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Abstract

Estimation and prediction of subnational mortality rates for small areas are essential planning
tools for studying health inequalities. Standard methods do not perform well when data are
noisy, a typical behavior of subnational datasets. Thus, reliable estimates are difficult to obtain.
I present a Bayesian hierarchical model framework for prediction of mortality rates at a small
or subnational level. By combining ideas from demography and epidemiology, the classical
mortality modeling framework is extended to include an additional spatial component capturing
regional heterogeneity. Information is pooled across neighboring regions and smoothed over
time and age. To make predictions more robust and address the issue of model selection,
a Bayesian version of stacking is considered using leave-future-out validation. I apply this
method to forecast mortality rates for 96 regions in Bavaria, Germany, disaggregated by age
and sex. Uncertainty surrounding the forecasts is provided in terms of prediction intervals.
Using posterior predictive checks, I show that the models capture the essential features and are
suitable to forecast the data at hand. On held-out data, my predictions outperform those of
standard models lacking a regional component.
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Introduction

Rapid aging of the population in Western countries has brought additional challenges for

government and health agencies and led to an increased demand for accurate and reliable

estimates of age-specific mortality rates, including life expectancy. Precise predictions of

future life expectancy are particularly crucial for healthcare, pension plans, retirement

funds, aged care, and the life insurance industries. Moreover, to study and uncover health

disparities within a county, reliable estimates of mortality rates at the subnational or even

municipality level are essential. Such estimates enable researchers to reveal heterogeneity

within a population and allow policymakers to incorporate sensible regional policies.

Mortality estimation has become more sophisticated, yet subnational estimation still

remains a challenge for multiple reasons: When data are disaggregated by age, sex,

region, and time, the population count is usually small and it is common to observe zero

cell counts for certain age groups. For example, in many regions of Bavaria, Germany,

it is typical to observe zero deaths among children aged 5 to 10 in a given year. In such

cases, traditional life table approaches break down, yielding mortality rate estimates of

zero and, in turn, infinite life expectancy. Moreover, stochastic variation in subnational

data is higher, making observations more noisy. Oftentimes, cells are combined—that is,

they are aggregated into superregions until counts are large enough and random variation

becomes less predominant (Ezzati et al. 2008; Murray et al. 2006). Other problems consist

of shorter time series and erratic trends (Wilson et al. 2022).

In recent decades, direct estimates using life tables have been replaced with new meth-

ods producing probabilistic forecasts. Some of the more popular approaches include

the well-known Lee-Carter model (LC) by Lee and Carter (1992); its cohort extension,

the Renshaw-Habermann model (RH) by Renshaw and Haberman (2006); and the Age-

Period-Cohort (APC) model by Hobcraft et al. (1982). All of these models were developed

using a frequentist approach, but in recent years, Bayesian adaptations have also been

proposed. The interested reader is referred to Bijak and Bryant (2016) for an overview

and history of Bayesian methods in demography. In this article, I focus on forecasting

mortality rates for all age groups at a subnational level using Bayesian implementations

of the popular APC and RH models. Furthermore, these models are extended with spa-

tially structured effects, making them more suitable for subnational mortality forecasting

and improving prediction accuracy.

Significant improvements have been made in subnational mortality estimation, with

Bayesian hierarchical models, in particular, showing promise. These models smooth

estimates by pooling strength across dimensions such as age, time, and sex, making them

well-suited for limited or sparse data. Applications in demography include the interesting
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approach of Alexander and Alkema (2022) and Alexander et al. (2017) using principal

components and a Bayesian APC implementation by Bryant and Zhang (2016).While

these approaches incorporate a region-specific effect, they do not account for spatial

correlation, where neighboring regions are more similar than distant regions. Other suc-

cessful, albeit different, methods for estimation of subnational mortality rates include,

for example, the an application of the TOPLAS relational model (Rau & Schmertmann

2020; Schmertmann & Gonzaga 2018), as well as more recently using Taylor’s law by

Yang et al. (2022).

The use of spatial statistics allows for explicit incorporation of spatial correlation to

the regional component. Xu et al. (2014) employed a Bayesian Poisson linear mixed

model with and without a spatially structured effect to estimate regional child mortality,

revealing that the spatial model outperformed the nonspatial counterpart in terms of in-

sample fit. Consequently, a growing literature has examined the use of Bayesian spatial

models for the estimation of subnational mortality rates (Congdon 2014; Mercer et al.

2015; Ocaña-Riola & Mayoral-Cortés 2010; Wakefield et al. 2019). However, all of the

approaches focus on inference rather than forecasting.

The aims of this article are twofold. First, I propose to forecast mortality rates for small

areas using Bayesian hierarchical models with the inclusion of a random effect capturing

spatial heterogeneity. I demonstrate that this can be seamlessly integrated into the LC

framework. The incorporation of spatial components into the LC family has not yet

been broadly applied, to the best of my knowledge, although it has been introduced to

the classical APC model. I do not consider other mortality models, such as the popular

Cairns–Blake–Dowd model by Cairns et al. (2006). This model is appropriate for higher

ages only and our goal is prediction for all age groups. For a detailed overview on methods

for mortality modeling, see Booth and Tickle (2008) and references therein.

In addition, I focus on forecasting and its performance. The accuracy with and without

the addition of a spatial component is compared by calculating multiple performance

measures, including scores for the assessment of probabilistic forecasts. I then check how

much gain in accuracy can be achieved. Hereby, I show that the inclusion of a correlated

spatial effect increases prediction accuracy substantially and argue that it should become

standard procedure if the goal is to forecast demographic rates for small areas. Second,

I introduce existing methods from the Bayesian literature for the evaluation and assess-

ment of the proposed models to the demographic literature. With the help of posterior

predictive checks, I demonstrate that my models are adequate in describing the observed

features of the data and, hence, are suitable for the task of prediction. Lastly, I follow

the ideas of Barigou et al. (2023) and use stacking to aggregate forecasts by various

models. Like any combination approach, stacking incorporates model uncertainty into
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the prediction problem. In a situation where it can be assumed that none of the models

in question perfectly describes the true data-generating process (a realistic scenario), or

when different models are best at describing separate parts of the data, stacking is appro-

priate and offers an intriguing, robust alternative that is more protected against model

misspecification.

Data

For estimation of death rates, counts of deaths as well as population are needed. Data are

available for regions in Bavaria, the second largest state of Germany in terms of popula-

tion, and are provided by the Bayerisches Landesamt für Statistik (Bavarian Statistical

Institute). The data are publicly available and can be downloaded from GENESIS, the

database of the Bavarian statistical Statistical Institute. The datasets consist of the to-

tal number of deaths (Bayerisches Landesamt für Statisitk 2022b) as well as population

counts (Bayerisches Landesamt für Statisitk 2022a) disaggregated by age, sex, region,

and year. Age is given in groups of five years except for the first two and the last:

age 0, ages 1-4, then five year age groups from 5-10 up to 90-95 and 95+, resulting

in a total of X = 21 age groups. The data is given for T = 17 years, from 2001 -

2017 for a total of R = 96 regional districts in Bavaria. Hence, there are a total of

N = X · T · R = 21 · 17 · 96 = 34 272 death rates to be estimated per sex. Out of the

34 272 cells for each sex, there are 7 187 (11.1%) and 4 806 (7.45%) zero death counts for

females and males, respectively. Summed up over age, the 96 regions range in population

count from around 18 000 to 750 000 (for one sex). The lowest cell count in terms of

population is four for males and 33 for females.

Methods

I use a hierarchical Bayesian modeling approach, where the counts are assumed to be

Poisson distributed. This is in line with most Bayesian implementations of APC or LC

models (Bryant & Zhang 2016; Pedroza 2006; Wísniowski et al. 2015). Alternatively, one

may also assume that deaths are sampled from a Binomial distribution (e.g., Congdon

2014). Even though data are available for both sexes, I do not attempt to model them

together, meaning there will be a separate model for males and females, which is not

unusual in the demographic literature (e.g., Alexander et al. 2017).

Let yx,t,r denote the death counts of age group x = 1, ..., X at time t = 1, ..., T in

region r = 1, ..., R with y = (y1,1,1, ..., yX,T,R)
⊺. Moreover, assume that yx,t,r|Mx,t,r ∼

Poi(Ex,t,rMx,t,r), whereMx,t,r denotes the underlying mortality rate scaled to Ex,t,r, that is

the person-years of exposure or the population exposed to that risk. Since the observation
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on population is given at the end of the period, person-years lived is approximated by

Ex,t,r =
Gx,t,r −Gx,t−1,r

log Gx,t,r

Gx,t−1,r

,

where Gx,t,r denotes the population at age x, time t and region r (Preston et al. 2000:15).

Given the Poisson family, a log link connects the mortality rate to the linear predictor

with ηx,t,r = log(Mx,t,r).

I extend the classical APC model by inclusion of a spatial term. The linear predictor is

a follows

ηx,t,r = µ+ αx + κt + γk + ϕr + εx,t,r. (1)

Here, the parameter ϕr denotes the regional effect capturing spatial heterogeneity and µ

the global intercept, that is, the average log-mortality rate. Parameters αx, κt and γk

denote the respective age, time and cohort effects. The age effect is a static function

describing age related effects, while κt denotes the evolution of mortality over time. The

cohort effect γk represents the life long effects specific to a birth cohort and its index k

is a function of age and period. If the intervals are of different lengths, that is, if the

age intervals are M times wider than the period intervals, the cohort index is given by

k = M(X − x) + t, with k ∈ {1, . . . ,M(X − 1) + T} (Heuer 1997). In my case, M = 5.

Lastly, the error term εx,t,r accounts for overdispersion.

In the RH model, the linear predictor is extended with the addition of the same spatial

component,

ηx,t,r = αx + β(1)
x κt + β(2)

x γk + ϕr + εx,t,r. (2)

Here, the parameter αx denotes the average log-mortality rate at age x. This static age

function models the general shape of mortality by age. The parameter κtestimates the

global change over time and γk, the global effect of cohort k. The parameters β
(1)
x and

β
(2)
x measure the response to changes of κt and γk, respectively at age x. The regional

effect ϕr captures spatial dependencies. An error term accounts for overdispersion.

To achieve identifiability, some restrictions have to be imposed on the parameters. For all

models, the regional parameter needs to be constrained depending on the type of model

implemented. Details are given later. For the LC family, we invoke the typical constraints,

that is
∑

x β
(1)
x =

∑
x β

(2)
x = 1 and

∑
t κt =

∑
k γk = 0 (Renshaw & Haberman 2006).

For the APC subfamily, the matter is more complex, and the problem of identification

has been thoroughly discussed in the literature. (see Smith and Wakefield (2016) for

a review). To start, some constraints have to be imposed on the main effects for the

intercept µ to be identifiable. This can be achieved by either a corner constraint, that
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is, to fix a parameter value to (e.g. κ1 = 0), or a sum-to-zero constraint. I follow the

latter, more popular choice in the literature, and set
∑

t κt =
∑

k γk =
∑

x αx = 0 (e.g.,

Riebler & Held 2017). The sum-to-zero constraints give identifiability of the intercept

but do not solve the identification problem per se. Because of the linear dependence

between the age, period, and cohort effect, the overall mean is invariant to the addition

of a constant, meaning that the full set of effects is not identifiable (Smith & Wakefield

2016). Unfortunately, there is no solution to this problem. For identification of single

effects, further constraints are needed, such as assuming that two period effects are equal.

Alternatively, one of the age, period, or cohort effects can be removed from the model

(Smith & Wakefield 2016). Since the main focus is on forecasts and not estimation

of parameters, these problems can be neglected and additional constraints avoided as

long as future mortality rates are identified. Kuang et al. (2008) demonstrate that this

depends on the way future period and cohort effect are extrapolated. Examples include

the random walk with drift and random walk of order two. Alternatively, a zero mean

forecast may be used (Smith & Wakefield 2016).

Prior Specifications

For the prior specifications, so-called weakly informative priors are used instead of vague

or uninformative priors. That is, the prior should rule out unreasonable values but not

be too restrictive that it precludes values that might make sense. Since the priors on

the parameters are set on the log-scale and the mortality rate Mx,t,r ∈ (0, 1], realistic

values for the linear predictor ηx,t,r range from around -15 to zero.1 Hence, it does not

make sense to set an uninformative prior for the intercept, like µ ∼ N (0, 10000), since

most of the probability mass of that prior results in impossible values for mortality rates.

Therefore I chose more restrictive priors, µ ∼ N (−5, 5). The overdispersion effect is

modeled using a centered independent normal prior εx,t,r
iid∼ N (0, σ2

ε).

The age effect typically shows dependencies between adjacent age groups and can con-

sequently be modeled using time-series methods. This is a typical approach in the de-

mographic and APC literature (Alho & Spencer 2005; Congdon 2014; Riebler & Held

2017). Here, the age effects are assumed to follow a random walk model of order 2 with

Gaussian error, that is

∆2αx = νx

(αx − αx−1)− (αx−1 − αx−2) = νx,

1A value of the linear predictor of -15 results in a mortality rate of exp(−15) = 0.000 000 03 which
is less than the lowest predicted age-specific mortality rate of the official UN forecast for the year 2100
(see https://population.un.org/wpp/ for data and results)
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with νx
iid∼ N (0, σ2

α). Which can be stated as

αx|αx−1, αx−2;σ
2
a ∼ N

(
2αx−1 − αx−2, σ

2
α

)
.

The first two age effects are modeled separately using centered normal priors with the

same variance σ2
α. For the additional age effects β

(i)
x of the RH model, I choose a Dirichlet

prior, because of the implied sum-to-one constraint, as done by Barigou et al. (2023), with

β
(i)
x ∼ Dirichlet(1, . . . , 1), for i = 1, 2.

The time effect is modeled as a random walk with drift, as proposed by Lee and Carter

(1992), with

κt = c+ κt−1 + ωt, (3)

where ωt
iid∼ N (0, σ2

κ) and c ∼ N (0, 2).

The cohort effect is modeled via an unstructured normal prior, where γk
iid∼ N (0, σ2

γ).

Lastly, all standard deviations are given half t-distributed hyperpriors with five degrees

of freedom.

Spatially structured priors

Given a set of observations at R different spatial units (that is regions), spatial interaction

between pairs of units may be modeled via spatially structured priors. These priors

smooth estimates by pooling information from neighboring regions. Hence, strength is

borrowed locally instead of globally. There are several options for the selection of spatially

dependent priors. Here, I use spatial autoregressive models, more precisely the BYM2

model as proposed by Riebler et al. (2016), an extension of the famous Besag-York-Mollie

model (BYM) of Besag et al. (1991).

Let u = (u1, . . . , uR)
⊺ denote a spatially structured effect that follows an intrinsic condi-

tional autoregressive model (ICAR) belonging to the class of conditional autoregressive

models (CAR). Spatial interaction between pairs of units is given by a conditional dis-

tribution p(ur|u−r), that is the distribution of a regional effect ur given all other regions

u−r. The ICAR prior for ur is given by

p(ur|u−r;σ
2
u) ∼ N

(∑
r ̸=j wrjuj∑
r ̸=j wrj

,
σ2
u∑

r ̸=j wrj

)
, (4)

where σ2
u is the variance parameter and wrj denote symmetric weights, indicating spatial

dependence between two regions r and j with r, j ∈ {1, . . . , R}. The weights wrj are

assumed to be binary indicators of adjacency. Thus, wrj = 1 if two regions r and j are

neighbors, that is they share a common border, and wrj = 0 otherwise. In the above
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parameterization of the ICAR model, the effect ur is normally distributed with mean

equal to the average of its neighbors. It should be noted, that the distribution in Eq. (4)

is improper as it only defines the differences between pairs of units and not its overall

level. This distribution cannot be used as a model for the data but still serve as a prior

(Banerjee et al. 2015:155). The spatially structured effect is therefore constrained to sum

to 0, that is
∑

r ur = 0.

The ICAR prior of Eq. (4) does not allow for spatially unstructured variation. To ad-

dress this issue, the BYM2 model combines both a spatially structured and unstructured

component. In addition, a single variance parameter σ2
ϕ is placed on the combined com-

ponents, while a mixing parameter ρ ∈ [0, 1] accounts for the amount spatial or non

spatial variation. Let ϕ = (ϕ1, ..., ϕR)
⊺, then the BYM2 prior is given by

ϕ = σϕ

(√
1− ρv∗ +

√
ρu∗

)
.

Here, v∗ = (v∗1, ..., v
∗
R)

⊺ denotes a scaled spatially unstructured effect, with, v∗r
iid∼ N (0, 1)

for all r = 1, . . . , R, and u∗ a scaled ICAR model with geometric mean of its marginal

variances approximately equaling one (Riebler et al. 2016). If ρ = 0, the model reduces

to a spatially unstructured effect, while ρ = 1 leads to a fully spatially structured effect.

The mixing parameter ρ is given a Beta(0.5, 0.5) hyperprior.

Forecasting

In a Bayesian setting, forecasting is part of the estimation process and carried out via

evaluation of the posterior predictive distribution. Let θ = (α,β,κ,γ,ϕ,σ, µ, c)⊺ denote

the parameters of interest, then the h-step ahead predictive distribution is

p(yx,T+h,r|y) =
∫

p (yx,T+h,r|θ,y) p (θ|y) dθ.

In our setting the integral is analytically not tractable, but can be approximated using

Monte Carlo simulations. Having obtained S posterior draws of all model parameters

(θ(1), . . . ,θ(S)) the posterior predictive distribution p(yx,T+h,r|y) can be approximated by

p (yx,T+h,r|y) ≈
1

S

S∑
s=1

p
(
yx,T+h,r|y,θ(s)

)
.

For prediction of future time points, new parameter values need to be generated of effects

that vary over time, that is, the time, cohort effect, and future error terms. The other

parameters are time invariant, so they can be drawn from the joint posterior. Suppose

you are given S posterior draws for all model parameters, then the sth (s = 1, . . . , S)
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value of the forecasted h-step ahead mortality rate can be calculated as follows:

Step 1: For h = 1, . . . , H, draw c(s) from the posterior and generate new w
(s)
T+h by

sampling from N (0, σ2
κ). Use both to generate new values of κ

(s)
T+h repeatedly

using Eq. (3).

Step 2: For h = 1, . . . , H, generate γ
(s)
M(X−x)+(T+h) by drawing from N (0, σ2

γ).

Step 3: For h = 1, . . . , H generate new ε
(s)
x,T+h,r by drawing from N (0, σ2

ε).

Step 4: Get the s-th posterior draw of all remaining parameters and plug all values

into Eq. (2), respectively Eq. (1) to compute log(M̂
(s)
x,T+h,r).

Step 5: Exponentiate log(M̂
(s)
x,T+h,r) to obtain future mortality rates.

After having obtained forecasts of mortality rates M̂x,T+h,r they can be converted into

deaths ŷx,T+h,r. For each posterior predictive draw, sample from a Poisson distribution

to obtain ŷ
(s)
x,T+h,r, with ŷ

(s)
x,T+h,r ∼ Poi

(
Ex,T+h,rM̂

(s)
x,T+h,r

)
.. Mean forecasts of other quan-

tities of interest are approximated via Monte Carlo simulations. It should be noted that

future values of deaths can only be predicted for known Ex,T+h,r. Hence, for future time

periods without known exposure, that is, 2018 onward, only rates are predicted, which

in turn may be used as inputs for life table methods, such as future life expectancy at

birth.

Estimation of Parameters

In Bayesian statistics, inference on the parameters is achieved via evaluation of the joint

posterior distribution p(θ|y). Analytical solutions for high-dimensional distributions are

oftentimes not available. Hence Markov chain Monte Carlo (MCMC) methods are em-

ployed. Here, the probabilistic modeling software Stan (Stan Development Team 2023b),

a tool for Hamiltonian Monte Carlo (HMC), was used to produce samples from the

posterior distribution. Stan can be accessed through the interface rstan in R (Stan De-

velopment Team 2023a). HMC, a variant of MCMC, uses Hamiltonian dynamics for

the proposition of a new state. It avoids random walk behavior and exhibits less auto-

correlation, making it more efficient by requiring fewer iterations than standard MCMC

methods. An introduction can be found in Neal (2011). The code and data for all models

is available at: https://github.com/goesj/BavarianMortality. Information regarding the

size of the chains and number of iterations may be found in the Appendix.

Convergence of parameters was checked using the build-in diagnostic measures of rstan,

which are described in Vehtari et al. (2021). Those quantities are split-R̂ as well as tail

and bulk effective sample size (ESS). The measures are calculated for each scalar quantity
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of interest, that is, all parameters as well as hyperparameters.

The first measure, split-R̂, is a variant of the estimated scale reduction factor R̂. This fac-

tor compares the total variance relative to the within-chain variance, indicating how much

the posterior samples vary within each chain. The idea is as follows: if the chains have not

mixed well, the variance of all simulations together should be higher than the individual

chains. Values of R̂ near 1 suggest that the total variance is similar to the within-chain

variance, indicating that all of the M chains are exploring the same distribution. Vehtari

et al. (2021) identified cases in which the traditional R̂ fails to detect non-convergence

and, therefore, proposed a split-R̂ variant. In this variant, rank-normalized values are

used, and each chain is split in half, resulting in twice as many chains. For computation

details, we refer to Vehtari et al. (2021). The authors argue for a very tight threshold

and propose to only use the sample only if split-R̂ < 1.01.

The second measure ESS, incorporates information about the degree of autocorrelation of

the posterior draws, as samples from HMC are not independent. Each draw is dependent

on the value of the last iteration. High autocorrelation leads to slow mixing and possibly

nonconvergence. The amount of autocorrelation is used to calculate ESS, a scale-free

measure for diagnosing the sampling efficiency. Bulk-ESS refers to the effective sample

size using rank-normalized draws, while tail-ESS denotes the minimum of the effective

effective sample sizes of the 5% and 95% quantiles. Computational details can be found

in Vehtari et al. (2021), where the authors propose to use the sample only if both ESS

measures are greater than 100 times the number of chains..

Stacking

Instead of using a single model for prediction, the idea of model combination can be

applied. Here, point predictions of multiple models are averaged according to a spe-

cific weight. The simplest technique assigns equal weights to all models, while stacking

(Wolpert 1992) weighs each model according to their predictive performance. An im-

plementation by Yao et al. (2018) generalized the idea of stacking to combine Bayesian

predictive distributions rather than just mean forecasts. Suppose there are K models

M = (M1, ...,Mk) each with a predictive distribution p(.|Mk). The object of stacking

K predictive distributions from models M is to find the distribution in the convex hull

C =
{∑K

k=1 ak · p(.|Mk) :
∑

k ak = 1, ak ≥ 0
}
that is best according to some criterion.

Here, I follow the approach to that outlined by Yao et al. (2018) and use the negative log

score, that is, the negative logarithm of the predictive density, to define the optimality

criterion. With respect to the chosen score, stacking finds the predictive distribution

that is closest to the true data generating process (Yao et al. 2018). Moreover, it tack-

les the model selection problem in a data driven way. Similar to Barigou et al. (2023),
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the weights are derived with the leave-future-out (LFO) predictive density, that is, the

predictive density of future observations. In the approach by Yao et al. (2018), stacking

weights are derived using the leave-one-out predictive density, though owing to the depen-

dence structure in my data, the likelihood cannot be factorized making cross validation

procedures more complex.

Let ak denote the weights associated with each mortality model Mk ∈ M. The weights

can be obtained by solving the following optimization problem

min
a∈Ak

1

N

∑
x,T+h,r

D
[ K∑

k=1

ak

(
1

S

S∑
s=1

p(yx,T+h,r|θ(s)
k ,y,Mk)

)]
,

where D denotes a suitable scoring function, for example, the negative log score 2 and

AK =

{
ak ∈ [0, 1]K :

K∑
k=1

ak = 1

}
.

The stacked h- step ahead predictive distribution is then

p̂(yx,T+h,r|y) =
K∑
k=1

ak p(yx,T+h,r|y,Mk)

=
K∑
k=1

(
1

S

S∑
s=1

ak p(yx,T+h,r|θ(s)
k ,y,Mk)

)
.

Model Checks and Evaluation

In the following we use the term estimated when referring to in-sample, that is historic

rates and predicted or forecasted when referring to out-of-sample rates.

Model Checks

First, to assess whether the additional spatially structured parameter is necessary for

describing the data at hand, I follow the ideas outlined by Banerjee et al. (2015:75-76)

and compute one of the standard measures of spatial association, Geary’s C (Geary

1954), for each age and time period. As recommended, Geary’s C is not used as a test

of spatial significance but rather as an exploratory tool. However, the distributional

assumptions underlying Geary’s C assume constant mean and variance across regions.

Both assumptions are not fulfilled in our setting, as the mean and the variance depend on

the population size. Waller and Gotway (2004:235) propose to replace the death counts

2Note, that I have defined the log score to be negative logarithm of the predictive density. Hence, it
becomes a minimization problem instead of a maximization problem (Yao et al. 2018).
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yx,t,r by a standardized value zx,t,r under the constant risk hypothesis

zx,t,r =
yx,t,r −Mx,tEx,t,r√

Mx,tEx,t,r

,

where Mx,t =
∑R

r=1 yx,t,r∑R
r=1 Ex,t,r

. Using zx,t,r I can compute Geary’s C as

Cx,t =
(R− 1)

∑
r

∑
j wrj (zx,t,r − zx,t,j)

2

2
(∑

r ̸=j wrj

)∑
r(zx,t,r − z̄x,t)2

,

where wrj denote binary indicators of association as described above. The measure has

a mean of 1 in the null model, while values close to 0 or 2 suggest positive or negative

spatial association, respectively (Waller & Gotway 2004). Hence, values deviating from

1 indicate spatial association in some form. Using the data at hand, I found an average

value over ages for C of around 0.85 for most years, indicating moderate positive spatial

association and suggesting the need for a spatially structured effect. A box plot of all

values can be found in the Appendix in Fig. F.1.

Bayesian model validation employs the use of posterior predictive checks. The idea is

intuitive: if the model is a good fit, then I should be able to use it to generate new

data that closely resemble the observed data. I simulate multiple replicate datasets

by drawing samples from the posterior predictive distribution and compare those to

the observed data. Systematic differences suggest that the model does not capture the

essential features of the data and should be improved upon. Let yrep denote the replicated

data. It can be created using the posterior predictive distribution

p(yrep|y) =
∫

p(yrep|θ)p(θ|y)dθ.

Additionally, a test statistic T [y] or T [y,θ] can be defined that is a scalar summary of

the data. It may be used to compare the replicated with the observed data. There is no

clear guidance regarding which test statistic to calculate. In the present case, I compute

the proportion of predicted zeros for each age group. This test statistic can be used to

check for zero inflation of the data (e.g., Neelon et al. 2013). Let y(x) denote the vector

of deaths for each age group over region and time, then

T [y(x)] =
∑
t,r

1(yx,t,r = 0)/(T ·R),

where 1 denotes the indicator function. The test quantity can be evaluated for each

replicated data set to obtain a vector of T [y(x)
rep,θ] and construct a histogram thereof.

Ideally, the test statistic of the original data should lie somewhere in the middle of the
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histogram. Discrepancies, that is, if the observed data test statistic lies at the outer ends

of the histogram, suggest poor fit because the replicate distribution cannot reproduce the

observed data.

Model Evaluation

For model evaluation, I follow the standard procedure in time-series modeling. I estimate

and forecast the model on a subset of the available data, called the training set, and assess

forecast accuracy on the held-out or test data. Unfortunately, data are not abundant,

so only short-term forecasts may be evaluated. Let the training set consist of the first J

years with y1:J = (y1,1,1, ..., yX,J,R)
⊺. The remaining L = T − J years are considered as

test set, with l = J + 1, ..., J + L.

After generating forecasts for all models, I assess their quality by comparing the predicted

to the observed deaths using multiple performance measures. Point forecasts, specifically

the mean forecasts of our predictive distribution, are evaluated using the mean absolute

error (MAE) and the root mean squared error (RMSE). Let yx,l,r denote the actual

observed value of the test set and M̂x,l,r the mean of the posterior predictive distribution

for the year J + l. For sake of simplicity let Ñ = X · L ·R. The measures are as follows

MAE =
1

Ñ

∑
x,l,r

∣∣yx,l,r − M̂x,l,rEx,l,r

∣∣
RMSE =

√
1

Ñ

∑
x,l,r

(
yx,l,r − M̂x,l,rEx,l,r

)2
.

I am interested not only in point forecasts, but also in the uncertainty surrounding them.

For that, I need to evaluate the entire predictive distribution, which can be achieved using

scoring rules. I follow the approaches outlined in Czado et al. (2009) by calculating the

negative log score (LogS), the Dawid-Sebastiani score (DSS) proposed by Gneiting and

Raftery (2007) as well as the ranked probability score (RPS). Similar to point measures,

lower scores suggest a better fit. It should be noted, that there are more scoring rules

available. The interested reader is referred to Czado et al. (2009). The use of scoring

rules for comparison of probabilistic forecasts within a demographic application is not

new (e.g., Barigou et al. 2023; Keilman 2020), though not common despite its relevance.

The negative log score is given by the negative logarithm of the predictive density (lpd)

evaluated at the observation. It is defined as

−lpd = − log p(yx,l,r|y1:J) = − log

∫
p(yx,l,r|θ,y1:J)p(θ|y1:J)dθ.
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In practice it is calculated using draws from the posterior

LogSx,l,r = −l̂pd = − log

(
1

S

S∑
s=1

p(yx,l,r|θ(s))

)
.

Second, the DSS of an observation is defined as follows:

DSSx,l,r =

(
yx,l,r − µx,l,r

σx,l,r

)2

+ 2 log(σx,l,r),

where µx,l,r = E(yx,l,r) denotes the mean and σx,l,r =
√

Var(yx,l,r) the standard deviation

of the predictive distribution. Using the law of iterated expectations and the law of total

variance, it follows that µx,l,r = Ex,l,r · E(Mx,l,r) and σ2
x,l,r = Ex,l,r · E(Mx,l,r) + E2

x,l,r ·
Var(Mx,l,r). The proof can be found in the Appendix. Lastly, the ranked probability

score is given by

RPSx,l,r =
∞∑
z=0

[
Pz − 1(yx,l,r ≤ z)

]2
,

where (Pz)
∞
z=0 denotes the distribution function of p(yx,l,r|y1:J). Evaluation of the distri-

bution function in my setting is analytically not tractable. On the other hand, S draws

from the posterior predictive are available, which can be used to compute the empirical

distribution function. Then, the RPS reduces to

RPSx,l,r =
1

S

S∑
s=1

∣∣ŷ(s)x,l,r − yx,l,r
∣∣− 1

2S2

S∑
s=1

S∑
j=1

∣∣ŷ(s)x,l,r − ŷ
(j)
x,l,r

∣∣
(Jordan et al. 2019).

In assessing the predictive distribution, I compare the mean scores of all models. This

is particularly relevant for Poisson-distributed variables concerning overdispersion. Two

models with different predictive distributions could yield the same mean forecast, but

only one correctly estimates its surrounding uncertainty by indicating a lower score.

Another problem concerning discrete data is the width of the (sample) quantiles and thus

prediction intervals (PI). For a forecasted random variable ŶT+h, a PI denoted as [yl, yu]

with coverage level pCov is given by

P (yl ≤ ŶT+h ≤ yu) ≥ pCov. (5)

Standard Bayesian practice computes PIs by calculating sample quantiles of the posterior

predictive distribution, and then use these as the respective values for yl and yu. The PIs

are usually chosen to be equal-tailed, that is, (1−pCov)
2

% of the distribution’s probability
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lies on either side of the bounds yl and yu. Hereafter I will call this procedure classical

PI. When the sample size is large, the sample quantiles denote a good approximation and

the estimated PI interval has a coverage close to or exactly equal to the nominal value

pCov.

For discrete-valued data (e.g., Poisson) calculation of Eq. (5) comes with its share of

difficulties. The reasons are twofold: First, one can select values for yl and yu to exactly

attain the desired coverage level pCov for continuous random variables. However, this

is often not possible for discrete data because the distribution function has jumps. As

a result, the PIs usually have a larger coverage than intended. This effect can become

even more severe if one naively relies on symmetric intervals. Second, empirical quantiles

might be inconsistent estimators for the true quantiles, see e.g. Jentsch and Leucht (2016)

for an example.

While the inconsistency of empirical quantiles cannot be resolved, we can still aim to find

PIs with the desired coverage level pCov. Homburg et al. (2021) introduce an algorithm

that finds a set of discrete PIs [y∗l , y
∗
u], denoted as coherent PIs, based on sample quantiles

that do not have to be equal-tailed or central like classical PIs, while attempting to

minimize exceeding the coverage level in Eq. (5). The coherent PI is more flexible and

similar in style to a highest posterior density region, which denotes an interval that

contains pCov% of the posterior probability. Both the coherent PI and classical PI are

equal for symmetric distributions, such as a normal distribution. While the Poisson

distribution is almost symmetric with high means, for smaller means, the converse holds,

and the distribution becomes right-skewed. Given the data, it makes sense to use a

more flexible approach since the mean values range from low to high, and the coherent

PI can provide both a central PI and a highest density PI. Moreover, the coherent PI

has performed better in terms of ’average exceedance’, that is the average amount by

which the PI exceeded the true coverage level, than equal-tailed PI’s based on empirical

quantiles in a small simulation study we created. Therefore, PIs for forecasted deaths

are calculated using the algorithm of Homburg et al. (2021). Details about the algorithm

and said study can be found in the Appendix.

Application to Real Mortality Data

I applied all of the described models to the Bavarian dataset split by sex. I estimated the

proposed models with and without the addition of a regional component. All models are

denoted with their usual abbreviations, including the type of regional component after

an underscore. Hence, APC BYM2 stands for an APC model with the addition of the

BYM2 model as a spatial component.
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Table 1: Fitting, validation and prediction periods of all approaches in the model eval-
uation scheme

Model Fitting Validation Prediction
Age-Period-Cohort 2001 - 2014 2015-2017
Renshaw-
Haberman

2001 - 2014 2015-2017

Stacking 2001 - 2010 2011-2014 2015-2017

Model Checks

Given the above priors, the measures split-R̂ and tail as well as bulk ESS suggested conver-

gence for all models and parameters. Moreover, for both the RH BYM2 and APC BYM2,

the posterior predictive checks did not reveal any major discrepancies. First, no consistent

deviations can be found when plotting the replicate against the observed data distribu-

tion. Some fairly extreme observations are identified where the observed data lie at the

outer ends of the replicated data distribution, though all observed values can be recreated

using the replicate draws. Exemplary results for both females and males can be found in

the appendix in Fig. F.2, respectively Fig. F.3. Second, the zero inflation check suggests

no need for a different model. For both males and females, the models predict a few

to many zeros for the middle age groups, though the derivations are not extreme. This

aspect can be observed for both the APC and RH models using different types of priors.

This seems to be a special feature of the data and should be investigated separately,

though it does not indicate the need for a zero-inflated model. The details may be found

in Fig. F.4 and Fig. F.5 in the Appendix for females and males. I therefore conclude,

that both the RH BYM2 and APC BYM2 are suitable at explaining the data.

Model Evaluation

For the evaluation of the predictive performance, I split the data into test and training

sets. The test set comprises all observations from the years 2001 to 2014, while the

training set includes death counts for all age groups and regions from 2015 onward. After

estimation, mortality rates for 2015 to 2017 were forecasted and transformed into deaths

using draws from the Poisson distribution. The predicted deaths for all regions and age

groups were compared with the observed ones of the test data. Predictive accuracy was

evaluated using the forecast measures and scoring rules as described above. For the

calculation of stacking weights, the training data are divided into two parts. The years

2001 to 2010 are used for training, while 2011 to 2014 are used for validation, that is,

the derivation of weights. The split between training (fitting) and test (prediction) is

summarized in Table 1.
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Female Data

Looking at the models by themselves, the APC BYM2 is best in point prediction accu-

racy as well as scoring rules. The RH BYM2’s performance is slightly worse, albeit by a

small margin. When comparing the results of both models with their counterparts lacking

the regional component, it becomes evident that the addition of a regional component

enhances predictive power across the board, lowering both the scores and point measures.

In terms of point forecasts, a reduction of approximately 10% in MAE and 20% in RMSE

was observed when comparing the APC BYM2 model to the standard APC model, lack-

ing the regional component. Similar findings were observed for the RH BYM2 model,

for which the addition of the regional component reduces the MAE by approximately 7%

and the RMSE by slightly more than 20% when compared with the RH model Results for

the female data is given in Table 2. Looking at the results split by years, I observe incon-

sistency in that no single model is superior over each year. Forecasts of the RH BYM2

model for the year 2015 perform better than those of the APC BYM2 model with regard

to scoring rules and point measures. However, for the years 2016-2017, the APC BYM2

clearly outperforms the RH BYM2 Results are given in Table E.1 in the Appendix. For

this reason, I conclude that there is no single best model available for different parts of

the data or forecast horizons. Depending on the training set or time of forecast, one

model may be better than another.

With stacking one would hope to find a robust predictor that performs well regardless of

time and forecast horizon. Using the years 2011 to 2014 for the derivation of weights, I

observe the approach heavily favoring the APC BYM2 model, resulting in the following

weights: .871 (APC BYM2) and .129 (RH BYM2). Using the derived weights, stacked

predictions were calculated for 2015 - 2017. The results are found in Table 2. Looking

at the stacked forecasts, I notice very comparable, though slightly better, values with re-

gard to the scoring rules and MAE. However, there is a slight decline in RMSE compared

with that of the APC BYM2 model. When split by years, the robustness of the stack-

ing approach becomes noticeable, consistently either the best or second-best performing

approach. Details are given in Table E.1 in the Appendix.

Coverage was estimated at the 80% level. A coverage greater than the nominal value for

all models was obtained, yet still close to the 80% level. This is potentially due to both

the discreteness of the random variable as well as the great amount of zeros within the

test set, inflating the measure. By excluding the zero observations, coverage dips very

close to 80% for all models, a satisfactory mark.
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Table 2: Evaluation of out-of-sample forecast for 2015-2017 of female models

Model Mean LogS Mean DSS Mean RPS MAE RMSE Coverage
APC 2.32 2.88 3.15 4.48 12.11 0.85
APC BYM2 2.29 2.82 2.90 4.14 9.45 0.85
RH 2.32 2.88 3.22 4.53 14.21 0.84
RH BYM2 2.29 2.83 2.99 4.21 11.20 0.84
Stacking 2.28 2.81 2.88 4.12 9.51 0.84

Notes: Values in bold denote the best of each column. LogS = log score. DSS =
Dawid–Sebastiani score. RPS = ranked probability score. MAE = mean absolute error.
RMSE = root mean squared error. APC = Age–Period–Cohort. BYM2 = Besag–York–Mollie
2. RH = Renshaw–Haberman.

Male Data

For the male data, I observe similar findings, in that the addition of a regional component

aids in forecasting. Moreover, the APC BYM2 model is superior to all other models with

regard to point measures and scoring rules. Complete results are given in Table 3.

Table 3: Evaluation of out-of-sample forecast for 2015-2017 of male models. Value in
bold denotes the best of the column.

Model Mean LogS Mean DSS Mean RPS MAE RMSE Coverage
APC 2.59 3.45 3.48 4.95 11.69 0.84
APC BYM2 2.53 3.34 3.00 4.20 8.43 0.84
RH 2.69 3.89 3.57 5.00 11.52 0.80
RH BYM2 2.66 3.89 3.14 4.33 8.48 0.80
Stacking 2.60 3.58 3.05 4.27 8.36 0.80

Notes: Values in bold denote the best of each column. LogS = log score. DSS =
Dawid–Sebastiani score. RPS = ranked probability score. MAE = mean absolute error.
RMSE = root mean squared error. APC = Age–Period–Cohort. BYM2 = Besag–York–Mollie
2. RH = Renshaw–Haberman.

Interestingly, the stacking approach does not heavily favor the APC BYM2 model even

though the model’s performance in 2015 to 2017 is by far the best. Using the years 2011

to 2014 as validation, that is, derivation of weights, the RH BYM2 model received the

highest weight at .546, compared to .454 for the APC BYM2. This result aligns with

the observed behavior of the female data, for which different models excel at forecasting

separate parts of the data. Thus, despite the RH BYM2’s struggles in the test period,

it performs best in the validation period. The stacked predictions rank second best

in all categories except for RMSE (see Table 3), an unsurprising result considering the

performance of the RH BYM2 model in the test period. Results split by years may be

found in Table E.2 in the Appendix. Coverage at the 80% level is a little higher than the

nominal value of 80% for all models, similar to the female data.

The results for males are interesting in the sense that the data at hand seem to exhibit
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Table 4: Fitting, validation and prediction periods of all approaches

Model Fitting Weight Derivation Prediction
APC 2001 - 2017 2018 - 2030
RH 2001 - 2017 2018 - 2030
Stacking 2001 - 2010 2011 - 2017 2018 - 2030

Notes: APC = Age–Period–Cohort. RH = Renshaw–Haberman.

some special features that no single model can predict best. Different models favor

different time periods, which are unknown beforehand to the user. Thus, it might be that

the chosen test period supports a single model that may not be suitable for forecasting

another period adequately.

Results and Forecasts

For the actual forecasts of mortality rates, that is, predictions for 2017 onward, I chose

to implement the stacking approach. Particularly for the male dataset, I cannot be

certain that a single model performs best over all years. There is substantial variation in

performance across different time periods. Hence, selecting a single model could easily

result in misspecification, as one does not know how the data will behave in the future.

Stacking, on the other hand, incorporates model uncertainty into the prediction problem

to obtain more robust forecasts. It was observed that these predictions are either the

best or, at the very least, close to the best, making stacking suitable for the task at

hand. Additionally, even though the models in question describe the data fairly well, it

is reasonable to believe that the complex dynamics of the true data-generating process

are not exactly equal to any one of the models within our pool, rendering no single model

perfectly suitable. Weights for the final, stacked predictions were estimated by training

the data on the years 2001 to 2010 and forecasting on 2011 to 2017. Hereafter, they

are referred to as final stacking weights to avoid confusion. The procedure is outlined in

Table 4.

The final weights for the female data are the following: .906 for the APC BYM2 and

.094 for the RH BYM2 model. These are similar weights to those received in the model

evaluation period with the weight of the RH BYM2 decreasing a bit. For males, the final

weights are as follows: .630 (APC BYM2) and .370 (RH BYM2). In comparison with the

model evaluation period the weight distribution has changed resulting in the APC BYM2

model being favored.

Following the estimation and prediction of age-specific death rates, life table methods

were employed to transform rates into life expectancy at birth, hereafter referred to as

LE. For the last observed year -2017- the map in Fig. 1 shows the mean LE estimates of

all regions split by sex. Panel a displays those of females while panel b displays those of
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males. For both sexes, the same pattern emerges—a north-south and east-west pattern is

clearly visible. This pattern aligns with that of other social indicators such as GDP and

available wealth, as shown in Bayerisches Landesamt für Statisitk (2020:13). In addition

to point estimates, PIs can be easily obtained by transforming each set of age-specific

mortality rates drawn from the posterior predictive distribution into LE. PIs are then

calculated based on the LE draws. In 2017, the region with the highest rank for both

sexes is Starnberg with a mean life expectancy (LE) of 84.98 years (80% PI: [84.80, 85.19])

for the total population and 81.91 years (80% PI: [81.73, 82.09]) for females and males,

respectively. For the year 2017, the LE estimates for all regions, including PIs, are plotted

in the Appendix in Fig. F.7 for females and Fig. F.8 for males. The plots are sorted by

mean LE.
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Figure 1: Mean estimates of life expectancy for all regions of Bavaria in 2017, using
the stacking approach. Female estimates are plotted in panel a, and values for males are
shown in panel b. Red areas denote regions with lower life expectancy, while blue areas
denote regions with higher life expectancy. Within each region, the subsequent rank is
plotted: 1 indicates the region with the highest life expectancy, and 96 indicates that
with the lowest life expectancy. The density scales represent the kernel density estimate
of all mean predictions.

When moving from estimation to forecasting, there is a sharp increase in uncertainty,

a typical pattern in time-series analysis. In comparing the LE estimate for 2017 (in-

sample fit) with the prediction for 2018 (out-of-sample fit), I observe a widening of the

surrounding intervals. In general, mean predictions of LE are expected to increase linearly

over time (owing to the linear prior) for both sexes. However, the forecasted growth of

mean LE is lower than the estimated in-sample growth. In other words, LE is expected
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to increase less in the future than it has in the past. Since there are no spatiotemporal

interaction terms within the model, the time effect is global, and its behavior is constant

for all regions. Exemplary for Bavaria as a whole, LE forecasts for the region of Bamberg,

City can be found in Fig. 2. The complete results for all other regions is available in a

Shiny app online. 3
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Figure 2: Prediction and estimation of life expectancy for the region of Bamberg, City,
using the stacking approach. The solid lines denote the mean estimation for 2001 to 2017,
and the dashed lines denote the mean prediction for 2018 to 2030. The shades of purple
and blue represent PI for females and males respectively. Darker shades show 50% PIs,
while lighter shades show 80% PIs.

Additionally, when examining Fig. 2, it becomes apparent that the LE of males has

increased more than that of females, especially in the early 2000s. Plotting the difference

in estimated mean LE in 2001 versus the mean predicted LE in 2030, I observe the same

effect for all regions—a decrease in the gender gap. Results are found in Fig. 3. This is in

line with the current findings of other countries (e.g., Sundberg et al. 2018). Interestingly,

the LE increase from 2001 to 2030 is higher in regions where LE had been lower in 2001

and vice versa, especially for men.

Lastly, Fig. 2 shows a relatively sharp increase in LE is seen in 2014 with a dip the

following year. This phenomenon can be observed in most European countries and has

been thoroughly discussed in the demographic literature (e.g., Luy et al. 2020). I can

therefore conclude that this is due to some special feature of the data and does not

indicate problems with the model.

3https://github.com/goesj/BavarianMortality
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Figure 3: Differences in mean life expectancy between 2001 and 2030 for all regions in
Bavaria, by sex, using the stacking approach. Panel a shows the difference for females
and panel b shows that for males. Darker shades indicate regions with a greater increase
in life expectancy.

Extensions

All presented models can be extended to include interaction terms between various com-

ponents. While an age–time interaction for the APC model seems like an obvious choice,

other interactions are also possible, such as a region–time interaction effect that may help

to reveal different mortality trends in separate areas. Additionally, instead of estimating

males and females separately, I could model both sexes jointly. For example, the approach

by Wísniowski et al. (2015) incorporates multivariate priors, such as vector autoregres-

sive models for the time effect, allowing for correlations between sexes. Alternatively, as

proposed by Bryant and Zhang (2016) and Zhang and Bryant (2020), one could add a

sex-specific intercept with joint time and age effects.

Moreover, the population or exposure at risk in my analysis is seen as deterministic.

This may be considered an unrealistic assumption, especially for small population sizes.

A possible solution treats the exposure not as fixed but as a parameter itself, though this

is not further explored. On the other hand, adding more uncertainty into the estimation

process potentially increases the prediction intervals even further. In addition, underlying

causes of deaths were not analyzed. The models presented can easily be adjusted to

estimate cause-specific death rates as done, for example, in Richardson et al. (2013).

Alternatively, an additional cause of death specific effect may be added.
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Typically, for the assessment and comparison of predictive performance, leave-one-out-

cross-validation (LOO-CV) is implemented. However, this approach is computationally

expensive, especially in a Bayesian context, and oftentimes not feasible. Vehtari et al.

(2017) developed an approach to approximate the leave-one-out (LOO) predictive density,

but it relies on the factorization of the likelihood. For nonfactorizable models, such as

time-series or spatial models, the situation is more complex. Given the time and regional

dependence structures in the dataset, standard LOO-CV cannot be carried out as this

dependence has to be accounted for. To properly account for the time series structure,

Bürkner et al. (2020) implemented the leave-future-out-cross-validation (LFO-CV) ap-

proach in a Bayesian context. LFO-CV for both model assessment and the calculation

of stacking weights, while also accounting for the regional structure, is an interesting

direction for future research but is not further explored.

The inclusion of covariates is another interesting line of direction. Multiple authors

have found a negative relationship between income and mortality (e.g. Felice et al. 2016;

Lorentzen et al. 2008). Integrating covariates into the model framework is straightforward

and has the potential to significantly improve the predictive performance for each area.

However, most covariates, such as GDP, are time dependent, meaning that they have to

be forecasted as well. This is often challenging and can introduce potential biases, so I

refrain from doing so. Moreover, all the unobserved spatial heterogeneity, such as the

differences in regional income and infrastructure, is captured by the regional component,

at least in theory.

An advantage of using Bayesian methods is the integration of informative priors arising

from expert knowledge. Especially in sparse data settings, where the prior is given more

weight, this may improve predictive accuracy. An interesting application in the field of

demography is given in Billari et al. (2014). The incorporation of more informative priors,

especially for the spatial effect, constitutes a possible extension to our framework.

Lastly, I have not looked at or incorporated the COVID-19 pandemic into the forecasts.

It is expected that the pandemic will influence death rates in the short term, especially

for older ages. Here, the pandemic is ignored in that I assume the effect of COVID-19

does not affect the long-term forecasts. I assume that the death rates for the years 2020

to 2023 experience a one-time effect and then tend back to their original, prepandemic

path, a potentially problematic assumption. One possible solution by Liu and Li (2015)

introduces single period jumps into the LC model. These jumps may be incorporated

into our model framework as well and is potential for further research.
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Discussion

In this article I have presented an approach for forecasting age-specific mortality rates,

including life expectancy, by region and sex. I have added a spatially structured effect

to both the APC and the RH model that captures regional correlations. My Bayesian

framework pools information across dimensions, allowing for estimation in a sparse data

context. Measures of uncertainty are provided in terms of prediction intervals. With the

automatic modeling software Stan, implementation is rather straightforward and does not

involve deviation of complex full conditionals. To protect against model misspecification,

I have implemented the stacking approach, where predictions of multiple models are

weighted according to their past performance. This method offers robust predictions

and even improved predictive accuracy for the female data. When tested against simpler

models without a spatially structured effect, the method outperformed them when applied

to real data for 96 regions in Bavaria, Germany. Especially for small areas, where random

variation is high, pooling strength across geographic regions stabilizes predictions. In

addition, I introduced a variety of techniques for model evaluation that are not commonly

found in the demographic literature. Posterior predictive checks offer a means of detecting

conflicts between the model and data, revealing potential needs for extending or modifying

an existing model. I advocate for their use as a standard tool.

When looking at the forecasted death rates we notice slightly lower values in terms of

scoring rules and MAE for females compared with those of males (see Table 2, respectively

Table 3). Additionally, the models for males exhibit longer convergence times, and the

parameter estimates for males indicate higher levels of uncertainty. Consequently, the

resulting prediction intervals, particularly for out-of-sample forecasts, are wider in most

regions. This holds true for both the APC BYM2 and the RH BYM2 model, as well

as the stacking approach. The results suggest that either the models are better suited

for forecasting female death rates—that is, they describe the underlying data-generating

process more accurately—or the higher random variation in the male data makes it more

challenging to obtain accurate predictions. In either case, obtaining precise estimates and

forecasts of death rates for small areas, for both men and women, remains a challenging

task.

Lastly, I have primarily focused on the mean of the posterior predictive distribution, but

care must be taken with this approach, as the sole focus on mean estimates has its faults.

The wide prediction intervals, especially in 2030, indicate a great deal of uncertainty,

meaning that the point forecasts should not be considered as precise values on which to

draw fixed conclusions. In general, as forecasts extend further into the future, greater

uncertainty leads to wider prediction intervals, a characteristic pattern of the random

walk with drift model. Only for stationary autoregressive moving-average models do
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prediction intervals converge to a constant width. Most models with an underlining

trend, to which random walks with drift belong to, have ever-increasing intervals. Thus,

if one expects life expectancy to increase in the future, one must accept the increased

uncertainty in terms of wider intervals. Policymakers, particularly for small areas, should

not rely heavily on point estimates alone. The inherent uncertainty, which grows with

time, underscores the need for caution even in interpreting in-sample estimates.
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Appendix

A HMC Information

For each model, four parallel chains were constructed. This is the minimum amount of

chains recommended by Vehtari et al. (2021), as multiple chains increase the likelihood

of revealing multimodality or poor mixing (Vehtari et al. 2021). Running more chains

does not necessarily increase computational burden, as chains can be let run parallel.

The first 2000 respectively 2500 iterations were considered warm-up and discarded while

the rest was used for inference. The warm-up phase in HMC is not equivalent to the

burn-in period in MCMC. During the warm-up phase Stan tunes the algorithm, whereas

in standard MCMC the burn-in is used to ensure that the sampler has reached the desired

target distribution.

In Table A.1 information regarding the HMC Model parameters can be found.

B Derivation of DSS Parameters

Let E(yx,t,r) = µx,t,r, then the law of iterative expectations states

µx,t,r = E
(
E(yx,t,r|ηx,t,r)

)
= E(Ex,t,r ·Mx,t,r) = Ex,t,r · E(Mx,t,r).
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Table A.1: HMC Sampling Information of all models

Sex Model Warm-Up Iterations Thin Adapt Delta
Female APC 2 000 4 000 4 0.81
Female APC BYM2 2 000 4 000 4 0.81
Female RH 2 000 4 000 4 0.81
Female RH BYM2 2 000 4 000 4 0.81
Male APC 2 500 5 000 5 0.81
Male APC BYM2 2 500 5 000 5 0.81
Male RH 2 500 5 000 5 0.81
Male RH BYM2 2 500 5 000 5 0.81

Analogously, the variance σ2
x,t,r = Var(yx,t,r) is given by the law of total variance as

σ2
x,t,r = E

(
Var(yx,t,r|ηx,t,r)

)
+Var

(
E(yx,t,r|ηx,t,r)

)
= E(Ex,t,r ·Mx,t,r) + Var(Ex,t,r ·Mx,t,r)

= Ex,t,r · E(Mx,t,r) + E2
x,t,r · Var(Mx,t,r).

C Coherent Prediction Interval

For sake of simplicity and readability, let ŷ define a random variable with distribu-

tion equal to that of the posterior predictive distribution of a forecasted death count

p(yx,T+h,r). Moreover, let 0 ≤ yl ≤ yu denote the integer-valued bounds of respective

prediction interval (PI) of ŷ. The calculation of coherent PI’s of Homburg et al. (2021)

for a target coverage level pCov is given as follows:

Step 1: First compute the largest integer L ∈ {0, 1, . . . }, such that P (ŷ < L) ≤
1− pCov.

Step 2: Then, for all l = 0, 1, . . . , L, compute the smallest integer u, such that P (l ≤
ŷ ≤ u) ≥ pCov.

Step 3: Among the L+ 1 resulting PI’s, choose the one(s) having minimal length.

Step 4: If there exist several PI’s [yl,i, yu,i] of minimal length, choose the one with the

greatest coverage:

P (ŷ ∈ [yl, yu]) = max
i

P (ŷ ∈ [yl,i, yu,i])

Simulation Study

The performance of the coherent prediction interval (coherent-PI) was evaluated using

a small simulation study. Here, we compared the the coherent-PI with the mid-quantile
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approach by Ma et al. (2011) (mid-PI), as well as the standard approach, that is taking

empirical quantiles as the integer valued bounds of the PI, which we will denote as

standard-PI. The details of the simulation study can be found in Algorithm 1. Note, that

Algorithm 1: Simulation Study

for s = 1 to S do
for m = 1 to M do

Draw N = 1000 times from Pm ∼ Poi(λm), with λm = m
Using draws from Pm calculate the respective PI at a given coverage level pCov

Create annother N = 1000 forecasts from P̂m ∼ Poi(λm)
Determine a coverage level cm by checking how many of the N forecasted
values lie within the estimated prediction interval

end
Compute a set of sample statistics from {c1, . . . , cM}

end

in our study we set M = 500 while repeating the entire process S = 200 times. After

having obtained coverage levels we compute the same sample statistics as Homburg et al.

(2021), that is

1. the “average exceedance”: The average amount of exceeding the intended coverage

level pCov, given by the mean of cm − pCov for all cm > pCov.

2. the average coverage given level given by c̄

3. the sample standard deviation of all cm.

The results are given in form of box plots in Fig. C.1.

D Additional Model Checks

To assess weather the spatial structured parameter is even necessary for describing the

data at hand, we computed a measure of spatial association, Geary’s C, for each age

group and time. Results for both males and females can be found in Fig. F.1. Values

diverting from one show spatial association of some form. Fig. F.1 shows a box plot of

all ages groups for each year for both males and females. For every year, we observe a

median value of Geray’s C of below one, denoting positive spatial correlation.

D.1 Posterior Predictive Checks

To test the validity of our model we employed posterior predictive checks. Hereby, we

generated some replicated data denoted yrep

p(yrep|y) =
∫

p(yrep|θ)p (θ|y) dθ.
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Figure C.1: Boxplot with results of the simulation study. The small black points denote
the results of each sample statistic for each iteration by PIs type, while the boxplot is a
summary of those points.

The replicated data is then compared with the observed data to check for systematic

differences. Exemplary results for females using the RH BYM2 model and for males

using the APC BYM2 model are shown in Fig. F.2, respectively Fig. F.3.

Additionally, a test statistic T [y] or T [y,θ] can be defined that is a scalar summary of the

data. Ideally, the test statistic of the original data should lie somewhere in the middle

of the histogram. Discrepancies, that is if the observed data test statistic lies at the

outer ends of the histogram, suggest poor fit because the replicate distribution cannot

reproduce the observed data. Exemplary results for both females and males calculating

the proportion of zeros using the APC BYM2 model are given in Fig. F.4, respectively

Fig. F.5.

D.2 PIT

In addition to posterior predictive checks, the probability integral transform (PIT) may

be used as a diagnostic tool for calibration checks. A version for count data, called

nonrandomized PIT, was proposed by Czado et al. (2009). If the observations of the

held-out data are drawn from our predictive distribution, a desirable situation, the PIT

has a uniform distribution. Hence, we may plot the PIT histogram and check for unifor-

mity. U-shaped histograms indicate underdispersed predictions, while inversely U-shaped

histograms suggest overdispersion.
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After fitting the models on the test data, we can evaluate the PIT histogram of the

predictive distribution. For all models, the PIT histogram showed good calibration. We

also estimated the APC model of Eq. (1) without the overdispersion parameter εx,t,r

and plotted its PIT histogram. As expected, a U-shaped plot was observed suggesting

underdispersion (see Fig. F.6).
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E Additional Tables

Table E.1: Evaluation of out-of-sample forecast for 2015-2017 of female models by Year.
Value in bold denotes best of the column.

Jahr Model Mean Log Mean DSS Mean RPS MAE RMSE Coverage
2015 APC 2.32 2.85 3.18 4.48 11.19 0.83
2015 APC BYM2 2.29 2.80 2.97 4.26 8.74 0.84
2015 RH 2.30 2.82 3.07 4.25 11.80 0.84
2015 RH BYM2 2.28 2.78 2.90 4.11 9.09 0.83
2015 Stacking 2.29 2.80 2.97 4.24 8.74 0.83
2016 APC 2.29 2.84 3.06 4.37 13.88 0.86
2016 APC BYM2 2.26 2.78 2.75 3.97 10.51 0.87
2016 RH 2.30 2.87 3.24 4.54 16.27 0.84
2016 RH BYM2 2.27 2.81 2.94 4.14 12.53 0.84
2016 Stacking 2.25 2.76 2.75 3.96 10.59 0.86
2017 APC 2.34 2.93 3.21 4.60 11.04 0.84
2017 APC BYM2 2.31 2.87 2.96 4.19 9.00 0.85
2017 RH 2.34 2.95 3.34 4.79 14.20 0.84
2017 RH BYM2 2.32 2.89 3.13 4.39 11.70 0.84
2017 Stacking 2.31 2.86 2.94 4.16 9.09 0.84
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Table E.2: Evaluation of out-of-sample forecast for 2015-2017 of males models by Year.
Value in bold denotes best of the column.

Jahr Model Mean Log Mean DSS Mean RPS MAE RMSE Coverage
2015 APC 2.58 3.44 3.44 4.87 11.33 0.83
2015 APC BYM2 2.52 3.31 2.98 4.17 8.43 0.83
2015 RH 2.64 3.66 3.52 4.94 11.16 0.80
2015 RH BYM2 2.60 3.62 3.14 4.35 8.62 0.79
2015 Stacking 2.57 3.49 3.06 4.27 8.49 0.79
2016 APC 2.59 3.47 3.44 4.92 12.02 0.85
2016 APC BYM2 2.55 3.38 2.98 4.18 8.60 0.85
2016 RH 2.80 4.46 3.59 4.97 11.60 0.81
2016 RH BYM2 2.80 4.58 3.16 4.29 8.44 0.80
2016 Stacking 2.68 3.88 3.05 4.23 8.37 0.80
2017 APC 2.59 3.44 3.56 5.06 11.70 0.85
2017 APC BYM2 2.53 3.33 3.04 4.25 8.26 0.87
2017 RH 2.62 3.56 3.61 5.10 11.78 0.81
2017 RH BYM2 2.57 3.47 3.12 4.37 8.39 0.82
2017 Stacking 2.54 3.39 3.04 4.30 8.23 0.82
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F Additional Figures
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Figure F.1: The distribution of Geary’s C values over all age groups by year. Estimates
are given for both females (panel a) and males (panel b). The dashed line at 1 denotes
the value of Geary’s C under spatial independence.
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F.1 Posterior Predictive Checks
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Figure F.2: Replicated vs. observed density of in-sample-values for females . The x-axis
shows the actual value while the y-axis the respective density. Thick darker line denotes
observed, while each light line denotes a realization of the replicated density. The plot is
split along the x-axis for a better overview.
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Figure F.3: Replicated vs. observed density of in-sample values for males. The x-axis
shows the actual value while the y-axis the respective density. Thick darker line denotes
observed, while each light line denotes a realization of the replicated density. The plot is
split along the x-axis for a better overview.

38



21

16 17 18 19 20

11 12 13 14 15

6 7 8 9 10

1 2 3 4 5

0e+003e−046e−04

−0.05 0.00 0.05 −0.05 0.00 0.05 −0.05 0.00 0.05 −0.05 0.00 0.05 −0.05 0.00 0.05

0.005 0.015 0.000 0.004 0.000 0.002 0e+005e−041e−03 0e+003e−046e−04

0.475 0.525 0.45 0.50 0.35 0.40 0.18 0.22 0.04 0.06 0.08

0.25 0.30 0.68 0.72 0.76 0.75 0.80 0.85 0.75 0.80 0.475 0.525 0.575

T = prop_zero
T(yrep)

T(y)

Proportion of Zeros

Figure F.4: Histogram of the test statistic T [y(x)
rep,θ] proportion of zeros, for the repli-

cated data set. The observed data test statistic is given by the vertical line for all age
groups of the APC BYM2 for females.
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Figure F.5: Histogram of the test statistic T [y(x)
rep,θ] proportion of zeros, for the repli-

cated data set. The observed data test statistic is given by the vertical line for all age
groups of the APC BYM2 for males.
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APC with Overdispersion
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Figure F.6: Nonrandomized PIT for probabilistic forecast of APC Model for females
with overdispersion parameter εx,t,r (left) compared with probabilistic forecast of frequen-
tistic APC Model without overdispersion parameter (right).
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F.2 Estimated Life Expectancy
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Figure F.7: Female life expectancy estimates in 2017. Points denote the mean value.
The thick bar denotes the 50% while the thin the 80%- prediction interval
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Figure F.8: Male life expectancy estimates in 2017. Points denote the mean value. The
thick bar denotes the 50% while the thin the 80%- prediction interval
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