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The traffic characterization of adaptive real-time applications provides a challenging engineering task of
the current Internet. Here the arrival and packet length processes arising from a unidirectional VoIP flow
of Skype packets are investigated by statistical means. The mean traffic load offered by the packet flow to
a virtual link of limited capacity in a finite observation period is calculated and the mean and upper
bounds for the time without loss are derived. A possible characterization of the packet arrival process
by a properly chosen non-linear GARCH (1,1) model is presented.
1. Introduction

Considering teleservices in telecommunication networks, voice
has dominated the transport in classical public-switched telephone
networks (PSTNs) and the integrated services digital network
(ISDN) in the last decades. However, the rise of the Internet during
the last fifteen years has initiated a dramatic shift towards data
communication using the TCP/IP protocol suite which dominates
the transport in current transmission networks. The latter develop-
ment has also reflected on the traditional voice communication
and created a strong demand for advanced voice-over-IP (VoIP)
services. In this regard, Skype [29] has become a powerful service
platform for the generation and transport of VoIP based on the con-
cept of a peer-to-peer overlay network.

In recent years, this transport of voice traffic by the Internet has
also initiated a shift towards more efficient source coding of voice
samples by variable bitrate (VBR) schemes. They mainly operate
with narrowband and wideband sampling rates from 8 to 32 kHz.
A prominent representative of this category is given by the Internet
Speech Audio Codec (iSAC) of the manufacturer Global IP Solutions
(GIPS, see [27,28]). It is a channel-adaptive wideband VBR codec
with an inband signaling of its variable frame length that applies
a sampling rate of 16 kHz and can carry voice frames with speech
samples from 30 to 60 ms. This proprietary codec is also used by
Skype clients. In contrast to that, traditional voice services arising
from PSTN and ISDN have applied narrowband and wideband sam-
pling and source coding by algorithms with constant bitrate based
on standards like G.711 in the A-law and l-law variants, the linear
kovich), udo.krieger@ieee.org
predictive coding, long term prediction, regular pulse excitation
(LPC-LTP-RPC) full rate coding scheme of a Global System for Mo-
bile Communications (GSM) used in wide area mobile networks or
the popular Internet encoding schemes G.723 and G.729, respec-
tively. Therefore, the resulting voice flows can be easily character-
ized by the pure packet inter-arrival times (IATs) within a flow
since the frame size is constant or determined by a discrete distri-
bution with a few atoms if silence detection and comfort noise
generation techniques are used.

From an economic and technical perspective, it is an interest-
ing issue whether VoIP service should by implemented by virtual-
circuit transmission on top of an IP/UDP/RTP stack including sig-
naling by the session initiation protocol (SIP) with an overhead of
at least 54 bytes in a LAN and a fixed length of voice packets in
the range of 114–214 bytes or whether it is better to apply the
principles of overlay networking established by the peer-to-peer
transport paradigm of Skype. From the teletraffic and network de-
sign perspectives of an Internet service provider (ISP) or an oper-
ator of a wired or mobile network infrastructure it is therefore a
natural and important requirement to characterize the traffic
features of P2P voice traffic generated by communicating Skype
clients.

Considering quality of service (QoS), quality of experience (QoE)
and teletraffic engineering (TE) aspects of a voice service in general,
the basic features of the processing chain of sampling, source coding
and packetization of a compound of voice samples play the most
important role. Theapplied sampling rate and segment lengthdeter-
mine the packetization process and the resulting IATs and lengths of
IP packets or Ethernet frames that are issued on a wired or wireless
physical link by a generated voice streamof communicating peers. If
the codec can adaptively respond to varying network conditions
like the iSAC of GIPS which is used by Skype clients, VoIP traffic
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characterization becomes a difficult task. The reason is that both the
IATs between Skype packets and their corresponding packet lengths
(PL) are dependent random entities in this case.

Following [14,16] we present in this comprehensive study a
new statistical methodology to accomplish the traffic characteriza-
tion of network dependent, VBR encoded peer-to-peer voice traffic
which is arising from communicating Skype clients. The data set
that is used in our paper to illustrate the typical features of unidi-
rectional packet flows has been gathered from a transmission path
with several wired and wireless links of prototypical scenarios be-
tween two Skype clients within a LAN testbed at Otto-Friedrich
University Bamberg (cf. [14,16]). As the iSAC codec of a Skype cli-
ent clearly determines the traffic behavior of unidirectional VoIP
flows, we believe that a more extensive experimentation and the
collection of a huge number of flows will not reveal any deeper in-
side which can be exploited in the model development of P2P VoIP
flows. Here the proposed common mathematical methodology is
just illustrated by our flow data. At the same time the applied sta-
tistical methods can be simply reproduced with any other Skype
data including aggregated traffic.

This proposed methodology differentiates our study from exist-
ing investigations (see e.g. [1,2,4,7,9,22]), which intend either to
analyze the architecture, security issues, transport protocols or
overlay structure of a Skype peer-to-peer network or try to identify
Skype traffic within a gathered set of Internet flows at a router
interface. In [15] simple methods for the detection of heavy-tailed
features and dependence in traffic data have been considered.

In [14] we have already shown that IATs {X1, . . . ,Xn} and PLs
{Y1, . . . ,Yn} arising from a unidirectional Skype flow are moderate
long-range dependent (LRD) and self-similar processes. The IATs
and PLs are heavy- and light-tailed distributed random variables
(r.v.), respectively. Due to this heaviness of the tails and the
long-range dependence it is necessary to investigate the statistical
characteristics of unidirectional packet flows arising from variable
bitrate encoded traffic very carefully since the classical teletraffic
results are no longer valid.

Further, we have investigated the user satisfaction of Skype
traffic in [16]. For this purpose, we have considered the cluster
behavior of the IATs and PLs. It is generated by their individual
dependence structure and specified by the overshooting above a
threshold determined by an empirical quantile of a flow (see
Fig. 1). We have also estimated the loss and delay characteristics
of a flow which influence the user satisfaction. More specifically,
we have evaluated the mean delivery time variation of packets
Fig. 1. The IATs {Xi} are partitioned into subsets by exceedances over their
empirical quantile. This determines the partition of PLs {Yi}. If the partition of PLs
were provided by their own quantile the subsets could be different.
per cluster, the overall and the mean byte losses for a virtual link
with fixed capacity and the high quantiles of the extremes of IATs
and PLs. The latter characteristics reveal the extremal values which
arise with high probabilities close to 100%. This consideration of
extremal conditions is more important than the ordinary condi-
tions of a flow since, for example, frequently incoming large pack-
ets may influence the user satisfaction more than arriving packets
of ordinary lengths.

In this study we transform the arrival process of the byte vol-
umes arising from Skype VoIP packets of independent subsets into
a renewal process and evaluate the mean traffic load in a finite
time interval [0, t]. Then we determine the overall traffic load in
this period by estimating the mean number of such volumes arriv-
ing up to time t by the renewal function. Following [16] the packet
stream is approximated by a continuous byte flow and a bufferless
fluid model is applied which describes a physical link with given
capacity C. Then exceedances of the PLs Yi over some threshold re-
lated to Xi �C cause a loss since the corresponding large packets
cannot be delivered completely by the channel in time. We shall
investigate the periods between the epochs of these exceedances,
i.e. periods without losses, and find their high quantiles. The later
indicate the upper bounds of lossless periods which may be ex-
ceeded just with a very small probability close to zero. Besides,
we motivate that the packet arrival process can be modelled by a
simple non-linear GARCH (1,1) process.

From a mathematical perspective, our analysis is significantly
based on a partition of the flow data into subsets of different sizes
which are statistically independent. Then one can deal with repre-
sentatives of these subsets, e.g. maxima or cumulative sums of IATs
or PLs over these subsets, as independent statistical entities. The key
question is how to partition the data into such subsets. Here it is our
main idea to identify the locations in a bivariate time series {Xi,Yi}
arising from the exceedances of one r.v. over its empirical quantile,
e.g. Xi, as the boundaries in the measured subsets of the other r.v.
Yi (see Fig. 1). In a way similar to [16] we use the exceedances of
the IATs over some of their quantiles to partition the PLs in Subsec-
tions 3.1, and 3.2. This procedure reflects an intuitive understanding
that packets or subsets of packets arriving after long time intervals
one after another (which correspond to large IATs) should be inde-
pendent. In Subsection 3.3 the PLs are partitioned into subsets by
exceedances over the own quantile. In [17] the random frame sizes
of a video stream have been partitioned in a similar manner into
independent subsets by exceedances of the frame size over the
own quantile.

In this respect, it is the main objective of our study to lay the
foundation for a rigorous mathematical derivation of measure-
ment-driven teletraffic models regarding single flows of P2P VoIP
traffic. The rapid development of real-time voice services in the
Internet supports such a non-parametric approach.

The paper is organized as follows. In Section 2 the used data sets
of the Skype VoIP flows are described. In Subsection 3.1 an ad-
vanced statistical analysis and partitioning of the gathered data
set into independent blocks are provided. In Subsection 3.2 we de-
velop a renewal model to estimate the overall volume of packets
offered to a link of limited capacity in a finite observation interval
[0, t]. The mean and most likely upper bounds of the time without
loss are estimated in Subsection 3.3. Simple steps of the analysis
are proposed in Subsection 3.4. In Section 4 we fit the dependence
in the IATs between Skype packets by a simple non-linear GARCH
(1,1) process. Finally, the conclusions are presented.
2. Collection of Skype flow data

A comprehensive measurement of all aspects of the voice
transport by Skype requires the installation of Skype clients in a



Table 1
Description of the data arising from a Skype flow.

r.v. Sample size Min. Max. Mean St. Dev.

IATs (s) 4605 1.9�10�5 2.01�10�1 3.1�10�2 8.635�10�3

PLs (bytes) 4605 45 284 160.27 25.808
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controlled clean-room environment on a global scale such as
PlanetLab and the complete instrumentation of all network ele-
ments along the involved paths between the communicating peers.
Due to its complexity such a monitoring scenario is completely out
of scope.

Following many existing approaches we have therefore ex-
tracted our basic data sets from a much simpler experimental set-
ting which consists of two communicating Skype clients and a
single packet monitor at the receiving peer (cf. [4,14,16]). In the
testbed used at Otto-Friedrich University Bamberg we have estab-
lished a transmission path between a sending mobile client (host 2
at 192.168.182.22) and a receiving mobile client (host 1 at
192.168.1.4) along several wired and two wireless links (see
Fig. 2, cf. [14,16]). This setting represents a typical VoIP over WLAN
scenario. It is currently used by a majority of Skype subscribers
since both the sending and the receiving mobile host first traverse
private IEEE802.11 WLAN segments 1 and 5, respectively, with DSL
attachments to the public Internet and then an Internet path 2,3,4
which includes a tier-1 carrier exchange point between two ISP
networks.

The VoIP packet flows which have been monitored by Ethereal
at the receiving host (at 192.168.1.4) have been generated by short
representative voice sessions of 135 s arising from a mixture of
monologues, dialogs and music clips with German and English
male and female speakers. The data set used here to illustrate
the features of a unidirectional Skype flow has been isolated from
the UDP packet stream. The latter is transporting the VBR encoded
Fig. 2. LAN testbed for voice com
voice samples of an adaptive iSAC encoder used by the Skype client
that has responded to the varying network conditions during the
experiment. The descriptive statistics of the flow data are stated
in Table 1 (see also [14,16]).
3. Characterization of the offered traffic load

3.1. An advanced statistical study of Skype traffic

Let X1,X2, . . . ,Xn denote the sequence of n IATs between the
packets of a unidirectional Skype flow and Y1,Y2, . . . ,Yn be the asso-
ciated transported PLs.

To evaluate the byte traffic load within a fixed time interval (see
Subsection 3.2), we need the cumulative IATs, i.e. the arrival times
of the cumulative PLs within independent subsets of the underly-
ing measured data of a flow. By this statistical decomposition of
the data intrinsic renewal points within a flow should be identified.

In [16] such a partition of the IATs between Skype packets
X1, . . . ,Xn into disjoint independent subsets (data blocks) has al-
municaton by Skype clients.



Fig. 3. ACF of the cumulative packet lengths within subsets (a) and the lengths of subsets (b) (see also [16]) obtained by a 98.4% quantile of the IATs between Skype packets
with a Gaussian 95% confidence interval �1:96=

ffiffiffi
n

p
. The values of the sample ACF are close to 0 for large lags and lies inside the confidence interval. This feature allows us to

suppose the independence of {Vj} and {Lj}.

1 According to the Glivenko–Cantelli theorem the empirical DF converges uni-
formly to the corresponding DF for sufficiently large sample size if the r.v.s are
independent.

2 The class of regularly varying distributions covers a wide class of heavy-tailed
distributions due to many possible examples of ‘(x). It includes the Pareto, Fréchet,
and Zipf laws.
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ready been considered. For this purpose, the locations of excee-
dances of the IATs over some empirical quantile of the measured
IATs have been proposed as boundaries between these subsets.
Roughly speaking, we select sufficiently long IATs as boundaries
between subsets.

It has been found that a 98.4% empirical quantile provides
Ns = 72 subsets with independent interval lengths

Lj ¼
XkjþNj�1

i¼kj

Xi; j ¼ 1; . . . ;Ns; ð1Þ

in the time domain. Nj is the random number of packets in the jth
subset depending on the quantile of Xi, N0 = 0, and
kj ¼

Pj�1
m¼0Nm þ 1 is the number of the first packet in the jth subset.

Here, we provide a new statistical analysis of the lengths Lj and
volumes Vj ¼

PkjþNj�1
kj¼1 Yi of these subsets. First, it is necessary to

check the independence, stationarity and finiteness of the variance
of these random variables (r.v.). The independence and stationarity
of {Lj} obtained by a 98.4% empirical quantile of the IATs has been
shown in [14]. To prove the independence, the sample autocorrela-
tion function (ACF)

q̂ðhÞ ¼
Xn�h

t¼1

Xt � Xn
� �

Xtþh � Xn
� �,Xn

t¼1

ðXt � XnÞ2

and Runde’s Portmanteau test [21] have been applied. One has to
apply the latter test instead of the better known Ljung-Box test
since the variance of {Lj} is shown to be infinite. The same features
are evidently valid for {Vj}. Moreover, the dependence structure of
{Lj} and {Vj} is the same. One can conclude this feature from the
coincidence of their sample ACFs (see Fig. 3). Although the ACF at
lag h is not defined when the variance is infinite, one can use the
classical formula q̂ðhÞ in this case, too (cf. [20, p. 349]). The further
analysis aims to investigate the distributions and finiteness of the
variances of both {Lj} and {Vj}. Those are required to evaluate the
mean and variance of the overall traffic load at time t (see Subsec-
tion 3.2).

To check whether the variances of {Lj} and {Vj} are finite, we use
the plots of the ‘‘running moment estimates” and of the ‘‘running
tail index estimates” following the line of [26] as a very rough tool.
For this purpose, a parameter or a moment estimate is plotted
against an increasing number of observations used in the estima-
tion. If the moment of the distribution is finite, the sequential plot
converges to the true value of this moment and the corresponding
confidence interval becomes narrow. Indeed, this method works
better if the sample size is large. In our case this size is very mod-
erate, i.e. there are only 72 observations (subsets). This is the pay-
ment to deal with independent data. The estimation by dependent
data and especially by LRD data (the IATs in our illustrative data set
have shown an LRD property, cf. [14]) may lead to huge misleading
variances of the estimation. This difficulty particularly concerns
the estimation of the probability density function, see [13,
Section 2.3.1], or even the application of the empirical distribution
function (DF) as a model of the DF.1 A large sample size is absolutely
not helpful in this case. Despite of the moderate sample size the
further investigation provides some valuable results.

The mean excess function eðuÞ ¼ EðX � ujX > uÞ is a simple tool
to check the heaviness of the tail. For various thresholds u and the
underlying sequence X1, . . . ,Xn its sample estimate is determined
by the formula

enðuÞ ¼
Xn
i¼1

ðXi � uÞ1ðXi > uÞ
,Xn

i¼1

1ðXi > uÞ; ð2Þ

where 1(A) denotes the indicator function of an event A. The in-
crease or decrease of this function means that the distribution is
heavy- or light-tailed, respectively. A constant value 1/k corre-
sponds to an exponential distribution with intensity k. Particularly,
the linear increase indicates that the distribution obeys a law of Par-
eto type. At the area of the largest thresholds en(u) is not reliable
due to a lack of observations which can exceed such u’s.

Fig. 4 shows that en(u) of the lengths of subsets (in seconds) is
close to a linear shape with constant intervals and even intervals
of decrease. Therefore, the distribution might follow a mixture of
a Pareto type law with exponential and light-tailed increments
with the domination of a heavy-tailed Pareto increment. The vol-
ume of packets within subsets (in bytes) tends to be Pareto-like
heavy-tail distributed.

Apart from these plots we have analyzed the tail index of the
distribution that drives the heaviness of tail. If the distribution of
the underlying random sequence is regularly varying, its distribu-
tion function (DF) is determined by

1� FðxÞ ¼ x�a‘ðxÞ; ð3Þ

where ‘(x) is a slowly varying function, i.e. limx ? 1‘(tx)/
‘(x) = 1, "t > 0.2 Positive constants provide the simplest examples
of ‘(x). For regularly varying distributions the tail index a indicates
the number of finite moments of the distribution. The bth moment
is finite if b < a holds and infinite otherwise.



Fig. 4. The mean excess function of the lengths of subsets (a) and cumulative
packet lengths within subsets (b) obtained by the 98.4% quantile of the inter-arrival
times between Skype packets.

Table 2
Estimates of the extreme value index cwith the 95% confidence intervals of the Skype
flow characteristics.

r.v. Hill’s
estimate

Ratio
estimate

Moment
estimate

Lengths of subsets (s) 0.641 0.681 0.676
[0.516,0.845] [0.55,0.894] [0.201,1.152]

Volume of subsets
(bytes)

0.647 0.651 0.592
[0.521,0.855] [0.527,0.854] [0.186,1.03]
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To estimate a, the well-known Hill’s, ratio and moment estima-
tors have been used. The Hill’s estimator is determined by
ĉHðn; k0Þ ¼
1
k0

Xk0
i¼1

lnXðn�iþ1Þ � lnXðn�k0Þ; ð4Þ
where X(1) 6 X(2) 6� � �6 X(n) are the order statistics of the sample
Xn = {X1,X2, . . . ,Xn} and k0 is the number of the largest order statis-
tics (i.e. a smoothing parameter). The description and theoretical
properties of other estimators can be found in [13–16]. The corre-
sponding estimates of the extreme value indices (EVIs) c = 1/a of
{Lj} and {Vj} are summarized in Table 2.3

One may conclude from Table 2 and Figs. 5(a) and (c) that the
variances of both the lengths and volumes of subsets are infinite
since their distributions are regularly varying and 1 < a < 2 holds.4

Figs. 5(b) and (d) indicate that the standard deviation of both the
cumulative volumes and lengths within selected subsets increases
as the number of observations involved in the estimation process
increases.

One can roughly check whether a distribution is regularly vary-
ing. For this purpose, one can plot log(1 � F(x)) against log(x) in the
ordered sample points. Note that log(1 � F(x)) � �alog(x) + c holds
for regularly varying distributions. In Fig. 6 the empirical DF
FnðtÞ ¼ ð1=nÞ
Xn
i¼1

1ðt P XiÞ; ð5Þ
calculated by {Lj} and {Vj} is used in the log–log plot instead of the
unknown F(x). The value a = 1.56 corresponds to our finding of
c = 0.64 and reflects the tail (see Figs. 5(a), and (c)). Hence, one
may conclude that the distributions of {Lj} and {Vj} could be mix-
tures of two regularly varying distributions. For {Lj} the increments
with lighter tails are suppressed.
3 The formulas of the confidence intervals of the tail index estimates are given in
[16]. The estimates of c for {Lj} are taken from Table 2 in [16].

4 This corresponds to stable distributions.
3.2. Estimating the offered traffic load

The characterization of a measured traffic process including
both the arrival times and the associated PLs constitutes an impor-
tant task of traffic control. It requires the determination of the
overall byte traffic in a finite time interval [0, t] and can be applied
in on-line decision processes like capacity allocation and network
control actions such as connection admission control (CAC).

We consider the partition of a flow into subsets of independent
lengths {Lj} that has been developed in the previous section. Then
the overall volume of packets offered to a virtual link of finite
capacity in a finite observation period [0, t] is determined by

V�ðtÞ ¼
XNt

j¼1

Vj ¼
XNt

j¼1

XNj

i¼1

Yi:

Nt denotes the number of subsets before time t, Nt = max{n: tn < t},
and tn ¼

Pn
i¼1Li is the cumulative time interval corresponding to

the n subsets. The interval length Li of the ith subset in the time do-
main is determined by (1). For simplicity and without loss of gener-
ality, we re-enumerate the packets within subsets from 1 to Nj,
where Nj denotes the random number of packets in the jth subset.

Further, we assume that the volume Vj of the jth subset is con-
centrated at the end of the time interval Lj and independent of the
latter. One can consider the appearances of the volumes {Vj} as
events and {Lj}, j = 1,2, . . . ,Ns as corresponding IATs between these
events. Then the arrival process of volumes {Vj} can be considered
as a renewal process5 since the independence and the common dis-
tribution of the {Lj} have been shown in Subsection 3.1.

Since the number Nt of subsets at time t and the volumes Vj of
subsets arriving in the future are independent and Vj are assumed
to be independent of Lj, the expectation of the overall volume at
time t can be determined by Wald’s equation

EðV�ðtÞÞ ¼ E
XNt

j¼1

Vj

 !
¼ EðNtÞEðVjÞ ð6Þ

and the variance by

VarðV�ðtÞÞ ¼ Var
XNt

j¼1

Vj

 !
¼ VarðVjÞEðNtÞ þ EðVjÞ

� �2VarðNtÞ; ð7Þ

if the second moment of the volume exists, i.e. EV2
j < 1 (cf.

[13,23]).
For our illustrative data Var(Vj) is infinite and hence, Var(V*(t)) is

infinite, too. The infiniteness of the variance of the cumulative
packet volumes of subsets is not evident taking into account that
the distribution of the PLs is light-tailed with a finite variance
(cf. [14]). It might be caused by the infiniteness of the third mo-
ment of the IATs between packets. Really, similarly to (7) the var-
iance of the volume Vj can be determined by

VarðVjðtÞÞ ¼ Var
XNj

i¼1

Yi

 !
¼ VarðYiÞEðNjÞ þ EðYiÞð Þ2VarðNjÞ;

if {Yj} and {Xj} were sets of i.i.d r.v.s., independent of each other and
Nj a stopping time. Then the variance Var(Nj) may be approximated
by

VarðNjÞ �
r2

l3 Lj þ
2r2

l2 þ 3
4
þ 5r4

4l4 �
2l3

3l3

� �
; ð8Þ

for large time interval length Lj, where l, r2 and l3 are the first
three moments of the distribution of the IATs between packets.
Eq. (8) follows from the corresponding result for Var(Nt) obtained
in [8]. It was shown in [14,16] that the tail index of the IATs {Xi}
5 A sequence of r.v.s is called a renewal process if the IATs of the events are
independent and have a common distribution, cf. [5].



Fig. 5. The Hill plot with an asymptotical 95% Gaussian confidence interval and the standard deviation of the lengths of subsets (a) and (b); of the volume of subsets (c) and
(d), respectively. c = 0.64 (dashed line) on (a) and (c) corresponds to the intervals of stability of both Hill plots and hence, it is accepted as an appropriate value of c. The
standard deviation does not converge to a finite value as n increases. The bursts on the Hill plots are caused by bursts among the lengths of subsets (e) and of the volume of
subsets (f).

Fig. 6. The Log–log plots (solid lines) of the lengths of subsets (a) and the cumulative packet lengths within subsets (b) � 0.35log(L(i)) � 0.5 and� 1.56log(L(i)) (a)
and� 0.3 log(V(i)) + 0.6 and� 1.56log(V(i)) + 6 (b) (dotted and dashed lines, respectively) are plotted against log(L(i)) and log(V(i)). {L(i)} and fV ðiÞg; i ¼ 1;Ns , are the order
statistics of the samples L1; . . . ; LNs and V1; . . . ;VNs .
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of our illustrative data set satisfies the condition 2 < a < 3. Since the
distribution of the IATs has a Pareto type law, this implies the infi-
niteness of l3 and, hence, the unboundedness of Var(Nj) and
Var(Vj(t)).

Considering (6) and (7), according to its definition
HðtÞ ¼ EðNtÞ ¼
X1
n¼1

Pftn < tg; ð9Þ

denotes the renewal function (cf. [13]). It exhibits simple analytic
forms just for a few distributions, e.g. H(t) = kt for an exponential



Fig. 7. The estimate (10) of the renewal function of cumulative packet lengths {Vj}
within subsets (solid line) for the time interval [0.01,30] s (a) and [5,200] s (b). The
exponential model in (a) and the linear approximation (12) in (b) are used as
alternatives (thin solid lines). For t > 138.914 eHðt; k;NÞ ¼ k� ¼ 72 should be replaced
by a linear model. The estimate of the mean overall volume EðV�ðtÞÞ in time
intervals [0, tmax] = [0,138.914] (c) and [5,300] (d).
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distribution with intensity k. When the distribution of {Li} is un-
known or one can expect a complicated mixture of classical distri-
butions as a model like in Subsection 3.1, it is better to use non-
parametric estimators of H(t). We have applied a so-called histo-
gram-type estimator proposed in [13]. It offers a good alternative
to a similar estimator proposed by Frees [6], since it provides sim-
ilar accuracy but with a sufficiently fewer number of calculations.
Another advantage is given by the opportunity to see how the re-
newal functions of different distributions which can only be
approximated by numerical methods look like. The histogram-type
estimator is based on the simple idea to replace the DF Pftn < tg of
tn in (9) by the empirical DF (i.e. an unbiased estimate) and the infi-
nite sum by a finite one. It is determined by

eHðt; k;NÞ ¼
Xk
n¼1

1
Nn

XNn

i¼1

1ðt P tinÞ; ð10Þ

where tin ¼
Pn�i

q¼1þnði�1Þsq; i ¼ 1; . . . ;Nn; Nn ¼ N
n

� �
; n ¼ 1; . . . ; k, are

observations of the r.v. tn using suitable IATs {sj, j = 1, . . . ,N}. In our
consideration we replace {sj} and N by {Lj} and Ns to estimate the
mean number of subsets (or volumes) at time t.

To select the parameter k for a fixed t we use the formula

k� ¼ argminfk : eHðt; k;NÞ ¼ eHðt; kþ 1;NÞ; k ¼ 1;N � 1g:

More details about these methods can be found in [13, Chapter 8].eHðt; k;NÞ can only be applied for sufficiently small time inter-
vals [0, t]. Due to the limited number of inter-arrivals {Li} of subsets
that are at our disposal the histogram-type estimate becomes con-
stant after a sufficiently large time t, i.e. eHðt; k;NÞ ¼ k holds for
t 2 [tmax(k),1), where

tmaxðkÞ ¼ max
16n6k

max
16i6Nn

tin 6

XN
i¼1

si

and k 6 N is some fixed number. Therefore, for large t it is better to
use an asymptotic linear approximation to fit H(t). In Figs. 7(a) and
(b) the estimate (10) of the renewal function of the volumes {Vj}
(that is the mean number of such volumes at time t) is shown at
small and large time intervals. Since the mean excess function of
{Lj} indicates that the distribution of {Lj} may include exponential
increments (see Fig. 4(a)) we compare eHðt; k;NÞ with the renewal
function of the exponential distribution H(t) = kt in Fig. 7(a). The
intensity k is approximated by 1=l̂ ¼ 0:532, where l̂ is the mean
of {Lj}. The comparison shows that {Lj} is not exponentially distrib-
uted and the sequence {Vj} cannot be considered as a Poisson
process.

Regarding the linear approximation for the large t one cannot
use the well-known formula

HðtÞ ¼ t
l
þ r2

2l2 �
1
2
þ �ð1Þ;

since the variance r2 of {Lj} is not finite as it was shown in Subsec-
tion 3.1. Therefore, we use the approximation

HðtÞ ¼ t
l
þ t2 1� FðtÞð Þ
l2ða� 1Þð2� aÞ þ oð1Þ; ð11Þ

for t?1 (cf. [24]), where F(t) is the DF of Lj.6 (11) is valid for reg-
ularly varying distributions (3) and 1 < a < 2. It has been shown in
Subsection 3.1 that the distribution of {Lj} is regularly varying and
that the tail index a of {Lj} falls into the interval [1.468,1.56]. Hence,
we can take a = 1.5 in (11) and the estimate t�a instead of 1 � F(t)
and apply the approximation
6 The notation o(1) means that the approximation is valid up to an arbitrary
constant.
bHðtÞ ¼ t
l̂
þ t2�a

l̂2ða� 1Þð2� aÞ ; ð12Þ

for t > tmax(k) (see Fig. 7(b)). l̂ is the average of {Lj}.
One can estimate the mean overall volume EðV�ðtÞÞ at time t by

the formula

V�ðtÞ ¼ H�ðtÞV : ð13Þ

Here V is the sample average of {Vj} that can be used to estimate
EðViÞ in (6),

H�ðtÞ ¼

eHðt; k;NÞ; t 6 tmax;

t
l̂þ

br2

2l̂2 � 1
2 ; t > tmax; r2 < 1;bHðtÞ; t > tmax; r2 ¼ 1;

8>><>>: ð14Þ

and br is the standard deviation of {Lj}.
The sample average of V ¼ 1:018 � 104 bytes is used in (13) to

estimate EðViÞ. Figs. 7(c), and (d) show the mean offered load of
the packets corresponding to a pre-defined time t. In Fig. 7(d) the
estimate of H(t) coincides with eHðt; k;NÞ at [5,138.914] and with
(12) where a = 1.5 at (138.914,300].

3.3. Estimating the periods without loss

Nowwe consider the packet load offered in a finite interval [0, t]
to a virtual link of finite capacity, e.g. a wireless channel. Let us use
a bufferless fluid model and assume that the packet stream is
approximated by a continuous flow. Then it is an important issue
to evaluate the time without loss.

The loss is generated by the exceedances of the PLs over some
threshold u which corresponds to the channel capacity for a unit
time. Obviously, large and frequent exceedances may generate a



Table 4
Ljung-Box test results.

â Lags Q v2
0:05ðhÞ

Selection of IETs by the 98.5% quantile of PLs
10 9.198 18.3

2.222 20 13.589 31.4
30 15.546 43.8
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big loss. Furthermore, the inter-exceedance times (IETs) imply the
periods without loss.

The question arises which threshold u generates a good pattern
of inter-exceedances and what is the minimal capacity of the log-
ical channel corresponding to this threshold that provides the lon-
gest period without loss.

For this purpose, we will investigate the quantiles of the IET to
understand the frequency of the exceedances and evaluate the
lossless time for a fixed threshold u.

Let fY�
j g; j ¼ 1;2; . . . ;N�, denote those packets whose lengths

exceed u. We consider the IETs T(u), i.e. the time intervals between
any two consecutive events {Yi > u} and {Yi+j > u} (see the second
picture in Fig. 1).

The quantile x = xp of T(u) related to the level 1 � p, p 2 (0,1),
indicates the duration of a phase without loss that cannot be ex-
ceeded with probability 1 � p, i.e. PfTðuÞ 6 xpg ¼ 1� p. We shall
consider high quantiles that are close to 100%. These are approxi-
mately equal to the most likely upper bounds of the duration with-
out loss. Usually, high quantiles are located beyond the range of
the sample and, hence, cannot be evaluated by means of the empir-
ical DF or other estimators based on the order statistics of the gath-
ered observations.

We select the quantile of the PL {Yj} as threshold u such that the
resulting IETs are independent events. Then fY�

j g are the corre-
sponding change-packets of this partition. In Subsections 3.1 and
3.2 we have considered the quantiles of the IATs as u and the
exceedances of IATs over this u in a similar manner as change in-
ter-arrivals between independent subsets of Skype packets. This
decomposition is necessary since many statistical tools are only
consistent for independent data, e.g. the empirical DF and high
quantile estimators which we shall apply further.

First we select the 98.5% empirical quantile of the PLs which is
equal to u = 200.026 bytes. The descriptive statistic of the corre-
sponding IETs and the related scatter plot of the IETs versus the
change-packet lengths fY�

j g are shown in Table 3 and Fig. 8(a).
The data hugs the orthogonal axis. Hence, change-packets with
the lengths about 199.526 bytes correspond to several IETs and
the IETs about 0.069 s correspond to several change-packet
lengths. It implies the mutual independence of the IETs and
change-packet lengths. The mean IET indicates the mean time
without loss.

Now we show the independence of the obtained IETs. For this
purpose, we first check the finiteness of their variance by means
Table 3
Description of the inter-exceedance times arising from the 98.5% empirical quantile of
the packet length.

u (bytes) Inter-exceedance times (s)

Sample size Min. Max. Mean St. Dev.

200.026 69 0.049 12.48 1.348 2.081

Fig. 8. Scatter plot of IETs versus change-packet length in a logarithmic scale (a)
and the mean excess function of IETs (b).
of different tools. The mean excess function is partly constant
and partly linear (see Fig. 8(b)). It shows that the distribution of
the IETs contains exponential and Pareto increments. The estimate
of the mean excess function is not reliable at the interval of the
largest thresholds u > 4.5, where the function decreases due to
the few observations there. Anyway, the heavy-tailed Pareto com-
ponent dominates all light-tailed increments at the tail of the dis-
tribution and the mixed distribution is heavy-tailed regularly
varying. The Hill’s and ratio estimates of the tail index both indi-
cate that the tail index is given by a = 2.222. Since for a regularly
varying distribution the tail index determines the number of finite
moments, then the fact a > 2 implies that the variance of the IETs is
finite. Hence, we can apply the Ljung-Box test [12] to check the null
hypothesis regarding independence. According to this test the
statistic

Q ¼ nðnþ 2Þ
Xh
j¼1

q̂2ðjÞ=ðn� jÞ

has approximately a chi-square distribution with h degrees of free-
dom in case of a process with a finite variance. The i.i.d. hypothesis
should be rejected at level g if Q > v2

gðhÞ, where v2
gðhÞ is the gth

quantile of the chi-square distribution with h degrees of freedom,
i.e. Prfv2 > v2

gðhÞg ¼ g; 0 < g < 1. One can conclude from Table 4
that the Ljung-Box test accepts the null hypothesis regarding inde-
pendence at the 5% level. Taking a threshold less than 200.026 bytes
leads to dependent subsets and shorter time intervals without loss.
Larger thresholds lead to independent but rare subsets. Then we
have not enough IETs to perform any statistical analysis. We can
have no loss for some sufficiently large capacity. Hence, the selected
value of u � 200 bytes corresponds to the minimal reasonable
capacity. The resulting capacity is calculated by {u/Xi} and its mean
value is equal to 11.77 kbps. It is known that the iSAC codec adjusts
the transmission rate from 10 to 32kbps (cf. [27,28]).

Now we can calculate the high quantiles of the inter-exceed-
ance times by Weissman’s estimator [25]

xwp ¼ Xðn�k0Þ
k0 þ 1
ðnþ 1Þp

	 
ĉ

; k0 ¼ 1; . . . ;n� 1; ð15Þ

and a similar estimator

xcp ¼ Xðn�k0Þ �0:5þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:25þ p � n � cðĉÞ

k0

s0@ 1A�ĉ

; ð16Þ

with

cðcÞ � 1þ X�1=c
ðn�k0Þ

þ X�2=c
ðn�k0Þ

; ð17Þ

given in [13, Section 6.2]. Both estimators are obtained from a Par-
eto tail model and assume that at least a weak independence of the
underlying sequence X1, . . . ,Xn holds. X(1) 6 X(2) 6 � � �6 X(n) denotes
the order statistics of the latter sample and ĉ is some estimate of
the EVI c of the underlying r.v. X. k0 is the same parameter as in
Hill’s estimate (4) and selected by a bootstrap method with 200
bootstrap resamples (see [13, Section 6.4.2]). The quantile estimate
xcp is better than xwp with regard to the mean squared errors (cf. [13]).
The high quantile estimates together with tolerant 95% bootstrap



Table 5
High quantiles of the inter-exceedance times in seconds arising from the 98.5% empirical quantile of the packet length with 95% bootstrap confidence intervals.

Estimator High quantile estimate

97.1% 98.6% 99% 99.9%

xw 15.561 27.384 39.153 452.147
(�17.867,42.337) (�52.951,93.741) (�89.561,136.501) (�7.165�104,7.468�104)

xc 5.948 6.391 8.838 93.461
(�2.307,9.609) (�8.404,20.2) (�4.342,16.544) (�583.519,672.399)

Empirical quantile 100%
4.291 9.48 12.48
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confidence intervals built by 100 bootstrap resamples are shown in
Table 5. The method to calculate the latter intervals is given in [13,
Section 6.4.2]. The empirical quantiles are too rough and do not
show all desirable high quantiles. Nevertheless, xcp is closer to the
empirical quantiles of lower percentages than xwp .
3.4. Data analysis of adaptive VBR encoded real-time flows

To summarize our findings we propose the following simple
analysis of VBR encoded flow data:

1. Find the empirical 98% quantile of the IATs by the inversion of
the empirical DF (5). This high quantile may correspond to inde-
pendent or approximately independent subsets of packets. It is
not necessary to test their independence in this case.

2. Calculate the time lengths {Lj} of IATs of subsets by formula (1).
Check the finiteness of the variance of {Lj}. For this purpose,
estimate the mean excess function e(u) by formula (2) and look
at its plot. The distribution of Lj is heavy-tailed and its variance
may not be finite if the plot of en(u) contains intervals with
increasing segments. Then one may estimate the tail index c
by the Hill’s, ratio and moment estimators7 and compare a slope
of the plot logð1� bF ðxÞÞ versus log(x) with �1=ĉ. The variance is
finite if 1=ĉ > 2 and infinite otherwise in case that the distribu-
tion of Lj is expected to be heavy-tailed regularly varying. Plot
the ‘running moment estimates’ if the distribution does not look
like a regularly varying one.

3. Select a time t. Calculate the mean overall volume at time t by
formulas (13) and (14).

4. Find the most likely upper bounds for the periods without loss.
For this purpose, find the empirical 98% quantile of the PLs as a
threshold u and calculate the corresponding IETs T(u). Estimate
the 99% and 99.9% quantiles of T(u) by formulas (15)–(17) for
p = 0.1 and p = 0.01, respectively.

4. Modeling the packet arrival process

The analysis of the IATs {Xt, t = 1, . . . ,n}, n = 4605, between Sky-
pe packets performed in [14] has revealed that the IAT process con-
stitutes a moderate LRD heavy-tailed stream. Measures of
dispersion and shape of the used flow data are summarized in
Table 6. They illustrate the asymmetric heavy-tailed behavior of
the marginal distribution of the IATs Xi deviating from a normal
distribution. Therefore, short-term correlated linear models like
an autoregressive process (AR (p)) or autoregressive moving aver-
age process (ARMA (p,q)) (cf. [3]) cannot be used to cover the main
features of a Skype packet flow. It has been observed that the IAT
process does not exhibit a clear weak stationarity property due
to the variation of its variance over blocks of the IATs (cf. [14]).
7 For details of the tail index estimation see [13].
4.1. Characterization by non-linear processes

To explain the dependence in the data and the observed time-
varying conditional variance, it is recommended to use a GARCH
(p,q) process as a more suitable fine-grained model of the packet
inter-arrival process (cf. [18,19]). It has a multiplicative form

Xt ¼ lþ rtZt ; t 2 Z; ð18Þ

where r2
t ¼ a0 þ

Pp
j¼1ajr2

t�j þ
Pq

i¼1biX
2
t�i holds. Here l ¼ EðXtÞ; fZtg

is an iid sequence, and {rt} is a stochastic process with non-negative
values. It is important that rt and Zt are mutually independent for
fixed t.

The interpretation of this model is as follows. The direction of
the IAT changes is determined by the sign of Zt, independently from
the magnitude of this change which is modelled by the volatility rt.
Due to the independence of rt and Zt it is clear that VarðXtÞ ¼ r2

t

assuming, without loss of generality, that Zt has zero mean and var-
iance 1. This implies that the variance of Xt varies conditionally on
the past values Xt�1, rt�1, Xt�2, rt�2, . . .

Some modifications of GARCH like FARIMA (p,d,q)-GARCH (r,s)
may be considered as alternative (cf. [3,10,11]). However, the prob-
lem is to estimate the numerous parameters of these models. We
can only consider simple models with a few parameters since it re-
quires the more data the more parameters we wish to estimate.
Moreover, the estimation of the parameters is a rather complicated
optimization problem. In this respect a GARCH (1,1) model (18)
with

r2
t ¼ a0 þ a1r2

t�1 þ b1X
2
t�1 ð19Þ

and with only three parameters helps to simplify the estimation
and fits the real-life data rather good.

The parameters a0, a1 and b1 are often estimated by the Gauss-
ian quasi-maximum likelihood estimator. For this purpose it is as-
sumed that the noise Zt is Gaussian. Despite the IAT process is
heavy-tailed the application of non-Gaussian (e.g. a heavy-tailed)
noise can lead to non-consistent maximum likelihood estimates
(cf. [18]). To estimate the parameters one maximizes the log-like-
lihood function

Lnða0;a1; . . . ;ap; b1; . . . ;bqÞ ¼ � 1
2n

Xn
t¼1

2 logðrtÞ þ r�2
t X2

t

� �
: ð20Þ
4.2. Identification of the GARCH (1,1) components

We have applied the GARCH (1,1) to the IAT data. For simplicity
we consider bY t ¼ Xt � l̂ for themean l̂ ¼ 3:1 � 10�2 andmodel it by
rtZt. Tomake iteration runsbymeansof (19)we take the initial value
r̂0 ¼ 1 and bY 0 ¼ 0. It is known that the influence of the initial values
disappears for large t. Then the maximization of the log-likelihood
function (20) provides the parameters a0 = 0.000001, a1 = 0.0877
and b1 = 0.299. We have calculated the residuals bZt ¼ bY t=r̂t with
these values of a0, a1 and b1 and found that the distribution of the



Table 6
Statistics of the IATs arising from a Skype flow.

r.v. 1. Quartil (25%) 3. Quartil (75%) Median Skewness Kurtosis

IAT (s) 2.63�10�2 3.35�10�2 3.031 �10�2 5.183 79.75

Fig. 10. Ratio estimate (a); Hill’s estimate (solid line) with 95% Gaussian confidence
interval (thin solid line) and moment estimate (dashed line) (b) of IATs.
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residuals is fittedbya Student’s distributionwithd 2 {1.9,2} degrees
of freedom (see Fig. 9). Note that the tail of the Student’s distribution
is Pareto-like and therefore it is regularly varying.

One can estimate the tail index k of the rt by the equation

1
n

Xn
i¼1

a1
bZ2
i þ b1

� �k=2
¼ 1; ð21Þ

numerically. The latter follows from Kesten’s theoretical result
related to a GARCH (1,1) process and the property of regularly vary-
ing distributions (see Breiman’s result in [18]). Assuming that Zt is
Student distributed with d 2 {1.765,1.9,2}, we have generated
one million realizations of Zt and solved (21). Then we get
k̂ 2 f1:443;1:735;1:727g, respectively, as tail index estimates of rt.
We have selected k̂ ¼ 1:735which corresponds to the better QQ-plot
for d = 1.9 in Fig. 9(a). It follows from the extreme value theory that

Pfr1 > xg � c � x�1:735;

PfY1 > xg ¼ Pfr1Z1 > xg � EjZ1j1:735Pfr1 > xg

holds for positive c as x?1 since Zt and rt are independent.
We have checked the quality of the obtained GARCH (1,1) mod-

el using Breiman’s result [13,p. 5.], similarly to [20, pp. 238–239].
According to this result, if a r.v. Z is regularly varying with the tail
index aZ > 0 and a r.v. r is non-negative and independent of Z with
the tail index ar > 0, then their product has a tail index equal to
min(aZ, ar). As Kesten’s and Breiman’s theorems are asymptotical
results and can only be considered as recommendations for data
sets of moderate size, we have further evaluated the quality of
the modeling and fitting procedure. The Student model does not
fit the outliers perfectly (see Fig. 9). For this reason, we have esti-
mated the tail indices of the normalized IATs bY t and the residualsbZt directly by the Hill’s, moment and ratio estimates and then
determined the tail index of the rt by (21). The estimates of the tail
indices are summarized in Table 7 and illustrated in Fig. 10. One
can recognize the small difference regarding the estimated value
k̂ ¼ 1:735 arising from the Student distributed Zt’s for degree
Fig. 9. QQ-plots of the GARCH (1,1) residuals against the quantiles of a Student’s
distribution with d = 1.9 (a) and d = 2 (b) degrees of freedom.

Table 7
Estimation of the tail index a of the normalized IATs bY t with 95% confidence intervals,
the residuals bZt and the volatility rt of the GARCH (1,1) process.

bY t
bZt

rt

Hill Moment Ratio

1.949 1.949 1.852 1.9 1.765
[1.511,2.387] [1.215,4.926] [1.416,2.288]
d = 1.9 and the estimated value 1.765 determined by the residualsbZt of the original IATs. Since the value min(1.9,1.765) = 1.765
determined by Breiman’s results is rather close to the Ratio esti-
mate 1.852 of the normalized IATs, we can conclude that the pro-
posed GARCH (1,1) process may fit the IATs. This minimal value
1.765 of the tail index also enters the 95% confidence intervals of
the Hill’s, ratio and moment estimates.

In summary, a GARCH (1,1) process with properly selected
parameters can be used as a versatile, but complex fine-grained
model of the packet inter-arrival times.

5. Conclusions

We have presented a new statistical characterization of unidi-
rectional packet flows generated by VoIP traffic of Skype clients.
The mean byte traffic which is offered to a virtual link of finite
capacity in a finite observation interval [0, t] has been evaluated.
For this purpose, we have separated the IATs into independent sub-
sets (i.e. blocks of flow data). Then we have considered the appear-
ance of the sub-volumes within these subsets as renewal process
assuming that the latter are concentrated at the end of the subsets.
This allows us to estimate the mean number of sub-volumes with-
in time t as the renewal function and to evaluate the mean byte
traffic in different desirable time intervals. Moreover, we can pre-
dict the mean traffic load at the time exceeding the observation
interval by a linear model.

We have also evaluated the period without loss, namely, the
mean time without loss (1.348 s) and the high quantiles of this
time (about 1.5 min for the 99.9% quantile). The high quantiles pro-
vide approximate upper bounds of the possible transmission time
of the considered Skype packets without any loss. We found that
the minimal capacity which is required to provide such upper
bounds is 11.77 kbps.

We have modelled the dependence in the IAT process between
Skype packets by a non-linear process. We have realized that a
simple GARCH (1,1) process with properly determined values of
the parameters can provide a suitable model for our illustrative
flow data. Since it is found that the IATs of a Skype flow are an
LRD process with a time-varying variance (which seems to be a
common property of IATs arising from different adaptive codecs
in different networks), one can recommend such a GARCH (1,1)
process with heavy-tailed noise as a simple, but versatile model
of packet inter-arrival times and adapt its coefficients to any avail-
able measurements.
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In conclusion, we have shown by our statistical study how com-
plicated traffic models arising from network dependent variable
bitrate traffic can be exploited and simplified by an intrinsic re-
newal structure. The latter allows us to cope with various analysis
and design tasks such as capacity allocation and the evaluation of
losses. We are convinced that the proposed statistical methodology
can be used to characterize successfully not only unidirectional
Skype flows considered here but also other network dependent
multi-media streams with variable bitrate such as slice-encoded
MPEG4 video traffic (see [17]). Following this approach, both single
streams and composite traffic with a few aggregated streams of a
triple play environment flowing, for instance, along DSL or cable
lines to a user in his private home can be investigated.
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