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Abstract. We consider a scale-free model of the Web network that is
evolving by preferential attachment schemes and derive an explicit for-
mula of its PageRank vector. Its ith element indicates the probability
that a surfer resides at a related Web page i in a stationary regime
of an associated random walk. Considering the growth of a directed
Web graph, we apply linear preferential attachment schemes proposed
by Samorodnitsky et al. (2016). To express the probability of a connec-
tion between two nodes of this Web graph, our derivation allows us to
avoid the consideration of complicated paths with random lengths and
to cover both self-loops and multiple edges between nodes. An algorithm
of the PageRank vector calculation for graphs without loops is provided.
The approach can be extended in a similar way to graphs with loops. In
this way, our approach enhances existing analysis schemes. It provides a
better insight on the PageRank of growing scale-free Web networks and
supports the adaptation of the model to gathered network statistics.

Keywords: PageRank vector · Scale-free network · Linear preferential
attachment

1 Introduction

Let G = (V,E) be the directed graph of a scale-free Web network with n = |V |
vertices v ∈ V , i.e., Web pages, and a growing number |E| of edges e ∈ E, i.e.,
hyperlinks among these pages. The PageRank is accepted as a popular basic
measure to rank the Web pages that are provided by a search engine after a
request to the Web. Google’s PageRank vector R = (R1, ..., Rn)T ∈ (0,∞)n [1]
is the unique solution of the following system of linear equations

Ri = c
∑

j:(j,i)∈E

Rj

Dj
+ (1 − c)qi, i ∈ {1, . . . , n}.
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The sum is taken over a number of pages j with incoming links to page i (in-
degree), Dj is the number of outgoing links of page j (out-degree), and c ∈
(0, 1) is a damping factor which was originally set equal to 0.85 by Google.
The probability vector q = (q1, q2, ..., qn)T is a personalization vector of a user’s
preferences such that qi ≥ 0 and

∑n
i=1 qi = 1 hold.

The in-degree is the simplest guidance to calculate the PageRank since the
distributions of both entities are similar, [2]. Given the weak degree correlations
in the Web graph, the approximation of the PageRank vector by the in-degrees of
nodes can be relatively accurate [2]. A data analysis of Web graphs has revealed
that the tails of both the PageRank and in-degree distributions follow power
laws 1 − F (x) = c · x−α with the same exponent α which is about 1.1, [3]. As
a search engine can easily monitor the in-degree arising from the evolution of
the Web and the in- and out-degree are available gathered statistics, the latter
approximation is useful in practice.

Among other approaches to calculate the PageRank Ri of a randomly chosen
Web page are the iteration procedure [4] and the mean field approach [5].

We focus on the PageRank formula proposed in [6, Lemma 3.1] and recalled
here as Lemma 1. This formula is only valid for trees and directed acyclic Web
graphs and the assumption that the out-degree m for each node is fixed. It
is our objective to obtain an explicit formula of the PageRank vector without
the constraints of [6]. Our derivation allows us to avoid the consideration of
complicated paths with random lengths and to cover both self-loops and multiple
edges between nodes. To this end, we use the probabilities of the edge creation by
the α−, β− and γ−schemes of the linear preferential attachment (PA) proposed
in [7] and [8] to determine the probability distribution of accessing the Web
pages. The latter schemes are considered as basic growth model of the network.
We propose a new formula for the PageRank of a node with a random out-degree
m which is obtained after appending new nodes to the scale-free network.

The paper is organized as follows. In Sect. 2 the dynamics of an evolving Web
graph is described and in Sect. 3 the calculation of its PageRank vector. The
new computational formula for the PageRank vector of evolving Web networks
is presented in Sect. 4. The exposition is finalized by some conclusions.

2 The Linear Preferential Attachment Schemes

Let G(n) = (V (n), E(n)) denote a directed graph with sets of nodes V (n) and
edges E(n), n be the number of edges and N(n) denote the number of nodes in
G(n). Let us recall the α−, β− and γ−PA-schemes given in [7,8].

A finite directed graph G(n0) is used as a seed network. It consists of at
least one node v0 and n0 edges. A new node v is appended to the existing graph
G(n − 1), n > n0, by adding a single edge to G(n − 1). The edge creation is
provided by flipping a three-sided coin with probabilities α, β and γ. To this end,
an i.i.d. sequence of trinomial r.v.s with values 1, 2 and 3 and the corresponding
probabilities α, β and γ are generated to select schemes. In(v) and On(v) denote
the in- and out-degree of v. A new node v is selected among nodes of the network
and appended to G(n − 1).



26

The edge v → w ≡ (v, w) ∈ E(n) directed from the new node v ∈ V (n) to
an existing node w ∈ V (n − 1) is created with probability α. The existing node
w ∈ V (n − 1) is chosen with probability

(Pα)v,w = P{v → w} =
In−1(w) + δin

n − 1 + δinN(n − 1)
(1)

by the α−scheme.
An edge (v, w) is added to E(n−1) with probability β and the existing nodes

v ∈ V (n − 1) = V (n), w ∈ V (n − 1) are chosen independently from G(n − 1)
with probability

(Pβ)v,w = P{v → w} =
(

In−1(w) + δin

n − 1 + δinN(n − 1)

) (
On−1(v) + δout

n − 1 + δoutN(n − 1)

)
(2)

by the β−scheme.
An edge (w, v) from the existing node w ∈ V (n − 1) to v is created and the

node w is chosen with probability

(Pγ)w,v = P{w → v} =
On−1(w) + δout

n − 1 + δoutN(n − 1)
(3)

by the γ−scheme.
The parameters of the PA method δin and δout can be estimated by the

semi-parametric extreme value method (EV) based on the maximum-likelihood
method, [8]. It holds α + β + γ = 1.

3 Calculating the PageRank Vector of a Web Network

There are numerous approaches to calculate the PageRank Ri of a randomly
chosen page v = i ∈ V in a Web graph G = (V,E). One of them is determined
by the following iteration

R̂
(n,0)
i = 1, R̂

(n,k)
i =

∑

j→i

c

Dj
R̂

(n,k−1)
j + (1 − c), k ∈ N, (4)

proposed in [4] for a given uniform personalization vector qi = 1/n, 1 ≤ i ≤ n =
|V |. Then the scale-free PageRank of a node v = i is denoted by R

(n)
i = nRi.

This iteration (4) is proceeding until the difference between two consecutive
iterations |R̂(n,k)

i −R̂
(n,k−1)
i | will be small enough to reach approximately its limit

R
(n)
i = limk→∞ R̂

(n,k)
i which is sufficient for a moderate number of iterations k.

Here, j → i implies that node j is linked to node i, i.e. (j, i) ∈ E.
Another important method is the mean field approach [5]. Its idea is to

average the PageRanks of nodes that are aggregated within in- and out-degree
classes (kin, kout). Such class contains nodes with the same in-degree kin and
the same out-degree kout. We focus on the PageRank formula (5) proposed in
[6, Lemma 3.1] and recalled further in Lemma 1.
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In [6] the following notations are adopted for a Web graph G = (V (n), E(n)):
V (n) = {0, . . . , n}, E(n) ⊆ V (n) × V (n), n ∈ N.

Let πv(n) be the PageRank of a node v after the nth step of the network’s
evolution, Pv(n) be the set of all paths from nodes v + 1, . . . , n to v and �(p) be
the length of such a path p.

Lemma 1. [6] The PageRank of node v ∈ V (n), v > 0 within the realization of
a growing network at time step n > 0 is given by

πv(n) =
1 − c

n + 1

⎛

⎝1 +
∑

p∈Pv(n)

( c

m

)�(p)

⎞

⎠ (5)

and the PageRank of the initial node v = 0 is given by

π0(n) =
1

n + 1

⎛

⎝1 +
∑

p∈P0(n)

( c

m

)�(p)

⎞

⎠ .

Note that m = 1 implies a chain as special case of a tree. The proof of the
Lemma is based on a formula of the PageRank vector in [9]

π(n) =
1 − c

n + 1
1T [I − cP ]−1 (6)

with a scaling term n+1 due to a uniform personalization vector q = 1/(n+1)1 ∈
(0, 1]n+1. Here, 1 is the column vector of all ones.

P ∈ [0, 1](n+1)×(n+1) is the square hypermatrix of a random walk defined by
the transition probabilities of a Web surfer in the following equation

P̃ = c · P +
1 − c

n + 1
· E, (7)

E = 1 · 1T is a matrix whose entries are all equal to one. The Web pages can
be considered as states of a Markov chain. The (i, j)th element pij of P is the
probability of a surfer moving from Web page i to j in one time step [9]. If there
is no outgoing link from page i to j, then pij = 0. If a surfer follows a random
walk corresponding to P̃ , then the ith coordinate πi of the PageRank vector π
coincides with the probability in a stationary regime that the surfer stays at
page i [6].

This formula (5) is only valid for trees and directed acyclic Web graphs. Other
constraints of (5) are as follows. Firstly, the PageRank expression is addressed
to a growing directed graph with a fixed value m of the out-degree for each node
which is not plausible for real-world networks. The fixed m allows to start from
any node (Web page) equally likely with a probability c/m and to follow any
of the outgoing links to arrive to another node. Secondly, the PA is considered
as a basic growth model of the network’s evolution. A new node is appended
to the network at each time step and adds m incoming links to existing nodes.
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Indeed, not all pairs of nodes may be connected by a direct edge and the path
length between them is random. In [6] the probability of a connection between
two nodes is taken equal to (c/m)�(p). To this end, it is assumed that all per-hop
links on the paths from node i to node j (i.e. i ⇒ j) are independent. This feature
may be unrealistic since according to a linear PA each existing node j is chosen
randomly from the current network state with a probability proportional to its
degree kj . This means that new nodes prefer to become attached to an existing
node with a large node degree. The existence of superstar nodes to which a large
proportion of nodes is attached may create a dependence between the links of
paths between nodes. The length of the path i ⇒ j is also determined by the
direction of these link attachments.

4 The PageRank Vector of an Evolving Web Graph

We use (1)–(3) to define the elements of the hypermatrix P in (6). Let us start
the PA from a single node and consider elementary graphs like trees and chains
to derive the PageRank vector of an arbitrary graph obtained after the nth step
of the network’s evolution. Nodes are numerated in the order of appending them
to the evolving graph. The probability to append a new edge leading from the
newly appearing node i to the existing node j is

pij = P{i → j} =

⎧
⎨

⎩

α(Pα)ij , i > j,
γ(Pγ)ij , i < j,
β(Pβ)ij , i ∈ V (n − 1) = V (n).

(8)

For simplicity, graphs without loops are considered. The approach can be
extended the same way for graphs with loops and multiple edges.

To obtain a PageRank vector we use (6) and the expansion of the inverse
matrix

[I − cP ]−1 = I + cP + c2P 2 + ... (9)

by a power series. Let us consider examples to explain our approach.

Example 1. Let the node 2 be appended to the initial node 1 by adding a single
edge leading from 1 to 2, Fig. 1(a). The self-loops in the node 2 are impossible on
Step 2 due to the application of the PA schemes (1)–(3). If p12 = P{1 → 2} 
= 0

holds, then the hyperlink matrix at Step 1 is given by P =
(

0 p12
0 0

)
, and we get

P 2 = P 3 = ... = 0. By (6) and (9) the PageRank vector at Step 1 is

π(1) =
1 − c

2
((1, 1) + (0, cp12)).

If p21 = P{2 → 1} 
= 0 holds (see Fig. 1(b)), then

π(1) =
1 − c

2
((1, 1) + (cp21, 0)).
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If p12 
= 0 and p21 = β(Pβ)21 hold (see Fig. 1(c)), that means a loop, then we

get P =

⎛

⎝
0 p12 0

p21 0 0
0 0 0

⎞

⎠ , and by (6) and (9) it holds

π(2) =
1 − c

3
(1 +

∞∑

k=1

c2k−1pk−1
12 pk

21(cp12 + 1), 1 +
∞∑

k=1

c2k−1pk
12p

k−1
21 (cp21 + 1), 0)

at Step 2. Here, zero relates to the node 3 that is absent.

Fig. 1. Simplest graphs on Steps 1 and 2 of the graph evolution.

In the same way we have

π(2) =
1 − c

3
((1, 1, 1) + c · (p31, p12 + cp31p12, 0)), (10)

π(2) =
1 − c

3
((1, 1, 1) + c · (0, p12 + p32, 0)), (11)

π(2) =
1 − c

3
((1, 1, 1) + c · (0, p12, p23 + cp12p23)) (12)

corresponding to graphs in Fig. 1(d)–(f). Note that root nodes which have out-
going edges only (see Fig. 1(a)–(f) except Fig. 1(c)) correspond to zeros in the
brackets in formulae of π(n). If the node i has only incoming edges, e.g. the
node 2 in Fig. 1(e), then the probabilities {pji} corresponding to these edges are
summarized. The chains incoming to a node correspond to sums like in (10) and
(12) reflecting the order of the edges in incoming chains.

Then the subsequent Lemma follows.

Lemma 2. Let the graph be evolving by a linear PA model (1)–(3) and pij be
defined by (8). Then the PageRank vector at time step n is given by

π(n) =
1 − c

n + 1
(1T + c · (p1j1(1 + cpi1), p1j2(1 + cpi2), ...,

p1ji−1(1 + cpi(i−1)), 0, p1ji+1(1 + cpi(i+1)), ..., pNijNi
(1 + cpiNi

), ...))



30

for the Galton-Watson tree (Fig. 2(a)) with the root node i, and

π(n) =
1 − c

n + 1

⎛

⎝1T + c · (0, p12, p23 + cp12p23, ..., pn(n+1) +
n−1∑

t=1

ct
n∏

j=n−t

pj(j+1))

⎞

⎠

for chains (1 → 2 → . . . → n) beginning at node 1.

Fig. 2. Examples of Galton-Watson trees and a directed graph.

By analyzing incoming chains to each node one can easily obtain the PageRank
vector of any graph without loops.

Algorithm 1. Calculation of the PageRank vector of graphs without loops
– Let a node 1 initiate a seed graph and n be the number of steps.
– Define a PageRank vector as π(n) = 1−c

n+1
((1, ..., 1) + c · (a1, a2, . . . , an, an+1)),

where ai corresponds to the node i.
– Find all incoming chains of the graph to a node i, i ∈ {1, 2, . . . , n, n+1}, and deter-

mine ai =
∑

j→i pji +
∑�i−1

t=1 ct ∑
jt→...→i pjtjt−1 · . . . · pji

︸ ︷︷ ︸
t+1 multipliers

, where �i is a maximum

length of the incoming chains to the node i.
– If the node i is a root, i.e. it has only outgoing edges, then determine ai = 0.

Example 2. Let us consider the tree (Fig. 2(b)) and the directed graph
(Fig. 2(c)). Their corresponding PageRank vectors are the following

π(4) =
1 − c

5
((1, 1, 1, 1, 1) + c(p21, 0, p23, p24, p35(1 + cp23))),

π(8) =
1 − c

9
(1T + c(p21 + p31 + cp21p42, p42 + cp42p34, 0, p34, p45 + cp34p45, p56

+ cp45p56 + c2p34p45p56, p87 + p67 + cp56p67 + c2p45p56p67 + c3p34p45p56p67, 0)).

The PageRank vector of a graph with loops like in Fig. 1(c) may be obtained in
a similar way, but this item is out of scope of the paper.
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5 Conclusions

Regarding a free-scale directed Web network without loops evolving by the α−,
β− and γ−linear PA-schemes given in [7,8], the associated PageRank vector at
time step n is computed. The PageRank vector is derived avoiding constraints
of [6, Lemma 3.1], particularly, a fixed out-degree of all nodes. Our result allows
us to avoid the consideration of random length paths to express the probability
of a connection between two nodes. The algorithm to calculate the PageRank
vector of directed graphs without loops is provided.

Since the α−, β− and γ−linear PA-schemes allow us to generate graphs with
loops and multiple edges, PageRank vectors of graphs with loops and multiple
edges are a subject of our further research.
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