectively, for both measures are introduced to quantify distribution changes in
applications. These estimators are constructed by using the local empirical characteristic function
in combination with a Riemann sum, which allows to handle that the local empirical characteristic
function is asymptotically biased for rescaled points in time that are (in dependence of the chosen
bandwidth) too close to zero or one. Next, D7 as well as D7 together with appropriate dependent
wild bootstrap procedures are used to estimate confidence intervals for D and D"°"™, respectively. In
addition, two tests that aim to detect distribution changes under local stationarity are derived from
D7. Thereby, applying the secondly constructed test for this purpose is justified under the weaker
condition § € (0,1] (compared to § € (1/4,1] for the first test), whereby J determines moment
and smoothness conditions according to Assumption 2.2 [StAp]. Handling this weaker condition is
achieved by using local Newey-West estimators, which modify the test statistic that underlies the firstly
proposed test accordingly. Furthermore, based on these tests for detecting distribution changes, the first
change point in the distributions of the stationary approximations is estimated. At the end of Chapter
3, the proposed tools for investigating distribution changes are applied in several simulation studies,
whereby all of these methods provide very reasonable results for appropriate selections of the underlying
tuning parameters.

The investigations presented in Chapter 4 aim to test for independence under local stationarity. For a
better understanding of these investigations, a method for testing for pairwise independence in the same
points in time is evolved at first, whereby the belonging L?-distance-based test statistic is constructed
by local empirical characteristic functions and belonging p-values are estimated by a suitable dependent
wild bootstrap procedure. Next, this method is modified in such a manner that it is capable of rejecting
the null hypothesis of total blockwise independence. Further, the simulation studies given at the end
of Chapter 4 show very reliable rejection frequencies of the proposed tests for suitable choices of the
underlying tuning parameters.

In Chapter 5, the tools introduced in the Chapters 3 and 4 are applied to some log returns of GameStop,
Wirecard, Deutsche Bank as well as Deutsche Lufthansa. Thereby, the obtained results indicate that it
is inappropriate to model these log returns in the considered time periods by stationary processes. In
addition, the applied tests for independence detect with high significance that days exist between January
2, 2018 and December 13, 2021, for which the random variables that generate the log returns associated
with Deutsche Bank and Deutsche Lufthansa depend on each other. In contrast, it cannot be rejected
based on statistically relevant significance levels that the random variables underlying the analyzed daily
log returns of GameStop and Wirecard are totally independent of each other between July 3, 2017 and
June 22, 2021 within five days ongoing periods (i.e., within periods with the duration of a common
trading week).

As a recommendation for future research, developing methods for selecting the tuning parameters
b, 5 and B (that belong to the instruments evolved in the present thesis) optimally for a given sample
path of (X T) _, would be useful. However, this is very challenging due to the following reasons. The
Assumptions 2.8 [K&b.1] (ii) and 4.5 [K&b.2] (ii) depend on d, which originates from Assumption
2.2 [StAp]| and does not seem to be appropriately estimable in practise. Moreover, the asymptotic
conditions on § as well as Br are influenced by b. In addition, the approach for selecting b that is
introduced in [15, Dahlhaus and Richter (2023)] is not appropriate under Assumption 2.8 [K&b.1] (ii)
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or 4.5 [K&b.2] (ii) because it proposes to choose b = coptTfl/ ® for a certain positive constant Copt -
Constructing optimal weight functions, kernels and Newey-West-estimation-kernels for the tools
presented in this thesis is also a topic for future researches that is of practical interest. Furthermore,
using the non-integrable weight function wy, (see (3.44)) for investigating distribution changes and
testing for independence under local stationarity should also be investigated in further details. However,
the considerations given below Remark 3.21 and those in Remark 4.7 (ii) suggest that the latter requires
to demand assumptions which are stronger than the suppositions that underlie the present work.

In addition, motivated by many applications, it is of importance to extent the present theory of local
Newey-West estimation to many other contexts. (E. g., Remark 4.15 (ii) mentions that the proposed test
for independence can be generalized from the case § € (1/4,1] to the case § € (0, 1] by using local
Newey-West estimators which are similar to those constructed in Subsection 3.2.3.)

Further, combining the approaches given in Chapter 3 and Chapter 4 suggests that replacing the
Riemann sums contained in ID)T by belonging integrals with respect to v € [max{ (U — tp)b 110}
min {1 — (£ — 4o)b,tl }] also leads to an appropriate test statistic for (3.49), which owns the rate
of convergence T'v/b (like the EMDCI based one derived in Section 3.2). However, as explained at the
beginning of Subsection 3.1.2, it is expectable that this approach is less suitable for detecting distribution
changes that belong to (rescaled) time periods which are close or even include the points in time 0 and
1. Thereby, it should be noted that the choice Ll ; = [0, w] with w € (0, 1] plays a considerable role
for the in Section 3.3 evolved estimation of the first change point in the distributions of the stationary
approximations.

Further topics of future researches may be to define measures for quantifying deviations in the mean or
variance which can be constructed similarly to those introduced in Chapter 3. Note also that, according
to Remark 4.7 (1), it is expectable that an empirical measure for quantifying how strong locally stationary
processes depend on each other can also be obtained analogously.

Under Assumption 4.1 [INDEP], one could contemplate to test the null hypothesis that the random

variable )th[ll] (u) is independent of )Z't[f] (w) for all u,w € [0,1], ¢t1,t2 € Ny against the alternative that
)N(t[ll] (u) and )N(t[f] (w) depend on each other for some w,w € [0,1], t1,t2 € Np. It follows similarly

to Remark 4.2 (ii1) that this test problem allows to investigate whether (Xt[lT])thl and (Xt[qu)thl are
asymptotically pairwise independent in the sense that:

s |E {ez‘<s[1],Xt[i}T>ei<s[2],Xt[§!T>] _E [ei<s[1],xt[i!T>} E [ z<s[2] xp T>} To0 () vl ¢ jie

t1,ta=1,....,T

ke {1,2}.

To investigate this test problem in a similar manner to that in Chapter 4, it is necessary to construct a
consistent estimator for the following expression:

Jlfl f [ i 5[1] X[l] > < X[z](w)>] [ Z<s[1]’)?f[1](u)>] E |:ei<s[2]")zt[§](w)>:|
00

Rd1+d2
!
with s := (S[l],,S[Q]/> e RM x Rd2, t1,t2 € Np,

2
w(s) ds du dw

[ g
which is very challenging (maybe even impossible) due to the contained expressions E{ < Ky )>

(21 ¥ : . -
e < t2 (w)> . Furthermore, analog issues result from trying to evolve such a test statistic based on

other tools for detecting dependences (like the distribution function or density). In addition, it is ex-
pectable that arguments which are similar to those used in Chapter 4 allow to investigate the test problem
(4.1) not just for fixed sets D1,Po < Ny but also in the case that the numbers of elements of these sets
grow to infinity for 7" — oo sufficiently slowly.
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Appendices

A. Auxiliary definitions

The next definitions are often used in the proofs that are given in the subsequent appendices.

Definition A.1. (i) Let the sequence of random variables (et),., originate from Definition 2.1 and
Assumption 2.2 [St Ap| be fulfilled. Define for all n € Ny and all measurable functions g: R? —
Cwith|lg (X )|, <ooVte{l,...,T}, T € Naswell as Hg(Xr(u))H1 <woVreZuel0,1]:

‘/_-7‘1,7‘2 = (67"17" . 751'2) vrl,TQ S ZWlth 7"1 79,
Xir oy =E[Xer|Fien| Yte{l,...,T}, TeN,
X, ny (u) = E[ (w)|Fr n] VreZ,uel0,1],

9(Xer), =E|g9(Xer)|Frin] Vte{l,...,T}, TeN and
g()?}(u)) —IE[ ( )\]—"M n] VreZuel0,1].

Further, if Assumption 3.15 W *] is valid, introduce the following notations:

Fih = (5* ...,5;‘f2) V71,72 € Zwithry = 19 and W) n} = [W | rr— n] VreZ,ne Ng.

717

(ii) Suppose that the Assumptions 2.8 [K&b.1] (ii) and 2.4 [DM.1] hold. Define for each T € N
parameters 7z = 7z € Nas well as 72:= 727 € N which fulfil:

~ ~ o 1/4
772 T—00 772 Taoo 2 ~
m —> 0, \Fb 0 and 77:= max \/Tb ( Z\,All ) , 772

(iii) Let the Assumptions 3.15 [W*| (which includes Assumption 2.8 [K&b.1] (ii)) and 2.4 [ DM.1]
be valid. Define for each T' € N the parameters 772y ‘= 7724 7 > 0 and 2725 := 22257 € N in the
following manner (recall that 5 > 0, py € (0,1) as well as that e denotes Euler’s number - as
always in the present thesis):

inv 1+ ln (sz) ﬂmv d ﬁ ln( éﬁ; )
up = sup , 7724 ‘=1NAX , 723, an = — .
R I (p.) P “r I (p.)

(iv) Suppose that the Assumptions 2.8 [K&b.1] (ii) and 2.4 [DM.2] hold. Define for an arbitrary but
fixed constant N € N and each T € N the parameters 7z := 271 € Nas well as 72:= 27 € Nas
follows:

" 5/4
72 =N L}E} and 7z:= max vVTb (lZ%AZZQ/‘S) , 72

(v) Let the Assumptions 3.15 [W*]| and 2.4 [DM. 2] be fulfilled. Define for each T € N the parameter
728 = 731 € N in the following manner (note that inv s introduced in Definition A.1 (iii)):

s = Lnfp*) (= 1In (e +Tb) — In(B8Y, ))} s

(vi) Suppose that p € (0,1) originates from Assumption 2.4 |DM.3]. Define for arbitrary but fixed
constants C; > 1, Cy > max {l,—1/In(p)} as well as C3 > max{e,C1} and each T € N a
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parameter «z:= =7 € N that fulfils:

ln(ClT)
In(p)

S ﬂ< CQ ln (CgT) .

(vii) Let Co as well as Cs originate from Definition A.1 (vi) and S, from Definition A.1 (iii). In

sup

addition, suppose that the Assumptions 3.15 [W*]| and 4.5 [K&b.2] (ii) are valid. Define for each
T € N the parameters ay = 7 > 0 as well as z3 = =31 € N as follows:

In (CgT)

In ;ﬁv

Remark A.2. (i) Assumption 2.8 [K&b.1] (ii) provides ~/Tb =% % and (together with 7z /
In (Tb?) g ) that 7z 2% o0, Hence, Assumption 2.4 [DM.1] implies »2/ (v/Tb) =20,

(ii) Assumption 2.8 [K&b.1] (ii) ensures 7 =% » and 22 /\Th =% 0. Thus, Assumption

2.4[DM.2] shows »/vTb =5 0.

(iii) Assumption 4.5 [K&b.2] (ii) yields T « b~ 2+2) such that In(T) < C'ln (b~ 1) « Cb * for
all fixed ¢ > 0 (note that, according to Section 1.5, C € (0,00) denotes an absolute constant
which may have different values at different places). Moreover, Assumption 4.5 [K&b.2] (ii) also

provides In(T) « (Tb?) 3, Thus, one obtains for § € (0, 1] which originates from Assumption
2.2 [StAp] (that is contained in Assumption 4.1 INDEP]):

2 & min {b—l/”, (T6?)"? | b—5/2} . (A1)

(iv) Assumption 3.15 [W*] (i) implies B < co.

sup

B. Appendix to Chapter 2

B.1. Proofs of the statements given in Chapter 2

Verification of Example 2.5. (i) Straightforward calculations show that Example 2.5 (i) will satisfy
Assumption 2.4 [DM.1] if (2.5) is fulfilled, Assumption 2.4 [DM.2] if (2.6) is valid and Assumption
2.4 [DM.3] if (2.5) with A; < Bp! forall I € Ny, a B < oo and a p € (0, 1) holds.

(ii) At first, it is proved that Example 2.5 (ii) fulfils Assumption 2.2 [StAp]. Therefor, one de-
fines:

0

Z (H ay (et—r, u >a0 (et—g,u) VteZ,ue|0,1]. (B.1)

k=0

The stationary process ()Z't (u)) 1z 18 forall u € [0, 1] the a. s. well-defined unique causal solution of (1.2)
in [70, SubbaRao (2006), p. 1156] with A;(u) = a1 (g4, u) and by(u) = ag (g4, u) Vt € Z,u € [0, 1],
which can be shown by using Theorem 1.1 in [6, Bougerol and Picard (1992), p. 1715] together with
(2.7) as well as E [In*(|2])] = E[max{0,In(|Z)}] < E[ln(1+|2)] < In(1+E[Z]]) <
which holds for all real-valued random variables Z with finite first moment. In addition, it follows from
Q2.7):

o8]
<Cc ) ph<c (B.2)

sup ‘XO ‘
146 k=0

u€[0,1]
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Further, one observes that Example 2.5 (ii) fulfils Assumption 2.1!' in [70, SubbaRao (2006),
p. 1156etseq.] with Ay(u) = a1 (et,u), be(u) = ag(e,u) YVt € Z,u € [0,1], M = 1, e =1+6
and 8 = 1 (whereby Part (ii) of this assumption holds due to the mean value theorem). Hence, Proposi-
tion 2.1 in [70, Subba Rao (2006), p. 1158] with n = 1+ and (2.7) prove (2.3) in [70, Subba Rao (2006),
p. 1157] with e = 1 + 9. Thus, (2.11) and (2.4) in [70, Subba Rao (2006), p. 1157 et seq.] as well as (B.2)
yield that Assumption 2.2 [St Ap] (i) holds.

Moreover, Example 2.5 (ii) fulfils Assumption 3.1 in [70, SubbaRao (2006), p.1159etseq.] with
B’ = 4. Therefore, Proposition 3.1 in [70, Subba Rao (2006), p. 1163] with n = 1 + § shows the va-
lidity of the assumptions of Corollary 3.1 in [70, Subba Rao (2006), p. 1161] with ¢ = 1 + 4, such that
one obtains from (3.11)% in [70, Subba Rao (2006), p. 1162] as well as (2.7):

0 k—1

<y <C i (kpk + pk>

146 k=07=0 k=0 k=0
<C. (B.3)

sup
u€e(0,1)

WKo(w)

The validity of Assumption 2.2 [StAp] (ii) follows from (B.3), (3.12)? in [70, SubbaRao (2006),
p.1162] with 8/ = § and Proposition 3.1 in [70, SubbaRao (2006), p.1163] with n = 1 + J (the
a.s. existence of the right-hand derivative at 0 as well as of the left-hand derivative at 1 of u + )N(t(u)
follows similarly to the a.s. existence of the derivative for v € (0, 1)). In addition, (2.7) yields that As-
sumption 2.2 [St Ap] (iii) is fulfilled (recall (B.1)).

In the following, it is proved that Example 2.5 (ii) also satisfies the other conditions of Assumption
2.4 [DM.3] and the last property stated in (2.4), which verifies that Assumption 2.4 [DM.2] is fulfilled,
too. To meet these targets, one defines (Xx,i—1) ez @S Xk,i—1 ‘= €klgppr—iy + & Moty VE,t€Z, L €
Ny, whereby £ , is introduced in Assumption 2.4 [DM]. It follows for all I € Ny by using (2.1)! in [70,
Subba Rao (2006), p. 11571, (2.7) as well as >, p* = S0, p!TF < Opl (see (2.2)):

i[(ﬁa (5 t—r))a <€ t—k)
1 t—rs ~ 0 t—k»
k=l r=0 T T
— t—r t—k
- H a1\ Xt—rt—1» T ag \ Xt—k,t—I> T
r=0 146

< Cp, (B.4)

sup sup HXt,T—X

x (t=1) H
t, T
TeNt=1,...,T

=Ssup sup
146 TeNt¢=1,.,T

such that (2.2) with A; == C pl fora p € (0,1) and all [ € Ny is fulfilled. The validity of (2.3) with
A= Cpl V1 € Ny can be proved similarly (recall (B.1)). In summary, it is shown that Example 2.5 (ii)
satisfies Assumption 2.4 [DM.3].

'For convenience, in [70, SubbaRao (2006), p.1157], Ai(u) = 0 Vu < 0 is setted, which is avoided in the
present Example 2.5 (ii) for u = 0 by setting ao(z,u) = 0 Vx € R,u < 0. In particular, this does not
change the validity of (2.1) in [70, SubbaRao (2006), p.1157] because one obtains in both of these cases X;r =
Sheo (TT5Z0 Aver (= 7)/T) )bemi ((t — k)/T) = 35 (T1025 Aser ((t = 7)/T) Yooy ((t — k)/T).

%In Corollary 3.2 in [70, SubbaRao (2006), p. 1162], just Assumption 2.1 in [70, Subba Rao (2006), p. 1156 etseq.] is de-
manded, which does not suffice to obtain the statement of this corollary because this assumption does not even ensure
the a.s. differentiability of u +— X, (u). However, it follows from the proof of this corollary (which is stated below
this corollary) that it is possible to show its assertions under the assumptions of Corollary 3.1 in [70, Subba Rao (2006),
p. 1161]. In addition, the last sum in (3.11) in [70, Subba Rao (2006), p. 1162] should sum over all k € {0, ..., 00} and not
just k € {1,..., 00} to handle that the summand contained in X;(u) which belongs to k = 0 equals ao (¢¢,u) Yt € Z,
u € [0, 1] (recall that, according to Section 1.5, Y _ 2, := Oaswellas | |¥__ 2, == 1forallz,y € Z with z > y and all
Zy, - .., 2z € C). Further, the right-hand side of the inequality (3.12) in [70, Subba Rao (2006), p. 1162] has to be corrected
tosup,, , [u — v|ﬂIWt(2).
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In order to prove the last property stated in (2.4), note that (3.11) in [70, Subba Rao (2006), p. 1162] and
(2.7) yield for all [ € Ny:

WKiolw) = 0,870 (w)|

ue(0,1) teZ 1+0

w k—1

< sup sup Z Z H a1 gt s u aual (gt—ra u)) ao (Etfka U)
UE(O,l) LeZ k=l r=0
z;&r

[Tar G i vow) | (Puar (e re-1,u)) ao (xe— k1, )

i#r 144
o0
+ sup sup Z[(H ai €t iU ) 0uo Et kU (H a Xt it—1, U ))(5ua0 (Xt—k,t—lau))]
u€(0,1) t€Z || .= 146

<C Z (k:pk + pk>

k=l
YN Z (CEDONCIENTS
< C\/ﬁ , (B.5)

suchthat Ay = C\/ﬁl V1 € Ny can be setted, which fulfils Aj o +Z?i1 Ap;l < BforaB < o0. Over-
all, it is verified that Example 2.5 (ii) satisfies also Assumption 2.4 [DM.2] (and not just Assumption
2.4 [DM.3)).

(iii) At first, it is proved that Example 2.5 (iii) satisfies Assumption 2.2 [StAp]. Therefor, one
defines for all t € Z, u € [0, 1]:

o) k 0 k
Xlt 22 ak(u) Hst - X2t Zk: (Ouay(u)) a™ l(u)Hsf_r and
k=1 r=0 k=1 =0
Xy (u) := sign (&) \/ao(u)ef + ao(u) X1 4 (u). (B.6)
Arguments Nfrom the proof of Theorem 2 in [58, Nelson (1990), p.331] and (2.8) show forallt € Z,u €
[0,1] that X?(u) = fu (g¢,€¢_1, ... ) for a non-negative measurable function f,, (whereby the measura-

bility of 2 +— sign () holds due to CorollNary 1.89 in [48, Klenke (2013), p. 38]). Hence, Theorem 3.35
in [78, White (2001), p. 44] implies that (Xt( )) is stationary for all v € [0, 1].
One obtains from (2.8), p € (0,1), HEOH2+2(5 < 1 (which is an implication of [egf2 = 1),

Z;i2 (j4 (7r4 /90 — 1))_1 = 1 and the mean value theorem that Example 2.5 (iii) fulfils Assumption
1 in [17, Dahlhaus and Subba Rao (2006), p. 1077] with:

1 _
Zi=aVteZ, au)=0YucRj>2, Q=1, v=1-_(p+lols)

4
1) =p L 1) =4 T 1 (1—v—p) ' Vj=2 aswellas M = sup |dua1(u)|/p.
90 ue(0,1)
B.7)
It follows from (2.8) and ||eg |, = 1 (see (B.6)):
sup ‘Xo ‘ < C. (B.8)
u€[0,1]

Furthermore, Proposition 1 and (45) in [17, Dahlhaus and Subba Rao (2006), p. 1078 as well as p. 1091]
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imply due to aj(u) = 0V j € {0,1}, u < 0 and (B.7) that:

X7 =sign (e1) /X2 with XtT—ao( )st+ia0(t_ )(Hal(t_TH))Hst .

r=1
Vte{l,....,T},TeN (B.9)

is the a. s. well-defined unique causal solution of Example 2.5 (iii). In addition, (44) in [17, Dahlhaus and
Subba Rao (2006), p. 1091] as well as (B.7) yield that ()?f(u))tez, u € [0, 1] (see (B.6)) is the a. s. well-
defined unique solution of the square of (6)* in [17, Dahlhaus and Subba Rao (2006), p. 1078]. Hence, one
obtains fromz — y = (x2 - yz)/(x + y) Vz,y € R with £ # —y in combination with sign ()N(t(u)) =
sign(Xt,T) (recall (B.6) as well as (B.9)), Theorem 1 in [17, Dahlhaus and Subba Rao (2006), p. 1078],
(B.9), (2.8) and P(g9 = 0) = 0 (note that U; is defined in (48) in [17, Dahlhaus and Subba Rao (2006),

p. 1093]):
-1
~ [t ~ [t C U,
sup || Xy — Xt () — sup Ui | Xor + Xy <> — sup -t .
t=1,.,T T) s Tt 1,..T T s T LTt g
(B.10)

It follows from aj(u) = 0Vj > 2, u € R (see (B.7)) for the expressions 7 (u, k) and m (k)
defined in [17, Dahlhaus and Subba Rao (2006), p. 1091] that 7 (u, k) = 1y, — pecjy—t—1<jo—t}
ﬁu(k jOyjlw--vjk) e 025 as well as my (k) = 1y, —ypecjy—t—1<jo—t396.5 (K5 Jos J15 - - -5 k)
HZ 0% ( gu and g; v are also introduced in [17, Dahlhaus and Subba Rao (2006), p. 1091]). There-
fore, arguments which are similar to those used in the proof of Theorem 1% given in [17,
Dahlhaus and Subba Rao (2006), p. 1093 et seq.] provide (recall that Uy is defined in (48) in [17, Dahlhaus
and Subba Rao (2006), p. 1093]):

k|0 — jk
Ut = Z2 + Z Qk 11{]1« =t—k<--<ji=t—1<jo=t} | | H (B.11)
k=1 H E(]z 1—
such that (B.7), (2.8) and P (¢p = 0) = 0 imply:
o0
2k

sup | = <eollyys + O, E20" leoly s leolst oy < C. (B.12)

t=1,...,T || €t 14§ 1

The statements supgey SUp;—;, 7 E[XﬁT] < C (which follows from (46)* in [17, Dahlhaus and Subba
Rao (2006), p.1092] by using (2.8) as well as (B.7)), (B.8), (B.10) and (B.12) yield the validity of
Assumption 2.2 [StAp] (i).

In order to verify that Assumption 2.2 [St Ap] (ii) holds, one firstly observes for all t € Z, u € (0, 1) that
(51) in [17, Dahlhaus and Subba Rao (2006), p. 1095] together with (B.7) provides (see (B.6)):

0uX2(u) = dyao(u)e? + (Quao(u)) X1,4(u) + ao(u) Xoy(u) a.s. (B.13)

In the following, some auxiliary investigations are carried out, which help to prove the validity of As-
sumption 2.2 [StAp] (ii). It follows from a;(u) = 0 Yu € [0, 1] and the fact that a; is differentiable on
(0,1):

sup |Oyay(u)| = 0. (B.14)
u€(0,1):a1(u)=0

3In contrast to [17, Dahlhaus and Subba Rao (2006)], it is assumed here that (6) in [17, Dahlhaus and Subba Rao (2006),
p. 1078] is defined for all ug € [0, 1] and not just for ug € (0, 1].

“The proof of Theorem 1 and (46) in [17, Dahlhaus and Subba Rao (2006), p. 1092 etseq.] contain typos: All expressions
£ (j; — ji—1) in this equation and this proof have to be replaced with ¢ (j;—1 — j;) according to the definitions of g¢, 5 and
Ju as well as (48) in [17, Dahlhaus and Subba Rao (2006), p. 1091 as well as 1093]. In particular, the mentioned expressions
£(ji — ji—1) are not defined because j; — j;—1 < 0, whereas Assumption 1 in [17, Dahlhaus and Subba Rao (2006),
p. 1077] just considers arguments of ¢ which are natural numbers.
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Let sup,eg z(u) == 0 Vr: R — [0, 00). Then, one obtains due to (2.8), a1(u) = 0 Vu € R, )202( ) =

momax {e3, X1 0(u)} a.s. Vue [0,1],P (g0 = 0) = 0, [£0]5495 < 2. p 0]l 3405 < 22 lE0]l3405 < 1
as well as (B.14) (recall (B.6)):

2
€

sup Nio <C H50H2+2§ <C,
v/ XG (w) 21426

)~(1,0 U > ~1,0 U
sup # < C| sup Xl,o(u) ]I.{al(u)¢0} + (2 ) ]l{al(u)=0} < C and
uel01]) A / X2 (u) 225 u€l0,1] \/% 2426

X 2 G
sup Azo(w) <C sup |Oyar (u)] 502 el + sup [Quar (u | H
u€(0,1) )”(g(u) yeos u€(0,1):a1 (u)=0 o ue(0,1):a1 (w)#£0 A/ a1(u . /

k
+ sup Zk|6 ar (u g, 1_[

2426
<C. (B.15)

Now, the auxiliary work is finished. Next, the validity of Assumption 2.2 [StAp] (ii) is shown. At first,
(B.13), (2.8), P (g = 0) = 0 and (B.15) yield (see (B.6)):

~ , X 2
sup 8uX0(u)‘ = | sup |sign (go) M <C. (B.16)
u&(0,1) ay26 |0 24/ X3 (u) Y

Moreover, assume that U,V < (0, 1) are arbitrary non-empty sets. In order to prove (2.1), note that it
follows similarly to the first equation in (B.16):

sup |0y X (u) — 5u)~(0(7))
ueU,veV
WX () = 0,53 (0) | .
2
< | sup + || sup v (v)‘
ueU,veV 2 )z'g (u) ) ueU,veV 2 X2 2\/X2 )
—T+1L (B.17)

One obtains from (2.8) as well as Hngl = 1 that ;°, SUPye[0,1] |af (u)] Hf:o 2, owns a finite first
moment and, obviously, this expression is non-negative, such that it is a. s. finite. Hence, (2.8), )Nfg (u) =
moe3 a.s. Yu € [0,1], P(g9 =0) = = 1 and the mean value theorem (the latter provides
together with (2.8) that sup,,e(/ e ‘a’f (u) — a¥ (v)| < kpk—! SUPe(0,1) |0war (w)||u—v|) imply (recall
(B.6)):

‘X170 (u) — )?17() (’U)‘ 0 e k
sup < Z sup ‘a’f (u)—alf (v)‘@ﬂﬂsirﬂl <C sup |u—v].
ueUweV X2 (u) =1 ueUveV my ueUweV

1

(B.18)

Arguments which are similar to those that show (B.18) prove (see (B.6)):

‘)?2,0 (u) — )?2,0 (U)‘
sup <C sup |u—v (B.19)
ueU,veV Xg (u) uelU,veV

84



and:

X2 (u) - X2 (v)

sup 5 <C sup |u—v|. (B.20)
uelU,veV moeyg uelU,veV
1
It follows from (B.13), (2.8), the mean value theorem, (B.15), (B.18), (B.19), U,V < (0,1) and ¢ €
(0,1/2] (recall (B.17)):

I<C sup |Ju—v|<C sup |u—v]°. (B.21)
uelU,veV uelU,veV

The function f: [0,00) — R,z — 4/z is Holder continuous with exponent 1/2, such that one obtains
from XZ(u) > moe3 a.s. Vu € [0,1], (B.20), arguments which are similar to those that show (B.16),
U,V <(0,1)and 6 € (0,1/2] (see (B.17)):

VX ) — /X2 W] 6,82 )

II=| sup
eV X () 20/ X5 ()|,
2 2 2 ~ 212

. X8 () — X3 (u) 2,53 v)
< sup ~ sup | ———=%

uelU,veV Xg (U) veV 9 )Z'g ('U)

1 V

<C sup |u-— v|6. (B.22)

uelU,veV

The validity of Assumption 2.2 [StAp] (ii) holds due to (B.16), (B.17), (B.21), (B.22) and the fact that
the a. s. existence of the right-hand derivative at O as well as of the left-hand derivative at 1 of u — X, (u)
follows similarly to the a.s. existence of the derivative for u € (0,1). In addition, the same arguments
from the proof of Theorem 2 in [58, Nelson (1990), p.331] which have already been used above show
that Assumption 2.2 [St Ap] (iii) holds (recall (B.6)).

In the following, it is verified that Example 2.5 (iii) satisfies also the other conditions of Assumption
2.4 [DM.3] and the last property stated in (2.4), which provides that Assumption 2.4 [DM.2] is ful-
filled, too. Therefor, one firstly observes that (B.9), |||y, 05 < o0 and (2.8) (note thereby p H5(2JH1 i =

2 . 1/2
pllgoly o5 € (0,1)) imply suprensup,_y, . 7 [ Xe7lly 05 = SUPTensup_1. 1 HXE,THléré < C. Thus,

(B.9), the fact that f: [0,00) — R, z — 4/z is Holder continuous with exponent 1/2, iterative applying
of the inequality \/z +y < v/z + \/y Vz,y = 0, |eolly, 95 < o0, (2.8) and shifting the index of a sum
yield for all [ € Ny (see (2.2)):

t—l
sup sup HXt,T—XtXJ(" )H
TeNt=1,..,T ’

. o % 2 i ‘ 2 x 2‘
<aup s 3 ([ s () Xy o (1) i - 2

o) k
+sup sup Z aog <t_Tk> H ai (t_TT—Fl) ‘@%—l —(
1

TeNt=1,...T | g max{1,1} -

2426

e ¢} o0
< Cly_gy <1 + > o ||€0|§+25> + Clgz1y Y. P [eoll5 45
k=1 k=1

< C (vplolasas) (B.23)

This proves that (2.2) with A; = C(ﬁ H60|\2+25)l VIl € Ny is fulfilled, whereby (2.8) ensures

VP lEo]as0s € (0,1). The validity of (2.3) with A; := C(y/p ||€0H2+26)l V1 € Ny follows similarly
(recall (B.6)). In summary, it is shown that Example 2.5 (iii) satisfies Assumption 2.4 [DM.3].
In order to verify that the last property stated in (2.4) is fulfilled, one defines (1) ez BY Xkt =
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exlgppe 1y + e Ay 1y VE,t € Z, 1 € Np, whereby ¢;° ; originates from Assumption 2.4 [DM].

It follows for all [ € Ny from P (g9 = 0) = 0 and 0,X,(u) = sign () 8u)~(t2(u)/(2 )N(f(u)) a.s.
Vte Z,ue (0,1) (see (B.6) as well as (B.13)):

sup sup H

ue(0,1) teZ wl — O ( ) 1{|thl,t7l|>‘8t7[|} 146

) ) 0)?2u
< sup sup|Jsign (e1) — sign (e, 0)|| 2L

ue(0,1) teZ ’ 9 /)“’(tQ(u) L
+

1 1 ~
+ sup sup |||sign (x¢t—1)] — 8UX2(u)‘ 1
ue(0,1) t€Z 2\/)?3(“) 2\/()?tx(t_l)(u))2 t {|Xt—l,t—z|>|at—l\}
146
. 59 S x(t—1) 2 1
+ sup sug |sign (xt,t—1)] |0uX; (1) — O (Xt (u)) N - 1{|Xt_l’i_l|>‘8t_l|}
1+6
= 1I(}) + IV(I) + V(1). (B.24)
One obtains for all [ € Ny analogously to (B.16):
(i) < Cly_o}- (B.25)

Applying arguments which are similar to those that show the first inequality of (B.22) (recall thereby
also the definition of II given in (B.17)) as well as those that yield (B.16) and using (2.8) together with
()thx(t*l)(u))2 > mox?,_; a.s. Vt € Z,1 € No,u € [0,1], P(g9 = 0) = P (g} =0) = 0 as well as
shifting the index of a sum provide for all [ € Ny (see (B.6)):

1
2

~ & x (t—1 2
T2t - () iz \ |’
u
IV(l) < C sup sup 2 {|Xt—l t—l|>‘at—l|} NVETN
u€e(0,1) teZ Xtt—1 ’ 24/ X2 (u)
145 146
E\|F
(515 l th,tl) Hogt—r
Xtt l ]
< C sup sup |ap(u)l + ap(u
ue(0,1) t€Z {|Xt_l’t_l|2‘5t_l‘} G tt— k= m%c:{u} X?’H
146
1/2
k4l (k+1
<C (l{l 0} (1 + Z P |50|2+25> + Clyzyy Z P o ||2+26 )>
k=1 k=0
s \2
<C (plleolyas)” (8.26)

One denotes for all t € Z, | € Nyg, u € [0,1] the term )N(IX t(tfl) (u) as the expression that re-
sults from replacing ¢; ; in X t(u) by €, (recall (B.6)). Then, (B.13), (2.8), ( x(t- l)(u))2 >

momax {x2,_,, X7\ ()} a.s. Vt € Z,1 € No,u € [0,1], P(9 = 0) = P (e = 0) = 0, (B.14),
leoll s < H<€0||2 =1 and shifting the index of a sum imply for all [ € Ny:

2 2
NORYe N a2
sup sup Lg— —_
uE(O 1) teZ { 0} |Xt,t7l| {|Xt—l,t—l|>|€t_l‘} o
+
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2 2
L ‘gt—l = Xt—lt—1

k
+ C sup sup a?(u £
ue(0,1) teZ km%{l I ! ( ) |Xt—l,t—l| {|Xt l,t— z|>\Et l|} H | 7"|
7 = 1+6
. ‘5?4 — Xi14- l‘
+Cly_onysup | ) kK sup  [0uai(u) ’ -
{ 7}teZ kZ::l €(0,1):a1 (u)=0 “ Ixt,t—1] {|Xf Lt |>ee- zl}l_[l t—r
T 1+6

2 2
|Oyar(u)] ‘5t—l - Xt—l,t—l‘

1
+ C]I-{l:(],l} iup Z
€

k

L x| 2o} H let—r|
r=0
r#l

Z |p=1 ue, 1) a1(u)¢0 ar(u)  IXt—t—1
146
[o'e) A ‘827 _X27 B ‘ k
ko t—1 t—1t—1
+ C sup sup k|Ouwar(u)| a2 (u) 1 o]
ue(0,1) teZ k=m§{2 0 ! ! Ittt  Uxemre-i]zleel} ﬂ) r
7 r#l 146
o0 . X
< C]l{l=071} + 01{122} Z (p§ + kpf—l)
k=l
b ( ki kel
_C']l{l 01}+Cl{l>2}p42p4 ( T4+ (k+Dp 1)
k=0
<Cpi. (B.27)

Arguments which are similar to those that show (B.24), (B.25), (B.26) and (B.27) yield for all [ € Np:

D () — 0, X (u)| 1

1
2 2 1
{|Xt—l,t—z|<\€t—l\}H1+5 <C (p H50H2+25) + Cp4. (B.28)

ue(0,1) teZ

One obtains from (B.24), (B.25), (B.26), (B.27), (B.28) and p H60H§+25 € (0,1) (which holds due to
(2.8)) that Example 2.5 (iii) fulfils the last property stated in (2.4). Overall, it is verified that Example 2.5
(iii) satisfies Assumption 2.4 [DM.2] (and not just Assumption 2.4 [DM.3]). O

Proof of Proposition 2.12. At first, define for all u € [0,1], s € R? (cf. (5.5) in [4, Beering (2021),
p.78)):

QZ(U, 8) SOTiio 1 u 3 = Z Ky < B U) 6i<s,§t(u>> (B.29)

and observe for all s € R? (see (2.9) as well as the Definitions 2.11 and 2.6):3

B0 -l € o 3000 (4 -0) - () (40))
2 () (o () - oten)
()+H() (B.30)

Lemma B.1 with x; = 1 and Remark 2.7 imply for all s € R

1) < sl (B31)

Next, II(s) is bounded. Therefor, note at first that it follows for all s € R? as well as for a not necessarily
deterministic value & 7, between ¢/T" and u from the mean value theorem together with Assumption

>The inequalities (B.30) and (B.31) are similar to (6.3), (6.4) as well as (6.6) in [41, Jentsch et al. (2020b), p. 4].
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2.2 [StAp] (ii) (recall Definition 2.11):

() oos (550 (1) ) - oo (G5 Ta)) ‘

T
2 (£50) (4 ) E[aﬂ o (o To@)) | = aveos (5o (u>>)] ‘
+ sup

e 2 (B e o (G o)

=1
=: IIl( ) + IIQ( ).
Lemma B.1 with k1 = k2 = 1 and Assumption 2.8 [K&b.1] (i) (which provides K ((t/T — u)/b)

K ((t/T = u)/b) L{j1/7—u)<py) yield for all s € RY:

11 (s)
B [ sin((s: Ko (€2.0)) (= (510080 @ g, ., + (52000 )

< Cb sup sup
u€tlo,1,b t=1,...,T:| % —u|<b
+ Cbues;lir,)lyb t:1,,,,,;l;l|§7u|ng H (— sin(<s, )?0 (ft,T,u)>> + sin(<s, )?0 (u)>)) <3, au)?o (u)>H
(B.33)

=11 (s) + Iy.o(s).

1

sup T

ueﬂo 1,b

”Mﬂ

< sup
u€ily, 1,

=l \

'ﬂ \

(B.32)

One obtains for all s € R? from Assumption 2.2 [StAp] (ii):

‘—aﬁ)?o @1, + 0% (u)|,

II;1(s) < Cbls|; -E | sup sup ¢
u€ly 1, t:l,...,T:|%7u|<b b
< Ob sy (B.34)
It follows for all s € R? from (3.14) with ¢ = (1 + §)/3, Remark 2.3 and Assumption 2.2 [StAp] (ii)
i
I 2(s) < CObE | sup sup ‘— sin (<s, Xo (ft,T7u)>) + sin (<s, Xo (u)>>‘ ’
u€llo,1b t=1,..,T:| & —u|<b
i [(n50 0
ue(0,1)

(B.35)

Cb1+6|8|i+6'

Furthermore, Assumption 2.8 [K&b.1] (i) yields for all 21, z2 € R:

Z1—u\ 21 —u Zo— U\ 29— U
K —K

sup
ue[0,1]
zZ1— U 21— U 29— U\ 22— U
= o [ (25) 25 -0 (55 25 vt
. 21— U zZ9 — U 21— U 21— U 29 — U 29 — U
< sup min ‘K( )—K( ) — K( >,
we[0.1] { b b b b b b
zl—u 21— U zZ9 — U 21— U zZ29 —U zZ9 — U
5 17—zl (B.36)
= (z — u)/b, the inequalities

In addition, it follows for all u € g 1 5 (see (2.9)) from the substitution y
—u/b < Uy — 4y as well as (1 — u)/b = Uy — Lo (note that Assumption 2.8 [K&b.1] (ii) demands
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b € (0,1/2), which ensures ({; — Lly)b < 1 — (L — LUo)b) and Assumption 2.8 [K&b.1] (i):

iy —4lo

1
JK(ZZU>Z;udz=b J K (y)ydy = 0. (B.37)
0 Ho—8y

One obtains for all s € R? from Lemma B.2 (i) together with (B.36), Assumption 2.2 [St Ap] (ii) and

(B.37) (recall (B.32)):
1
Z—u\ z—1u
JK( 2 ) 2 dz
0

It follows for all s € R from (B.32), (B.33), (B.34), (B.35) and (B.38) as well as similar arguments (see
(B.30)):

C C
+ﬁ |8|1 = ﬂ|8|1. (B.38)

Iy(s) < C | sup

u€lo,1,b

I(s) < Cb'+° . (|s|1 + s }+5) + T%|s|1. (B.39)

Proposition 2.12 is an implication of (B.30), (B.31), (B.39) and Lemma B.3. ]

Proof of Proposition 2.13. At first, one obtains from Assumption 2.8 [K&Db.1] (i) and the fact that z €
[(t —1)/T,t/T] implies 2T <t < 2T +1Vte {1,...,T} (recall Definition 2.11):6

1
t 1 zZ—u
— Kb<—u>—JK< )dz
ue[O,l]T; T ) b b

t
7 — U Z—U
K (T 5 ) - K ( 2 )‘ - (Vur—mo<i<ursmoy + Vjur—To<er<urs1i}) d2

u€l0,1] t=1,7,
T
T
cd [t
< uzl[EPI] 2 2 J T A (Lur—ro<t<ur+1v) + Lur—rocsr<or+1<ur+mo+ 1 Lar<t<ari1}) d2
7 =17
%
C
< SUp 755 ), Liwr—Te<t<uT+TH 41
ue[oyl] T2b2 ; {u uld +10+ }
C
<& B.40
T (B.40)

Assumption 2.8 [K&b.1] (i) as well as (ii) (the latter demands b € (0, 1/2), which ensures (£l; — Lly)b <

~

1 — (Uy — Up)b), the substitution y := (z — u)/b and the inequalities —v/b < Ly — &l as well as
(1—v)/b=U — Uy Vve [(U —Up)b, 1 — (U — o) b] provide for all u € [0, 1]:°

1 £ —tlo e
1—J2K<Z;u)dz= f K(y)dy — K(y)dy
0 otk "
—% =4
= f K (y) dyl o, s, —s1)p)) + K (y) Ayl pue(— (s, —s10)b,11}
ol 1

b

(B.41)
In addition, for each kernel which satisfies Assumption 2.8 [K&b.1] (i) exists a cx € (0,4 — tlp) with

°Note that (B.40) and (B.41) are similar to the statement |1/T S Ky (/T —u) — 1| = O(1/(Tb)) for arbitrary but fixed
u € (0, 1), which is stated in [41, Jentsch etal. (2020b), p. 4].
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Sul 0 K (y)dy > 0.t follows from the reverse triangle inequality, (B.40), (B.41), S T K(y)dy =

CK

{217 K () dy and Assumption 2.8 [K&b.1] (i) that a Ty € N exists which fulfils (note the Definitions

CK

2.11 as well as 2.6):

inf E 7 ’0 o ’0
[Ochb]LlJlEl—chJ] | [QD(’LL )] SO(U )|

1
1 Z-u 1 z—u
= inf —E[o(u,0)] - | =K d K dz — 7
[0.cxc ol —exch1] [P(u, 0)] Of b ( b ) i Of b ( b ) 2= ¢(u,0)

1
/——+ f K(y)dy > 5 J K(y)dy>0 VT eN:T > Tg. (B.42)

Moreover, Assumption 2.2 [StAp] (i) provides that an absolute constant C' € (0, 00) exists for which
the following inequality holds:

sup | (u,r) — ¢ (u,s)| <C~’|7“—3|1 Vr,seR? (B.43)
u€el0,1]

and, according to Lemma B.1 with x; = 1 as well as Assumption 2.2 [StAp] (i), this constant C can be
chosen in such a manner that it also fulfils:

T t N
sup |@ (u,r) — @ (u,s)|; < sup E K (T u) r—s|, <Clr—s|; Vrse R?. (B.44)
uel0,1] uefo,1] T & b

Since the reverse triangle inequality implies for all v € [0,1], s € R%:
[E[p(u, 8)] = ¢(u, s)] = = [E[p(u, 0)] = E[p(u, 8)]| + [E[@(u, 0)] = ¢ (u, 0)] = |p(u, 5) — ¢ (u, 0)],

~\ —1
Proposition 2.13 follows from (B.44), (B.42) and (B.43) with Sy := (8dC> {7 K () dy as well
asex = 1/4 Sil;uo K(y) dy. O

Proof of Proposition 2.14. At first, one obtains from shifting the index of a sum, Tonelli’s theorem for
infinite series (A; > 0 V[ € N according to Assumption 2.4 [DM]) and Assumption 2.4 [DM.1]:

o0 o0 o8] [0 0] o8] [o0] o]
FYID D VIRYED 15 s NED 1) NIV 3D W USENED NI
=1

t1€NO 4o 7 41 1=ty 1) to=11=ty to=11=1 =1t2=1
(B.45)

Assumption 2.8 [K&b.1] (i) (which ensures K(z) = 0V z € R : |z| > 1), Lemma B.4 (v), Lemma B.1
with k1 = 1 and (B.45) provide for all s € R? (see Definition 2.11):

sup B[R {(u,5) — E[F(u5)]}|

u€[0,1]
1 min{T,[uT+Tb|} t 2
—u
< sup 2 K ( b > Vo (cos (G X))
u€[0,1] (Tb) t=max{1,|uT—Tb|}

by T 2 g,
T > t 2+1K (T ; ) |Cov (cos ((s, X¢, 1)) 5 cos ({s, X1, 17)))|

C c = ’%—u
<
STt Sup] T0)2 Z K 2 sup Z Z AVIE

=1 T 1y 7 gy 1

< — 4 —|s|y. (B.46)
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This and similar arguments show Proposition 2.14. O

B.2. Auxiliary results belonging to Chapter 2 and their proofs
Lemma B.1. Let Assumption 2.8 [K&b.1] be fulfilled. Then, it holds for all T € N, k1 > 0, kg > 0:

K1 T t K1
= — U
sup K ( > <C and sup < )
ue[0,1] TbZ ue[0,1] Tb; b

Proof. In the following, just the second statement of Lemma B.1 is proved because the first one re-
sults from similar arguments. One obtains K ((¢/7° — u)/b) = 0 for |[t/T — u| > b from Assumption
2.8 [K&b.1] (i), such that:

t 2
- —1U

b,
T <C

1 T t —u K1 t K2 [uT+Tb] t —u K1 t Ko
sup — K(T ) — —u| < sup — K(T ) T — —u|
ue[0,1] T 2 b T u€[0,1] Tb [u;TbJ b {|T u|<b} T
which implies the second statement of Lemma B.1. O

Lemma B.2. Assume that N € N, x,y € Rwithx < y and that f: [x,y] — R is a function which fulfils
forall qi,q2 € [x,y] as well as a Ly € [0,00):

|f (@) — f(@)] < Lylar — |- (B.47)

Moreover, set:

Az = u, zp =2+ kAzVke{0,...,N} and c, ::x—i—(k—) Az VEke{l,...,N}.

N
(B.48)

Then, it holds:

(i)
Jyf( dz—Asz M
J N

(ii)
( N 3Ly — o2
ff(z)dz—Aszlf(ck) < %

(iii) 7 If in addition f is differentiable on (x,y) and L € [0, 0) as well as k € (0, 1] exist which fulfil:
00, f (@1) = 0o f (@2)| < Ly lon — 2" V1,92 € (2,y), (B.49)
one will obtain:
? e

S Lyly
=1

x

Proof. (1) Lemma B.2 (i) follows from the Qth Example in [77, Walter (2007), p. 234] by using the
equidistant partition which is defined in [77, Walter (2007), p. 235].

"Proofs of error bounds which belong to numerical integrals that are based on the midpoint rule are well-known for functions
with bounded second derivative (see e. g. [26, Fazekas and Mercer (2009)]). In contrast, Lemma B.2 (iii) provides an error
bound under weaker assumptions, which is shown by using some similar arguments, among other things.
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(i) Lemma B.2 (i) and (B.47) provide (recall (B.48)):

Y N Y N
| r@dz=8: % p@| <|[ 1)z - a2 Y £ )
o k=1 e k=1
N 1
+Az Y f(a:—i—kAz)—f(a:—i—(k—Q)Az)‘
k=1

which shows Lemma B.2 (ii) (note Az := (y — z)/N).
(iii) At first, define forall k € {1,..., N}, z € (z,y):
gr(2) == f(ck) + 0uf (v) \v:% (2 — cx). (B.50)

Itholds forall k € {1,..., N} dueto ¢ = 1/2(z, + 21_1) (see (B.48)):

kK 2k 2k

22 2k
[ teya= [ reararol, |5 - - [aee
Zg—1 Zg—1 L

such that:

A N N | %k N | %k

[ECZE S WIRIEDY ff (ex) de| = 3 ff(z)—gk<z>dz.

: k=1 k=1|," k=1,"

(B.51)

By assumption, one obtains for all k € {1,..., N}, z € [c, 2] that the function f: [cg, z] — Ris
continuous on [cy, z] and differentiable on (cg, z). (These properties should hold by convention for
z = ¢.) Hence, the mean value theorem implies for all k € {1,..., N}, z € [c, 2] the existence
of a value £ (¢, 2) between ¢ and z which fulfils f (z) = f (cx) + 0uf (v) ‘vzﬁ(% 2 (z — cx),
whereby & (cg, z) = ¢, for z = ¢j. Similar arguments show forall k € {1,..., N}, Z € [zx—1, ck]
as well as a value & (Z,¢;) between Z and ¢, that f (cx) = f(2) + 0 f( ) ‘v Gier) (ck — 2),

which is equivalent to f (Z) = f(cx) + 0uf (v) ‘v=§(5 ) (2 —cx), whereby & (Z,cx) = ¢ for
Z = c¢. Thus, (B.49) provides (note (B.50) and (B.48)):

sup sup | f(2) — gk (2)]
k=1,...,N z€[zr_1,2x]

< Ly sup ( sup  [€(Z,ek) —ck|” |2 —ck| + sup |§(ck,z)—ck|”-|z—ck|>

k=1,...N \ Ze[zk—1,ck] z€[ck,2k]
1 "1
<Lp2(zAz) ZAz (B.52)
2 2
Overall, (B.51), (B.52), z — 21 = AzVke {l,...,N} and Az := (y — z)/N prove Lemma

B.2 (iii).
U

Lemma B.3. Let the Assumptions 2.2 [StAp] and 2.8 [K&b.1] be valid. Then, the following statement
holds for T' — oo (recall (2.9), (B.29) and Definition 2.6):

1
sup [B[p(u.8)] — ol ) = 0 (1) Vse R
ueLloylyb Tb

whereby the expression O(1/(Tb)) does not depend on s € RY.
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Proof. Theright side of (B.41) is zero for all u € Ly 1 ; (see (2.9)). Thus, E[ei@jt("»] = E[ei<s’;{0(“)>]
VseR% teZ ue[0,1], (B.40) and (B.41) verify Lemma B.3. d

Lemma B.4. Suppose for some d,dy,ds € N and all k € {1,2} that the d-variate triangular ar-
ray {Xyr} = {Xyr:te{l,...,T}}_, and the dy-variate triangular array {Y;[{}]} = {Y;[l}] :

t e {1,... ’T}}$:1 are locally stationary Bernoulli shift processes (in the sense of Definition 2.1)
which fulfil Assumption 2.4 [DM.1] or 2.4 [DM.2] or 2.4 [DM.3] (and, therefore, also Assumption

2.2[StAp]). In addition, assume that {}/t[;l} and {Yt[QT]} are based on the same i.i.d. innovations
(€t)4ez- Moreover, the stationary approximations of { X, r} are called {)N(t (u) : t € Z} (withu € [0,1])
and those of {Y;[f}]} are denoted as {ﬁ[k] (u) : t e Z} (for k € {1,2}). For all | € Ny, let Xx(t b
(witht € {1,...,T}, T € N) as well as Xt (=D ( ) (witht € Z, w € [0,1]) be defined as in As-
sumption 2.4 [DM] and F;, », (with r1,r2 € Z : 71 > rg) originate from Definition A.1 (i). Further,
g: R? x R? — R should be an arbitrary measurable function and suppose that gi: R — R (with
J € {1,2}) fulfils either gj(x) = sin(z) Yz € R or gj(z) = cos(x) Vo € R (whereby g1 # g2 is
allowed). Then, it holds:

(i)

HE [Xt,T‘-Ft,t—l] —-E [Xt,T‘]:t,t—l—l] H1+5 A Vte{l,....,T}, TeN, leNo.
(ii) Ing()N(t( 0w Xy (u )”1 < o Yu e |0,1],t € Z, one will obtain:

e (300880 ] -2 (510, 0840) ]|
<o (B0 @), 0%V w) - g (Rutw), 0 Kw)| Viez we o], e N

(iii)
[E g3 (. X2:09) FFart] ~ B [31 (€, Xeiad) o]l
<o (5 3587)) ot i),
C’A:f |s|1+6 VseRY te{l,...., T}, TeN, leNy, ¢ =1+0.
(v)
2o (G0 %)) Femt] = £ ((5 %)) i
<o (G2 0)) o (G5 T
CA;EEHF(S VseRe teZ, uel0,1],1eNy, ¢ =1+0.
(v)
Cov (o (G ¥0k)) 2 (G, ¥2)) )|
<0 3 A () Lo+ 5] L) + CLoa
o Vsllerh sPler® t) t,e{1,...,T}, TeN.
(vi)

L feo (o (T @) e (G750 )
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<0 Y A (] Lo + B L) + Clmay
I=|t1 —ts]

Vsl e RN sl e R®, 4.t € Z.
(vii) (note Definition A.1 (i))
Cov (o1 (G %)), o2 (G ¥8%)),)

<0 Y A Ao+ 5] Vo) + C1ma

l=‘t1—t2‘

Vsl eRh sPler® ¢ t,e{1,...,T}, TeN, neN,.

(viii) (see Definition A.1 (i))

[ (o (G710 (2,583 1))

uweOl]

<C Z AV (‘5[1]‘1 Loty + ‘5[2]‘1 1{t2>t1}> + Ol =g,y

I=|t1—t2]

VS[l] € Rdl, 3[2] € RdQ, t1,t2 € Z, n € Np.

Proof. (i) One defines F;\'0” = e and F ',V i= (er,... eemi1,€)) YVt € Z, 1 € N, whereby
(5;) reg, Originates from Assumption 2.4 [DM]. Then, Lemma B.4 (i) follows similarly to the

proofs of Theorem 1 (ii) and (i) in [80, Wu (2005), p. 14151] (note Definition A.1 (i) as well as
(2.2)):

B [Xer|From] = B[ Xer|Fromi-a]] 5
= HE [E[ X(t -1 ‘ftttl 111)] —-E [Xt,T‘]:t,t—l—l] ‘ft,t—l—l]H

1+46
HE [ X(t — Xt,T‘]:t,t—l,5:4,1,515—1—1] H1+6
XX x(t—1—1) H
H tT Xer 144
<A Vte{l,..., T}, TeN, leNp. (B.53)

(i) Lemma B.4 (ii) can be verified analogously to Lemma B.4 (i).

(iii) It follows for all s € R%, t € {1,...,T}, T € N, 1 € Ny, ¢ > 1 + 4 from arguments which are
similar to those that show (B.53) and by using (3.14):

|E [g1 ((s, Xe.0)) | Fri—i] — E g1 ({5, X)) ‘Ft,t—l—l]Hq
Hgl (<$ X><(t 1-1) )—91 (<5’Xt’T>)Hq

146
g 1+6 | ¢(1+0)
<CE [KS’X;T@ 1-1) _Xt,T> ]q

+5 1+6

| PR (B.54)

<C "th}t—l—l) . Xt,T

This proves Lemma B.4 (iii) (recall (2.2)).

(iv) Lemma B.4 (iv) can be verified analogously to Lemma B.4 (iii).

(v) At first, consider 1,5 € {1,...,T} with t; > t5. Lemma B.4 (iii) with X; 7 = Y; i1 as well as
q = 1+ ¢ implies for all sl'l € R%, s[2 € R% (note that F; originates from Definition 2.1 and
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Fi,t— from Definition A.1 (i)):

Cov (1 (G o2 (G2 )|
= B[ (Efon () 7] =B o (G030 [P ) o2 (2 3)) |

<5 el (G D) ]2l () P

I=t1— tQ 1

<C 2 Am‘ []‘. (B.55)

I=t1—ta—1

For t1 # t9, Lemma B.4 (v) follows from (B.55), shifting the index of a sum and similar arguments
in the case to > t;. For t; = t9, the proof of Lemma B.4 (v) is trivial.

(vi) Lemma B.4 (vi) can be shown analogously to Lemma B.4 (v).

(vii) At first, consider tq,ts € {1,...,T} with t; > ts. It follows for all st e R g[2] € Rz similarly
to (B.55) by shifting the index of a sum (see Definition A.1 (i)):

o (G0 381)), 0 (G17E1)),)
< 3 [Ela (G ), ] - Bl (), ]
S Y e [ PR TN |

<c Y A 3[1]‘.

1
l=t1—t2

This and analog arguments yield Lemma B.4 (vii) in the case t; # t3. For t; = t3, the proof of
Lemma B.4 (vii) is trivial.

(viii) Lemma B.4 (viii) follows similarly to Lemma B.4 (vii).

C. Appendix to Chapter 3

C.1. Proofs of the statements given in Chapter 3

Proof of Lemma 3.4. At first, one obtains for S := 1/(2dC)) (whereby C' € (0,00) originates from

(B.43) and, according to Definition 2.1, d denotes the dimension of Xo(u)) by using (B.43) as well as
o(u,0) =1Yuel0,1]:

inf inf [p(u,s)| = inf_inf (—[p(u,0) = o(u, s)| + |@(u, 0)]) =

(C.1)
[ 3 S]d u€el0,1] Se[_g’g]d ug[0,1]

N |

It follows from (C.1) and Assumption 3.1 [WEI.1] (note Definition 3.3 (ii)):
2

Dy > J J lo(u, s)|* duw(s)ds = inf dué][%fl] lo(u, s)| | (t — o) JW(S) ds > 0,
. ss]‘“‘o se[-S,5] [7§,§]d

which proves Lemma 3.4. O
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Proof of Proposition 3.6. (i) At first, one defines for all R € {R, 3}:

iy
opt 1
I e T JR{cp(w,s)} dw (C2)
o
and observes:
h
fR{go(u s}du_ffopt s)du VRe{R,S}, se R (C3)
o

It follows for all f € €° (Rd) = { f:R* > C | fis continuous} from (C.3) (recall (C.2) and (3.6)):

JJ?R{@us} duw(s) ds+ffﬂ%{f )2 du w(s) ds—2JJ§§i% YduR {£(s)} w(s) ds

R4 ilo R4 o R4 Ug

“ére{sou D + RSP = 208 (&R {F()} duw(s) ds

Rdil()
ff Ty (s (f;i;’i, (s)) duw(s )ds—2ffafe{<p u,8)} du [ (s) w(s) ds
]Rdﬂo R4 g
opt opt 2
JJ uo1(5)} duw(s)ds + J J 1101(5)} duw(s) ds. (C4)
R4 flo R4 o

One obtains for all f € € (Rd) from (C.4) and similar arguments:

thous $)|? duw(s) ds

ff‘@u s opt 3)‘ duw(s ds—i—fj‘f §§tl 8‘ duw(s)ds. (C.5)

R4 o R4 o

Since the first addend on the right side of (C.5) does not depend on f € € (Rd), it is easy to see that the
unique minimizer of (C.5) with respect to f € € (Rd) is f = fgf))tl (note that, according to Assumption
3.1[WEL1], w > 0 A-a.e.). In addition, one obtains for all R € {i, 3} (see (3.6) as well as (C.2)):

JJ §§t1(3)}2 duw(s)ds

R4 o

h
:f f R {ip(u, ) du+ (86 — 1) (F22 () —2(8h — 1) (F22° 1 (9))” wis) ds

R4 Lo
Lll u1 2
= J JR{@(U, $)}? du — ! R {Jg@(w, s) dw} w(s)ds, (C.6)
0 —
R4 Lo io
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which finishes the proof of Proposition 3.6 (i) due to |z|? = R{z}? + S{z}? Vz € C (note Definition
3.3 (1) and (ii)).

(ii) Proposition 3.6 (i) and the equation |SU|2 = 27 V x € C imply (recall Definition 3.3 (ii)):

D=D; —Dy
T 0 15) P lw8) + ¢ (w,5) g (w,5)
(u,s) @ (u,s) +¢(w,s)p(w,s
Jul uo” 2 duwcw
Uo Yo
1 [ fews)p@s) + plms)p (w,s)
plu,s)plw,s)+eplu,s)plw,s
_ﬂl—ﬂoff 5 dudww(s) ds
Up Yo
1 Uq 3y
~ sy | [ ] (s Basi= ot ) o5 - oot 6) +tw5) 6w )) dudo
RdUpily
w(s)ds,

which shows Proposition 3.6 (ii) due to 27 — 27y — Ty + yy = |z — y|2 Va,yeC.

(iii) Proposition 3.6 (i) yields (see Definition 3.3 (i)):

fﬂgp u,8) = fae (s )‘2 duw(s) ds

R4 o

with fOpt e ¢°(R?), such that Assumption 3.1 [WEL1] (in particular, w > 0 A-a.e.) implies that
D = 0iff p(u, s) = folot (s) Vu e [Uo, 1], s € RY. This proves Proposition 3.6 (iii).
(iv) Lemma 3.4 ensures 1/D; > 0 and Proposition 3.6 (i) provides D"°™ = D/ (recall Definition 3.3

(>i1)). Therefore, D"°™ = 0 will be valid iff D = 0. Thus, Proposition 3.6 (iv) follows from Proposition
3.6 (iii). O

Proof of Lemma 3.9. At first, it will be shown that absolute constants K > 0and T € N exist that fulfil
(note that u; originates from Definition 3.8 (i)):

- —uy

For all T € N with T > T exists ire {1,...,T} for which K < ) > K >0. (C7

Assumption 2.8 [K&b.1] (i) provides that fixed ¥ € (0, £l; — fy) and K > 0 exist which fulfil:
K (%) = 2K > 0. (C.8)

It follows from Assumption 2.8 [K&b.1] (ii) that Tb — oo for T" — oo. In addition, u17" > 0 holds
obviously. Hence, Z > 0 ensures 1 < |u1T + ZT0| for sufﬁmently large values of T'. Moreover, Def-
inition 3.8 (i) and 1/(2[1/(2b)]) = b imply w17 < upyyop) T < UoT + (44 — o) (T'— T'b). Thus,
¥ <ty — o shows |urT + 3Tb| < |44T| < T. Further, Th — oo provides — L /(Th) + 2K > K
for sufficiently large values of 7', whereby (according to Assumption 2.8 [K&b.1] (i)) Lx denotes the
Lipschitz constant of K. Overall, one obtains that a T € N exists for which the following statement is
valid:

- . . I . -
Forall T'e Nwith T > T holds: tp := |u1T + ZTb| fulfils 1 <t¢p < T and — T—Ig +2K > K.
(C.9)
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In conclusion, Assumption 2.8 [K&b.1] (i), (C.8) and (C.9) imply for all T’ > T

ZT ~7 e
+ = S _ ZTb B tr —urT o
K( ; >/ ‘K(Tb K|S ||+ K ()
T+ ZTb) — |wT + ZT
> _Lp (1T + ZTb) — |w1T + ZTb| LK)
Th
Lk
> 08
= Tb+2K K>0,

such that (C.7) is proved.

In order to derive Lemma 3.9 from (C.7), one selects an arbitrary w € 2, whereby () is the sample space
from Definition 2.1. It follows for all s € R% and for an absolute constant C' € (0, 00), which does not
depend on w and s, by using |z|> = 27 V= € C (recall Definition 2.11):

<gp 2 (B ro (B ) O ) )
T2 t1,t2=1 T
c & t
<pe 3 E (B o) K (2 - w) X - Ko@) sl 10

-1
X r(w) - th,T(w)h) } (C.11)

1t follows from (C.7) that | (u1,0) | | > 0VT > T. Thus, A (7 (w)) > 0 holds for all T’ > T. As-
sumption 3.1 [WEIL.1], (C.10), A (/7(w)) > 0 and (C.7) provide for all T > T

[1/(2b
j Bluns) [ wyds > | 1)) wio)ds

Re Sr(w)
~ 2 =R 9 ~ 5
= — f “S"(ULO) M — & (u1, 5) ‘w‘ ‘ w(s)ds + J |5 (u1,0) ‘w‘ w(s)ds
(W) F(w)
1 1 ir 2
~ 2 T = Uul
73 Plun 0" wls)ds > grga K ( 2 ) J w(s)ds >0, (C.12)
s rw)
which proves Lemma 3.9 (see Definition 3.8 (i)). 0

Proof of Proposition 3.11. (i) It follows from |z|> = 27 V 2 € C (note Definition 3.8 (i)):

Dy =Dr1 —Dro

L[l — uO |_1/(2b)J N - ~ 1 ll/(Qb)J o
:Rd [1/(20)] 1;1 <<P (uk, 8) P (ug, s) — P (ug, s) /@) k22=11 @(qu,s)) w(s) ds
! [1/(2b)]
_ L[1 _LLO ~ ” T— ~ _ ; ﬁ
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L Lyen) . Ly

— @ (ug, S)W k:22=1 P (uky, 8) + W kl%::l O (upy, 8) P (Upy, 5))“’(5) ds,

which implies Proposition 3.11 (i) due to 27 — 2y — Ty + yy = |x — y|2 Va,yeC.

(ii) Proposition 3.11 (ii) can be shown similarly to the proof of Proposition 3.6 (ii).

Proof of Lemma 3.12. In the following, Lemma 3.12 with Ry = R and Ry = < will be verified.
Obviously, one obtains for all s1, 55 € R%:

uz%pl ‘COV (cos (<31,X0 (u )>> ,sin (<52,X'0 (u)>))‘ <C. (C.13)

Moreover, it holds for all s;, s, € R? due to Lemma B.4 (vi) and (B.45):
w ~
Z sup ‘COV (cos (<51, Xo (u )>) ,sin <<82,Xt (u)>)>‘ < Clsaly - (C.14)
=1 u€[0,1]

Further, one obtains similarly to (B.45):

—1 o0 -1 ow -1 o0
2 Z A= Z Z ]l{lz—t}Al = 2 Z 1{—l<t}Al = Z Al < C. (C.15)
=1

t=—0 [=—t t=—00[=1 I=1t=—00

Lemma B.4 (vi) and (C.15) imply for all s, s9 € R%:

% sun [cox (cos((or Ko )) in (oo X)) < €l 0

Lemma 3.12 with R; = R and Ry = < follows from (C.13), (C.14) as well as (C.16). The other versions
of Lemma 3.12 (with the other choices of R; and Rz) can be proved similarly. O

t=

Proof of Theorem 3.13. (i) Throughout this proof, it is supposed that 7" is large enough to ensure
2|T(4 —8ho)b] — 1 — 222> 1 + 22 (see Definition A.1 (ii)), which holds for sufficiently large 7" due to
Remark A.2 (i).

Further, one defines for all k € {1,...,[1/(2b)|},t € Z, s € R%, R € {R, S}, j € {1,2} (recall the Def-
initions 3.3 (i), 3.8 (i), A.1 (ii) as well as (i), (3.16) and that X¢ := X — E[X] for all random variables
X with finite first moment):

t— | Tyb]

T = (170)> Y2 = (07 1)7

TU. = Tﬂoﬁl,ﬂ =T (ul - i’[0) 5 ak,t = ﬂT,U’o,l,k‘,t = Uk +

2| Tiyb|—1— 222

° ° 1 t— Tllb 7 s,)N( B a
@m(Uk78)¢=wT,uo,1,m(Uk,S)ZZW K <[TE1bJJ (L —Llo)><e< L) - 7o k’t)>) :
t=1+ 272 7272
o 2\/> (Lll ) o c
DT,k,j,R ]DTLJ.O 1LkjR = W fRWm(Uk,S)} “Tio1,R (’Yj,ums) w(s) ds,
Rd
[1/(2b)]
D7 =Dy kg = Drgjm + Drpje and Dyji=Dyyg = Z D7 - (C.17)
k=1

Thereby, it holds for all k € {1,...,[1/(2b)|},t € {1,...,2|Tyb|} (see Definition 3.8 (i)):

1\ 8- 1—Tyb
”0“”(1‘2) vy T

< Uy and
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1 =Sy 2|Tub] — |Tud] 1/2 Tub
e < Ho+ Q%J )111/<2b>(f T “‘”(1 1/(26))(il 1= tho) 4 =,
(C.18)

such that 5, (ug, s) just takes X, (u) with u € [0, 1] (and, obviously, 7 € Z) into account. Therefore,
©%5s (U, s) is well-defined for all k € {1,...,[1/(2b)]}, s € Rd

The Lemmata C.1 (regard that D; = D; » + ]D)J & and ID)TJ = IDDTJ R+ ]D)Tj s Vj € {1, 2} follow from
the Definitions 3.3 (ii), 3.8 (i) and (C.187)), C.2 as well as C.5 provide for T" — o0 (recall (C.17)):

]D) - D DS
JT T1 1 ( T )
‘ DT2_D2 D7

Hence, Theorem 3.13 (i) will be proved if the following statement holds for 7" — oo:

= o(1). (C.19)

1

D%l joint
( DS, ) Z. (C.20)

From now on, the validity of the assumptions demanded in Theorem 6.1 in [52, Leucht and Neumann
(2013), p.274etseq.] will be examined in order to use this theorem to verify (C.20), whereby the
expression ]D)%,k, j takes the role of X, ; ; which originates from Theorem 6.1 in [52, Leucht and
Neumann (2013), p. 274 et seq.].

Obviously, E[]D)i}kj] = 0VEk e {1,...,[1/(2b)]}, 7 € {1,2}, such that the first assumption of
Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274] holds.
Further, |z| |y| |z] < |zyz] V2,y,z = 0 implies (see (C.17)):

Ty | |2] 1 Tub] [1/(20)] | _ _
[ll/(%)JJ bl > { [1/(20)] J 7] = [Ti]. (€20
One obtains for all k1, ka2 € {1,...,[1/(2b)|}, t1,t2 € {1 + 222, ..., 2 |Tyyb] — 1 — 772} with k1 = ko + 1

dueto |z] + |y] < |z + y] Va,y = 0and (C.21) (recall Definition 3.8 (i)):

3

ky — 3 T
lue, T — | Tud] + t1 > | UoT + — T‘+[ s J—[Tubj+1+m

|1/(20)] |1/(20)]
> |ug, T| + |Tub] + 1 + 22
> |ug,T| — |Tub] + t2 + 2 + 2. (C.22)

Moreover, D7, - (with k€ {1,...,[1/(2b)[}, j € {1,2}) is measurable with respect to the sigma algebra
generated by F |y, 7| |Tyb| +2|Tub|—1— 272,|uy T| - | Tub| +1 (se€ (C.17), Definition A.1 (i) and (3.16)). Thus,
it follows from (C.22) witht; = 1 + zzand to = 2|Tyb] — 1 — 222

is a sequence of independent random variables, (C.23)

[1/(2b)]
((]D)Tk 1 D% 2) )

which implies for all j € {1, 2} by using IE[]D)OTkj] =0Vke{l,...,[1/(20)]}:

[1/(20)]

Var (07,) = 3 E[(@%,)’)

Hence, one obtains for all j € {1, 2} from Corollary C.7, Lemma 3.12 and Assumption 3.1 [WEIL1],
whereby the latter two imply oy, , (74,77j) < oo (recall (3.18), (3.16) as well as (3.17)) that the sequence
(Z,B:/ (12b)J E[ (DO Tk, ]) ]) converges for T' — o0, such that it is bounded from above by an absolute
constant 1y < 00. Thus, aleeNsecond assumption of Theorem 6.1 in [52, Leucht and Neumann (2013),
p-274] holds.

Moreover, Corollary C.7 implies (6.25) in [52, Leucht and Neumann (2013), p.274] with ¥ = Euo’l,
whereby X originates from [52, Leucht and Neumann (2013), p. 274] (see (C.17) and (3.19)).
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Next, the validity of (6.26) in [52, Leucht and Neumann (2013), p. 275] is proved. Therefor, note at first
that the Cauchy—Schwarz inequality and Markov’s inequality provide for each real-valued random vari-
able X with finite fourth moments and all € > 0:

E[X21xjq] = E[IXP Ly | <E [|X|4]éIP (X1 > 64)é < E%E x| o
In addition, the Cauchy-Schwarz inequality for sums yields:
o1+t S Mz +- -+ Mzy)* Vzi,...,200€C, M €N, (C.25)
which implies (in the case M = 2):
(21 +a2)" < (202 +223)” < 8af + 823 Vay,22€R. (C.26)
One obtains for all j € {1, 2}, € > 0 from (C.24) and (C.26) (recall (C.17)):
1/(2b o el a C [1/(20)] .
2 E[(070) Lpog, ] S5 2 E[@ruw)']+ 5 Y E[@he0)!]- €27

k=1 k=1
In the following, it is shown that the first sum on the right side of (C.27) converges to zero. This and
similar arguments together with (C.27) yield that (6.26) in [52, Leucht and Neumann (2013), p.275]
holds. Therefor, one defines for all k € {1,...,[1/(2b)]}, s := (s1, 52, S3,54), t == (t1,12,t3,t4) With
s1,...,80€ Rlaswell asty,...,t3 € {1,...,2|Tyb|}:

[

Lrg(s,t) =E [COS (<S1, X T|—[Tub] 411 (ak,t1)>)i%cos <<82, X T) [ Tubl 2 (ﬁk7t2)>> .
- cos (<53, X T Tub) 415 (ak,t3)>)iﬂcos <<54, X T Tub+t4 (ﬂk,t4)>> Cm] . (C28)

If apy € {1,...,4} exists with [t,, —t,,| > 22Vpa € {1,...,4}\ {p1}, it will hold (recall Definition
A1 ()):

L1y (s, t) = 0. (C.29)
One obtains for all j € {1, 2} due to (C.29) (see (C.17) and (3.16)):

1/(2b Tub —1—2722

U/ib)JE[(DOT,k,m << J J f f Tk (s, 1)

=1 Rd Rd Ré R k=1 t1, t2t3t4 14272

=

Ly et A oL AN 1 o[y b |[< 22} W (s1) ds1w(s2) dsaw (s3) dsg

W (s4) dsy. (C.30)

Itholds for all ¢1,...,t4 € {1 + 272, ..., 2 |Tyyb] — 1 — 22}:

S Ly —ty)<mg + 1{|t1—ts|<m} + 1{\t1—t4|<m} T Lty —ty)< it + Ljta—ta| <zt + Ljts—ta|<rrg-
(C31)

Further, one observes for all s := (s1,...,s4) € R x R? x R% x R%:

[1/(2b)] 2|Tyb|—1— 222

2 Z T (8, )| L1y 1)< 229}

k=1 t1,ta,t3,ta=1+272
1/(26)]  2|Tyb]

Z U7k (8, )] Lijes —ta)< 222 L{jts—t1 | <279
k=1 t1,t2,t3,04=1
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+

[1/(20)]  2|Tid]
Z |FT,k (§7 E)| 1{|t1—t2|<m}1{|t4—t1\<2m}

k=1 t1,ta,t3,ta=1
[1/(20)]  2|Tid]

+ Z 17k (85 ) Ljty —t)< 229} Lijts—t1 |22 2004 13 L{[ta—t1 | 2220241}
1 ti,to,ts,ta=1

k=
—: Ly (s) + Lya (s) + Los (s) (C.32)

whereby (C.29) provides for all 5 := (s1,...,54) € R? x R? x R? x R? (recall (C.28)):

[ (2b)]  2|Tyb

Lri(s) < ), > Pk (s 1)l Vit ta <o Uit t1)<22 L (apae 1 2.8) |10 1y, | < 222}
k=1 t1,t2,t3,t4=1
< C|1/(2b)| |TD| 7 (C.33)
and similar arguments show for all s := (sq,...,54) € R? x R? x R? x R%:
Lz (s) < C|1/(2b)] |Tb] 2. (C.34)
If [t1 —to| < 22 | = 2222+ 1 as well as |ty —t1| = 2272+ 1 are valid (with ¢1,...,t4 €
{1,...,2|Tyb]}), it will follow from the reverse triangle inequality that |to — t3| = ||ta — t1]| — |t3 — t1]]

> 2+ 1and |ty —ta| = ||[ta — t1] — |t2 — t1]| = 22+ 1. In conclusion, all of these conditions with
respect to ¢y, ..., tq imply ([t1 — 22 t1] U [t2 — 22 t2]) N ([t3 — 272, t3] U [ta — 722,t4]) = . Hence,
one obtains for all s := (sq,...,54) € R x R x R? x R from Lemma B.4 (viii) and (B.45) (see (C.28)
as well as Definition A.1 (i)):

L3 (s)
[1/(2b)] [ 2|Tud] N c N c
< Z Z sup ‘IE [cos (<sl, XlupT|—|Tub|+t1 (u)>) cos (<32, X|ugT|—|Tub|+to (v)>) ”

k=1 \t1.ta=1 u,ve[0,1] 772 7272

2|Tyb| . N .
sup |E |cos (( s3, Xju.T|— . (u cos (€ s4, Xy, 7| v
R t4=1u,ve[0,1]‘ [ (< Lu )~ |Tub+5 ( )>)m (< LunT )~ |Tub]+4 ( )>> m”
[1/(2b)] ] 2|Tub 2|Tyb] 2|Tyd] oo 2|Tyb] 2|Tubl oo
<C Z DU MmO DL Adsih+ DL DL D Aulsaly
k=1 t1,ta=1 to=1 t1=ta+11=t1—t2 t1=1 to=t1+11l=to—t1
2| Tyb| 2|Tub] 2|Tubl oo 2|Tub] 2|Tub] o
DU Mg+ | D DL DL Audssh+ DL DL DL Aulsaly
t3,ta=1 ta=1 tz=ta+11=t3—t4 t3=1 ta=t3+11l=ty4—t3
< C1/@O)] 1T (1 + [suly + [saly) (1 + [ssly + [saly) - (C.35)

Overall, it follows for all s := (s1,...,54) € R? x R? x R? x R? from (C.32) to (C.35), Remark A.2 (i)
as well as Assumption 2.8 [K&b.1] (ii) (the last two and § < 1 provide »7* = o (Tb)):

[1/(2b)] 2|Tub]—1— 722

Z Z Pk (8, D] Ljt,—ta) < ryp < CT?0 (1 + [sa]y + [saly) (1 + [saly + [sal) . (C36)
k=1 t1,to,t3,ta=1+272

One obtains for all j € {1, 2} from (C.30), (C.31), (C.36) and similar arguments as well as the Assump-
tions 3.1 [WEI.1] and 2.8 [K&b.1] (ii):

[1/(20)] A
Y, E[@Fm)'] = o0): (C.37)
k=1

In conclusion, (C.27), (C.37) and analog arguments prove that (6.26) in [52, Leucht and Neumann (2013),
p- 275] is fulfilled.
Further, (C.23) implies that (6.27) and (6.28) in [52, Leucht and Neumann (2013), p. 275] are valid with
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0, = 0Vr € N, whereby 0, is defined in [52, Leucht and Neumann (2013), p. 275].

Overall, Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274 et seq.] shows (C.20) (note (C.17) and
(3.20)).

Theorem 3.13 (i) is an implication of (C.19) and (C.20).

(ii) In order to prove Theorem 3.13 (ii), observe at first for all z;,20 € R (recall (3.19) and
(3.18)):

x
(1'1,552) EU.OJ < ZL‘; >

Uy —4lo hy

= 8 (LU — o) J K(2)*dz f J J [95%7110,1,8% ((1,0),u, 81) Tyto 1 1 ((1,0), u, s2) + 2122
ho—1ly Rd R Lo

“Tilo 1,0 ((1,0), u, s1) Tilo.1, R ((0,1),u, s2) + ToT1Tyty 1 R ((0,1),u,s1) Tio 1, R ((1,0), u, s2)

370 ((0,1), 14,52) T, 0 (0, 1), 1, 52) |00 (1, 51,2) + | 23710015 (1,0, . 1)
Til1,S ((1,0),u, s2) + T1T2Tiy 1,3 ((1,0),u,51) 749 1,5 ((0,1),u, s2) + 221731, 1,3 ((0, 1), u, 51)
TS ((1,0),u, s2) + IE%TMO’LC\‘Y ((0,1),u, s1) Tio1,S ((0,1),u, s2) ]0'007&3 (u, s1, s2)

+ [w%mo,hm ((1,0),u,51) Tyte 3 ((1,0), 1, 52) + 21227310 1 3 ((1,0), 0, 81) Ty 1,5 ((0, 1), u, 52)

+ X1 Tyl 1 R ((0,1),u, s1) Tio1,S ((1,0),u, s2) + LU%TLLO,LR ((0,1),u,s1) Tio.1,S ((0,1),u, 82)]
cOoRs (U, S1,52) + [43%7'110,1,% ((1,0),u, 51) Ty19 1 3 ((1,0),u, s2) + T1T2Tyy 1 S ((1,0),u, s1)
T, ((0,1), 1, 82) + w17y, 5 ((0,1),u, 81) Ty, 3 ((1,0),u, 52) + m%momg ((0,1),u, s1)

“Tif1,% ((0, 1)7%82)](7@,9,% (u,s1,82) du-w(s1) ds1w(s2) dsa. (C.38)
Moreover, it holds for all z1, 29 € R, R1,Ro € {R, S}, u € [0,1], s1, 52 € R? (see (3.16)):

21701 Ry ((1,0), 4, 81) T, Ry ((1,0), u, 82) + 12274y, R, ((1,0),0,51) Ty, Ry ((0,1), 0, 52)
+ L2T1Tily 1,Re ((0? 1)7 u, 51) To,1,R2 ((17 O)a u, 52) + x%Tﬂo,hfh ((07 1)? u, 51) To,1,R2 ((07 1)7 u, 82)
= Tﬂoyl,Rl ((‘rlv I'Q) y Uy 51) Tﬂothg ((xly 332) , U, 52) . (C39)

In conclusion, (C.38) and (C.39) provide for all 1, z2 € R (note (3.18)):

Z2

(e1,22) S, ( o ) — o, (@1,2) (01, 32) . (C.40)

Proposition 3.6 (i), Theorem 3.13 (i) together with the delta method and (C.40) with (x1,22) = (1, —1)
imply for hq ((yl, yg)') = y1 — y2 Vy1,y2 € R (recall Definition 3.8 (i) as well as (3.21)):

~ B ﬁT,l B Dy d
\/T (DT D) = \/T <h1 ( ®T72 > hl ( DQ >> — Zuo,p

which shows Theorem 3.13 (ii).

(iii) Lemma 3.4 yields that the function ho ((y1,92)') == 1 — y2/y1 Vo1 > 0, y2 € R is partially
differentiable at (y1,42)" = (D1, Dy)’. Moreover, Lemma 3.9 provides HA)I%O”“ = hoy ((]]3)11, ]]3)T72)I) for
sufficiently large 7' (note Definition 3.8 (ii)) and it holds D™ = hy ((ID)l,]Dg)') (see Definition 3.3
(ii)). Hence, Theorem 3.13 (i) together with the delta method and (C.40) with (z1, x2) = (Vﬁgrlml, fyﬁgrlmz)
(recall (3.22)) prove Theorem 3.13 (iii).
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Verification of Example 3.16. (i) The Assumptions 3.15 [W*] (i) as well as (ii) are obviously ful-

filled and:
B-1 51
E [(W;[11)4] < ;2 ligZFOE [eiklz] E [si,@z] + ﬁlz kZ=:OE [e*_,f] <C. (C.A1)

Moreover, it holds for all ¢1, to € Z with t1 > to:

1 B—1 1 B—1+t1—t2 f—1

1 1
E I:W;;[ ]W;;[ ]] == E Z 1{t17t2+k2:k1} = B Z Z 1{k2:k1}
k1,k2=0 ko=t1—ty k1=0
B—(t —t
- (512)1&1%5}. (C.42)

The validity of Assumption 3.15 [W*] (iii) is an implication of (C.41) and (C.42) as well as obvi-
ous arguments, whereby:

K*:R—> R, z — max {1l — |z],0}. (C.43)

Furthermore, Assumption 3.15 [W*] (iv) holds with p, := e~ ! due to 1/y/B1<5_1; < C e~lB
Vie Np.

(ii) Assumption 3.15[W*] (i) is obviously fulfilled and Assumption 3.15 [W*] (ii) is valid due to:
#[2] o —k -2
Wi =Y e s\ 1—e Pl as VteZ (C.44)
k=0

It follows from (C.44) and limy_,o 3 (1 — e72/%) = 2:

2n\4] 1 a2 A 2k 2k 5 o] Ak M
B| ) | <5 (- )| SeFe Tl s e Fen
k1 =0 k=0
< C. (C.45)

Moreover, one observes:

t1 —to

Cov (W;‘;[Q], W;;[Q]) — K* ( ) Vi tseZ with K*:R >R, z—e ¥ (C.46)

and lim7_, o 8 (1 — 6_1//3) = 1 yields:
2|To|+T " oo
e (G)l<ge
t=0 B t=0

The validity of Assumption 3.15 [W*] (iii) is an implication of (C.45), (C.46) and (C.47) as well
as obvious arguments. Further, it follows from (C.44) that Assumption 3.15 [W*] (iv) is fulfilled
with py == e L.

_ b <cp (C.47)
er =1 p1-e?)

Tl

O]

Proof of Theorem 3.19. Throughout this proof, suppose that T is large enough to ensure (see (C.17) as
well as Definition A.1 (iii)):

2|1Tyb| — 1 — 2228 = 1 + 2223, (C48)

which holds for sufficiently large 7" due to Lemma C.8 (ii), Assumption 3.15 [W*] (i), Remark A.2 (i)
and Assumption 2.8 [K&b.1] (ii).
To prove Theorem 3.19, it will be shown at first for 7" — o0 and all v := (7[1],7[2]) € R 2 (recall
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(3.18)):

VT ]]3)} (7) 4, Zyo.1,, inprobability with Zy, , , ~ N (0,04,, (,7)) . (C.49)

which means (as described in [52, Leucht and Neumann (2013), p. 262]) that the distance (quantified by
the Prokhorov metric) between the conditional distribution of \/TIB); (7) (conditioned on Xy r,...,
Xr,r) and the distribution of Z , ~ converges to zero in probability.

In order to verify (C.49), observe (see (3.38)):

VT D% (y) =VT Jv[”@:”hl,ye(S) + D%, o (s) + YDA | o () +APIDE, 5 (s) w(s) ds (C.50)
Rd

and define for all k € {1,...,[1/(2b)]}, s € RY (note the Definitions A.1 (i) and (iii), 3.8 (i), 3.3 (i),
(C.17) as well as (3.16)):

@;:ZB (Uk, S) = @%Tﬂoyl mﬁ (Uk, S)

2| Tyb|—1— 2223 | )
= L 2 K (t—[Tng (Uy _L[O)> <62<S,X|_ukTJ|_TUbJ+t,T>> W[,Z;CTJ

[T0] t=1+ 2723 | Tub] —|Tubl+t. {7725}

o 2\/7 (L[l ) [}
DTk r = D7y kR = e JR {%Zﬁ (ug, S)} “Tig 1 R (7, U, 5) W(s)ds,
]Rd

[1/(20)]

Ok ok, Ok
DT k?’Y ]D)T u() 17 7’7 ]D)T k7ﬂ/7§R + ]D)Tvkv’ws and DT7 ]D)T ﬂo 177 Z ]D)T7k7ﬂ/' (C.Sl)
k=1

Thereby, it holds forall k € {1,...,|1/(2b)|},t € {1,...,2|Tyb]} dueto |x|+|y]| < |z + y|Vz,y > 0,
b<(1/2)/|1/(2b)] and |z — yJ z—|y|Va,y >0 (recall Definition 3.8 (i) as well as (C.17)):

1/2
1< [ﬂOTJ + [TubJ — lTubJ +1< \}J@T + ll/(/2b)J J — lTL(bJ +1< [ukTJ — lTL[bJ +t and
1/2
|upT| — |Tyb] + t < {ﬂoT + Ty — U/(/QZJ)JTMJ —|Tyb] + 2 |Tyb| < UoT + Ty < KT, (C.52)
such that %3, (ug,s) just takes Xy 7 with v € {1,...,T} into account. Therefore, @37, (up, s) is

well-defined for all k € {1,...,[1/(20)]}, s € R%.

Moreover, one observes for all R € {R,3}, v = (7[1],7[2]) € RY¥2 4 € [0,1], s € RY (recall
(3.16) and regard that ; as well as v, originate from (C.17)):

TL[(),LR (’77 u, 3) = ’7[1]7—11(),1,R (71) u, S) + 7[2]7_110,1,1:{ (727 u, 5) ’

such that (see (C.51)):
[1/(2b)]
D%T’y = Z (7[1]]1])(7):?]4,71,?}% + 7[2]D%Tk,72,§)? + 7[1]D’0Tﬂ:k,'yl, ’7[ ]DT kv, ) . (C53)
k=1

Overall, (C.50), (C.53), the Lemmata C.10 as well as C.12 and (3.27) provide (recall (3.26)):
VT D% (7) — D, = of(1). (C.54)
Thus, in order to prove (C.49), it suffices to show for 7" — oo that:
D5, %> Zy,, - in probability. (C.55)

From now on, the validity of the assumptions demanded in Corollary 6.1 in [52, Leucht and Neumann
(2013), p.275etseq.] will be examined in order to use this corollary to verify (C.55), whereby the
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expression }D)OT*h7 takes the role of X*, which originates from Corollary 6.1 in [52, Leucht and
Neumann (2013), p. 275 et seq.].

The Assumptions 3.15[W™*] (ii) and (iii) imply (see (C.51), (3.16) as well as Definition A.l
1):

E* [DF.,] =0 Vke{l,...,[1/(2b)]}, (C.56)

such that the first assumption of Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275] holds.
It follows for all k1, ko € {1,...,|1/(2b)|}, t1,t2 € {1 4 2228,...,2|Tyb] — 1 — 2223} with k1 > ko + 1
similarly to (C.22):

[uleJ — ngbJ +1 = lquTJ — lTubJ +i2+2+ 27%,3. (C.57)

One obtains from Definition A.1 (i), Assumption 3.15 [W*] (ii) and (C.57) with t; = 1 + 223 as well

as ty = 2|Tyb| — 1 — 27 that (D%*k,y)ll::/ (lzb)J is a sequence of conditioned on (X;7)7_, independent

random variables, such that (C.56) provides:

1/(2b
Var* Z [ S 2] as. (C.58)

Markov’s inequality, (C.58) and Lemma C.13 show:

1/(2b 1/(2b
2 T—
P Z [ Tk'y ]>Jﬂ0,1(7>’7)+1 <E 2 [ Tkrv ]_Uﬂo,1(%7) —50.
k=1 k=

—_

(C.59)

The second assumption of Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275] holds due to (C.59),
Lemma 3.12 and Assumption 3.1 [WEI.1], whereby the latter two provide oy, , (7,7) < oo (recall
(3.18), (3.16) as well as (3.17)).

Lemma C.13 (note also (C.51)) shows the validity of (6.29) in [52, Leucht and Neumann (2013), p. 275]
with 3 = oy, (7,7), whereby ¥ originates from (6.29) in [52, Leucht and Neumann (2013), p. 275].
Next, it is proved that the condition (6.30) in [52, Leucht and Neumann (2013), p. 275] is fulfilled. There-
for, one defines for all k € {1,...,[1/(2b)]}, s € R? (observe that the following expressions result
from those in (C.51) by replacing the contained terms s X1 by terms of the form (ei<s’X'(x)>) L, and
that according to Definition A.1 (i), (X C) o = ((X ) m)c for all random variables X with finite first
moment, such that the order of the operators ¢ and (e) ,,, does not play a role in the notation (X)<,,):

&(;:&7%5 (u/m S) = &%ﬂ:ug,l,m% (uk7 3)
2|Tyb|—1— 7723 N ¢
_ L l— lTﬂbJ _ i<$7X[u T|-|7 bJ+t(ﬂk,t)> %
w8, (T ) (e B

t=1+ 27723

™0 % 2\/7 U ~o%
]DT,k,'y,R = ID)TL[() 1,k,’Y,R ll(/(;b)J) J R {9077@,77@5 (uku S)} * Tilp 1,R (,77 Uk, S) W(S) d87
Rd
[1/(20)]

. T™ox ™ O % ™NO* . TNO* o ™0 %
D = DFyy s = DFy e + DT g and D =Dy = > DI, (C.60)
k=1

whereby (C.18) ensures that $%7, . (uk, s) is well-defined for all k € {1,...,[1/(2b)[}, s € R
In the following, it is verified that (note (C.51)):

[1/20) N ]

3 ‘E[(]D)"T”:kmm) —(D%fm%)} — o(1) and (C.61)
k=1

yev o .

>, E [(DOTfkm@ ] = o(1). (C.62)
k=1
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Subsequently, the validity of (6.30) in [52, Leucht and Neumann (2013), p. 275] will be proved by using
(C.61), (C.62) and similar arguments.

In order to verify (C.61), it will be just shown that the following expression converges to zero because this
and very similar arguments imply (C.61) (see (C.51) as well as (C.60) and note in particular the condition
t1 = to > max {3, t4} which restricts the fourfold sum with respect to ¢y, . . ., t4 in the expression given
below):

2 [Tubj 1— 7723

u07 R s Wk 81 Llo 1 ,§R s Wk 82
/ lRlR! t],tg,t3,t4 1+77@B

t1=to >max{t3,t4}

*Tio,1,M (7, u, 83) Tilo,1,% (v, u, 54) KK <1l_11l1,§]ubj (4 — uﬂ)) K (W (U — LL0))

ts — |Tub ty — |Tub )
A <3lT£EbJuJ (ul - L[O)> K <4lTLl1bJuJ (ul a ﬂo)) E[{ cos (<81> X[ukTJ_[TubJ+t1,T>)
08 ({52, Xu, 1| |Tubj+2,7)) €08 ({53, X{upr)— 1) 15,7)) €08 ({845 X|up )= Tub)+t0.7))

— cos (<81, X T Tub] 11 (ﬁk,t1)>)cmcos (<82, XTI 1] 42 (ak,t2)>)iﬂ

- cos (<S3, XunT) - Tubl 45 (ﬁk,t3)>)c cos (<84, X T] | Tub] 414 (ﬁk,t4)>)zﬂ}

772

[1/(20)]

k=1

' WkaTJlTume,{mB}WkaTJlTubJ+t2,{m}WﬁkTJlTubJHs,{mﬂ}WﬁkTJlTubJ+t4,{mﬁ}]

w (s1) ds1 w (s2) dsaw (s3) dssw (s4) dsyl. (C.63)

One observes for all 1,...,24,91,...,y4 € R:

T1T2X3T4 — Y1Y2y3ya = (X1 — Y1) T2w3%4 + (T2 — Y2) y12324 + (23 — Y3) Y1Y2Ta + (T4 — Ya) Y1Y2y3-
(C.64)

Further, (3.14), Assumption 2.2 [StAp] (i) as well as Remark 2.3 imply for all s € R%, ¢ > 1+ § (recall
(C.17) and regard that the following expressions are well-defined due to (C.52) as well as (C.18)):

X profer) _ K o) ()

sup sup
k=1,...,|1/(2b)] t=1,..., 2| Tub] q
~ up | — |Tyb| + ¢
<C sup sup (HX[ukTJ—[TubJ-i-t,T — X|u T|—|Tub|+ <l T } ut] )
146
~ upT| — [Tyb| +t o t—[Tudb v %
| X |y T | T 44 L] = [Tud] — X|u |~ Tubj+t | Uk + £~ I7ib] |sly
T T 145
C 148
< E|S|1q . (C65)

q

Lemma C.4 (i) with ¢ = 1 + 4, (C.65) with ¢ = 1 + ¢ and Assumption 2.8 [K&b.1] (ii) provide for all
s € R? (see Definition A.1 (i)):

sup sup E HR { <6i<8’X[“kTJ—[TubJ+t’T>> — (ei<s’jl“kTJ—lTubJ+t(ﬁk;t)>> }H

k=1,...,[1/(2b)] t=1,....2| Tub] 2

< sup sup (E H <6i<8’X[“kTJ—lTu”J+f’T> — <6i<8’X[ukTJ—[TubJ+t,T>) ) :|
Tyb| 772,

k=1,...,|1/(2b)] t=1,...,2|
) ‘ <ei<S,XlukTJ|_TubJ+t,T> . €i<S7X[UkTJ[TubJ+t(ak’f)>> ] )

- C
< ool

C

772/

(C.66)
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Moreover, Assumption 3.15 [W*] (iii) implies (recall Definition A.1 (i)):

sup ]E[er{mﬂ}WQ{%}WJ{%}WT47{mﬂ}”\supH {mﬂ}H <|Wglt<c. (67

T1,...,T4EZL

It follows from Assumption 3.15 [W*] (ii), (C.64) and (C.66) (see (C.63), (3.16), note that the following
expressions R} |, R7. 5 as well as R7, 3 are well-defined due to (C.67) and regard the different conditions

onty,...,ts which underlie these expressions):
1/ 2b)] 2[Tubj 1— 2225
i J J J J ‘E [ cos ((s1, Xjuy |- |1l +0,7))
=! RdRdRdRd tlut27t3,t4 1+ 2723

t1>to >max{t3 ,t4}
- 08 ({82, Xjuy 1) 1ubf+2,7) €08 ({835 Xjuy) - (b +5,7)) €08 ({845 Xy 113ty +12.7))

— cos ({1, K1 (m0/ 41 (ﬁk,t1)>)cmcos (C TR (ﬁk7tz)>>cm

$eos <<33’ Xl -1mibl +1s (akvts)»;@cos (<34’ K- rof 1 (ﬁ’“’t“)»cm] ‘

‘E[ (s T]- lTubJthl:{mB}W[szJ*lTubJthQ:{mﬁ}W[szJ*[TubJHSv{mB}WleTJ*[TubJH@{W@B}]‘

. 1{\t1—th|<37ﬂﬂ vhe(sa} W (51) ds1 w (s2) dsow (s3) dssw (s4) dsy

[1/ 2b)| Tub
C
JJJJ T7b2'(|81|1+|82|1+|83|1+|S4|1)

k=1 d vd Tod Tod t1,t2,t3,t4 142725
RERCRER t1=t2= max{tg,t4}

‘E[ [ TI—Tubl 1, {222} W lan T )= [ Tubl 2, {77251 W [un T) - Tubl 43, 72} W un T - | Tub 24, {mm”
) 1{\t17th|<377@3 vhe(za)} W (s1) ds1 w (s2) dsaw (s3) dssw (s4) dsy

QlTubJ 1— mﬁ

C
T ([s1ly + [s2ly + [s3]y + |saly)

t1,t2,t3 t4 1+7¢@ﬁ
d Rd Rpd Rd latedd
RERIRIR i1 >t2>max{t3,t4}

1/ 2b)|

‘E[ (| (Tubl+t1, 7251 WV [ ) (Tt 229} Wi T [ Tubl . 0y W) - tT@HM%}”

) ( (1t —ta>3m25) T ]l{|t17t4|>3m6}) w (s1) dsy w (s2) dsaw (s3) dssw (s4) dsy
= R{ﬂl‘“yl + R:ﬂi? + Rf?vg. (C68)

To shorten the notation used in the following, set Y, 7 := cos (<s, XT,T>) as well as ﬁmT (vp7) =
cos (<s, X’T (vr,7) >) for all s € R%, r € {1,...,T} and arbitrary, deterministic parameters UpT €
7722

[0, 1] that may depend on r as well as 7. Assumption 2.2 [StAp] (iii), Lemma B.4 (iii) and (iv) with
g = 1 + 6 as well as shifting the index of a sum provide for all s1,...,s4 € R ry,...,14 € {1,...,7}
with 71 > ro > max {rs,r4} (recall that F, originates from Definition 2.1 and Definition A.1 (i)):

~

‘E [ s1,r1,T Y'SQ,TQ,TYS3,T3,TYL94,T4,T YSLTLT (UTLT)C Y827T27T (UT‘LT)C }/3377’37T (UTS,T)C Y84,T4,T (UT4,T)C] ‘

~ C
(& C C
‘E [( s1,r1, T }/;177’17T (,U'V’LT)> }/:927T2,TYS3,T3,TY94,7”4,T:H

+ ‘E [ s1,r1,T (vh,T) (Yscg,rg,TYng,rg,TY:si,m,T - Yszﬂ"z,T (Um,T)c YSS,TS,T (UT&T)C Y847T47T (UT47T)C)] ‘

frl,rgﬂ])

7”1] —E [Yslﬂ“l,T - YSlﬂ"l,T (/UTLT)

< ‘E[ (E [YSM“LT - }’781,7"1,7’ (Url,T)

+

fm] -E [?sl,rl,T (vry,1)

E[ (]E [ﬁhrhT (Vry,7) ‘7:””2“])

C
Y82 7“27TY53 7"3,TY4 T4 T]

c c c ¥ RV Ry c
’ <K27T27TY$377“37TY84,T4,T —Ysyrom (UT27T) Yos,rs,1 (UT3,T) Yoirat (’UM,T) ) ] ‘
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o0
<Cc ).

l=r1—ro—1

E [YSl,ThT

fm,ﬁ—l] —E [YSM’LT

]:7‘1,7‘1—l—1:|

1

e o]
+C Z E [1/;177“11 (vr,,7) }—7"1,7"1*1] —E |:Y:9177"1,T (vr.,7) }—rl,rrlfl]
l=r1—ra—1 1
0
<C ) Alsilh (C.69)

l=ri1—ro

Overall, (C.69) with r; == |uxT| — [Tyb| + t; as well as v, 7 = @k, Vj € {1,...,4}, Assumption
3.1 [WEIL.1], (C.67), (B.45), Lemma C.8 (ii), Assumption 3.15 [W*] (i) (which ensures 3 = 0(1/b))
and Remark A.2 (i) show (see (C.68) as well as (C.17)):

[1/(20)] 2| Tub]—1 2|Tub] oo 2| Tib) .
B
RTI\TQ Z Z Z ZAI - sup 2 ]l{|t1 —ty|<32725 V he{3,4}} <CT=0(1)~
k=1 to=1 ti=to+li=ti—ty \t1=1,....2[Tub|t5,ts=1

(C.70)

It follows from Assumption 3.1 [WEIL.1], (C.67), Lemma C.8 (ii), Assumption 3.15 [W*] (i) (Which
ensures 3 = o(l/b)), Remark A.2 (i) and Assumption 2.8 [K&Db.1] (ii) (note (C.68) as well as (C.17)):

C [1/(2b)] | Tud| »7 _ C2y

R, < o < gz = oW (C.71)

Below, R7. 3 will be bounded from above. Therefor, one observes at first that Assumption 3.15 [W*] (iii),
shifting the index of a sum, Lemma C.8 (ii) and (iii), Remark A.2 (i) as well as Assumption 2.8 [K&b.1]
(>i1) imply (recall (C.17) and Definition A.1 (i)):

2|Tyb]
sup sup E WS 51— W ,
K1, [1/(2)] t=1,...2|Tub] 7; [ lurT]|=|Tubl+t,{7725} " [urT| | Tub] + Jmﬂ}”
2|Tyb)
= sup sup Y [E [ Wir tmatsimn Wint)- imusfeninn |
—1,.|1/20)] t=1,..2[Tub] = k ublriazzess - Lk ublHrz7e
[t—r|< 2228
[T b]
< sup sup E[(W} 71 - Wi - Wit - r
m,...,u/(zbn<t1, D ; B (Vitry tmiatntoms) — Wikt imatsd Wity inatsn st
|t—7‘|<Mﬂ
A
VE Wiy g (WlukTJ—[TubJ‘*‘Tv{mﬁ}_W[UkTJ—lTubJ‘H’)”+t_15112plTubJT=1 K (5)D
2| Tyb|—t .
< Cseg sup W3 (sup + |[W ) sup K* ()‘
’ tez H t{mﬁ} ez H {W@B}H W5l t=1,..2|Tub] 274 B
2|Tyb)
B 272 [T
<Cs + > K 3
T —2|_TubJ
< CB. (C.72)

Further, it holds (see Definition A.1 (i)):
C [1/(20)]  2|Tyb|—1— 2725
T2Th2 Z Z ‘E [WlukTJ—[TubJHl’{mﬁ}WlukTJ—lTubJHZ’{mﬁ}

k=1 t1,to,t3,ta=1+2223
t1=2ta>max{ts,ta}

.W[ZijflTile‘s’tSy{%}Wlﬁ';kTJ*lTubJ‘I‘tb{%}:l ‘ 1{|t17t3\>3m5}]l{Vlle{l,...A} Jloe{1,...,41\{l1 }: |tl1 7t12 |§77@B}
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C [1/(2b)] 2|Tub|—1—2z725

<mrm Y B | Wiri- iz Wi Tl sta. o)
k=1 t1,t2,t3,ta=1+7223
t1=2to= max{t37t4}
'W[ZkTJ—[Tubj-&-tg,{%}Wluij—[TubJ—l-m,{?%ﬁ}]‘ L1t =390} L{ 1 —ta )< 292} V{15 —ta] < 5725}

If the conditions |t; — t3| > 32723, |t1 — ta| < 223 and |t3 — t4| < 2723 hold for some t1,...,t4 € Z,
one will obtain from the reverse triangle inequality:

|t1 — t4| > 27%5, |t3 — t2| > Qmﬁ and |t2 — t4| > z723. (C.74)

The conditions [t; — t3| > 3s2g, |t1 —t2| < 2725 as well as |t3 — t4| < 2723 contained in Rf 3,
(C.74) and Definition A.1 (i) prO\;ide that Wik 7 1ubp 0 g} W[ZkTJ*[TUbJ Lo, {72) is indepfan-
dent of W[u T|=|Tub|+ts, {725} ° WlukTJ—lTubJ+t4,{ms}' Thus, one obtains from (C.72) and Assumption

3.15[W*] (i) (see (C.17)):

PO
Rigt S magm 20 2 ‘E[WtukTJ—lTume,{mﬁ}WLukTJ—lTume,{m}]‘

k=1 t1,ta=1
2|Tib)
2 1 ‘E [W[ZkTJ*lTubJths,{mﬁ}W[ikTJ*lTume,{mﬁ}]‘
t3,t4=
_ Cly/(2v)]|T] 52
D T2Tb?
_o(3)o(Tt?)
Tb
= o(1). (C.75)
The indicator function on the left side of (C.73) which contains the condition VI; € {1,...,4}3ly €
{1,...,47\{li} : |ti, — ti,| < 2723 can be omitted because E[Wt*{%}] = 0Vt € Z (which follows

from Assumption 3.15 [W*] (iii)) implies that replacing this condition with the opposite one generates
addends which equal zero. Hence, it follows from Assumption 3.1 [WEI.1], (C.73), (C.75) and similar
arguments (recall (C.68)):

R%.5 = o(1). (C.76)

In conclusion, (C.61) is an implication of (C.68), (C.70), (C.71), (C.76) and analog arguments (see (C.51)
as well as (C.60)).

Further, one obtains similarly to (C.37) by using Assumption 3.15 [W*] (ii), (C.67) and Lemma C.8 (ii)
that (C.62) holds (note (C.60), (C.17) as well as (3.16)).

Overall, analogously to (C.27), it follows for all € > 0 from (C.61), (C.62) and similar arguments (recall
(C.5D)):

[1/(2b)] 1/(2b
Bl X B [OF) Lo, o] - 0| | - Z |55 Vg -] = 00

k=1

such that (6.30) in [52, Leucht and Neumann (2013), p. 275] holds.

The validity of (6.31) as well as (6.32)% in [52, Leucht and Neumann (2013), p.275] with 6, = 0

Vr € N can be verified by using that (ID)OT*k ﬂ/)]l::/(fb” is a sequence of conditioned on (thﬂ)tT:1
independent random variables (as explained above (C.58)), whereby 6,. is defined in [52, Leucht and

Neumann (2013), p. 275].

8Since Corollary 6.1 in [52, Leuchtand Neumann (2013), p.275 et seq.] is a direct implication of Theorem 6.1 in [52,
Leucht and Neumann (2013), p.274 et seq.], it is easy to see that the comma between X* and X} in (6.32)
in [52, Leucht and Neumann (2013), p. 275] is a typo.

n,t1,51 n,t2,j2
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Overall, Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275 etseq.] shows (C.55) (see (C.51)). It
follows from (C.54) and (C.55) that (C.49) holds.

Next,

@)

(ii)

(C.49) is used to prove Theorem 3.19 (i) and (ii).

In the case oy, ((1,—1),(1,—1)) > 0, (C.49) with v = (1,—1) implies (3.40) by using the
following chaining argument (recall also (3.21)):

One assumes that J € N is arbitrary but fixed. It follows from the continuity of the distribution
function = +— P (Zy,, < x) (which holds due to oy, , ((1,—1),(1,—1)) > 0) that some points
—0 =29 < 21 < -+ < x5 = o0 exist with P (Zy,, <z;) = j/JVj = 0,...,J. Since
z - P*(VT HAD; ((1,—1)) < ) is monotonically increasing, one obtains for all z € R similarly
to the proof of Lemma 2.11 in [73, van der Vaart (2000), p. 12]:

P* (VDY (1,-1) < 7) ~ P (Z,, <)

R 1
< sup ‘]P’* (\/TD; ((1,-1)) < xj) — P (Zu,, < mj)‘ += as. (C.77)
G=0,..,T

The right side of (C.77) converges in probability to 1/.J due to (C.49) with v = (1, —1), which
proves (3.40) because J is an arbitrary natural number.

Next, (3.41) is shown. If oy, ((1,-1),(1,-1)) = 0, one will obtain for v = (1,-1)
from (C.56), (C.58) and the convergence in mean stated on the right side of (C.59):

E []1))%":(1771)2] -E [E* [ on(1,71)2]] —E [Var* ( °T”f<1,71))] = o(1). (C.78)

In conclusion, (3.41) is an implication of (C.54), (C.78), (3.27) and (3.28).

norm norm norm norm

In the case oy, , (VW07 HWOT™S), (W™ We™)) > 0, one obtains from Lemma C.9, (C.49)
with v = (2", 70"™) and a chaining argument which is similar to (C.77) that (3.42) holds
(see (3.23)). ’

norm

Further, if oy, , ( (yggfﬁ T

norm

), (W i) ) = 0, one will obtain similarly to (C.78):
E | Do* 21 = 0(1). (C.79)
[ m(EtT) ] "

In conclusion, (3.43) is an implication of Lemma C.9, (C.54) with v = (’yﬁgrlrf‘l, fyﬁgrl%), (C.79),
(3.27) and (3.28). ’

O

Proof of Theorem 3.23. (i) Throughout this proof, it is supposed that 7" is large enough to ensure
2|Tyb| — 1 — 2 = 922+ 2 (see (C.17) as well as Definition A.1 (iv)), which holds for sufficiently
large 7" due to Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii).

Further, one defines for all k € {1,...,[1/(2b)|}, R € {R,3},t,75 € {1,...,2|Tubl|}, s € RY (recall the
Definitions 3.3 (i), 3.8 (i), (C.17), A.1 (i) and (iv) as well as X¢ := X — E[X] for each random variable
X with finite first moment):

XT,]C,R (t’ S) = XT,MOJ,k,R (t’ S) =R {ei<S,X[ukTJ[TubJ+t(17k,t)>} ,
7z
t— |Tub]

Krpr (¢, ) = K410,1.5,R (t,s) =K (lTHbJ

(- ﬂo)) 3~§T,1~c,R (t,s),

Frin (t.7) = Trao oo (£ 4) = J R, r (b 8) K (G 5) w(s) ds,
Rd
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QT\/I; (5.11 —uo) 2|Tyb|—1—72 t=T2-1 .
Irkr (L, 7).
[1/(2b)] [ T5)? zm 2% TR

St kR = ST 86,1 ,kR =

[1/(2b)]
Stk =Stk = ST kR +STkS  STR =Sty R = Z Strr and
=1
o /28]
St =Sty = Y. St (C.80)
k=1

whereby §~€T7k7R (t,s) is well-defined for all k € {1,...,|1/(2b)]}, R € {R,S}, t € {1,...,2|Tybl]},
s € R% due to (C.18).
Since the null hypothesis Hg’ifforl holds by assumption, the Lemmata C.14, C.15, C.17 and C.18 as well
as (C.399) provide (see (3.51)):’

[TVbBr - Biasfis, - 81 = o(1). (C.81)
Hence, Theorem 3.23 (i) will be proved if the following statement holds for 7" — oo:

Sp L Zdistr, (C.82)

From now on, the validity of the assumptions demanded in Theorem 6.1 in [52, Leucht and Neumann
(2013), p. 274 et seq.] will be examined in order to use this theorem to verify (C.82), whereby the expres-
sion S, takes the role of X, ;. which originates from Theorem 6.1 in [52, Leucht and Neumann (2013),

p- 274 etseq.].

It holds for all k € {1,...,[1/(20)|}, R € {R,S}, t,7 € {1,...,2|Tyb|} with |t —j| > 22 (note
(C.80) and Definition A.1 (1)):

E|Trer (t.5)] =0, (C83)
which implies (recall (C.80)):
E [gT,k,R] =0 YRe (RS}, ke {l,...,[1/(2b)]}, (C.84)
such that the first assumption of Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274] is valid.

Further, one obtains for all k1, ka € {1,...,|1/(20)|}, t1,t2 € {1 + 22,...,2|Tyb] — 1 — 2} with ky >
ko + 1 similarly to (C.22) (see Definition 3.8 (i) and (C.17)):

|ui, T| — |Tub| + t1 = |ur,T| — |Tub] +t2 + 2 + 222 (C.85)
The random variable gmﬁR with R € {R, 3} is measurable with respect to the sigma algebra generated
BY Fluy T~ |Tub|+2| Tub|—1— 72, us T|— | Tub] + 1+ 2 (tecall Definition A.1 (1)), such that (C.85) with ¢; = 147

and to = 2|Tyb| — 1 — s shows:

~ ~ I\ |1/(20)]
( (ST,k,gR, ST7k7g) )k ) is a sequence of independent random variables. (C.86)

Hence, (C.84) implies:
[1/(20)]
Var (ST) - Y E [S?p,k] . (C.87)
k=1
In addition, (C.400) and Lemma C.23 provide (note (3.52)):

Var (81) = o™ + o(1). (C.88)

One obtains from (C.87), (C.88), Lemma 3.12 and Assumption 3.1 [WEIL.1] (the latter two show

112



aﬁ‘m < o0 (see (3.52) as well as (3.17)) that the sequence ( ,l::/ (12b)J E[g% k]>T N converges for
’ €

0,1
T — oo, such that it is bounded from above by an absolute constant vy < co. Thus, the second as-

sumption of Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274] holds.

Moreover, (C.88) provides (6.25) in [52, Leucht and Neumann (2013), p. 274] with X = Uﬁmtr whereby
> originates from [52, Leucht and Neumann (2013), p. 274].

In the following, the validity of (6.26) in [52, Leucht and Neumann (2013), p.275] is proved. Therefor,
note at first that one obtains for all ¢ > 0 similarly to (C.27) (recall (C.80)):

1/(2b

(g [(Sm) {|§T7k|>e]\ Z [(Sm,m) ]+§LI§ME[<§TW>4} (C.89)

Next, it is shown that the first sum on the right side of (C.89) converges to zero. This and similar argu-
ments together with (C.89) yield that (6.26) in [52, Leucht and Neumann (2013), p. 275] holds.

To meet this target, define for all &k € {1,...,[1/(2b)]}, t := (t1,...,t4), j = (j1,...,74) and
5= (81,...,84) Witht1,... g, 51,...,754 € {1,...,2|Tub|} as well as s1, ..., s4 € R (see (C.80)):

Orpw (t.j,8) =E [K%k,&e (t1,81) K7k (51, 81) K7 po g (B2, 52) K7 2 (52, 52) K7 po 2 (23, 83)

R (3 53) K (b1, 50) R jom (s 59) | (C.90)
Moreover, assume |t; — jq| = 722+ 1V qge {1,...,4}.
In the following, the process (K% e (T s))re{t1 TR T % W S will be disassembled into P < 8

sub-processes (K%k,%(T’ 8))reMp,se{sl,...,54} with M, € M = {t1,...,ta,j1,...,Ja}, pe {1,..., P}

and (KCT,,C&B(T, S))TEMp,se{sl,...,S4} A (KCT,k,%(Ta S))reM\Mp,se{sl,...,54} Vp e {1,..., P}, whereby the
last property should hold by convention for P = 1 (in this case, the original process is the only sub-
process). In addition, this decomposition has to be carried out in such a manner that the sets M, ..., Mp
are disjoint and P is as large as possible (the latter ensures that not more from each other indepen-
dent sub-processes can be separated). These properties imply sup,, o,enr, [01 — 02| < (#Mp — 1) 2
Vp € {1,...,P} due to the definition of KTk%(T s) (note (C.80) and Definition A.1 (i)). This,
(#M, —1) <7Vpe{l,..., P} and the fact that |tg — jq| = 722+ 1V qe {1,...,4} is assumed pro-
vide that no M, exists which contains ¢, and j, fora g € {1,...,4}. Therefore, max,_1 . p #M, < 4.
Hence, the expectation contained in (C.90) can be splitted by using the following analysis:

If max,—1__p#M, =4 and O7 5 (;, 7> §) # 0, the property E[K%k% (r, s)] =0VreM,seR?
will imply that either (#Mp =4forpe{1,2} AP = 2) or (EI!p e{l,...,4}: (#Mp =4 AH#My =
2vp' e{l,...,P}\{p}) A P =3).

If max,—1,.. p#M, = 3 and O7 1 » (L, 7 s) # 0, the property E[KTk, w (7, s )] =0VYreM,seR?
will ensure that #M,, = 3, #M,, = 3 and #M,, = 2 for differing p1, p2,p3 € {1,..., P}, whereby
P = 3 will hold.

If max,—1 . p#M, = 2 as well as O » (j, 7 §) # 0, the fact that ]E[KTk 5 (1, )] =0VreM,
s € R? will provide #M, =2Vpe {1,...,P}and P = 4.

If maxy—1,  p#M, = 1, the property E[KTk w(r,s )] = 0Vr € M, s € R? will yield
Orin (t,4,s) = 0.

Overall, it holds for all 5 = (s1,...,54) € R¥* (recall (C.90) and sup,, ,,ens, |01 — 02]
(#M, —1) Vp = 1,...,P):

1-22 t\—T22—1to—T272—1t3—T72—1 t4—T772—1

S T e )

97242 j1=14272jo=1+272j3=1+272j41=1+4+272

[1/(2b)] 2|Tyb) N N
g 2 Z Z E [K%,k,% (7’1, SQI) K%,k,% (7"2, Sq2)
q1,..-,q8€{1,...,4}: k=1 71,...,r4=1
1xe{l,... 8},ye{l,....8}\{z},2€{1,....8}\{z,y}:
dz=qy=4qz
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2| Ty b
'K(T:“,k,ﬂ% (T3’ SQS) KCCZ’,k,% (7‘4, SQ4)] ‘ ’ l{sup(,l’OQE{rl T4}|01_02|<3”} ’ ( Z ‘E [Kfcl‘,k,% (T5a 3(15)

,,,,,
r5,...,r/8 =1

R (76, 500) Ko (7 50) R (s 00) || L, g

2|Tyb] 2| Tyb|
+ Z ‘E [K%vkﬂ? (5, 545) K 2 (76, Sqe)” Z ‘E [KCT,k;,ére (r7, 5¢7) K e (s, qu)] ‘ )
r5,76=1 r7,rg=1
2|Tyb)
" Z 1 ‘E [K%’k’% (Th Sql) K’%,k,% (7’2, Sq2) K%ak’% (T3’ Sq3)] ‘ ' l{supol,OQE{m AAAAA r3}‘01*02|<2%}
T1yeeny r3=
2|Tyb)
2 ‘]E I:K%JC’% (T4’ SQ4) K%,k,% (T5’ 8(]5) K%’k’% (r67 Sqﬁ):l ‘ ‘ ]l{supol,026{r4 ,,,,, TG}‘01—02‘$27?/}
T4y, Te=1
2|Tyb _ . 2| Tib|
Z E K7k (17, 8¢:) KT g (78, 8g8) || + Z ‘E [K%,k,% (71, 8¢1) K7 o 2 (12, qu)] ‘
r7,rg=1 ) B r1,ro=1
2[Tyb| ) _2|Tyb|
O B[R 50 Riom rassad) ||+ [E R (75, 500) R (6, 500)||
r3,ra=1 - T ryre=1
20Tyb] )
Y [E|Kfn (7 50) K pm (78, 56) || - (C.91)
r7,rg=1 - -

Further, one obtains for all k € {1,...,[1/(2b)]}, 71,...,70 € {1,...,2|Tubl}, Sqps- - -, Sqs € R with
r1 > ro = max {rs,r4} by using Lemma B.4 (iv) with ¢ = 1 + J and shifting the index of a sum (see
(C.80) as well as Definition A.1 (i)):

B[R (1 50) Ko (72 50) R (70, 800) K g ()|
= ‘E [(E [KTJ%% (71, slh)
R (2,502 RS o (3, 800) K o (ras ) |

< Cuzﬁ)%] HE [IE [cos ( Sq v)?[ukTJ—[Tume (u)>> ‘]:[ukTJ—[Tume] —-E [cos (<sq1 a)?[ukTJ—[TubJ-l-rl (u)>>

Flust)~{riaf s b1 Tpf 1] )

f[ukTJ—[TubJ-&-rl] —-E [KT,k:,éR (71, 5q,)

‘]:[ukTJ—[TubJ+r1,[ukTJ—[TubJ+r2+1] ‘f[ukTJ—[TubJ+r1,[ukTJ—[TubJ+r1—7z] HH(;

< C sup i . HE [COS <<5q1a)?[ukTJ—[TubJ+r1 (u)>> ‘]:[uij—[TubJ-i-m,[uij—[TubJ-i-rl—l]

ue[O,l] l=ri—ry
-E [COS <<3q1 ’ XluijflTubJ-ﬁ-’l’l (U)>> ‘fluijflTubJ +T17lukTJ*[TubJ ‘H"l*l*l:l H1+5
e 0]
<C D Allsgl;- (C.92)
l=r1—7r9
It follows for all s, , 545, S¢35 Sqs € R? from (C.92) and (B.45):
2|Tyb]
sup Z E [KCT%% (11, 80.) KT kg2 (725 840) KT o (73, 503) KT 2 (74, sq4)] ‘
k:]-vvll/(2b)J T1yeeeyPa=1
r1=2rozmax{rs,ra}
) l{supol,oge{rl ,,,,, 7‘4}|01_O2|<3%}
2| Tyb| o 0 2|Tyb) 2|Tyb)
<C ) D X Allsaly+ D lp—ry | sup D Vjrmral<ssn Ljra—a| <3
ro=1 \ri=ro+1li=ri—re ri=1 r2=1,....2[Tyb] r3,rqa=1
< C|Tubd| 72 (|sq, ], + 1) - (C.93)
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. . . d'
This and similar arguments show for all s4,, 54,, S¢5, Sq, € R%:

2| Ty b]

Dy, B[R (1 500) K (72, 500) R (0, 800) R (a0 |
k=1,..‘,|_1/(2b)J ceyra=1

{Supol 025{71 ..... 74}‘01702‘<3%}

< C|Tub| 72 (L + I8¢ |, + 18aly + |55y + 1Saaly) - (C.94)
One obtains for all s == (sq,...,s4) € R¥* from (C.91), (C.94) and analogous arguments:

[1/(2b)] 2|Tub|l—1—22 t,—T22—1 to—T22—1 t3—T72—1 t4—T72—1

> X XX X 2 lerka(tis)

k=1 t1,..,t4=92242 j1=14272jo=14+272j3=1+222j4=14+272

< S Ol { 1Tl (U sl + sl + lsuly + lsl,)
ql,...,qge{l,...,4}:
B (ze{l,....8} aye{l,...8\{z} rze{l,...8\{z,y}:
QI:‘Iy:q.z)

([Tubj (1 + [8gs 1y + [Sgely + 5711 + I8gs | ) + | Tyb] (1 + |sgsly + |5q6|1) | T30]

' (1 + |SQ7|1 + |3qs|1)> + [TMbJ ”(1 + |3q1|1 + |Sq2|1 + |3q3|1) ' lTﬂbJ”(l + |SQ4|1 + |SQ5|1 + |Sqe|1)
- | Tyb] (1 + |5q7|1 + |5q8|1) + | Tub] (1 + |3q1|1 + |3q2|1) | Tyb] - (1 + |5q3|1 + |5q4|1)
Tb] (1 [sqsly + Isashy) - ITub) (1 + Isary + Isasly) |- (C.95)

Thus, Assumption 3.1 [WEIL.1] and Remark A.2 (ii) show (recall (C.80), (C.90) as well as (C.17)):

[1/(20) [1/(2b)] 2|Tyb|—1—272 t1—Tr2—1ta—Ts2—1t3—T22—1 t4—T7 221

GOSN 4
NE[Bra) |<p X X 0N X% N 2
k=1 k=1 t1,...,ta=972+2 j1=14272jo0=14272j3=14+222j41=1+4+272
f f J J ‘C"‘)TJC&E (L, l’,g)‘w (s1) ds1 w (s2) dsaw (s3) dssw (s4) dsy
RdeRde
T4b2 |1/(2b)] ([TubJQ A | Tub P 22 + | T 2 + [Tubﬁ)
=o(1). (C.96)

The validity of (6.26) in [52, Leucht and Neumann (2013), p.275] is an implication of (C.89), (C.96)
and similar arguments.

The conditions (6.27) and (6.28) in [52, Leucht and Neumann (2013), p.275] are valid with 6, = 0
V1 € N due to (C.86), whereby 6, is defined in [52, Leucht and Neumann (2013), p. 275].

Overall, Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274 et seq.] shows (C.82). Theorem 3.23 (i)
is an implication of (C.81) and (C.82).

(ii)) To prove Theorem 3.23 (ii), note at first that it holds due to Lemma 3.12 and Assumption
3.1 [WEI.1] (see (3.51) as well as (3.17)):

C
< NG (C.97)

Further, the inclusion-exclusion principle provides for all measurable sets .A and 5:

s o odistr
‘Blasﬂuo’ )

P(AnB) > P(A) +P(B) — 1. (C.98)
One obtains from (C.97) and (C.98) (recall (3.54) as well as Definition 3.3 (i)):

lim P (Tx/é Dy — Biasf{ | > TT>

T—o

— lim P (Tx/é (ﬁT _ D) Bias{{’ +TVhD > TT)

T—o0
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s o odistr
‘BlaST,uo, .

. ~ T S —1/3
> lim P —‘ID —]D)‘—7+]D>>—, D —ID)‘<T
T—w T T/b T+/b r
C TT ~
> mP(-T"" - = 4D> "2 )+ lim P (‘ID —]D)‘ < T—1/3) _ 1. .
py ( Y Tﬁ) o EPT (C.99)

Since H?ffforl (see (3.49)) holds by assumption, Proposition 3.6 (iii) provides D > 0 (recall Definition
3.3 (1). Hence, (3.54) and Assumption 2.8 [K&b.1] (ii) imply that the first limit on the right side of
(C.99) is one. Moreover, Theorem 3.13 (ii) shows that the second limit on the right side of (C.99) is
one. Thus, Theorem 3.23 (ii) follows from (C.99). ]

Proof of Theorem 3.25. Throughout this proof, it is supposed that T’ is large enough to ensure 2| 7Tyb| —
1 — 225 = 9225 + 2 (see (C.17) as well as Definition A.1 (v)), which holds for sufficiently large T" due to
Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii).

To verify Theorem 3.25, it will be shown at first for 7" — oo that:

TVb HS;Test — Bias{i{™* N Z$=T in probability, (C.100)

which means that the distance (quantified by the Prokhorov metric) between the conditional distribution
of T+/b ]D);TeSt — BiasdTijf;”’; (conditioned on X1 7, ..., X7 7) and the distribution of Zj(ifir converges
to zero in probability.

To prove (C.100), one defines for all k € {1,...,[1/(20)|}, R e {R, S}, t,5 € {1,...,2|Tub]}, s € R?
(recall Definition 3.3 (i), 3.8 (i), (C.17), A.1 (i) and (v) as well as X¢ := X — E[X] for each random
variable X with finite first moment):

XT,k,R (t, S) = XT,U.OJ,]C,R (t, 8) = R {ei<s,X|_ukTJ|_TU,bJ+t,T>} ,

t— | Tyb]

Krpr (¢:5) = K 510,1,k,R (t,s) =K (lTlle

(th — ilo)) X1k (8),
HT,k,R (ta ]) = HT,ﬂo,l,k,R (t7j) = f K%,k,R (tv S) K%,k,R (]7 S) W(S) ds,
Rd
I r (89) =Ty, k) (69) = Inggr (69) Wi - s+t 20} Wi 7= [ Tub) 4,4 725}

2T\/B (111 —ﬂo) 2|Tyb|—1—223 t—T7723—1

ST R = ST 1 bR = I er (7)),
o men |1/(20)] [TbJZ t9%+2 j=1§2725 H

[1/(20)]
% . Q% Q% * * . Q% o *
STk = STg0.k = ST kR T SThs  STR = STy, R = Z Strr and
k=1

[1/(20)]
S5 =Shyp, = . Shi (C.101)
k=1

whereby X7 r (t,5) is well-defined for all & € {1,...,[1/(20)|}, R € {R,S}, t € {1,...,2[Tyb|},
s € R? because (C.52) ensures that this expression just takes X, 7 with r € {1, ..., T} into account.

One obtains from the Lemmata C.26 as well as C.31 and (3.27) (see (3.26)):
TVb D} e, — BiasTiir — S5 = o3(1). (C.102)
Thus, to prove (C.100), it suffices to show for 7" — oo that:
st -4 Zd in probability. (C.103)

From now on, the validity of the assumptions demanded in Corollary 6.1 in [52, Leucht and Neumann
(2013), p.275etseq.] will be examined in order to use this corollary to verify (C.103), whereby the
expression S;’ ;. takes the role of X ; . Which originates from Corollary 6.1 in [52, Leucht and Neumann

116



(2013), p. 275 et seq.].

The Assumptions 3.15 [W*] (ii) and (iii) imply (recall (C.101) as well as Definition A.1 (i)):
E*[S},] =0 Vke{l,...,[1/(2b)]}, (C.104)

such that the first assumption of Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275] is valid.
Further, it follows for all k1, ko € {1,...,[1/(20)]}, t1,t2 € {1 + 223,...,2|Tyb| — 1 — 23} with ky >
ko + 1 similarly to (C.22):

[uleJ — ngbJ +1 = [quTJ — lTﬂbJ +ia+2+ 27%. (C.105)

One obtains from Definition A.1 (i), Assumption 3.15 [W*] (ii) and (C.105) with t; = 1 + s3 as well as

= 2|Tub] — 1 — s that (S, k)l /) 5 a sequence of conditioned on (X 7)., independent random
Varlables such that (C.104) pr0V1des

1/(2b
Var* Z [SH ] as. (C.106)

Markov’s inequality, (C.106) and Lemma C.32 show:

[1/(2b 1/(2b
P 2 [SM 2]>af};f§f+1 <E Z [SM ] ofsnl | =0, (c.107)

The second assumption of Corollary 6.1 in [52, Leuchtand Neumann (2013), p.275] holds due to
(C.107), Lemma 3.12 and Assumption 3.1 [WEIL.1], whereby the latter two provide Jgiir < oo (see
(3.52) as well as (3.17)).

Lemma C.32 (recall also (C.101)) shows the validity of (6.29) in [52, Leuchtand Neumann (2013),
p.275] with X = au‘m (note that X originates from (6.29) in [52, Leucht and Neumann (2013), p. 275]).
Next, it is proved that the condition (6.30) in [52, Leucht and Neumann (2013), p. 275] is fulfilled. There-
for, define for all k € {1,...,|1/(20)]}, R € {R, S}, t,5 € {1,...,2|Tyb|} (recall the Definitions 3.3
(1), (C.80), 3.8 (i), (C.17), A.1 (i) as well as (v) and that, as mentioned at the beginning of this proof, T'
is assumed to be large enough to ensure 2|Tyb| — 1 — 25 = 9223 + 2):

I pr (89) = T, r (69) = Trkr (6 9) Wiy 1) 1,2y W T) - | Tub] 15,122}

2T\/B (ﬂl —ﬂo) 2|Tyb|—1—2723 t—T723—1

S n =85y o= Fan (1)
s Ao,1k, |1/(20)] | TH) t=9;;3+2 j—lg”ﬁ -

[1/(20)]
STk =STsork =STan +STrgs:  STr=STuy, v = Z ST and
k=1
N N [1/2v)]
St =Sy, = Y. Shs (C.108)
In the following, it is verified that (see (C.101)):
[1/(20)] N 4
Y E [(S;k,% =y ] — o(1) (C.109)
k=1
and:
[1/(20)] N 4
M e [(S;;w) ] = o(1). (C.110)
k=1

Subsequently, the validity of (6.30) in [52, Leucht and Neumann (2013), p. 275] will be concluded from
(C.109), (C.110) and similar arguments.
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Lemma C.16 (i) and (C.65) provide for all s € R?, g > 1+ (recall (C.101), (C.80) as well as Definition
A.l(D)):

SWp sup [ Xfp (88) = Xfp (t9)|
k=1,...,[1/(2b)| t=1,..2|Tyb] |~ o q

< sup sup (H (ei<S’XlukTJ[TubJ+th> — <ei<S’X[“kTJ[TubJ+th>> )
] 7

k=1,...,|1/(2b)] t=1,... 2| Tub
(ei<s’XlukTJ[TﬂbJ+t*T> . €i<s’)~([ukTJ7[TubJ+t (ﬂk,t)>> )
1 1 148 !
s¢ ((Tb)(1+5)/(5Q) + T(1+6)/q) sl - (C.111)

The equation:

q
c

+

72

122 — Y1ye = (w1 — Y1) T2 + (22 — y2) y1 V21,22,91,%2 € R, (C.112)

(C.111), [KG i (£, 8) | < Cand \]KCTW (t,s)| < Ca.s.(see (C.101) and (C.80)) forall k € {1,...,[1/
(20)]}, t € {1,...,2|Tub]}, s € RY, Assumption 3.1 [WEL1], (1 + §)/6 > 2 (which holds because
0 € (0,1] according to Assumption 2.8 [K&b.1]) as well as Assumption 2.8 [K&b.1] (ii) show for all
q = 1+ 9 (recall (C.101) and (C.80)):

L s | 1 1 1
L (6) = Tran (5)] <C ((Tb)(1+6)/(5q) * T(1+5)/q) =0 (m) |
(C.113)

sup sup
k=1,...,[1/(2b)] t,j=1,...2| Tyb|

In addition, one obtains similarly to (C.72) by using Lemma C.25 (ii) and (i) as well as Assumption
2.8 [K&b.1] (ii) (see (C.17) as well as Definition A.1 (i)):

2| Tyb|

*k * %ﬁ
sup sup E Wy, 71— Wi, - , <Cl=—=+4p8) <Cp.
k1,00 [1/(26)] £=1,....2| Tub] ,;1 ‘ [ Lk TI=1Tubl -t e} 7 Lun TI=[Tub]+ ’{”B}” (Tb )

(C.114)

Moreover, it holds for all ¢1,...,t4 € {1,...,2|Tyb|} with t; > --- > t4 that either |t — ¢'| < 34 for
all t,t" € {t1,...,ta} ort,t' € {t1,...,ts} exist with |t — ¢/| > 373. In the latter case, one obtains that
ftl .—tg > s2g 01ty —13 > zg ort3—ty > 225. 1 11—t > 23, th.e.random v.ariable WleTJ*[TubJthly{”B}
is independent of (lekTJ_l_TubJ . %ﬂ})tE{tQ,ts,t 4 (recall Definition A.1 (1)). If t3 — t4 > 73, the ran-

dom variable W[szJ—[Tume,{%B} is independent of (Wl_szJ—l_TubJ'f‘t,{?ZB})te{t17t27t3}' Thus, Assump-

tion 3.15 [W*] (iii) (Which ensures E[W* ] = E[Wt*] =0Vte Z) and (C.114) provide:

tv{%ﬁ}
2|Tyd]
sup D B W ri st oot Wit T o, o) W1 T )
kzlv"'vl.l/(zb)Jtl,tg,tg,t4:1
t1 ==ty
Wi Tttt | ‘
2|Tyb]
< sup E|W> _ Wy i Wi -
k17“'7[1/(2b)Jt1,t2,t23;t4=1 [ lueT|=Tubl+t1,{728} " |upT|—|Tubl+t2, {728} " |uxT|—|Tub|+t3,{ 723}
t1z 2ty

'W[ZkTJ—[TUme,{ng}] ]l{vt,t/e{tl,...,t4}:\t—t'|<3%5}

2 Tub]
+  sup > E [W[szJf[TubJthl,{%g}W[szJf[TubJthg,{%B}] ‘ ‘E [W[szjflTubJthg,{%g}

k=1,...,]1/(2b)] ty,to,ts,ta=1
t1 ==ty

'W[ZkTJ—[TubJHA;,{%B}] Lt vettn, ta) lt—t/|>3225)
<C ([Tubj A + | Tubl? 52) . (C.115)
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This and analog arguments show:

2| Tub)
sup E|\Wy 7o Wy i Wy i
k1“”7[1/(%)“1@;4:1 [ LT~ Tubl 1§29} WV T (b 12, 220} W s ) (T 5, (225
.Wl_szJ_l.TubJ""tzh{”ﬁ}] ‘
3 2 02
< C([Tubj A+ | Tub|* B ) (C.116)

Moreover, it follows similarly to (C.115):

2(Tub)
sup B AW = 1Tub) 1 £ 7253 W o TI = [Tuab] 42,4 7253 W s T = Tub] s,
k=1,...,|1/(2b)] t1,t27tz3;t4=1 [ lueT|=|Tubl+t1,{ 728} " |urT|—|Tubl+t2, {725} " [urT|—|Tub]+t3 {”/3}”
2| Tub|
= sup 2. [E W[ZkTJ*lTubJthl:{”ﬂ}W[ZkTJ*lTubJHz:{”ﬂ}W[ZkTJ*lTubJHS:{”B}]‘

k=1,...,]1/(2b)] t1,t2,t3=1

’ ]l{vt,t'e{tl,...,tg}:\t—t’|<2nﬁ} +0

< C|Tiyb] 72 (C.117)
Assumption 2.8 [K&b.1] (ii), Definition A.1 (iii) and Assumption 3.15 [W*] (i) (the latter ensures
B > 0) provide In(e + Th) > 1 as well as In (82 3) > 1 and Assumption 3.15[W*] (iv) de-
mands p, € (0,1), such that 3 < —In(ps) [B/In(ps) - (—1)] < Czps (see Definition A.1 (v)). One
obtains analogously to (C.91) (regard also the text between (C.90) and (C.91)) by using (C.116),

(C.114), (C.117), B < C 7 (as just shown), the second inequality of Lemma C.25 (i) together with
(1 + 22)" < 2" (2} + a%) Va1, 22 = 0, n € N and Remark A.2 (ii) (recall (C.17)):

|_1/(2b)J 2[Tubjflf725 t1—T7223—11o—T7223—113—T7223—114—T723—1

‘E[ a1 Tubl 1,72 W1 1Tl 1, 220) Wi T - (bl o, 720 W T 1Tl 2. 225
‘WlukTJ—lTume,mﬁ}WtukTJ—lTubJﬂs,{ng}WtukTJ—LTume,{ng}WLukTJ—LTubJ+j4,{m}] ‘
< /@) { (1Tl 4 + [Tl 82) | (ITubl 4 + [ Tbl” 82) + |Tab) B|Tit) B

+ C|Tub] +4 [ Tub] 44 | Tub) B + C|Tub] B1Tub] B|Tub) 8|Tub] 3}

|
< C[1/(20)] {Tub A + |Tub® 7448 + | Tub)* 54}
Hr

< C1/(20)] {20285 In (e + Th)° + T20%0(Tb)® + T3> 57 In(e + Tb)* + T3b30(Th) B+T4b4ﬁ4}
(C.118)
It holds for all arbitrary but fixed p € N due to Assumption 2.8 [K&b.1] (ii):
bln (e + T < CT 2y (e + T)? — 0 for T — o0. (C.119)

In conclusion, Assumption 3.15[W*] (ii), the fact that | X1 XoX3X4|, < [ X4 | X2l 1 X3], 1X4l,
for all real-valued random variables X1, ..., X, which live on the same probability space and own finite
fourth moments, (C.113) with ¢ = 4, (C.118), Assumption 3.15 [W*] (i) and (C.119) show (see (C.101)
as well as (C.108)):

11/(20) L
2 E |:(S;k,§)? - S;i,k,é)?) ] ‘
k=1
[1/(20)] 2|_TubJ—1—7Z/3 t1—Tze5—1to—T723—1t3—T7253—1 t4—T725—1

<qp A 2 D I V)

k=1 t1,..,ta=9223+2 j1=1+427223 jo=1+2725 js=1+2725 ju=1+2723
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: ‘E [(HT,k,afe (t1,51) — Ir (t1,j1)) (HT7;§7;R (2, 42) — Ir x5 (tz,jz)) (HT,k,é}% (3, J3)
_ﬁT k% (t3,73) ) (]ITng (ta,74) — fT&% (t4, ja) )] ‘
‘E [ “kTJ [Tubl+t1, {”ﬂ}WlukTJ | Tub)+i1,{ 723} lukTJ [Tub]+t2,{ 723} lukTJ | Tub) 42, { 725}
'WlukTJ*lTubJth&{%B}lekTJ*[TubJJrjs,{%B}W[ZijflTubHM,{%B}W{ZkTJ,lTuijM%B}] ‘
< be2o (;) |1/(20)] (T2b20 <TZ§6> I (e + TH)° + o (T°) + T%°% (T§f4) in(e + Tty

+0(T°%) 0 (;) + T (?j) )

= o(1),

such that (C.109) is valid. In order to verify (C.110), note at first that one obtains from disassembling the
set of the random variables contained in the expectation in (C.120) similarly to the decomposition de-
scribed below (C.90) (which is possible according to Definition A.1 (i)) and from Assumption 3.15 [W*]

(iii) (the latter provides E[|W* e WT’;,{%B}H <|Welh Y, meZ e {1, ..., 4)):

sup sup sup sup sup
=1, [1/(20)] t1,esta=9225+2,... 2| Tub|—1—725 j1=1,..t1—=T723—1 jo=1,. . ta—Tz2g—1 ja=1,. ts—Tzz5—1

osup ‘E [M/leTJ*lTubJHla{%}M/lszJ*lTuijh{%B}M/leTJ*[TubJ+t27{%B}M/lszJ*lTubJHm{%a}
Ja=1,..ta—T7253—1

WG 71 (Tt VT Tt ) W T Tt Wi T T ) | ‘
<C. (C.120)

It follows from Assumption 3.15 [W*] (ii), (C.120), Lemma C.25 (i) (which ensures »z3 > 7) as well as
the second inequality and last equality of (C.96) (see (C.108), (C.90) as well as (C.80)):

[1/(21)” 2|_TubJ—1—7?¢3 t1—7725—1 t2—7ﬂ5—1 t3—77?/ﬂ—1 t4—7%ﬁ—1

[N EF=1 D WD D D)

k=1 t1,..,ta=9223+2 j1=1+27223 jo=1+2725 js=1+2725 ja=1+2723

J J J j ©O7rk3 (L, 4,5)| W (s1) ds1w (s2) dsaw (s3) dssw (s4) dsy
R4 R4 Rd RY

= 0(1)’
which proves (C.110). Moreover, (C.26), (C.109) and (C.110) provide:

[1/(20)]

2

k=1

ll/ (20)]

3 Bl - 3

Analogously to (C.27), one obtains for all € > 0 from (C.121) and similar arguments (recall (C.101)):

N N 4
[(S:},k,ére —STem + S;k,%) ] ‘ = o(1). (C.121)
k=

1/(2b 1/(2b
e Z "7 ez, g -0 Z | (83" Lsp -] = 0():

such that (6.30) in [52, Leucht and Neumann (2013), p. 275] holds.

The validity of (6.31) as well as (6.32)% in [52, Leucht and Neumann (2013), p.275] with 6, = 0
V7 € N can be verified by using that (S;Z k)l /@) s a sequence of conditioned on (Xt’T)%le indepen-
dent random variables (as explained above (C. 106)), whereby 6, is defined in [52, Leucht and Neumann
(2013), p. 275].

Overall, Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275 et seq.] shows (C.103) (see (C.101) as
well as (3.53)). It follows from (C.102) and (C.103) that (C.100) holds.
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In the case UﬁlStr

(C.77).
Instead, if adls“ = 0, one will obtain from (C.104), (C.106) and the convergence in mean stated on the
right side of (C 107):

> 0, (3.58) follows from (C.100) and a chaining argument that is similar to

E [S;Q] ~E [E* [S#H = E [Var* (S5)] = o(1). (C.122)

In conclusion, (3.59) is an implication of (3.28), (C.102), (C.122) and (3.27) (recall (3.26)). ]

Proof of Theorem 3.27. At first, note that arguments which are similar to those that show (B.45) and
(C.15) as well as Assumption 2.4 [DM.2] imply:

(C.123)

18

18
§
M
l>
N
Q
g
g
=

nMg

One obtains from Assumption 3.15 [W*] (iii) (which ensures K*(0) = 1), Lemma B.4 (vi), Assumption
3.1 [WEL1], (3.60) and (C.123) (see (3.51), (3.17) as well as (3.57)):

s, distr o, distrx
‘BlaSTuO LR BlasTuO ) %‘

170

e[ 3

o iy 1EZ\{0}

e (5 ) oo ({0} e (e RO (s ds

C Z ‘1_K* ()‘MZA

<

c 1-K*(2)| <
< — Z sup 2 VAN,
= o(1).

This and analog arguments show (note (3.56), (3.51), (3.57) as well as (3.26)):
TVb D, e — Biasfiy — (Txfb D% sy — BiasdT{Si}g’l)‘ = o3(1), (C.124)
such that if oﬁ?tlr > 0, (3.58) will provide for T" — o0:

TVO D} 1o, — Bias$isr | —5 Z3 in probability. (C.125)

One obtains (3.61) from (C.125) and a chaining argument which is similar to (C.77). Further, (3.28),
(C.124) and (3.59) show (3.62). O

Proof of Lemma 3.35. Throughout this proof, it is assumed that 7" is large enough to ensure:
T-Br>1+Br and By < |7T/2] -1, (C.1206)

which holds for sufficiently large 7" due to Assumption 3.30 [NW].

(i) In order to prove Lemma 3.35 (i), observe at first that Assumption 3.30 [NW] (which ensures

Knw () = 0 Vo € R @ |z] > 1, sup,e—1,1] Knw(z)| < 00, Br/vTbH? 0 as well as

TH**° — Cs5 < oo fora d € (0,1]), (C.126), Lemma C.33 together with (3.11), Assumption 3.15 [W*]
(iii) (that provides |K*(h/B3)| < C YV h € Z) and Assumption 3.1 [WEL1] imply (recall (3.66)):

R A GO

k=1 k=1 h=-—w

T~>oo
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- Knw <Pil> Cov Z<S XO(“’“)>} ,%{ei@’gh(“’“»}) u w(s)ds

.5, K*<z>—1HKNw<];;>\<C«hww(%“i'»
o (C.127)

Further, one defines for all u € [0, 1], s € R%:

ee]

oS (u,5) = > (K (Z) . 1) Cov <§R {ei@fb(“»} R {ei<s’)~(h(“)>}) . (C.128)

h=—00

Arguments which are similar to those that show (B.45) and (C.15) provide due to Assumption
3.30[NW]:

o0 o0 00 —1 0
DU A=Y YA D Y A = 225”% <C. (C.129)
h=11=h

heZ\{0} I=|h| h=—o0l=—h

One obtains by using Lemma B.4 (vi), Assumption 3.1 [WEL1], Assumption 3.30 [NW] (which en-

sures sup,ep (o3 |1 — Knw () |/|z|" < C as well as Bpb™/1) =5 s o), Assumption 3.15 [W*] (iii)
(that implies |K*(h/B3)| < C'V h € Z) and (C.129) (see (3.17) as well as (C.128)):

R

k=1 h=—
1/(2b
ll/ Z %rl;gr% Uk, S )

w(s)ds

<5[§ (K*(O)lKNW(O)l"‘Bln 2

T hez\{0}

O R 0
o (8) i 5.5

I=|h|

¢ sup Krw (@) — 1] Z Zl”Al

<
\/BB% zeR\{0} |x|77 ReZ\{0} I=|h|
= o(1). (C.130)
In the following, it is proved:
[1/(2b)] “1
1 J U — Yo Z error f error
— 0T o (U, 8) — | o7 (u, 8) dul w(s)ds = o(1). (C.131)
) |e) & J

Holder’s inequality for series together with 2/(2 — ¢) > 1 as well as 2/ > 1 (the latter two follow from
§ € (0,1]), A; < C1?/9 Y1 € N (which holds because Assumption 2.4 [DM.2] implies A;l%/% — 0
for [ — o0), the fact that the Riemann zeta function x — ((x) converges for z = 2/(2 — §) > 1 and

Assumption 2.4 [DM.2] show:
2-6 s
2 0 2
=1

(C.132)

2;

Safi (% (1)) (3 (e )?) (3

”MS
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such that one obtains analogously to (B.45):

o6} 8}
Y yal<c (C.133)
h=11l=h

Moreover, Assumption 2.4 [DM.2] implies similarly to (B.45):

Z 01 < C. (C.134)

Further, it follows for all s € R?, u € (0,1), 71,79 € Z from Assumption 2.2 [StAp] (ii) by using
arguments which are analog to ones stated in [41, Jentsch et al. (2020b), p. 3 etseq.]:

O, E [cos (<s, Xr, (u)>> cos <<s, X, (u)>)]
=E [— sin (<s, X, (u)>> <3, 0uXr, (u)>cos (<s, X, (u)>
¥ X 0uXr (1)) (C.135)

and:

({5 (03) (o )] 2 e (o o )]
oo (o )| s (o ) (o )], 130

For 1 > r9 + 1, one obtains from (C.135), (C.136), Lemma B.4 (ii) as well as (iv) with ¢ = (1 + 0) /4,
Assumption 2.2 [StAp] (ii), Assumption 2.4 [DM.2] and shifting the index of a sum (recall Definition
sup |0y

A.1()):
s (cos (<5, X, (u)>> , COS <<s, X, (u)>>>‘
= uz&)[’)l) E[(E[ — sin (<s,)?r1 (u) >) <s Ou )Z' (u) > ‘]—" ]

—E[—sifl(<s,)wfr1 (@)) (5:00%0, (0) |Friaa] ) cos ({5 % ))) |
+E [ (Eeos (5, %oy ) |7 | = Efeos ((5, Ky @) [Frias])

. (— sin (<s X, (u)>>) <s OuXr o (u)>]
< uzlgpl ( HE[ sin <<s X, >) <S, 0uXr, (u)> ‘}}1] - E[ — sin (<s, X, (u)>) <s, 0uXr, (u)> ‘
Fov ]|, [Efos (G %o, ) ||~ eos (. %, »v et || e )] )
cap 5 (o) e )

<s, au)?h< D (u )> — sin <<s X, (u)>) <s, au)?g(’"rl*) (u)>
<s,8 X, >H + Hcos (<s X ( —=1 (u)>) — Cos <<3,X}1 (u)>> )

1 C’|s|1)
l=r1§‘2_1 ue(0,1) (H_ sin <<S’ X 1( 1=i=1) (u )>) + sin (<s,)~(rl (u)>)
(

G aZim D]+ |G ok @ 2k @,

I
=

|
l\)

,_.

N
n
o
ol

140
5
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+ Hcos <<s, )Nfrxl(”*l*l) (u)>) — cos (<s, X, (u)>) s C|s|1>

e 0]
<C Y (ALl + Agalsh + ALy Jsl)

l=r1—ro—1

o0
> (A?|s|}+5 + Agylsh + A?|s|i+5) . (C.137)

l=ri—ro

Overall, (C.137) (with r; = h and ro = 0), (C.133) as well as (C.134) provide for all s € R4

0, Cov (cos <<s,)?o (u)>) , COS (<s,)?h (u)>))‘ <C (|s 146 4 |s|1> . (C.133)

sup
h=1 ’U/E(O,].)

Further, it follows for all s € R? from (C.135), (C.136) and Assumption 2.2 [StAp] (ii):

0, Cov (COS (<s,)~(0 (u)>) , COS (<s,)~(0 (u)>))‘ < Clsly. (C.139)

sup
ue(0,1)

One obtains for all s € R? due to (C.138) and similar arguments as well as (C.139):

0,Cov (cos (<s,)?o (u)>) , COS (<s,)~(h (u)>>)‘ <C (|3H+‘S + |3|1) ) (C.140)

sup
h=—o0 ue(O,l)

Assumption 3.15 [W*] (iii), Lemma 3.12, the mean value theorem and (C.140) show for all v, w € [0, 1],
s € RY (see (C.128)):

oot (v,8) — oF 2 (w, )]

< - i(5,Xo0(v)) ’ (s, Xn()H 1Y) _ i{s,Xo(w)) : i s, Xp(w))
< C’h;w‘COV (?R{e } §R{e }) Cov (%{e } §R{e })‘
< c(|s Lo |s|1) v — w] . (C.141)

Lemma B.2 (ii) in combination with (C.141) and Assumption 3.1 [WEI.1] imply (C.131).
Lemma 3.35 (i) follows from (C.127), (C.130), (C.131) and similar arguments.

(i1) In order to prove Lemma 3.35 (ii), define at first (recall (3.68)):

p— T — 2B+ —=
Biasgmornew .— TTBiaseTmr. (C.142)

It holds due to Assumption 2.8 [K&b.1] (i) (see Definition 2.11):
Ky(t/T —ui) =0 Vte N\[|lugT —Tb|,[urT +TY]], ke {1,...,|1/(2b)]}. (C.143)
Moreover, Lemma B.1 with k1 = 1 provides for all R € {t, 3} (recall (3.66)):

‘R {ei<S’XmT>}c(“)‘ <C VseR% tefl,..., T}, uel0,1]. (C.144)

Overall, (C.126), (C.143), (C.144), Assumption 3.1 [WEI.1] and Assumption 3.30 [NW] imply (see
(3.68), (C.142), Definition 2.11 as well as (3.66)):

BiasT T o(1). (C.145)

jm— p—
E [ error _ Riggtiror-new

_ CTbBr 1 _l_¢ By _
STV | T—-2Br T| S VbT —2Br

Further, one defines for all h € {-Br,...,Br}, R € {R,3}, u € [0,1], s € R? (recall (C.126),
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Assumption 3.30 [NW], (3.66) as well as Assumption 3.15 [W*] (iii)):

T-Br

a’:'h,T,R (’LL, S) = Z K, < _ ’LL> . R{ei<57Xt,T>}C(u) R {ei<s7xt+}L7T>}c(u) and
t 1+Bp
8%%% (u S) = (K* () — 1) KNW () 8h,T,R (u, 8) . (C.146)
h:*BT ﬁ BT
Since:
R{z7} = R{z}R{y} + S{z} S {y} Vz,yeC, (C.147)

(C.126) provides (see (C.142), (3.68), (3.66) and (C.146)):

Biasi " = 7 f K2 | ) U,:(ZT)J ,EBT (1 (5) 1) (57

Uo—hy Rd
. ; Z K, (; _ uk) %{ <€i<s,Xt,T>) (ug) (€Z<37Xt+h,T>) ( k)}W(S) s
t=1+Br
T [1/(2b)]
JK ll/( b)] Z A?@? (ug, )—i—a%“i?r (ug, s) w(s)ds. (C.148)
k=1

Moreover, one obtains for all R € {R, 3} from (C.126) and (C.144) (recall (C.146), (3.66) as well as
Definition 2.11):

2 ~ C
sup sup sup E HUILTR (U, 8) — on1R (U, S)H T—bBT (C.149)
seRd k’=1,...,|_1/(2b)] h=—Br,...,.Br

It follows from (C.148), Assumption 3.30 [NW] together with (C.126), Assumption 3.15 [W*] (iii),
(C.149) and Assumption 3.1 [WEIL.1] (see (C.146), (3.67) as well as (3.66)):

A —— €I'Tor CB2
E | | BiasT""" — Bias = o(1). C.150
| e ) < ok =t €150
Overall, (C.145), (C.150) and Lemma 3.35 (i) show Lemma 3.35 (ii). ]

error

Proof of Theorem 3.36. (i) Lemma 3.35 implies for all Y € {BlasT Biaserror} (recall (3.64)):

~ 1 . ~
E HT\/E (]DT + MYT> — Bias7{* — (T\/B]D)T — Bias7{; | )H o(1),

such that Theorem 3.23 (i) proves Theorem 3.36 (i).

error

(ii) One obtains under HdlStr (see (3.49)) for all Yo € {BlaST Bias%”or} from (C.98), The-
orem 3.23 (ii) (observe that (3.54) and Assumption 2.8 [K&b.1] (ii) yield that (77 + 1)y is a

sequence of positive numbers which grows to infinity for 7" — o0 slower than T\/E) as well as Lemma
3.35 together with Markov’s inequality (note (3.64)):

~ 1

: N : error : error s distr*
> Tlgr(l)OIF’ (T\/BID)T + Y7 — Biasp , + Biasy g, — Biaspy | > 77,

: error
Y7 — Biasg g |

<1)

> lim P(TvoBy — 1 - Biasfil, > rr.,

T—0

* error
Yo — BlasT’uO,1

sl)
:1,
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which verifies Theorem 3.36 (ii). ]

Proof of Lemma 3.40. The Fatou-Lebesgue theorem and Theorem 3.36 (i) imply (recall (3.69), that

DT [0,w]> Blase”[‘(’)r 1 and Blasdls[%r* ] are defined as in Definition 3.8 (i), (3.68) as well as (3.57), whereby
o1 = [0,w] is chosen, (3.54) and the conventions given in the last line of (3.71)):

T—

v
< lim inf j (T\/B ®T7[07w] + ]?i;sgff[%fw] - Bias%if[gz] < 7'T> d\(w)

< limsup J P (T\/l; Dr.[o,) + Bias{ier,; — Biasi®, < TT) A (w)

T—0

<V, (C.151)

such that P(A) = E [1.4] and {1 4dX = A(A) (which hold for each measurable set A) yield:

T—o0

lim E [)\ ({w € [0,V]: TVbDr g, + Bias§Tsr,) — Biasfio® < TT}>] =V. (C.152)

Further, one obtains for all measurable sets A, B,C < €2 (whereby 2 originates from Definition 2.1, B’
denotes the complement of 3 and C’ is the complement of C):

P(A) <KPANBNC)+P(B)+P(C). (C.153)

Moreover, assume that Bias\(", 1 as well as Bias%s[g’w] with w € (0, 1] are defined as in (3.64) and
(3.51), respectively, whereby K [0,] (see (3.72)) is the underlying kernel. In addition, recall that (3.64)
and (3.51) are based on Assumption 2.8 [K&b.1] (i), which demands {y < l;. To expand these defini-

tions to the case Ly = Ly = 0, set:
Bias$(y =0 and Bias73 ;= 0. (C.154)

Lemma 3.12 and Assumption 3.1 [WEI.1] yield (note (3.17)):

w
. 1
s o odistr
sup |Bias ‘<O+ sup | — K( ) dz - Cw
wel0,1] T [0w] we(0,1] \/57 w? w
COrs
< \B/lgs for an absolute constant Cgjas € (0, 00). (C.155)

Since convergence in distribution to a Dirac distributed random variable implies convergence in prob-
zibility to this random variable, Theorem 3.13 (ii) shows for 7' — oo (note in the case V = 0 that
D7 10,01 — Djo,0) = 0 holds according to the last line of (3.71) and (3.69)):

fr ( T,[0,w] — D[O,w]) L 0forallwe [V, 1] and an arbitrary deterministic sequence (f7)py With

fT T—x
—>

\/T

From now on up to and including (C.160), suppose V < 1. One defines for 2 and Cg, which originate
from (3.69) (see (3.54) as well as (C.155)):

1
(T\/B/fT +1+7r+ CBias/\/B> :
Eyr = ;

fr>0VT eN, jr 2% 50 and ~ = 0. (C.156)

C.157
TV Cy ( )
whereby (C.156), (3.54) and Assumption 2.8 [K&b.1] (ii) imply:
Eyr =o(1). (C.158)
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If T' is large enough to ensure V + Ey 7 < 1, which holds for sufficiently large 7" due to (C.158) and
V < 1 (as supposed above), one will obtain from (3.69) as well as (C.155):

T\/B s o qdistr T\/B A CBi
-, ~ 1+ TVbDp) — Biastii ) > ——= — 14+ TVb (w = V)" Ca = =2 > 7y
Vwe (V+ Eyr,1]. (C.159)
It follows from (C.153), the Fatou-Lebesgue theorem, Bias (", — BiaSCTH,S[%ifv] = _BiaSCTH,S[%iw] Ywe

[0, 1] (which holds due to (C.154), the last line of (3.71) as well as (3.64)), (C.156), Lemma 3.35 (ii),
(C.158) and (C.159):

limsup E [)\ ({w € [V,1]: TVbDr o, + Bias§is,) — Biasfin®, < TT})}

T—o0

—

1
= lim Supfﬂb (T\/[; (H’j)Tv[va] - ]D)[O,w]) <E;;serr[%r = BiaseTi]f[%fw]) + T%D[va]

T—0o0
+Bias?0 ) — BiasdTif[Bl:*w] < TT) d\(w)

1

< lim suprE’) (T\/l; (ﬁ)T,[O,w] - ]I))[()’w]) + <1§;S%lt?)fw] - Bias%r[%fw]) +TVb Do,

T—w
\%

—

error error

1 == .
BlasT’[()’w] — BlasT7[0’w]

H))T,[O,w] - ]D)[O,w]‘ < f?a

~

s error s odistrx
+B1asT7[0,w] — BlaST,[o,w] < 77,

< 1) d\(w)

> 1)) d\(w)

1
~ 1 —
+ Jhm Sup (P <‘DT,[0,UJ] - D[O,w]‘ 2 ) +P ( Bias7 [0, — Biasy 0,

T fr
V‘FEV’T
T .
< lim sup J P —i -1+ T\/E}D)[M] — Bias%ls[grw] < 7p | dA(w)
T—cwo 3 fT e

1
TVb :
+ h;fl sup f P <_f;/> -1+ T\/Z;ID)[OM] - Biasths[gfw] < TT> d\(w)
—00
V+Ey 1

= 0. (C.160)
One obtains in the cases V € [0,1) and V = 1 from (C.152) as well as (C.160) (see (3.71)):
E[@T] =V +o(1). (C.161)

Further, it follows similarly to (C.151) and (C.160) by using that the function [0,1] 3 = — 4/z is
continuous as well as monotonically increasing and /= +y + 2 < /T + \/y + /2 Vz,y,2 = 0:

hm f\/ T\[ID)T [0,w] Blasﬁ,fr[gfw] - BiasdTiS[Bi’;] < TT> dA\(w) = V.

Thus, the Cauchy-Schwarz inequality provides (note (3.71)):

limsupE [V2 = lim su ff —
T—>oop T—»oop wi] -"-Blas‘;fr[%r 1 —Blasgfs[tgil] <TT}
1 ~ — dX (wy) dX(w
{108 BT Blosi QﬁTT}I o) )
< V2 (C.162)
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In conclusion, (C.162) and (C.161) imply:

~ ~ 2
lim sup Var (VT) limsup E [VT] — liminf (]E [VT]) <0. (C.163)
T T—o T—o0
The statement of Lemma 3.40 follows from (C.161) and (C.163). ]

Proof of Proposition 3.42. (i) At first, suppose for all a € (0,1) and w € (0, 1] that ¢{'" (w) denotes
the (1 — «v)-quantile of the distribution of Zfioisg] (recall (3.53)),1.¢e.:

g8t (1) = inf {:1: eER:P (Z[dgfgj < 3:) >1- a} . (C.164)
In the following, it is shown (see (3.74)):
lim ]P’(‘q%‘f“; w) — ¢ (w )‘ >e) =0 Vae(0,1), we (0,1], € > 0. (C.165)

Therefor, one observes at first that Lemma 3.12, Assumption 3.1 [WEI.1] and straightforward argu-
ments imply for all R1, Ry € {R, 3} that (note (3.17)):

[0,1] 2u— J ) f TR R (u, s1,52)% W (s1) ds; w (s2) dso (C.166)
Re¢ JR

is a continuous function. Thus, (3.73) provides Var(Z[diStr]) = UEhStr > 0 (recall (3.53) and (3.52)) for

0,w]
all w € (0, 1]. Moreover, introduce for all w € (0, 1] and x € R the shorthands F[Test]( ) = ]P’(Zﬁ)lslff] <
x) as well as F&T;St] (x) = (T NG ]D) Blasdles[g*w] < :c) Since Var(ZfioiiZ’j) > 0, the
(Gaussian) distribution function F& estl is strlctly increasing for all w € (0,1] and an €, o > 0 exists
for each ¢ > 0, w € (0,1], o € (0,1) that fulfils £ ** (g ?‘Str(w) —€/2) £ 1—a — €yq. These

(e}

considerations, (C.98) and (3.58) imply for all « € (0,1), w € (0,1], € > 0 (see (3.74) as well as
(C.164)):

P (g5 (w) + ¢/2 > i (w) — ¢/2)
= P (FIT (g7 (w) + ¢/2) > BT (g (w) - /2))

ZP(_‘_Fgest] (affims ) + ¢/2) + FIE (afms (w) + ¢/2) | + FUET (afmn(w) + ¢/2)

—FTe (g5 (w) + ¢/2) + FLE (g5 (w) + ¢/2) | < g)

], Test

Zl_a_fw,on

€
ZP(— Ll i l—azl—a— €w,as

FITed (g5 (w) + ¢/2) = FIE0" (g w) + ¢/2)|

)

A (C.167)

and analog arguments show:
P (g8 (w) — /2 < g (w) + ¢/2) T=F 1. (C.168)

Overall, (C.167) and (C.168) yield (C.165).
Further, one observes for all measurable sets A, B 2 (whereby 2 originates from Definition 2.1 and
B’ denotes the complement of B):

P(A) <P(AnB)+P(B). (C.169)

It follows for all @ € (0,1), € > 0 from (C.169), the Fatou-Lebesgue theorem, (C.165) and Theorem

3.36 (i) in combination with Var(ZFOlbtﬁ) > 0 for all w € (0,1] - as shown above (recall (3.69), that

128



s

ID)T [0,w] Blase““[((’)r ] and BiasdTist%f*w] are defined as in Definition 3.8 (i), (3.68) as well as (3.57), whereby
o1 = [0,w] is chosen and see also the last line of (3.71)):

lim supE[)\ ({w e[0,V]:T VoD b7 [0,w] + Blase”[Or 1 —Biasf}ls[%rj‘u] < qﬁlftrz (w)})]

T—00
v
< lizrln sup JIP’ (T\/l; ﬁ)T,[O,w] + ]ga\sg{r[gfw] — Bias&i{s[gfv] < g5 (w),
—00

ez o) = o) < o) + 2oz - )] > ) ixw)

v
fhjry supP(T\fDT [0w] + Blasm[Or 1~ BiasdT{S[f)r’;"U] < ¢ (w) + e) dA(w)
—0Q0
v
- J ]P(Z[%if“] g (w) + e) dA(w). (C.170)
0

Moreover, the Fatou-Lebesgue theorem, (C.98), Theorem 3.36 (i) in combination with Var(Z E%ls;ﬁ) >0
for all w € (0, 1] and (C.165) imply for all a € (0,1), € > 0:

T—wo

lim infE[)\ ({w € [0,V]: TVbDr g, + Bias§Tfr,) — Biasfin®, < q%fft_r;;(w)})]

T—w

A%
> lim inf J P (T\/B Dy [o.0] + ﬁ\asggr[gfw] — Bias{i{i) < ¢ (w),

57 () — ()| < ) I (w)

T—o0

- Pt (1355« - sty <t -

-«

+ hjgn inf P (‘q:;hftr; w) — qdiStr(w)‘ < e) — 1dA\(w)

A\
- J P(Z[C}}f;j < ¢ (w) — e> d\(w). (C.171)
0

Lebesgue’s dominated convergence theorem and Var (Z [%isg]) > 0 for all w € (0, 1] show for all o €

(0,1) (see (C.164)):

v v
(1 . a J (Zdlstr < q?lsg(w) +6> J ( dlstr < Q?Lsg(w) . 6) d)\(w)
0 0
=(1—-a)V. (C.172)
Overall, (C.170), (C.171) and (C.172) provide for all & € (0, 1):
Jim E [)\ ({w € [0,V]: TVb Dy o +Bias§er,) — Biasfiee, < qq‘{if";(w)})} =(1-a)V.
(C.173)

Since sup,,e(o,1] Var(Z[C})iituli) = SUPyue(0,1] Uﬁ)ifg] < C (which follows from Lemma 3.12 as well as
Assumption 3.1 [WEI.1] by recalling (3.52) and that the kernel K[, defined in (3.72) is considered)
as well as (3.54) yield 1 + ¢{% (w) < 7p for all a € (0,1), w € (0,1] and sufficiently large 7' (which
depends on « but not on w), one obtains from (C.169), the Fatou—Lebesgue theorem, (C.165) as well as
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(C.160):

an sup E [)\ <{w € [V,1] : TVb Dy + ﬁ\as;{r[gfw] — Bias{ ) < g2 (w) })}
1

< limsup J P <T\/5 Dy, jo,0) + Bias§er,, — Bias§iir® | < gfi50 (w),

1
s (w) - g8 (w)| < 1) aAw) + [t sup P ([aff % (0) — g% (w)]| > 1) dA(w)

T—o0

1
< lim sup J]P)<T\/I; ®T7[07w] + ]ﬁ;s%?%l:w] - Biasg{s[g:fu] 1 + qdlstr( )) d)\(w)

T—w
= 0. (C.174)
Further, it follows for all a € (0, 1) similarly to (C.170), (C.171), (C.172) and (C.174) by using that the

function [0, 1] 3 2 = 4/ is continuous as well as monotonically increasing and v/z +y < /= + /Yy
Vz,y=0:

hm f\/ T\[]D)T [0,w] + Blaserr[Or ]~ Biasg{st%r,*w] qj‘ilftr;( )) dA\(w) =+/1—-aV.
(C.175)

One obtains for all a € (0, 1) analogously to (C.162) and (C.163) by using (C.175), (C.173) as well as
(C.174):

lim sup Var (A({w [0,1] : TVbD b7 [0,0] + B1ase”[°r = BiasdTis[Bf*w] < q%hft_r:[(w)}>)

T—o0o

<(1—a)V?—(1—a)?V2 (C.176)

Proposition 3.42 (i) is an implication of HYA/TJ,Q — VH2 < \/(E[@T,lfa] _ V)Q + Var(VTJ,a),
(C.173),(C.174), (C.176) and (—a)? + 1 —a — (1 — a)? = a.

(ii) In order to prove Proposition 3.42 (ii), observe at first for all w € (0,1] that (as already ex-
plained in Part (i) of the present proof) R 3  — F[Tesﬂ () = ]P’(Zfioi’slfﬁ < ac) is strictly increasing
and Var(thStr]) = aﬁ;sg] > 0 holds. Thus, it follows for all ¢ € (0,1) from the Fatou-Lebesgue
theorem, (C.98), (3.58), Theorem 3.36 (i) together with Slutzky’s lemma as well as Polya’s theorem
and by using (3.76) (note F, [Tesﬂ () = P* (T\f D;,[O,w],Test —BlasdT’f[Br”:U] < x) as well as
FE;St]* (¢f5"% (w) +1/T) = 1 — ar according to (3.74) and 1 — ar — € € (0, 1) for sufficiently
large T):

lim inf E [A ({w € [0,V]: TVbDy o) + Bias§ie,| — Biasfins, < gt (w)})]

v
~ p— . 1 )
= lim inf J P(F[Test (T\/B Dr. [0, + Biasio,; — Biasfisi™, + ) < F&T“ﬂ(q%jf“;(w)

T—o0 T
0
L)) aa
v
> lim inf J IP’(F[TeSt (Txf Drfo,u] + Blase”[or ] — Bl + 1{) < Ffﬁ““(ﬁ};&r;T (w)
0
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es istrs 1 Test]* istrs 1
R (afs, ) + ) - FEE (a0 + )| < ) )

T
‘ —_— 1
P A . _eIror s distr est]—
> thHl,lng<T\/BDT7[0,w] + Biasy g, — BlaST,[%),*w] + T < Festl=1 (1 — ap — e)> d\(w)
0
:V(l —6). (C.177)

Further, let (wr)cy be an arbitrary sequence of deterministic real numbers that fulfils:

wr e (0,1) VT eN, wTizfo,zmﬂ%?:§a>amlgé—zo(VT®. (C.178)
wr
A sequence (wr)p ey Which converges slowly enough to zero that it fulfils (C.178) exists because
Assumption 2.8 [K&b.1] (ii) provides T'b ™% % and Assumption 3.15[W?*] (i) ensures § =
o(VTb?4/1/b).
Next, it is shown for sufficiently large 7"
g™ (w) < 70 Vw e [wr,1]. (C.179)

To verify (C.179), let for w € (0, 1] the expression @r[g ,,) be defined as in Definition 2.11 with £y =
[0, w], whereby K [0,w] Introduced in (3.72) should be the underlying kernel. One obtains for all w €
[wr, 1], s € RY from applying Assumption 2.8 [K&b.1] (i) to the kernel K contained in (3.72) and by
using (C.178):

1 [uT+Twb] t_u
Sup [Brfo (1:8)] < sup —— K(T )
uel0,1] ugl0,1] Twb t[uTZwaJ wb
C C C
< —— T+ Twb — (uT — Twb )< C+—<C < C.
Tup b (T + Twb = (ul =Twh) +2) S O+ 7 SOk g
(C.180)

It follows for all w € [wr, 1] from Assumption 3.15 [W*] (ii), (C.180), Assumption 2.8 [K&b.1] (i)
applied to the kernel K contained in K .1, shifting the indices of sums and Assumption 3.15 [W*] (iii)

together with 2|Tb| + 3 < 2|Tb| + T for sufficiently large T' (recall that ]ﬁ);‘p [0,]
(3.56) with o 1 = [0, w], whereby K[ ] is the underlying kernel):

R Cw |[uT|+|Twb|+2 tTl —u tTQ —u

* | % N e

I [DT,[O,w],Test] S Tapg? UZE)PH > K ( )K ( b ) B [W W3]
) t1,t2=|_uTJ—|_waJ—1

| Twb|+2 |Twb|+2—t1

Test OTIginates from

Cw to
s 2 (%)
2122
T0°w® | b tom T b1t B
|Tb]+2 2|Tb|+3
Cw to
S D VD W )]
2122
T20%w™ | o)1 ta=—oTb|—3 B
C g
< =—. 181
waT (C 8 )

The conditional version of Markov’s inequality, (C.181) and arguments which are similar to those that
provide (C.155) together with Assumption 3.15 [W*] (iii) yield for all w € [wr, 1] (see (3.57)):

c B C
. | g8, C
P%TVMWWMMRVJmm%ﬁmgmj;1—1@%;;@, (C.182)

whereby (C.178) as well as Assumption 2.8 [K&b.1] (ii) imply:

%fT—i—jB:O(ﬁ).
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Thus, one obtains from (3.76) for sufficiently large 7"

B8 4L C
1—M>1—QT7
T

such that (C.182) yields (C.179) (recall (3.74)).
It follows from (C.179), (C.178) and (C.160) (note that V < 1 is assumed for (C.160), however, (C.183)
holds obviously in the case V = 1):

limsup E [)\ ({w € [V, 1] : TVbDr o + Bias§iy,, — Biasfins, < ¢fi™s (w)})]

T—0

< limsup A ([0, wr]) + lim supIE[A ({w € [max {wr,V},1]: T\/BIﬁ)T’[()’w] + ]gizs%r[%fw]

T—o0 T—o0

- BiasdTis[Bl:’;] < TT}>]
=0. (C.183)

Since € € (0, 1) is arbitrary in (C.177) and the expectation in the first line of (C.177) is smaller or equals
A([0,V]) = Vforall T € N, one obtains from (C.177) as well as (C.183):

lim B [)\ ({w € [0,1] : TVbDry o) + Bias§y,; — Bias{isi) < gff5™r, (“’)}>] =V
(C.184)

and similar arguments show:

T—o

1
lim f \/IP’ (T\Fb Dy, jo,) + Biasior | — Bias§isire < qglistrs (w)) dA\(w) =V.  (C.185)
0
It follows analogously to (C.162) and (C.163) by using (C.185) as well as (C.184):
lim sup Var ()\ <{w € [0,1] : TVb Dy g, + Biasy,, — Biasii | < gff5% (w) })) = 0.
(C.186)

Overall, (C.184) and (C.186) prove Proposition 3.42 (ii) (see (3.74)). ]

C.2. Auxiliary results belonging to Chapter 3 and their proofs

Lemma C.1. Let the Assumptions 2.4 [DM.1], 3.1 [WEL.1] and 2.8 [K&b.1] be fulfilled. Moreover,
define for all R € {R, 3} (recall that X¢ = X — E[X] for each random variable X with finite first
moment):

A A @ g, Do) 2
Drir = Dryy, 1R = [1/(20)] DT RA{P (up, 5)}* w(s)ds,
e k=1

iy
D i= D = | [ Rl ) duw(s) s,

R4 4o
[1/(20)]
S A (28— Yo) " c
Drir =Dy, 1r = jll/(%)] 1;1 RA® (ug, )} R{p (uk,s)} w(s)ds,

L1/(26)] 2

1 h — Yo "
T 11/(20)] ;;190(%’5) w(s) ds,

Drogr = Dryy,2r = J
Rd

132



2

iy
1
Dog =Dy, 2R = f T uOR {fs@(u, s) du} w(s)ds and

Rd o

[1/(20)] h
D 5 h — Yo " ¢ 1
Db g = Dg}]umzR J([1/1(2b)J) kZ1 RAP (uk, s)} -R{u m—TH J (u, ) du} w(s) ds.
Rd - 1o

(C.187)

Then, it holds for T' — oo and all R € {R, 3}:

~

(i) VT |Brag—Dig - B} | =o(),

(ii) T HIB)TQ,R — DR — ]13)%]23”1 =o(1).

Proof. (i) In the following, Lemma C.1 (i) with R = & will be proved. Lemma B.2 (iii) in combination
with (3.15), Proposition 2.12 together with (3.11), (C.370), the fact that Lemma B.1 with x = 1 provides
IE[R{P (u,s)}]] < Cas. Vuel0,1],se R andd € (0,1] imply for all s € R? (see Definition 3.8

®):

uo“/<2”” ) , h ,
1/(2b
ﬁl/ 2 (%{w(uk, P = (B[R (wy, 5)}])?) u
L)
<VT |- f R (ol ) du+ﬁ1/(2;]’ 3 Rl o)
o -
L1/(20)] L1/(20)]
i = Yo " ﬂl 110 5 (. )Y
<C (ﬁbW + \/%b) (]s]F +1). (C.188)

Moreover, one observes for each real-valued random variable X with finite first moment:
X2 - (E[X])? - 2X°E[X] = (X —E[X])?, (C.189)

which yields for all s € R? due to Proposition 2.14:

TRUC )
VTE [ [11/(2b)(J) ;1 <§R {SO(Uk,S)}z —(E [%{go(uk,s)}])g)
1/(2b
TV 2bu0 k; P (up, s [%{@(Uk,S)}]]
< \/%(|8|1+1). (C.190)

Since |R{@ (u,s)}°| < C a.s. Yu € [0,1], s € R? (which follows from Lemma B.1 with k1 = 1),
Proposition 2.12 together with (3.11) provides for all s € R%:

1/(2b
2(111_110)[/( )
[1/(20)]

RAP (ur, 8)}° (B [RA{P (u,s)}] —R{p (Uk,S)})]
C (\/Tb”‘S + >

ﬁE[

<|3 Lo 1) . (C.191)



Lemma C.1 (i) with R = R is an implication of (C.188), (C.190), (C.191) as well as the Assumptions
3.1[WEI.1]and 2.8 [K&b.1] (ii) (recall (C.187)). Similar arguments prove Lemma C.1 (i) with R = .

(ii) In the following, Lemma C.1 (ii) with R = R will be shown. One obtains for all v, w € (0, 1), s € R?
from (3.12), (3.14) with ¢ = (1 + §)/5, Assumption 2.2 [StAp] (ii), 6 € (0,1] and |v — w| < |v — w|’:

|0 {¢ (v,5)} — QR {p (w,s)}]

< ‘E [(— sin <<3,X0 (v)>> + sin (<8 Xo >)) <5 X0 U)>]

+E [(— <s, 0, X0 (U)> + <S>5w)?0 >) sin (<3 Xo (w >>] ‘

<C H— sin (<s,)z'0 (U)>> + sin <<s XO >) s, 0 XO (v) >H1+5
+0 (s, -2%0 ) + 60 (),

<C <|3 L0 |s|1> o — w|’. (C.192)

1+46
4

It follows for all s € R? from (C.370), Lemma B.2 (iii) together with (C.192), |E[$(u,s)]| < C
a.s. Yu € [0,1], s € R? (the latter holds due to Lemma B.1 with x; = 1) and Proposition 2.12 in
combination with (3.11) (see Definition 3.8 (i)):

1 T [1/(2b) JA 2 . I
VIR G “5, ) /@) ];1 ACERN bl f@(u,s) du

2

L1/(20) ’ [1/¢20) :
1 = Uo - 1 Uy — R
(ihilo%{ll/(%” ;190(%,8)} Ulﬂo%{[l/%)] ]; E[cp(uk,s)]} )]
1l 2 2
VT y oy — g1 e
“hew | {uf e du} HR{ ] & 20
2 2
VT A o g e
LTRTA L[l uo { Z=] uk’ } +R { lll/(Qb)(J) ];1 E [QD (uka S)]
<o(vmer 2 b) ('S'W +1). (C.193)
Moreover, (C.189) and Proposition 2.14 show for all s € R<:
2 2
1 4y — tly ) 1 AT COT
\/TE[H1U0%{[1/(2Z))J ]Cle(Uk, 2 _111—110% [1/(20)] kZl E[& (uk, s)]
9 TR VO A L1/(25)]
- R (@ (uk, s) —E[ (uk, 5)]) ¢ R E[3 (ug, s
Uy — o {[1/(%)] kZl v Uk [ (uk, 5)] Z [ (uk
( 2
< ufuo { 1/@D)] Z 3 (ug,s) —E[p <uk,s>]>}
k=t 2
o /2] 2
‘Iom (ﬁl/@é)[]) Y, 18 (uks)—E[2 (uk,s>]2)
k=1
fb(ISh +1). (C.194)

One obtains for all s € R? from |P (u,s) —E [P (u,s)]] < C a.s. Yu € [0,1] (which holds due to
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Lemma B.1 with x; = 1) and arguments which are similar to those that show (C.193):

11/20)]
2 Uy — Yo ~ R
V?E[ulzm%{m@mjg%<wwm$Ewm%@b}
11/25)] "
Uy — Lo .

AR E[@ (ug,s)] p =R (u, 8) du

( {ummm 2, Elptu ]} {iw })]
<C (\/Tb”‘S n \/1%) (| 1+6 1) (C.195)

Lemma C.1 (ii) with R = R is an implication of (C.193), (C.194), (C.195) and the Assumptions
3.1 [WEI.1] as well as 2.8 [K&b.1] (ii) (note (C.187)). Similar arguments prove Lemma C.1 (ii) with
R =S. O

Lemma C.2. Suppose that the Assumptions 2.4 [DM.1], 3.1 [WEIL.1] and 2.8 [K&b.1] hold. Define
forallke{1,...,]1/(2b)]}, s € R% R € {R, 3} (recall (C.17)):

QlTJbJ -
1 — |T; (s Ug,t
wmemmm:ZKclM%mﬁ&%“W“W

| 7] vy
g 1/(2b)J
Drig = Tuo LLR T j Z R {¢® (ug, 8)} R{p (ug,s)} w(s)ds and
k=1

. (2b)J .
NP o—— (o) (&
Drog = Tuo 2R T f 1/ 2b P R{SD (ug,s)}°R TR J@(u,s) du y w(s)ds.

R4 - Up

(C.196)

Then, one obtains for T — oo and all R € {R, 3} (see (C.187)):

(i) VT HDTI R~ T2,]1,RH = o(1).

(ii) VT Bt} - 113)5?’]23”1 = o(1).

Remark C.3. Since (C.18) ensures that Uy ¢ € [Ho, 4] < [0,1]VE e {1,...,]1/(2b)]}, t € {1,...,2
|Tub|}, ©° (ug, s) is well-defined for all k € {1,...,[1/(2b)[}, s € R

Proof of Lemma C.2. Throughout this proof, it is assumed that 7" is large enough to ensure 2 |Tyb| > 1
which holds for sufficiently large 7" due to Assumption 2.8 [K&b.1] (ii) (recall (C.17)). Before verifying
Lemma C.2 (i) and (ii), it will be shown for all s € R%:

C
VT su o (ug, s Uk, <
B 1B ) = (k) < 7+l

It holds for all k € {1,...,|1/(2b)|} (see Definition 3.8 (i) as well as (C.17)):

(C.197)

Ty Ty
2(1/(2b)]  2(1/(2b

[w, T + Tub] < [LLDT + T~ 5 llfél%)J + 3 Jé‘%))] <T. (C.198)

Moreover, Assumption 2.8 [K&b.1] (i) implies for all k € {1,...,[1/(2b)|} that K ((t — u,T") /Tb) =
0 for t < |upT — Tyb| or t = [uxT + Tyb]. Thus, (C.198) shows for all k € {1,...,[1/(2b)]}, s € R?

[ukT—TubJ+12[ﬂoT+ ))J+121 and
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(recall Definition 2.11):

[upT+Tyb]

~ 1 t—uT i(s,Xor)
P (up, ) = — > K( >e Xer), (C.199)
Tb t=|upT—Tyb|+1 Tb
Further, one defines for all k € {1,...,|1/(2b)]}, s € R%:
2| Tub|
~ o~ ._ 1 t — [Tub] i<S7X|_u T|—|Tyb] +¢ T>
@ (ug, s) = Pryiy, (ug,s) = 0] ; K ( T] (L ilo)) e k u . (C.200)

According to (C.52), ¢ (uy, s) just takes X, 7 with r € {1,...,T} into account. Therefore, ¢ (ug, s) is
well-defined for all k € {1,...,[1/(2b)]}, s € R%
One obtains for all k € {1,...,[1/(2b)]}, s € R? from shifting the index of a sum (see (C.200)):

lurT]+|Tub]

«E(uk,s)=lleJ >, K (Hu’“TJ(ul )) (o Xer), (C.201)

t={upT|—|Tub]+1 [Tiud)

Overall, (C.199), (C.201), |1/(Th) — 1/ |Tb|| < C/(Tb)?, Assumption 2.8 [K&b.1] (i), |1/(Tyb) — 1/
|Tub|| < C/(Th)? (recall (C.17)) and |t —upT| < CTbVt € {|upT — Tyb| + 1, ..., [upT + Tyb]}
provide for all s € R%:

VT sup @ (uk, s) — @ (ug, 9)|;
—1,.[1/(20)]
[ukT-&-TMb]

_ 1_ L b= wel idsXer)y 4 L
_\/Tk sup )J( > Z K( Tb >6 +Tb

—1,..l1/2n)] [\TO  [Tb] b= T ) +1 | Jt:[ukT—TubJ+1

(1 (T w0 o (o) - (e~

e (P g ) ) e b TS (T g e

[urT+Tyb]

[Tud) 7ol |k T—Tyb]+1 | Tub]
1 |urT|+|Tsb) t— [Uk;TJ Z<S X, T>
0] By G020
t=|upT|—|Tub]+1 4 .
C
< —. C.202
Nix) ( )
Moreover, (C.65) with ¢ = 1 + § shows for all s € R? (see (C.200) and (C.196)):
VT sup | (ug, s) = ¢ (ug, 5) 1. (C203)

k=1,...[1/(2b)] Iy < f'

In conclusion, (C.197) follows from (C.202) and (C.203). Lemma C.2 (i) as well as (ii) are implications of
(C.197) and the Assumptions 3.1 [WEI.1] as well as 2.8 [K&b.1] (ii) (note (C.187) and (C.196)). [

Lemma C.4. Let the Assumptions 2.4 [DM.1] and 2.8 [K&b.1] (ii) be fulfilled. Then, it holds for all
s €R% g =1+ & and expressions o (1/(Tb?)) which do not depend on s € R? (recall Definition A.1 (i)
as well as (ii) and that 0 originates from Assumption 2.2 [StAp]):

(i)
b H (ei<87Xt’T>) — e XtT>H < 2 sup KXo ) _ s Xer)|  yTeN
t=1,....T 7272 T
+5
1 “q 148
:O<Tb2) |S|1 for T — co.
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(ii)

sup sup H <6i<s,f<t(u)>)m_ei<s,f<t(u>>H <2 sup sup

o5 X110 (w) _ ei<57)~(t(“)>H VIeN
q

uel0,1] teZ u€el0,1] teZ
1+6
1\ e e
:O<Tb2> |s|y* for T — 0.
Proof. (i) First, one observes that s Xu1 1222 (with s € R%, t € {1,...,T}) is measurable with

respect to the sigma algebra generated by F; ;_ ,,, (see Definition A.1 (i)). Thus, it holds for all
se R4, q=1+6:

Sup H( i, X, T>) — €i<57Xt,T>

< Sup HE[ i{s.Xer) _ s, XtT{m>‘]:tt m] H + Sup 8 Xe(2221) _ 8 Xe,1)

t=1,..., T

el<5’Xt,T,{777/}> o €1<S,Xt’T>

(C.204)

Moreover, (3.14), Lemma B.4 (i), shifting the index of a sum and 12 / 22 =1Vl = e+ 1 imply
forall s e R%, ¢ > 1 + § (recall Definition A.1 (i) as well as (ii)):

]

< s (E[[(s X ~ X))

t=1,..T
146
175 (o8] q
o (S HE[Xt,Tm,t-z]—E[Xt,m,t-z-lum)
= mt 1,....T

1496

148 © 12 a
<C’|S|1q Z Ay o2
=272+

1+9
-2 q

a5 © © 1/4
<Clsly” | D) A2 ﬁb( > A112>
1=772 1=2772

+5

Les 1-1/2\ ¢
< Cls|,? <Tb2) < Z Aﬁ) . (C.205)

Further, 72 — oo for T — o0 holds due to Definition A.1 (ii) and Assumption 2.8 [K&b.1]
(ii). Thus, Assumption 2.4 [DM.1] provides Y/~ 55 A2 — 0 for T — oo. Hence, Lemma C.4
(i) follows from (C.204), (C.205) and similar arguments.

[un

(i) Lemma C.4 (ii) can be proved similarly to Lemma C.4 (i).
O

Lemma C.5. Suppose that the Assumptions 2.4 [DM.1], 3.1 [WEIL.1] and 2.8 [K&b.1] hold. Then,
one obtains for T'— oo and all R € {R, 3} (see (C.196) as well as (C.17)):

| 11/(20)]
(i) fDTlR Z DF1r| = o(1):

2] [1/(2b)]
(ii) \FDTZR Z DS o =o(1).

Proof. (i) In the following, Lemma C.5 (i) with R = R will be shown. It is supposed throughout this
proof that T is large enough to ensure 2|Tyb| — 1 — 272 > 1 + 272 (recall Definition A.1 (ii) and (C.17)),
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which holds for sufficiently large 7" due to Remark A.2 (i). One defines for all k£ € {1,...,[1/(2b)]},
s € RY (see Definition 3.8 (i)):

2|Tyb]—1—222 N
X X 1 t— [TubJ i<s X B (ﬂ t)>
= = — B - = = - _ ’ [u .TJ [T bJ+t k,
2 (ukv 5) @T,ﬂoyl (Uk, S) lTbJ t1§+m < [TUbJ (ﬂl u0)> € k 4 )

(C.206)

whereby 1y, ; € [Llp, 41| < [0, 1] (which holds according to (C.18)) ensures that g?) (ug, s) is well-defined
forall k e {1,...,[1/(2b)]}, s € RY.
It holds for all s € R? due to Remark A.2 (i) (recall (C.196) and (C.206)):

[1/(2b)] c
M Z §R{<p° (ug, s) — 7 (uk,s)} R {p (ug, s)}

/@20 A =o(1), (C.207)

1

whereby the expression o(1) does not depend on s € R?. Further, one observes for all s € R? (see
(C.206) and (C.17)):

2
W (8 — thg) &N
E[(U/(;b)JO Z:: {90(“’“’ $) = P2 (Ut )} - R {ep (ur, )})]

|1/(2b)] 2|Tub|—1— 272 /s N /o N
< % Z ) Z Cov (8%{@1<97X[“k1TJlTubJ+t1(uk1’t1)> _ <Z<9’Xl“k1TJlTubJ+t1(uk1’t1)>> } )
772
%{ eié’xl“kQTJ*lTubJHz (kg 1 )> _ (eié’xlquTJlTubJ+t2 (ﬁk2«12)>> }) ‘ . (C.208)
272

ki,ka=1 t1,ta=1+4272
It follows for all s € R from (C.22), Lemma B.4 (iv) with ¢ = 1+, Lemma C.4 (i) with ¢ = (14 ) /5
and shifting the index of a sum (see Definition A.1 (i) as well as (C.17)):
ki,ka=1 ti,lo=1+272

Cov (% {ei<sj([“k1 || Tyb] 4y e )> — (ei<s’iluk1 T|-|Tyb|+t1 (@ky g )>> } ’
k1=ko+1 772

%{JGX[“’%’ || Tyb] +t2 ks t) < 8,X |en, T TubJ+t2( k27t2)>> })‘
2
1L/ [( [ { < Loy 7|+ ’“”1)>_<€i<5’)~([uk1TJ[Tubj+t1(ﬁk1,t1)>) }‘
ki,ka=1 t1,ta=14+272 72
k1 =ko+1
}-lukl T|-| Tng+t1] —E[% {ei<87)~(luk1TJ[Tﬂbj“l(ﬁkl’t1)> — <ei<57)~([“k1TJlTubJ+t1(ak1’t1)>> }‘
w2

]:lukl J | Tgb| +t1,luk2TJ [Tyb| +t2+1]>
R {ei<8’f(l“k2TJ—lTubJ+t2 (akQ’t2)> — <6i<s’§[“k2TJ [Tyb J+t2( k2’t2)>> }] ‘
272

[1/(2b)] 2|Tyb|—1—272 0o

<)) 2

ki,ko=1 t1,ta=1+2772 l:lulejflquTJ+t17t2*1

[1/(2b)] 2|Tyb]—1—=222

)Y

<

kizko+1

il s,X u _ ¢ (ﬁkbtl)
E [g}g {e < |y 7] =170 ] +11 >} ‘./T"luklTJ_[Tubj_,_tl7luk1TJ_[TMbJ+t1—l]
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¢ 37)? u — ¢ (ﬁkl,tl)
—E [?R {6< [ leJ |_TubJ+ 1 >} ‘f[uleJ_lTMbJ+t1’luk1TJ_l_TubJ-i-tl—l—l]
1+4
' SJ? u - t (ﬁkbtl)
E[ -k [% {e < [y 7] =L70b]+ 11 >} ‘fluleJ[TubJ+t1,luk1TJ[TubJ+tll]

% s,)N( “ B (ﬂk )t )
+E[3‘E{e< [y 7]~ Tb]+41 AL >}‘ luleJ | Tub]+t1,|ur, T |~ Tubl+t:1 —1— 1]‘

+

s X))y _ (ei<s,fg<u>>)

144

772

*FluleJ_lTﬂbJ+t17[uk1 TubJ-‘rtl ]H ) uzuopl Stlélg
e o]

11/(26)] 2|Tub|—1— 222

6
<Cc > > Ayls|y (le2> |s9. (C.209)

k]?éklfzjll trte=14272 = |up T |—uny T|+t1—t2

One obtains for all k1, ks € {1,...,[1/(2b)|}, t1,t2 € {1 + 222, ..., 2 |Tyyb] — 1 — 722} with kg = ko + 1
from »z€ Nand 1/|1/(2b)]| > 2b (recall Definition 3.8 (i), (C.17) as well as Definition A.1 (ii)):

[uleJ —lUkQTJ+t1—t2 Zukl —1—uk2T+t1—2Tub+1+m
= [u T 2Tub] + 11
—2Tyb| + 1
ll/ 2b)J
[( — ko — 1) QTub] + 7. (C.210)

It follows for all s € R from (C.209), (C.210), 12/ ((k1 — ko — 1) 2Tyb + t1)* = 1V 1 = [(ky — ko — 1)
[1/(2b)] 2|Tyb]—1—222

-2Tyb| + t1, shifting the indices of sums and the Assumptions 2.4 [DM.1] as well as 2.8 [K&b.1] (ii)
ki,ko=1 ti,lo=1+4+272

(see (C.17)):
COV <§R {ei<S7X[uk1 TJ 7[Tubj+t1 (akl il )> — <€i<‘97X[uk1 ijlTﬂbJHl (akl’tl )>> } ,
k1=ko+1 7

R { ei<s’)~([“k2 TJ —[Tud]+t2 (ak2’t2)> _ <€i<s’gluk2 TJ —| T b+t (ak27t2 )>> }) ‘
772
[1/(2b)] 2|Tib|-1—272 ©

1 2
5 l
(TbQ) | |1+ Z Z 2 Al ‘ ((kl — k9 — 1) QTﬂb + t1)2

ki,ka=1 ti,to=1+272 l=|—(k’1—k‘2—1)2Tub-|+t1

k1=ko+1
el 2Tl | o [1/(25)] . ATt oo
< C( ) S 2 D A+ - A2
Tb2 kl,kzz: 1 tlﬂfZQ: 1 tl lzi kl,kzgj=l (kl - ]{:2 - 1) (QTL[b)Q tlﬂfZQ::ll:Z;
ki=ko+1 k1=ko+2
146 2 WEN & 12 (2|Tub))? 2
<C Tb2 | 170 | [1/(20)] Z *QlTubJZAzl + ) Z kg Tub)? ZAzl
t1=1 ko=1 k1= L[
= o(T)|s|; ™, (€211

whereby the expression o(7") does not depend on s € R%. Moreover, one obtains for all s € R? similarly
to (C.209) by using (B.45) and Assumption 2.8 [K&b.1] (ii) (recall (C.17)):

Cov (?R {6i<8’Xluk1TJ—|_TubJ+tl (ﬁk1»t1)> _ <6i<s’X[uk1 TJ—[TubJ-Hl (ak17t1)>> } 7
272

|1/(2b)] 2| Tyb|—1— 272

)INDY

ki,ka=1 t1,to=1+272
k1=ko t1>to
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R {ei<s’*tuk2TJ—tTubJ+t2 () _ <ei<s’)~(l%2TJ—[TubJ+tz (%,t2>>> }>

[1/(20)] 2|Tyb|—1— 272—1 2| Tyb|—1— 272 o s
<c Yy Y 3 5 Al (32 ) 1ot
ké{kgk; ta=1+4772 tr=totl g, T|—|un, T|+t1-t2
= o(T)|s|}*°, (C.212)

whereby the expression o(T) does not depend on s € R?. Further, observe for all real-valued random
variables X and Y which live on the same probability space and fulfil max (|.X|, |Y]) < C a.s. that
Var (X -Y) < E[|X -Y|(|X|+ Y]+ E[|IX —=Y|JE[|X|+ Y]] < C|X — Y4 This pro-
vides for all s € R¢ by using Lemma C.4 (i) with ¢ = 1 + 0 and Assumption 2.8 [K&b.1] (ii) (see
ki,ka=1 t1,ta=1+2772

(C.17)):
Cov (% {ei<87;{lu’“1TJlTubJ+t1(ﬂkl’t1)> — (ei<87)~(luk1TJ[TubJ+t1(ﬂ’“1»t1)>> } ,
k1=ko t1=t2 7272
g {ei<s’)~(luk2TJ[TubJ+tg (akQ’t2)> o <€i<s7)~(luk2TJ[TleJ+t2 (ak2vt2)>> }) ‘
272

ei<s,fg(u)> _ ( e¢<s,fg(u)>) H

7721114+6

|1/(2b)] 2|Tyb]—1— 272

2

< C1/(20)||Tyb| sup sup
ue[0,1] teZ

= o(T)|s|1, (C.213)

whereby the expression o(T") does not depend on s € R?. Overall, it follows for all s € R? from (C.208),
(C.211), (C.212) as well as similar arguments and (C.213):

RS c 146 1
% Z RA{D (1t 8) — 50 (1, 9)} - R {0 (s )} :o(1)(|s|12+|s|12),

k=1 9
(C.214)

whereby the expression o(1) does not depend on s € R?. Lemma C.5 (i) with R = R is an implication
of (C.207), (C.214) and Assumption 3.1 [WEIL1] (note (C.196), (C.17) as well as (3.16)). Similar
arguments show Lemma C.5 (i) with R = <.

(ii)) Lemma C.5 (ii) can be proved similarly to Lemma C.5 (i).
O

Lemma C.6. Let the Assumptions 2.4 [ DM.1], 3.1 [WEIL.1] and 2.8 [K&b.1] be fulfilled. Further,
suppose that (9r) ey is a sequence of deterministic functions with:

YGr: 7 —>R, 9r(h)=%p(—h) YT eN,heZ aswellas supsup|¥9r(h)| <C. (C.215)
TeN heZ

Moreover, define for all R1,Ra € {R, 3}, 7,5 € R'¥2, 51,55 € RY (recall (3.16), Definition 3.8 (i) as
well as (C.17)):

[ 73] AT (ul ﬂ0)2 [1/(2b)] 2|Tyb|—1—272
C R 3 P, S— | ’ 3 9 ) g to—t
OVRy,Ra,T (s1,52) ll/(?b)] [TbJ Z Tilo,1,R1 (v, uk 51)7-5.10 1,R2 (¥, ug, s2) t17t2=21+;( 2 1)
t1 — |Tiud] ) (t2 — |7ub] )
K| —— (Y — K2 g
(g = 0) 5 (g -

. COV (R,l {ei<sl’)?|_“kTJ_|_TleJ+tl (ﬁk,t1)>} 7R2 {6i<827)?|_ukTJ_|.TUbJ+t2 (ﬁk’t2)>} ) 1{|t27t1\<m}7
772

772
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Covgi %{QT J JCO RQTI’%'YT] (s1,82) W (s1) ds1 w (s2) dsa,

Rd Rd
Uy —3o U
C [gTv’yv’T/] — 8 Ll _u K 2d ~
OVR|'R, (s1,82): (L 0) (2)°dz | o1 Ry (>, 1) Toagr Ry (75 U, 52)
LI()*Lj»l ilo
Z Y (t) Cov (R ei<51’;{°(u)> ,Ro ei<52’it(“)> du and
2, (4 Jore g f)
Covkl %ag (7,7) JJCOVP;TQJ (51,82) W(s1) ds1 W (s2) dsa. (C.216)
R4 Rd

Then, it holds for all R1, Ry € {R, 3}, all arbitrary but fixed v, € R'*? and for T — co:

Cokrh, 1 (1,3) = CovflTh, (1. 3)] = o(1).

Proof. Throughout this proof, it is assumed that v, 5 € R'*? are arbitrary but fixed and 7" is large enough
to ensure that 2 |Tyb| — 1 — 22> 1 + 22 (see (C.17) as well as Definition A.1 (ii)), whereby the latter
holds for sufficiently large 7" due to Remark A.2 (i). In the following, Lemma C.6 with R; = R and
Ry = & will be proved. Therefor, one defines for all s, s2 € R4 (note (C.215), (3.16), (C.17) as well as

Definition 3.8 (i) and that the following expression results from Cové[gg’}ﬁ] (s1,s2) (defined in (C.216))

by replacing ¢, contained in K ((t2 — |Tyb]) /|Tub] (¢4 — o)) by ¢ and each Uy, (with t € {t1,t2})
by uk):

[1/(20)] 2| Ty b|—
AT (4 — $ho)?
COV;E%Q : ](51752) =—— i1, (V> Uk $1) Titg 1,5 (V, Uk, 52) Gr (ta — t1)
o [1/(2b)[* | T0)? ;;1 ol . tl,t221:+m
t1— [Tub 2 <
- K (1[Tibjlj (U — 110)) Cov (cos <<817X[UkTJ—|_TubJ+t1 (uk)>) ]
sin (<32, X |up T~ Tub) +t2 (uk)>) m) L jty—t1 <09} - (C.217)

It holds for all real-valued random variables X1, Xs, Y7, Y> that live on the same probability space and
fulfil | 7| < C a.s. VZ € {X1, X9, Y1, Yo}

|COV (Xl,XQ) — Cov (Yl,}/é)| = |COV (X1 — Yl,XQ) + Cov (Yl,XQ — }/2)|

SO|X1 =Y+ Ol X2 = Yaf 5. (C218)

In conclusion, (C.215), (C.218), Remark 2.3, Assumption 2.8 [K&Db.1] (i) and Remark A.2 (i) imply for
all 51, 59 € R (recall (C.216), (C.217), (3.16) as well as (C.17)):

‘C v;"g’}ﬂ (s1,82) — Cové[}fg’,ip’z] (s1, 52)‘
C [1/(20)] 2 Tyb|—1— 272
=~ ? 2 ‘TUO,M% (7’ Uk 51) TU0,1,§ (ﬁa Uk, 52)‘ 2 |%T (tz — t1)|
k=1 t1,to=1+4 272
\t27t1|<m
t1 — [Tyb to — [Tyb
(a0 ) ¢ (S -0

: ‘Cov (Cos (<81, )Z'lukTJ—[TubJthl (ak,t1)>) " sin (<32, )?[uijflTubJthg (ﬂk,t2)>) m)
—Cov (COS <<817 )N([ukTJ—[TMbJthl (Uk)>> I sin <<52, )N([ukTJ—[TubJthz (Ukz)>> m)‘

C [1/(2b)] 2|Tyb|—1— 272

+ T Z ‘Tuo 1R (%uk,sl)mo 1L, (%uk,SQ)‘ Z % (t1 — t2)]
k=1 t1,to=1+4 272
‘t27t1‘<m
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F () (S ) = (g )

. ‘Cov (cos (<51, )NqukTJ—[Tuthl (Uk)>> s sin (<327 )N([uijflTubJthQ (Uk)>) m)‘

C t — [Tubj‘ ty — | Tub] D
< = |1/(2b)| | T sup (s - = S - -
L R 1Y e e R
C to — 1 ‘
+ —|1/(2b)]| | Tyub sup sy — 3y
T /20 | T Jmtl,tgzl,...,2[TubJ: | T5.0] (th )
< (VIW +1) (sl +Isaly + 1), (C.219)

such that the Assumptions 3.1 [WEIL.1] and 2.8 [K&b.1] (ii) together with § < 1 provide (see (C.216)):

COVé[R\;T (7,79) J JCO g 31,32) w (s1) dsy w (s2) dsa| = o(1). (C.220)
Rd R4

Further, one defines for all s1, so € R? (note that the conditional expectations of the cos- and sin-terms
included in (C.217) (see Definition A.1 (i)) are omitted in the next expression):

(“r 7] AT (8 — $lp)? U/(ilb” lTMbJme
Cov :g : (31732) = Tio,1,% (77“]6781)71[ 1,3 (77“16782) Yr (t2 _tl)
RST2 [/@OP o 2 ) hta =T
t1 — lTubJ 2 v
K (lTleJ (L[]_ — u(])) COV (COS <<317 Xl_ukTJ_l_TMbJ+t1 (Uk)>> )
sin (<82, X[ukTJ—[TubJ-Hh (Uk)>)) 1{|t2—t1|<%}~ (C.221)

It follows for all s1, s2 € R? from (C.215), (C.218), Lemma C.4 (ii) with g =1+ 6 and Remark A.2 (i)
(recall (C.217), (C.221), (3.16) as well as (C.17)):

o -~
‘Covm \9771] (s1,82) — Cové[}‘{’g’}g] (s1, 32)‘

< T Z ‘TMO,I,% ('7, Uk, 81) Tﬂo,l,% (ﬁa Uk, 82)‘ Z |gT (t2 - tl)| K| ———— (ul - i10)
T = t1,ta=1 [ 7ub]
= 1,t2=1+272
|t1—t2\<m

: ‘Cov (cos (<81, s ] Tubl 411 (Uk)>) ,Sin (<32, X [Tubl+t2 (Uk)>) m)
—Cov (COS <<817 X[ukTJ—[TubJ—Hﬁ (Uk)>) , 8in (<527 )N([ukTJ—[TubJ-‘rtz (Uk:)>))‘

< 2 /@) Tib] e (sl + I )

< (lsly + Jsal). (€222
Thus, the Assumptions 3.1 [WEI.1] and 2.8 [K&b.1] (ii) imply:

d Rd " R4 R4
= o(1). (C.223)

J fCOVgp,WZ] 51,82) W (s1) ds1w(s2) dsg — J f C Vé}%/i}é] (s1,82) W (s1) dsy w(s2) dsy

The function F, s, : R — R2, 2+ (cos ((s1,2)) ,sin ({(s2,x)))" is continuous for all 51, s2 € R? and,
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therefore, measurable. Hence, Assumption 2.2 [StAp] (iii) and Theorem 3.35 in [78, White (2001),

p.44] provide that (Fs, s, ()N(t(u)))teZ is stationary for all s1, 52 € R, u € [0, 1], such that:

Cov (COS (<51, )N([ukTJ—[TubJJrh (uk)>> ,81in <<827 )N([uij—[TubJthg (Uk)>>)

= Cov (COS (<81, )?0 (Uk)>) , sin (<82’ )?w_tl (uk)>>)

Vsi,s0€ RY ke {l,...,|1/(2b)]}, t1,t2 € Z, (C.224)

which implies (see (C.221)):

(%173 AT (8 — $lp)? el ATubl 177
Covg g7y (51,82) = — 5 Tito 1 (Vs ks 81) Tato 1,5 (Vs Uk, 52) Gr (ta — 1)
> [1/(20))? | Tb)? kZl o o tl,t2;+m
K <W (U — 110)>2 Cov (cos (<517)?0 (uk)>) ,sin <<52, X}Q,tl (uk)>)) Lty —t1)< 209 -

(C.225)

Moreover, one defines for all s1, so € R? (note that the following expression results from the right side of
(C.225) by replacing the contained Riemann sum with the indices k£ € {1,...,|1/(2b)|}, which is based
on the evolution points uy, by an integral with respect to u € [Llg, £;]):

h 2| Tyb|—1— 272
Gy, AT (U — Lo ~
Cov&,&}}ﬂ (s1,82) = AT (Eh — o) o (1,0, 81) T 6 (Fowss2) . Dr(ta —t)

- levre? ) ts T e

10 (B Y o s (G R0 (o o 0))) g
(C.226)

It holds for all 1, z2, x3,y1,y2,y3 € R:
1023 — Y1y2y3 = (X1 — Y1) Taxs + (T2 — y2) y1x3 + y1y2 (T3 — y3) . (C.227)

One obtains for all v,w € [0,1], 51,52 € R? from (C.215), (C.227), Remark 2.3 and (C.218) (recall
(3.16) as well as (C.17)):

2[Tubjflfm
AT (h — o) N
o i Mo ® (1,081 T 1 5 (5,0, 52) Lty—t)|< 91 (t2 — t1)
[1/(2v)] [T0)* ™ o1 W;HM {[ta—t1]< 27)
t — |Tub] ? N ' N
K < [Tub) (U - L(O)) Cov (COS (<81, Xo (v)>) ,sin (<32,Xt2_t1 (v)>))
2|Tyb|—1— 2772

AT (8 — o) N
a2 Mok (70, 51) T 5 (3w, 52) Lty t1 <01 (t2 — t1)

[1/(20)] (7o ™" o 2 Mesaiem

K <t1[_TLl§JubJ (U — ilo)> Cov (cos (<51, Xo (w)>) ,sin (<S2’&t2_tl (w)>>) ‘

2|Tyb|—1—272
o 21T
S Y
t1,to=1+4 272 teZ
\t27t1|<m

sin <<32, X, (U)>>) — Tito.1, % (V> W, 51) Tyt 5 (3, w, s2) Cov (cos (<31, Xo (w)>> ,

an (o )|

< Coe(|s1]y + |s2]1) [v — w]. (C.228)

To,1,R (% v, 51) Ti4o,1,S ('% v, 52) Cov (COS (<31a )?0 (U)>) )
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Overall, (C.225), Lemma B.2 (ii) together with (C.228), Assumption 3.1 [WEIL.1], Remark A.2 (i),
Assumption 2.8 [K&b.1] (ii) and 6 < 1 imply (see (C.226) as well as Definition 3.8 (i)):

J JCOV g Z] (s1,82) W (s1) dsy w(s2) dsy — f J Covl? g ?3] (s1,82) W (s1) dsy w(s2) dso
d]Rd ]Rd ]Rd

C 72
< 1171 = °- (C.229)

Shifting the index of a sum provides for all s1, s2 € R9 (recall (C.226)):

.—|

hy 2|Tyb|—1—772
Gr oy AT (L — o) x f = [Tub)
CovlZ1 (5, 89) = —— L =0/ Jm R (7, s $1) Tyt 1,5 (V5 us 82) K(
%7J7T’3 ll/(zb)J [TbJ2u0 0,1, 0,1, t112<|»m lTubJ

2 QlTL[bJ —1—z72—t;

St —Llo)) 2l jemr (12) Cov (cos (o1 Xo ()] sin ({2, Koo (w))) ) d

to=1+272—11

(C.230)

For the remaining steps of this proof, it is assumed that 7" is large enough to ensure (see (C.17) and
Definition A.1 (ii)):

2 Tub| — 1 =222 1+ 20, (C.231)

which holds for sufficiently large T due to Remark A.2 (i). One defines for all s1,s3 € R? (in
contrast to the right side of (C.230), the following expression contains a sum with the indices t; €
{14 222,...,2|Tyb] — 1 — 2222} instead of t1 € {1 + 2z, ..., 2|Tyb] — 1 — 22}):

2|Tyb|—1—22772

h
5 AT (444 — o) N ty — |Tub|
CovlZt0 (5, 55 = f Tio % (7,1, 51) Tytg 5 (75w, 52) KA
R 1L/@v)] (7o ) " Zm i)

2 2|Tyb|—1—272—t1

(8~ m)) Y Ve @r (t2) Cov (cos ((s1, Ko ())) sim (o2 i ())) )

to=1+72722—11

(C.232)

whereby (C.230), (C.215), Assumptions 3.1 [WEIL.1], Remark A.2 (i) and Assumption 2.8 [K&b.1]
(ii) provide (recall (3.16)):

f JCOV%TNZ s1,82) W (s1) dsy w(s2) dsg — f J COV%T”Z] (s1,82) W (s1) ds1w(s2) dso
d Rd R4 R4
CT 27

< - @ @ @O
[1/(26)] | 7]

Moreover, it holds {—27, ..., 22} S {1+ 22— t1,...,2|Tyb| — 1 — 2e—t1} Vi1 € {1+ 222,...,2
| Tub| — 1 — 227} (see (C.231)), which implies for all s1, s5 € R (recall (C.232)):

— o(1). (C.233)

h 2\ Tub| 12222
9771 _ AT — ) f t1 — | Tud|
2 77
(U —LLO)) Gr (t3) Cov (cos ((s1,Xo (u) )) ,sin ({s9, Xy, (1) du. (C.234)
1=t ) 3 (e Cov (cos (o Fow)) sin (o2 K )))

One defines for all 51, 55 € R? (note that the following expression results from the right side of (C.234)
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by replacing 1/|7b] Y20 272 K (¢ — |Tub)) / [ Tub] (4 — tho))? by gul LK (2) d2):

U Uy —4o
G5 4T (U — ~
Corlf5 D sn,s0) = Tt [ o (s m o Gowss) [ K (97
110 MO*}J‘I
Z Gr (t2) Cov (cos <<31, Xo (u)>) ,sin (<52, X, (u)>)) du. (C.235)
to=—2772

It follows from |1/|Tb| — 1/(Th)| < C/(Th)?, |1/(Tyb) — 1/|Tyb]| < C/(Tb)? (see (C.17)), shifting
the index of a sum, Assumption 2.8 [K&b.1] (i) (which ensures K(z) = K(—z) Vz € R as well as
K (21)° = K (22)?] < |K (1) + K ()] K (1) = K (22)] < Clz1 = 2] V21,2 € R) and Lemma
B.2 (i):

1 2| Ty b|—1—2272

t1 — | Tub) 2
7] K(Ml (111—110)> —(ﬂl—ﬂo)JK(fﬁ(ﬂl—ﬂo))de

11 sty sy — s ST T 2
g ), 2, (e )

t1=142772

t1=142772

" — 8l 2\ Tyb]—1—2222
| 73.0]

+

t— [Tb] ?
% 5 (" g -0

ti=1+2272 t1=0

1 2|Tyb| t — |Tub] 2 1 [Tb) t 2
w2 % (" @) ~ I (i 0 )

=—|Tyu

—1 2 9
pamw) | B K (e t) - [ K (- ) da
1 e

t :7lTubJ

+ (U — o)

(th — o) el t - 2 p o
+ WK(O) (L — o) [TubJ Z K ([Tubj (L LLO)> OJK(JU (8 — $hp))? da
|74 2k
s T% %+ 2(th ) [Tibj tlzl K ([Qf;bj (th _”0)> - OJK(w (th — ))* da
1+ 772
<O Ty (C.236)

The substitution z := z (4; — L) provides:

1 iy —4lo
(g — Lo) J K(z (84 — o)) dx = J K(2)*dz. (C.237)
—1 Uog—4Uy

One obtains from (C.234), (C.236), (C.237), (C.215), Lemma 3.12, Assumption 3.1 [WEI.1] and Re-
mark A.2 (i) (recall (C.235) as well as (3.16)):

Lf f COVKTS’ZF’Z] (s1,82) W (s1) ds; w(s2) dsg — f f Covng ZFZ] (s1,82) W (s1) ds; w(s2) dso
d Rd Re R4

cT - (1 + m)

/e s - Y (€239

Moreover, it follows for all s1, so € R? from (C.215), Lemma B.4 (vi), [ /2222 1Y > 272+ 1, arguments
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which are similar to those that prove (B.45) as well as Assumption 2.4 [DM.1]:

3. ()] sup [Cov (cos (. %)) s ((on T 0)))| <0 B S b

o=2722+1 to= me—ll_g

< =N A2
\mz; 1% |saly

C
< = |sal; (C.239)
7722

and analog arguments show for all 51, 55 € R%:

%ﬁl |1 (t2)| sup ‘COV (cos (<81,X0 (u )>> ,sin <<82,)?t2 (u)>>>‘ < % |s1]y - (C.240)

to=—00 uE 0 1

One obtains for all 51, s, € R% due to (C.215), Lemma 3.12, (C.239) and (C.240) (note (C.235), (C.216)
as well as (3.16)):

o5 ol
AT (U — o) [ 1/(2b) - Td ! U1 —tlo
1 — - B s ,
< 1/(2[)) (U/(%)J lTbJ 1) Jﬂlo,l,ﬂ? (’77'&781) Tiho1,S (’Y,U,SQ) J K(Z) dz
Yo o 41y

f Gr (t2) Cov (cos <<81, Xo (u)>) ,sin (<52, X, (u)>)) du

to=—

iy —

J K f7ﬂ01%(7)u Sl)Tﬂol (77“7 52)

. ( f “r (t2) Cov (COS <<817 Xo (U)>> ,sin (<82’ )N(tQ (u)>))

to=—272

_ i Yr (t2) Cov (cos (<51, Xo (u)>> ,sin <<52,)?t2 (u)>>>> du

C_‘ ) = /DT 129) (o= )
EDE

1 1 1
¢ <ll/(2b)J 7o) ) (L+[s1]y + [s2],)

Thus, Assumption 3.1 [WEIL.1], Assumption 2.8 [K&b.1] (ii) as well as the fact that »z — oo for
T — oo (which follows from Definition A.1 (ii) and 7z — oo for T — o0, as stated in Remark A.2 (1))
provide (see (C.216)):

~

C
(L+Isily +[s2h) + — (Is1ly + [s2l1)

J JCOV @T: ’75] (s1,82) W (s1) ds1 w(s2) dsa — Cové[gjg] (7,3 = o(1). (C.241)
R4 R

Lemma C.6 with R; = R and Re = < is an implication of (C.220), (C.223), (C.229), (C.233), (C.238)
and (C.241) (note that v, 5 € R'*? were chosen arbitrary but fixed at the beginning of this proof). Similar
arguments show Lemma C.6 with the other choices of R; and Rs. O]

Corollary C.7. Suppose that the Assumptions 2.4[DM.1], 3.1 [WEIL.1] and 2.8 [K&b.1] are ful-
filled. Then, it follows for T — oo and all j1, j2 € {1,2} (recall (3.18) as well as (C.17), in particular,
~v1 = (1,0) and 2 == (0,1)):

Cov (Dfor,jﬁ]D)oT,jg) = 04y, (’7j17'7j2) + 0(1)'

146



Proof. The indicator function 1y, 4, |< s} contained in Covgiﬂgqu (s1,s2) (see (C.216)) can be omit-
ted because the opposite condition generates addends which equal zero according to Definition A.1

(i). Thus, one obtains for all ji,j2 € {1,2} and for ¥y = 1 from (C.23) (recall (C.17) as well as
(C.216)):

° ° % <G %
Cov (D5, D%,) = Coviem (351, 75) + Covl/H L (371, 77) + CovlEH L (771, 7)
%
+ COVE&EQT (V1> Vi) »

such that Corollary C.7 is an implication of Lemma C.6 with ¥ = 1 (see (C.216), (3.18) and (3.17)). O

Lemma C.8. Let the Assumptions 2.4 [DM.1], 2.8 [K&b.1] and 3.15 [W*] be fulfilled.
(i) It holds for all T € N:

1

T
t t C
sp 3 K () K (2w i < &

u,wel0,1] 1 ta=1 To

(ii) The following statement is valid for all T € N (recall Definition A.1 (ii) as well as (iii) and
Assumption 3.15 [W*] (i)):

72 < 2723 < CB s
(iii) One obtains for all T € N (see Definition A.1 (i)):

C
wr —WH < ==.
et H thzzzg} = Tty S T2

Proof. (i) Atfirst, note that (C.112), Assumption 2.8 [K&b.1] (i) and |1/(Tb)—1/|Tb] | < C/(Tb)?

provide (recall (C.17)):

tﬁ-[uTJ —u t2+|_'LUTJ —w ¢ ¢
sup sup K A K A — K<1> K<2>
wwe[0,1] t1to=—|Tub]—1,....| Tib] +2 ( b > ( b ) | 7°0] | 70|
C
< Ty (C.242)

Assumption 2.8 [K&Db.1] (i), which implies in the case K} (t/T — u) > 0 that uT — Tyb < t <

uT' + Ty b (see Definition 2.11 as well as (C.17)), shifting indices of sums, (C.242) and Assumption
3.15[W*] (iii) yield:

1 & ¢ ¢
g 3 () () DV

t1,t2=1

1 [uT|+|Tybl+2 |wT'|+|Tyb|+2

t t

NI Y (G ) s (R ) Eme)

wwe(01] 47y || Tab] -1 to—[wT || Tub|—1

[Ticb|+2 t1+|uT| to+|wT|
1 T — U T W x .

= sup 5 2 K <> K <> E\ W, oy Wi 4 o

u,we[0,1] (Tb) t1 ta=— | Tub] 1 b b ‘ [ 1 2 ”

1 [Tub] | Tubl—t1

sup
u,we[0,1] (Tb)2

<7
o "

58 ) o) (o)

t1=—|Tub] ta=—|Tubl—t1

ASHPS (Lt leJ)‘

to
K (=2 C.243
( B)‘ (€249

sup
wwelo] T )

<7
o "

2| Tyb|+||wT|—[wT|

2.

to==2|Tyb]—|[uT|-|wT]|

sup

<t
T u,we[0,1]
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This, ||wT| — [uT|| < T Vu,w € [0,1] and Assumption 3.15 [W*] (iii) as well as (i) show
Lemma C.8 (i).

(ii) Definition A.1 (ii) provides In(7b?)/ 72— 0 for T — 00 and Assumption 3.15 [W*] (iv) ensures

€ (0,1), such that Remark A.2 (iv) yields »2z, < C 2 (recall Definition A.1 (iii)). Thus, one
obtains from In (p,) < 0 and Assumption 3.15 [W*] (i) (see Definition A.1 (ii) as well as (iii)):

In (%) + In (CT®?)

In (p)

12 < w3 < 903 < BC o — B 1 < OB+ CBw7 < CBor,

which shows Lemma C.8 (i1).

(i) Since In (ps) < 0, Definition A.1 (iii) yields p2#/" = elnlpx)2725/8 < elnlps) 72-In(BLi5) <
C/(Th?p). It follows from arguments which are similar to those that provide (B.53), Assumption

3.15[W*] (iv), shifting the index of a sum, p:% o/B < C/(Tb?B) (as shown immediately before)
and the fact that Assumption 3.15 [W*] (i) implies limz 0, 1/3372, p«/? = —In (p+) " (note
Definition A.1 (1)):

[oe]
i‘;g” L) Wt*Hﬁi‘ggl;@JE[WJ‘\E’}—J—E[Wt*\fi‘ft—z l,< CP* ZP* < b2’

which proves Lemma C.8 (iii).
O

Lemma C.9. Let the Assumptions 2.4[DM.1], 3.1 [WEIL1], 2.8[K&b.1] and 3.15[W*] be ful-
filled. Then, it holds for T' — o0 (recall (3.38), Definition 3.17 (ii), (3.22) and (3.26)):

VT B (G, 355™) = B ( (i oo ) )| = ob(1).
Proof. At first, it will be shown (see (3.38)):
VT D (35, 355™)) — D (2t ) )| = o8 (D). (C244)
Therefore, one defines (recall (3.38)):

b = (™ = o) VT j D1 p(s) wls) ds and

Ay : (ﬁ‘gm— ggﬁ% f J D} o 5(s) w(s) ds, (C.245)

whereby R {@(u,s)}| < C Vu € [0,1], s € R%, which holds due to Lemma B.1 with k1 = 1 (see
Definition 2.11), Lemma C.8 (i), Assumption 3.15 [W*] (i) and Assumption 3.1 [WEIV 1] provide that

the following inequalities hold almost surely for an absolute deterministic constant A € (0,00) (see
(3.38)):

1/(25)J
B [lara ] < (3 —otmh) [ [ g 2 RIB G s} R B g 59
) e, 2
T t .
I e L
tl Jta=1
. ‘3‘8 {6Z<S2’Xt2’T> — O (Uky, 52)}‘ [E[WEWE]| - w(s1) dsiw (s2) dsa
AT TV 2
< (7%?{“1 _ ﬁgfﬁ) . (C.246)
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Lemma 3.4 implies that the function s ((y1,v2)") = y2/y} V41 > 0, y» € Ris partially differentiable at
(y1,y2) = (D1, Ds)’ (recall Definition 3.3 (ii)), Lemma 3.9 yields for sufficiently large 7" that @%Olrm =
hs ( (]13)7;1 , ]13)712) ) (see Definition 3.17 (i1)) and fyﬁgrlml = hg ((]D)l7 DQ)I) holds according to (3.22). Thus,
Theorem 3.13 (i) together with the delta method, the continuous mapping theorem and Slutzky’s lemma
provide for T" — oo:

2
Th (Anorm _ 7&5??) 4, 0. (C.247)

It follows for all €1, €5 > 0 from the conditional version of Markov’s inequality, (C.246), (C.247) and
the fact that convergence in distribution to a deterministic random variable implies convergence in prob-
ability to this random variables (recall that A € (0, 00) is deterministic):

* * ~norm norm 2 € 62
]P)(]P) (|AT1|>61)>62) IP)( E |:|AT1|] )gp(Tb(’)/Tl —’)/u011) Z%l)

%0, (C.248)
Similar arguments prove for all €1, €5 > 0 (see (C.245), Definition 3.17 (ii), (3.22), (3.38) and (3.26)):
|Ar 2| = op(1). (C.249)

In conclusion, (C.244) is an implication of (C.248), (C.249) and (3.28) (recall (C.245) as well as (3.38)).
Lemma C.9 follows from (C.244), similar arguments and (3.28) (see (3.38)). ]

Lemma C.10. Suppose that the Assumptions 2.4 [DM.1], 3.1 [WEIL.1], 2.8 [K&b.1] and 3.15[W*]
are fulfilled. Moreover, define for all k € {1,...,|1/(2b)]}, s € R%, R € {R, S} (recall Assumption
3. 15|W*| and X¢ .= X — E|X]| for each random variable X with finite first moment):

¢* (uk, 5) = P14, (uk; )

2| Tud) c
1 t— |Tyd i( s, *
= K ( [Zi)] (h —ﬂo)) <e< Xl“kTJ—[TubJ+t’T>) W] — | Tb) -t

|70 ~ | 7ib]
1/(2b)
~x[1 ~ 41 s
]D)TEI]’R(S) = DTELL]O,LI,R(S) = [1/ 2b 2 R{p (uk,s)} R{&" (ug, s)} aswell as
k=1
“1 [1/(20)]
~ ~ s — o -
D;%],R(S) = D;[il,l]o 1,2, R( 8) = R J@ (11217) Z R{‘P* (Ukas)}'
) /] A
0
(C.250)
Then, it holds for all R € {R, 3} and T — oo (see (3.38)):
D71 n(s) = DR (s)] | w(s) ds = o().
d
N Sx[1]
Tor(8) —Dpyr(s) Hl w(s)ds = o(1).
d
Remark C.11. Since (C.52) ensures that p* (uy, s) just takes Xy with t € {1,...,T} into account,

&* (ug, s) is well-defined for all k € {1,...,|1/(2b)]}, s € R%

Proof of Lemma C.10. Throughout this proof, it is assumed that 7" is large enough to ensure |7yb| > 1
(recall (C.17)), which holds for sufficiently large 7" due to Assumption 2.8 [K&b.1] (ii).

(i) In the following, Lemma C.10 (i) with R = R will be verified. Therefor, one defines at first
forall k€ {1,...,[1/(2b)]}, s € R%:

T
P* (uk, 8) = Ppy,, (uk,s) = Z ( - ) (eZ<S’Xt*T>) W} and
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[1/(20)]
2 (th — o) SR (u, )} R{B* (un, 9)} - (C.251)

B350 = B350 = " 2

T7u0,1 717§R
Next, it will be shown that:

VT f Hﬁiﬁlm(s) — B (s) Hl w(s)ds = o(1). (C.252)

One observes for all s € R? (see (3.38) and (C.251)):

VT D%, a(s) = B T(s)|,

11/(20)
< \/T (lill/(QbuO) Z%{(p U, S uk, ZK{; < —uk> %{6i<s7xt’T>—@(uk,S)}Wt*

1

[1/(%)] T
1 t ‘ 5
T 2 (U — o) R {0 (g, s ( Z K, ( _ Uk) R {el<s,Xt,T> — ¢ (ug, S)}Wt*

1/ 2b k=1 thl T
T
_l Z Kb i _ Uk; éR {ei<57Xt,T> _ E |:ei<57Xt,T>:|} W*
Ta\T ")l
= Ril,T (s) + RT,2,T (s). (C.253)

Let (Z;r) teZ.TeN be a sequence of random functions with Z; 7-: [0, 1] x R — R, each Zy should be
measurable with respect to the sigma algebra generated by (¢j )., (recall Definition 2.1) and suppose
SUPye[0,1] SUPt—1,..,T E[Zir(u,s)?] < o VT € N, s € R% According to Assumption 3.15 [W*]
(i), (Ze1) teZ.TeN is independent of (W;*),.,, such that Assumption 2.8 [K&b.1] (i) (which ensures
K(2) =0VzeR: |z| > 1) and Lemma C.8 (i) imply for all s € R (see the Definitions 2.11 as well as
3.8 (i)):

T 2

Z ( - uk> Zy (g, s) W

t=1

sup

L [1/( 2b)J

T
1 t
< = K, — — K £ E[w*w:>

kzl,.?.l,llll)/(Qb)J 2 tl%: ) ’ (T uk) b( “k> & (W W]l

L4y et (|2t} [E 20 7 (ke 5) 21, s, )]

< 2= cp sup sup E [Zir(ug, s)?]. (C.254)
Tb ket @) =1, T | b

One obtains for all s € o(u,s)}| < CVYue|0,1],
s € R? (which holds due to Lemma B. l with k] =1 (note Deﬁmtlon 2 11)) as well as (C.254) (recall
(C.253)):

Pir () SCVT  sup  IR{B (wk, s) — @ (uk, 9)}
k=1,...,[1/(2b)]

T
N
t=1

sup
k=1,...,[1/(2b)] :
1 /8
3 o, 1 146 e '
< OVT (b + m) (I 170+ 1) Tb (C.255)

Further, it follows for all s € R from (C.254), the Propositions 2.14 as well as 2.12 (in combination
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with (3.11)), Remark 2.3 and Assumption 2.2 [StAp] (i) (see (C.253) as well as Definition 2.6):

127 (8) < CvVT Sup

k= 7 ) 1/(2b

+ ¢ (ug, s) — ¢ (ug,s) + E [ei<s’)~(0(%)>] —-E [ei<s’it(%)>] +E [ei<S’Xt»T>] }W

| B 1 146 146 1
< Ry +1 l
< CVT 2 (\/7) |s|1 (b (| 770+ 1) +bls|1 + =sl1 ) -

In conclusion, (C.252) is an implication of (C.253), (C.255), (C.256) and the Assumptions 3.1 [WEIL.1],
2.8 [K&b.1] (ii) as well as 3.15 [W*] (i).

Moreover, one observes that * and ¢* are defined very similarly to ¢ and @, respectively (recall (C.251),
(C.250), Definition 2.11 as well as (C.200)). Hence, it follows for all s € R¢ analogously to (C.199),
(C.201) and (C.202) by using Assumption 3.15 [W*] (iii):

EK,, (5~ ) R - & 00 9) + E 15 9] ~ B[P 1)

(C.256)

C
\/T sup AE Uk, S) — Uk, < (C257)
k=1,...,[1/(2b)] 167 (urs 5) = &7 (s 8y < JTb

This provides due to the Assumptions 3.1 [WEIL.1] and 2.8 [K&b.1] (ii) (see (C.251) as well as
(C.250)):

JT f [B380,5) ~ B30(0)| wis) ds = o(1). (C.258)
Rd

Lemma C.10 (i) with R = R is an implication of (C.252) and (C.258). Lemma C.10 (i) with R = & can
be proved similarly.

(i) In the following, Lemma C.10 (ii) with R = R will be verified. Therefor, one defines at first
for all s € R? (recall (C.251)):

i 1/(2b
~ ~ 1
D [2]9%( ) = D;[Sl] o 5(8) = R fgo(u,s) du Z (ug,s)}.
2 T T 2
(C.259)
Next, it will be shown that:
VT J H@;w(s) ~ B3 s) H1 w(s)ds = o(1). (C.260)
d

One observes for all s € R? (see (3.38), (C.259) and (C.251)):

VT [ D 5n(s) — Din(s),

1 TRTRLLED] h
<AVT x 1 Au,s—f u,s) du
0

[1/(20)] , T . N .
. W kZ Z Ky ( - ukz) R {el<s’Xt’T> — & (U, 5)} W, 1

1
T r
= Uo
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(R{AD = By 01} - {0 B [ | e
1

= R3,7(s) +R3o7(s). (C.261)

It follows for all s € R? from (3.11), the Propositions 2.12 as well as 2.14 and Lemma B.2 (iii) together
with (C.192):

1/(2b)] h
Uy — 3y 2 ~ f
P (ugy,8) — | p(u,s)du
|1/(20)] ~, ! @ )
1/(2b)] 1/(2b)] h
11 11
lll/ LLO Z §R{ uk17 (ukw )} + lll/ uo Z QR{()D Uy, S - J%{So(u?‘g)} du
2 o 2
<C (bW + \/1T7)> (| Loy 1) + Ol <|5 145 |s|1> , (C.262)

such that (C.254) and |R {$(u,s)}| < C Vu € [0,1], s € R? (which holds due to Lemma B.1 with
k1 = 1 (recall Definition 2.11)) yield for all s € R? (see (C.261)):

5|10 + ) L (C.263)

* < 1+5
R2711T (S) I C\/T (b b

) (

Moreover, one obtains for all s € R? similarly to (C.256) (recall (C.261) and (C.253)):

1
R3, 7 (s c\ﬂ/ ( |s[1 +1 (bl+5 >(| |1+5+1)+b|s|1+T|s|1).

(C.264)

In conclusion, (C.260) is an implication of (C.261), (C.263), (C.264) and the Assumptions 3.1 [WEIL.1],
2.8 [K&b.1] (ii) as well as 3.15 [W*] (i). Further, one obtains from (C.257), Assumption 3.1 [WEI.1]
and Assumption 2.8 [K&b.1] (ii) (see (C.259) as well as (C.250)):

1

JT f D3505(5) ~ D5l (s)]| wls)ds = o(1). (C.265)
Rd

Lemma C.10 (ii) with R = R follows from (C.260) and (C.265). Lemma C.10 (ii) with R = < can be
proved similarly. O

Lemma C.12. Let the Assumptions 2.4 [DM.1], 3.1 [WEIL.1], 2.8[K&b.1] and 3.15[W*] be ful-
filled. Then, it holds for T — o0 and all R € {R, 3} (recall (C.250), (C.51) and that 1 as well as 7,
originate from (C.17)):

(i)
- L1/20)]
\/TJ]DT,LR( s)ds — Z DF ., r| = o(1).
R4 1
(ii)

. [1/(20)]
ﬁJDMR( s)ds — Z DF% | = o(1).
R4

1

Proof. (i) Inthe following, Lemma C.12 with R = R will be proved. It is supposed throughout this proof
that T is large enough to ensure that (C.48) holds. One defines forall k € {1,...,]|1/(2b)|}, s € R (note
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X¢:= X — E[X] for each random variable X with finite first moment):

SE:;?ZB (Uk, S) = g\é;,ﬂo,l,mﬁ (uk? S)

2|Tyb)—1— 2723 c
1 t—|Tub| ) ( i 5. X 1| >>
= — K —=2 (§f — |upT|—|Tgb|+t,T W
[T%] t;ﬂ% < R A [ T)— LT+
[1/(2b)]
N* A 2 (U — 44 o
and B ()= DI (9) :M > Rip (e, )} R{F, (wrs) )

k=1
(C.266)
Since (C.52) ensures that 95’;%[3 (ug, s) just takes X; 7 with t € {1,...,T} into account, gE’;% (ug, s) is
well-defined for all k € {1,...,|1/(20)]}, s € R%.
Next, it will be proved that:
VT f Hﬁi}fﬂﬁ(s) - Byl mﬂ(s)”z w(s)ds = o(1). (C.267)
R4
Assumption 3.15 [W*] (ii) provides for all s € R? (see (C.250) and (C.266)):
~ T 2
TE [(D;{l]ﬁ(s) - Dyl %(s)> ]
[1/(2b)]
2 (44 — o)
<2TE| | ——+— R{p (ug, s
[( an) 2 Mol
2725 2
1 t— lTubJ c
[75] 24 K (lTubJ (L - uo)) <08 ({8, X|uy 7|~ (1) +4,7)) W[ZkTJ_[TubJ+t> ]
[1/(2b)]
2 (ﬂl — L[o)
+2TE| | R {p (uk,s
( @y 2 Mo
2| Tyb| 2
1 t— lTUbJ C oy
. [TbJ Z K ( lTubJ (ul - u0)) COos (<S7XlukTJ*lTubJ+th>) W[ukTJ[TubJth) ]
t:Q[Tubemﬂ
o en 2z
* k
< T Z 2 ‘E WluleJ—[TubJ—‘rh Wluk2TJ—[TubJ+t2]
ki,ka=1t1,t2=1
[cov (eos (C Xpuw,71-magsanir)) 05 (€5 X, 1)-maagsear))|
o /el 2(Tyb)
* %
+ T 2 2 ‘E [WluleJ—[Tubj-&-mWlquTJ—[TubJ-&-tz]
k1,ko=1 tl,t2=2|_TubJ—m3
. ‘Cov (cos (<s, XluleJ*[TubJ+tl7T>) , COS (<s, Xluk2TJ*lTubJ+t27T>>> ‘ . (C.268)

One obtains for all k1, ky € {1,...,[1/(2b)]|}, t1,t2 € {1,...,2|Tyb|} with k; > ko + 1 analogously to
(C.22):

|ug, T'| — |Tub| + t1 = |ur,T| — |Tub] +t2 + 1 (C.269)
and from (C.269) as well as arguments which are similar to those that show (C.210):
|we, T — |uk,T| +t1 — to = max {1, [(k1 — k2 — 1) 2Tyb] + t; — 2}. (C.270)
Further, define:

<7T,1 = {1, ey 77@5} and yT’Q = {2 [TﬂbJ — 7723, . .. ,2 lTubJ} . (C.271)
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Lemma B.4 (v) together with (C.269), (C.270), shifting the indices of sums, k1 Tyb +t;1 —2 > 0
Vkie{l,...,|1/(20)|}. t1 € 11 U Tr2 (the latter holds due to Tyb > 1, which follows from (C.48))
as well as Assumption 2.4 [DM.1] imply for all 7 € {Fr1, Tra}, s € R? (recall (C.271) and (C.17)):

[1/(20)]

> X |Cov(eos ((o X r)otmanenr)) 08 ({5 Xy riomapenn)))|

ki,ka=1 t1,t2€Ip
kizko+1

[1/(2b)] ©

<C Q) 2 Atlsh

k1,ko=1 t1,t2€ I l:l’uleJ#*tlflquTthQ

k1zko+1
[1/(20)] [1/(20)]

S5 SHND YIS N TIRVCED S WD 9 A pleh
k1,ka=1 t1€{1,2},t2e I I=1 k1,ko=1 t1,to€J I=t1—2
k1=ko+1 ki=ko+1 t123
Sy s .

+C AV} 3 |S|1
k1,ka=1 tq1,to€ I l:[(klfkgfl)QTubLFtlfQ ((kl B k2 o 1) ) 2Tub + tl B 2)
k1zko+2

< C|1/(20)] #%EM 1+ C[1/(20)]

0 1 0

2 72Alz2|5|1
=1 1=1 1 I=1

e¢]

2

[1/(20)] oo 1

C A2
* k; klzul,;e% (k1 Tub + k1 Tub + t1 — 2)2 sl
1
< C1/(2b)| #Tp|sh + C|1/(2b)| # T Z — 5|y
i1 (kB1Tub)
(m + 1)2
< C|1/(2b)] (7%5 F14 (%@2) 151 (C.272)

Moreover, it follows for all 7 € { I 1, Ir2}, s € R? from Lemma B.4 (v) and (B.45) (see (C.271)):

[1/(20)]

Z Z ‘Cov (COS (<s Xluh || Tubj+t1,T>) , COS <<s,X[quTJ,lTubJ+t2,T>>)‘

k1,ka=1t1,t2€Ip
k1:k2 t1=t2

[1/(2b)] o0 0
<C Z DU+ > D> > Ashy
t1,t2€ I ta€ Iy ti=to+1l=t1—t2
t1=to
< CL/(26)] (725 + 1) (L + |31, (C.273)

In conclusion, (C.268), Assumption 3.15[W*] (iii), (C.272), (C.273) as well as similar arguments,
Lemma C.8 (ii) together with Assumption 3.15 [W*] (i) (the latter ensures 8 = o(1/b)), Remark A.2
(i) and Assumption 2.8 [K&b.1] (i) imply for all s € R? (note (C.17)):

78| (B3 - Bl (9)] < 3 1201 G+ 1+ (o 1727002 (s + 1)
= o(1) (s +1).

whereby the expression o(1) does not depend on s € R? Hence, Assumption 3.1 [WEI.1] yields

(C.267).
Further, it holds (recall 7 := (1, 0) - according to (C.17), (C.51) and (3.16)):

1/(2b oy /e
Z Tk R ZJW Z %{‘P(Ukvs)}%{@(;:@ﬁ (Uk,S)} w(s)ds.  (C.274)
R4

k= k=1

—_
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One obtains for all s € R? by using Assumption 3.15 [W*] (ii), arguments which are similar to those
that show (C.272) as well as (C.273), Lemma C.8 (iii) and Assumption 2.8 [K&b.1] (ii) (see (C.266),
(C.51) as well as (C.17)):

[1/(20)]
VTG =30) S5 ) {5, )

B\ VT D)~ =1 o)

C [1/(2b)] 2(Tub|—1- 2725

< T Z Z ‘COV (COS (<3 Xluk T|—|Tyb) +t1,T>) ’

k1,ka=1 tl,t2=1+m5
cos (<5,X _ >)>‘ . < sup sup ‘]E [(W*
Lora 7| T T k1 ke=1,...[1/(26)] t1,t2=1,....2| Tub] Loy Tttt

_quleJ—[TubJthla{mB}) ' (W[*“@TJ—[Tuth B WrubTJ—lTubJthz,{mﬁ})”)
< o /@) (T + (T (Bb?) (b +1) oy
= o(1) ([sh + 1),

whereby the expression o(1) does not depend on s € R?. Thus, Assumption 3.1 [WEI.1] provides:

[ VEBia = 2 2 Rl )9 {5, ()} | (s = o)

R4 2
(C.275)

Lemma C.12 (i) with R = R follows from (C.267), (C.275) and (C.274). Lemma C.12 (i) with R = &
can be proved analogously.

(i) Lemma C.12 (ii) can be shown similarly to Lemma C.12 (i). ]

Lemma C.13. Let the Assumptions 2.4|DM.1], 3.1 [WEL1], 2.8[K&b.1] and 3.15|W™*| be ful-
filled. Then, it holds for T' — oo and all arbitrary but fixed v := (7[1],7[2]) e RY™?2 (recall (C.51) as
well as (3.18)):

E [[Var* (DF,) = oy, (v,7)]] = o(1).

Proof. Throughout this proof, it is assumed that v € R'*? is arbitrary but fixed and 7 is large enough to
ensure that (C.48) holds. Further, one defines for all R € {®, 3} (see (C.51)):

[1/(20)]
D7 R 7R Tuo 1,7.R Z 7y kR (C.276)

and observes that the following equations hold almost surely (recall (C.51)):

Var* (]D)OT*V) = Var* (ID)%”‘%m + ID)OT’,‘%J)

= Var* (DT, ») + Var* (DF, o) + Cov* (DT, 5, D7, o) + Cov* (DT, &, DT, ) -
(C.277)

Next, the asymptotic behaviour of Cov* (]D)i}*7 5w, DT ) is investigated. Therefor, at first, it will be

Ty,
shown that:
Var (Cov* (DT, %, DT, o)) = o(1). (C.278)
One obtains for all k1,kp € {1,...,|1/(20)]}, t1,t2 € {1 + 2223,..., 2|Tyb| — 1 — 2723} with k1 # ko

from (C.57) by recalling Definition A.1 (i) that E[W uleJ—[TubJ-‘rth{W%}WlquTJ—[TubJ-‘rtz,{m/;}
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B0 1ot 1V o -3ty | by THUS, Assumption 3.15 [W*] i) provides
(see (C.276) and (C.51)):

COV*( %*'Y §R7DT’Y\Y)

_ 4T AT (th — 8ho)” J J 1/(2b w (7, Uk, $1) Tug 1.3 (7, Uk, S )QLTuinmﬂK(tl — |Tub] (U
Ll() 1,8 s Wk 91) Tilg 1, s Uky 52 BT ETE 1
O 1/(20))? [Tb ) 2T 7726 | 70|

Tyb c . c
—Uo)) <[TLEijJ (L — ﬂo)) cos ({81, Xjup 1) bl +t1,1)) s ({2, X w7 |Tub]+42,7))

B | Wity muok 0ot Wil Tt b0,y | W (51) st W (s2) disz (C.279)

Hence, it follows (recall (3.16)):

Var (Cov* ( %*7 ER’DT'YJ))

ST

c
Cov ( cos (<81, X[UleJflTubJ+t1,T>)
Rd Rd Rd g F1:-k2=1 t17t2,t3,t4 1+ 7723

- sin <<82’Xluk1TJ [Tubj+t2,T>>C cos (<337X[u,€ TJ7[Tu6J+t3,T>)C
- sin <<S4’Xluk T| bl +a.T )‘ ‘

"E [W[%TJ bl {7253 WV [, T~ LTubJ+t4,{ma}]

Ukl lTubJ+t1,{7%5}W[uleJ—[TubJHa,{mﬁ}] ‘

w (s1) ds1 w (s2) dsaw (s3) dssw (s4) dsy.
(C.280)
Further, one obtains for all ry,...,r4 € {1,...,T}, s1,...,54 € R with r; = ro > r3 > 74 from

arguments which are similar to those that show (B.53) by using (C.112), Lemma B.4 (iii) withg = 14§
and by shifting the indices of sums (see Definition A.1 (i)):

[Cov ((cos (¢, X, 1)) sin (2, X)) 005 (3, X 1)) 0 (G2, X)) )
= ‘E[(E[COS ({81, Xy 1)¢ sin ({82, Xy 1))© ]:n]
~ B cos (51, X0, 1)) sin (G52, Xu 2D)° [t ) €05 (G Xr,10)° sim (o, X, ) |

< Z ]E[cos ({51, Xy 7)) sin ({82, Xy 7))° | F,

l=r1—r3—1

1] B[ cos ((s1, X, ) sin (o2, Xr 1))

frl,rl—l—l Hl

0

< 2 cos (<31,XTXIE;1_Z_1) )csin (<32,X (ra—(l4r2=r1)— 1)>)

— cos ((s1, Xr,,1))°
l=r1—rz—1
-sin ((s2, XTQ,T>>C I
(H cos (< XT, (r1=1=1) )—COS ({51, X0y 1)) H
1+6
= rl rz—1
. ro—(l+re—ry)—1 .
s (o x5 o X))
<C Y (Analsily+ Ay g ]saly)
l=r1—r3—1
o0 0
:c( OAsi+ )] Al|52|1)
I=r1—73 I=ro—r3
[e@]
<C D A(Isily +]saly)- (C.281)
l=ro—rs3
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It follows for all ki, ko € {1,...,]1/(2b)|}, t1,t2,t3,ta € {14 2223,...,2|Tyb| — 1 — 223} with
k1 = ko + 1, %1 = to and t3 > t4 from (C.52) as well as (C.57) that vy := |ug, T'| — |Tub| + t1, r2 =
[uleJ — lTubJ + 19, 13 = lquTJ - lTubJ + 13,74 = lquTJ - lTﬂbJ +tgfulfilry,...,rq € {1, - ,T}
and 71 = rp > r3 = ry4. Hence, (C.281), (C.210) (whereby {1 + 7723,...,2|Tyb| — 1 — 223} <
{14 22,...,2|Tyb] — 1 — 22} holds according to Lemma C.8 (ii) and (C.48)) as well as Assumption
2.4 [DM.1] imply:

[

‘Cov (cos (<31, X[uleJ*[TubJ+t1,T>>cSin <<32, Xluh T|-| Tubj+t27T>> )
cos <<53’ XlquTJ—[TubJ+t3,T>)CSin <<54? Xluk2TJ—[TubJ+t4,T>) C)

)
<C Z Al(|31|1+|52|1)
l=luk1TJ+t2—luk2TJ_t3
o)
sC Z Ay ([s1ly + Is2])
I=[(k1—k2—1)2Tb]+t2
yalk 3 2
<C ]l-{kl =ko+1} A= 2 + 1{k1>k2+2} JAV] 5 (|81|1 N |32|1)
=t g 1=[(k1—ko—1)2Tyb] (k1 — ko — 1)7 (2Tyb)?

¢ 1
(k1 — ks — 1)2 (2Tyb)2 ™

C
S (ﬁl{kl—kﬁl} + >k2+2}) (Is1]y + [s2]y) - (C.282)
2

One obtains from (C.282), Assumption 3.1 [WEI.1], (C.72) and shifting the index of a sum:

1/ )] 2\Tubl— )
jjfj u Z - ‘COV (COS (<81’X[uleJ—[TubJHl,T»

k1,ko=1 t1,t2,t3,t4 1+777/B
d Rd Rd Rd U
RERIRIRE o 2ho+1 (11 >42) A(ta>ta)

-sin (<‘92’ XluleJ—[TubJ+t2,T>>c » CO8 (<53» XlquTJ | Tb|+t3, T>>C sin <<54’ X[ukZTJ—[TubJ+t4,T>) c)

‘E[ uleJ lTubJthl,{mﬁ}WruleJ—lTubJHm{mﬁ}]"E[ |k, T|—|Tub)+t3,{ 7725}

*

Wl T\ +t4’{mﬁ}” w (s1) ds1 w (s2) dsow (s3) dssw (s4) dsy

[1/(2b)] oo 1 2|Tyb|

<C —= sup sup E | W
kl,kzz:1 t;1 t3 (lﬂ1,...,[1/(2b)Jt21,...,2[Tubj tlz_jl ‘ [ Joaiy 7| =\ Tubl 41,2725}
k1=ko+1

#
W[ukl TJ—[TubJ+t27{7”B}] ‘ >

[Tub] [Tub]
. sup sup E|W %%
t3z=:1 ko=1,...,|1/(2b)] t3=1,...,.2| Ty b| t4Z:1 ‘ [ lquTJ_l_TMbJJ"t&{mB} lukgTJ_[TubJ+t4’{mB}] ‘
[1/(2b)] 1 1

+C Z Z ey — Fp — 1)2 (2Tyb)2

ko=1 ki1=ko+2

2| Ty b 2|Tyb]
. Z (kl sup sup 2 ‘E [Wl Wyt ”)

f=1 ARl @D =L 20 1= i T\ Tublta {0} [ T| = Tublta {2725}
QlTﬂbJ [Tubj
' sup sup E|w* W
t;I <k217--~7l1/(25)Jt3—1, 2| Ty t;1 ‘ [ [y 7| Tubl+t3,{ 7725} luszJ[TubJ+t4,{7%ﬂ}”>
< Cll/(2b)JBlTubJ5+CU/(Z ! 3 e
st ot k2 (2Tyb)?
C |1/(20)] (|Tub] + 1) B> (C.283)
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It follows for all r1,79,r3,74 € {1,...,T} with vy > r9 and 71 = 73 > r4 by using Lemma B.4 (iii)
with ¢ = 1 + ¢ (recall Definition A.1 (i)):

‘E[ cos ((s1, Xy 73)°sin ((S2, Xy 10)° €08 ({53, Xrg 7)° 810 ({54, Xy 10)° ] \
= 1{T1>max{7“2,7"3}}‘E|: (E [cos ((s1, Xy 1)) .7-}1] -k [cos ((s1, X, 1)) | F,

- sin (<327 sz,T>)c cos (<337 Xr3,T>)C sin (<547 Xr4,T>)C ] ‘ + C]L{n =max{re,r3}}
o0

< C]l{r1>max{7’2,7’3}} Z JAVES] |Sl|1 + Cl{n:max{rg,rg}}- (C.284)

l=r1—max{ra,rs}—1

r1,max{re 77"5}-‘,-1] )

Since |Cov (X,Y)| < |[E[XY]| + |E[X]||E[Y]| for each random variable X and Y which live on
the same probability space and own finite second moments, (C.284) (in combination with shifting the
index of a sum) as well as Lemma B.4 (v) provide for all 7, r9, 73,74 € {1,...,T} with r; > 79 and
rL=T3 2Ty

‘Cov( cos ((s1, Xp, 1))° sin ({82, Xyy 1)), cos ({83, Xpy 7)) sin ((s4, Xy, 7))° ) ‘

o 0
<C <l{r1>7"2} 2 A |31|1 + 1{7”1>7“3} 2 Ay |51|1 + 1{7“1=max{7"277"3}}>

l=r1—rg l=r1—73
ee} a0
+ C <1{7‘1>T2} Z Al |Sl|1 + 1{7’17‘2}) <1{7‘3>T4} Z Al |S3|1 + 1{7’37‘4}) . (C285)
l=r1—7r9 l=r3—7r4

One obtains from (C.285), Assumption 3.1 [WEI.1], Assumption 3.15 [W*] (iii), especially sup;, ;,ez
E[WS: et Wi 1] | < IWE 3 < € (note Definition A.1 (1)), (C.72) and (B.45):

1/(2b 2| Tyb|—1— 2723

J J J J Z ‘Cov (cos (<SI’X[% 7| lTubJ+t1,T>)c

kl ko=11t1,t2,t3,ta=1+ 27723
d d d d I I I I
RERTRIRE ) —ky t1 =t t1 Zt3 214

-sin <<52’ XluleJ | Tb] +t2, T>) cos (<53’ XlquTJ—[TubJ+t3,T>) “sin (<54’ XlquTJ—[TubJ+t4,T>) c)

‘E[ Lo, 7| Tib b1, {7233 ™Y [ TJ*lTMbJ“Z’{mﬁ}”
Mo

” w (s1) ds1w (s2) dsow (s3) dssw (s4) dsy

) ‘E [ lquTJ Tub +t3,{mﬁ} ijlTUbJ‘i’t‘l’{mﬁ}

[1/(2b)] 2|Tyb| 2[Tyb] w0 2|Tyb] ‘ ‘
C Xy X X ou A EW, W)~
k1,ko= 1{ to=1 t1=to+11=t1—t2 t3,ta=1 [ [ kQTJ [Tub) +t3,{%} [ b2 J lTubJ+t4’{%}:|
ki1=ko
2[Tyb] 2|Tyb] © 2| Tybd| [TubJ
+C Z Z Z A - Z ( sup E Wu
toml ti=tat+1i=t) t3 o1 ts=1,... 2[TubJ a1 ‘ [ l ko J TubJ+t3 {mﬁ}

2| Tib| 2|Tid]

luk2TJ [Tyb) +t4,{mg}”> t2§ ) t121 L) —maxt,ts})
2\ Tub]

sup E|\W?

ts=1,...,.2|Tyb| t42=1 [ |~

Tyb] 2|Tub] oo 2|Tyb| 2| Tyb| 2| Tyb] 2|Tybd] 2|Tib| 2| Ty b
(2 DTS S ST @})(2 IS IS 3 s })}

to=1 t1=to+11l=t1—1t2 to=1 t1=1 ta=1 tz=ta+1l=tz—ty tg=1 t3=1

upy T | =|Tub) +t37{%}WlquTJ_l_T‘JbJ"'M:{”ZH}]‘

CL1/@0) {Tub)? 6 + [ Tubf? 5 + | Tubf? 5 + |Tibf?}
< C'[1/(2b)] | Tub)? B. (C.286)

In conclusion, (C.280), (C.283), (C.286) and similar arguments, Assumption 3.15 [W*] (i) as well as
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Assumption 2.8 [K&b.1] (ii) imply (see (C.17)):

R & (1/EDI (7] +1) 8 + [1/@0) 1Tubl* 5) 1
(o B D)) < /@) 7o = ot
(C.287)

Next, the asymptotic behaviour of E [Cov* (D%*’Y 5w DT ), \y)] is investigated. Therefor, one defines (recall
(3.16) as well as (C.17) and note that the following expression results by replacing the cos- and sin-terms

on the right side of (C.279) by a certain expectation):

ll/(2b)J 2| Tyb|—1— 7725

AT (Y — t1 — |Tyb]
Crilg0 = j J Titg 1,3 (7, Uk 51) Tt 1,3 (7, Uk, 52) Z K<
o 1/(2b) ] lTbJ oy =l ol . bstaTh 99 | T3.0]
to — lTubJ > ~ ¢
(U =) | K W (g — o) E[COS (<317 X[ukTJ—[Tuijrtl (Uk,t1)>> o
- sin (<52, )N([uij—[TubJ-i-tg (ﬁk,t2)>) m]
-E [W[szjf[TubJthl,{mﬁ}W[Zijf[TubJthg,{mB}] - W (s1) ds1 w (s2) dsa. (C.288)

It holds for all sets .7, 71, %5 € Ny and all deterministic functions f: .7 — [0,00), g,h: T x 7 x
T2 — [0, 00) for which 3, 5 f(k) X3 ¢ 7, SUPte 5, 9 (K, t1,t2) < 00 and supye 7 SUPy ez Dipoe 2 N(Ks

tl,t2)<002
DUIE) Y Y gkt te) - h(k, b, b))

ke t1€T7 to€ T,
< 2 f(k) 2 sup g (k,t1,t2) | - | sup sup Z h(k,t1,t2) | - (C.289)
ke T tlE:q. t2€,7 ke T tlethEEQ

In conclusion, (C.279), (C.289), (C.66), Assumption 3.1 [WEI.1], (C.72) and Assumption 3.15 [W*]
(i) provide (recall (C.288), (3.16) as well as (C.17)):

‘E COV* (ID)%*’Y o) ]D)’%*'y %)] %T Wo,1,1

[1/(2b)] 2| Tyb| 7723
T J J Z ‘7—11019? ’7>uka51)7—u()1\s(’77uka52)‘ Z sup
S e b=y ta=t 72052 Tubl ~1= 22

{K(W (th _LLO)>K (h[TxEZJubJ (th —110)> ‘E[(COS ( Sl’XLUkTJ—lTubJthl,T»C

— CO8 <<517 )N([ukTJ—[TubJthl (ﬂk,tl )>>;> sin (<S2> X[ukTJ—[TubJthQ,T»C]

+ E[ cos (<S1, leukTJf[TubJthl (ﬁk,tl)»cm ( sin ((s2, X|up |- [Tub| +12.7)

—sin <<S2’)’Z[ukTJ*lTubJ+t2 (ﬁk,t2)>)cm)]‘} W (s1) ds1w(s2) dsa

2| Tyb]
sup sup E|\W? 71 WE
b1, [1/(20)] f1=1,...2|Tub] t;I lukT|—|Tubl+t1,{ 2725} " |up T) [TubJ+t27{mﬂ}]‘

_ Cl1/(20)] |Tub] 8
= TTbh?

= o(1). (C.290)

Further, one defines (see (3.16) as well as Assumption 3.15[W?*] (iii) and note that the follow-

ing expression results from (C.288) by replacing E [W[ZkTJ*lTubJthl,{mﬂ}lekTJ*lTubJthQ,{mﬁ}] by
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K*((t1 — t2) /B)):

1/(2b 2[Tubjflfm5
4T ul t1 — lTubJ
Cg']o:;[ 2+ f f Ty, e 77”/6781)7—11 \s(%uk,SZ) K(
»440,1, ll/ 2b lTb J Z 0,1, 0,1, t17t2=21:+% lTL[bJ

(- ﬂo))K (ﬁﬁlb] (L — ilo)) IE[COS <<317)?[uijf[TubJ+t1 (ﬁk,tl)»cm

: > ~ ¢ t1 —t2
- S1n <<52, Xl_ukTJ_l_TL(bJJFtZ (uk,t2)>> m] . K* ( B > W (81) d81 W (52) dSQ. (C.291)
Assumption 3.15[W*] (iii) provides K* ((t; —t2) /B) = E[W[ukTJ Tttt W T~ (Tub) i) VE €
{1,...,[1/(2b)]}, t1,t2 € Z. Hence, it follows from Lemma C.8 (iii), Assumption 3.15 [W*] (iii) (the
latter ensures H {W@B}H2 < HWt*H2 < C V't € Z (see Definition A.1 (i))), Assumption 3.1 [WEL1],

Remark A.2 (i) and Assumption 2.8 [K&b.1] (ii) (recall (C.288), (C.291), (3.16), Definition A.1 (i) as
well as (C.17)):

‘ Tﬂo 1,1 Tﬂo 1,2

4T L[l 2[Tubjflfm5

[1/(2b)] H — [T
U, s (7, U, j7d B e |
T 11/@20) |72 M 2 s (ot ) Tosio oo sl| 2, ( | T4b)

t1,t2=1+ 7723
\t17t2|<m

(U — o) >K (W (¢ — ﬂo)) ‘E[COS (<31:)?[uijf[TubJ+t1 (ﬁk,t1)>>;@

- sin <<827 X T] | Tob] 412 (ﬁk,m)»cm] ‘
' ‘E [(Wfk“kTJ_[TubJ‘f‘tlv{%} - WLZkTJ—[Tume) W[ZkTJ_[TubJ+t2,{mﬁ}]

B Wiy (Wir)- iz eat ) = Winr)- st ) | ‘ +w (s1) ds1w (s2) dsa

C 1
< = /OO Tb] s
= of1

)- (C.292)

Further, one defines 77 555, 5705 = {1 + 22, ..., 2225} U {2 |Tyyb| — 2725, ..., 2 |Tub] — 1 — 272}. The As-
sumptions 3.15 [W*] (iii) and 3.1 [WEL1], # 77 15,5, < C + C3272(which holds due to Lemma C.8
(ii)), Assumption 3.15[W*] (i) (the latter ensures S = o(1 /b)) as well as Remark A.2 (i) imply (see
(3.16)):

[1/(20)]
AT (8 — t)? f J 2 | t — [Tub]
Til()l %(Vauk‘?‘gl) Til()l R (77“’/%82)‘ 2 K| ————7—
/P ) | P o7
[t1—t2| <272

(U — %))K (tzl_TifJubJ (L — ﬂo)) ‘E[COS (<317X'[ukTJf[TubJ+t1 (ﬁk,tl)»cm
- sin (<32, )N([uij—[TubJthg (ak’t2)>);z:|‘ . ‘K* (tl gtz)‘ -w (s1) ds1w (s2) dsy

_ CT VYO #-Tt, .57

[1/(20))* [Tb)*
= o(1). (C.293)

The condition |t; — ta| < 27z contained in the double sum over 1, to on the left side of (C.293) can be
omitted because the opposite condition generates addends which equal zero according to Definition A.1
(i). Thus, it follows for ¥y (x) = K* (z/B) Ya € Z from (C.293) (recall (C.291) as well as (C.216)
and observe that, on one hand, Lemma C.8 (ii) ensures 22 < 2723 and, on the other hand, if 22 = 773,
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70?10,12 CO‘?E?J]Z (’Y )))
T“ — Covl?t! 7,7)| = o(l C.294
0,1,2 o ?R,S,T( ’ ) O( ) (€. )

The fact that Covgfg] (7,7) is deterministic (see (C.216)), (C.287), (C.290), (C.292), (C.294) and
Lemma C.6 with Ry = R as well as R, = ' (whereby Assumption 3.15[W*] (iii) yields that

Gr: Z — R, x — K* (z/B) fulfils (C.215)) imply:
2
E | (Cov® (07,0.D7%,) — Covit] ()|
2
— Var (cov* (D, 5. DF, o) — Covlyt] (7,7)) + (E [Cov* (D52, . D, o) | — Covldt (4, 7))
— o(1). (C.295)

Assumption 3.15 [W*] (iii), Lemma 3.12 and Assumption 3.1 [WEI.1] show (note (3.16)):

J J J Z TLLOL (7, u, 51)71101 s (7, u,82) K* (;) Cov (cos <<51,)~(0 (u)>) ,

Rd Rd tp =%
sin (<82, X, (u)>)) ‘duw (s1) ds1 w(s2) dsa < C. (C.296)

Moreover, Assumption 3.15 [W*] (iii), Lemma B.4 (vi) and Assumption 3.1 [WEI.1] provide for all
t € Z (recall (3.16)):

() st o ).

R4 R4 Lo

sin (<52, X, (u)>)) duw (s1) dsy w(s2) dsa

0
<C ) Al + Clyygy. (C.297)
1=lt|

The Fubini-Tonelli theorem in combination with (C.296), Lebesgue’s dominated convergence theorem
together with (C.297), (B.45) and (C.15) (the latter two show > )% (Z?im Algyz0y + ]l{tzo}) < C)
as well as Assumption 3.15 [W*] (i) and (iii) (which yield limy_,o K*(z/8) = 1V € Z) imply (see
(C.216) and recall %y (z) := K* (z/B) V& € Z as well as (3.17)):

o0
hm COV&E@](% v) = 8 (L — ) J K(2)?dz Z hm K*< >fffm01’ (v, u, s1)
w

t=—
o —thy R4 R4 Lo

“Tito,S (75, 82) Cov (cos (<51, Xo (u)>> ,sin <<52, X, (u)>)> duw (s1) ds;

(82) dSQ
(i’ll L[O J K f j jTMO 1,R Vau 81)7—1101 (/Yau 52)
o — R4 R4 o
oo R (U, S1, 52) duw (s1) ds1 w(s2) dsa. (C.298)

Since v € R'*2 was chosen arbitrary but fixed at the beginning of this proof, Lemma C.13 is an implica-
tion of (C.277), (C.295) and (C.298) as well as similar arguments (note (3.18)). ]

Lemma C.14. Let the Assumptions 2.4 [DM.1], 3.1 [WEI.1] and 2.8 [K&b.1] be fulfilled. Moreover,
define for all R € {R, I} (recall that g 1 := [y, t1 ]| according to Definition 3.3 (i) and the Definitions
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2.11, 2.6 as well as 3.8 (i)):

1) ] S — g [1/(20)] )
Trr = Tryo, r = /2] kz_:l RA{P (ug,s) — ¢ (ug,s)}” w(s)ds. (C.299)
R4 -

Then, it holds under the null hypothesis Hdmr (see (3.49)) for T' — o:
TVBE [|Br - (W +81) | = of0),
Proof. Throughout this proof, it is supposed that 7" is large enough to ensure (note (C.17)):
|Tb] > 1 and [1/(2b)] > 6, (C.300)

which is valid for sufficiently large 7" due to Assumption 2.8 [K&b.1] (ii).
At first, define for all R € {, S}:

[1/(20)]
Uy — o Z

— =2 RA{P (up,,s) — P (ug,, s)}* w(s)ds. (C.301)
o 2[1/(20))? fy k=1 et b ?))

Drgr = Dry,,r =

Since uy, € o 1 = [Up, ] VEk e {1,...,|1/(20)]} (recall Definition 3.8 (i)), one obtains almost surely
under Hgfjforl (see (3.49), Definition 2.6 and (C.299)):

) f TR CD!
TR =

it St RAP (uky, ) — @ (uky, )} — RAP (uky, ) — @ (Upy, s 2 4(8) ds
Rd 211/(2b)J2 k1,k2=1( {SO( h ) (P( b )} {SO( k ) 90( k )}) ( )

[1/(20)]

2
= TAT%]% — (U — o) J ([1/(12b)J 1;1 AP (uk, s) — @(Uk,s)}) w(s)ds. (C.302)
Rd =

Moreover, it holds for all s € R? due to (C.25) with M = 2:

e 2
T\@E m kz_:l %{go(uk,s)—go(Uk,S)}

e A ’
<2T\/BE m ];1 RA{P (ug, s) — E[P (ug, s)]}

[1/(2b)] R 2
/5] ];1 RAE[D (up, 5)] — ¢ (u, 5)}

= QITJ(S) + 2IT72(8). (C.303)
Further, one observes for all s € R%:

[1/(2b)]
() <Y S N B RB (s 8) — BB (s, )]} RO (s 5) — E [ (g )]}

|1/(2b)] kleg,p/(zb)]} ka=1

[1/(26)]-
1% 2 me{w (ury ) = E [P (uny, )]} RGP (uny, 8) = BB (wny, )]}

k1=2 kge{l [1/(21)

[1/(26)]—
: uizﬁj 2 R 8 (ks 8)  BIP (s R 01 8) — B3 )
k1,ka=2

|k1—ko|<2
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[1/(26)] -1

Tvb
SRS
[1/@20)] o

|k1—k2|=3
= I71.1(s) + Irp.2(s) + Ir1.3(s) + I7,1.4(5), (C.304)

B [RAP (ukys 8) = B[P (urys )]} RAP (s 8) = B[S (ugs, s) ]}

whereby the Cauchy-Schwarz inequality and Proposition 2.14 show for all s € R%:

T\f ~
[1/( D] kzl,‘?jlf/@b)] Var (R {@ (ug, s)}) < CVb([sh +1).

IT1(8) +1r1.2(s) +I71.3(s) <
(C.305)

It follows for all k € {2,...,[1/(2b)] — 1} from |z + y| > |z]| + |y]. |zy] = |z]|ly] Vz,y = 0 and
(C.300) (recall Definition 3.8 (i) as well as (C.17)):

|upT| — | Tub] — [ﬂoT + (13/7(—‘21))) —|Tyb] — 1 = |UoT| + [3] |[Tub] — |Tub] —1 =1 and
|upT'| + |Tub] + 2 < UT + (ll/(Qli)/J(;b;/Q) Ty +Tyb+2< Ty — 2(13/Téb)) +Tyb+2<T.
(C.300)

Further, one obtains for all ki,ks € {1,...,|1/(2b)]} with k1 > ko + 3 as well as all t1,t2 €
{0,...,2|Tyb] + 3} from |z + y| = |z| + |y], |zy] = |z]ly] Yz,y = 0 and (C.300) (see Defini-
tion 3.8 (i) as well as (C.17)):

[uleJ +t1 = [UT + i
ll/( b)]

1
-8-3, ‘ 5 | 5 e+ 1017301 > (o712 5 0

(C.307)

Assumption 2.8 [K&b.1] (i) (which implies K (z) = 0 for all z € R with |z| > $; — £ly) provides for all
s € R? the following inequality, whereby (C.306) ensures that the right side of this inequality just takes
X 7 into account which fulfil ¢ € {1,...,7'}, such that the right side of this inequality is well-defined
(recall (C.304), Definition 2.11 and (C.17)):

[1/(20)] -1 |k, T|+1Tubl+2  |upy T|+|Tub]+2 ' ¢
C\/B Tl — Uk, T2 — Uy
IT’1.4(S) < T Z Z Z K ( b ) K (

b
k1ke=2 4 =|up, T|—|Tubl—1 to=|ug, T|—|Tub]-1
|k1—ka|>3

- |Cov (cos ((s, X¢, 1)), cos ((s, Xt,1)))] - (C.308)

It follows for all s € R? from shifting the indices of sums, Lemma B.4 (v) together with (C.307) and
(C.300), 12 > |Tyb|* for all [ > |Tyb]| as well as Assumption 2.4 [DM.1] (note (C.17) and that, accord-
ing to (C.300), the sums with respect to k; and ko contained in the following inequalities do not sum
over the empty set):

up, T Tb U T Ty(b|+2
C\fll/(% |1k, Jiu |1, JiUH K(’;{—ulﬂ)K(?—um)
T b

b
1511,1222 2t =|ug, T|—|Tub]—1 ta=|up, T |~ Tisb] 1

- [Cov (cos ((s, X¢,,1)) , cos ((s, Xi,,1)))|
C\f [1/(2b)]—1 2| Tib|+3 2| Ty b|+3

ST DI INDY ‘COV(COS(<8’XluleHTubechT»’

k1,ko=2 t1=0 to=0

k1=ka+3
< 008 ({5 Xug, | -tmop-1n) )|
C\/B |1/(2b)]—1 2| Tyb|+3 @

R ST YD RSt

klilékk?2+23 t1,t2=0 l:luleJ+t17l’u,k2TJ7t2
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\/* 1/ 2b)J 12|_TubJ+3 0
T

2 Adsh

ki,k2=2 t1,02=0 [=|Tyb|
k1> k:2+3

< CTVb 2 A b2|
1=|Tyb| lﬂJ

\

S|1

C
<3 sy (C.309)
2

One obtains for all s € R from (C.308), (C.309) and similar arguments:

¢ |51 (C.310)

3
2

I71.4(s) <

Proposition 2.12 together with (3.11) and (C.25) with M = 2 show for all s € R9 (recall (C.303)):

Ir2(s) < TVb ( sup [R{E [P (ur, 5)] — @ (ur, >}|><cf (Tb“”+12)(|s2+25+1).
k=1,...,|1/(2b)] Tb

(C.311)

In conclusion, (C.302), (C.303), (C.304), (C.305), (C.310), (C.311) and the Assumptions 3.1 [WEI.1]
as well as 2.8 [K&Db.1] (ii) imply:

TVHE H@T,% - ﬁ‘g}}%u = o(1). (C312)

Since Proposition 3.11 (ii) provides Dy = Dy 5 +Dr g (see (C.301)), Lemma C.14 follows from (C.312)
and similar arguments. ]

Lemma C.15. Suppose that the Assumptions 2.4 [DM.1], 3.1 [WEIL.1] and 2.8 [K&b.1] hold. More-
over, define for all R € {R, 3} (recall the Definitions 3.3 (i) and 2.11):

ol A TR (COTI ) )
Trg = Ty, r = J L/@)] kz_]l R {P (ug, s) — E[B (up, s)]}* w(s)ds. (C.313)
; —

Then, it holds for T' — oo (note (C.299)):
7R |7, + 2, - (3, + )] = ot

Proof. At first, one obtains for all u € [0, 1], s € R? as well as for arbitrary, not necessarily deterministic
functions f, g: [0,1] x R? — C that live on the same probability space by using ‘xQ‘ = |ac|2 VxeC:

£ )P = g, )| < |(F(u5) = 9w ) +2 (F (1, 5) = gl ) 9w, 9)
< () = g(u, ) +21f(u5) = g(u )| [glu,s) . (C314)

If each of the expressions contained in (C.315) given below is well-defined, one will obtain from (C.314)
as well as the Cauchy-Schwarz inequalities for expectations, sums and integrals (see Definition 3.8 (i)):

[1/(2b
J[l/ 20)] EHU w, )| = lg (ur, )| w(s) ds

k=1

[1/(2b 2
j [1/(2b Z E |1 (v 5) = g (g, )| w(s) ds

e /< )
JU/ Z [|f Uk, 8) — g (uk, 8) j[l/ S [| (uk,s)|2]w(s)ds_

k=1

(C.315)
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Further, it follows for all s € R? similarly to the second inequality of (C.311) and by using Assumption
2.8 [K&b.1] (ii):

TVh  sup | (uks) + B[P (g 9)]P = o (VD) (s + 1), (C.316)

k=1,...,[1/(2b)]

whereby the expression 0(\/5) does not depend on s € R%. Moreover, Proposition 2.14 provides for all
s € R? (recall Definition 3.8 (i)):

C
n P ! 1). C317
e [Muk o) = 1Pl )“] sz lsh D (C317)

In conclusion, Lemma C.15 follows from (C.315) with f(u,s) = ¢ (u,s) — ¢ (u,s) and g(u,s) =
P (u,s) — E[@ (u,s)] Yu e [0,1], s € RY, (C.316), (C.317) as well as Assumption 3.1 [WEIL.1] (see
(C.299) and (C.313)). O

Lemma C.16. Let the Assumptions 2.4 [DM.2] and 2.8 [K&b.1] (ii) be fulfilled. Then, it holds for all
s € RY g = 1+ 6 and expressions o (1/(Tb)) which do not depend on s € R? (recall that & € (0,1]
originates from Assumption 2.2 [St Ap| and see also Definition A.1 (i) as well as (iv)):

(i)

sup H(6i<s7xt’T>) . z<thT>H <2 sup
t=1,...,T 7z

X 7) ei<S’Xt’T>H VI'eN
q

T
)
1\ o0 e
:O(Tb) 5|, forT — oo. (C.318)
(ii)
sup sup H( (s Xe(u >) _ s Xeu >H < 2 sup sup s X (W) _ ei<s’)~(t(“)>H VT eN
uel0,1] teZ < uel0,1] teZ q
146
1\ o0 e
=0 <Tb) |s|y?  forT — oo. (C.319)

Proof. (i) The first inequality of Lemma C.16 (i) can be proved analogously to (C.204). Further, one
obtains for all s € R? similarly to (C.205) (recall Definition A.1 (i) as well as (iv)):

148
w [rfeCrni —conl] <ot ( 8 adg)

t=1,..,T
a5 1-1/2 %
< Cls|,* 1/5 <2 All%) .

(C.320)

The Assumptions 2.4 [DM.2] and 2.8 [K&b.1] (ii) provide 7° 5 Aj1%/% — 0 for T — oo (see
Definition A.1 (iv)). Thus, (C.320) and similar arguments finish the proof of Lemma C.16 (i).

(i) Lemma C.16 (ii) can be shown analogously to Lemma C.16 (i).
O

Lemma C.17. Suppose that the Assumptions 2.4 [DM.2]|, 3.1 [WEIL.1] and 2.8 [K&b.1] hold. More-
over, define for all u € [0,1], s € R? (recall Definition A.1 (iv), that o1 = [Lo, 4] according to
Definition 3.3 (i) and the Definitions 2.11 as well as A.1 (i)):

T
Por () = Brstgs 0 (U, 5) = Z ( ~ u) (eCexer2) (C.321)
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and for all R € {R, 3} (see Definition 3.8 (i)):

2] 2] U0 — 4o [1/(20)] ~ ~ )
TT,R,% TsMo,1,R, 2" f U/(2b)J kZ] R {90%(1%’ 5) -E [Qpﬂ(uka S)]} W(S) ds. (C.322)

Rd =1

Then, it holds for T' — oo (recall (C.313)):

T/B ([, + B, - (3, + 31, )[] = o0

Proof. At first, one observes for all s € R? (see (C.321), Definition 3.8 (i) as well as Definition 2.11 and
recall that X ¢ := X — E[X] for each random variable X with finite first moment):

T\f sup [ RA{P s (ug, 5) — @ (ug, 3)}6)2]

=1,..,|1/(2b)]

< sup K
k=1,...,[1/(2b)] t17 b

- |Cov ((cos (s, th,T>))%_ cos ((s, X4, 1)) , (cos ((s, X1,,1))) ,, — cos ({(s, Xy, 7)))| . (C.323)

It follows for all s € R? from Lemma C.16 (i) with ¢ = (1 + 6)/0, Lemma B.4 (iii) with g = 1 + §

Lemma B.1 with k1 = 1, (B.45) together with shifting the index of a sum and Assumption 2.8 [K&b.1]
(i1) (see the Definitions 3.8 (i), 2.1 as well as A.1 (i)):

T [ S — -
k=1,...,|1/(2b)] ol b

t1 >t2+1

' |COV ((COS (<S7 th,T>)) 22— COS (<Sv th,T>) ) (COS (<S’ XtQ,T>)) 42— COS (<5’ Xt27T>)) |

S S (T thtZQl K ( )\E[( | [eos ((s, Xey.)) [P ] = E [eos ((s, X)) |
t1=2t2+1

Firtart] Povsmse| = (B [o0s (G5, Xy 00) [ 72| = B [cos (5, Xy ) [Frsta1]) )
- ((c0s (¢s, Xizy1))) ,, = €05 (¢, X)) ||

< sp F Z P il [(cos ((s, Xi 1)), — cos ({5, Xip 1))
T k=1l (T0)? to1 b e B
T a0
-2 2 2 (E [COS (<S, Xt1,T>) |]:t1,t1—l] —-E [COS (<5’ Xt17T>) |‘7:t1,t1—l—1])
t1=to+1 |ll=t1—t2—1

1+6

CTVb i (h—uk> 1 4 &
< — sup — K|ZL s|1 sup AVIRIET
Th <k=1,...,[1/(2b)J Tb t?l b Th ta=1,..., T—ltlé:ﬂz:tlgz—l
=0 (\[) |s|1+e,

(C.324)

whereby the expression 0(\[])) does not depend on s € R%. Moreover, Lemma B.1 with x; = 2, Lemma

C.16 (i) with ¢ = 2, the inequality (1 + §)/0 > 2 (which holds because ¢ € (0, 1] according to Assump-
tion 2.2 [St Ap]) and Assumption 2.8 [K&b.1] (ii) imply for all s € R%:

T 1 ta
sup LT\/QB DK (T uk) K (T uk)
b=t 12wy (TD)%, =L, b b

t1=to

) |COV ((COS (<5, th,T>)) 22— COS (<Sa Xt1,T>) ’ (COS (<87 Xt2,T>))n —cos (<S’ Xt2’T>)) |
<c iy sup_ | (eos (G5, Xer))),,, = cos (G5, Xum))
-0 (\[) |S 1446

)

(C.325)
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whereby the expression 0(\/5) does not depend on s € R It follows for all s € R? from (C.323),
(C.324), (C.325) and similar arguments:

TVE  sup  E[I3 (ks s) — E (B0 (g, 5)] = (B (g, 5) — E[3 (u, )| = 0 (VD) Is1*,
=1,...,[1/(20)]
(C.3206)

whereby the expression 0(\/5) does not depend on s € R<. In conclusion, Lemma C.17 is an implication
of (C.315) with f(u,s) = @, (u,s) —E [P, (u,s)] and g(u,s) == ¢ (u,s) — E[p (u,s)] Yu e [0,1],
s € R%, (C.326), (C.317) as well as Assumption 3.1 [WEI.1] (note (C.313) and (C.322)). ]

Lemma C.18. Let the Assumptions 2.4 [DM.2], 3.1 [WEI.1] and 2.8 [K&b.1] be fulfilled. Moreover,
define forall k € {1,...,]1/(2b)]}, s € R? (recall Definition A.1 (iv), that $o1 = [y, 1] according to
Definition 3.3 (i), Definition 3.8 (i), (C.17) and Definition A.1 (i)):

2|Tyb|—1—272 ~

o o 1 t— T b i s, _ . a :

Spﬂ(uk,s) = @T7u0’17%(uk,3) = 7[TbJ Z K (l]lugjl J (ﬂl _u{))) (€< X[ukTJ | Tb]+ ( k, )>)
t=1+272

72

(C.327)

as well as for all R € {R, 3}:

i3] i3]
']I‘T R ﬂ TT ﬂo 1,R 72’

g )]
Jﬁl/@;;(j D R{&S (uk,s) —E[¢5, (ug, 5)]}* w(s)ds. (C.328)
k=1

Rd

Then, it holds for T — oo (see (C.322)):
w3 ~[3
TVoE [T, + T8, — (T, + T8 || = (.

Remark C.19. Since (C.18) ensures up; € [to, 4] < [0,1] VEk e {1,...,]1/(20)]}, t €
{1,...,2|Tubl}, ©5, (ur, s) is well-defined for all k € {1,...,[1/(2b)]}, s € R

Proof of Lemma C.18. At first, one defines forall k € {1,...,]1/(2b)|}, s € R? (recall (C.17), Definition
3.8 (1) as well as Definition A.1 (i)):

2|Tyb|
> TubJ i<s X >
P (Uk, S) = ( (Lll — L[O)> <6 7 ug, T|—| Ty b +t,T and
72 lTbJ Z Tub .

2lTubJ N
° = L el 210 PO i<5’Xl%TJlTubJ+t(ak’t)>>
O+ (U, 8) = T0) ;1 K< i) (th ilo)) (e 5 (C.329)

Since ¢ ,, (see (C.321)) as well as ¢ ,, are defined very similarly to ¢ and @, respectively (recall Definition
2.11 as well as (C.200)), it follows for all s € R? analogously to (C.199), (C.201) and (C.202) by using
(C.65) with ¢ = 2 as well as Assumption 2.8 [K&b.1] (ii), whereby the latter shows Tb/T(179/2 =
VTb2+23 /(Th?)%/2 = 0(1), which implies 1/T(179/2 = o(1/(Tb)) (recall (C.329)):

sup 8o (s 8) — ¢4 (wrs 8)]5
k=1,...,]1/(2b)]

2
< s (1B lun, ) = Foo s 9y + [B (s, 9) = 9t (wr5)],)

—1,.[1/(20)]
C 146 2

Moreover, one obtains for all s € R? and for Fr ,, = {1,..., 2} U {2|Tub| — »,...,2|Tyb|} from
(C.25) with M = 2, Assumption 2.8 [K&b.1] (i) (which ensures K (— (¢4 — Up)) = K (L — Lp)) =
0 and that K is Lipschitz continuous on R), Lemma B.4 (viii), (B.45) and Remark A.2 (ii) (note (C.329),
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(C.327) as well as (C.17)):

sup B R {0, (uns) ~E [0, (u, )] = (25 (wes 5) = B3, (un, )]}
=1,...,|1/(2b)]

S lleJ bt [ 1, S (‘K (tll_ngJubJ (th _ﬂO)) - (_lngj (th —uo))‘

() ()

. ‘Cov (cos (<s, X[ukTJ—[TubJthl (ﬂkt1)>) L coS (<s, )’zlukTJ*lTubJ+t2 (ﬁkt2)>> ﬁ)‘

2| Tub]
1 t1 — | Tub] ) ([TubJ ) ‘
L KBS0 uy)) - K -
TP e e tl,tQZLZTubJ%O ( T ) ] &)

P (i) - (- w))
: ‘COV (COS (<8, Xy 7] |Tub] 11 (ﬁk,t1)>) €08 (<87 X Tubl+t2 (ﬁk,t2)>> %)‘

C 22 © 0 0 0
g 5 N N Al BN N A+ 3 L

tgey@%tl:tfrl I=t1—t2 tleyT,”t2:t1+1 I=to—t1 tl,tgey'n%

C

In conclusion, (C.25) with M = 2, (C.330), (C.331) and similar arguments as well as Assumption
2.8 [K&b.1] (ii) provide for all s € R%:

TVh  sup B (3, (g, 5) = E[Boo (i, 5)] = (95, (s 5) = E L5, (ur, )P
k=1,...,[1/(2b)]

<2 s BB 5) —E B (ur, )] = (¢5s (unss) = B[54 (ur,9)]) ]
:17"'7[1/(217”

+2 sup B[ (uks) — [0 (ur5)] = (95, (g, 5) — E[05, (g, )|
k=1,...,[1/(2b)]

—0 (\/5) ( +s |1+5) : (C.332)

whereby the expression o(+/b) does not depend on s € R%. Moreover, it follows for all s € R? from
(C.25) with M = 2, (C.326) and (C.317):

C
Vb sup B4, (ug, s) — E[3,, (u, — (Is]}*0 +1). (C.333)
s B 1pa(u) ~ @) < 5 (s 1)

Overall, (C.315) with f(u, s) == ¢, (ug, s) — E ¢S, (ug, s)] and g(u, s) = @, (u,s) — E [P, (u,s)]
Yu € [0,1], s € R%, (C.332), (C.333) as well as Assumption 3.1 [WEI.1] show Lemma C.18 (see
(C.328) and (C.322)). ]

Lemma C.20. Suppose that the Assumptions 2.4 [DM.2], 3.1 [WEIL.1] as well as 2.8 [K&b.1] hold
and assume that (1) ey is a sequence of deterministic functions which fulfils (C.215). Moreover, define
forall R e {R,S), s € RY (recall (C.17) as well as Definition A.1 (iv) and (i)):

|1/(2b)] 2| Tyb|—1— 72

— (ol TVb(th — o) _ b [Tb] g
Blsre O = e e &, 2, TR SR
lo — lTUbJ i(s,X up T|—| Ty b|+t1 (ﬁkh)
-K<[Tubj(ill—ﬂ0)> Cov <R{e< N N T >}”7

R{€i<S7X[ukTJlTubJ+t2 (akt2)>} > 1{|t2—t1|<7z} (C.334)

727
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as well as:

Blas[ j K(2)%dz J Z Gr(t) Cov( {ei<s’)?°(“)>} ,R{ei@jt(“»}) du. (C.335)

t*OO

Then, one obtains for T — oo and all R € {R, 3} :

J‘Blasfg — Bi s[ ]( )| w

Remark C.21. Since (C.18) ensures that Uy € [Ho, 4] < [0,1]VEk e {1,...,]|1/(2b)]}, te {1,...,2
—— ¥, 17

| Tybl}, Bias[T7TR](s) is well-defined for all R € {R, 3}, s € RY. Further, Biasgﬁ](s) is well-defined

due to (C.215), Lemma 3.12 and Assumption 3.1 [WEIL.1].

Proof. Throughout this proof, T" is supposed to be large enough to ensure (see (C.17) and Definition A.1
@iv)):

2|Tub| — 1= 2222 1+ 22, (C.336)

which holds for sufficiently large 7" due to Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii). In the
following, Lemma C.20 with R =  will be shown. Therefor, one defines for all s € R? the expression

——[¥r] . . = [¥r] .~ ~
Biasy g, (s) given below, which results from Biasy 5, (s) (recall (C.334)) by replacing 1y, 1, by g 4, :

1/(2b)] 2|Tub]—
B1as$§;]1( ) = Nil—1 2 Z gT (ta—t1) K (tl_lTubJ (L4 —ﬂo))

l/@)) o & 2 | Zub)
to — [Tyb] ~ -
K <[TubJ (I Uo)) Cov (COS (<S, X|upT|=|Tub|+t1 (uk,t1)>) .
cos <<8, )N([ukTJ_[Tume (ﬁk,t1)>) %) Lty —t1)< 22 - (C.337)

It holds for all real-valued random variables X as well as Y that live on the same probability space and
own finite (1 + ¢)/6 moments (whereby d € (0, 1] originates from Assumption 2.2 [StAp]):

[Cov (X, )] < 2] 5 ¥ 130 (€338)

One obtains for all s € R? from (C.215), (C.338) and the Remarks 2.3 as well as A.2 (ii) (see (C.334),
(C.337), Definition A.1 (i) and (C.17)):

ﬁras[;i;] (s) — Blasy g, (s)

[1/(20)] 2| Tyb)

Z_: t; X |gT(t2—t1)|K(tll_ﬂEﬁle (ul_ﬂo)>K<t2l—TiZJubJ m

|t2 t1‘<%

_%)) . ‘COV (cos <<S, X[ukTJ—[TubJ—i-m (ﬂk,t1)>) 2
cos <<57 )N([ukTJ—[TubJH‘z (ak’t2)>> ,,~cos <<s, )N([ukTJ—lTuthg (ﬂk,t1)>) %)‘
COS (<S, )/ZluijflTubJ+t2 (ak,tz)>)

sup sup
\fk 1o [1/(20)] 142641, 2| Tub|}:|to—t1| < 72

— cos (<S’ )?lukTJ—lTubJ“Q (aktl)>> 146

< CVbls|y. (C.339)

Moreover, define for all s € R¢ (the following expression results from (C.337) by replacing t2 contained
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in K ((t2 — |Tub]) / |Tub| (L — £hy)) by t; and by manipulating the terms in the underlying covariance):

Blas[gT] (s) = —T\/» ik 5
2 LA =

- Cov (cos <<S,th (ﬁkt1)>) , COS (<s,)~(t2 (ﬂkt1)>)> Ljty—t1)<29- (C.340)

It follows for all s € R? from (C.215), (C.338), Lemma C.16 (ii) with qg=1+0,1/5 > 1 (which holds
due to § € (0, 1]) and Remark A.2 (ii) (recall (C.17)):

Tyb|— _ 2
; g (t2—t1)K(tllT}§JubJ(ﬂ1—U{))>

)| 2|Tubl—

TV (8 — tlo) t — | Tub| ts — |Tub|
W kgl t1 t221+7|:4T( t1)| r <lTlle (ul —ﬂo)) K (lT’L[bJ (ul - il0))

|t2 t1‘<%

- |Cov (cos (<s, X |- [Tubl o1 (ﬂk,t1)>> 7 C08 (<5, X T\ [Tubl 112 (ﬂk,t1)>) %>

— Cov (COS (<5 K1) 1T+ (ﬂk7t1)>> ) 08 (<8 Xt 1)+t (ak’tl)») ‘

T/bs 1
< O =7 18h
[Tbj Tb

< ——sl1. C.341
ﬁb' g (C.341)

One obtains similarly to (C.224):

Cov (COS (<8, s T|Tub] 411 (ﬁk,t1)>) , COS (<87 X T| | Tob] 412 (ﬁk,t1)>>>

= Cov (cos (<s, X, (ﬁktl)>) , COS (<s, X, (ﬁkt1)>))

VseRY, ke {l,...,|1/(2b)]}, t1,ta € {1,...,2|Tub]}.  (C.342)

Further, (C.215), Assumption 2.8 [K&Db.1] (i), Lemma B.4 (vi), (B.45) and Remark A.2 (ii) yield for all
s € RY (see (C.17)):

[1/(20)] 2|Tub|—
TVb (h — o) (m — | Ty ) ‘ (tg — | Tyb] )
RIS ] G ( AO sty ) (2 g g
en T 2, Z'j Ty ) T )
t12to
t — [Tyb] S~ S~
- K ( [T2] (U — 210)) Ljty—t1)< 29 ‘COV (cos (<s, X, (ukt1)>) ,COS (<S,Xt2 (ukt1)>))‘
2|Tyb| [Tub]—1 2[Tyb] )
T+b to t1
01y 3 +C—— ( sup ) AVIER
tlg LT |T6) \ b1 tae (1. 2 Tbl il ta—t1 | < 22 lTubJ tQZI 4 %Hl ;m
C
S —=Isl1- C.343
\/Tb|8|1 ( )

It follows for all s € R? from (C.341), (C.342), (C.343) and similar arguments (recall (C.337) as well as
(C.340)):

[9r] [9r]

‘Blasmfel() Bia T§R2()

(C.344)

<L|s|
SV

Moreover, one defines for all s € R? (in contrast to (C.340), the next expression contains a sum with the
indices t1 € {1 + 27,...,2|Tyb|] — 1 — 222} instead of t1 € {1 + »,...,2|Tyb] — 1 — 2}):

—— [9r] L T\[ ﬂl YD) 2ATub =2 t1 — [TubJ 2
Biasy g 5 (s) = 1/(20)] [Tbj ,;1 , ;22% K( [Tub)| (L —ﬂo))
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2| Tib|—1— 22

G (ta — t1) Cov (cos (<s, )N(tl (ﬂkt1)>> , COS <<S, )N(t2 (ﬁkt1)>)) Ljty—t1|< 29
to=1+272
and T7 = {1+ 7,...,22} U {2|Tub| — 2ss,...,2|Tub| — 1 — 2} . (C.345)

It follows for all s € R from (C.336), shifting the index of a sum, (C.215), arguments which are similar
to those that show (C.224), Lemma 3.12 and Remark A.2 (ii) (see (C.340) as well as (C.345)):

fs”” (5) — Biasy s ()
[1/(2b)] 2
t1 — |Tyb]
n) Z K ( (W — Llo))
A [T

2|Tyb|—1—z7e—t1

Z |1 (t2)] ‘COV (cos <<s, )Z'tl (ﬂkt1)>) , COS (<57)%t2+t1 (ﬂkt1)>)>‘ L)< 29

to=14272—1t1

< ;1/:37/22 Z uz%pl ‘COV (cos (<s Xo (u )>) , COS (<$,Xt2 (u)>>>‘

1+ C.346
m (1 + Ish). (C.346)
One obtains from (C.336) that {—z,...,24 S {1+ 22—t1,...,2|Tyb] — 1 —2—t1} Vt; € {1 +
272, ...,2|Tyb| — 1 — 222}. Hence, shifting the index of a sum and arguments which are similar to those

that imply (C.224) provide for all s € R? (recall (C.345)):
)| 2|Tyb|—1-272 2 2|Tyb|—1—22—t;

(9] TV (84 — 8l) " t1 — | Tub]
O T &, 2, (W) S e

[t2|< 72
- Cov (cos (<3 Xy, (U, )>) , COS (<S, Xig+ty (akt1)>))

VB ( |1/(2b 2| Tyb|—1—272 _ 2
- e 2 le 2 K (" )
i Yr (t2) Cov (COS (<s, Xo (ﬂkt1)>) , COS (<s, X, (ﬂktl)>)) . (C.347)

Further, define for all s € R? (note that the following expression results from the right side of (C.347)
by replacing 1/ [T0] Y7415 127 K (4 — | Tub]) / | Tub] (4 — to))? by S 4 K (2)* dz and each
uk,t (with t € {tl, tg}) by uk)

Jill —$p P

K(2)%dz Z Gr (t2) Cov (cos (<s, Xo (uk)>) ,

to=—z2

——[¥r] . T\[ b (LU 110) Z

Biasy g 4 (s) := [1/(20)] |Tb] ke
Ho—th

cos (<s Xt2 e >)) (C.348)

It follows from (C.215) and the mean value theorem together with (C.140) (see (C.17) as well as Defini-
tion 3.8 (1)):

sup sup Z |7 (t2)] ‘COV (cos (<s X() (g t1)>) , COS (<s, )N(tz (77/<;t1)>))

=1,...,[1/(2b)] t1=1+272,...2| Tyb|-1-2224,—— ,,

. (cos (s %o () os (s Ko ()|

1+6 ~
<C (|s + —|—|s|1) sup sup g ¢, — ug
k=1,...,|1/(2b)| ti=1+27...,2| Tyb|—1—2272

<O (I8t + Ish ) b (C.349)
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One obtains similarly to (C.236) by using (C.237) and Remark A.2 (ii):

2|Tyb|-1-272 ,  tht
ol K\ ey -] = | Kl s o C.350
lTbJ t1§2% ( lTile ( ! 0) (Z) z \/]Tb ( )

In conclusion, (C.347), (C.349), (C.350), (C.215) and Lemma 3.12 show for all s € R? (recall (C.348)):

o [9r] ——[91] 146 C
Bias Bias C’\f( Tt s ) + —=(1+|sh). C.351
T3 (8) — Biasy g, (s)] < sl + Ish x/E\/ﬁ( |s[1) (C.351)
One defines for all s € R? (note that the following expression results from (C.348) by replacing the
contained Riemann sum with the indices k£ € {1,...,[1/(2b)]}, which is based on the evolution points
ug, by an integral with respect to u € [, 111]):
@ Uy —4 0 22
Bias;g5 J K(2)%dz J Z Yr (t2) Cov (cos (<s,)?o (u)>) ,
sIL,y lTbJ W
o
cos <<s,)~(t2 (u)>>> du. (C.352)

It follows for all s € R, v, w € [0, 1] similarly to (C.349):

i |G (t2)] ‘COV (cos (<s, )Z'o (v)>) , COS (<s, X’Q (v)>))

to=—272

~Cov (cos ({s. %o (w))) .cos (s Xy )]

<C (Jslt* + Ish ) [o = wl,
such that Lemma B.2 (ii) yields for all s € R? (recall (C.348), (C.352) as well as Definition 3.8 (i)):

—— [9r]
BlaST§R4 BlasTéRB( )| <

<cvb <|s L6 4 |s|1> . (C.353)

Definition A.1 (iv) implies 24/b > 52 4/b > A € N. Moreover, Assumption 2.4 [DM.2], § € (0, 1] and
22— oo for T' — oo (which holds due to 2 > 72 as well as 7z — oo for T' — o0) yield Zﬁml A2 -0
for T" — o0. One obtains from shifting the index of a sum, I/ (22— t2) = 1 VI = 72—ty (with t3 € Z),
Tonelli’s theorem for infinite series together with A; > 0 VI € N (the latter follows from the fact that
(2.2) and (2.3) should hold according to Assumption 2.4 [DM.2]) as well as the above-shown statements
Vb= A eNand Y2 . NiI? — 0for T — oo:

—z2—-1 @ —1 1 —1 ] 1 -1 ]
$ Sacy Sal el S acl s S
ta=—00 [=—ty to=—00 = 72—ts _tz ”tQ:fooz—W,_tz R
Z 2 ey Al = 2 lAll—o( b) (C.354)
l 72+1 tg=—00 l 72+1

It holds for all s € R? due to (C.215), Lemma B.4 (vi) and (C.354):

lT;g Z |7 (t2) ‘Cov (cos (<s Xo( )>) , COS (<s,)z't2 (u)>)>‘du =o(1)|s]1, (C.355)
110

whereby the expression o(1) does not depend on s € R? Overall, (C.355) and similar arguments,
‘T\/B/ | 70| — 1/\/5‘ = o(1) (the latter follows from Assumption 2.8 [K&b.1] (ii)), (C.215) as well
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as Lemma 3.12 yield for all s € R9 (see (C.352) and (C.335)):

Biasy 5 (s) — Blasy g ()] = o(1) (1 + [shy). (C.356)

whereby the expression o(1) does not depend on s € R,

Lemma C.20 with R = R is an implication of (C.339), (C.344), (C.346), (C.351), (C.353), (C.356),
Assumption 3.1 [WEI.1] and Assumption 2.8 [K&Db.1] (ii). Similar arguments prove Lemma C.20 with
R=23. O

Corollary C.22. Suppose that the Assumptions 2.4 [DM.2], 3.1 [WEI.1] and 2.8 [K&b.1] hold. Then,
one obtains for T'— oo and all R € {R, 3} (recall (C.328) as well as (3.51)):

TVOE [T, | - Biasfii x| = o(1).

Proof. At first, note that the indicator function 1y, 4, |<,, in the double sum with respect to ¢; and t2

— [«
contained in Biasgpj;i L R.1 (8) (see (C.334)) can be omitted because the opposite condition [tz — t1] > 7
belongs to addends of this double sum that equal zero due to Definition A.1 (i). Hence, it holds for
Gr(x) := 1V x e Z (recall (C.328), (C.327) as well as (C.334)):

TVhE[TEL ] = Biasyp (s) w(s)ds VR e {®, 3}
Rd

and 9r(x) := 1V € Z obviously fulfils (C.215), such that Corollary C.22 follows from Lemma C.20
(note (C.335), (3.51) as well as (3.17)). ]

Lemma C.23. Let the Assumptions 2.4 [DM.2], 3.1 [WEL.1] and 2.8 [K&b.1] be fulfilled. Then, it
holds for T — o0 and all R1, Ry € {R, 3} (see (C.328) as well as (3.52)):

Cov (T\/l; T?JRM”, TVb TE]F{2%> O-ldlz)btil;RhRQ +o(1).

Proof. Throughout this proof, 7" is supposed to be large enough to ensure that (C.336) (recall (C.17)
as well as Definition A.1 (iv)) is fulfilled, which holds for sufficiently large 7" due to Remark A.2 (ii)
and Assumption 2.8 [K&b.1] (ii). In the following, Lemma C.23 with R; = $ and Ry = < will be
shown. Therefor, one defines for all s, s3 € R? (note (C.17), (C.80) and that X¢ := X — E[X] for each
random variable X with finite first moment):

T2b (ul o uO)Q [1/(2b)] 2|Tyb]—1—~22 N N N
TP — E [K7 n (t1, 1) K7 0 (B2, 51) KT o (23, 82)
|1/(20))* |T0]* & thotam]t 2 [

k
R (ba,52) | — B [Repn (01,50 R p (2, 1) | B[R g (83, 52) Kg (t4,52)] ) - €357)

6(\)-{77171 (81, 82) =

Let 1, % < {1,...,|1/(2b)]} and %1, %2 < {1,...,2|Tyb|} be arbitrary sets and R, Ra € {R, 3}.
Then, it holds (see (C.80) as well as Definition A.l (i) and recall that 1l is the abbreviated form of
stochastic independence):

X t, ) 1 (52 to, )
( Tk, Ra ( ! 81) k1€ ,t1€T1,51€R4 Tok2,Ro ( 2 82) ko€.#5 t2€To,50€RY
if HuleJ + 1t — ([quTJ + t2)| > 2 Vk1 €K, t1 €%, kg € g, tg € To. (C.358)

One obtains from (C.358) and (C.85) (see (C.328), (C.327), (C.80), Definition A.1 (i) as well as (C.357)):

Cov (T\f Tm TV )

1/(2b Tﬂb —1-7e

T (4 - ~ ~

E KT g, 5 (t1,51) KT p, 52 (B2, 81) K7, o (E3, 52)
b

ll/(2 kl,kz 1t1,..., t4 14272
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Ry (t4,52) | — B R, (b1, 50) R, m (1250 | B[RS, o (13, 52) R, o (Fa52) )
) 1{3 T1€{t1,t2},7’2€{t3,t4}: |luleJ—l_TubJ-‘r'l’l—(lquTJ—l_TubJ-‘rT'Q)|<7Z} w (Sl) dSl w (82) d82

= J Jéz;/qu (s1,82) W (s1) ds1 w(s2) dsa. (C.359)

R4 Rd
It follows for all s1, so € R from (C.358) (recall (C.357) and (C.80)):

é;‘/fT,l (s1,52)

T2b (ul . uO)Q [1/(20)] 2[Tyb|—1—22 N N
Iy p——y E | K7k (t1,81) K7 p o (23, 52)
|1/(20))* | T]* k21 tl,...,t;Hn[ ]

Vlle{tl,t3},l2€{t2,t4}:‘l17l2‘>72

E|Rypp (t20) R s (ta,) |
2| Tyb|—1—72

T2p (ul o L[())Q [1/(20)] N N
a2 1A E|KS kg (t1,51) Kf g o (L4, 52)
|1/(20))* | To]* & t1,...,;1+% [ ]

3[1€{t1,t3},lg€{t2,t4}:‘l1712‘<%
V01E{t1,t4},02€{t2,t3}:‘01 702‘>7Z

E [K%,k,é)% (t2,51) K p g (£, 82)]

T2 (84 — 81p)2 & Aut)-1-se, y g
e P > (& [Rasn 1,50 Reon (12,0 B[R 5,50
k=1 t1,..,ta=1+272

3l1€{t1,t3},lz€{t2,t4}:‘l1—l2|<7’&
301€{t1,t4},02€{t2,t3}:‘01—Oz‘é%
VTle{tl,t2},7’2€{t3,t4}:‘7‘1 7T2|>%

Ko (taso) | —E|Rypp (t1,50) R o (t2,50) | B[R g (3, 52) Ko (ta:3)|)

T2b (ul _ LLO)Q ll/(Qb)J QLTleJ_l_”

e (B|Reypm (11,0 R (t2,50) R (83, 52)
P’ 2 b

3[1€{t1,t3},lg€{t2,t4}:‘l17l2‘§%
301E{tl,t4},026{t2,t3}:‘01702‘§%
37’1€{t1,tz},rzE{tg,t;;}:‘Tj —7“2|<7Z

Reps (ta0) | — | Riypp (t1,0) R o (t2,50) | E| R o (83, 52) Rpg (ta,5) )

. (1{vple{1,,,,,4}ame{1,“.,4}\{p1}:|tp17tp2|<%} + I{Elple{l,...A}:|tp17tp2|>%Vp2€{1,...,4}\{p1}}>

=: Covr, (51,52) + Covr 12 (s1,52) + Covr g (s1,52) + Covra(s1,s2) . (C.360)

One observes that the condition 311 € {t1,t3},l2 € {t2,t4} : |l — l2] < z2contained in é?):/TJ’g (s1,52)
can be omitted because the opposite generates summands which equal zero due to (C.358) (see (C.80)).
Thus, it holds for all s1, so € R%:

éz;’T,L2 (s1,82) = éa’T,m (s1,82) - (C.361)
Obviously, one obtains for all s1, 55 € R%:
Covr s (s1,52) = 0. (C.362)

The condition 3p; € {1,...,4} : |tp, —tp,| > 22 V¥p2 € {1,...,4}\ {p1} belongs to summands
of Covr1 4 (s1,s2) which are zero due to (C.358) (recall (C.80)). All other conditions on t1, ta, t3,t4

together which are contained in 6?):/731’4 (s1,52) imply [tg, —tg,| < 322V q1,q2 € {1,...,4}. Thus, it
holds for all s1, so € R%:

‘COVT,1,4 (s1, 82)‘

C [1/(26)] 2| Tyb]

Sqmp 2 2 (B[R Rntn) Koo (a0 Kis (0,2
k=1 ti..ti=1
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+ B[Rt 50) R (t2,50) | B[R (ks 52) Ko (b1, 52)] D L i1 a0ty | <32}

(C.363)
Moreover, Lemma B.4 (viii) and (B.45) provide for all s1, 52 € R? (see (C.80)):
2| Tyb]
sup 3 [E[ R (tr0) R on (50 ||« B[RS (ta,52) R (t4, )|
k=1,...,[1/(2b)] t1,...,ta=1
. ]l{|tq1 —tgy| <372V q1,q2€{1,...,4} }
2|Tyb| 0 0 2|Tyb| 0 0 2|Tyb|
<c| ] PEETESY DIVAVIE T S T
to=1 t1=to+11l=t1—t2 t1=1 to=t1+11l=ta—t1 t1,t2=1
2| Ty b
sup Lyta—t1 <328 Ljta—t1/<3
1.2\ Tub] t37tz4::1 {|ts—t1]|<322} L{|ta—t1|<3 22}
< O|Tyb] # (|s1], +1). (C.364)

In conclusion, (C.363), arguments which are similar to those that show (C.94) and (C.364) imply for all
s1, 52 € R? (recall (C.17)):

—~ C 2
COVT7174 (81782)‘ < Tiylj (1 + |81|1 + |82|1) . (C.365)

It follows from (C.360), (C.361), (C.362), (C.365), Assumption 3.1 [WEI.1] and Remark A.2 (ii):

f f&?zm (s1,82) W (s1) ds1 w (s2) ds2 —J JQ&;T,M (s1,82) W (s1) dsy w(s2) dsa| = o(1).
R9 Rd R4 R4
(C.3606)

Further, define for all s1, s € R%:

2T2b (ul o L(O)Q [1/(2b)] [2|Tydb]—1-72

E|KS g (t1,51) K§ g (t3, 52)
[1/(20))* | T]* kz 2% [ ]

C;{’TQ (817 82) =

(C.367)

If the conditions 31y € {t1,t3},l2 € {to,t4} : |l1 —l2| < seand |t; — t3]| < s2zas well as |ty — 4] < 2
hold for some ¢1,...,ts € {1+ 2,...,2|Tyb] — 1 — 2}, one will obtain |t,, —t4,| < 322V q1,q2 €
{1,...,4}. Hence, it follows for all s1, 55 € R? from IE[I[N{CMgfe (r1,51) ]INGT,C% (r9, s2) ] = E[]T{CT’,C’%(H,
Sl)K%k,% (7'2, 32)]1{\T1*7‘2|<%} Vke {1, RN [1/(2())]}, r1,T92 € {1 + 72...,2 lTﬂbJ —1- 7?/} (which
holds due to (C.358) (see (C.80))) and by using arguments which are similar to those that provide (C.364)
(recall (C.367), (C.360) as well as (C.17)):

‘COVT,2 (51,52) —2Covr11 (51, 82)‘

o e 2\Tub)~1-7 . .
S T2 Z Z ‘E[K%kz,é}%(tlasl)K%,k,%(ti’nS?)”1{\t1—t3|<ﬂ} ‘E [K%,k,ére(t%sl)

k=1 t1,....,ta=1+272
3 lle{tl,t3},l2€{t2,t4}:‘l17l2‘§%

K7 o (ta, 82)] ‘ Lty t4)<29
C 7

T (|31|1 + |32|1 +1).

~
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Thus, Assumption 3.1 [WEIL.1] and Remark A.2 (ii) provide:

f fQé?;fT,l,l (s1,82) W (s1) ds1 w (s2) ds2 —J J@IT’Q (s1,82) W (s1) ds; w(s2) dsa| = o(1).
R4 R4 R4 R4
(C.368)

Define for all s, s2 € R? (see (C.80) and note that the following expression results from (C.367) by
manipulating the expression contained in the parenthesis):

272h (81 — $p)?

Covr s (s1,52) ==

[1/(2b))? | Tb]*
2
[1/(2b)] [2|Tub]—1-22 2
th — |Tyb ~ ~
- >, K (le“ (th — uo>) B[R (t151) Xg (83, 52)
k=1 t1ta=1+72 [ Tiib]
(C.369)
Obviously, it holds:
|22 —?| < |z —y| (2| + |y]) Vz,yeR (C.370)
and one obtains for all s1, s2 € R? from Lemma B.4 (viii) as well as (B.45) (recall (C.80)):
2| Tiyb|
swp 3 B[ Ko (50 K (1, 52) |
k=1,.., [1/(2b)J t1,t3=1
2| Tyb| 0 w0 2| Tyb| '] [e'e] 2|Tybd|
<C Z Z A |81|1 + Z Z JAY) |82|1 + Z 1{t1:t3}
t3=1 t1=t3+11=t1—t3 t1=1 ta=t1+11=t3—t; t1,t3=1
<C lTubJ (|81|1 + |82|1 + 1) . (C.371)

In conclusion, (C.358), (C.370), (C.371) and Assumption 2.8 [K&b.1] (i) provide for all s1,s2 € R4
(see (C.80) as well as (C.17)):

[1/@v)] | [21Tubl=1=72 ~ 2
> Y E[Riun(ts) R s 0)]
k=1 ti,t3=1+272
2
2[TubJ*1*7Z 2
t1 — |Tub N N
_ K(lluJ (ul—ﬂo)) E [, (11, 50) K6 (13, 92)|
t1,tz3=14+72 [TﬂbJ
[1/(2b)] 2|Tub)
t1 — |Tub] >‘ <t3—lTubJ > (tl—[TubJ )‘
< K (2w — sly)) | K (2 (1 — ) — K (g —
1;1 ty,t3=1 ( | Tuub] (th o) | T3.0] (th 0) | Tyb] (th — %)

R (11,50 Ko (3,52) || 1o 1512 C 170 (s, + 2], + 1)

bt L1/20)) 2{Tyt

| Tub] (111—&0)‘) 2 Z ‘E[X%k,m(thsl)ih,g(753782)”

k=1 t1,tz=1

< C’( sup

tl,tge{l,...,2|_TubJ}:|t1—t3|§7?/
| Tub] (Is1ly + [s2]; +1)
< CTr(|s1]y + |sal; +1)2. (C.372)

It follows from (C.372), Assumption 3.1 [WEIL.1], Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii)
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(recall (C.367) as well as (C.369)):

J f(f]?);f;r,g (s1,82) W (s1) ds1 w(s2) dsg — f J(EB;IT,;J, (s1,82) W(s1) ds1w(s2) dsa| = o(1).
d Rd R4 Rd
(C.373)

Further, one defines for all & € {1,...,[1/(20)|}, R € {®, 3}, 71,70 € {1,...,2|Tub|}, s € RY (see
(C.17)):

Yrrr (r1,79,5) =R {ei<s’X ewT]={Tub]+r1 (ﬁk’r2)>} (C.374)

and for all s1,s5 € R? (note that the following expression results from (C.369) by manipulating the
expression in the expectation and observe also that, in contrast to (C.369), the following expression
contains the indicator ]l{‘tl_t3|<”}):

Covr 4 (s1,52) ==

QTZb(ﬂl ) [1/(2())] QLTL(bJ_l_” tl_lTleJ B 2
e 2\, K( mb] ”0))

t1,t3=1+272

2
‘E |:§v§“7k;7% (tla 13, Sl) §’%7k7§ (t37 13, 52)] ' 1{|t1—t3|<7’&}> ) (C375)

whereby Uy, ,, € [Ho, 1] < [0, 1] (which is provided by (C.18)) ensures that §{T,k,R (r1,79,5) is well-
defined for all k € {1,...,]1/(2b)|}, R € {R, 3}, r1,m2 € {1,...,2|Tyb|}, s € R%

It follows for all s1, so € R? similarly to (C.371) by using Lemma B.4 (vi) instead of Lemma B.4 (viii)
(recall (C.80) and (C.374)):

2(Tyb]

sup 3 E[YTk?R(tl,td,Sl)YTk\y(tg,tg,SQ)” C|Td] (51, + |s2], +1). (C.376)
..... /2] 1, 7

Moreover, Lemma C.16 (i) with ¢ = 1 + ¢ together with Assumption 2.8 [K&b.1] (ii) and 1/6 > 1
(which holds due to ¢ € (0, 1]) provide for all s9 € R? (see (C.80), (C.374) as well as (C.17)):

sup sup HXCT,k,% (ts,s2) — Y7 o (23, t3, 82)H1+5 < (C.377)

— |5 .
k=1,...,|1/(2b)] t3=1,....2| Tud] Th [5211

One obtains for all s;, so € R? similarly to (C.377) and by using Remark 2.3 (recall (C.80), (C.374) as
well as (C.17)):

sup sup HX%},%% (t1,51) = Y7 p (t1, 13, 81)”

k=1,...,|1/(2b)] t1 ts€{l,... 2| Tub|}:|[t1 —ts|< 22 1+6
~ ~ C

< sup sup H (XT,k,éR (t1,s1) = Yo (t1, t1, 81))

k=1,...,|1/(2b)] t1=1,...,2| Tub| 146

~ ~ C

+ sup sup H (YT,k,m: (t1,t1,51) — Y7 p: (t1,13, 81))
k=1,...,|1/(2b)] t1,t3€{1,...,2| Tu(b|}:|t1 —t3| < 72 146

C Cre
< — |81]1 + —= |s1]7 - C.378

Tb| 1|1 T | 1|1 ( )

Overall, it follows for all s1, s9 € R? from (C.370), (C.371), (C.376), (C.378) and (C.377) (see (C.80) as
well as (C.374)):

[1/(20)]
2.

k=1

2

lTUb [T bJ 2 -~ N
( 5 (B ) B [ 0 B 00) l{tltm})

t1,tz3=1+72
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- < >, K (lTubJ (th —110)) E[Y?r,k,m (t1,t3,51) Y7o (t37t3»82)] 1{t1—t3|<n}>

ti,t3=1+72

. [1/(2b)] 2%?4 (‘E [(X%k% (t1,51) — §{%,k7§)? (tl,tg,sl)) §~§CT7;€,<3 (tg,sz)”

B[ Tm (s ta0) (R (5,52) = Forpa (tast,52)) || ) O 1701 (sl + Jsly +1)
1

< C11/(2b)] [Tib]? (C O

5+ G ) sy lsah) sl + sl + 1), €379

Since the expressions Lty —ts<29 contained on the left side of (C.379) can be omitted due to (C.358),
one obtains from Assumption 3.1 [WEIL.1], Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii) (recall
(C.369), (C.375) as well as (C.17)):

f J@(fﬂg (s1,82) W (s1) dsy w(s2) dsg — j JGR’TA (s1,82) W(s1) ds1w(s2) dsa| = o(1).
de Rd ]Rd
(C.380)

Define for all s1, 52 € R? (note that in contrast to (C.375), the next expression contains a sum with the
indices t; € {1 + 22z...,2|Tyb] — 1 — 222} instead of t; € {1 + 7,...,2|Tyb] — 1 — 22} and observe
that, as mentioned at the beginning of this proof, throughout this proof, 7' is supposed be large enough
to ensure that (C.336) holds):

Covrg (s1,82) = ( K ( (84 —110))
[1/(25 lTb kz=: t1=;:-272 t3=zl-:i-7’& | Tub]
2
-E [§%,k,% (tl,tg,sl)ﬁ?.l{%,k,g (tg,tg,Sg)] . l{tl—t3<ﬂ}> . (C381)

It follows for all s1, s9 € R? from (C.370) and (C.376) (whereby %’%is defined as in (C.345)):

[1/(20)]

2

|Tub]— 2 2
t Tyb ~ ~
< Z K( ! [leJu | (L —110)) E [Y%,k,gq (t1,t3,51) Y p o (t3,t3782)] 1{t1t3|<%}>

t1,t3=1+22

t Tyb ~ ~
—( > K( t i - w0)) B [T 050 T (10,00

t1=14+2272 tz=1+272 |~T bJ

2
' 1{t1t3|<7z}>

1/(2b 2| Tub|—
> Z Z ‘E [YCT,k,afe (t1,t3,51) Y7y (t37t3,82)” - C|Tyb] (|s1]y + [s2]; +1)
L hedro Itt;ftlﬁ\ziz

< CL1/(20)] 22 | Tubl (sly + [s2]; +1).
This provides by using Assumption 3.1 [WEI.1] and Remark A.2 (ii) (see (C.375), (C.381) as well as
(C.17)):

f f@(fTA (s1,82) W(s1) dsy w(s2) dsg — f J&{’Tﬁ (s1,82) W (s1) ds1w(s2) dsa| = o(1).
dRd Rd Rd
(C.382)

One defines for all s1, so € R? (recall Definition 3.8 (i) and note that the following expression results

178



from (C.381) by pulling one of the factors 1/ [Tbj2 inside one of the parentheses (without squaring it in
the parenthesis) and by manipulating the expression contained in this parenthesis):

()

2|_TubJ—1—27Z

COVT76 (81, 52) =

272 (81, — 3192 W@ [
[1/(26) 2 [Tb kz (lTbJ W

72 2
. ; Cov (cos <<31, X, (uk)>> ,sin (<52, )Z'tg (uk)>>) ) . (C.383)

It follows similarly to (C.224) (see (C.374)):

E [x?;m (b1, 83, 51) V5. (E3, 3, 52)] = Cov (cos (<51, X, (ak,t3)>) ,sin (<52, X, (ak7t3)>))
Ve {l,...,|1/(2D)[}, t1,t5 € {1,...,2|Tub]|}, 51,50 € RL (C.384)

As mentioned at the beginning of this proof, 7" is supposed be large enough to ensure that (C.336)
holds. Thus, one obtains {—z,...,24 < {1+ 22—1t1,....,2|Tyb|—1—2—t1} Vt1 € {1 +
272, ...,2|Tyb| — 1 — 222}. Hence, shifting the index of a sum, (C.384) and similar arguments provide
for all s1, so € R (recall (C.381)):

2
C\O(/Tg, (81, 82) = (ul - L[0))

2T2p (ﬂl _ L[())Q [1/(20)] 1 2|Tyb|-1-272 t — lTleJ
L1/ 20) P |70 w5 K (M

2|Tyb|—1—72—t;

lTbJ t1=14+272

k=1
t3=1+72—11

2
Cov (c0s (Cons Ko vensen)y) vsin (o Rewrn Gk )
[tsl<ze

T — )2 @ (g Al gy p
= e 2 2 K( [7ub] w““”)

72 2
30 Cov (oo (o Ko () s (o o (ﬂk,t3+t1>>>)>. €389

t3=—

| 7°0]

k=1 t1=14+272

Further, it follows for all s1, s5 € R similarly to (C.140):

0, Cov (cos (<51,)~(0 (u)>) ,sin <<52,)~(t3 (u)>))‘ <C’(|51|%+6+ |52|1+6+ |s1]; + |32|1).
(C.386)

sup
1y ooue(0,1)

The mean value theorem together with (C.386) implies for all sy, s2 € R? (see (C.17) and Definition 3.8
1):

sup sup f ‘COV (cos <<31, )Z'o (ﬂk,t3+t1)>> ,

k=1,...,|1/(2b)] t1=14272,....2| Tyb] - 12221, 57 ,,

sin (<52, )?t3 (ﬁk7t3+t1)>)) — Cov (cos <<31, Xo (uk)>> ,sin (<32, )?tg (uk)>))‘

Tub) +
< C%@ (Ist 1170+ Isalt "o+ sl + s, ) (C.387)

Lemma 3.12 shows for all s, s9 € R? (recall (C.17)):

sup sup i ‘COV (COS (<51, Xo (ak,t3+t1)>) ;8in (<82, )N(tg (ak,t3+t1)>>>‘

k=1,..,|1/(2b)] t1=1+27,...2| Tyb|-1-272¢,—_ 5,
S C(1+[s1]; +[s2]y) (C.388)
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and (see Definition 3.8 (i)):

7z

sup Z ‘Cov (cos (<51, Xo (uk)>> ,sin (<52, )~(t3 (uk)>)>‘ SO (1 4+ |s1]; + |s2]y) -

k=1, [1/(2b)] 1,2 5,
(C.389)

Overall, (C.385), (C.370), (C.387), (C.388), (C.389), Assumption 3.1 [WEI.1], Remark A.2 (ii) and
Assumption 2.8 [K&b.1] (ii) imply (note (C.383) as well as (C.17)):

f JGERIT;, (s1,52) W (s1) ds1 w(s2) dsg — J JGB?IT,(; (s1,52) W (s1) ds1 w(s2) dsa| = o(1).
d Rd Rd Rd
(C.390)

Further, one defines for all s, sy € R? (recall Definition 3.8 (i) and note that the following expres-
sion results from (C.383) by replacing 1/ |7b| Z?}gﬂg;Z%K ((t1 — |Tub]) / | Tub| (44 — to))* by

10y — 4
i K (2)? dz):

Ny 9 a2 ey gt to
Covry7 (s1,82) i= 2175 (th — %) 2 ( K(2)*dz

DEDHETE =W

72 2
53 i (con (G X)) s ((en S 0))) ) - ccom

t3=—

It follows from (C.370), (C.350), (C.389), Assumption 3.1 [WEI.1], Remark A.2 (ii) and Assumption
2.8 [K&b.1] (ii) (see (C.383) as well as (C.391)):

f JCK’T,G (s1,52) W (s1) ds1w (s2) dsa — f fé?)(ij (s1,52) W (s1) ds1w(s2) dsa| = o(1).
de Rd ]Rd
(C.392)

Furthermore, one defines for all s1, sy € R? (note that the following expression results from (C.391)
by replacing the contained Riemann sum with the indices k& € {1,...,[1/(2b)]}, which is based on the
evolution points ug, by an integral with respect to u € [Lly, £{;] and by manipulating the first factor):

s —4g 2
/CT)-\//T,S (81, 82) =4 (111 — LLD) J K(z)2 d
HUo—4Uy
Uy 2 )
. J ( 3 Cov (cos (<sl,)”(o (u)>) sin (<32,)?t3 (u)>)) ) du.  (C.393)
TN

It follows for all s1, s € R? from |27°2b/([1/(2b)] [Tb]* ) — 4] = o(1) (which holds due to Assumption
2.8 [K&b.1] (ii)) and (C.389) (recall (C.391)):

£ —tlo 2
65(@,7 (51,82) —4 (U — L) J K(2)*dz
Uog—Uy
o lyenl s N N 2
s ( 3 cov oo ((on o)) i (G52 % () )
= o(1) (1 + |s1]; + |s2];)?, (C.394)
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whereby the expression o(1) does not depend on s1, 55 € R%. Moreover, one obtains for all s1, s5 € RY,
v,w € [0, 1] due to (C.370), the mean value theorem together with (C.386) and Lemma 3.12:

(5 corfeos (o o) in (G ) )

ta=—2z2

£ omtolobmnyon( )

< C (Jsti 7+ 5o} sy +[sly ) (1 Isaly + [saly) Jo = w],

such that Lemma B.2 (ii) yields for all s1, 52 € R? (see Definition 3.8 (1)):

(= g Y@ R | N 2
Loty <2 o (oo (G ) in (G ) )

_i (ts:Z;”Cov (cos (<81,X0 (u)>) ,sin (<32,Xt3 (u)>)) ) du
< b (Jst[i o oo+ sy szl ) (U [sily o+ [sa]) (€.395)

Overall, (C.394), (C.395), Assumption 3.1 [WEI.1] and Assumption 2.8 [K&b.1] (ii) show (recall
(C.391) as well as (C.393)):

J JCB(IT; (s1,52) W (s1) ds1 w(s2) dsg — j JGB(’T,S (s1,52) W (s1) ds1 w(s2) dsa| = o(1).

d Rd Rd Rd
(C.396)

Further, one obtains for all s1,s2 € R? from (C.370), arguments which are similar to those that show
(C.239) as well as (C.240) and Lemma 3.12 (see (3.17)):

72 2
uiEJI,)l] T i, (U, 1, s9)% — (tgzz_:%(]ov (cos (<31, Xo (u)>) ,sin (<SQ, )Z'tB (u)>))>

<

~

s1ly + [s2ly) (1 + [s1]; + [s2];) - (C.397)

— (
7e
It holds 2 — oo due to 22 — oo for T" — oo (recall Definition A.1 (iv)). This and Assumption
3.1 [WEIL.1] provide (note (C.393) as well as (3.52)):

J fé;{fﬂg (s1,82) W(s1) dsy w(s2) dsg — Jﬁéﬁifm,g = o(1). (C.398)
d Rd
Lemma C.23 with R; = R and Ry = $is an implication of (C.359), (C.366), (C.368), (C.373), (C.380),

(C.382), (C.390), (C.392), (C.396) and (C.398). The other versions of Lemma C.23 (with other choices
of R and Ry) follow similarly. O

Lemma C.24. Suppose that the Assumptions 2.4 [DM.2], 3.1 [WEIL.1] and 2.8 |K&b.1] hold. Then,
one obtains for T'— oo and all R € {R, 3} (see (C.328), (3.51) as well as (C.80)):

E [(T\/E T, ,, — Biasfir o - §T1R)2] = o(1) (C.399)
and:
Var (70 (T8, + T8, ) ) = Var (87)| = o(). (C.400)
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Proof. Throughout this proof, T should be large enough to ensure (recall (C.17) as well as Definition
A.l (iv)):

2| Tub| — 972> 272+ 2, (C.401)

which holds for sufficiently large 7" due to Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii).

In the following, (C.399) with R = R will be shown.
It holds E [grﬂm] = ( due to (C.84) (see (C.80)), such that Corollary C.22 with R, = R provides:

‘E [Tﬁ T, ,, — Blasiilr o — §T,§R” = o(1). (C.402)

One obtains fromi;nk,gq (t,j) = iﬂk’gfe (7, t) (recall (C.80)) forall k € {1,...,|1/(20)]},t,5 € {1,...,2
| Tyb|} (see (C.328), (C.327) as well as (C.80)):

™o ih 1/(22:(; [TubZ]

TVo T — T g (t, )
Tk [1/(20)] P RS o )
1/(2b)| 2|Tyb|—1—272

t=1+272

[1/(20)] lTbJ2 P
| 2|Tyb]—1—22 t—1

1
9TVb (4 — /(20) ~ .
+ Ir ke (t,7), (C.403)
11/(2b)] lTbJ kZl Z% Z%“

such that (note (C.80)):

NVEOEEURES
A ~ TVh (U —
TVETEL  _§p = 1YL= %0)
TRz ST 00)] [Tbj kzl HZ;%

N 2T\[(111 [1/(2b 972+1 t—1

Z D1 Trew (t,4)

[1/(2leTbJ k=1 t=2+72j=1+72
1/(2b 2|Tybl—1—272 t—1
2T by
L 2TVb(Eh —

Z Z Z Tz (t.5)

ll/(QleTbJ P R pAT S 99
1/(2b 2Tybl-1-72 242

2TVb (U — |
' tl/(%nm D YD WD Y AN TR)

k=1 t=972+2 j=1+272

]IT,]{:,§R (t) t)

= RT’l + RT72 + RT73 + RT74. (C.404)

All random variables X and Y, which live on the same probability space and own finite second moments,
fulfil:

|Cov (X,Y)| < 4/Var(X)Var(Y) < Var(X) + Var(Y). (C.405)

Moreover, (C.358), (C.85), Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii) yield (recall (C.404),
(C.80) as well as Definition A.1 (i)):

Var(RT,l)
o /@D ATl 1-7
<Sq o D |Cov (Trem () Tr e (02:82)) | s et (g ) )| <9
k1,ko=1 t1,to=14+272
C [1/(2b)] 2|Tyb]—1—22

T2b 2 Z 1{|t1*t2|<%}

k1,ko=1 t1,to=14+272
k1=kso

= o(1). (C.4006)
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Further, (C.401) provides 2 | Tyb| —1—22> 922+1, such that {147, ..., 9241} S {1+2,...,2|Tyb|—
1 — 72}. Thus, (C.358), (C.85), Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii) imply (see (C.404),
(C.80) as well as Definition A.1 (i)):

[1/(2b)]  97et+1

Var (Rr2) < Z Z Z ‘COV (ﬁT,kl,ﬂ% (t1,51) I ko 2 (b;jz))‘
k1,k2 1t1,te=2+7251,jo=1+72
' ]l{aole{tl,ﬁ},026{1:2,]-2}4[uleJ+ol_([uk2TJ+oz)|<%}
C [1/(20)]  972+1

e I S Y

k1,ka=11t1,t2=2+272j1,jo=1+72
k1=k2

— o(1). (C.407)

Ifti,t9 € {97@+2,...,2ng[)] —1- %},jl € {tl —T22...,11 —1},j2 € {tg—?%,...,tg—l} and
Jo1 € {t1,J1},02 € {t2,j2} : |01 — 02| < 7, it will hold for all p1, p2 € {t1,j1,12, j2} that [p1 — pa| <
1572 Hence, one obtains from (C.358), (C.85), (C.85), arguments which are similar to those that show
(C.94) and (C.364), Assumption 3.1 [WEI.1], Remark A.2 (ii) as well as Assumption 2.8 [K&b.1] (ii)
(recall (C.404), (C.80), Definition A.1 (i) and (C.17)):

1/(2b T‘lb —1—-7z t;1-1 to—1

Var (Rr3) < Z Z Z Z ‘COVOITIQ (t1, 1) s 7k 2 (t27j2))‘

k’l,kg 1 t1,t20=9272+2 j1=t1—T72jo=1l2—T72

1{3ole{tl,jl},oze{tz,h}:|[uleJ+ol_([uk2TJ+O2)|<%}
o en 2

< ﬁ Z Z ‘E I:T[lT,kq,?R (tlajl)ﬁT,kz,% (t25]2)]‘

k1,ka=111,t2,j1,j2=1
k1=kso

+ ‘E [ﬁT,kl,% (tlajl)] E [ﬁT,kQ,éR (t27j2)] D “ Ly py poefts jistaro):lpr—p2|<1572)
= o(1). (C.408)

It follows from (C.358), (C.85), arguments which are similar to those that show (C.371), Assumption
3.1 [WEI.1], Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii) (see (C.404), (C.80), Definition A.1 (i)
as well as (C.17)):

R R N
E[R%,4]<T72b Z Z 2 ‘E[HT,kl,%(tlajl)HT,kg,ﬂ%(t27j2)”

k1,ka=1 t1,t2=922+2 j1,jo=14+72
[1/(2b)] 2|Tub]—1— 72

272
Tgb > > > JJ‘E KTklm(tlasl)]E [KTkl (31,81)”

k1,ka=1 t1,t2=972+2 j1,jo=1+7¢ >, ~,
k1#k2 RR

. ‘E [K% ko, R (tg, 82)] E [K% ko, R (jQ, 59 ” )% 81) d81 )% (52) d82
[1/(2b)] 2| Tib]—

sz J f 2 ‘E [KTkléR tlysl)KTRQ%(tg,SQ)”
k}iv’% lpd ga t1t2= 972+2
1=k
272

> ‘E [K%,kl,% (j1,51) KG 4, 3 (J'2,82)” w (s1) dsiw (s2) dsa

J1,j2=1472
= o(1). (C.409)

Since Blas%‘i}g LR is deterministic (note (3.51) as well as (3.17)), one obtains from (C.404), (C.405),

(C.406), (C.407), (C.408) and (C.409):

Var (T\/B:[J‘;]R%—Biasdfﬂah% Sm) C (Var (Ry,;) + Var (Ry2) + Var (Ry.3) + Var (Ry.4))
= o(1). (C.410)



In conclusion, (C.399) with R = R is an implication of (C.402) and (C.410). Moreover, (C.399) with
R = S can be proved similarly.

Next, (C.400) will be shown.

One obtains for all R € {R, 3} due to E[X2] = (E[X])* + Var(X) (which holds for each random
variable X with finite second moments), Corollary C.22, the fact that BiasdTijfa LR 1S deterministic,
Lemma C.23 with R; = Ry = R, Lemma 3.12 and Assumption 3.1 [WEI.1] (the latter two show

Ugli)s,t;:R,R < C (recall (3.52) as well as (3.17))):

A~ . 2 .
E [(T\/B L - BiasdT‘,SJ;YhR) ] = o(1) + oS, L < C. (CALL)

0,1,

In addition, (C.25) with M = 2, (C.399) and (C.411) imply for all R € {R, 3}:

E|8}r|<2E [(gm — (1oL, - Bias%ﬁg’hR))z] +2F [(T\/E T .- BiasdTi,SL'{g_’hR)Q]
<C. (C412)

Moreover, it holds for all random variables X1, X2, Y7, Y5, which live on the same probability space
and own finite second moments, that |Cov (X1, X2) — Cov (Y1, Y32)| = |Cov (X7 — Y1, X3) + Cov(Y7,
Xo —Y9)| < C| X1 — Y|, | X2, + C Y1, | X2 — Ya|,. Hence, (C.399), (C.411) and (C.412) show
for all Ry, Rg € {R, S}:

Cov (T\@ Pﬁ‘?,]Rl,% — Biascqi{sif;th , TV TE,]R%% — Bias&i{sifg’th) — Cov (gT,Rl , §T7R2> ‘ =o(1).
(C.413)

This provides (see (C.80), in particular, gT = §T,§R + gT’g)i

‘Var (T\/l; TE,{"’%%— Bias%ﬁ;h% +TVHTEL BiasdTij}(r)’h%) — Var <§T)‘ = o(1),

T,3, 72
which implies (C.400) because Biasf}li’f; L5 and BiasdT‘itlg | are deterministic. O

Lemma C.25. Suppose that the Assumptions 2.4 [DM.2] and 3.15 [W™] (whereby the latter includes
Assumption 2.8 |[K&b.1] (ii)) are fulfilled.

(i) One obtains for all T € N (recall Definition A.1 (iv) as well as (v) and Assumption 3.15 [W*] (i)):
1+ 72< 23 <C(fIn(e+Tb) + ») $0(\/ZITb) In(e+T0).

(ii) It holds for all T' € N (see Definition A.1 (i)):

C

wr - Wi < =.
sup |W; hem

teZ A7}

Proof. (i) Assumption 3.15 [W*] (i) (in particular, 5 > 0), e+Tb > e (that follows from Assumption
2.8 [K&b.1] (ii)), In (px) < O (which holds according to Assumption 3.15 [W*] (iv)), 53,{11‘1’) >
e (recall Definition A.1 (iii)) and Definition A.1 (v) show the first inequality of Lemma C.25
(i). Moreover, the Assumptions 3.15 [W*] (i) and 2.8 [K&b.1] (ii) provide SV 3/(e + Tb) =

o(1), such that In (p,) < 0,In(e +70) > 0 and 1 < CB1n (e + T'b), whereby the latter holds due
to Assumption 3.15 [W*] (i), yield (see Definition A.1 (v) as well as (iv)):

vg < L (CCl(e+TH) +1+ < C(Blnle+Th) + ),

In (p.)

which implies the second inequality of Lemma C.25 (i). Furthermore, Assumption 3.15 [W*] (i),
that ensures 3 = O(\/ﬁ'\ /1/ b), Remark A.2 (ii) and In(e + 7'b) > 1 show the last inequality of
Lemma C.25 (i).
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(ii) It follows from Definition A.1 (v) that p:%/’g = elmlpx)72s/B < = In(etTh)—In( S8 =
C/(Tbp). Thus, Lemma C.25 (ii) can be proved similarly to Lemma C.8 (iii).
OJ

Lemma C.26. Let the Assumptions 2.4 [DM.2], 3.1 [WEIL.1], 2.8[K&b.1] and 3.15[W*] be ful-
filled. Moreover; define for all k € {1,...,|1/(2b)|}, s € R? (recall that $4y1 = [thy, L] according to
Definition 3.3 (i) and see Definition A.1 (v) as well as (i), (C.17) and Definition 3.8 (i)):

6’;’&[3 (uk7 S) = 8\5;,11071,72[3 (Uk, 8)

QlTubJ—l—ﬂﬁ C
. t - [TubJ i 37X u —| T t *k
“m " ([TubJ tt = 10) (e W g
t—l-‘r%ﬁ
(C414)
and for all R € {R, 3}:
[1/(2b)]
~ ~ U — U s 2
T%]R*,%B = THLM R, 725 ° [11/(21))(]) Z R{ga% (uk,s)} w(s)ds. (C.415)
k=1
R4
Then, it holds for T' — oo (recall (3.56)):
~ ~[1]* 1]+
TVOE | [Dh e — (T0h ., + 105, )|] = o).
Remark C.27. Since (C.52) ensures that 952@5 (ug, s) just takes Xy witht € {1,...,T} into account,

Phus (i, s) is well-defined for all k € {1,...,[1/(2b)[}, s € R4,

Proof of Lemma C.26. Throughout this proof, T" should be large enough to ensure (see (C.17) and Defi-
nition A.1 (v)):

2|Tub] — 1 — 25 = 1 + 7, (C.416)

which holds for sufficiently large 7" due to Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii). At first,
it follows for all s € R? similarly to (C.256) (recall (C.253)) by using (C.25) with M = 4 and the
Assumptions 3.15 [W*] (i) as well as 2.8 [K&b.1] (ii) (note (C.251) and that X¢ := X — E[X] for each
random variable X with finite first moment):

2

T\[ sup

1,..,]1/(2b)]

2
p 1 116, 1 1+6 1
< _ | —
< CTVb (\/; JTh |s]1 +1+ (b +Tb <|S +1)+b|8|1+T|5|1

o (Th?
<C ( (Tbé” ), o(l/b)b3/2> (|s|§+2‘S + 1)

— 0 (\f) <|s 2426 4 1) , (C.417)

2 o (= o ) R{CT = b )} W2 =R (B (.9}

whereby the expressions o(Tb%), o(1/b) as well as o(+v/b) do not depend on s € R%. Moreover, one
defines for all k € {1,...,[1/(2b)]}, s € R? (recall that g 1 = [Llg, Ll ] according to Definition 3.3 (i)
and Definition 3.8 (i) as well as (C.17)):

S\é* (uk’ S) = g\é;ﬂo 1 (uk‘78)
2| Tub) )
Tyb i 8,X . N
lTbJ 2 ( lTlubLI | (th —110)> <€< Lt ek T>) Wiwr)- izl (CA18)

Since p* (see (C.251)) as well as p* are defined similarly to ¢ and ¢ (recall Definition 2.11 as well as
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(C.200)), respectively, it follows for all s € R¢ analogously to (C.199), (C.201) and (C.202) by using the
Assumptions 3.15 [W*] (iii) as well as 2.8 [K&b.1] (ii):

Vb sup E[?R{@* (ug, s) — &* (uk,s)}] <TVb —o(\/é), (C.419)

T2b2

whereby the expression o(\[b) does not depend on s € R?. Furthermore, one defines for all k €
{1,...,|Tubl]}, s € RY (see Definition A.1 (v) as well as (i), Definition 3.8 (i) and (C.17)):

S\éﬂ;?/ﬁ,-‘r (Uk, S) = 9\5’?,3071,7@5,4* (Uk-, 8)
2|Tyb| c
1 lTﬂbJ D (T
= @Z K ( L] M —u0)> <e< e WJ”’T>) Wl -1, 025)-
t=1
(C.420)

Assumption 3.15 [W*] (ii), Lemma C.25 (ii) and Assumption 2.8 [K&b.1] (ii) provide for all s € R?
(recall (C.418), (C.420) as well as (C.17)):

>
Vb su E[?R o (ug, s) — @ ug, S ]
ket L/(2B) {SD (ks 8) = Poag 4 (W )}

T b
\ . — |Tub] c
STV k=1,.§.1,l[£)/(2b (lTbJ 2, K ( | Tib] (s - u0)>HCOS (o Xpuery-pragar )l

2
Wy o - lekT“T“bJ”’{%}L)
) (C421)

whereby the expression o(\/g) does not depend on s € RY.
Further, one observes for all 1, zo = 0:

(z1 +22)° < C (2% +23) . (C.422)

It follows for all s € R? and for T2 = {1, 7228} U{2|Tub| — 2, ...,2|Tyb]} from (C.25) with
M = 2, Assumption 2.8 [K&b.1] (i) (which ensures K (— (4 — £hy)) = K (&1 — o)) = 0 and
that K is Lipschitz continuous on ]R), Lemma B.4 (v), (B.45), the second inequality of Lemma C.25 (i)
together with (C.422), Assumption 3.15[W™] (i), Remark A.2 (ii) as well as Assumption 2.8 [K&b.1]
(i1) (see (C.420), (C.414) and (C.17)):

2
TVb sup E[?R vy ug, ) — @5, (ug, s ]
. {%,m 008) = o, (h9)}

Ef’\be - 1,81,1[1/(2b)J L (‘K (lﬂlﬁdﬂ (th _L[O)> K Ggﬁjﬂ th _uO))‘

e ) o (e ) )

- |Cov (cos ({8, Xjur)= 1 +t1,1) > €08 ({83 X|up )= |Tub|+2,7))) |

‘E[ UkTJ [TubJ+t17{7@B}W[UkTJ lTubJ+t27{%B}]

Tvb S ty — [Tub] Tyb)|
2[TbJ k= 1 1/(2b)J e QLZT;be » (‘K ([TubJ (84 —ilo)) - K QTubJ (U — Llo))‘

ot ) - (2 ) )

- |Cov (cos ({8, X|ur)—1b|+t:.7)) > €08 ({85 Xju, 1| |Tub|+,7)) )|
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‘E[ “kTJ [THbJ“‘tlv{”ﬁ}W[ukTJ [TubJ-i-tz{??/ﬂ}”

o 0 © O
<C;7;l:2[[T%ZJ DI I IP-VIE D DD SR DPAVIE P DS S

tzeﬂT, 225 t1=to+1l=t1—to tleﬂT, 225 to=t1+11l=to—t; tl,tgef;n 723
CTVb o (TH?TH ) In (e + Th)? + 73
< CTvbo TV,  nle £ TO + 27 1 41y
1°b | T3b|
— o (VB) (sl +1). (C.423)

whereby the expression o(\/g) does not depend on s € R?. In conclusion, (C.417), (C.419), (C.421) and
(C.423) as well as similar arguments imply:

2

Vb sup K(—u) ei<5’Xt7T>—Au,s Wi — g%, (ug,s
k=1,. [1/21)) 2 b F ( P (uk )> £ Pl (U )

(xf ) (| 2720 1 ) (C.424)

whereby the expression 0(\/5) does not depend on s € R?. Further, one obtains for all s € R% from As-
sumption 3.15 [W*] (ii) and (iii) (the latter shows sup;z, |W; iy 7@5}H2 [W5 |, < C (recall Definition

Al (i))), Lemma B.4 (v) as well as (B.45) (see (C.414) and (C.17)):

2
TV sup E “aﬁ* U, S ‘ ]
. 725 (Uk, 5)

—1,.[1/(20)]
T\/B 2|Tyb] . .
SO e 2 o, tl; l(\E [cos (<5, X, ri—{muptn. 7)) €08 ((8 X ri—my=2,7)) ]

B [sin (G5, Xy iz 10070) 50 ((5 Xy magrn) ]| )

B[ Wi st ey Wik =ttt |

Vb 2|Tyb] w0 2|Tyd] 2|Tyb)
<C Th 2 Z Z Al|8|1 + 2 2 2 Al|8|1 + 2 ]l{tlztg}
[ J to=1 ti=to+11l=t1—t2 t1=1 to=t1+11l=to—t1 t1,t2=1
C
< — (s +1). C.425

Overall, (C.315) with f (ug, s) == 1/T 37| Kp (& — ug) (X5X41) = 3 (uy,, s) YW and g (ug, ) =
oo (uk, s) Ve {1,... [1/(20)]}, s € RY, (C.424), (C.425) as well as Assumption 3.1 [WEI.1] show
Lemma C.26 (note (3.56) and (C.415)). ]

Lemma C.28. Suppose that the Assumptions 2.4 [DM.2], 3.1 [WEIL.1], 2.8 [K&b.1] and 3.15[W*]
hold. Moreover, define for all k € {1,...,|1/(2b)]}, s € R? (recall that $4o1 = [0, 4] according to
Definition 3.3 (i) and the Definitions A.1 (i), (iv), (v), 3.8 (i) as well as (C.17)):

Ponras Uks 8) = OT 441 72,225 (ks )

|Tub]—1—723 . ¢
1 t— | Tyb| i 8, X, 7 i,
= 2 K ( L] M _L‘O)) <€< -t “)>) W) Tt} 4 (25}

t=1+723 7z
(C.4206)
and for all R € {R, 3}:
1/(2b
~ ~ u 2
., = TEFLMR%%B 1 Z R{¢% ., (uns)} wis)ds.  (€42D)

k=1
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Then, it holds for T' — oo (see (C.415)):
~ AT A~ 2
[[rvh (R85, + T05, — (325, + 725, ] = )

Remark C.29. Since iy, € [Up, 4] S [0,1]VEke {1,...,|1/(20)]}, t € {1,...,2|Tyb|} (which holds
according to (C.18)), ¢5; ,,. (ug, s) is well-defined for all k € {1,...,|1/(2b)]}, s € RY.

Proof of Lemma C.28. Throughout this proof, 7' should be large enough to ensure that (C.416) is ful-
filled, which holds for sufficiently large 7" due to Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii). At
first, one observes (note (C.415), (C.414), (C.101), (C.427), (C.426), (C.108) as well as (C.80)):

[1/(2b)] 2| Tub|—1— 725

TV Tl M L% 5 (t,5) and

T?ﬁ‘:m |1/(20)] [Tbj k=1 tj=1+72

_ T — ) P

TOILR oy = 12 [0 T e (8.4) - (C.428)

k=1  tj=14725
Moreover, (C.105), (C.114) and (C.116) imply (see Definition A.1 (i)):

[1/(2b)]  2|Tub]—1—725
Z , Z ‘E [Wlum TJ_[TubJ-s-th{%E}WlumTJ_lTuijl»{”B}Wl“szJ_[TuthQ’{”ﬁ}
k1,ka=111,71,t2,j2=142723
*
W[quTJf[TubJ +jz,{%za}] ‘
[1/(2b)] 7 2|Tub]—1—223
< < . E [ luquJ [Tub] +t1:{”B}Wlu’flijlT“ijl’{%B}]‘
ki=1 t17]1:1+7@6
[1/(2b)] 2|Tb|—1— 725

> X E [WFUkQTJ*lTubJHz,{%B}W[kuszJflTubJﬂ'z:{%ﬂ}] | >

ko=1 t2aj2=1+77/ﬁ
ko#k1

[1/(2b)] 2| Tubl—1— 725

&
+ Z ) Z ‘E [WluleJ*[TubJthl,{%g} luleJ Tub +]1,{7@5}WluszjflTL[bjﬁ*to{?Zﬁ}
ké7k2;l t1,51,t2,j2=1+723
1=R2

[*“kgTJ—[TubJ +j2,{”ﬁ}] ‘
< C|1/(20)]? [Tub]? 5% + C [1/(2b)] ([Tubj A + | Tub)? 62> . (C.429)
Overall, (C.428), Assumption 3.15 [W*] (ii), (C.429), (C.113) with ¢ = 2, Assumption 3.15 [W*] (i)

(the latter ensures 32 = o (Tb*1/b)), Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii) show (recall
(C.101), (C.108) as well as (C.17)):

[(T\/Tm% —T\f’H‘T%%%B)Q]

* * *
s T2 Z ‘ Z ‘E [WluklTJ_lTubJ+t1,{%}Wluth_lTubJ-i-jh{%}WlubTJ_lTuthQ’{m}
k1,ko=1t1,j1,t2,jo=1+ 223

WrquTJ*[TubJHz,{”B}] ‘
: ‘E [(HT,kl,gca (t1, 1) = Irg, (t1,j1)) (HT,I@,% (t2,j2) — 1y 2 (tzajz))”
C

< g (L/@OP 1Tl 57 + [1/(20)] (7] o4 + (Tt 5°)) (\;T)

2 3 ) 1

— o(1). (C.430)
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Lemma C.28 follows from (C.25) with M = 2, (C.430) and arguments which are similar to those that
prove (C.430) (see (C.415) as well as (C.427)). ]

Lemma C.30. Let the Assumptions 2.4 [DM.2], 3.1 [WEIL.1], 2.8[K&b.1] and 3.15[W*] be ful-
filled. Then, one obtains for T'— oo and all R € {R, 3} (recall (C.427) as well as (3.57)):

E[TvoERY ., | - Biasfi’ | = o).

Proof. Throughout this proof, T' should be large enough to ensure (see Definition A.1 (v) and (iv) as
well as (C.17)):

72521+ 7 and 2 | T3] — 22— 228 Z 72+ 723, (C431

which holds for sufficiently large 7" due to Lemma C.25 (i) as well as Assumption 2.8 [K&b.1] (ii). In
the following, Lemma C.30 with R = R will be proved. Therefor, one defines for all s € R? (recall
(C.17), the Definitions A.1 (v), (i) as well as (iv), 3.15 [W*] (iii) and 3.8 (1)):

)| 2| Tub|—1— 725

—~ % T\/> ﬂl 12 « [T1—t2 i1 — lTﬂbJ
Bias; g(s) := m kZ::l t17t2§+”ﬂ K < 3 )K< [Tub| (5.11—110))

K (tQ[_T;EZJubJ (U — ilg)) Cov (COS (<s, )?l_ukTJ—l_TLLbJ"Ftl (ﬁktl)>> L
cos (s, Rpuyr-pragens (i) )) ) (C.432)

It follows from (C.358) (see (C.80)), Assumption 3.15 [W*] (ii) as well as (iii), (C.112), Lemma C.25
(ii), Assumption 3.1 [WEI.1], Remark A.2 (ii) and Assumption 2.8 [K&b.1] (ii) (note (C.427), (C.426)
as well as (C.432)):

[Tf TT?R %%g] - BT&JST,ER(S) W(S) ds

Rd

[1/(2b)] 2|Tsib]—1— 723
L 2 Z K (tl[_lTubJ (L —ﬂo)) K <tQ[_lTL‘bJ (th _uw)

<

Tvb k=1 t1,ta=1+72g Tb| Tyb|

[t1—t2|< 72
. J ‘COV (COS <<3, )?[ukTJ*[TubJthl (ﬂk,t1)>) 2 COos <<3, )?[UkTJ*[TubJthz (ﬂk,t2)>) %)‘ W(S) ds
R4
.tlsggz " [lekTJ*lTubJHL{%}WlikTJflTume,{%B}] —E [W[ZkTJf[TumeW[ZkTJf[TubJHz]
C

< ——=|1/(2b)| |Tyb

7 /D] [T -
= olb). (C.433)

One defines the sets %ﬂﬂﬁ = {(t1,t2) € N? : t1,tp € {1+ 2....2|Tyb] — 1 — 2} A
|t1 — t2| <7Z} \ {tl,tg), e N2 . ti,tg € {1 + %,...,QLTHZ)J -1 - %g} A |t1 — t2|

2} as well as <7+7M% {1+ 22,...,208 + 22} U {2|Tyb| — 228 — 22,...,2|Tyb| =1 — 22}. Tt
holds [Cov (cos (¢, Xju, 7 (mof+es (k1)) 5, €08 ((8, Xpur o) o (Tkia) ) )| = 0 for all k €
{1,...,]11/(2b)|}, t1,t2 € {1,...,2|Tyb|} with |t; — ta] > 72(see Definition A.1 (i)). Thus, one obtains
for 9r(z) == K*(x/B) Yz € Z from Assumption 3.15 [W*] (iil), I7, 55,5, S ﬂTJr””B X 9+””B
(which follows from (C.431)), Lemma B.4 (viii), Assumption 3.1 [WEIL.1], (B.45), the second inequal-
ity of Lemma C.25 (i), Assumption 3.15 [W*] (i), Remark A.2 (ii), (C.119) with p = 2 (the latter yields
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VbIn(e 4+ Th) = 0(1)) and Assumption 2.8 [K&b.1] (ii) (recall (C.334) as well as (C.432)):

—~—

f ‘BlaST% — Biasy p(s)| w(s)ds

o e

Z ‘K* <t1 t2>‘ f ‘Cov cos <<S’X[ukTJ_lTubJ+t1 (ﬂk7t1)>) n

k=1 (t1, t2)€7T 22,225

Cos (<57)?[ukTJf[TubJ+t2 (ﬁkt2)>) 7)‘ w(s)ds

C |.1/(2b o8] o0 o0 [¢'e}
YT R YD VA WD W N L I
26T gy gy WIS T2 e T, L, BENTNIST e T,
C
< 7 l/ew) (o (T8%) In (e + T8) + 0 (VT0))

— o(1). (C.434)
Lemma C.30 with R = R follows from (C.433), (C.434) and Lemma C.20 with ¥ (x) = K*(z/p)

Vx € Z (see (C.335) as well as (3.57)), whereby Z 5 = — K*(x/f) fulfils (C.215) due to Assumption
3.15[W*] (iii). Lemma C.30 with R = < can be proved similarly. O

Lemma C.31. Suppose that the Assumptions 2.4 [DM.2], 3.1 [WEIL.1], 2.8 [K&b.1] and 3.15[W*]
hold. Then, one obtains for'I' — oo (recall (C.415), (3.57) as well as (C.101)):

[(T\f (7% ,,, + T4, ) Biastiis - S:;)Q] = o(1).

Proof. Throughout this proof, T should be large enough to ensure (see (C.17) as well as Definition A.1
(v)):

2|Tyb| — 9228 = 2228 + 2, (C.435)

which holds for sufficiently large 7" due to Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii).
At first, one observes that (C.25) with M = 5 provides (recall (C.415), (3.57), (C.101) and (C.108)):

[(Tf (30, + 20 ) - Biastit - S;)Q]
< 5B {[1v5 (25, + 215 0~ (W~ T )
+5E [(T\f s .., — Biasiir o S;mﬂ +5E [(Sm . S;mﬂ
+5E [(T\f s ., — Biasii: o §;g)2] +5E [(é;% - S;g)Q] . (C.436)
In the following, it is shown (see (C.427), (3.57) and (C.108)):

. ~ 2
[(Txf Ty ., — Biasii: o - S;%) ] = o). (C.437)

One obtains E[N;%] = 0 due to Assumption 3.15 [W*] (ii) as well as (iii) (recall (C.108), (C.80) and
Definition A.1 (i)), such that Lemma C.30 with R = R provides:

E[TVOERE , ,, - Biasfir® 5 — Sin|| = 0(1). (C438)
The first equation of (C.403) as well as (C.428) yield that T’ Vb Tg]ﬁ ,, and v ﬁ‘g]g’ 20,725 OWI similar

representations. Moreover, §T7§R (see (C.80)) and §;% (recall (C.108)) are defined very similarly. Thus,
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one obtains from I[Tk w(tJ) = ﬁ;kﬁ (j,t) forall k e {1,...,[1/(2b)]}, t,7 € {1,...,2|Tub]} (see
(C.108) as well as (C. 80)) analogously to the second equation of (C.403) and to (C.404):

[1/(2b)] 2|Tub] —1- 725
TVERE g, = TVRE ) TS

i ¢t
T§R7z7@5 TR = 11/(20)] [T0]2 T,k,éﬁ( )

k=1 t=1+2723

QT\/* Lll [1/(21))] 9725+1 t—1
]I t
ll/(%JlTbJ 'Y Y S Tuatd

k=1 t=2+725 j=1+223

[1/(2b)] 2|Tub|—1—228  ¢—1

2T/b (841 — $lp) . |
CHRNDE B ., A, Tt

2T/b (4 — o) [1/(20)] 2|Tub| =1~ 225 2725 N |
|1/(2b)] | Tb] ,;1 2 PIRREENC)

t=9725+2 j=1+7e5

= Ry, + Ry + Rp5+ Ry (C.439)

It follows for all k1, ke € {1,...,]|1/(2b)]}, t1,71 € {1,...,2 [Tubj} from Assumption 3.15[W*] (i),
(C.112), Assumption 3.15 [W ] (iii) (the latter yields supey, |W; iy %B}H 4 < C due to Definition A.1

(v)), (C.358) and Lemma C.25 (i), which provides » < 73 (recall (C.108), (C.80) as well as Definition
A.1 (i) and (Vv)):

‘Cov (ﬁ;kl,% (t1, 1) ﬁ;i@,m (t2, jQ)) ‘
= ‘E [HT’kth (t1, 1) I gy 2 (t27j2)] E[W[kuleJ—[TubJ+t1,{%ﬁ}W[kuleJ—[TubJ-i-jh{”B}

W[kquTJ—[TubJ+t2,{7Zﬁ}W[kuk2TJ—[Tubj+j2,{7’&/3}] -E |:]IT,/€17§R (tl)jl)] E I:I[T,kQﬁR (t27j2):|

% ES *
E[ luleJ Tubthl,{%B}WluleJ[Tubj+j1,{%5}]E[Wluk2TJ[TubJthQ,{?ZB}W[quTJ[TubJJrjg,{%B}]‘

C ‘COV (HT,kl,éR (t1, 1) 7]IT,I<:2,§R (t27j2)) 1

{301E{t1,jl},OQE{tQ,jQ}Z| luleJ +O17(luk2TJ +02) |§%}

* &
+ ‘COV (Wl leJ | Tgb| +t1,{72[3}W[uk1TJ*lTubJ-i-jh{7%}’ lquTJ [ Tyb| +t2,{72,(3} lquTJ | T4b| +j2,{7q3})‘

’ 1{301€{t1,j1},02€{t2,j2}1|luleJ-&-m—(lquTJ-&-oz)|<7Zﬁ} ‘E [HT,kl,é)? (tl’jl)] E [HT7k2v§R (tz’]2)”
<C ( E [ET,kl,% (t17j1)iT,k2,¥e (tQan)” + |E [ET,kl,S% (tlajl)] E [ﬁT,kQ,ER (t27j2)] D

. 1{301€{t17j1}702€{t27j2}1 ||y T|+01—(|un, T|+02) | <228}

(C.440)

One obtains from (C.440), (C.105), Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii) (see (C.439) as
well as (C.17)):

[1/(2b)] 2|Tub]—1- 72

Var (R},;) < Z Z Lty hab L, —taf <y} = 0(1)- (C.441)
k‘l ko=1 t1,ta=1+723

Further, it follows for all s, , 54, € R¢ similarly to (C.371) (recall (C.80)):

9725+1

sup 3 B[Ry (1,500 R (72, 500) || < O (sl +1) (C.442)
k:1,,[1/(2b)J T1,7‘2=1
1272

Moreover, one obtains for all s4,, Sg,, Sqs, Sq, € R? analogously to (C.93) by using (C.442) as well as
similar arguments (see (C.80) and note that X¢ := X — E[X] for each random variable X with finite
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first moment):

9725+1

sup 3 [E[Rn (5) Ky (2, 50) Ko (9,300 RS g () |
k:1’~~'7l1/(2b)J7‘1,.4.,7‘4=1
T 2Ty

9725+1

< sup 2 ( ‘]E [KCM,% (11, 801) KTk (12, 800) K jo 2 (73, 845) K jo 2 (74, S‘M)”
k‘=177|_1/(2b)J T1,-5ma=1
=21y

. 1{301,02€{r1,...,r4}:|0102|>37Z}>
< Cops? (|sq]; +1) + Co3 (Isqu ], + 1) (Isgsl, +1)- (C.443)

It holds {1 + 723,...,9228 + 1} < {1 + 73,...,2|Tyb] — 1 — 23} due to (C.435). Thus, (C.440),
(C.105), (C.443), (C.442), Assumption 3.1 [WEI.1], Lemma C.25 (i), Remark A.2 (ii) and Assumption
2.8 [K&b.1] (ii) imply (recall (C.439) as well as (C.80)):

C [1/(2b)] 9725 +1
Var (R},) < < 73 Z Z (‘E [HT,kl,éR (t1,51) Iz gy (@Jé)”
kli k2k 1t1,t2,J1,J2=1+ 723
1=ko

+ ‘E [ﬁT,kl,% (tlajl)] E [ﬁT,kQ,% (t2,j2)] D

C
< TTI)Q (%ﬁnz + 7@%)

= o(1). (C.444)
Further, one obtains for all s4,, S¢,, S¢5, 5S¢4 € R? from Lemma B.4 (viii) and (B.45) (see (C.80)):

2| Tib)

sup Z ‘E [K%,k,% (Tl, S(Il) K%,k,ﬁﬁ (7"2, qu):l ‘ ‘E [K%,k,ﬂ? (T37 3(13) K%,k,% (T47 8q4)] ‘
k:177[1/(2b)J ’r‘17...,7‘4:1
12Ty

]l{Vpl P2€{r1,e,ra}ipr—pa|<15225 }

2| Tyb| 0 2|Tyb| 2|Tyb| o) © 2| Tyb|
C Z Z Z Al |SQ1|1 + Z 1{7‘1 7‘2} Z Z Z Al |Sq3|1 Z 1{7‘3 ’I’4}
ro=1 \ri=ro+1lil=ri—rg ri=1 rqg=1 r3=ra+1ll=r3—ry rz3=1
|ra—r2|<15225
C|Tub| (|sq, | + 1) 725 (|sgs] + 1) - (C.445)

It follows for all s, , 545, g5, S¢s € R? similarly to (C.93) by using (C.445) (recall (C.80) and Definition
Al (1)):

2| Tyb|
sup B[R (71,500 K (72, 500) R o (7, 50) K (1,50 |
k=1,..|1/(20)] vy | ry=1
T1Z 2Ty

]l{Vpl,p2E{T17~--,T4}i\p1*p2|<157@5}

QlTubJ ~ ~ ~ ad
C C C C
< sup Z E [KT,k,ER (Tlv 3!11) KT,k,S‘\‘: (?”2, SQ2) KT,k,% (T3v 5%) KT,k,S&‘: (T4? 3%)] ‘
kilvvll/(2b)J T1,...,7a=1
1= 2T

]l{Vp1,pge{rl,...,r4}:\p1—p2|<157zﬁ} Ly 01,026{r1,...,T4}:|01—02|<3 2}

2| Tyb|

+ swp 3 [E[Ren (r50) Rim (2, 50) || [B | RS (8, 500 RS o (s |
k= 7 7[1/(2b)J T1yeeey T4= 1
T1Z2Ty
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]l{Vpl,pQE{n, Sra}ip1 p2|<15%5}1{3017026{7‘17--'77“4}:\01*02\>37Z}
< CITub] #2 (15, + 1) + C |Tub] 75 (50| + 1) (15g) + 1) (C.446)

Ift),to € {9%5 +2,...,2|Tyb| -1 - 7@5},j1 € {t1 — Treg,...,11 — 1}, jo € {ta — T723,...,t9 — 1}
and 301 € {t1,j1},02 € {t2,J2} : |01 — 02| < 223, one will obtain for all pi, pa € {t1, 1,12, jo} that
Ip1 — p2| < 15223. Hence, (C.440), (C.105), (C.446), (C.445), Assumption 3.1 [WEIL.1], Lemma C.25
(i), Remark A.2 (ii) and Assumption 2.8 [K&Db.1] (ii) provide (see (C.439), (C.80) as well as (C.17)):

C |.1/ Qb)J 2|.TMbJ 1- 723 t1—1 to—1

Z Z Z Z (‘E [ﬁT,kl,éR (tla.jl)ﬁT,kg,% (%Jé)”

kl,k‘g 1 t1,t2=9223+2 j1=t1—-T725 jo=to2—T7e3
k1=ko

+ ‘E []IT,kl,é}E (t17j1)] E [HT,kQ,éR (t27 ]2)] ‘ ) ]l{vpl,ng{tl7j1,t27j2};\p1_p2|<157@5}
C

< gz (1] 27 + | Tub) 725)

=o(1). (C.447)

Var (RT 3

It follows from »z3 > 1 (note Definition A.1 (v)) and (C.435) that 1 + 725 < 2223 < 9225 +2 < 2 |Tyb| —

1 — 73. Thus, (C. 358) together with »zg > 1, (C.105), Assumption 3.15 [W*] (ii) and (iii) (the latter
ensures SUp,y, H { 225} H2 ) arguments which are similar to those that show (C.442), Assumption
3.1 [WEIL.1], Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii) yield (recall (C.439), (C.108), (C.80),
Definition A.1 (i) as well as (v) and (C.17)):

|_1/ Qb)J QlTU,bJ —723 2725

c . . |
E [(RT4 ] S 7o Z Z ‘E [H?khm (t1,J1) I7 oy 2 (t27]2)]‘
k1,ka=1 t1,t2=9723+2 ji1,jo=14 723
C [1/(2b)] 2|Tub]—1—225 2”13 N
S 72 2 f > ‘E [KT ko R (751,81)] E [KCT,klgR (jl,Sl)H
kiko=1pgpa t1t2= =9223+2 j1,j2= 1+%5
k1#k2

: ‘E [KCT,kz,% (t2,82)] E [KT ko 32 (725 52) ” ‘E [ uleJ L) +t1,{7@3}:|

£ [W[kuleJ—[TubJHl,{”B}” ‘E [ |ur, T J—lTubJHz»{”ﬁ}] E [ lukgTJ—[TubJ-*-jz,{ﬂﬁ}”
w (s1) ds1w (s2) dso
1/(2b)] 2|Tyb]—1— 2723

[
C N N
T2b J f Z 2 ‘E [KCT,kl,m: (t1, 51) K7 g, 0 (t2, 52)”
R4 R k]iikfkgl t1,t2=9725+2
Q%ﬁ

[R5 ) R G s [ [ W [ty |~ Tubf 11,7
J1,J2= 1+%g !

* * *
W[quTJ—LTume,{nﬁ}] ‘ ‘E [WluklTJ—[TubJ‘Hia{W}W[UkQTJ—[TubJ-i-jm{”ﬁ}] ‘ w(s1)ds:
w (s2) dso
< gz 1] 225
— o(1). (C.448)
Since Bias$i{i™ 5 is deterministic (note (3.57)), (C.439), (C.405), (C.441), (C.444), (C.447) and (C.448)
imply:

Var (TVBTE , , — Biasfiir® 5 — 85.5) = (). (C.449)

In conclusion, (C.438) and (C.449) provide (C.437). Moreover, one obtains similarly to (C.430) (see
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(C.108) and (C.101)):
~ 2
E [ (S%% - S;%) ] = o(1). (C.450)
Overall, (C.436), Lemma C.28, (C.437) and (C.450) as well as analog arguments prove Lemma C.31. []

Lemma C.32. Let the Assumptions 2.4 [DM.2], 3.1 [WEIL.1], 2.8[K&b.1] and 3.15[W*] be ful-
filled. Then, one obtains for T' — o0 (recall (C.101) as well as (3.52)):

] =o(1).

Proof. Throughout this proof, 7" should be large enough to ensure (see (C.17) as well as Definition A.1
v)):

E HVar* (ST) — aﬂiftlr

2|Tyb] — 1 — 228 = 9223 + 2,

which holds for sufficiently large 7" due to Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii).
In the following, it will be proved (note (C.101) and (3.52)):

E Hcov* (St Shq) — agf‘f%u = o(1). (C.451)

One obtains for all k1, ko € {1,...,|1/(2b)|}, t1, j1,t2, 52 € {1 + 223,...,2|Tyb] — 1 — 23} with ky >
ko + 1 from (C.105) (recall Definition A.1 (i)):

COV (WluleJ—[TubJ-i—tl,{?Zﬁ}WluleJ—l_TubJ-i-jl,{%ﬁ}’ Wluk2TJ—|_TubJ+t2,{7Zﬁ}WluszJ—l_TubJ-i-jz,{%ﬁ})
=0 (C452)

and it follows for all k € {1,...,|1/(2b)|}, t1,j1,t2,52 € {1 + 223,...,2|Tyb] — 1 — 23} with |t} —
Jnl = T2 + 1V h € {1, 2} from Assumption 3.15 [W*] (iii), which ensures E[Wt*{ﬂﬁ}] =E[W]=0
Vt € Z (see Definition A.1 (1)):

Cov (lekTJ*lTubJthl:{”B}W[’ZkTJ*lTubJJrjl,{%B}’ WlikTJflTume,{%g}qukQijlTume,mﬁ})

_E[WlukTJ (Tubl-+t1, (720} W [unT) - lTubJ+t2{%B}] [Wlﬂ;kTJ*[TubJHla{”B}W[szJ*lTubJJrj%{%B}]'
(C.453)

Assumption 3.15 [W*] (ii), (C.452) and (C.453) imply (recall (C.101)):

1/(2b) lTJb —1—2725 t1— 7725 1to— 7725 1

Cov* (St.p,Stg) = AT (1112— o)’ Z Z Z Z I7 ks 2 (1, 1)

ll/(zb)J lTbJ k1,k2=1 t1,t2= 97254»2 j1=1+27Zﬂ ]2=1+27ZB
k:1=k'2

I7 ks, (t2, J2) Cov (W[uleJ—lTume,mg}W[uleJ—LTume,mﬁw W oty 7|~ Tb 225}

[%TJ | Tyb) m,{%g})
1/(2b)J QlTubJ—l—ﬂ,g t1—77’&/3—1 t2—77Zﬁ—1

9 B 2|
_ 4T b(Ll12 11021 Z 2 Z Z Itk (t1, 51) Ir ks (L2, j2)

ll/(2b)J [TbJ k=1 t1,t2=9723+2 j1=1+22723 jo=1+22723

E | Wi, ri it tn oot Wi =z a0y | B | Wikt Wik )~z o st |
(C.454)

Moreover, one defines the following expression, which results from the right side of (C.454) by replacing

194



Ir ks (t1,51) It i (t2, 52) by iT,k,S‘E (thjl)ﬁT,k,% (t2, j2) (see (C.80)):

1/(2b)J [Tub —1— 723 t1— 7725 1to— 7725 1

— 4T (U — L\ ,
COV;,1 = ( - uol > > > D Tpgm (b, 50) Trgs (t2, 52)

ll/(Qb)J lTbJ k=1 t1,l2a=9723+2 j1=1+2723 jo=1+2723

B [WleTJ*lTubJﬂLtlv{%ﬁ}Wlﬂ;kTJ*lTubJﬂLtm{%ﬁ}] E [lekTJ*lTubJHl,{%}W[szJ*lTubJJrjz,{%ﬂ}] :
(C.455)

It follows from (C.454), (C.112), the first inequality of (C.113) with ¢ = 1 + §, 1/6 > 1 (which holds
because Assumption 2.2 [StAp] supposes 6 € (0,1]), (C.114), Assumption 3.15 [W*] (i) (the latter
ensures 3 = o(+/Tb%1/b)) and Assumption 2.8 [K&b.1] (ii) (recall (C.455), (C.17), (C.101) as well as
(C.80)):

E Hcov* (St Shg) — (’JFV;JH
o @) 20T 2T

L1
< 79 kZl tt21 21< it )‘E [WlikTJ—LTume,{%ﬁ}WﬁkTJ—LTume,ma}]‘
1,02 J1,32
‘E[ Lok T~ Tubl 41 {72} W e T - [TubJ-HQ{%ﬁ}”
— o(1). (C.456)

One obtains from Assumption 3.15 [W™] (iii), that yields sup;cy H i 7%}”2 C, (C85), 78 = »

(which holds due to Lemma C.25 (i)) and similarly to arguments that show the second inequality and last
equality of (C.96), i.e., arguments which are analog to (C.91) to (C.95) (see (C.455), (C.80), Definition
A.1 (1), (C.17) as well as (C.90)):

Var (6?)(/; 1)

1/ Qb) Tub —1-— 723 t1—T723—1to—T725—1t3—T725—1 t4—77ZB—1

T4b2jjfj DINEED VD I}

k1 kg 1t1,t2,t3,t4 9725+2 j1=1+2723 jo=1+2723 j3=1+2723 ja=1+2723
d pd Rd pd "1
R4 R4 R4 R ko

(Cov (R, m (11, 51) R, (51,510 K, o (t2.92) R, o (2 52) R, (Fa, 50)

K¢, o (J3,53) K$, ko, (T4, 84) K$, k.o (Ja, 84))‘ w (s1) ds1 w(s2) dsa w (s3) ds3 w (s4) dsg

Tub —1—72 t1—-Tz2—1t2—T72—1t3—772—1 t4—T72—1

<Y ST

Rd Rd Ré R k=1 ti1, t2t3t4 9724+2 j1=14272jo=1+4272j3=14+272j4=1+4272

< ‘E [KCT,k,én (t1,81) K7 g (91,81) KT po o (B2, 82) KT g o (G2, 52) KT g 0 (835 83) KT 2 (G35 83)

~

R (t1,50) R o G 50) ||+ [B [ R 1, 50) R G, 51) R (82,52) R g (s2)||

B R (ks 59) Koo (s 59) R (11,50 Ko (o) | ) w (s1) dsyw (s2) dsy

- W (s3) ds3w (s4) dsy
— o(1). (C.457)

Further, one defines (recall (C.17), Definition A.1 (i) as well as (C.80) and note that the following ex-
pression results from (C.455) by omitting the terms contained in the second line of (C.455)):

[TubJ 1— 723 t1— 77% 1to— 77Zﬁ 1

AT (g — 4hg)? ) e .
Covrpy = itk = Lo) Z 2 2 2 Trpp (t1,50) Trgs (t2, 52) -

ll/(Qb lTbJ k=1 t1,t2= 97%-‘1—2 J1= l+2725j2 1+2725

(C.458)

It holds sup,ey, |K™* (t/8) — 1| < C due to Assumption 3.15 [W™] (iii), such that iterative applying of
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the Fatou-Lebesgue theorem together with (B.45), Assumption 2.4 [DM.2] and Assumption 3.15 [W*]
(i) as well as (iii) (the latter two ensure K*(t/3) — 1 for T" — oo and all ¢ € Z) provide:

hmsupZZAl () — 1‘ < iiAl lim sup

T—o (2915 t=11—t Tox

t

K* () — 1‘ = 0. (C.459)
6]

Lemma B.4 (viii), Assumption 3.1 [WEI.1], (C.112), Lemma C.25 (ii), Assumption 3.15[W*] (iii)

(Whlch yields supyz, |W, {%ﬁ}Hz < C,supyey |[K* (/) — 1| < C, K*(0) = 1 as well as K*(x/8) =

K*(—z/B)Vx € Z), shifting the indices of sums, (B.45), Assumption 2.8 [K&Db.1] (ii) and (C.459)
show (see (C.17) as well as (C.80)):

4T2b(u1—u0)2 [1/(2b)] 2|Tub|—1— 725 t1—T725—1 ta—T725—1
[1/(2b))? | Tb]* ];1 o 29: .:2 .:Z
= 1,02=9223+2 j1=1+2725 jo=1+2723
t1 =t J2=71

| B[R 0 R (e B[R ) R s || o s) s w (s) s
R4 R4

[

t1 —to
+K*<
B

E [Wﬁm_mbml,{@}Wﬁm_mbﬁtg,{ng}] —E [W[ZkTJ—[TumeW[ZkTJ—[Tume]

> - 1‘ ‘E [WleTJfLTubJﬂh{%}lekTJ*lTubJ”%{”ﬂ}]‘

+ ‘E [WLZkTJ—lTubJJrjl,{nﬁ}lekTJ—LTubmz,{m}] —E [WLTLkTJ—lTumeWf;kTJ—LTubJJrjz]

e (252) 1)

o [1/(2b)] 2| Tyb o t—t 2|Tyd] 1
S (58 G (50 ) v

= to=1 t1=to+11=t1—t2 t1=1

t— [T e 2|Tyb|
) D) B (5,55 E

J1=1 \Je=ji+ll=ja—j1 Jo=1

[1/(2b)] 2| Tyb)| Ty 2|Tyb) © 0
S T o 1 D RS SR TR By 31 U5 oD Y
to=1 \t1=to+1l=t1—to t1=1 J1=1 N\je=ji+1lil=j2—j1

1 ji—j ALl 1 j1—j
* 1= J2 ® 1—J2
(oo (757) 1)+ 2t (g + |5 (75 )_1D>

Jo=1
2| Tyb|
<> —1‘++0> e

2|_Tub o 0
o 2 (S Z e+ 3 Y alk
to=1 t1=11=t1 t1=11=t1 J1=1
1
Faos 200 (3 DAk 3 Salet (F2) <+ £
to=1 J1i=1 \Jz2=1ll=j2 Je=1l=j2

2|Tyb]  2|Tubl [ o
— o(1). (C.460)

One obtains from (C.112), (C.460) together with E[W} 1 1ppen W) mun o] = K5 (1 =

12)/B) Vl1,ls € Z (whereby the latter holds due to Assumption 3.15 [W*] (iii)) and similar arguments
(recall (C.455), (C.458), (C.80) as well as Definition A.1 (i)):

o[ -2[67]
[1/(20)] 2|Tiub|—1— 725 t1—T725—1 to—T725—1

TQ,,Z L2

k=1 t1,la= 9?ZE+2 J1= 1+27Z5]2 1-‘,—27%
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| B[R 0 R (e [B [R5 R s || v ) s (s) s
R4 R4

' E[W@kTHTume,{na}WlikTHTume,{nﬁ}] E[W[szJ*lTubJJrjlv{”B}Wf;kTJ*lTubJH%{?ZB}] -1 1‘
= o(1). (C.461)

Further, 723 > »2+ 1, which holds due to Lemma C.25 (i), implies (see (C.80) and (C.458)):

,_
—

~

—~

) .
E [ST,kﬂeSﬂks] —E [COVT,Q]
k=1
c 1/(2b 2|Tyb|-1-22 t1—T72—1 to—Tz2—1
<ol ) RS

k=1 t1e{922+2,... 9725 +1} U{2|Tub|— 725,... 2| Tub| —1— 72} 12=97242 j1=1+222 jo=1+272

‘E [iT,k,éR (t1,71) ]IT,k,% (t2, jQ)H

C [1/(2b)J QlTlle 1- 723 t1—Tz2—1 to—T272—1
+ g Z > Z DD
k=1 01=9223+2 1,e{922+2,....9725 +1}U{2|Tub|— 723,... 2| Tub|—1— 72} J1=1+272 jo=1+222
‘E [iT,k,éR (t1,51) Irps (752,9'2)”
[1/(2b)] 2[Tub| -1~ 725 2| Tyb| -1~ 725 to—T22—1

+ oo 2, 2 2, 2,
k=1 t1=9725+2  t2=9225+2 i e{1+222.. 2725} U{t1—T725,...t1-T7e—1} J2=1+222
‘E [iTk w (t1, 1) Ires (ta, jQ)] ‘

[1/ 2b)J QlTubJ 1— 723 2|_TubJ 1—7@/3 t1—772[3—1

T?b Z 2, > 2 >

k=1 t1=9725+2  t2=9225+2 51=142723 joe{1+22s... 2225} U{t2—T25,....t1 —T72—1}
‘E [HT,k,ER (t1,J1) I g s (22, jQ)H

=R}, + Ry, + Rig+ RYy. (C.462)

In the following, it will be just shown that ﬁ; 4 vanishes asymptotically because similar arguments im-
ply that RT 10 R’?Q and f{§3 converge to zero for T" — o0.

Let T7 105 (t2) = {1+ 202,..., 2008} U {ta — Treg,... 1y — Tro— 1} and f?}fﬂm (t2) = {z €
N : 3y € Trsum(ts) : ly—a| < 2} Viz € {925 +2,...,2|Tub] — 1 — s}. It holds for all
ke {l,.. [/ @0)]} 1, la € {1,..., 2|Tubl}, 51,52 € RY with [Iy — lo| > s that B[KS., (11, 51)
]IN{Tkg (l2,52)] = 0 (recall (C.80) as well as Definition A.1 (i)) and, obviously, % o725 (t2) S
Tt (t2) Vita € {9728 + 2,...,2|Tyb| — 1 — »3}. Thus, one obtains from Lemma B.4 (viii),

T,72,723
Assumption 3.1 [WEIL.1], (B.45), Lemma C.25 (i) and Assumption 2.8 [K&b.1] (ii) (see (C.462) as

well as (C.80)):

[1/(2b)] Tub
RT4 = T2b Z f ‘E [K%,k,ﬁ}? (751,81)111({%,,63 (tg,sz)”
k=1 pipa tit2= 9725+2
i Z Z ‘E []K%,k,% (jh 51) ]K%,k,% (jg, 82)]‘
t2€{9”5+2, 2| Tyb)-1- %g}yle%%%B(m)meg}%%ﬂ(m)
W (51) ds1 w(s2) dso
C [1/(2b)] [2|Tub] 2| Tib] o 2| Tub]
=100 B 3D YD YI-E 3D YD WPNERD R TR
k=1 to=1 ti1=to+1l=t;—t2 ti=1 to=t1+11=to—1t; t1da=1
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Q0 o0

YOOX Yar XY Ya

t26{9225+2,....2| Tyb| 1~ 725} HETL 12,72, (B2) F2=1 1 1=2 =0 267, 72,725 (B2) 1 =2 H 1 I=j1 G2

+ 2 ]l{j2=j1}
J1 ,j2€=7T,7z,%ﬁ (th)

C?ZB
< — = . .
<5 = o) (C.463)

It follows from (C.86), (C.84), (C.462), (C.463) and similar arguments (recall (C.458) as well as (C.80)):

£ [G57.] — Cov (Srm8r0)| = [E[Govra] = 3 B[Srasra]| =o). (ot
k=1

In conclusion, (C.456), (C.457), (C.461), (C.464), (C.413) with R; = R and Ry = <, the fact that
Bias%iﬂa . R is deterministic for all R € {R, 3} (note (3.51)) and Lemma C.23 with R; = R as well as
Ry = $ provide (C.451). Lemma C.32 holds due to Var* (S}) = Var* (S} 5 + S}, ) = Var*(S§.) +
Var*(S§ o) + Cov*(S%.,S%.5) + Cov*(S§.4,S5.5) (see (C.101)), (C.451) and similar arguments
(recall (3.52)). ]

Lemma C.33. Let the Assumptions 2.4 | DM.1| and 2.8 |[K&b.1] be fulfilled. Then, one obtains for
TeN\{1}andall h € {—|T/2] +1,...,|T/2] — 1}, R € {R, 3}, s € RY (see (2.9) as well as (3.66)
and observe that § € (0, 1] originates from Assumption 2.2 [StAp]):

onrr (u,s) — Cov (R {ei<8’f(o(“)>} R {ei<s’xh(u)>}> H

sup
ueﬂo’lyb

c 1 1+6
< .
\Tb(|h|+1)+0(b+m+T)(|s|l +1)

Proof. In the following, Lemma C.33 with R = R will be proved. Therefor, one defines for all h €
{(=|T/2] +1,...,|T/2] — 1}, u € [0,1], s € RY (recall (3.66) and Definition 2.11):

1+9

T—|h]

~ t c(u (u
Grnrm (u,8) = = 3K (T —u) - cos ((s, Xy - cos ((s, Xppn o)™ . (C.465)
t=1+|h|

Since Lemma B.1 with k1 = 1 shows (see (3.66) and Definition 2.11):

sup sup sup |cos (<5,Xt7T>)E(“) |<C as, (C.466)
seR% ugl0,1] t=1,...,T

it holds for all h € {—|T/2] +1,...,|T/2] — 1}, s € R? (recall (3.66), (C.465) as well as Definition
2.11):

~ N Clh
sup [on 1% (u,8) — T a 1R (U, 8)]y < CILb| (C.467)
ueﬂo’lyb

Moreover, one defines for all h € {— |T/2] + 1,...,|T/2] — 1}, u € [0,1], s € R%:

1 ¢ -
Gon1R (U,s) = T Z K, (T — u) . (cos (s, X)) —E [cos (<s, Xt(u)>)])

. (cos (s, Xtsn1)) — E [cos <<3, )N(t+h(u)>)]> : (C.468)

It follows for all b € {—|T/2| + 1,...,|T/2] — 1}, s € R? from (C.112), Lemma B.1 with x; = 1,

=g (% —u) < C, (C.466), the Propositions 2.12

whereby the latter provides sup,ep171/7 2, ]
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and 2.14 together with the Definitions 2.11 as well as 2.6 (see (C.465), (C.468) and (3.66)):

~ ~ 1 146
sup |o1n1R (U,8) —oon1w (u,8)|, <C <bl+5 + > <3 + 1) . (C.469)
o 151 ,n,13 (U, 8) = G20, (s 8)], ixs |

Further, one defines forall h € {—[T'/2]| +1,...,|T/2|-1},u € [0,1], s € R9 the following expression,
which results from (C.468) by replacing X; 7 by X;(u) and Xy 5,7 by X¢pp(u):

T—|h|

o3n1R (U, 8) = % D K (é B u) ' (COS (<s’)2t(u)>) -k [COS (<S’§t(u)>)])

t=1+1h|

. (cos (<s, )z't+h(u)>) —E [cos <<s, )?t+h(u)>>]> . (C.470)
It holds for all b € {—|T/2] + 1,...,|T/2] — 1}, s € R due to (C.112), Assumption 2.8 [K&b.1] (i)
(the latter ensures K (z) = O for all z € R with |z| > 1), Assumption 2.2 [StAp] (i), Remark 2.3 and
Assumption 2.8 [K&b.1] (ii) (recall (C.468), (C.470) as well as Definition 2.11):

sup |o2n 1% (u,s) — o3 n 1% (U, 5)||1+5
u€ily 1,

T—|h|

<am 7, 2, K () e [fomomom —on (G5 (7))
1+ cos (<3,f(’t (;) >) — cos( s, Xi(u }{ cos ({8, Xt1n1)) — [COS (<57Xt+h(u)>)] }
TN SO s

t

~eos ((o R (1)) # oo ({5 Roan (5) ) oo (o Funn ) }
{eos ({5 %utwy) & eos ({5 %)) ] }

146
min{T —|h|,[uT+Tb|}
! L |t 1]
S sup o Z 1tu<b0(+‘_ ‘+++‘ uD|3|1
uelty, 1, IO oo {lz—u[=}" \7 " |T T T "|T
h
<C (b + |T|> s, . (C.471)

According to (B.41), 1 = S(l) 1/bK((z — u)/b) dz Yu € g (see (2.9)), such that one obtains for all
he{—|T/2|+1,...,|T/2] — 1} from (B.40):

1 TZ|h| ;

sup |— Kb(—u)—l

uetlo 1,5 Tt—1+|h| T
T2h| % —u i —u 1 i t 1 1 zZ—=u

< sup | — K( )— K( )—i— Kb<—u)—JK( )dz

uey 1. t=1-+|h| b t=1 Tt=1 T 0 b b
< Q (lh|+1) (C472)
S Th ' '

Arguments which are similar to those that yield (C.224) provide Cov( cos (<s, )th(u)>), cos (<s, )N(Hh

(u)>)) = Cov(cos (<s,)?0(u)>),cos (<s, )Z'h(u)>)) VseRyteZ, he {—|T/2]+1,...,|T/2]-1},
u € [0, 1]. Thus, (C.472) implies for all h € {—|T/2| +1,...,|T/2] — 1}, s € R? (recall (C.470)):

E[65.5.13 (u, 5)] — Cov (cos (<5 )?O(u)>) , cos (<s,)?h(u)>))‘ < % (| +1).
(C473)

sup
ueilp 1,6
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In the following, it will be shown for all h € {—|T/2| +1,...,|T/2| — 1}, s € RY (see (C.470)):

~ C
sup Var (o3 n 1% (u,s)) < + + s (C.474)
Sup Var (B 75 (1 Isly + 1sf7)

One obtains for all s € R% as well as all r1,...,74 € Nwith r; > ro > rs3 > rq by using arguments
which are analog to those that show (B.53), (C.112), Lemma B.4 (iv) with ¢ = 1 + §, by shifting

the indices of sums and from r{ — r3 = r9 — r3 (recall the Definitions 2.1 as well as A.1 (i), that

X¢:= X — E[X] for each random variable X with finite first moment and that X,* (=0 (u) is defined in
Assumption 2.4 [DM] (ii)):

s o on (o T s G ) 0 G ) on (o 50 )
2 B[ o (50 s (R ] -2 (20
cos ({5, X., (u)>>c Frvrgor|) -cos ({5, Ky ())) cos ({5, Zra() )]
com e § (o8 (o8 B

-E [cos <<s, X, (u)>> cos <<s, X, (u)>>C H1+6
< sup C Z Hcos (<s, )Z'Tﬁ(rlflfl)(u)>>ccos (<3, )Z'TXQ(TT(TT”HHD(u)>)c
—r 1

Frl,rl—l—l]

wel0,1] g, —r3—
— cos <<S,)~(ﬁ (u)>>6005 <<8 XT‘Q( )>>C s
0
<C Z (Al+1 |S|1 + Arg—'rl-&-l-i-l |8|1)
l=ri—r3—1
0 0
=C Z Aylsl; +C Z Ay lsly
l=r1—7r3 l=ro—73
Q0
<c 3 Al 4
l=ro—r3

Further, if 1 > 1o > r3 > ry, it will follow from (C.475), Lemma B.4 (vi),rg—r4 = 1,71 —r3 = r1—179

as well as ro — r4 = 1 (note that the first line of (C.476) given below results from the first line of (C.475)
by interchanging ro and 73):

s Cov (cos (o 0 0)con (G o) cos (G oy 09) s (G5 %2, 0)) )
= s [Cov (cos (o o) “com (G e 09) 08 (G Rt)) o8 (G %))
+Cov (cos (<s,)~(m > (<s,):(r2 w)))) - Cov (cos ({5, Zruw))) ,cos ({5, Xru(w))))

0 a0
<C 2A1|s|1+0 ZAzlsh dAsh+C ZAzlsll- D Ash

l=ro—73 l=r1—7o l=r3—74 l=ri—r3 l=ro—ry
o0 o0
<C Y Asl +C D A s) (C.476)
l=ro—r3 l=r1—7r2

Assumption 2.8 [K&b.1] (i) (which ensures K (z) = 0 for all z € R with |z| > 1) provides for all
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he{—|T/2)+1,...,|T/2] — 1}, s e R

- t ty
SUp Z L =) Kb T Ky T

uel0,1] t1,to=1+]h|

. ‘Cov (cos (<s, X, (u)>>ccos <<s, )Z't1+h(u)>)c , COS <<s, X, (u)>)ccos <<s, )N(t2+h(u)>) c)

min{T—|h|,[uT+Tb|} t 2
()
}

S sup T22
uef0,1] t=max{1+|h|,|ul~Tb]

C
< —. .
S T (CA477)

b

One obtains forall h € {— |T/2| +1,...,0}, s € R from (C.475) with 7y := t; = 79 :=t; +h > r3 :=
to = ry4 = to + h, shifting the index of a sum, (B.45) and Lemma B.1 with xk; = 1:

T—|h|

1 ty to
SUb o Z ]l{t1>t2}]l{t1+h>t2}Kb <T ) Ky (T — u>
w01 5 4 ty=14|n]

. ‘Cov (cos (<3, X, (u)>)ccos (<s,)?tl+h(u)>)c cos <<3 X, (u )>)ccos <<s,)?t2+h(u)>) C)
T+h t1 —u tfg —u e8]
< sup 2/;2 2 1{t1+h>t2}K <T b ) K <T b ) 2 Al |S|1

ue[O,l] T ti,to=1—h l=t1+h—t2
C Tih to u Ti?h t1 h Z
T

= Sup o5 K( > 1{t1>t2}K< ) Arlsly

uel0,1] T2b to=1—h b t1=1 l=t1—to
< SUD 515 KL Ay ls]y

ue[0,1] b to=1—h b t1=to+11l=t1—t2

C
< 7 sl (C.478)

Assumption 2.8 [K&Db.1] (i) (which ensures K(z) = 0 for all z € R with |z| > 1) implies for all
he{—|T/2]+1,...,0},seR%:

7|l
1 t1 to
Sup T2 Z ]l{t1>t2}]l{t1+h=t2}Kb <T — U) Kb (T — u>

w€l0A] g =14 n|

. ‘COV (cos (<s, )Z'tl(u)>) cos (<s )?t1+h(u)>)c cos <<s X, (u )>)Ccos <<s,)~(t2+h(u)>) C)

min{T+h,[vT+Tb|} t t1+h
e T2y Z J}K ( b ) N <b>

ue[0,1] t1=max{1—h,|uT—Tb
C
< C.479
Th ( )
It follows for all h € {—|T/2] +1,...,—1}, s € R? from (C.476) with 7| 1= t; > 19 1=ty > 13 1=

t1+h > ry = ty+h, shifting the index of a sum, Assumption 2.8 [K&b.1] (i) (which ensures K (z) = 0
for all z € R with |z| > 1), (B.45) and Lemma B.1 with x; = 1:

T—|h
|hl £ t

1
uzﬁ)pl] ﬁ Z ]l{t1>t2}]l{t1+h<t2}Kb <T _ u) Kb (T _ u>
’ t1,to=1+|h|

. ‘Cov (cos (<s, X, (u)>)ccos (<s, )?t1+h(u)>)c , COS <<s, X, (u)>)ccos <<s, )Z't2+h(u)>) c)
T+h by, ty _ o0
< sup % Z Ly oo Lty oty 13 IS <T b ) K <T ) ( Z Alsly + ZAI |3|%>

’lLE[O,l] t17t2=1—h = to—t1— —h 1= t1—t2
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o T2k tlfh —u\ Tth th —u ©
< sup TTbQ 2 K T Z ]I'{tl—h>t1}]l{t2>t1}K b ZAZ |S|1
1=

u€[0,1] t1=1 to=1—h l=to—t1
C T+h tTQ —u T+h tTl u @ )
+osup o Z K 5 Z Lo I b ZAl sl
UG[O,].] to=1—h ti=1—h l=t1—tg

min{T+2h,[uT+h+Tb]|} t h o o
C u U+ =
< sup 2 K (T(bT)> Z 2 Ay s|,

t1=max{1l,|uT+h—Tb|} to=t1+1i=to—11

C T+h 2 _ o0 0 )
+ sup T2 Z K<Tb ) Z ZA1|5|1

ue[O,l] to=1—h t1=to+11l=t1—to

C 2
< 5 (Ish +1sf7). (450
Since t; > t9 is a contradiction to t; + h < ty for h = 0 and all ¢1,%2 € {1 + |h|,...,T — |h|}, one

obtains for A = 0:

| Tl ) )
SUP g Y0 Yyl e Ko 7ou) Ky | —u

uel0,1] t1,to=1+|h|

: ‘Cov (cos (<s, Xy, (u)>>ccos <<s, )N(t1+h(u)>)c , COS <<s, X, (u)>)ccos <<s, )?t2+h(u)>) c)

=0. (C.481)

It follows for all h € {1,...,|T/2] — 1}, s € R from (C.475) with 7 := t; + h > 1y := t] > 13 1=
to + h = 1y = to9, by shifting the index of a sum and by using Assumption 2.8 [K&b.1] (i) (which
ensures K (z) = 0 for all z € R with |z| > 1) as well as (B.45):

T—|h]
—1 ty to
Sup T2 Z ]l{t1>t2}]l~{t1>t2+h}Kb (T — u) Kb (T _ u>

ue[O,l] tl,t2:1+‘h|

. ‘Cov (cos (<s, X, (u)>>ccos (<s, X’t1+h(u)>)c , COS <<s, X, (u)>)ccos <<s, )Z't2+h(u)>) C)

t

C T—h by, t—Q—u [ee]
< SUPW Z 1{t1>t2+h}K<Tb >K<Tb ) ZAI|5|1

ue[O,l] ti1,to=1+h I=t1—ta—h
T to—h T—h t 0
C 2T —Uu Tl —u
ue[071] t2=1+2h t1:1+h l:tl_t2

min{T,[uT+h+Tb|} t h 0 0
C 7 — (u + 7)
T o IO

to=max{1+2h,|[uT+h—Tb ti=ta+1l=t1—t2

(C.482)

Arguments which are similar to those that show (C.479), together with t; = to + h <= t;1 — h = to
imply forall h € {1,...,|T/2] — 1}, s € R%:

T—|h]

: ‘Cov (cos (<s, Xy, (u)>>ccos (<s, )~(t1+h(u)>)c , COS (<s, X, (u)>)ccos <<s, )~(t2+h(u)>) C)
C
< (C.483)

One obtains for all h € {1,...,|T/2] — 1}, s € R? from (C.476) with 1 :=t; + h > 79 = to + h >
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r3 1= t; > 74 = tg, shifting the index of a sum, (B.45) and Lemma B.1 with k; = 1:

T—|h]

1 t1 to
T2 Z 1{t1>t2}1{t1<t2+h}Kb (T - U) Ky (T - U)

t1,t2:1+‘h|

. ‘Cov (cos (<s, f(tl (u)>>ccos <<s, )?tl+h(u)>)c , COS <<s, X’b (u)>)ccos (<s, )Z't2+h(u)>) C)‘
T—h t1 u ta 0
< sup TQLW D Yoty Vpprnsey K <T 5 )K< ) < 2 Arlsly + >0 A |S|%>

sup
u€[0,1]

’lLE[O,l] t1, t2_1+h = t2+h t1 = t1—to
t1 T t2 h
< sup Z K T Z L oto—my Lo I ZAl|5|1
u€[0,1] tl 1+h to=1+2h l=to—t1
T h ty
+ sup 77 (T ; ) 1{t1>t2}K< ) EAI |s|1
u€el0,1] to= l+h ti=1+h l=t1—t2
C T—h o 0
T
S SUp g Z K( A ) ZAI|5|1
ue[O,l] t1:1+h to=t1+11l=to—t1
2
l 2
+ sup 2b2 Z K (T 2 > ZAl ElR
U€01 to=1+h t1=to+11l=t;1—to
C
< 77 (Isl +1sf?) (C484)

In conclusion, (C.477) to (C.484) as well as similar arguments provide for all h € {—|7/2| +

L1T/2] =1}

. t ty
. ‘COV (cos (<s, X, (u)>>ccos <<8, )N(t1+h(u)>)c , COS <<8, X, (u)>)ccos (<s, )N(t2+h(u)>) C)
< T% (1 + sl + |s|§> . (C.485)

It follows from (C.485) and similar arguments that (C.474) holds (see (C.470)).
Furthermore, (C.473), (C.474) and \/x +y+ 2z < /z + VY + vz Vax,y,z = 0 show for all h €
{(—|T/2] +1,...,|T/2] — 1}, s € R? (recall (2.9)):

sup (03475 (u,s) — Cov (cos (<s, X’o(u)>) , COS <<3, )?h(u)>)> H
ueﬂoylyb 2
C C
< — (b +1 —(1 ) C.486
7 UM+ D)+ (1 Ish + Isly (C.486)
Lemma C.33 with R = R is an implication of (C.467), (C.469), (C.471) and (C.486) (note that 6 € (0, 1]
originates from Assumption 2.2 [StAp|). Lemma C.33 with R = < can be proved similarly. O

D. Appendix to Chapter 4

D.1. Proofs of the statements given in Chapter 4

Proof of Lemma 4.8. At first, one observes that Assumption 2.4 [DM.3] (which is contained in As-
sumption 4.1 [INDEP]) provides by shifting the index of a sum:

0]
DA<kl Ve (D.1)

I=|z|
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It follows for all Ry, Ro € {R, 3}, 51,52 € RY, ¢ € Z from the bilinearity of the covariance, Lemma B.4
(vi) and (D.1) (see (4.11) as well as (4.6)):

S%Pl ‘COV (Go Ry (u,51), G, (4, 82))‘ < Clsa|1p Lgeny + Clymoy + Clsi|1p™ Liremmo}»
ue

(D.2)

which implies Lemma 4.8 due to p € (0, 1) (the latter is supposed in Assumption 2.4 [DM.3]). O

Proof of Theorem 4.9. (i) In order to prove Theorem 4.9 (i), define at first sequences (o) ey (L7) ey
and (87)p¢y of deterministic real numbers which fulfil the following properties (recall that 27 < yr

means z7/yr 2% 0 for sequences (z7)7en as well as (yr)ren of real numbers and that « originates
from Definition A.1 (Vi)):

TVb
pr, Lt € Nwith [2T0] < pr < Ly <TVT € Nand py « ThZ « Tha" « L1 « Vb for T — oo,

2
T — Ly T
Ari=|——|+1 te that A& = O | — d defi
T [LT+pTJ (noe at R (LT>) and define

lpg = (k—1) (L + pr) + Tz+ 2 aswellas opy = (k—1)(Lr + pr) + Ly Vke {1,..., Rr}.
(D.3)

The following considerations show that sequences (pr)pey as well as (L7)pey (and, hence, also a
sequence (RT)TGN) exist which fulfil these properties:

It holds [27b] < T due to b € (0,1/2) (as demanded in Assumption 4.5 [K&b.2] (ii)), such that
[2T0] < pr < Ly < T VT € N is feasible. Moreover, Definition A.1 (vi) (which provides = — o for
T — o0) and (A.1) (that implies = < b~ 1/12) show [2Tb] « Tb# « Tb# « (Tvb)/# « T. Thus,
sequences (p7) ey and (L7)pey for which (D.3) is valid exist.

For the remaining steps of the present proof, assume that 7" is large enough to ensure:

T+ 2 < 2T,

which is possible due to (A.1) and Assumption 4.5 [K&b.2] (ii). This yields I7, < ory Vk €
{1,...,Rr} due to [2Tb] < L.

Further, note that {)N(t(u)} (with u € [0, 1]) is defined in Assumption 4.1 [INDEP] and introduce the
following notations for all r,t,5 € Z, n € Ng, u € [0,1], s € R4, R € {R,3}, k € {1,..., 87} (see
(4.11), Definition A.1 (i) as well as (vi), (D.3) and recall that X¢ := X — E[X] for each random variable
X with finite first moment):

~

(N}r’{n} (u,s) = u,s ()Z'r (n} (u)) v Grmyr(w,8) =R {(N}T’{n} (u, s)},

ﬁTR (t, )

; ~ L—u) ~
<T ) iz r(u,8) - K (T b ) G{ (o r(u,s) duw(s)ds,

N N N N orTk t—Te—1 -
f-)T (t7]) = ﬁT,% (tv .7) + ﬁT,% (tv .7) ) HT,k,R = Z Z y’)T7R (t7]) )

IFHTJC = IFHTJ{,% + IFHTJ{;Q and HTHT = 2 HTHT’;C. (D.4)

By assumption of Theorem 4.9 (i) (which is currently proved), Hgn%ip% with D1 = Dy = {0} (note
(4.1)) is valid, such that the Lemmata D.3, D.4 and D.5 as well as (D.118) provide:

HTx/B Q7 — Bias" — ]ﬁITHl = o(1). (D.5)
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Hence, Theorem 4.9 (i) will be proved if the following statement holds for 7" — oo (see (4.14)):
fy -4 zindep, (D.6)

From now on, the validity of the assumptions demanded in Theorem 6.1 in [52, Leucht and Neumann
(2013), p. 274 et seq.] will be examined in order to use this theorem to verify (D.6), whereby the expres-
sion ]IT}IT’ k. takes the role of X, ;, which originates from Theorem 6.1 in [52, Leucht and Neumann (2013),
p.- 274 etseq.].

Therefor, note at first that it follows for all ¢,j,11,...,l4 € Z, R € {R,3} from Assumption
4.5 [K&b.2] (i) (recall (D.4), (4.11) as well as Definition A.1 (i)):

1-b
E;le% AR (tj)‘ < Sup Tig bf Liuelt/T—bt/7+8)) du < Tf/@’ ts,;;e% Hr (t,j)‘ < Tij@’ (D.7)
It — j| > 2Th — <5T,R (t.7) =0 A Hr(tj)= 0) , (D.8)
t=jl> o= (E[Srr /)| =0 o E[Sr(tj)|=0) and (D.9)

if 3ng e {1, 4} : Iy, — | > #Vn2 € {1,...,4}\ {m1},then E [5T (11, 12) Hr (13,z4)] = 0.

(D.10)

One obtains from (D.9) (see (D.4)):
E [ﬁm] =0 Vke{l,... &), (D.11)

which provides that the first assumption of Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274] is
valid.
Further, (D.8) yields:

o7k t—Tez—1

Hrjp= ). > Sr(t,j) Vhefl,..., R} (D.12)

t=lT’k jzmax{ 1,t— [2Tb] }
and it holds (recall (D.3)):

lT,k+1—0T7k=pT+7¢z+2 Vke{l,...,ﬁT—l}. (D.13)

According to (D.12), the random variable ]ITHT’k is measurable with respect to the sigma algebra generated
bY For iz s —[2T]— e (€€ Definition A.1 (i), such that (D.13) and (D.3) (which ensure I 1 — [27°0] —

azory+1Vke {1,...,ﬁT—1}) show:

~ £
(H@ k) le is a sequence of independent random variables. (D.14)

Hence, (D.11) implies (note (D.4)):
Var (HT> = NE [HZM] . (D.15)
k=1

Thus, one obtains from (D.119) and Lemma 4.8 together with Assumption 4.3 [WEI.2] (whereby the
latter two provide ondeP — on (recall (4.13))) that (Zf; E[]IT]I% k])T N is a convergent sequence for
T — o0, such that it is bounded from above by an absolute constant vy < o0, which yields that the
second assumption of Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274] holds.

In addition, (D.119) implies (6.25) in [52, Leuchtand Neumann (2013), p.274] with ¥ = gindep
whereby Y originates from [52, Leucht and Neumann (2013), p. 274].

Next, the validity of (6.26) in [52, Leucht and Neumann (2013), p.275] is proved. Therefor, it is shown
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at first for all R € {, 3} that:

A1

ME {(ﬁ[T,k,Rf] = o(1). (D.16)

k=1

One obtains for all R € {R, 3} due to (D.8), Assumption 4.5 [K&b.2] (i) and arguments which are
similar to those that show (C.91) (see (D.4) as well as Definition A.1 (i) and note that the eightfold sum
overry,...,rs € N: {ry,...,rg} = (t1,...,t4,41,...,74) should mean to sum over all 71,...,7rg € N
which fulfil that a tuple with the elements r1,...,7g (in arbitrary order) exists that equals the tuple

(tla"' 7t4ajla"‘7j4)):

Rr N 4
2 E [(HT,k,R> ]
k=1
C Rr OT .,k t1—Te—1 to—Te—1 t3—Te—1 tg—Te—1
STE X 2 2 2 2
k=1t1,....ta=lp 1, j1=max{1,t1 —[2Tb]} jo=max{1,to—[270|} js=max{1,t3—[2Tb|} ja=max{1,t4—[2T0|}
min{1—b,t4/T+b} min{1—b,t3/T+b} min{1—b,to/T+b} min{1—b,t1/T+b} . .
81 Y AR IR ) o Kl
b b

R4 R4 R4 RE max{b,t4/T—b} max{b,t3/T—b} max{b,ta/T—b} max{b,t1/T—b}

7 —u B —uy L—uy L —uy By Iy
K T 3 K T K T K T K T K T
( b > < b > ( b b b b

~ ~ ~ ~

: ‘E [Gfl,m},R (w1,51) Gf, (03 & (U2:52) Gy, (1 R W3,53) GY, (54 1 (Ua,84) G, (3 1 (u1,51)

~ ~

-6‘,;27{%}3 (ug,$2) Gj&{g}?R (us,ss3) G§47{“}7R(u4,84)] ‘ duy dug dus duy w (s1) ds1 w(s2) dso

*W (83) d83 A\% (84) d84

o7,k t1—T7e—1 to—Tez—1 t3—Tez—1 ty—Tez—1

> » » » »

k=1ty,..., t4=lT7k J1 =max{1,t1—[2Tb]} jg:max{l,tg—[2Tb]} j3=max{1,t3—[2Tb]} j4=max{1,t4—[2Tb]}

Z sup sup {

71,00, 75 EN: 31,...,38€R4 1,...,ug€[0,1]
{r1,emst=(t1,0,t4,01,00,54)

~

E [éil,{ﬂ},R (@1,31) G, () 1 @2,32) G, () 1 (Us,55)

~

.Gi4’{ﬂ}’R (ﬂ4’§4)]‘ l{supoLozE{rl r4}‘01_02‘<3ﬂ} ' ( ‘E |:G$5v{ﬂ}uR (’lj5,§5) Gi&{g},R (a6’§6)

.....

,,,,,

+ ‘E |:é-$57{¢}7R (ﬁ57g5) éqcn&{g},R (aGagG):l

[B (G, oy @7,5) G, g @59 | 1)

“Lfjrs—re| <}

,,,,,
~ ~

B |G (e r (U4 31) Gis,m},R@fv%)G?G,{w}ﬂ(ﬁfﬁ’gﬁ)ﬂ Lsupoy ogetrn,.rglor—oal<2e2}

. e A U TR01,028T -

(E[GE, ( k@30 G (ag,gg)” 1{7~7r8|<¢}}

oT .k t1—Te—1 to—Tez—1 t3—Tez—1 ty4—Tez—1

LSS » » » »

k=1 tl,...,t4=lT7k J1 :max{l,t17[2Tb]} jgzmax{l,t27[2Tb]} jgzmax{l,t37[2Tb]} j4:max{1,t47[2Tb]}

Z sup sup ] { ‘E [Cw-'xﬁh{ﬂ}?R (al,gl) (N;rf«%{ﬂ}ﬂ (ﬂ27§2)” 1{\r1—r2|<z}

r1,...,rgEN: 51,...,58€R4 ﬂl,‘..,ﬂge[o,l
{r1,..rg}=(t1,...,t4,J1,....J4)

~

- |E [G%,{g},R (Us,33) Gy, (1R (ﬁ4,§4)” Ly i<y ‘E [Gig),{ﬂ},R (U5,35) Gy (23R (176,%)”
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L —r|< 7} ‘E [Gﬁ7,{g},3 (U7,57) GY {0} R (178,58)” 1{r7r8|§ﬂ}}

= Frir +Frogr. (D.17)

It follows for all R € {R®,S} by using (D.3), (A.1) (which ensures »~ « b~'/12) and Assumption
4.5 [K&b.2] (ii):

C Rt OoT .k
Frar < 7 2 2 2
T1R = T4p2 {Supol,02e{r1 ..... r4}\01*02\<3“}
kzlt1,~~7t4,j17-~'7j4:max{1,lT,k*[2Tb]} T1,...,mgEN:

{r1,.r8}=(t1,..,t4,41,.-,J4)

,,,,,

,,,,,

< Tflﬁg; {LTﬂ3 (LT¢3 + LTﬂLTﬂ) + LT¢2LT¢2LT¢}

= o(1). (D.18)
In order to bound F7 5 r, observe that the condition of the eightfold sum contained in ' 5 g implies that
one of the indices 71, ..., rg has to equal j;. In the following, just the case r; = j; is considered since
the other cases can be handled similarly (note that the only difference between the left side of (D.19)
given below and 72 R is that the eightfold sum with respect to 71, ..., 7g contained on the left side of

(D.19) is additionally restricted by the condition r; = ji).

If ry = j1,j1 < t1 —Tz—1and |r; — ra2| < # one will obtain r9 # ¢, such that the existence of
(at least) one element in {to, t3,t4, j2, js, ja} which differs at most = from ¢; and of another element
that differs at most = from j; is necessary to ensure that the left side of (D.19) is non-zero. Therefore,
#{max {1,t; — [2T0]},...,t1 — T=z— 1} < CTb and (D.3) provide for all R € {{R, 3}:

o7k t1—Te—1 to—Te—1 t3—Te—1 ty—Te—1

5% » » » »

k=1t1,...,ta=l7 1 j1=max{1l,t1 —[2Tb]} jo=max{1,t2—[27Tb|} jz=max{1,t3—[2Tb]} ja=max{1,ta—[2Tb]}

~c N e e .
2 sup - sup {‘E[GTlﬂ{ﬂ},R(ul’Sl)Grzy{ﬂ}ﬁR(UQ’Sz)”1{7“1T2|<ﬂ}
71,...,rgEN: 51,...,586RdU1,...,u8€[0,1]
{ri,erg}=(t1,...,t4,41,...,4)
r1=J1

: ‘E [Gﬁg,m},R (Us,33) Gy, (1R @4,54)” Ly —ry|< 2} ‘E [Gﬁs,m},R (Us,55) Gy, (1R (ﬁ67§6)]‘

E [G%,{Q},R (U7,57) Gy, (R (ﬁ&?s)” 1{r7r8|<¢}}

s —rol<z}

C Rr OTk t1—Tez—1 OT,k
ST 2 A 2, 2, 2,
k=1t1=lp k j1=max{1,t1—[2Tb} t5,... .t4,j2,..., j4=max{1,lT7k_|'2Tb'|} r2,...,rg€N:

{ra2,.ors}=(t1,..,t4,42,.-,54)

Li(j1—rol< ) arat1)y Ylrs —ral< 2y Yrs—ro| < 2} L |ro—rs|< 2}
C T

= o(1). (D.19)

In conclusion, (D.17), (D.18), (D.19) and analog arguments imply (D.16). It follows similarly to (C.27)
by using (D.16) that (6.26) in [52, Leucht and Neumann (2013), p. 275] is valid.

The conditions (6.27) and (6.28) in [52, Leuchtand Neumann (2013), p.275] are valid with 6, = 0
V1 € N due to (D.14), whereby 0, is defined in [52, Leucht and Neumann (2013), p. 275].

Overall, Theorem 6.1 in [52, Leucht and Neumann (2013), p. 274 et seq.] shows (D.6) (see (4.14)) and,
therefore, (D.5) provides Theorem 4.9 (i).
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(1) In order to prove Theorem 4.9 (ii), note at first that it holds (recall (4.6)):

‘Blasmdep
~ 1
(T\/I;QT—Blasmdep>T ) >P Q—‘Q—QT‘ v > T;j_[ ‘ C\Vb
Blaslndep
+1
>P QZC\/EJ + L ‘ <CVb
Vb Vb’
(D.20)

By assumption of Theorem 4.9 (ii), Hiln%elp% with 1 = Dy = {0} (see (4.1)) is valid, such that the

Assumptions 2.2 [StAp] (which is contained in Assumption 4.1 [INDEP]) and 4.3 [WEI.2] yield
9 > 0 (note (4.6) as well as Definition 2.6). In addition, it holds |Biasi-"?| < C/v/b (recall (4.12)),
whereby the latter is an implication of Lemma 4.8 and Assumption 4.3 [WEI.2]. These considerations,
Assumption 4.5 [K&b.2] (ii) and (3.54) provide:

Vi ‘Biasi;dep -
lim P Q>CVb+ + =1. D.21
TS0 T/b Tb ( )

Moreover, one obtains from the inequality ||z|* — |y|*| < (|z| + |y|) |z —y| Vz,y € C, Lemma B.1
with k1 = 1, whereby the latter shows ‘@T(u, s)| +1Q(u, s)| < CVu € [0,1], s € R? (see (4.9),
Definition 2.11, (4.8) as well as (4.6)) and by using the Propositions 2.12 (with £y 1 ,, = [b, 1 — b] under
Assumption 4.5 [K&b.2] (1)) as well as 2.14 together with Remark 4.2 (i) and Assumption 4.3 [WEI.2]:

]w(s)dsdu—i— J f|@us w(s)dsdu

[0,b]U[1—b,1] R®

<C f jEH@(u,s) — o(u,s) + pll (u, 5[1]) . (_@[2] (u,s[2]) + o2 (u, 5[2]>>
b Rd

+ (—@[1] (u, 5[1]> + go[l] (u,s[l])) -g0[2] (u, 5[2]) H w(s)dsdu + Cb
C

<Cb+ —.
VTb

Therefore, Markov’s inequality and Assumption 4.5 [K&b.2] (ii) imply:

o{oe~of] < [ [e[Jertcof -1
b Rd

lim P (‘Q - QT‘ < C\/B) —1. (D.22)
T—w
Overall, (D.20), (C.98), (D.21) and (D.22) prove Theorem 4.9 (ii). ]

Proof of Theorem 4.11. Throughout the present proof, assume that 7" is large enough to ensure (note
Definition A.1 (vii) as well as (vi)):

75&5 + 2 < 2T,

which is possible due to Lemma D.11 (i), Assumption 3.15[W*] (iii), (A.1) and Assumption
4.5 [K&b.2] (ii). This ensures 7#3 + 2 < Ly due to (D.3).
In order to verify Theorem 4.11, it will be shown at first for 7" — oo that:

TVh Q% — Biasi™®P* —4, ZMde> in probability, (D.23)
which means that the distance (quantified by the Prokhorov metric) between the conditional distribution

of T+/b QT — Blasmdep (conditioned on Xj 7, ..., X7 1) and the distribution of Z™m4P converges to
zero in probability.
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To verify (D.23), define for all r,¢,j € {1,...,T}, R € {R,3}, n € No, w € [0,1], s € R, k €
{1,..., R} (see (4.11), Definition A.1 (i), (D.3) and recall that X¢ := X — E[X] for each random
variable X with finite first moment):

Gr T(ua 3) = 8u,s (Xr T) GTTR(U 3) = R{GT,T(U7 3)}7 Gr,T,{nﬂ} (u7 3) ‘= Bu,s (Xr,T,{nﬂ}) )
GrT{nﬂ} R(u 3 R{GTT{nﬂ} (U S)}

1 (t) = s f f (_“) G u,5)- ( b“) GS (1, 5) duw(s) ds,

D7 (t,j) = J’JT%(tJ +‘6T\Y(t.])

n E iy
55{ b ( f J ( ) i1 e R (U 5) - K<Tb> ST ey r (U 8) duw(s) ds,

o7 (t.9) = sa““( >+sa{“}< i)

or t—Te—1
= (k=1)-(Ly +pr) + Tas +2, Hizp= ), Z T D Wi} W)

t= lTk
A
HY = Hf pp + Hi g aswellas Hf = ) Hiy. (D.24)
k=1

One obtains for all R € {i, 3} analogously to (D.7):

. C ) C {n} C
ta <77 t7 <77 <77
sw DR (IS o sw 190 (D)< g s sw |9 ()] < L

t,j=1,....,T t,j=1,...T neNg ¢,j=1,...,T

n} ,, . C
sup sup ‘.6 (t j)‘ < —— (D.25)
neNg t,j=1,..., ’ Vb

and forall R € {R, 3}, ¢, € {1,...,T}, n € Ny similarly to (D.8):

=il >2Tb — (9rr(i)=0 A HrE)=0 A SPLEH=0 A 8P (7)) =0).

(D.26)
The Lemmata D.12, D.13 as well as D.16 and (3.27) imply (note (3.26)):
TVb Q% — Biasm4P* — H2 = 03(1). (D.27)
Thus, in order to prove (D.23), it suffices to show for 7' — oo that:
HE —%> ZmdeP  in probability. (D.28)

From now on, the validity of the assumptions demanded in Corollary 6.1 in [52, Leucht and Neumann
(2013), p.275etseq.] will be examined in order to use this corollary to verify (D.28), whereby the
expression H. . takes the role of X, which originates from Corollary 6.1 in [52, Leucht and Neumann
(2013), p. 275 et seq.].

The Assumptions 3.15 [W*] (ii) and (iii) imply (see Definition A.1 (i)):
E* [H},] =0 Vke{l,..., 87}, (D.29)

such that the first assumption of Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275] is valid.

Further, it holds [T, | — [2T0] — zg = o7, + 1 Vk e {1,..., Ry — 1} (note (D.24) and (D.3)). Thus,
one obtains from (D.26) similarly to (D.12) by recalling Definition A.1 (i) as well as using Assumption
3.15[W*] (ii) that (H}k);jil is a sequence of conditioned on (X;7)7_, independent random vari-
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ables. Therefore, one obtains from (D.29) (recall (D.24)):

R
Var* = Y E* [ (B3 ,) ] as. (D.30)
k=1

Markov’s inequality, (D.30) and Lemma D.17 show:

.QT ﬁT
P (Z B [ (H7,)°] > oo + 1) <E [ SB[ (B5,)°] - o
k=1

k=1

] =9, (D.31)

The second assumption of Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275] holds due to (D.31),
Lemma 4.8 and Assumption 4.3 [WEI.2], whereby the latter two provide ondeP < oo (see (4.13)).
Lemma D.17 shows (by recalling (D.24)) the validity of (6.29) in [52, Leuchtand Neumann (2013),
p-275] with ¥ = omdeP (note that 3 originates from (6.29) in [52, Leucht and Neumann (2013), p. 275]).
Next, it is proved that the condition (6.30) in [52, Leucht and Neumann (2013), p. 275] is fulfilled. There-
for, it is shown at first that:

Z_T] [ HE ) ] = o(1). (D.32)

It follows from Assumption 3.15 [W*] (ii), arguments which are similar to those that show (C.120),
(D.26), (C.64), Lemma D.15 (ii) with n = 8, (D.25), the first inequality of Lemma D.11 (i), Assumption
4.5 [K&b.2] (ii) and arguments which are analog to those that yield (D.16), i.e., which are similar to
those that show (D.17), (D.18) as well as (D.19) (recall (D.24), (D.3) and Definition A.1 (vi)):

ZT] [HTM‘: ]

k=1
oT K t177¢571 t277¢571 t377¢571 t477ﬂ571
<C Z > > > > > ESrs (t,41) H10 (b2, 52)
k=1ty,.ta=l3F =1 Ja=1 Jjas=1 Jja=1

J1
|]1 t1|<2Tb|j2 t2‘<2Tb‘j3 t3‘<2Tb‘j4 t4‘<2Tb

D% (ts,73) Or.; (ta, 4a)] — [55{8} (t1,J1)5{8} (t2,J2)~\5{8} (ts, Js)ﬁ{ s (L, J4)”
oT,k t177ﬂ571 t277ﬂ371 t377ﬂ/371 tg— 7%5 1

+CZ Z Z 2 Z ‘E [ﬁmcg(tl,]l)

k=11ty,.. ta=l% Jji=1 Jjo=1 Js=1 Ja= 1
|j1 t1|<2Tb|j2 t2‘<2Tb‘j3 t3‘<2Tb‘]4 t4‘<2Tb

55{8} (t2,.72)55{8} (t3,j3)5')T7gg (t4>j4)”

C 1
< c-L eyt
Lr r(T0) T1+4-(148) 4 /p (T\/E)g
oT K t1—T-8—1 to—T-8c—1 t3—7-8c2—1 ta—T-8c—1

NS 2 2 2 2

k=1t ty= l;‘i o Ji=max{1,t; —[2Tb]} jo=max{1,to—[2Tb]} js=max{1l,t3—[2Tb]} ja=max{1,t4—[2T0]}

‘E [5{8} tb]l)ﬁ{s} (752,]2)55{8} (753,3'3)55;%@ (t47j4)]
= o(1). (D.33)

One obtains from (C.26), (D.33) and similar arguments (see (D.24)):

ZT] [ HE ) ] = o(1).

210



This and (C.24) show for all € > 0:

Rr Ay
. [ 2 |7 2 g g | - 0] = N[5 1, -] = o).

such that (6.30) in [52, Leucht and Neumann (2013), p. 275] holds.

The validity of (6.31) as well as (6.32)% in [52, Leucht and Neumann (2013), p.275] with 6, = 0

V7 € N can be shown by using that (H; k) r , 1s a sequence of conditioned on (X, 7)1_, independent
random variables (as explained above (D. 30)) whereby 6, is defined in [52, Leucht and Neumann
(2013), p. 275].

Overall, Corollary 6.1 in [52, Leucht and Neumann (2013), p. 275 etseq.] proves (D.28) (recall (D.24)
and (4.14)), such that (D.27) yields (D.23).

In the case o™eP > (, (4.22) follows from (D.23) and a chaining argument that is similar to
(C.77).

Instead, if 0P = 0, the Lemmata D.12, D.13 and D.16 as well as Lemma D.17 together with

(D.29) will imply:
|-y ] = o,

which proves (4.23) due to (3.27) (note (3.26)). ]

[ ‘T\/E QT Blaslndep*

] HT\/BQT BiaslP* — H,

Proof of Theorem 4.13. At first, one obtains from Assumption 3.15[W*] (iii) (which provides
K*(0) = 1), (D.2), Assumption 4.3 [WEI.2] as well as (3.60) (recall (4.12), (4.21) and that p € (0, 1)
according to Assumption 2.4 [DM.3], which is contained in Assumption 4.1 [INDEP)):

]

() - 1‘ s (5,8 s we(s) ds

HT\/I;QT Blasmdep (T\/EQT Blaslndep*)

<Gl s

c ‘ " (ﬁ) - 1‘ H
< 2 = . .34

It follows from (D.34), (3.27), (D.23) and a chaining argument which is similar to (C.77) that (4.24)
holds. Moreover, (D.34), (3.27), (4.23) and (3.28) yield (4.25). O

teZ\{0}

Proof of Theorem 4.18. Throughout the present proof, assume that 7" is large enough to ensure 7' >
1 4+ Dax (note (4.28)).

(i) In order to verify Theorem 4.18 (i), define at first for all u € [0,1], s := (s[l]l, 3[2]/)' € RA#D1
R%#92 L e {1,2} (see (4.26), (4.2) as well as (4.4)):

, [11+ , [2]+
@51 Do (U, S) = ! Z Kb (zt_‘ o u) €Z<S[1]7X91’92’t’T>€Z<S[2]7X®1’®2’t’T>7
A[K]+ k 1 < t 1<S[k] xE+ >
Do, 2, (u,s[ ]) = TZKI’ Toule 01.22:6T /" and

2
Q&,@g,T = J f ‘@51,92(% s) — 90[912)2 (U, SD]) @%1;2 (u,S[Q])‘ duw(s)ds.

RA1#D1+da#Da b

(D.35)
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Note that Hgn%ipm, which holds by assumption of Theorem 4.18 (i), is equivalent to )Nfi[)ll] olu) 1L

)N(gj o(u) Yu € [0,1] (recall (4.1) as well as (4.2)). Hence, applying Theorem 4.9 (i) (note thereby

(4.9) as well as (4.11)) to the locally stationary process {ng1 Dot T} (defined in (4.26)), whereby this
application is justified due to Remark 4.16, implies (see (4.30) and (4.31)):

S+ . _indep d indep
TVhQY o, — Biasy'® . — Z5°F . (D.36)

Let f,g: [0,1] x R" — C (with r € N) be arbitrary, not necessarily deterministic functions that live on
the same probability space. If each expression contained in (D.37) given below is well-defined, it will
follow similarly to (C.315):

1-b
2| [ [ |1 ~law )] duw(s) ds
" b

< JUE[S;}Eb]E [|f(u, s) — g(u, s)|2] w(s)ds + 2 Jue[sl},llpib] E [|f(u, s) — g(u, s)|2] w(s)ds

R” R”

J sup E [|g(u, 3)|2] w(s)ds. (D.37)
u€[b,1-b]

R"
: (1 217 di#91 do#D3 [k]+ _ vyl
One obtains for all s := (sl s2I)" e R x R from the fact that Xg " 7 = Xg', »

Vit e {1 +maxpen, 0,0, ..., T} (which is valid due to (4.26)) and from Assumption 4.5 [K&b.2] (i)
(recall (D.35), (4.28) as well as Definition 2.11):

sup | [25,0,(0:8) = Poy.00(w5)]

u€[b,1-b
Qmax t

g sup i Z K (T - U) ei<8[1]7X£)13‘+92’t‘T>6i<s[2]’Xgijrgzyt»T>

welp1-0] | T & b ,

1 min{T;[:‘Jmean+UT+Tb]} L —u t—Dmean —u

—|—supﬁ 2 K(Tb )_KTb

ue[bylfb] t:max{]ﬁl’@max,[uT*TbJ}

C
S T (D.38)

Lemma B.1 with k; = 1 as well as similar considerations imply:

G0, (W, s)‘ <G, ‘@%ﬁ;z (u’s[k]ﬂ <0, 99,0, (u,s)[ <C and ‘sa%i% (U’S[k]>‘ <€

!
Vuel0,1], s = (s[l],,sml) e RU#D1 o RE#D: [ (1 9}, (D.39)

It follows for all s = (5[1]/, 3[2]’)’ e RU#D1 » RA2#D2 from (C.112), (C.25) with M = 3, (D.38) as
well as similar considerations, (D.39) and Assumption 4.5 [K&b.2] (ii) (see (4.28)):

TV s 5[n, 0009 - (38,0001 - 2L, () 8, (06))

< %g ~o(Vh). (D.40)

In addition, recalling that Hion%elp% is equivalent to )N(gl] O(u)iL)N(gg o(w) Vu € [0,1] (see (4.1) and

(4.2)), using (C.112), (C.25) with M = 3, applying the Propositions 2.12 as well as 2.14 to the locally
stationary process {X{g1 D5 tT} (note (4.26)), whereby this application is justified due to Remark 4.16,

and using (D.39) as well as Assumption 4.5 [K&b.2] (ii) yield for all s := (s[l]l, s[z]l)/ e RA#91
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R%2#92 (recall (D.35)):

Vb sup E U%l 0, (U, 8) — <p£01+®2 (u,s[l]) 95512)2 (u,s[Q])‘Q]
<TVb sup E [

u€e[b,1-b]
[1] [2] : L1l
B, mpl:5) — B | OB TR 00) |y [ O A00)
ue[b,1—b] s

= {el@z] KB o >>} Y, () B, (ws)

C

< — (IsB +1). (DAI)
NG |

In summary, (D.36), (D.37) with f(u,s) = @ng%T(u,s) as well as g(u,s) := @51 i)2(u, s)

—00 1o, (s s)@h Y, (sl Vue [0,1] s := (s, s12) e RO#D1 x RE#22 (D .40), (D A1)
and Assumption 4.17 [WEI.3] imply Theorem 4.18 (i) (see (4.28)).

(ii) In order to prove Theorem 4.18 (ii), note at first that one obtains for all s := (s[l]/, 8[2]/), €
RA#21 5 R42#92 due to (C.98):

P (7vb s, 0,7 ~ BiasheS, 1 > 1)

S S+ S+ « . _indep
= P( ~TVb ‘—53@1,@21 + DC‘Dl,’Dg,T‘ +TVbQY, o, 7 — Biasy[3, 1 > 77,

I S+ —1/4
‘Q@l,g%T — D®1,©2,T‘ <7V )

(TﬁQQ o7 Biasy B o >TT+T\/ET1/4> +P<‘ﬁ®1,©2,T - ﬁgl,Qg,T‘ <T1/4> -
(D.42)

It follows from (3.54) (that holds by supposition of Theorem 4.18 (ii), which is currently proved) and
from Assumption 4.5 [K&b.2] (ii) that (v +Tv/bT~'/1),_ is a sequence of positive numbers which
grows to oo for T — oo slower than T'v/b. Thus, applying Theorem 4.9 (ii) to the locally stationary
process {Xgl 75‘32,t7T} defined in (4.26) (which is justified by Remark 4.16) shows that the first summand
on the right side of (D.42) converges to 1 for T — co.

Moreover, E[| | X1[* — |X2[* || < | X1 — X2, (| X1]l, + [ X2],) holds for all random variables X; and
X, that own two finite moments. Hence, the first inequality of (D.40) (divided by T+/b), (D.39) and
Assumption 4.5 [K&b.2] (i) show E[|Qp, 0,7 — Q5 o, 7] < C/(Th) = o (T~4) (recall (4.28)
as well as (D.35)). Therefore, Markov’s inequality provides that the second summand on the right side
of (D.42) converges to 1 for T" — oo.

Overall, these arguments prove Theorem 4.18 (ii).

(iii) In order to prove Theorem 4.18 (iii), define at first for all v € [0,1], s := (s[l]l,s[g]l), €
RA-#91 5 RA2#92 (note (4.26) and (D.35)):

X3 ~[1
) = 3 3380 () (< 5im07) 54 0 4 8, (1)

| (83512»(%8”]) M) 4 (@51,;2 )= 550 5, o)

as well as ﬁ%i@%T = f f ‘le 0,7 (Us S ‘ duw(s)ds. (D.43)

Rd1 - #D1+do-#Do

Moreover, (C.112), the same arguments which have been used to verify (D.38), (D.39) and Assumption
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3.15[W*] (ib), (iii) as well as (i) (the latter provides 8 = o (Tb?)) show for all s := (S[l],’ 8[2]/), :
RA#D1 x RA2#D2 (gee (4.29)):

\/r\/g sup HQQI 05, r(u,s) — le 2,7(Us 8 H \/T7 \/7 . (D.44)

u€[b,1-b]

Let (Zth)teZ,TeN be a sequence of random functions with Z; r: [0, 1] x RA#D1+d2#D2 5 C each Zy T
should be measurable with respect to the sigma algebra generated by (ey),.., (introduced in Definition
2.1 that underlies Assumption 4.1 [INDEPY]) and suppose supyep, 15 SUPi—1,... 7 E[|Zer(u, s)?] <
0 Vs e RO-#D1+d2:#92 Then, it follows similarly to (C.254) for all s € R% #21+d2-#D2,

2
t
sup E 2 Ky ( - u) Zir(u, s) Wi | < os sup sup E [|Zt,T(u,s)|2] .
u€[b,1—-b] t 1 T Tb u€lb,1=b] t=1,..,T:| & —u|<b
(D.45)
Hence, one obtains for all s € R4 #21 x R42#92 from (D.39) (recall (D.43)):
2 CB
TvVb sup E [‘Q (u, 5)‘ ] < —. (D.46)
ue[b,1—b] D122.1 Vb

In conclusion, (D.37) with f(u,s) = @%I’QQI(U,S) and g(u, s) = @;Jlr 0,7 8) Vu € [0,1], s €
RA#D1 x Ré2#92 (D.44), (D.46), Assumption 3.15 [W*] (i) (which provides 3 — oo for T — o0) as
well as (3.27) imply (see (4.29), (D.43) and (3.26)):

Vo (95, 0, — Qb7 ,) = 05(1). (D.47)

In the case agl d%’ > 0, applying (4.24) to the locally stationary process {XQ D, tT} defined in (4.26)

(which is possible due to Remark 4.16) yields T'v/b Q@ DT Blasg?%)z T 4, Zg‘f%; in probability

(in particular, note thereby the similarity between (4. 20) as well as (D.43) and recall (4.31)). Thus, in

this case, (D.47) and a chaining argument which is similar to (C.77) show (4.32). Instead, if 0%1 d%)z =0,

applying (4.25) to the locally stationary process { X3 o, } implies TVb Qih 00T Blasf,gleg’2 =
op(1), which verifies (4.33) due to (D.47) and (3.28).

D.2. Auxiliary results belonging to Chapter 4 and their proofs

Lemma D.1. Let the Assumptions 2.4 [DM.3| and 4.5 [K&b.2] be fulfilled. Moreover, define the ran-
dom functions (3 = Pr () and Piy = Q1 {4y as follows (note the Definitions A.1 (i) as well as

(vi):

(p{ﬂ}(u S ZKb (T — u) 1<S XtT{¢}> and (p{ﬂ}(u S ZKb <T — u) 1<S Xt{ﬂ} u)>

t 1
Vue[0,1], se RE.  (D.48)

Then, it holds for all s € R q = 1+ 6 (recall the Definitions 2.11, 2.6 as well as (B.29) and that §
originates from Assumption 2.2 [St Ap|, which is contained in Assumption 2.4 [DM.3]):

(i)

146
C q

'i<S,Xt,T,{ﬂ}> _ 7:<37Xt,T> -
¢ ¢ T ol

sup
t=1,...,T

<
q
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(ii)

C 144
) o = q
Sup |B1eay (. 8) = 8w )], < gz el
(iii)
sup \E [@{ﬂ}(u,s)] — o(u, 3)‘ <C (bl+6 4 1) <|S %+5 n 1) _
u€[b,1—b] Tb
(iv)
~ ~ 2 C
sup E[ 151 (1:5) ~ B [B1) (w9 < 7 (s + ).
ue[0,1]
(v)
& > 5
(s Xy (W) _ (s Xa(w)| < o =5
Jup sup e ST <l
(vi)
~ ~ C’ +6
sup 1Bt (0:5) = B9, < oo
(vii)
sup [E [Br (t: )] — 0l 5)] < = (Jshy +1).
ug[b,1-b) Tb
(viii)

C
< (Ish +1).

sup E [|<5{¢} (u,s) — B [${ 03 (u, )] |2]
u€[0,1]

Proof. (i) One obtains for all s € R similarly to the first two inequalities of (C.205) by using Lemma
B.4 (i), shifting the index of a sum and due to Assumption 2.4 [DM.3]:

146 146

145 [ © KB 148 guye) [P Ta

i, Rl 3l e (San) "oy (50)
= =1

(D.49)

Lemma D.1 (i) follows from (D.49) and Definition A.1 (vi) (note that p € (0,1) according to
Assumption 2.4 [DM.3]).

(i) The Lemmata D.1 (i) and B.1 with k; = 1 yield Lemma D.1 (ii) (see (D.48) as well as Definition
2.11).

(iii) Lemma D.1 (iii) is an implication of Lemma D.1 (ii) with ¢ = 1 + §, Proposition 2.12 (with
$o.1.5 = [b, 1 — b] under Assumption 4.5 [K&b.2] (i)) and Assumption 4.5 [K&b.2] (ii).

(iv) One obtains for all s € R? from (C.370) and Lemma B.1 with x; = 1, whereby the latter provides
IR{ By (u, )} + [R{P(u, 8)}| < CVue[0,1], s € RE:

sup ‘Var (%{cp{ﬂ} U s)}) — Var (R {p(u, s)})‘ C sup H?R{cp{ﬂ} u, s) — o(u, s)}Hl

u€l0,1 u€el0,1

(D.50)
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Lemma D.1 (iv) follows from (D.50) and similar arguments, Lemma D.1 (ii) with ¢ = 1 + § as
well as Proposition 2.14.

(v) Lemma D.1 (v) can be proved similarly to Lemma D.1 (i).
(vi) The Lemmata D.1 (v) and B.1 with k1 = 1 show Lemma D.1 (vi) (note (D.48) as well as (B.29)).

(vii) The Lemmata D.1 (vi) with ¢ = 1 + ¢ and B.3 imply Lemma D.1 (vii) since £ 1, = [b,1 — 0]
(recall (2.9)) under Assumption 4.5 [K&b.2] (i).

(viii) It follows analogously to the proof of Proposition 2.14 by using Lemma B.4 (vi) and Assumption
24 [DM.3]:

N . C
sup E [|Lp(u,s) —E[3(u, s)]|2] <z (sh+1) VseR" (D.51)
u€[0,1]

One obtains similarly to the proof of Lemma D.1 (iv) by using Lemma D.1 (vi) withg¢ = 1 4+ ¢
and (D.51) that Lemma D.1 (viii) is valid.
O

Lemma D.2. Suppose that the Assumptions 4.1 INDEP| and 4.5 |K&b.2] hold. Moreover, define for
allt e {1,...,T}, r € Z, u e [0,1], s¥l € R%* with k € {1,2} (see the Definitions A.1 (i) as well as
(vi)):

X8 =B X FL ] XU =R X W)|F, ],
t

T .
By (o) = @),y () = 7 2k (7 - “) X)) and

. k]
- >€Z<S[k]’Xtim<“)>. (D.52)

Then, one obtains for all s := (s[l]/, 3[2]/)I e RN x R%:

(i)

sup (B8 (u,500) 27, (ws7) | < |83 (o) | B [2(7, (w s7) || < Tgb (Isly + 1)

u€[0,1]
(ii)

o[ )52 )| [0 o968 o) < S .

u€[0,1]
(iii)

1[5 o) 81, (7)1 (o) 32, ()] < & 1, 1.

u€[0,1]

Proof. (1) Applying the Lemmata D.1 (iv) and (viii) to the locally stationary processes {Xt[];l} with
k € {1, 2} (which is justified due to Remark 4.2 (i)) provides for all s := (s[l],, 3[2],)/ € R4 x Rd2:

a0 () 588 ()] [508 (1)]-2f, o)

u€el0,1]

- 2 I (o) B[ (o)) 52 o) -2 o (o))

s

<& L (T
VTh 1t VTh ‘3 ‘1+
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that proves Lemma D.2 (i).
Lemma D.2 (ii) and (iii) can be verified similarly to Lemma D.2 (i). ]

Lemma D.3. Let the Assumptions 4.1 [INDEP] (in particular, note d := dy + ds), 4.3 [WEIL.2] and
4.5 [K&b.2] be fulfilled. Moreover, define for all s := (5[1]1,3[2]1)/ e R4 x R® (recall (D.48) and
(D.52)):

Qg (0,8) = By (uy5) = B0y (o st1) - @ (wos?) (D.53)

Then, it holds for T — oo (see (4.9)):
] =o(1).

Proof. The inequality ||z|* — |y|*| < |# —y|(|z| + |y|) Y,y € C, Lemma B.1 with x; = 1 (whereby
the latter yields ‘@T(u, s)‘ + ‘©T7{ﬂ} (u, s)‘ < COVuel0,1], s € R? (recall (4.9))) and (C.112) imply:

T\/EIE[

~ [l 2
Qr — J j ‘QTV{Q}(U, s)‘ duw(s)ds
Rd b

T\[E[QTJ f ‘QT{ﬂ}us)‘ duw(s)ds ]

R4
CT\[Juz%pl E[|? (u, ) — $(y (u,5) +u2%p1 E H— ( ) + QOL]Z} (u 5[1]>H

¢ a5 () 81, o) wer

Thus, Lemma D.1 (ii) with ¢ = 1 + 0 together with Remark 4.2 (i), Assumption 4.3 [WEI.2] and
Assumption 4.5 [K&b.2] (ii) show Lemma D.3. O

Lemma D.4. Suppose that the Assumptions 4.1 [INDEP], 4.3 [WEL.2] as well as 4.5 [K&b.2] are
fulfilled and assume that the null hypothesis ’HBHDQPDQ (defined in (4.1)) with ©1 = D9 = {0} is

valid. Moreover, define for all v € [0,1], s = (5[1]1,5[2]/)1 € R4 x R% (see (D.48), (D.52) and
Definition A.1 (i) as well as (vi)):

@%ﬂﬂﬂuﬁ)::@Uﬂ(ws)_E4¢gﬂ(msﬂ—%E[@E%(UJUD].E[@E;<UJDD]
a &Ei} (“ 3[1]) ' @Ei];} (“ 8[2]) : (D.54)

Then, it holds for T — oo:
1-b ) 1-b )
T\/BE[ J J ‘@T,{ﬂ}(u,s)‘ duw(s)ds—J J ‘@;ﬁw}(u,s)‘ duw(s)ds| | = o(1).
Re b R4 b

Proof. At first, note that one obtains for all 5 == (s[1]', 52"} € R4 x R% from (C.25) with M = 4
(recall (D.53) as well as (D.54) and that X¢ := X — E[X] for each random variable X with finite first
moment):

2
sup E [‘@T{a} u,s) — QT{@}(U S)‘ ]
u€[b,1—b]

2

<4 sup H (Pay (uy8) = Pray (u,5))° H
ue[b,1-b]

e (P (o) 20 (o) = 01 (1) 002, o))

2
2

2
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+4 sup ‘E [So{ﬂ} (u, s) — ‘ng];} (u 3[1]> ‘Sa[{i]&} (u,s[z])] ‘2

u€[b,1-b]
v sup (5[0 (wolt) - 23, (s ol)] B[l (n50)] £ [5 ()]
=: 4E1,T( s) + 4E2,T(3) + 4E:J’;%T(S) + 4EiLT(5)' (D.55)

Assumption 4.5 [K&b.2] (i), the inequality |Cov(X,Y)| < C|X]|, Y|, (which holds for all real-
valued random variables X and Y with finite second moments that live on the same probability space),

(3.14) with ¢ = 2, Assumption 2.2 [StAp] (i) as well as Remark 2.3 yield for all s € R9%+92 (note
(D.48), Definition 2.11 and Definition A.1 (i)):

uesbulpb HS‘E{QOW} U, 8) — iy (u, } H

min{T,[uT+Tb|} t to
1 d—u 2y
< sup  —— K T K T
uelb, 1] (Th)° Z 1} ( b ) < b

t1,to=max{1,|uT—Tb
‘tl—tg‘éﬂ

Cov ( cos (<s, Xt17T,{ﬂ}>) -

— cos (<s7 )N(th{ﬂ}(u)>) , COS (<s, th’T’{ﬂ}» — oS (<s, )th%{ﬂ} (u)>> ) ‘
< T uzltpl sup E |:‘COS ({8, Xt 1 (1)) — cO8 (<s, )?ty{ﬂ} (u)>) ‘2]

[0.1) t=1,...T:| £ —u|<b

~ 1+9
< —— sup sup E [‘E [<s, X — Xt(u)> ‘]—"t,t_ﬂ” ]
Tb u€e[0,1] ¢=1,..., T:|%7u|<b

7 Ish ™ (D.56)
It follows for all s € R4 %% from (D.56) and similar arguments (see (D.55)):
Ei'r(s) < C— 5|37 (D.57)

Further, one obtains for all s := (s11', s[2") € R% x R due to (C.25) with M = 2 (recall (D.55)):
0 52w B[[E[A01 (000 - (A () 58 ()
~ By (wst) - (82 (w5P) = 812 (w5)) H
2w E“E[ (2hdy (wos) =81 (ws7)) -0, (ws™) |
= (PR (o) =20 (o)) 2L (o) ]
=: 23 7(s) + 2Eq 1(s). (D.58)
Moreover, (C.25) with M = 4 provides for all 5 := (5[, s[2")" € R% x R%:
Ey17(5)
Sty 22123, (st) - @0, (nst) | [0, (st | - [0 (. s0)]

Lty | = 5[0 (ws) - 22, (s |+ B[22, (s ][5, (. s)]

w1 s | ol (1o)] - (A () o2 (57))
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S[1] 1 Sl1] 1 Al2] 21\ _ 02 N [
o E“ (= |21y (o) | = 200y (o)) - (800 () = 812 (w521) ) | ]
=: 4E%1.1,T(5) + 4E%.L1.2,T(5) + 4E5.L1.3,T(3) + 4E%.L1.4,T(5)' (D.59)
Lemma D.2 (ii) and (i) as well as (C.25) with M = 2 imply for all s € R%1+42;
B 1r(s) + Efor(s) < oo (15 1), (D.60)
1.1, 1.2, (Tb)2 1
Lemma B.1 with x; = 1 yields (note (D.52) and Definition 2.11):
‘@%’j&} (u s[k]>‘ <C Vuel0,1], seR%, ke (1,2}, (D.61)
such that arguments which are similar to those that show (D.56) provide for all s € R1+d2 (see (D.59)):
Ey1a7(s) < Cf 537 (D.62)

Assumption 4.5 [K&b.2] (i) and the same arguments which prove the last two inequalities of (D.56)
yield for all s := (3[11', 3[2]’)' e R4 x R?% (recall (D.59), (D.52) as well as Definition A.1 (i)):

Eéj._l.zl,T (s)

min{T,[uT+Tb|} 1 ty ts ta
< sup le4 Z K(TbU>K<TbU>K<TbU>K<Tbu)
u€[b,1-b] ( ) t1,ta,t3,ta=max{1,|uT—Tb|}

Ire{2,3,4}:[t1—tr|< 2

) E[ (E [ez<s[1] X ]T{ﬂ}>:| _ €z<3[1] X[I]T{m>> ( z<5[2] X[2]T{m> B €Z<S[ ] Xt[ﬂ{ o )>)
_ <E [ez<s[ ] X[lT{¢}>] z<s[ XU ) (el<s[ BN Z<s[ R )>>”

Cﬂ sup sup sup
u€[b,1-b] ¢,—1,.. T|—7u|<bt4 1,.. 7T|**U|<b

ez<s[]Xt T{m> <s[21,)?t[§}{ﬂ}(u)>‘2] | IE[

E

X ) ei<‘5[2]v)?t[i],{m<“)>r]

<CZ|s]it?. (D.63)

Replace on the right side of the inequality contained in (D.59) all @Eg} (u,s[l]) by @Ei} (u,s[Q]),

all @EQA} (u,sp]) by @Eg}(u,s[l]) as well as all &EQA} (u,s[Q]) by gﬁ[{g} (u,s[l]) to obtain for all

s = (5[1]’, 5[2]')’ e R4 x R®% similarly to (D.59), (D.60) (in particular, note also Lemma D.2 (iii)),
(D.62) and (D.63) (see (D.58)):

c
Edy 1(s) < T (|s|§ + 1) + C— 5|10 . (D.64)

In summary, (D.58), (D.59), (D.60), (D.62), (D.63) and (D.64) imply for all s € Réa+d2,

1 b’

The null hypothesis 7—[8?%611?@2 (defined in (4.1)) with ©1 = D5 = {0} holds by assumption of the lemma
which is currently proved. Therefore, ¢ (u,s) = @l (u, sl!) o[ (u, s[2]) is valid for all u € [0,1],
s = (s[ll’, 3[2]’)’ e R% x R% (recall Definition 2.6 and (4.6)). Thus, (C.25) with M € {3,2}, Lemma
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D.1 (iii) together with (C.112), Remark 4.2 (i) and (D.61) as well as Lemma D.2 (ii) yield for all s :=
(st 512"} e R% x R (note (D.55)):

n ~ 2
Efr(s) <3 sup [E [ (u5)] — olu,9)]

u€[b,1-b]
5, o) 09) [ ) o, o)
e o, (o) ][22 (us)] - [402, () 202, (w2
<C <b2+25 " (Tb)2> <|s 2426 1) _ (D.66)

Lemma D.2 (iii) implies for all s € R%+92 (recall (D.55)):

)

C
El.(s) < T <|s|§ + 1) . (D.67)

One obtains for all s € R%+% from (D.55), (D.57), (D.65), (D.66), (D.67), (A.1) (the latter ensures
b’ — 0 for T — 0) and Assumption 4.5 [K&b.2] (ii):

~ ~ 2

TVb sup E UQT’{Q}(U’ s) — Q%W}(u,s)‘ ] <o (\@) (|s|%+2(S + 1) , (D.68)
u€[b,1-b]

whereby the expression o(\/g) does not depend on s € R +d2 Fyrther, (C.112), (C.25) with M = 3,

Lemma B.1 with k; = 1, which yields ‘&Ei} (u, st | < Cas. Vue[0,1], s € R% (note (D.52))

and Lemma D.1 (viii) together with the first paragraph of Remark 4.2 (i) show for all s € RA1+d2 (gee
(D.54)):

TVb  su E[QO u, S ]< sly +1). (D.69)
ue[bﬁb] ‘ 7,2} )‘ \/B(| 1 +1)

Lemma D.4 follows from (D.37) with f(u,s) = @T’{ﬂ} (u, s) as well as g(u, s) == @E} (2} (u,s)Vue
[0,1], s € RE+42 (D.68), (D.69) and Assumption 4.3 [WEI.2]. O

Lemma D.5. Let the Assumptions 4.1 INDEP], 4.3 [WEL.2] and 4.5 |K&b.2| be valid. Moreover,
define for all u € [0,1], s := (8[1]/, 5[2]1), e R4 x R% (recall (D.4), Definition A.1 (i) as well as (vi)
and that X¢ := X — E[X] for each random variable X with finite first moment):

~

T 1-b
Qr (e (u,s) = T 2 K <T — u) G;{ﬂ}(u, s) and Qr (., ::J f ‘QT,W}(U, s)‘ duw(s)ds.
t=1
Rd b

] = o(1).

Proof. At first, observe for all u € [0,1], s = (s[l]l, 8[2]/)I e R4 x R% (recall (D.70), (D.4), (4.11),
(D.48) as well as (D.52)):

By (1, = (B (r5) = o0 (st - 52, (o ol2) = 0 (o020 L, (),

(D.70)

Then, it holds for T' — oo (see (D.54)):

T\/BIE[

1-b
- - 2
Q7 (2 —J J ‘Q%{ﬂ}(u, s)‘ duw(s)ds
Rd b
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such that (C.25) with M = 3 provides for all s := 3[1]/ 3[2]I "e RY x R (note (D.54)):
( ) p ) ( ( )

2
sup E U@T{ﬂ} u,s) — QT{Q}(U s)‘ ]

uelb,1-b]

<5 g, 1) -l () oy )] -, )]

5 i B ()] 8, ) o ) 5[, o)
Oty |( 200, (o) ] = 212 () (= [812 (ws21) | - 802 (o ))H

— 3E1 () + 3Es () + 3Fq 1 (s). (D.71)

Lemma D.1 (vii) as well as (viii) together with Remark 4.2 (i) and (C.422) yield for all s € Ré1+dz,

C
Eyr(s) + Eyr(s) < zoy (sl +1). (D.72)

One obtains for all s := (sl 5[2") € R% x R® from Assumption 4.5 [K&b.2] (i) (see (D.52) and
Definition 2.11):

min{T,[uT+Tb|} t1 to t3 ta
. 1 L2 ) 2 —u 2 —u A —u
E3,T(S)< sup W Z K<Tb )K(Tb )K(Tb )K(Tb )
ue[b,l—b] tl7t2’t37t4:max{l,|_uT—TbJ}

vre{l, A} 3je{l, . AN{r}t, —t;|< 2

e [( <[1] X (u)> ( Z<$[2]7)N(t[§]’{m(u)>>c (_ei<s[1],)~(t[;],{m(u) )C< 7,<s[2] Xt[2]{ 2 (v )>>c]

C A
< —.
(Tb)?

(D.73)

In summary, (D.71), (D.72), (D.73), (A.1) (the latter ensures = <« (sz)l/ 3) and Assumption
4.5 [K&b.2] (ii) imply for all s € R%1+d2;

Vb sup E UQT{Q} u,s) — @T{ﬂ}(u 8)‘2] <o (\/l;> (1 + |s|i1)’), (D.74)

u€[b,1-b]

whereby the expression o(\/g) does not depend on s € R41+42,
Lemma D.5 follows from (D.37) with f(u,s) = @T7{ﬂ} (u, s) as well as g(u, s) := @OTW} (u,s) Vu e
[0,1], s € RY, (D.74), (D.69) and Assumption 4.3 [WEI.2] (recall (D.70)). O

Lemma D.6. Suppose that the Assumptions 4.1 INDEP|, 4.3 [WEL.2] and 4.5 |[K&b.2] are valid.

Moreover, assume that (1) ey is a sequence of deterministic functions which fulfils (C.215). Define for
all R € {R, 3} (note (D.4) and (4.11)):

’B;MC;QTPR' Z Gr (t — §) DR (t,§) aswell as
t,j=1

BiasmdepR' 7 fK 2dz - JJ Z “r(j)Cov (Go r(u, s), GJR(u s)) duw(s)ds. (D.75)

Rd 0 I=7%

Then, the following statement holds for T — oo and all R € {R, 3}:
indep _ 1:...indep
E [‘BT,%R] = Bias;g, 'z +o0(1).

Remark D.7. The expression BiasiTn(;TpR is well-defined for all R € {R, 3} due to (C.215), Lemma 4.8

221



and Assumption 4.3 [WEI.2].

Proof of Lemma D.6. In the following, Lemma D.6 with R = R is verified. Throughout this proof, let T’
be large enough to ensure that:

2 < |Th|, (D.76)

which is possible due to (A.1) and Assumption 4.5 [K&b.2] (ii).
Further, define:

-
pinderll] . 2 NE| Sz (t.9)]. (D.77)

One obtains from (D.9), (D.7) and (C.215) (recall (D.75)):

T+2
d d 1 f '
syl s[mp <l %Y - [bree)
te{—1,0,T+1,7+2} j=—1
lt—jl<e

T

TS % [ -)E[3ra )]

je{—1,0,T+1,T+2}

<C¢z
\T\/E

‘*J\<ﬂ

(D.78)

Moreover, define (see (D.4)):

- uTJ-i—[Tb . lUTJ

(t -)HK < 7] >2E [Nf,{@},én(u, S)CN"";,{@},?R(U» 5)]

1ndep
/Ty

uTJ
[t— J|<@

duw(s)ds. (D.79)

It follows from (C.112), Assumption 4.5 [K&b.2] (i) (which provides the implication K ((¢/T—u)/b) >
| <

0=t e [|ul] — |Tb| — 1,|uT| + |Tb| + 2] and that K is Lipschitz continuous), |1/7b — 1/|Tb|
C/(Th)? as well as (C.215) (recall (D.77), (D.4), (4.11) and Definition A.1 (i)):

mdep indep[2]
‘% %T G R

C f_b uTjng;T () (‘K (t _TZT> " <j _T;;LT) ok <t I%;LJTJ) K <j IT[:JTJ>‘

2 5u 3 ti=luTl—[Te]-1

[t—j|<ez
) (e
< TigTbﬂ(le + Jflb) . (D.80)

Further, define (see (4.11)):

inde 3]
B H

—b [Tbj [Tbj+2 t y

2 ~ ~
lTbJ] T (]) K <lj-'bJ) E |: 87%('&, S)G;?R(u, 3)] dUW(s) ds.
\J\<ﬂ

(D.81)
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Shifting the indices of sums, Assumption 4.5 [K&b.2] (i) and (C.215) yield (recall (D.79)):

ggindenl2] _ 1 e . £\ (e ~c
TR T g J j A 2 r (t_])K([TbD [ t+[uTJ{ﬂ},éﬁ(%S)GjﬂuTJ,{ﬂ},»%(u,S)]
duw(s )ds
b |Tb]  |Tbl+2—t N N
([Tbj) [ gJrlUTJ {ﬂ},?R(u’ S)G§+t+[uTj,{¢},§R(ua 5)]

Rd y t=—|Tb] j=—|Tb|-1—t
\J\<ﬂ

duw(s)ds. (D.82)

Assumption 2.2 [StApl] (iii) and Theorem 3.35 in [78, White (2001), p. 44] imply that (G, n(u, 5))
(note (4.11)) is stationary for all u € [0,1], s € RY, such that:

teZ

E[G§n(u, 9)GEn(u,8)| =BG ryn (0 9)G s puryn(w )| Vue[0,1], se R 1, j e Z.
(D.83)

Moreover, one obtains for all s € R? from (C.112) and Lemma D.1 (v) with ¢ = 1 + § together with
Remark 4.2 (i) (see (D.4) as well as (4.11)):

sup sup
u€el0,1] r1,72€Z

i C ~C i ¢
B[, )G, (s 9)] = B |G, . 9)G8, lu,)]| < sl D.84)

< C/(Th)?, (C.215), (D.83), (D.84) as well as As-
sumption 4.3 [WEI.2] (recall (D.81)):

indep 1ndep[] C 1 C 1
‘%MT, D ‘<\[( o 3Tz (D.85)

Further, define:
- o
pinderll 7 f K(2)2dz J f >, G G)E|Gonlu, )G p(u,s) | duw(s)ds.  (D36)
1 b
One obtains by using (C.215) and {—=, ..., 2} € {—|Tb| —1—¢,...,|Tb|+2 -t} Vte {—|TD| +

., |Tb] — 2}, whereby (D.76) should be noted (see (D.81)):

” Tbj @  |Tbl+2—t

By = \[ il f f 3 % (lTbJ>2]E [ég,%(u, )G (u, s)] duw(s) ds

—|Tb|+ez j=—|Tb|—
2
+0O0(—
<fTb>

\J\<¢
\flTbJJJ ijﬂ f Gr (quDQE [é(c),a%(uas)éjm(ms)] duw(s) ds

—|Tb|+zj=—cz

2
@ (\/m) : (D.87)

In addition, Assumption 4.5 [K&b.2] (i) (which ensures K (z) = K(—z) V z € Ras well as | K (21)* —
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K (22)* | < |K (21) + K (22)] |K (21) — K (22)| < C |21 — 22| V 21, 22 € R) and Lemma B.2 (i) yield:

lleJ :T%_ZK (Ufbjy - fi K ()’ dz

t=—|Tb|+ =
1
Cﬂ 1 0?2 1 t\?
.+ K() +2]— K() —JK(Z)Q
| 70| |Tb| | 70| t; |Th| )
C(z+1)
< — . .
<7 (D.88)
Moreover, (C.215), (D.2) and Definition A.1 (vi) imply for all s € R%:
w ~ ~
sup | S GGl G p9)| — 3 G (B[, s) G s)]‘
ue[b,lfb] j=—00 Jj=—cz
w C
< Cp”sh < T|S|1' (D.89)

One obtains from (D.87), (C.112), (D.88), (C.215), Lemma 4.8, (D.89) and Assumption 4.3 [WEI.2]
(recall (D.86)):

indep[4] __ gpindep[3] 7 Clze+1) C
Brars ~ Praps | SO + + ——. D.90
o~ 2| <\/5Tb) VBTh T (B-50)

Overall, (D.78), (D.80), (D.85), (D.90), (A.1) as well as Assumption 4.5 [K&b.2] (ii) show Lemma D.6

with R = R because the difference between ’Bmdep[%] and Blas??;p% (see (D.86) as well as (D.75))
is asymptotically negligible due to (C.215), Lemma 4.8, Assumptlon 43 [WEIL.2] and Assumption
4.5 [K&b.2] (ii).

Lemma D.6 with R = < can be proved similarly. O

Corollary D.8. Let the Assumptions 4.1 [INDEP], 4.3 [WEL.2] and 4.5 [K&b.2] be fulfilled. Then,
it holds for'T' — co:

E|Tv6R7,,,| = Biasp™ + o(1).

Proof. One obtains from |z|? = R{z}? + ${z}? (recall (D.70) and (D.4)):

T
~ 1 ~ . ~ .
TVb A 0y = 5 3 (Bran (t.9) + Brs (t9)). (D91
2 tj=1
Thus, Lemma D.6 with 4p(x) := 1V x € Z yields Corollary D.8 (see (D.75) and (4.12)). O

Lemma D.9. Suppose that the Assumptions 4.1 INDEP], 4.3 [WEL.2] and 4.5 [K&b.2] are valid.
Then, it holds for T' — oo (recall (D.70) as well as (4.13)):

Var (T\/ELNQTMZ}) = gM4eP 4 o(1).
Proof. Throughout this proof, it is assumed that 7" is large enough to ensure:

2 <1—2b, [3T]<T, 1—|2Tb|+|Tb|+1< - and T —|T —2Tb| — |Tb| —2 >
(D.92)

which is possible due to Assumption 4.5 [K&b.2] (ii) and (A.1).

Motivated by (D.91), the asymptotic behaviour of Cov(1/2 ijzl 5%T,§R (t,7),1/2 Z;‘Cjzl .%T,g (t,7) )
is investigated in the following.
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Therefor, define for all ¢ € Z, R € {R, 3}, u € [0,1], s € R? (see (D.4)):

~ o u\ ~

G%,{T,{ﬂ},R(’UW 8) =K (T b > Gt7{¢}7R(u, 3). (D93)
One obtains similarly to (C.360) (note (C.357)), (C.361) as well as (C.362) and by using Assumption
4.5 [K&Db.2] (i), whereby the latter provides the implication K ((t/T° — u)/b) > 0 = wu € [t/T —

b,t/T + b] (recall (D.4) as well as Definition A.1 (i) and that X¢ := X — E[X] for each random variable
X with finite first moment):

T
1 ~ .
Cov( 2 Y)Téﬁ (t,7) '3 Z:: r S(@J))
T2b3 2 f f f J( t1 T e}, §R(u 81) Gg,%,{ﬂ},%(u’sl) Gg&,{ﬂ},% (w’52) Gg},{ﬂ},%(w’
b b

$2) | — B |GG oy ) Gy sy B[ GRS ) <w,32>G§§3,m},g<w,s2>])

dw duw (s2) dsaw (s1) ds1

5 T 1-b1-b
T T2 Z J f J J t1 T{ﬂ} 5 (U;51) Giﬁ,‘é‘r,{g},g(w,@)]
o=l RIRL b b

Vlle{t1,t3},lz€{t27t4}:‘l1—l2|>ﬂ 4R4
[GE,T{@} 5 (U, 51) Gg7‘}7{ﬂ}7%(w,32)] dw duw (s2) dsaw (s1) dsy

. T mln{l b +b} mm{l b +b}

N t, Zt;; 1 JJ J J ( [GE’T{“}%(U g

d t
Hlle{t1,t3} l2€{t2,t4} |ll l2|<ﬂR R max{b max{b,%—b}
301€{t17t4} OQE{tQ,tS} |01 02|<¢
E|’I”1€{t1,t2},7”2€{t3,t4}:|7“17T2‘<ﬂ
~Kc ~Kc ~Kc ~Kc ~Kc
GG 1:30) GEF 0 (0,59 GG o (wisa) | — B GG ) nw,0) GEF 1 (o) |

[Gt3 Toiys (W, 52) ég}’{ﬂ}’%(w,@)]) dw duw (s2) dsaw (s1) dsy

) (I{Vple{l,,4}5|p2e{1,,4}\{p1} |tp17tp2|<ﬂ} + 1{3p1€{1,,4} |tp17tp2|>ﬂVp2€{17,,,74}\{p1}})
= 0711 + 0710 (D.94)
The condition 3p; € {1,...,4} : |tp, —tp,| > @Vp2 € {1,...,4}\ {p1} belongs to summands of

&4 , which are zero. All other conditions on t1, ¢, 3,4 together which are contained in - imply
T,1,2 T,1,2

tg, — <32VYqi,q2 € {1,...,4}. Thus, it holds:
a1~ tg

N C
071,2] < g T (D.95)

Further, define (note that the following expression results from 5%1 1 by omitting the restriction V1 €
{tl,tg},lg € {tg,t4} : |l1 — lg| > ﬂ):

1-b1-b
Ni{L? T2b3 Z JJ f tl,T{ﬂ}é)%(u 51)G5,T{¢} (w, 52)]
tta=lpaga 5 b
-E |:Gt2 T AR (u, s1) Gg}’{ﬂ}’% (w, 52)] dw duw (s2) dsaw (s1) dsy. (D.96)

Assumption 4.5 [K&b.2] (i) provides (see (D.94) and observe that all conditions on ¢1, t2, t3, t4 together
which are contained on the right side of the first inequality of (D.97) yield |t;, — t4,| < 32V q1,q2 €
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{1,...,4}):
‘0T2 - UT,1,1
T mln{l b +b} mm{l b +b}
2 Kec Kc
> [th,T{ﬂ}FR(u 1) GR G (W 52)]
R4 R4 max{b,%—b}

=723
t1,...,ta=1
3l1€{t1,t3} l2€{t2,t4} ‘ll 12‘<ﬂ max{b
]EI:GtQT{ﬂ} r (U,81) G T h oy o (W 82)] Ljt, —ts|<onto—ta| <z} AW duw (s2) dsa W (s1) dsy
(D.97)

< 7203
integration intervals belonging to the integrals with respect to u and w)
1-2b 1
(u, s )éKC (w, s2)
tlvT{@} R L) M3, T {2}, 2

573 = T2b3 Z JJJ!

or3 "
t1,..,ta= leRd 5
E [Gt2 Ty m (U S1) (N}g%{ﬂ}ﬁ (w, 32)] dw duw (s2) dsow (s1) dsy
<t <

C
Ab°.
Moreover, define (recall (D.92) and note that the following expression differs from (D.96) just in the

(D.98)

T}, it will hold 1 3T for this

If u € [b,2b] and |t/T — u| < b are fulfilled for a ¢t € {1
t. Thus, Assumption 4.5 [K&b.2] (i) yields (see (D.93)):
(u, s )éKC (w, s2)
t1,T{ﬂ}§R » o1 t3, T {2}, 2

NI

t1,...,ta= 1Rdeb
E[ to T { (U sl)émT{ﬂ} (w,sz)] dw duw (s2) dsow (s1) dsy

340}
fen 1)

2% mln{l b, =2

DRI

‘t3 t1‘<ﬂ‘t4t t2|<ﬂRd Re b max{b
dw dUW(SQ) dsow (s1) dsy
(D.99)

2hH3
Tbtt2].t3l

‘E[ t27T{6&}7§R(“’51)Gg,T,{g}7 (w 52)]

c 2 279
< T2p3 (Tb) Zb°.
One obtains from (D.99) and similar arguments (note (D.96) as well as (D.98))
57 | < i(Tb)2 2b° (D.100)
T2 T,3 S 233 . .
b

Further, define (recall (4.11))
1-2b 1 (

= 7 > ”JJK
0
(D.101)

T4
t1,...,ta= 1Rd]Rd %
B[ G, (1, 51) G (w,52) | B [ G5, (0,51) G, (w02) | 1<y L2y

dwduw (s3) dsow (s1) dsy
It follows for all s1, sp € RY similarly to (D.84) (see (D.4) as well as (4.11))
G, G, 5 (w,52) |

E [érl (2R (u, s1) (N}q‘f%{ﬂ},g (w, 32)] E [Grl 5w (u,s1) G
(D.102)

sup  sup
w,we(0,1] r1,r2€Z

C
< o (Jstly +s2]y) -
226



If |t3 — t1| < « the condition w ¢ [(t1 — 2)/T — b, (t1 + 2)/T + b] will provide K ((t1/T — w) /b) =
0 and K ((t3/T — w) /b) = 0 due to Assumption 4.5 [K&Db.2] (i). These considerations, some other
obvious conclusions from Assumption 4.5 [K&b.2] (i), (C.112), (D.102) and Assumption 4.3 [WEI.2]

imply (recall (D.98), (D.93) as well as (D.101)):

‘UT3 UT4
min{1— 2b +b min{1,2 +b
Lo L U
I =Nt
N T2b3t to=1 t3=1 tg=1 b b
1,l2= 3= 4=
|ts—t1|<ez|ta—t ‘gng R4 max{?b,%—b} max{O,?—b}

~ ~

E I:Ggl,{ﬂ},ﬂ? (u7 81) szg,{ﬂ},% (w7 32)] E [Ggg,{ﬂ},ﬂ% (u7 51)

G, o (052) ] B [ 86, (000) G 50| B [, 050 i 0000)]
dwduw (s2) dsow (s1) dsy

R
o o || {J | [ () (5)

t1,to=1 ¢
1,t2= 3= a b} max{ ’tlgﬂ }

|t3— t1|<¢|t4 t2\<¢Rde m x{2b
t3 tq t1 to
T W T — T W T W
o) () (5 () oo
. ‘E [Cw-‘vfh% (u, s1) éf&g (w, 52)] E [CN-}EQ,% (u,s1) éaﬁ (w, 32)” dwduw (s2) dsaw (s1) dsy
C 1 C %
< o T2 T2 (5 4b) 2o D.103
5 VT T T ") Th (©.105)
Further, define (note that the only difference between the following expression and (D.101) is that
Gt o (w, 52) contained in (D.101) is replaced by G 5 (u,s2) forallt e {tg, t4}):

e, LT (5) (1) ()

R4 R 2b

B (G (u51) G, o (0, 0) | B G (51) G5, (,52) | Loy /2 Vs a1y
dwduw (s2) dsaw (s1) dsi. (D.104)

It follows for all uy,uy € [0,1], s := (s[l]l, 5[2],)/ e R% x R% (recall that d; + dy = d according to
Assumption 4.1 [INDEP]) by using (C.112) and Remark 2.3 together with Remark 4.2 (i) (see (4.11)

as well as (4.6)):

a0,
O 0 8 |-

< Csup (|s|1 H)?t(ul) —)?t(ug H
teZ 1+5

o], |8 ) R )] o], |- )+ )]

H1+6
< C|S|1|U1—U2|. (DIOS)

—I—X’t[z] (u

Assumption 4.5 [K&b.2] (i) provides that |¢; — ta| < 27 is necessary to ensure K ((t1/7 — u) /b) -
K ((t2/T —u)/b) > 0 and that |u — w| < 2b is necessary to ensure K ((¢1/T —u)/b) -
K ((t1/T — w) /b) > 0. These considerations, some other obvious conclusions resulting from Assump-
tion 4.5 [K&b.2] (i), (C.112), (D.105) and Assumption 4.3 [WEI.2] yield (note (D.101), (D.104) as
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well as (4.11)):

574 = 75|
mln{l 2b +b} mln{l +b}

S PRI R S

t1=1 to=1 =
‘tQ t1|<2Tb |t3 t1‘<ﬂ‘t4 t2|<ﬂR R4 max{2b,%1—b} max{o,%—b}

t_ 2 _ .
KL KL

5 (u, 32)] E [Gt2 » (U, 51) (N} o (u, 32)] ‘l{uwgm)} dw duw (s2) ds2

E [éflﬁ (u, s1) C-‘: o (w, 32)] E [ég,a&‘: (u, s1) é s (w, 82)]

t3,
w (s1) dsy
c 212
< TngTsz b2b. (D.106)

Assumption 4.5 [K&b.2] (i) in combination with [uT — Tb,uT + Tb] " N < {|uT| — |Tb]
—1,...,|uT] +|Tb] +2} < ., T} Vu € [2b,1—2b] (whereby the latter holds because (D.92) and
z€ N (see Deﬁmtlon Al (V1)) ensure — [270|+|Tb|+1 < —1 (& [270|—|Tb| -1 = 1) aswellas T >

|T — 2T'b| + |Tb] + 2), shifting the indices of sums and the fact that ((Gtﬁ (u,51), Gr.g (u, 52) )/)teZ
(recall (4.11)) is stationary for all u € [0,1], s1,$2 € R? (which follows from Theorem 3.35 in [78,

White (2001), p. 44]) imply (note (D.104)):
th g, oy
K|ZL K|ZL
t2

AN N N i
K <T . ) B[ G, p (n,51) G, o (u,52) | B [ G, (0, 51) G, g (,0)]

1-2b

1 T)+|Tb|+2
mzwjfi! PRI

t1,to=|uT|— —
d Rd 1,t2=
RIR ’ \t3 ti|<e [ta—to|< 2

dw duw (s2) dszw(sl) dsy

1-2b 1 bl+2 T—t;  T—iy (

[ ]85S
Tbj Lta=1—t) tg=1—ts

t1,t
d Rd 1,t2=
RIRE 2b 0 'L < [taj<r

T—’U)

K (tz ; ) [GO 5w (U, 51) G (u 82)] E [é&m (u,51) é‘&,&‘s (u, 52)]

dw duw (s2) dsaw (s1) dsi. (D.107)

Moreover, (D.92) shows for all t € {|uT'| — |Tb] — 1,...,|uT| + |Tb| + 2} with u € [2b,1 — 2b] that
{—#...,z} < {1 —t,...,T —t}. Thus, (D.107) and shifting the indices of sums provides:

et ()

to - - - -
K ( ) E [Ggﬁ (u, 51) GE, o (u, 32)] E [Ggﬁ (u, 1) G¢, g (u, 52)]

1-2b

e [[[] 8 £ S x(5

RIRE 2b ti,to=|uT|—|Tb|-1t3=— t4=—

b
dw duw (s2) dsa w (s1) ds1

1-2b 1
J J f J | 70| +2 . t1+%uTJ _u . t2+%uTJ —u . t1+1[_‘uTJ —w
Tb L b b b

RIRd 2b 0 fni2=—

t2+[uTJ _ ~
K( ) Z Z [Goa% u, 81)G 5 (u, 52)] [Goi)%(u s1) Gi, 5 (u, 52)]

t3=—aty=—c2

dw duw (s2) dsaw (s1) dsy. (D.108)
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Further, define:

o = bmﬁf f f B ( ;le)KQ?bJ)K(l;bJ w5 (g )

(D.109)

(Tb)? — 1/(|Th])?| < C/(Tb)?, arguments which are similar to
those that yield (C.242) and Lemma 4.8 together with Assumption 4.3 [WEIL.2|:

. c
5755 — 576 < 37 (D.110)

Moreover, define:

(D.111)

and observe that Assumption 4.5 [K&b.2] (i) yields (see (D.109)):

f f [Tbj ZJ 970w ( T ) dw f f(t_ Go&e u 31)64?,%(%82)])2

—|Tb]
w(sz) dsow(s1) dsq du. (D.112)
It follows from (C.370), the substitution z := —q for ¢ € [—1,0] and Lemma B.2 (i) together with

(C.112) as well as Assumption 4.5 [K&b.2] (i) (Whereby the latter two show sup,, ,er ‘ 9T uw (1) —
9ruw (©2) | < Clar — @2| Va1, @2 € R):

|Tb] 2 1 2

R [lej Z gT““’([TbJ) - Jg:r,u,w (¢) dg

-1

7] 1

1 —t 1 0
<C Tl ww \ T2y | — J ww (—2) dz| + —— (T uw <>
<US7E£R ) ; o <lTbJ) 0 Mo (22) 02 uS,BSR |Tb| g1 |75 ‘
| L 1
+ US,;%)R lTbJ Z 9T uw (lTbJ> - b[gT,u,w (q) dq )

C
< —.
Tb
Thus, (D.112) and Lemma 4.8 in combination with Assumption 4.3 [WEI.2] imply (recall (D.111)):

(D.113)

~ N C
576 — 77| < as (D.114)

Further, transforming the integral with respect to w € [0, 1] contained in 5147 by using the substitution
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v = (u — w)/b provides (see (D.111)):

1-2b(u=1)/b/ 1 2

o 2
5%72— f J JK K(q+v)dg dvff(ZE[éa%(u,sl)(N}fg(u 52)]>
Rd Rd t=—cz

w(s2) dSQW(Sl) dsy du

1-2b  u/b 1 2
-9 J j JK (¢ +v)dq} dv J f( GO% u,s1) égg(u,SQ)]>

2 (u-1)/b \—1 RARE
w(s2) dsow(s1) dsy du. (D.115)

In addition, (C.370), Lemma 4.8 and arguments which are similar to those that imply (D.89) yield for all
S1,82 € Rd:

o 2 P 2
sup ( Z ]E[é&% (u, 1) éfg (u, 32)]> — ( Z E[égm (u, s1) éfg (u,32)]>

uel0,1] | \t=—o0 t=—cz
C
< o (saly +[s2]y) (fsaly + 2y +1). (D.116)

Assumption 4.5 [K&b.2] (i) provides for all ¢ € [—1,1] that K (¢ +v) = 0 if |v| > 2. Moreover, it
holds for all w € [2b,1 — 2b] that (v — 1)/b < —2 and u/b > 2 (note (D.92)). Thus, the integral with
respect to v € [(u — 1)/b, u/b] contained on the right side of (D.115) can be replaced by an integral with
respect to v € [—2,2]. Hence, (D.116) and Lemma 4.8 together with Assumption 4.3 [WEI.2| show
(recall (4.13)):

2
O‘T7 2f J JK (g +v)dq] dv j J Covlndep (u, s1,52)° W(sg) dsow (s1) ds1 du + o(1).

0 —2 \—1 R4 R4
(D.117)

The equation Var(X +Y) = Var(X) + Var(Y) + 2 Cov(X, Y'), which is valid for all random variables
X and Y with finite second moments that live on the same probability space, (D.91), (D.94), (D.95),
(D.97), (D.100), (D.103), (D.106), (D.110), (D.114), (A.1), Assumption 4.5 [K&b.2] (ii), (D.117) and
similar arguments prove Lemma D.9 (see (4.13)). ]

Lemma D.10. Let the Assumptions 4.1 [INDEP], 4.3 [WEL.2] and 4.5 [K&b.2] be fulfilled. Then, it
holds for T' — oo (recall (D.70), (4.12) as well as (D.4)):

E [(T\/B D7 () — BiasiP — ﬁT)Q] = o(1) (D.118)
and (note (4.13)):

‘Var (IFHT) — gindep| — 4(1), (D.119)

Proof. Throughout this proof, assume that 7" is large enough to ensure (see Definition A.1 (vi) as well
as (D.3)):

To+2<1+82<pr<pr+1<Lr<Lpr+1<T, (D.120)

which is possible due to (A.1) and Assumption 4.5 [K&b.2] (ii).
At first, (D.118) is proved. Therefor, define (recall (D.4)):

T T t=1
2 L)+ D> D Hr(tg). (D.121)

t=Lp+1j=1

[\D\H
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In the following, it is shown that:

E [(Tx/BﬁT,m} - %Tﬂ = o(1). (D.122)

~

One obtains from (D.91), ?)T (t,j) = %T,m (t,j) + .%T’g (t,7) and .%T (t,j) = H7r(J,t) Vt,j € Z
(whereby the latter two hold due to (D.4)):

T t—-1

TV Q1 (0 = ZsﬁT tt)+ >0 > 97 (tj). (D.123)

t=2j=1

Furthermore, (D.9), (D.7), (D.3) and = — oo for T' — oo (the latter is valid according to Definition A.1
(vi)) provide:

Ly t—1 _ . Ly t— N | I
IELZ;;Y)T(LJ)] ; ; ‘IE [ﬁT(t,g)” gCTL\/BZO(l)' (D.124)

In addition, (D.10), (D.9), (D.7), (D.3) and = — oo for T' — oo imply:

ar(fti%T(t,j))s LZ ([E[5r () 1,10 || + [E [B1 (1, 12) | B [$r G5,10)])
I, ,la=1

t=2j=1

) ]l{vn1e{1,...,4}3n2e{1,...,4}\{n1}:|ln14,12 |<z}

L2.7
< CTg’b — (1), (D.125)

It follows from (D.123), (D.124) and (D.125) that (D.122) holds (see (D.121)). Hence, (C.25) with
M = 2 yields that (D.118) will be valid if:

{(‘IT — Biashde? — }ﬁIT)Z] = o(1), (D.126)

whereby (D.126) is shown next.
In order to verify (D.126), note at first that (D.120) provides (recall (D.121)):

1T T T Tl
Tr = 525() > th; Z > Ot
=1 t—Lp+1j=t—Tz —Lp+1 j=1
= %7 Bins,1 + ST ,Bias2 + 7, Var- (D.127)

One obtains from (D.9), (D.122) and Corollary D.8:

‘E [ST Bias,1 + ST Bias 2] BlaSlndep

‘E [%T - T\/EﬁT’{ﬂ}” + ‘E [Tﬁf}T’{ﬂ}] Blasmdep
=o(1). (D.128)

Iftl,tQE{LT—i-l T} jke{tk—7¢,.. k—l}Vk’E{l 2}and|t1—t2| ¢V|t1—j2|
v |j1 —t < &zv |j1 — j2| < « it will hold |ll — l2| <152V, ls € {tl,tg,jl,jg} Hence, (C.405),
which yields Var(37.pias1 + 37.Bias2) < 3Var(37.pias1) +3Var(37,Biasz2), (D7), (A1) as well
as Assumption 4.5 [K&b.2] (ii) show (see (D.127) and note that Hr (t,7) contains products of m-
dependent random variables (with m = ) according to (D.4) as well as Definition A.1 (i)):

Var (‘ET,Bias,l + %T,Bias,Q) C Z ‘COV (YJT (t1,t1) , Hr (t2, tz))‘ Ljt)—to| <)
t1,ta=1
t1—1 to—1

LC 2 D > ‘Cov (ﬁT (t1, 1) , Hr (752,J2))‘

t1,to=Lp+1 j1=t1—T jo=to—Tez
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Lt —tol<avii—jpl< v ii—tl<@v]ji—j <2}
- CTer CT A
= T2 T2b

It follows from (D.120) (recall (D.127), (D.4) and (D.3)):

= o(1). (D.129)

oT k t—Te—1 t—Te—1

T var — Hy = Z > Z Hr (t, ) > D Hr(tg)
k=2t=orr_1+1 j=1 tE{LT-i—l,..‘,T}: j=1
t>0T,ﬁT+1
oT,1 t77m1~ RAr OTk t77m1~
- Z Z SjT(tm])_Z Z Z ﬁT(ta])
t=lpy j=1 k=2t=lp) j=1
lrxk—1  ork-1—pr lr -1 t—Tez—1 N
—2 D D Hr(tg) +Z > D Hr(tg)
k=2t=or _1+1 j=1 k=2t=or 1+l j=orx_1—pr+1
t—7@—1~ oT,1 t—Ter—1
+ ) D Sr(th) - ) Z Hr (¢, )
tE{LT-l-l,.‘.,T}: 7j=1 t= lTl 7j=1
t20T7§T+1
= Ri + Ripa + Rits — Ry (D.130)

One obtains due to [27'0] < pr (as stated in (D.3)) and (D.8):
Ry = 0. (D.131)

Further, (D.3) and (D.120) imply for all k,k" € {2,..., 87} with k& > k' + 1 that opp_; + 1 >
It — 1+ « Hence, (D.10), (D.8), (D.3), (D.120) and (D.7) yield:

Ir ey —1 I gy —1 t1—Tez—1 to—Tez—1

[RT2 ] Z > > > 2‘ [5T(t1,j1)5T(t2,j2)”

k1ke=2t1=0r k —1+1t2=01 ky—1+1 j1=07 k) —1—PT+1 jo=07 j, _1—pr+1
k1#k2

lr gy —1 I,y —1 tH—Ta—1 to—Tor—1

n Z Z Z 2 Z ‘IE [%T (t1, 1) Hr (t27j2):H

k1k2=2t1=0r k) —1+1t2=0T ky—1+1j1=07 1y —1=pT+] jo=o0r 1o, 1 —pr+1
k1=ko [to—t1|<ez l71—t1|<2Tb lj2—J1l< e

1

—O+C pTﬂTb T2b

= o(1). (D.132)

Moreover, (D.10), (D.8), (D.3) together with Ry > (T' — L1)/(Lt + pr) as well as (D.7) show:

t1—Tee—1 to—Te—1

2 ~ N ) L12Tb
E [(R%Ls) ] < Z Z Z ‘E [ﬁT (t1,51) Hr (%h)” < CTTﬂigbﬂ = o(1)
t1,to€{Lr+1,...,T}: Jj1i=1 Je=1
t1,ta=0r RT+1 |j1_t1|<2Tb |j2_j1|<ﬂ
‘tl t2|<ﬂ
(D.133)

and one obtains similarly to (D.133):

E [(Rﬁf] = o(1). (D.134)

In conclusion, (D.126) follows from (D.127), (C.25) with M = 2, (D.128), (D.129), (D.130), (C.25)
with M = 4, (D.131), (D.132), (D.133) and (D.134):

~ 2 ~ ~ . 2 ~ ~ 2
|:(TT — Blasmdep HT> :| < 2E [(QT,Bias,l + TTVBiaS’Q — Bias;ldep) ] + 2E [(TT,Var — HT> :|

— o(1). (D.135)
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Overall, (D.118) is an implication of (C.25) with M = 2, (D.122) and (D.126).

Next, (D.119) is proved. Therefor, observe at first that (C.25) with M = 2, Lemma D.9, ondeP oo (see
(4.13)), whereby the latter holds due to Lemma 4.8 as well as Assumption 4.3 [WEI.2] and Corollary
D.8 yield:

SRR R
2(B|7vb 0 | - BiasiTndep)Z
<C (D.136)

Moreover, it follows from (C.25) with M = 2, (D.118) and (D.136):

E|f}] < 2E [(HT ~ Vb9, + Biasp") ] +2F [(Tﬁ D7 ) — Blasmdep)Q] <C.
(D.137)

One obtains for all real-valued random variables X and Y with finite second moments which live
on the same probability space that |Var(X)— Var(Y)| = |Cov(X =Y, X +Y)| < |[X =Y,
(| Xy + IIY]l5)- Therefore, (D.118), (D.137) and (D.136) prove (note that Blaslndep (see (4.12)) is
deterministic):

‘Var (]ﬁIT) — Var (T\/ELN)TMZ})‘ = ‘Var (]ﬁIT) Var (T\/ZDT (2} — Blasmdep)‘ =o(1).

This and Lemma D.9 show (D.119). ]

Lemma D.11. Suppose that the Assumptions 2.4 [DM.3], 4.5 [K&b.2] (ii) and 3.15 [W*] hold.

(i) It follows for all T € N (recall Definition A.1 (vi) and (vii) as well as Assumption 3.15 [W*] (i)):

8z < 23 < (Cfea

(ii) One obtains for all T' € N (see Definition A.1 (i)):
C

\T-

*

sup | W) =

Proof. (i) Assumption 3.15[W*] (i) provides that 3 < oo (note Definition A.1 (iii)) and that

sup
In(8) < C'In(T). This implies (recall Definition A.1 (vi), (vii) as well as that In (p,) < 0 accord-
ing to Assumption 3.15 [W*] (iv)):
82 < 8Cy1n (CgT) inv < &f < ~

sup

In ( ;ﬁ‘r’)) +1n(B)

< P — B In (p2)

+1< (OB

which proves Lemma D.11 (i).

(if) One obtains from p, € (0, 1), Definition A.1 (vii) and 8% > 1 that p[#/% < p* " (PHE2)/n(ee)
= e n(px)=n(Bipf) < o= I(CT)-In(B338) < C©/(TB). Hence, Lemma D.11 (ii) follows simi-
larly to Lemma C.8 (iii).

O

Lemma D.12. Let the Assumptions 4.1 [INDEP], 4.3 [WEL.2]|, 4.5 [K&b.2] and 3.15 [W*] be ful-
filled. Moreover, define for all u € [0,1], s € R? (note (D.24), (4.11) and that X¢ := X — E[X] for each
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random variable X with finite first moment):

1 & t
Qra(u,8) = 7 Z Ky ( - u) G p(u, s)Wi. (D.138)

Then, it holds for T' — oo (see (4.20)):

1-b
TVHE ﬁ% - f f ‘Q;J(U,S)‘Z duw(s)ds| | = o(1).
d b

Proof. At first, define for all u € [0,1], s := (s[l]/, S[Q]I), e R% x R% (recall the Definitions 2.11, (4.6)
as well as (4.8) and that d = dy + dy according to Assumption 4.1 [INDEP]):

T
% K, (; _ u) (ez’<s,xt,T>  G(u,s) + ol (u S[l]) . (Q[z] (u 3[21)
t=1
B ei<s[2],xg?} ) + ol (u,s[2]> _ (@[l] (ujs[l]) _ ei<s[1],Xt[}} ))Wt*' (D.139)

In the following, it will be shown for all s € R? (see (4.20)):

TVb sup E U@%(u, s) —Qé‘pj‘l(u,s)‘z] (\[) (| 2420 4 ) and (D.140)
u€e[b,1-b]
/b S B [\Q?‘pf‘l(u, s) — Q% (u, s)ﬂ <o (\f) <|s 2420 4 1) : (D.141)

whereby the contained expressions o(\/g) do not depend on s € RY.

One obtains for all s = (s[l]l, 5[211)' e R% x R% from (D.45), Lemma B.1 with k; = 1 as well as
the Propositions 2.12 (with £ly ; ;, = [b, 1 — b] under Assumption 4.5 [K&b.2]) and 2.14 in combination
with Remark 4.2 (i) (recall (4.20) as well as (D.139)):

s 8 |25 - @3t |

u€[b,1-b]
< ig ue[sl}llp ; (E “@[1] (u,s[l]) — ol (U’SD])H L E U@[ﬂ (u,s[Z]) A (u,s[2]>‘2]>
(;f <b2+25 + ;b> (12 + 1), (D.142)

which shows (D.140) by using the Assumptions 3.15[W*] (i) (that ensures 5 = o (Tb2)) and
4.5 [K&b.2] (ii).

It holds for all s := (sl 5[} € R% x R due to (D.45), (C.25) with M = 6, the Propositions
2.12 (with Ly 1 p = [b, 1 — b] under Assumption 4.5 [K&b.2]) and 2.14 together with Remark 4.2 (i),
Assumption 2.2 [StAp] (i), Remark 2.3 as well as Assumption 3.15[W*] (i) (see (D.139), (D.138),
(D.24) and (4.11)):

sup B[ [QF (u, ) = @y (u,9)[°]

u€[b,1—-b]
T
— E L _2 E i, Xe,r) [1] [1]
ue[sbulpb Z < u)( o (u,s) + [6 ]+<,0 (u,s )

7

‘ <@[2] (U’S[Q]) E [ei<s[21,x£?% D 4+l (u,s[2]> . <@[1] (u,s[l]) _E [ei<s[1]7Xt[,1% D) W
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< — Ch sup sup ( U— u, s) —|—E[ i, X “>>” ] ‘E[—ei@j{f(“» + ei<SvthT>”2

Tb u€[b,1-b] t=1,.... T:| £ —u|<b
2 A ~[2] A 21\72
| p[icematton )
OB (12425 1 2 2426
- 1)
(b topt b (|s +

2 ~ 2
] + ‘E [€i<8[1]’Xt[1](u)> — ei<s[1]’Xt[’l% ] )
Tb

_ (0(11:52) (b2+25+7}b> n 0(117/)) > <| 2+28 ), (D.143)

which proves (D.141) by using Assumption 4.5 [K&b.2] (ii).

Further, note that if X, Xo,Y7,Ys are real-valued random variables with finite second moments
which fulfil that X7, X, are centered and that (X7, X5)" is independent of (Y7,Y3)’, it will hold
IE [X1Y1X2Y5]| < |Cov(X1, X2)| | Y1y | Y2y Thus, one obtains for all s € R? analogously to (B.46)
by using Assumption 3.15 [W*] (ii) and (iii):

Z Ky ( — u) R {ei<s’Xth> —E [ei<s,Xt,T>]} W

It follows for all s € R from (C.25) with M = 3, (D.144) and similar arguments (recall (D.138), (D.24)
as well as (4.11)):

+E U@p] (u’ 5[2]) _E [ei<s[2]7)?£2](u)>]
IR [‘@[1] (u’ 5[1]) _E [6¢<5[117)?£1](u)>]

2

< sk, D14

E
sup ST

u€[b,1-b]

C
Vb sup E||Q%(u,s 2l < —(1+sh). (D.145)
o ellneor]< G
Lemma D.12 results from (D.37) with f(u,s) = @;(u, s) and g(u,s) = Q;l(u,s) Vu € [0,1],

seRY by using (C.25) with M = 2 together with (D.140) as well as (D.141), (D.145) and Assumption
43 [WEL.2]. ]

Lemma D.13. Suppose that the Assumptions 4.1 INDEP|, 4.3 [WEIL 2], 4.5 [K&b.2] and 3.15 [W*]
hold. Moreover, define (see (D.4) and Definition A.1 (i), (vi) as well as (vii)):

1-b

X ~ 2
Q;%% = j j ‘Q?Q%(U,S)‘ duw(s)ds with
Rd b
O ey (:5) 1= 2 K ( ) éf,m}(U,s)W:{@} Vue[0,1], se R% (D.146)

Then, one obtains for T' — oo (recall (D.138)):
1-b
TVHE J J ‘Q;l(u,s)F duw(s)ds —5;%% =o(1).

Proof. At first, observe that (C.25) with M = 3 provides for all s € R? (see Definition A.1 (i)):

Ly L (s, XY\ ° AP ’
ue[Slilll)_b]E T;Kb <T —u> (3% {6< X,T>} Wt* —%{6< Xt (a2} >} W:{&&;;})
2
1 t (5, X¢, _ s Xy T, ¢
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T
1 . s c
+3 sup E Z K, <; _ u> R {ez<s,Xt,T,{m> _ ez<s,Xt,{m(u)>} Wi

ue[b,l—b] T t=1
[ 1 t ?
. > C
+3 sup El|=S K, < _ u> afe{el@vxtw}(“»} (W* W ) (D.147)
u€[b,1—b] T 1;1 T t tv{ﬂ/@}
It follows for all s € RY from (D.45) and Lemma D.1 (i) with ¢ = 2:
? C
. . C
Sup E Z Kb ( _ u) §R {€Z<87Xt"T> _ €Z<S,Xt,T,{ﬂ}>} Wt* 2& | |1+5 (D148)
uelb,1—b] S T,

One obtains similarly to (D.56) by using Assumption 3.15 [W*] (ii) and (iii) (recall (D.48)):

2
2 K, < - u) R {ei<SvXt,T,{m> - ei<57§tw>(“>>}c W

Cﬂb
sup E < G g,
u€[b,1-b]

(D.149)

The Assumptions 4.5 [K&b.2] (i) as well as 3.15 [W*] (ii) and Lemma D.11 (ii) imply:
2
sup [E

o Z K, ( — u) R {ei<s,)?t,{ﬂ}(u)>}c (Wt* _ W;{ﬂﬂ})

! “Ef” b-u ?—u‘ (0 {e<eim)

5 sup K( )K( ) Cov (R4 e\Fu Wy

(T'b) welb b 4, 1yt b b
‘t1 t2|<ﬂ

R{e S P[] (w8 =W () (W -7 )]
Cﬂl

Tb T2

/N

(D.150)

Overall, (D.147), (D.148), (D.149), (D.150), Assumption 3.15 [W*] (i) (which ensures 8 = o (Tb?)),
(A.1) and Assumption 4.5 [K&b.2] (ii) show for all s € R%:
Vb sup E

S 2 K ( — u) (ﬂ%{ei<s,Xt,T>}c W — { i(s,%,, W}(u»} {@})
<0<\f) (|51+5+1),

2

whereby the contained expression o (ﬁ) does not depend on s € R?. This and similar arguments together
with (C.25) with M = 3 yield (recall (D.146), (D.4), (D.138), (D.24) as well as (4.11)):

Vb sup E [‘QTl u,8) — QTﬂ%(u s)ﬂ < (\[) (| |1+5 ), (D.151)

u€[b,1-b]

whereby the contained expression 0(\/5) does not depend on s € R,
Lemma D.13 is an implication of (D.37) with f(u, s) := @%‘1%@ (u,s) as well as g(u, s) == Qf,(u, s)
Yu e [0,1], s € RY, (D.151), (D.145) and Assumption 4.3 [WEIL2]. O

Corollary D.14. Let the Assumptions 4.1 INDEP], 43[WEIL.2|, 4.5 [K&b.2] and 3.15[W*] be
fulfilled. Then, it holds for T' — oo (see (D.146) and (4.21)):

E[TVbQs,,,, | = Biash* ™ + o(1).

Proof. One obtains from the equality |z|> = R{z}? + ${2}? V2 € C, Assumption 3.15[W*] (ii) and
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(D.9) (recall (D.146), (D.4), Definition 2.11 as well as Assumption 3.15 [W*] (iii)):

T

B[TVB R ] = 5 30 (B[ W) — 20V W) E[Sria(t.) + Bra )]
tj—1
\t—j\<ﬂ
tj 1

. indepsx indep#
=B, +Bry .

Lemma D.11 (ii) together with (C.112), Assumption 3.15[W*] (iii), (D.7), (A.1) and Assumption
4.5 | K&b.2] (ii) imply %mdeP* = o(1). Moreover, Lemma D.6 with 4 (h) = K*(h/B) Vh € Z
shows ’Bg}gep* = Bi asmdep* + o(1) (see (4.21) and (4.12)), whereby this choice of ¢ fulfils (C.215)

due to Assumption 3.15 [W*] (iii).
Overall, these considerations prove Corollary D.14. O

Lemma D.15. Suppose that the Assumptions 4.1 INDEP]|, 4.3 [WEIL.2] and 4.5 [K&b.2] are valid.
Then, it holds for all T € N (recall (D.24) and (D.4)):

(i)
sup. Hﬁ“} ~Hr ()], < O%

t7j=17

(ii)
C

m VDENO.

o I -0 ),

t,j=1,...,T

Proof. (i) At first, one obtains for all u € [0, 1], s := (3[1]/, 3[2]/)I R x R, all random variables X
and Y’ with realizations in R% x R% for which | X|,,; < coaswellas Y|, ,s < oandallg>1+§

by using (3.14) as well as |2¥]|, < |z], V2= (210 2" e RH x R%, k€ {1,2} (note (4.11)):

140

Ju.s(X) = gus (), < C sl " (E[1X - Y|1+5]) (D.152)

Assumption 4.5 [ s(@)]| < CVue[0,1], s,z € RY the inequality |R{z}| < |2|
Vz e C, (D.152) with ¢ = 2, Assumption 4.3 [WEI.2|, Assumption 2.2 [StAp] (i) and Remark 2.3
imply (see (D.24), (D.4) as well as Definition A.1 (i)):

s |ofh 0 —Frne)],
t,j=1,..T
min{1—b,t/T+b}

w [ K<%EU)K<%ZU> Y-y 1) (| Sirim e

Tb2 tj—1,..T
R4 max{b,t/T—b}

<

~

G5 n9)] + G apin9) = Gy nlw5)]) duwis) ds

146
~ t ~ t ~ 2
S b sup Sup E [Xt,T - X () + X () - Xt(u)‘}—t,t—a]
Th2  uelb1-bltef1,...,T}:| L —u|<b T T 146
C
< — b7, (D.153)

T Tes

Lemma D.15 (i) follows from (D.153) and similar arguments.
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(ii) Lemma B.4 (i), Assumption 2.4 [DM.3] and shifting the index of a sum yield (recall Defini-
tion A.1 (i) as well as (vi)):

1+46
swp_E|[ Xy ney — Xel) ] <( ap S [E[Xor|Fa o] - [Xt,T\ft,m]HHé)
t=1,....T t=1,..T1 2

o 146
< <Z Az+1> <C ((Pﬂ)n
l=nez

Lemma D.15 (ii) follows similarly to (D.153) by using (D.154) (see (D.24)). ]

1446 c
4
p> < Zagirgy D159)

rps

Lemma D.16. Let the Assumptions 4.1 [INDEP], 4.3 [WEL.2], 4.5 [K&b.2] and 3.15 [W*] be ful-
filled. Then, one obtains for T' — oo (note (D.146), (4.21) and (D.24)):

[(Tx/EQTMﬁ Bias/IP* _ H;)Q] = o(1).

Proof. Throughout this proof, assume that 7 is large enough to ensure (recall Definition A.1 (vii) as well
as (D.3)):

Tag+2<1+8z3<pr<pr+1<Lp<Lp+1<T, (D.155)
which is possible due to Lemma D.11 (i), Assumption 3.15 [W*] (i), (A.1) and Assumption 4.5 [K&b.2]

(i1).
Define (see (D.4) as well as Definition A.1 (1)):

o 1T~W 71”W : ith &% (t.7) = &
T OG0+ )y D OFG) with O (4.9) =91 DWWy

t=Lr+1j=1
Vt,jeZ. (D.156)

In the following, it is shown:
[(T\/BQTMB zT) ] = o(1). (D.157)

One obtains from the equalities |22 = R{z}2 + ${2}2Vz € Cand H¥ (t,5) = SV (j,t) Vt,j € Z
(note (D.146) as well as (D.4)):

- 1 T T t—1 -
TVOQF 40 = Z () =5 Z (1) + > > 9 (t.4). (D.158)
tj=1 t=1 t=2j=1

It follows similarly to (D.124) and to (D.125) by using Assumption 3.15 [W*] (ii) as well as (iii):

L t—1 L t—1
E [2 >y (t,j)” —0(1) and Var (2 >y (t,j)) = o(1). (D.159)

t=2j=1 t=2j=1

In summary, (D.158) and (D.159) yield (D.157).
Further, define (recall (D.3) and (D.24)):

N AT OTk t—7ﬂﬁ—1~
Hy:=> > > 9F(t)). (D.160)

k=1lt=1%,  j=1

In the following, it is proved:

= indep# Tk 2
E [(s _ Bias'! HT) ] = o(1). (D.161)
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Therefor, note at first that (D.155) yields:

1 T T T t—Teap—1 N
52 + ) Z S (8,5) + Z SO (tg)
t=1 t=Lr+1j=t—Tezs =Lyp j=1
= ‘I;,Bias,l + Tak“,Bias,Q + S;Vam (D162)

whereby Assumption 3.15 [W™] (ii) and (iii) provide (see Definition A.1 (i)):
E [{z;:l =E I:g;,Bias,l + %;,Bias,Q] . (D163)
It holds due to (D.163), (D.157) and Corollary D.14:

d
‘E [‘IT Bias,1 + TT Bias 2] BlaSm o

< ‘E %] - [T\/BQM%” + ‘E |TVbs,.,,| - Biash ™| = o(1). (D.164)

One obtains for all real-valued random variables Y7, Yo, Z1, Z> which own finite second moments and
fulfil ()7, 1L (Z)7

COV (YiZl, }/QZQ) = COV (Yl, Yg) E [leQ] + E [Yl] E [Yg] COV (Zl, Zg) . (D165)

Further, if t1,t5 € {LT + 1,...,T}, ts € {tl — 7@[3,... ;11 — 1}, ty € {tg — 7@[3,... ,lo — 1} as well
as |t1 —t2| < 2v |t1 —t4| < 2zv |t3 —t2| < 2zv |t3 —t4| < « it will hold |t1 —t2| < 14% + =
and a valid implication also results by replacing all contained ~ by «g. Thus, (C.405), (D.165) together
with Assumption 3.15 [W*] (ii), (D.10), (D.9), (D.7), Assumption 3.15 [W*] (iii), Lemma D.11 (i),
Assumption 3.15[W*] (i) (the latter ensures 3 = o(1/b)), (A.1) and Assumption 4.5 [K&b.2] (ii)
yield (recall (D.162) as well as (D.156)):

Var (§’§“ Bias,1 + %; Bias 2) < 3Var <‘§:§‘1 Bias 1) + 3Var (%3: Bias 2)

<03 [cov (Bt r () | 1 e [E[W ) Wi

t1,t2=1

+0 3% [ [Br ] [Br o] oo (9 g 5 oy ?) 1

ty1,to=1
T t1—1 to—1

+C > > > ‘E [5T (t1,t3) 7 (t27t4)] —E [5T (t1, t3)] E [5T (7527754)”

t1,ta=Lp+1 t3=t1—7ﬂﬁ t4=t2—7ﬂﬁ
‘t17t2|<14ﬂ5+ﬂ

]l{vnle{l,...,4}an2e{1,...,4}\{n1}:|tn1 —tn, |<ez} Lt —ty )<y [ti—ta| < v [ts—to| < v |ts—ta| <2}

‘E[ th{@} ts{%} tz’{%} t47{ﬂﬁ}”

+C i Z 1 ‘E [ﬁT t1, t3)] E [5T (t2, 754)”

ti,to=Lr+1 t3=t1—Tezg ta= t2 Tets
‘tl t2|<15ﬂ5 ‘tg t1‘<ﬂ ‘t4 t2|<ﬂ

' ‘COV ( tl,{ﬂ@} tg,{@} tz,{ﬂg} t4,{cz5})‘ ' 1{\t1*tz|<ﬂ3V\t1*t4|<ﬂ5V\t3*t2|<¢g\/\t3*t4|<ﬂg}

<=
S CT2b + Oy + Oy + Oy

— o(1). (D.166)

In summary, (D.164) and (D.166) provide (note that BlasmdeP* defined in (4.21) is deterministic):
N N . 2
E [(Sé‘nsias,l + T Bias2 — Bias?dep*) ] = o(1). (D.167)

Further, observe that ‘%ﬁ_“p,\,ar and ]ﬁlr_*p (see (D.162) as well as (D.160)) are defined similarly to ‘%T,Var and
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]I?]IT, respectively (recall (D.127) as well as (D.4)). Hence, by using (D.155) and Assumption 3.15 [W*]
(i1) as well as (iii), it follows analogously to (D.130) to (D.134) (in particular, replace in (D.130) each

ik (see (D.3) with k € {1,..., R} by I}, (note (D.24)), each 7by 75 and each 7 by HY):

E [(%;Var - ]ﬁl;)z] = o(1). (D.168)

Overall, (D.162), (C.25) with M = 2, (D.167) and (D.168) imply (D.161).
Next, it is shown:

~ 2
E [(Hi} - Hi}) ] = o(1). (D.169)
Therefor, observe at first for all [1,...,l4 € {1,...,T},n € N (see (D.24) as well as (D.4)):

If 3nye{1,...,4}: |ln, —lny| > ne Vng e {1,...,4}\{n1},then
[ﬁ{“} (h,ls) Hr (53,14)] —0 and E [ﬁ{“} (11, 1) H (53,14)] —0. (D.170)

One obtains from Lemma D.11 (i) that lTk, > or + @3 > o + =holds forall k, k' € {1,..., &7}
with & > k' (recall (D.24) and (D.3)). Thus (C.25) with M = 2, Assumption 3.15 [W*¥] (ii), (D.10),
(D.170) with n = 1, (D.8), (D.26) with n = 1, Assumption 3.15 [W*] (iii), Lemma D.15 (i) and (ii)
with n = 1, Lemma D.11 (i), Assumption 3.15 [W*] (i) (the latter ensures 8 = o(1/b)), (A.1) as well
as Assumption 4.5 [K&b.2] (ii) yield (see (D.160), (D.156), (D.24), (D.3) and Definition A.1 (i)):

N 9 Rr ork t—Tep—1 2
E[(H;—H%)}@E =X XN DWW
k=lt=13, J=1
AT OTk t—Taz—1 . 2
+2E| (> > Z Hr (L5 W, t{%} ]{ﬂﬂ}
k=lt=13, J=1
0T, kq OT\ky  t1—Teg—1 to—Teg—1
2 Yy XN By ) e
ki,ko=1¢= lTk to= lTk Jo=1
ki1=ko 1\t2 t1|<a|]1 t1|<2Tb\J2 —jilsz
W;,{zﬂ}” E [(ﬁT (t1, 1) —ﬁ{Tl} (tlvjl)) (?JT (t2, j2) —53;1} (tz,]é))”

OT ky OT ko t1—Teg—1 to— 7@; 1

+2 Z PINEDY 2 ‘E[ e} W) W )

kiko=lt,=i%, = to=l} =l
k1=kz Tk lj1—t1]<2Tb |52 J1|<¢B

\t2 t1|<ﬂﬁ

W o l[[E[(3F @i = 90 (ta,n)) (31 (t2.52) = 91 (12,2 ) |

< CLELTﬂTbﬂ sup E UﬁT (t,7) 5’){1}( )‘ ]
T

t,j=1,..,T
T 2
+ O LraThas swp E Usﬁ{” 51 (t,7) ]
T 7.7 17 7
= o(1), (D.171)
which proves (D.169).
Lemma D.16 follows from (C.25) with M = 3, (D.157), (D.161) and (D.169). ]

Lemma D.17. Suppose that the Assumptions 4.1 INDEP], 4.3 [WEIL.2], 4.5 [K&b.2] and 3.15[W*]
hold. Then, one obtains for T' — 0 (recall (D.24) and (4.13)):

E HVar* (HZ) — g'ndep ] = o(1).
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Proof. Throughout this proof, assume that 7" is large enough to ensure 73 + 2 < L7 (which is possible
due to Lemma D.11 (i), Assumption 3.15 [W*] (i), (A.1), Assumption 4.5 [K&b.2] (ii) and (D.3)). This
provides 7., < ory VK€ {1,..., Rr} (see (D.24) and (D.3)).

Further, define:

oT,k t1—Tag—1ta—Tazz—1

= Z 2 Z 2 5{8}( ’jl)ﬁg}(h’]é)ﬂz[ tl{%} ]1v{ﬂﬂ} tzv{%}

k= 1t1,t2 l Jji=1 Jj2=1

W;;{%}] . (D.172)

The following assertions are shown below:
E[|Var* (H}) — Vi*|] = o(1), E[[Vz* —E[VZ*]|] = o(1),
E [Var* (T\@;);%@)] = o™ 1 5(1) and E HVar* (H7) — Var® (T\/Bﬁ%ﬂ’%) H = o(1).
(D.173)
Overall, these statements imply:
E | |Var* (B5) — ™|
E[|Var* (H}) — V7*|] + E[|[V7* — E [V7*]|] + [E[V7*] — E [Var* (H})]|
+ ‘E [Var* (H5)] — E [Var* (TV6 25, ﬂﬁ)” + ‘]E [Vart TV, ) | = o™
= o(1), (D.174)

which proves Lemma D.17.

It holds due to (D.30), Assumption 3.15 [W*] (ii), (D.26) with n = 8, (C.112), Lemma D.15 (ii) with
n = 8, (D.25) with n = 8, Lemma D.11 (i), Assumption 3.15 [W*] (i) (which ensures 8 = o(Tb?)),
(A.1) and Assumption 4.5 [K&b.2] (ii) (note (D.24), (D.172) as well as (D.3)):

E [‘Var* (HT) — V%L*H
o k t1—Teg—1 to—Teg—1

Z Z Z Z EH'FJT (t1,51) H7 (t2,52) —5?} (751,‘7'1)55?} (t2>j2)H

k= 1t1,t2 l j}=1 ) j2=1
[t1—71|<2Tb [jo—j1]|< 3

[ta— t1|<ﬂ6
‘EI: t1,{¢5} ]1,{@5} t2,{ﬂ5} ]27{%}:”
1
<X L Thay—— L 1), D.175

which yields the first assertion of (D.173).
Further, one obtains from (D.26) with n = 8 and Assumption 3.15 [W*] (iii) (recall (D.172) as well as
(D.24)):

OT,kq OT kg t177¢571 t277ﬂ571 t377ﬂ571 tg— 7%5 1

iy <e S Sy XX N Sleo(of o

ki,ka=1¢y to=1¥  t3,tg=I% =1 J2=1 Jz=1

Tk T2 5 t1\<2Tb\J2—t2\<2Tb\J3 t3]<2Tb |ja— t4|<2Tb

55{8} (t2, j2) ,55;8} (3, 3) 55;8} (754,9'4))‘ V(31 €4ty i1 ta.jo} Alo€{ts aataa i li—l2| <87z} - (D.176)

Moreover, if k > k' (with k, k" € {1,..., &r}), it will follow from py > [27b] and Lemma D.11 (i) that
I7 . —2Tb — 82> ory (see (D.3) as well as (D.24)). Thus, k1 = ko is necessary on the right side of
(D.176) to ensure that the condition in the contained indicator is fulfilled. Therefore, one obtains:

o,k t1—Teg—1 to—Teg—1 t3—Teg—1 t4—Tezg—1
var () <0y, Y PRI )
k=1t t4=1% =1 Jjo=1 J3=1 Jja=1

|j1 t1‘<2Tb‘j2 t2‘<2Tb‘]3 t3‘<2Tb‘]4 t4|<2Tb
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‘E [ﬁ{s} th]l)ﬁ{s} (t2,j2)53¥;} (t3,j3)~‘5§§} (t4,j4)]

oT K t1—Teg—1 to—Teg—1 t3—Teg—1 t4—Tezg—1
oy Y PRI )
K=t =l ja—1 ja—1 ja=1

|j1 t1‘<2Tb ‘jz t2‘<2Tb ‘]3 t3‘<2Tb ‘]4 t4|<2Tb
‘E [5{8} thjl)ﬁT (t2,j2)]E[55T (t37j3)ﬁT (t4,.7'4)”
= Vi} + V73, (D.177)

It follows from 8 < g (which is valid according to Lemma D.11 (i)) analogously to the last equality
of (D.33) (note that the second summand on the left side of this equality is very similar to VJTLT)

Vi = o(1). (D.178)

Moreover, 82 < g, (D.170) with n = 8, (D.26) with n = 8, (D.3), (D.25) withn = 8, (A.1) and
Assumption 4.5 [K&b.2] (ii) yield:

oT K t1—Teg—1 to—Teg—1 oT K t3—Teg—1 ty—Tg—1

SOYD YD YD VD D YD »

k=1 t1,ta= l Ji=1 ) .7‘2‘:1 t3,ta= lTk Jjz=1 ) j4‘=1
lta— t1|<g¢|31—t1\<2Tb\32—31|<8ﬂ‘t4 t3|<8¢\33—t3\<2ﬂ7\J4—J3|<8@
{8} . . {8} . )
‘E [YJ t1,31)f) (t2a32) E |5 (t37j3)55T (ta,ja)
1

<ol L LreThalraTbe

= o(1). (D.179)

The second statement of (D.173) is an implication of (D.177), (D.178) and (D.179).

In the following, the third assertion of (D.173) is proved.

Therefor, observe at first that Biasi}ldep* is deterministic (recall (4.21)) and that (D.29) provides

E* [H%] = 0 (see (D.24)). Thus, it holds due to Jensen’s inequality for conditional expectations and
Lemma D.16:

Var (E* [T\/Eﬁ?pﬂ%]) = Var ( [T\/BQT s — BiashP* — H;]
<E [(E [T\/E 9% ., — Biasihi®* H;] ) 2]
=o(1).
Hence, the law of total variance and the first equality of (D.158) show (recall (D.156) and (D.4)):

E [Var* (T\@ﬁ?w@)] = Var (T\/I;LNQ;JMZIJ + o(1)

T
- <; 2 (5T,§R(taj)+5T,% (t,j)) t{%} j{@}> o(1).

tj=1
(D.180)

In order to analyze the asymptotic behaviour of the right side of (D.180), one observes at first that (D.165)
and Assumption 3.15 [W*] (ii) provide:

| T
Cov ( me DV ) Wiy 5 20 I8 (6D Wiy {aﬂ})
t,j j=1
1 & o -
= 4t1’t2§t4:1(30v (ﬁTﬁe (t1,t2), 97,3 (t37t4)> E [th,{@} tQ’{@} ts,{%} td@}]
1 & - -
+Z Z IE[fJT,ER (tlatQ)]E[ﬁT,% (t37t4)] COV( {ﬂs} t2 {ﬂﬁ} tg {%} t4,{gﬁ})
t1,t2,t3,ta=
= I3} + 175 (D.181)
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Further, define (see (4.11)):

e, 5[] o) (50 (55 o(152)

RIRE 2b

'E[Gfl,én(um) Gy, o (u, 52)] E[G@,m(um) Gy, s (u, 52)] Lty —ts)< ey Lijto—ta| <2}

E [th Wtz] E [Wt2 Wt4] dw duw (s2) dsa w (s1) ds1, (D.182)
min{1—2b,t1/T+b} min{1,t1/T+b}

T t t t
N 2 F—u 7 —u F—w
J%l.Q::sza 2 JJ J J K<Tb >K<Tb >K<Tb )
h ""’t4=1]Rd R4 max{2b,t;/T—b} max{0,t1/T—b}

2 4y N N - -
' K<T b ) E[Ggl’%(u781) Ggg,%(u782):| EI:G§2’§R(U/781) G§4,% ('U,,SQ)] 1{‘t1*t3|§ﬂ}1{|t2*t4|<ﬂ}

-(E[Wth{@} ts’{%}] |w ") t47{%}] E[WA WA E[WEWE]) dw duw (s2) dsy

W( 1) d81 and (D.183)
min{1—2b,t1/T+b} min{1,t1/T+b}

T t t t
) 2 T U T—u T —w
JT13T21)32JJ f f K<b>K<be
t ta=1
t
b

L R Rd max{2b,t; /T—b} max{0,t;/T—b}
K(

. Cov(

2 _
T w

) E[éfl,m(%b‘l) G, s(u, 82)] E[Gt2 w(,51) Gf, o (u, 82)] Lo, ts)< 2y Yjta—ta| <z

t17{ﬂ/3} t3,{ﬂﬁ} t2 {ﬂﬁ} t47{ﬂ5}) dw dUW(SQ) dSQ W(Sl) dSl. (D184)
It follows analogously to (D.94), (D.95), (D.97), (D.100), (D.103) and (D.106) (recall also
(D.104)) by using Assumption 3.15[W*] (iii), (A.1), Assumption 4.5 [K&b.2] (ii) and Assumption
4.5 [K&b.2] (i), whereby the latter yields that the integrals with respect to w € [max {0, t; /T b},
min {1, ¢, /T + b}] as well as u € [max {2b,¢; /T — b} , min {1 — 2b, t; /T + b}] contained in JT 14 and

JJTL;‘ 4 can be replaced by integrals with respect to w € [0, 1] as well as u € [2b, 1 — 2b], respectively (see

(D.181)):

1

h,mgfﬂ%“) (17 (52w (15)

JALE —
T—

E (u,s1) G, 5 (u, 82)] E[éfg,&e(uasl) é&,s(u&)] L, t51<y Vjtsta|<er)
-E th,{gﬁ}th {@} t3 {@} s {%}] dw duw (s2) dsaw (s1) ds1 + o(1)
J 11+JT12+JT13+0(]‘) (D185)

Since JT 11 (recall (D.182)) and 5T’5 (see (D.104)) are defined very similarly, one obtains analogously
to (D. 110) (D.114) as well as (D.117) due to Assumption 3.15 [W*] (iii) (note (4.13)):

12 2 w 2
Tl 1= QOJJQ _{K (¢ +v)dq dvﬂJded (t;oo K* (;) E [@&Mu,sl) éfg(u,sz)])

w(s2) dsow(s1) ds1 du + o(1),

such that Lebesgue’s dominated convergence theorem (together with Lemma 4.8 and the Assumptions
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4.3 [WEL.2] as well as 3.15 [W*] (i) and (iii)) shows (see (4.13)):
2
hm JTl 1= QJ J fK (g +v)dq] dv J f Cov;}g(ifp (u, 51, 52)% W (s2) dsaw(s1) dsy du.

0 —2 \—1 Rd R4
(D.186)

Further, (C.112) in combination with Lemma D.11 (ii) and Assumption 3.15 [W*] (iii), (A.1) as well as
Assumption 4.5 [K&b.2] (ii) provide (recall (D.183)):

C C
7 T2b3TT¢¢bb— o(1). (D.187)
Moreover, if the conditions 71, ...,74 € Z, |r1 —r2| < « and |r3 — r4| < = are fulfilled, it will hold

(see Definition A.1 (i)):

‘cov ( (D.188)

{7} 7“2:{%} TS’{%} 7“4:{“6})‘][{'7"1 ra|> a2}
One obtains from (D.188) with r; = t1, ro = t3, r3 = tg as well as r4 = t4, Lemma D.11 (i),
Assumption 3.15[W*] (i) (the latter ensures 3 = o(1/b)), (A.1) and Assumption 4.5 [K&b.2] (ii)
(recall (D.184)):

C
75 < 7T (w23 + 22) w2bb = o(1). (D.189)
Further, (D.9), (D.188) with r; :=t; VI € {1,...,4}, (D.7), Lemma D.11 (i), Assumption 3.15 [W*] (i)
(which ensures 5 = o(1/ b)) and (iii), (A.1) as well as Assumption 4.5 [K&b.2] (ii) imply (see (D.181)):

75| < CT (g +24) T12b o(1). (D.190)
Overall, (D.180), (D.181), (D.185), (D.186), (D.187), (D.189) as well as (D.190) and similar arguments
show the third assertion of (D.173) (recall (4.13)).

In order to prove the fourth statement of (D.173), one observes at first for all real-valued random variables
X and Y which live on the probability space () (that originates from Definition 2.1) and own finite
second moments that |Cov* (X — Y, 2Y)| < Var* (X —Y) + Var® (2Y') is valid, which can be verified
similarly to (C.405). This inequality provides Var* (X —Y + 2Y) < 3Var* (X —Y) + 3Var* (2Y),
such that:

E [[Var* (X) — Var* (YV)|] = E[|Cov* (X =Y, X +Y)|]
E [\/Var* X — Y)o/Var* (X + Y)]
< A/E[Var* (X —Y)]2W/E[Var* (X —Y 4 2Y)]

\/E Y)QH\/E [3Var* (X — Y) + 3 - 4Var* (Y)]
< \/E [(X - Y)Q]\/?;]E [IE* [(X - Y)2]] + 3. 4E [Var* (Y)].
(D.191)
Since B1asmdep* is deterministic (see (4.21)), Var* (T\/l; 5531 2 @) = Var*(T Vb fl’} s~

Blasljrfdep*) holds. Thus, the fourth assertion of (D.173) is an implication of (D.191) with X = HJ
aswellas Y = T/b 5% s Bias;ldep*, Lemma D.16 and the third statement of (D.173) together

with 0P < oo (whereby the latter follows from Lemma 4.8 as well as Assumption 4.3 [WEIL.2] by
recalling (4.13)).
Overall, all assertions of (D.173) are shown, such that (D.174) proves Lemma D.17. ]
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E. Supplementary material belonging to the numerical examples

In the first proposition of this appendix, new representations of the statistics and associated bootstrap
counterparts that underlie the algorithms evolved in Chapter 3 are introduced. Next, approximations of
the statistic and its bootstrap counterpart contained in Algorithm TEST.INDEP.2, which equals Algo-
rithm TEST.INDEP.1 in the case ®; = ©9 = {0} (as stated in Remark 4.20), are constructed based
on Riemann sums. These representations and approximations, respectively, are used in the programming
codes that belong to Section 3.4, Section 4.4 as well as Chapter 5.

To improve the readability, the dependence on some parameters (like 7") is repressed in several notations
introduced in this appendix.

Proposition E.1. Let the suppositions of Definition 2.1 and the Assumptions 3.1 [WEIL.1], 2.8 [K&b.1]
as well as 3.15 [W*] be fulfilled, whereby the function w that is introduced in Assumption 3.1 [WEI.1]
should be even. Define for all t,t1,to € {1,...,T}, k, k1, ko € {1,...,|1/(20)|} (note that K, originates
from Definition 2.11, T from (C.17), uy from Definition 3.8 (i) as well as §w from (5.2)):

t
Udiff = L[l —L[(), Nr:= ll/(2b)J, Ker(t, k‘) = Kb (T — Uk) y FW (tl, tg) = SW (th,T —th’T),

low (k) := max {1, |[uxT — Tyb|}, up(k) :== min{T, [urT + Tybl|},

up(k) up(k1)
X1 (tl, k‘) = Z Ker(tg, k) Fw (tl, tQ) , X2 (]61, kg) = Z Ker(tl, kl) X1 (tl, kz) ,
to=low(k) t1=low(k1)
Nr up(k)
xg(k) = xo(k, k), x4(t1) = D x1(tr,ka), x5(k) = > Ker(tr,k)xu(tr),
ko=1 t1:low(k)
Nr 1 1
X6 (kl) = 2 X9 (k?l, kg) , X7 (tl, /{7) =X1 (tl, k?) - TXS (k‘) , X8 (tl, k‘l) = X4 (tl) - TX(S (kil) s
ko=1
up(k) 2Udff 1 Nr
XB.1 (k) = Z Ker (tl, k) X7 (tl, k) Wtﬂ;, XB.2 ‘= Wﬁ Z XB_1(k),
t1=low(k) k=1
up(k1) Wag 1 Nr
xp.3 (k1) = Z Ker (t1, k1) xs (t1, k1) W}, xp4 = N2 T2 Z xp.3 (K1),
t1=low(k1) k1=1
up(k) up(k)
xps (t1,k) = Y, Ker (ta, k) Fw (t1,t2) Wi, xpg(k) = | Ker (t1, k) xp5 (t1, k) Wy,
to=low(k) t1=low(k)
up(k) up(k)
xpr(k) = > Ker (j,k) W} and xps(k):= )] Ker(t1,k)xi (tr,k) Wy (E.1)
j=low(k) t1=low(k)
Then, it holds (recall Definition 3.8 (i), (3.38), Definition 3.17 as well as (3.56)):
(i)
~ Ugir 1 O ~ Ugig 1 <
DTJ = Wﬁ Xg(k‘) and DT’Q = Wﬁ Z X5 (/{1) .
k=1 k1=1
(ii)
A* . N A* 2norm  2Snorm I/D\)T>2 1
DTJ T1
(iii)

N Ugg 1 & 1 2 2
D;Test = T;ﬁ (XB.ﬁ(k?) + <TXB.7(k’)) XB(k‘) - TXB.7(7<7)XB.8(7<3)> .
k=1
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(iv) In addition, suppose that Assumption 3.30 [NW ] and T > 2Br + 1 are fulfilled. Moreover, define
forallte {1+Byp,..., T—Br}, he {1,...,2Bp+1} (note that K* originates from Assumption

3.15[W*]):
Ker. BNW(h) := <K* <]H3T_1> _ 1) Knw <h_BT_1> ’
g Br
low NW (k) :==max {1+ By, |uxT —Tyb|}, up.NW(k):=min{T —Bp,1+Byp+ [uiT + Tyd|},
2Br+1
xxw.a(t) = > Ker BNW(h)Fw(t,t +h—Br—1),
h=1
2Br+1 2Br+1
xNw = Y KerBNW(h), xxwas(t k)= > Ker BNW(h)xi (t+h—Br—1,k) and
h=1 h=1
up.NW(k) 1 1
xxw.a(k) = Z Ker(t, k) (XNW.l(t) — pXNW2 -x7(t, k) — TXNW.S(t; k)) - (E.2)
t=low.NW(k)
Then, one obtains (see (3.68)):
— T U 1
error __ 2 diff
Blas —% f K(z)*dz - Nt T —9B; ZXNW4
o —4l1

Remark E.2. The suppositions of Proposition E.1 which concern the weight function w are fulfilled
by the weight functions that are used for the numerical examples contained in the present work which
belong to the algorithms evolved in Chapter 3.

Proof of Proposition E.1. (i) Proposition E.1 (i) follows from (5.3) and Assumption 2.8 [K&b.1] (i),
whereby the latter yields K (z) = 0 for all z € R with |z| > l; — g (recall also (E.1)).

(ii) In order to prove Proposition E.1 (ii), observe at first that one obtains for all R € {R,S3},
s e RY by interchanging k1 and k5 in the definition of ]DT 9 R( s) (see (3.38) as well as Definition 2.11):

S 2 (41 — o) U@ & (tz > i(s, X1y, 1) RSl (1 - <t1 )
D et ) N K[ 2 gy, ) R X Ko 2 —
R VETTE Z P 2ol ) 1) 2 g 2l e
, T 1 & A
2 (= h) e ( ) (W ! ( ) X0, ) f i Xy 1)
= Kl —— Kl = — R 1, T) VR »Atg,T
11/ (20)] T2 k121 tIZ:1 b (" k221 t;1 b Uky {e } {e }
[1/ 20)| T t ' '
Z YK, < — Ukz) K, (T — Ukl) R {el<s’xt3ﬁT>} R {e’<s’Xt2’T>}> Wy (E.3)
ko=1 t2,t3=1

Further, since the Fourier transform of an even integrable real-valued function is an even real-valued
function, the assumptions on w which are supposed in Proposition E.1 provide (note (E.1) as well as

(5.2)):
FW(tl,tQ) e R and FW(tl,tg) = FW(tg,tl) th,tz € {1, ce ,T}. (E4)

It follows from (C.147), Assumption 2.8 [K&Db.1] (i) and (E.4) (recall (5.2) as well as (E.1)):

f D%, () + D (5) w(s) ds

Rd
2U 1 Nr up(k1) Nr up(k2)
= d;ff T2 Z Z Ker (tl, kl) Z Z Ker (tg, kg) Fw (tl, tz)
Nr k1=11t;=low(k1) ka—=1to=low(k2)
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Nr  up(k1) up(k2)

— = Z 2 Ker tg,k‘l) 2 Ker (tg,k‘g) Fw (tg,tg) Wtﬂ;
kg 1ltz= low(k1) tQ_IOW(kIQ)

2Ud'ﬂ‘ 1 Nr up(ks) 1 Nr
=2 T2 Z Z Ker (t1, k1) <X4 (t1) — T Z X9 (kl,k2)> W

k1=1t1=low(k1) ko=1

2Udﬂ‘ 1 Nr up(k’l)
- ; Tz Z Z Ker (t1, k1) xs (t1, k1) Wi
ki=1t1=low(k1)

= XB.4. (E.5)
Further, observe for all R € {®, 3}, s € R? (see (3.38) and Definition 2.11):

[1/(26)]
H’j;l,R(S) = W 12211) % ZT: Kb(?, - uk> R{ei<57Xt2»T>} ( ZKb< _ Uk)

t1=1
1 & t 1 & t3
i85, X4, * (8, X, *
.R{e< 1,T>} Wy — T;le(T — uk> Tthle<T — uk> R{e (s, X1 T>} th>. (E.6)
- =

Note that the right side of (E.6) is very similar to the right side of the first equality of (E.3). Hence, one
obtains analogously to (E.3) and (E.5) (recall (E.1)):

| B10(6) + B (5) wls) ds = xne €7)
R4
Since (3.38) provides for all 7y := (fy[l] , 7[2]) with arbitrary real-valued random variables V[l] , 7[2]:
B (1) = 1) [ B.10() + By (6) wi)ds +92) | Bio(s) + B o 5) wis) s,
R4 Rd

(E.7) and (E.5) imply Proposition E.1 (ii) (see Definition 3.17 (ii)).

(iii) In order to prove Proposition E.1 (iii), observe at first for all R € {®,S}, s € R? (recall
Definition 2.11):

1/ 2b)]

2
Z R {;;TIKI; (; - Uk) (€i<S’Xt’T> — ¢ (ug, 3)) Wt*}

ll/(Qb)J T
5[(/ i 2 (”} 2, 1 @‘“’“)R{ei@’x‘l’”}ws

k=1 t1=1

iz ( - Uk) WtQT Z K, (T - Uk) R {ei<87Xt3,T>}>2

=1

- 1[111/(_22;(} W(ib”<1}2 iKb (7; _ uk) Ky (7;11 — uk) R{ei<5’thvT>} R{ei<s’Xt'1’T>} Wi

k=1 1t =1
t/ (s i 8, X1
( t;f(b ( - “k) Wt2> t ;Kb( - Uk) Kb(; — uk) R{e< ’Xt3’T>}R{e< Xt37T>}
13 (8, Xy, (8, X¢tq, *
-2 t;fﬁ;( Uk> Wt2 Tgtltzg’jll(b <T - Uk> Kb (T - uk) R{e < 131 T>} R{e < t3 T>} Wt1> .
(E.8)

One obtains from |z|? = R{z}? + 3{2}2 V 2z € C, (E.8), (C.147), (E.4) and Assumption 2.8 [K&b.1] (i)
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(see (3.56), (5.2) as well as (E.1)):

~ Ugg 1 up(k) up(k)
Trest = o, 72 ( Y Ker(t, k) > Ker (ta, k) Fw (1, to) Wi W
k=1\ t1=low(k) to=low(k)
L) 2 up(k) up(k)
+ <T > Ker(j, k) Wj*> D Ker(t, k) ) Ker (ty, k) Fw (t1, t3)
j=low(k) t1=low(k) to=low(k)
o upk) up(k) up(k)
-7 D1 Ker(j, k)W) Y Ker(t,k) > Ker(ta, k) Fw (t1, o) W;;), (E.9)
j=low(k) t1=low(k) to=low(k)

which implies Proposition E.1 (iii) by recalling (E.1).
(iv) In order to prove Proposition E.1 (iv), note at first that it holds for all s € R?, ¢ € {1+Brp,...,

T —-Br}, ke {l,...,]1/(20)|}, h € {-Br,...,Br} due to (E.4) and Assumption 2.8 [K&b.1] (i)
(see (3.66) as well as (E.1)):

%{ [ (cxen ) (eoonn)) T ds}

R4
. 1 & ¢ .
_ %{ Jez<s,Xt,T—Xt+h,T>W(S) ds} — T Z Ky (; — uk) %{ JeZ<S,Xt,T—Xt2vT> w(s) ds}
Rd ta=1 Rd
_ l i K tﬁ _ R Z'<=97X152,T*Xt+h,T> ( )d
T b T U € w(s)das
to=1 R
+ i S K ti _ i K, tﬁ _ R i, X0y 1—X1y.1) w(s)d
T2 b T U b T Uk € s)as
t1=1 to=1 Rd
1 1 1
=Fw(t,t +h) — Txl(t’ k) — Txl(t + h,k) + ﬁX:g(k‘). (E.10)

It follows from (E.10), Assumption 2.8 [K&Db.1] (i) and shifting the index of a sum (recall (3.68) as well
as (C.17)):

]?;SeTrror ) ;l; uluoK(z)z o 1[111/(_22;]) [1/(22117)] ; _12B min{T—BT,1+BT+[ukT+Tub]}Kb (; B uk)
o, k=1 T —max{14+Br, |u, T—Tub|}
O3 (e (BB ) (BB (e By
h=1 T
- % (xl(t, k) — ;X3(k:)> - %Xl(t 4+ h—Bp— 1,1@))7
which shows Proposition E.1 (iv) (see (E.2)). ]

Lemma E.3. Assume that N € N and that x,y € R are deterministic, whereby x < y holds. In addition,

f: [x,y] — R should be a random function which fulfils for all deterministic qi,q2 € [x,y] and a fixed
Ly e[0,0):

s[up]E[lf(q)l] <o aswellas E[|f (q1) = f(@2)[] < Lylor — g2l - (E.11)
g€,y

Moreover, let zy, with k € {0, ..., N} originate from (B.48). Then, it holds:

Y

Y-z o
e ||| sV Yre) | <

T

Lyly — |
N
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Proof. One obtains similarly to [77, Walter (2007), p. 233 et seq.] by using (E.11) (recall (B.48)):
Y N

Eff(d

T

(z)|| = E ZJf dq—ZJka

2 [ B0 - 7o a

Zk:l

I NAZLJCAZ,

which proves Lemma E.3 due to Az = (y — x)/N (see (B.48)). O

Proposition E.4. Suppose that ., < Ny are arbitrary, non-empty, fixed as well as finite sets and
that T = 1 + ®Dmax (recall (4.28)). In addition, let the Assumptions 4.1 [INDEP], 4.5 [K&b.2] and
3.15[W*] be fulfilled. Moreover, assume for dy,ds € N introduced in Assumption 4.1 [INDEP], 0 €
(0,1] originating from Assumption 2.2 [StAp] as well as each | € {1,2} that wll: R4#21 — [0, o0)
is a Riemann integrable function which is Lebesgue almost everywhere positive and fulfils:

f(l—i—‘ [1] ‘2+26+‘8[Z]E> wlt (s[l]> dsll < oo as well as wl" (s[l]> =wll (—s[l]) Vsl e RA#91,
R#9;
(E.12)

Further, define forall N € N, k € {1,...,N}, t,t1,t2 € {1 + Dpax,..., L}, | € {1,2} (see Definition
2.11, (5.2), (4.4) as well as (4.28)):

1-2b t — Dmean
VN =b+ k‘T, KERy (t, k) :== K <Tea — Vk.N>7

Fw; (tl, t2) = Sw[l] (Xg]l,tQ,T - Xg]z,tl,T) ’

LOWN(]{:) = max {1 4+ Dmax, [Vk.NT+®mean —TbJ} ,
UPN(]{:) '=min {T, 1+®Dmax + [Vk.NT+©mean +Tb]} ,

UP y (k) UP y (k)
yn(t k) == Y KERn(j, k) Fwi(t, ))Fwa(t,j), yva(tk) = Y KERy(j, k) Fwi(t, ),
j=LOW (k) j=LOWn (k)
UP y (k) UP y (k)
Yna(k) == Y KERn(tk)yn(t,k), Yna(k):= > KERN(tk)yni(t k)yna(t, k)
t=LOW y (k) t=LOW y (k)
UP N (k)
and Yysi(k):= > KER(t,k)ynu(t, k). (E.13)
t=LOW y (k)
(i) Let (dr)pey be an arbitrary sequence of natural numbers for which T'/ (\/BdT) %0 holds and

define:

~ 1-20 G (1 2 1
QT apprx = i Z (TQYdT.l(k) — ﬁYdT 2 (k) + Ta —Yq. 3 1(k)YdT.3.2(k)> . (E14)
k=1
In addition, ﬁghgz,T should originate from (4.28), whereby w : RAI#D1  RI2#D2 _, [0, 0),
/
defined as w (s) = wlll (s[l]) wl?] (3[2]) Vs = (3[1],,3[2]/) e RU#D1 x RE#D2 g the
underlying weight function. Then, one obtains for T' — c0:

TVOE [[Q0, 21 — Qrapprs|| = 0l1).

(ii) Assume that (er) ey is an arbitrary sequence of natural numbers with T\/b/er =Y Ee [0, 00)

249



and define for all k € {1,... e}, t,pe {1,...,T}:

4 4 1
yB.1(k) = ﬁ}/eT.B.l(k)}/eT.B.Q(k) Yo, 2(k) + ﬁYeT.l(k%

K
2 2 2
yB.Q(ta k) = ﬁyerl(tv k) - FYBT&l(k) y€T~2(t7 k) - ﬁyerl(tv k)YeT-3~2(k)
UPe,. (k)
1 ) ) ) ) )
- TyeT (tu k) + ﬁ 2 KEReT (j7 k) (yeT.l(j) k)FWQ (.]7 t) + FWl (.]7 t)YeTQ (j? k)) )
j=LOW.,. (k)
1 1
yYB.3 (tapa k) = FVVl (p7 t)FWQ(p’ t) + T ((_ YeT.l(P, k) - YET.I(ta k;) + TYeT.?).l(k)) FWZ(P> t)
1
+ Fwi(p,0)( = Yer2(p, k) = Yera(t k) + = Yera2(k) ) )
1
+ 7 (Vera1(t, k)yer2(p, k) + Yer1 (D, K)yer.2(t, k)) (E.15)
as well as:
UPe,. (k) UPeq (k)
Yei(k):= D KERe,(p,k)Wy, Ypa(k):= > KERe,(t, k)W ypa(t k),
p=LOWe (k) t=LOW.,.(k)
UPe. (k)
YB.S.l(pa k) = Z KEReT (tv k)Wt*YBB (tapa k) ;
t=LOW.,. (k)
UP.. (k)
Yesa(k)= > KERe,(p, k)W Yps1(p, k)
p=LOW. (k)
~ 1-20 1 & 5
and QT,apprx = 7@ (YBl(k) yB_l(k) + QYBl(k')YBQ(k) + YBlghg(k)) . (E16)

k=1

In addition, ﬁ%l 0T should originate from (4.29), whereby w : RA#D1 « Rd2#D2 _, [0, 0),
I
defined as w (s) = wlll (5[1]) wl?l (8[2]) Vs = (s[l]/,sml) € RU#91 5 RE#92 s the

underlying weight function. Then, one obtains for T — 0:

T\/EE HD%LD%T B Qi},apprx

] =o(1).

Remark E.5. The suppositions of Proposition E.4 which concern the weight function w are fulfilled
by the weight functions that are used for the numerical examples contained in the present work which
belong to the algorithms evolved in Chapter 4. In addition, note also that these suppositions ensure
that w fulfils Assumption 4.17 [WEIL.3|, which follows from some straightforward arguments and by
using that (z1 + 12)¥ < max ((271)Y, (2z2)Y) < 2Y (2 +28) Va1, 22 = 0, y > 0 yields for all

5= (5[11',3[2]’)’ € RUHADL o Rd2#Ds .

f(l +s2T24 |s|‘;’> w(s)ds

RA1-#D1+do #D2

1) 1)
< Rcdl £ o £ @gH‘S[l]‘j” +‘8[2]‘?” +‘SME +‘S[Q]E> wit (s1) wi2 (02 51 g

<C J <1+‘3[1]‘2+2‘5+‘3[11‘3> wit (s01) g f wiz (12 gt
1 1

RA1L#D1 Rd2-#D
o J (11 (11 gl f ( 222 |2 3) 21 (121} gql2l
+ Rdl.#: (s ) ds Rd?#%l—i-‘s ‘1 —i—‘s ‘1 w (s ) ds
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Proof of Proposition E.4. (i) Proposition E.4 (i) will be proved by using Lemma E.3. Therefore, some
considerations that allow to apply Lemma E.3 are stated next.

Assumption 4.5 [K&b.2] (i) implies that w € [(t — Dmean) /T — b, (t — Dmean) /T + b] and ¢ € [|wT
+Dmean| — [Tb] — 1, |wT + Dmean| + | Tb| + 2] are necessary to ensure K (((t — Dmean) /T — w) /b) #
0. Moreover, |u — v| < 2b holds in the case u,v € [(t — Dmean) /T — b, (t — Dmean) /T + b]. Thus, in
this case, Assumption 4.5 [K&b.2] (i) yields that ¢ € [|[uT + Dmean] — [370] — 1, |uT + Dmean] +
|37'b] + 2] is necessary to ensure |K (((t — Dmean) /T — u) /b) — K (((t — Dmean) /T —v) /b)| #
0. These considerations and the fact that K is Lipschitz continuous (according to Assumption
4.5 [K&b.2] (i) provide for all u,v € [b,1 — b] (see (4.28) and Definition 2.11):

Sup |¢©1,©2 (u> 3) - @91,@2 (’U¢ 3)|

seRA1#D1+do#D2
[uT+Dmean | +[3Tb]+2 ) =9
1 =Y mean _ 44 ——=ean g
<L Kl—2 ") _ gl__T -
Tb 2 ( b ) ( b ) ‘
t:[uT“F@meanJ*l?’Tinl
) ]I'{u,’Ue[(tfgmcan)/Tﬁbv(tfgmcan)/Ter]}
[T +Dmean | +|Tb]+2 t—Dmes t=Dme:
1 B B —
ST K(b>K<b>‘
t=|_uT+®meanJ_|_TbJ_1
’ ]l{uE[(tfjjmean)/T7b7(t7©mean)/T+b]7v§§[(tfgmean)/be,(t*@mean)/T+b]}
1 |_’L}T+©1neanJ+|_TbJ+2 TS_D% —u HD% — v
K T - K T

+ _
Tb t=|vT+Dmean|—|Tb|—1
' ]l{u¢[(t_©mean)/T_ba(t_gmean)/T"‘b]er[(t_grnean)/T_b7(t_gmean)/T"rb]}
C
< Z|U_U|' (E.17)

The inequality | |21|* — |22]” | < |21 — 22| (J21] + |22]) ¥ 21, 22 € C, (C.112), (D.39), (E.17) and similar
arguments show for all u, v € [b, 1 — b] (note (4.28)):

2
~ ~[1 ~[2
||, (09— L, (s 07) 2L, (109
SERA1#D +do#Dg

_ ‘@91,92 (v, 5) — @[91192 (07 S[l]) @[@21532 (v, 5[2]) ‘2

< %|u—v|. (E.18)

Lemma E.3 in combination with (E.18) and 7'/ (\/Z;dT) =9 0 yield (recall (4.28) as well as (E.13)):

~ 1-2b 9 ~ ~[1] 11\ 421 (2] ’
T'\/E]E Q©17©27T— T 9091792 (Vk’.dTa 8) B SOQLQQ (ij.dT7 S ) SDQLQQ (Vk.dT7 S )
T k=1
RA1#D1+do#Dg
-w(s)ds ]
C
bdr

Next, it is shown that the Riemann approximation of }5@179277’ contained in (E.19) equals @T,apprx
(defined in (E.14)), which finishes the proof of Proposition E.4 (i).
Therefor, note at first that one obtains similarly to (E.4) by using (E.12) (see (E.13) as well as (5.2)):

Fw;(t1,t2) € R and Fw(t1,t2) = Fwy (te,t1) Vi€ {1,2}, t1,t9 € {1, . ,T}. (E.20)

/!
It follows for all £ € {1,...,dr}, s = (s[l]l7s[2]/> e RU#D1 x RE#D2 from |22 = 22
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Vz € C, (E.20) and Assumption 4.5 [K&b.2] (i) (recall (4.28), (E.13), (5.2) as well as w (s) :=
wlill (5[1])W[2] (3[2])):

2
f $91,05 (Vhdr,$) — @%},@2 (Vk.dTys[l]) @51,92 (Vk.dTys[Z])‘ w(s)ds

RA1-#D1+d2-#Dg

T T
1 . . .
= — Y KERg(t,k) > KERg, (j, k)R {Fwi(t,j)Fwa(t,j)}
t=14+Dmax j:1+®max
1 T T T
— 73 Y KERg, (¢, k)( > KERg, (i, k) Fwi (t,51) Y| KERa, (2, k) Fws (t,j2)>
t:]-“l’zomax j1:1+®max j2:1+©max
1 T T T
73 > KERg, (t, k)( > KERq, (j1, k) Fwi (j1,t) Y, KERg, (j2, k) Fwy (jg,t)>
t=1+Dmax j1:1+©max j2:1+®max
1 T T
+ T4< Z KERq, (t1,k) Z KERg, (j1, k) Fwy (t1,j1)>
t1:1+©max j1:1+9max

T T
. ( Z KERy, (t2, k) 2 KERg, (jo, k) Fwo (t2,j2)>

to=14+Dmax j2:1+©max

1 2 1
ﬁYdT.l(k) - ﬁYdT.2(k) + ﬁYdT.&l(k)YdT.SQ(k)' (E21)
Overall, (E.19) and (E.21) prove Proposition E.4 (i).

(ii) To verify Proposition E.4 (ii), define at first for all ¢ € {1 + Omax,..., L}, u € [0,1], s := (5[1]/,
s12') € RE#DL » REHD: (s (4.28) and (4.4)):

[ ] [ ]
Dy 7(u,8) = 2@[9117@2(11,3[1]) @%1 ©2<u,s[2]> — Py oy ) + € s x 11 > (s xR,

B @%]1792 (u,s[1]> €Z<S[2] x5 >_ 1<3[1] X T><p . (%8[2]) : (E.22)

whereby (D.39) shows:

|®y7(u,8)| S OVteE{l+Dmax,-.., T}, ue[0,1], s:= (3[1]/’ 3[2]/)' € RU#P1 » RI2#D2
(E.23)

It holds (recall (4.29)):

S| |
b

RA1#D] +do#Do

2
w(s)dsdu. (E.24)

ZKI, !~ Dmean _ u) Wi, 1 (u, s)
t 1+©l!]ax

In the following, Proposition E.4 (ii) will be proved by using (E.24) and Lemma E.3. Therefore, some
considerations that allow to apply Lemma E.3 are stated next.
Arguments which are similar to those that provide (E.17), (C.25) with M = |2 = 2z2Vz e C,
Assumption 3.15 [W*] (ii), (E.23), shifting the indices of sums and Assumption 3.15 [W*] (iii) in com-
bination with 2 [37b| + 3 < 2|Tb| + T for sufficiently large T' yield for all u,v € [b,1 — b] and
s € RU#D1 o Rd2#D2.

7

T
1 t - @mean t - Qmean
T Z <Kb<T —U> —Kb<T —U>) Wt*(bt’T(U, S)
min{T,|uT+Dmean|+|3Tb]|+2} t—2 t—9
1 =Y mean __ 4, mean __ g,
= ) ( ( b ) ( b >>
t=maX{1+©max,|_uT+©meanJ_|_3TbJ_1}

t=1+Dmax

<3E[
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2
. ]I.{uﬂ)e[(tfgmcan)/T*b,(t*@mcan)/T""b]}Wt*®t7T(u7 S) ]
min{T?|.UT+©me&ﬂJ+|.TbJ+2} *@mean *Qmean

1 3’ P et W ] s it

Tb b b
t:max{l+©max,lUT+DmeanJ7[TbJ71}

2]

min{T,lUT+®1neanJ+lTbJ+2} t—9 L)

1 "2 mean __ 4 L—*mean _ o

Th 2. ( < b ) ( b ))
t=max{1+Dmax,[vT+Dmean]—|Tb| 1}

7

+3E[

* L{ue[(t—Dmean )/ T—b, (t—Dmean)/ T+, 0 [(t—Dmean)/T—b,(t—Dumean)/T+b]} Wi Pt,1 (U, 5)

+3E[

L ug[(t—Drmean)/ T—by(t—Drmean)/T+b],ve[(t—Dmean)/ T—b,(t=Dmean )/ T+8]} Wi Pe.7 (U, 5)

NS - 72 2
b (Tb) t1,t2=|_UT+®meanJ—|_3TbJ—1 /8
6T +Dmean]+|Tb]+2 b 0T+ Drmoan | +[T8] +2 ty —t
: Tt (52))

t1,to= |_UT+©meanJ - lTbJ -1
o BT T

< |u—v|2 T2p4 2 Z

to=—|3Tb|—1t;=—|3Tb|—1—¢

t1,to= |_UT+®meanJ — lTbJ —1

()

< Ju—v]

—. E.2
Th3 (E.25)
In addition, one obtains for all u,v € [b, 1 — b], s € R4#®1 x R%#92 analogously to (C.254) by using
(C.112), (E.17), arguments which are similar to those that show (E.17) and (D.39) (see (E.22) as well as
(4.28)):

2
1 Qmean *
El|l= Z K ( — v) Wi (®s.7(u, s) — P 7(v, 5))
r T
t1=1+Dmax
Cp 2
< == 1o e
Th 4 1+zs)lil;)x _____ T [| t,0(u, ) — @y r(v, s)| ]
cp
< _
S s vl -

Moreover, it follows for all s € R4#21 x R%#22 dye to (E.23) analogously to (E.26):

OB

2
1 Qmean
— K, — Wrd
Z b ( u) t t,T(u7 S) Tb

t=1+Dmax

sup E
u€e[b,1-b]

(E.27)

Overall, (E.24), Lemma E.3, E H|X|2 - |Y|2H < | X = Y|, (| X, + |Y],) (which is valid for all

complex-valued random variables X as well as Y that live on the same probability space and own finite
second moments), (E.25), (E.26), (E.27), Assumption 3.15 [W*] (i) (Which ensures 8 = o (sz)) and

T\[/eT Y Fe [0, 00) yield (recall (E.13)):

> J‘
TS
c | B |B

2
w(s)ds

05, 2.1

T\/BE[A*

ZKb( Dinean Vk.eT) WE® T (Viep, )

1+’Dmax

Rd1#®1+d2#92
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Next, it is shown that the Riemann approximation of 55%1,@2,1’ contained in (E.28) equals @}@ppm
(defined in (E.16)), which finishes the proof of Proposition E.4 (ii).

Therefor, note at first that one obtains for all k € {1,...,er} by using 2Z = |2]? V2 € C similarly to
(E.21) (see (E.13), (E.15) as well as (E.16)):

T
f (;v ZKEReT (p, k) W;: (2{5[911/}32 (kaT’S[l]) @glﬂz(vk-ews[?]) - @91792(Vk~6T78)>)

RA1#D1 +dp#Dy" P=1+Dmax

T

1 * ~ ~ ~

. (T > KER., (¢.k) W, (2¢g}7®2(vk,ews[1]) 25 o, (her,sl?l) — %1792(%@,5))) w(s) ds
q:1+©max

1
= ﬁYB.1(1<:)2yB‘l(k:). (E.29)

Moreover, (E.20) and Assumption 4.5 [K&b.2] (i) provide for all k € {1,..., ep} (recall (4.28), (E.13),
(E.15) as well as (E.16)):

1 o Y
RA1#D1 +do#D3 p=1+Dmax

T
~ 1 /1 ~ [2]
— 09,9, (Vk.€T7 s) )) . (T Z KER,, (t, k:)Wt* <€2<s 1 ,X©1,t,T>ez<s Xpgt T>

t=1+©max

o, Ot ) ) ST 81 (o))

T T
1 1
== Y. KERc,(p, k)W, - D KER,,(t, k) W;*

P=1+Dmax t=1+Dmax

T T
2 . . . .
. (7—,2 Z KEReT (]hk) FWl (]ht) Z KEReT (]27k) FW2 (]2775)

j1:1+®max j2:1+©max
92 T T
— 73 Y KER., (t1,k) KERe, (j1, k) Fwi (ji,t1) D, KERey (ja, k) Fwa (2, 1)
t17j1:1+©max j2:1+©max
2 T T
— T3 Z KEReT (jl: k) Fwy (jla t) Z KERST (t27 k) KERBT (j27 k) Fwy (t27j2)
j1:1+©max t27j2:1+©max
1 T
- 7 2 KEReT (]a k) le (]’ t) FW2 (]a t)
j=1+©max
T T
> KER., (j,k) ( > KERe, (t1,k) Fwy (j, 1) ) Fwsy ()
j:1+®max t1:1+©max
T T
Y KERe, (j.k)Fwi (j,t) Y. KERe, (t2, k) Fwa (, tz))
j 1+©max t2=1+©max
- 5 A N0 YBa (k). (E.30)

In addition, it holds for all k € {1,...,er} due to (E.20) and Assumption 4.5 [K&b.2] (i) (see (4.28),
(E.13), (E.15) as well as (E.16)):

T
J (;1 Z KERGT (p’ k)W; ( Z<3[1] X[l] > <3[2],X[©2;’p’T>

RA1#D1+do#D2 P=14+Dmax

- ‘55[911,@2 (V"?-eT’S[l]) X)X ) @gim (Vk.eT,S[Q]) >>
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t=14+Dmax
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] 0 0
_@[@117@2 (Vk.eT7 [1) < Xo tT> <[]X tT> @2 theT,s[Q])>>w(S)ds}

T T
1 1
=+ Z KEReT (p’ k)W;T Z KERET (tv k)Wt* : <le(pa t)FWQ (pv t)

p=1+©max t=1+®max

T
1 . .
-7 Z KERe, (j1,k) Fwi (p, j1) Fwa(p, 1)

j1:1+/©max
T
1 . .
— =Fwi(p.t) )] KERe, (G2, k) Fwa (p, o)
j2:1+©max

T
— L S KER., (11, k) s (11, 1) Fwa(p, 1)
t1=14+Dmax
1 T
+ 73 > KERe, (t1, k) KERe, (j1, k) Fwy (1, 1) Fwa(p, 1)
t1,71=1+Dmax
1 T T
+ 75 2, KERe, (b1 k) Fwi (t,1) - > KERe, (2, k) Fwa (p, j2)

t1=14+Dmax j2:1+©max

T
1
- *le(p7 t) Z KER@T (t2a k) Fwo (tZa t)

T t2:1+©max
1 T T
+ 7 > KERey (j1, k) Fwi (p,j1) Y. KERe, (t2, k) Fwa(ta, 1)
jl:1+©max t2:1+©max

T
1 . .
+ ﬁle (p, t) 2 KEReT (tg, k) KERET (jg, k) FWQ (tg,jg) >
2,52 14+®max

1

= 73 YB32(k). (E.31)

One obtains for all k € {1,...,er} from |z|?> = 22V 2z € C, 1/T?Yp1(k)Yg2(k) = 1/T?Yp1(k)
‘Yp.2(k) (the latter is valid due to (E.20)), (E.29), (E.30) and (E.31) (recall (E.22)):

2
1 I t - gmean *
T Z K, —T —Vier) WEPLT (Viep,s)| W(s)ds
RA1#D ] +do#D o t=1+Dmax
1 9 2 1
= ﬁYB.l(k) yB.1(k) + ﬁYBJ(k)YB.z(k) + ﬁYB.&z(k). (E.32)
Proposition E.4 (ii) is an implication of (E.28) and (E.32). ]
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