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CAUSAL FERMION SYSTEMS AS AN

EFFECTIVE COLLAPSE THEORY

FELIX FINSTER, JOHANNES KLEINER, AND CLAUDIO F. PAGANINI

MAY 2024

Abstract. It is shown that, in the non-relativistic limit, causal fermion systems
give rise to an e ective collapse theory. The nonlinear and stochastic correction
terms to the Schrödinger equation are derived from the causal action principle.
The dynamics of the statistical operator is described by a deterministic equation of
Kossakowski-Lindblad form. Moreover, the quantum state undergoes a dynamical
collapse compatible with the Born rule. The e ective model has similarities with the
continuous spontaneous localization model, but di ers from it by a conservation law
for the probability integral as well as a non-locality in time on a microscopic length
scale ℓmin.
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1. Introduction 

It is one of the most outstanding open problems of contemporary physics to reconcile
the linear dynamics of quantum theory with the reduction of the state vector in a mea-
surement process. Di�erent solutions to this so-called measurement problem have been
proposed, among them Bohmian mechanics [1], the many-worlds interpretation [2],
decoherence [3] and collapse models [4]. Moreover, there are attempts to derive the
state reduction from a pre-quantum theory (see for example [5, 6, 7, 8]). Despite all
these di�erent proposals, a derivation of the state reduction from frst principles is still
lacking. In the present paper, such a derivation is given, taking the theory of causal
fermion systems as the fundamental physical theory. In this theory, the dynamics of
the physical system is described by a novel action principle, the causal action principle.
The resulting dynamical equations are nonlinear. Moreover, the corresponding feld
equations allow for a plethora of solutions, which can best be described stochastically.
Therefore, all the basic ingredients for an e�ective collapse model are already present.
Here we shall work out the resulting e�ects in detail in the non-relativistic limit to
obtain an e�ective collapse model. In this way, the measurement problem is solved
from frst principles starting from a fundamental physical theory.

Collapse theories were introduced more than thirty years ago in order to explain the
collapse of the wave function in the measurement process [9, 10, 11, 12, 13, 14, 15]. The
general concept is to regard the wave function as the fundamental physical object of
the theory, whereas the particle character is a consequence of the dynamical collapse.
The reduction of the wave function is realized by modifying the Schrödinger dynamics
by nonlinear and stochastic terms. The most prominent example is the continuous
spontaneous localization (CSL) model. In the collapse models, the modifcations of the
Schrödinger dynamics are introduced ad hoc. One idea to explain why the collapse
comes about is to consider gravity as being fundamentally classical, and to associate the
nonlinear correction term to the nonlinear coupling of the wave function in Newton’s
law of gravity (see [16, 17, 18, 19] or the more recent approach in [20]). Detailed
introductions to and surveys on collapse models can be found for example [21, 22, 23,
24].

The theory of causal fermion systems is a recent approach to fundamental physics
(see the basics in Section 2, the reviews [25, 26], the textbooks [27, 28] or the web-
site [29]). In this approach, spacetime and all objects therein are described by a
measure ρ on a set F of linear operators on a Hilbert space (H, h.|.iH ). The physical
equations are formulated by means of the so-called causal action principle, a nonlinear
variational principle where an action S is minimized under variations of the measure ρ.
Causal fermion systems allow for the description of generalized “quantum” spacetimes,
which macroscopically look like Minkowski space, but on a microscopic length scale ε 
(which can be identifed with the Planck scale) may have a di�erent, possibly discrete
structure.

The general idea that the causal action principle should incorporate collapse phe-
nomena was frst proposed in [30, Chapter 5]. However, working out the resulting
e�ects quantitatively and in detail became possible only more recently, after having
gained a more complete understanding of the structure of the solutions of the corre-
sponding Euler-Lagrange equations and its linearized version, the so-called linearized
feld equations. Our starting point is the observation in [31] that the causal action
principle does not only allow for classical felds (like electromagnetic or gravitational
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laboratory
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Figure 1. Stochastic felds coupling to the wave function.

waves), but that it gives rise to a multitude of additional felds. The number N of
these felds scales like

ℓmin
N ≃ , (1.1)

ε 
where ℓmin is a physical parameter which lies between the regularization scale ε and
the length scale ℓmacro of macroscopic physics,

ε ≪ ℓmin ≪ ℓmacro . (1.2)

In particular, the number of felds tends to infnity if the regularization length ε tends
to zero. Each of these felds propagates with the speed of light. Intuitively speaking,
these felds can be thought of as being formed of a plethora of electromagnetic felds
coupling to di�erent wave packets and propagating in di�erent directions, each of them
localized on the scale ℓmin. This multitude of felds has far-reaching consequences for
the dynamics of the system. Namely, as worked out in [32], it gives rise to an e�ective
dynamics described by second-quantized felds. Moreover, in the non-relativistic limit,
it gives rise to the stochastic term of collapse models as follows. Suppose we consider a
wave function in a laboratory. Then the laboratory is penetrated by all the felds which
all couple to the wave function (see Figure 1). We drew the speed of light with an angle
smaller than 45 degrees in order to point out that measurements and the collapse of the
wave function typically occur on time scales which are much larger than the size of the
laboratory divided by the speed of light. Describing all these felds stochastically with
Gaussian distributions will give rise to a stochastic correction term to the evolution
equation for the quantum state. In the non-relativistic limit is obtained by taking the
limiting case �t ց 0, the stochastic felds at di�erent times are uncorrelated, giving
rise to Markovian stochastic felds.

In our derivation of the collapse model we also make essential use of the specifc
features of the causal action principle. Most importantly, as already mentioned, it
is nonlinear and the resulting felds can be described stochastically. Moreover, in
causal fermion systems there are Noether-like conservation laws. In particular, current
conservation holds in the sense that the so-called commutator inner product is time
independent (for details see Section 2.3). This means that, despite the complicated
stochastic and nonlinear nature of the interaction, the causal action principle ensures
that the wave function is properly normalized and that its probabilistic interpretation
remains meaningful. This gives a compelling explanation for the fact that, in our
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e�ective collapse model, the nonlinear and the stochastic terms is of the Kossakowski-
Lindblad form. Another essential ingredient to the derivation of collapse is that the
dynamical equations as well as the conserved commutator inner product are nonlocal
in space and time on the scale ℓmin.

We now describe the structure of our e�ective collapse model in some more detail. In
the non-relativistic limit, the dynamics is described by the Schrödinger-type equation

i∂tψ = Hψ (1.3)

where the Hamiltonian is the sum of the free Hamiltonian H0 (being the Dirac Hamil-
~tonian H0 := −iγ0~γ∇ or the Schrödinger Hamiltonian H0 = −�/2m) and a poten-

tial V ,

H = H0 + V . 

This potential is nonlocal in space and time, meaning that it can be written as the
integral operator with nonlocal kernel

ˆ ˆ∞ 
′ ′ (V ψ)(t, ~x) = dt ′ d3y V (t, ~x; t , ~y) ψ(t , ~y) . (1.4)

−∞ R3 

The nonlocal potential is expressed stochastically as

� �

X t + t ′ ′ ′ V (t, ~x; t , ~y) = Mk,a(t, ~x; t , ~y)Wk,a , (1.5)
2

k,a 

where Mk,a are given kernels, and Wk,a are normalized Markovian Gaussian felds, i.e.

≪Wk,α(τ)≫ = 0 and ≪Wk,a(τ)Wl,b(τ ′ )≫ = δ(τ − τ ′ ) δab δkl , (1.6)

where ≪· · ·≫ denotes the statistical mean. Here k ∈ N is a quantum number which
arises when diagonalizing the covariance operator (for details see Section 4.4 and the
proof of Lemma 3.1). An important feature of this setup is that the time t in the
Schrödinger equation (1.3) is in general di�erent from the time τ at which the Gaussian
feld in (1.6) is evaluated. Indeed, the nonlocal potential V in time (1.4) involves
two times t and t ′ which are in general di�erent. According to (1.5), the Gaussian
feld is evaluated at time (t + t ′ )/2. Denoting the di�erence of these two times by ζ,
we get a new parameter which can be treated on the same footing as the labels k 
and a of the Gaussian feld in (1.5). We thus combine all these parameters to a new
parameter { := (k, a, ζ). After doing so, our model is similar to the CSL model,
but still has a di�erent structure. In particular, due to the nonlocality in time, the
evolution for the state cannot be described as a stochastic partial di�erential equation
(for example in the Itô calculus). Instead, the time evolution is described by a nonlocal
Dyson series. The statistical mean of composite expressions and their dynamics can
be computed using the Wick rules for Markovian Gaussian felds (1.6).

At this stage, the subtle question arises which composite expressions are physically
meaningful. Here we must make use of the fact that the scalar product which is
conserved in time and gives rise to the probabilistic interpretation of the wave function
is not the standard L2(R3)-scalar product, but instead the so-called commutator inner
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product h.|.it which is again nonlocal both in space and time
ˆ 

hψ|φit = ψ†(t, ~x)φ(t, ~x) d3x (1.7)

ˆ ˆ ˆ ˆt ∞ 
′ ′ ′ + i dτ d3x dτ d3y ψ(τ, ~x)† V (τ, ~x; τ , ~y) φ(τ , ~y) (1.8)

−∞ R3 t R3 
ˆ ˆ ˆ ˆ∞ t 

′ ′ ′ − i dτ d3x dτ d3y ψ(τ, ~x)† V (τ, ~x; τ , ~y) φ(τ , ~y) , (1.9)
t R3 −∞ R3 

where the dagger is the complex wave function (thus (1.7) is the standard L2-scalar
product, whereas (1.8) and (1.9) are the nonlocal contributions). Consequently, the
statistical operator σt must be formed with respect to this scalar product, i.e.

� �

σtφ (t) := ≪ ψ(t) hψ|φit ≫ , 

(where φ is any wave function chosen independent of the stochastic felds, and ≪· · ·≫ 
again denotes the statistical average). In bra/ket notation, the statistical operator can
be written shorter as

σt = ≪ |ψithψ| ≫ . 
To leading order in the length scale ℓmin, its time evolution is shown to be of the
Kossakowski-Lindblad form

ˆ 
� �

Xdσt 1 � � � �

= −i[H, σt]− K{, [K{ , σt] 1 + O ℓmin kV k ,
dt 2 { 

where K{ are spatial operators formed of the kernels Mk,a in (1.5) (for details see The-
orem 4.1). In order to derive collapse, one must take into account that the commutator
inner product involves the stochastic potential (as is obvious from (1.8) and (1.9)). In
order to get a closer connection to the usual Schrödinger dynamics, we transform to
the standard L2(R3)-scalar product by a nonlocal spatial transformation ψ 7→ ψ̃. The
fact that the nonlocal fuctuating terms in the resulting Hamiltonian do not commute
with the operators describing local measurements is what triggers the collapse (the
detailed mechanism will be worked out in Section 4.6).

Our e�ective collapse model has similarities with the continuous spontaneous local-
ization (CSL) model. A major di�erence is the non-locality of the dynamical equations
and the conserved current in time on the scale ℓmin. Due to this non-locality in time, it
does not seem possible to relate our model directly to the CSL model. Our model gives
rise to a deterministic evolution equation for the statistical operator of Kossakowski-
Lindblad form. It also has the no-signalling property. Similar to the CSL model, our
e�ective model involves two parameters:

◮ The length scale ℓmin in (1.2).
◮ The strength of the stochastic background feld as described by the opera-

tors Mk,a in (1.5).

In contrast to the concept behind the Diosi-Penrose model, in our model it is not the
gravitational feld which triggers the collapse. Instead, the collapse is a collective e�ect
of the multitude of bosonic felds which all couple to the wave functions. We remark
that, as worked out in [32], this multitude of bosonic felds can also be described in
the standard formalism of quantum feld theory by a second-quantized electromag-
netic feld. With this in mind, the collapse is closely related to the electromagnetic
interaction in quantum feld theory.
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We fnally remark that our physical picture is reminiscent and has similarities with
Jürg Fröhlich’s ETH formulation of quantum theory [33, 34, 35, 36, 37]. In simple
terms, the connection can be made as follows. The felds which couple to the collapsing
wave function (as shown in Figure 1) all leave the laboratory after a short time �t.
They carry information on the physical system inside the laboratory. This information
is lost when the felds leave the system. This is very similar to Fröhlich’s principle
of diminishing potentialities. The loss of information is the reason why the e�ective
dynamics is irreversible and not unitary. However, our model also has the major
di�erences to the ETH formulation that the collapse is caused by a nonlocal term in
the evolution equations, rather than by a branching process taking place at the “events”
of the ETH formulation. At present it is unclear how these two mechanisms are related
to each other. A general comparison between structures of the ETH formulation and
causal fermion systems can be found in [38].

The paper is structured as follows. Section 2 provides the necessary background on
causal fermion systems and the causal action principle. After introducing the basic
structure (Section 2.1), we explain how the dynamics can be described with a Dirac
equation involving a nonlocal potential (Section 2.2). Moreover, we explain how the
nonlinearity comes about (Section 2.3). In Section 3 we consider a simplifed model
of a purely spatial nonlocality. This section also introduces the needed concepts from
stochastic analysis and makes the contact to collapse models. As we shall see, this
model is too simple for describing collapse phenomena. In Section 4 we proceed with a
more realistic model which incorporates all the relevant features of the dynamics as de-
scribed by the causal action principle. In the one-particle picture, we consider a Dirac
equation involving a potential which is nonlocal both in space and time (Section 4.1).
After writing the dynamics in the Hamiltonian form (Section 4.2) and transforming to
the standard L2-scalar product in space (Section 4.3), we describe the felds stochas-
tically (Section 4.4) to obtain an e�ective dynamics of Kossakowski-Lindblad form
(Section 4.5). We then derive that the wave function collapses (Section 4.6). Our
results carry over to the Fock space description (Section 4.7). We conclude with a
discussion of the e�ective parameters of the model (Section 4.8) and of the nature of
the nonlinear term (Section 4.9). In Section 5 we give an outlook on the correspond-
ing relativistic collapse model. Finally, the appendix provides detailed computations
needed for taking the non-relativistic limit.

2. Preliminaries 

This section provides the necessary background on causal fermion systems and in-
troduces all the basic structures needed later on.

2.1. A Few Basics on Causal Fermion Systems.

2.1.1. Causal Fermion Systems and the Reduced Causal Action Principle. We now
recall the basic setup and introduce the main objects to be used later on.

Defnition 2.1. (causal fermion systems) Given a separable complex Hilbert space H 
with scalar product h.|.iH and a parameter n ∈ N (the “spin dimension”), we let F ⊂ 
L(H) be the set of all symmetric operators on H of fnite rank, which (counting
multiplicities) have at most n positive and at most n negative eigenvalues. On F we
are given a positive measure ρ (defned on a σ-algebra of subsets of F). We refer
to (H, F, ρ) as a causal fermion system.
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A causal fermion system describes a spacetime together with all structures and
objects therein. In order to single out the physically admissible causal fermion systems,
one must formulate physical equations. To this end, we impose that the measure ρ 
should be a minimizer of the causal action principle, which we now introduce. For
brevity of the presentation, we only consider the reduced causal action principle where
the so-called boundedness constraint has been incorporated by a Lagrange multiplier
term. This simplifcation is no loss of generality, because the resulting EL equations
are the same as for the non-reduced action principle as introduced for example in [27,
Section §1.1.1].

For any x, y ∈ F, the product xy is an operator of rank at most 2n. However, in
general it is no longer a symmetric operator because (xy)∗ = yx, and this is di�erent
from xy unless x and y commute. As a consequence, the eigenvalues of the operator xy 
are in general complex. We denote these eigenvalues counting algebraic multiplici-
ties by λxy , . . . , λxy ∈ C (more specifcally, denoting the rank of xy by k ≤ 2n, we1 2n 
choose λxy , . . . , λxy 

k+1, . . . , λ
xy as all the non-zero eigenvalues and set λxy = 0). Given1 k 2n 

a parameter κ > 0 (which will be kept fxed throughout this paper), we introduce the
κ-Lagrangian and the causal action by

2n 
� �2

� 2n �2
X X1

λxy λxy λxy κ-Lagrangian: L(x, y) = i − j + κ j4n 
i,j=1 j=1

¨ 
causal action: S(ρ) = L(x, y) dρ(x) dρ(y) . 

F×F 

The reduced causal action principle is to minimize S by varying the measure ρ under
the following constraints,

volume constraint: ρ(F) = 1
ˆ 

trace constraint: tr(x) dρ(x) = 1 . 
F 

This variational principle is mathematically well-posed if H is fnite-dimensional. For
a review of the existence theory and the analysis of general properties of minimizing
measures we refer to [28, Chapter 12].

2.1.2. Spacetime, Causal Structure and the Physical Wave Functions. Let ρ be a min-
imizing measure. Spacetime M is defned as the support of this measure,

M := supp ρ ⊂ F . 

the spacetimes points are symmetric linear operators on H. These operators contain
a lot of information which, if interpreted correctly, gives rise to spacetime structures
like causal and metric structures, spinors and interacting felds (for details see [27,
Chapter 1]). Here we restrict attention to those structures needed in what follows. We
begin with a basic notion of causality.

Defnition 2.2. (causal structure) For any x, y ∈ F, the product xy is an operator of
rank at most 2n. We denote its non-trivial eigenvalues (counting algebraic multiplic-
ities) by λxy , . . . , λxy . The points x and y are called spacelike separated if all the λxy 

1 2n j 
have the same absolute value. They are said to be timelike separated if the λxy 

j are all

real and do not all have the same absolute value. In all other cases (i.e. if the λxy 
j are
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not all real and do not all have the same absolute value), the points x and y are said
to be lightlike separated.

Restricting the causal structure of F to M , we get causal relations in spacetime.
Next, for every x ∈ M we defne the spin space SxM by SxM = x(H); it is a

subspace of H of dimension at most 2n. It is endowed with the spin inner product
≺.|.≻x defned by

≺u|v≻x = −hu|xviH (for all u, v ∈ SxM) . (2.1)

A wave function ψ is defned as a function which to every x ∈ M associates a vector
of the corresponding spin space,

ψ : M → H with ψ(x) ∈ SxM for all x ∈ M . (2.2)

It is an important observation that every vector u ∈ H of the Hilbert space gives
rise to a distinguished wave function. In order to obtain this wave function, denoted
by ψu , we simply project the vector u to the corresponding spin spaces,

ψu : M → H , ψu(x) = πxu ∈ SxM . (2.3)

We refer to ψu as the physical wave function of u ∈ H.

2.1.3. The Euler-Lagrange Equations and the Dynamical Wave Equation. We now
state the Euler-Lagrange equations.

Proposition 2.3. Let ρ be a minimizer of the reduced causal action principle. Then
the local trace is constant in spacetime, meaning that

tr(x) = 1 for all x ∈ M . 

Moreover, there are parameters r, s > 0 such that the function ℓ defned by
ˆ 

� �

ℓ : F → R , ℓ(x) := L(x, y) dρ(y)− r tr(x)− 1 − s 
M 

is minimal and vanishes in spacetime, i.e.

ℓ|M ≡ inf ℓ = 0 . (2.4)
F 

For the proof of the EL equations and more details we refer for example to [31]. The
parameter r can be viewed as the Lagrange parameter corresponding to the trace
constraint. Likewise, s is the Lagrange parameter of the volume constraint.

For our purposes, it is most convenient to formulate the EL equations in terms of
the operator Q which we now introduce (for more details see [31, Sections 2 and 3]).
We frst note that the Lagrangian L(x, y) can be expressed in terms of the kernel of
the fermionic projector P (x, y) defned by

P (x, y) := −πxy : SyM → SxM . 

Consequently, the frst variation of the Lagrangian can be expressed in terms of the
frst variation of this kernel. Being real-valued and real-linear in δP (x, y), it can be
written as

� �

δL(x, y) = 2ReTrSxM Q(x, y) δP (x, y)∗ 

(where TrSxM denotes the trace on the spin space SxM) with a kernel Q(x, y) which
is again symmetric (with respect to the spin inner product), i.e.

Q(x, y) : SyM → SxM and Q(x, y)∗ = Q(y, x) . (2.5)
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More details on this method and many computations can be found in [27, Sections 1.4
and 2.6 as well as Chapters 3-5]. Using these formulas, the EL equation (2.4) imply
that the physical wave functions must all satisfy the equation

ˆ 
Q(x, y)ψu(y) dρ(y) = r ψu(x) for all x ∈ M and u ∈ H , 

M 

where r ∈ R is the Lagrange parameter of the trace constraint. This equation is referred
to as the dynamical wave equation. Denoting the integral operator with kernel Q(x, y)
by Q, the dynamical wave equation can be written in the shorter form

Qψu = r ψu for all u ∈ H . (2.6)

Similar to the Dirac equation, the dynamical wave equation can be regarded as a linear
equation for the physical wave functions ψu . But as Q is also formed of the physical
wave function, the dynamical wave equation is indeed nonlinear. The nonlinear cor-
rections will be discussed in more detail in Section 2.3; they will be crucial for getting
a connection to collapse phenomena.

2.1.4. The Conservation Law for the Commutator Inner Product. The connection be-
tween symmetries and conservation laws made by Noether’s theorem extends to causal
fermion systems [39]. However, the conserved quantities of a causal fermion system
have a rather di�erent structure, being formulated in terms of so-called surface layer
integrals. A surface layer integral is a double integral of the form

ˆ �
ˆ �

(· · · ) L(x, y) dρ(y) dρ(x) (2.7)
M\ 

where the two variables x and y are integrated over and its complement, and (· · · )
stands for variational derivatives acting on the Lagrangian. Since in typical appli-
cations, the Lagrangian is small if x and y are far apart, the main contribution to
the surface layer integral is attained when both x and y are near the boundary ∂ .
With this in mind, a surface layer integral can be thought of as a “thickened” surface
integral, where we integrate over a spacetime strip of a certain width. For systems
in Minkowski space as considered here, the length scale of this strip is the Compton
scale m−1. For more details on the concept of a surface layer integral we refer to [28,
Section 9.1].

There are various Noether-like theorems for causal fermion systems, which relate
symmetries to conservation laws (for an overview see [40] or [28, Chapter 9]). The
conserved quantity of relevance here is the commutator inner product (for more details
see [28, Section 9.4] or [39, Section 5] and [41, Section 3]): The causal action principle
is invariant under unitary transformations of the measure ρ, i.e. under transformations

� �

U
−1ρ → Uρ with (Uρ)( ) := ρ U , 

where U is a unitary operator onH and ⊂ F is any measurable subset. The conserved
quantity corresponding to this symmetry is the so-called commutator inner product

�
ˆ ˆ ˆ ˆ �

hψ|φit := −2i dρ(x) dρ(y)− dρ(x) dρ(y) ≺ψ(x) | Q(x, y)φ(y)≻x , (2.8)
M\ M\ 

where ψ, φ are wave functions (2.2), and ⊂ M describes a spacetime region (and the
kernel Q(x, y) as in (2.5)). The set should be thought of as the past of a Cauchy
surface at time t, so that the surface layer integral describes a “thickened” integral
over the Cauchy surface.Then the conservation law states that the commutator inner
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product of any two physical wave functions ψ and φ (as defned by (2.3)) does not
depend on the choice of the Cauchy surface.

2.2. E ective Description by a Nonlocal Dirac Equation. In [31] the EL equa-
tions and linearizations thereof (the so-called linearized feld equations) were studied
in detail for causal fermion systems describing Minkowski space. In this setting, the
abstract structures of a causal fermion system become more concrete, opening the door
for a detailed analysis. We now explain what these fndings mean for the structure of
the dynamical wave equation. For causal fermion systems describing Minkowski space,
the physical wave functions (2.3) can be represented by usual spinorial wave functions
in spacetime. Moreover, the spin inner product (2.1) goes over to the usual pointwise
inner product on Dirac spinors, i.e.

≺ψ|φ≻(x) = ψ(x)φ(x) = ψ(x)†γ0φ(x) , (2.9)

where ψ(x) is sometimes referred to as the adjoint spinor (for more details on the
correspondence of the abstract objects with objects in Minkowski space see [27, Sec-
tion 1.2]). Moreover, in the Minkowski vacuum, the dynamical wave equation (2.6)
reduces to the Dirac equation in Minkowski space

� �

i∂/ − m ψ(x) = 0 , 

where, for ease in notation, the superscript u of the wave function was omitted. In
order to describe an interacting situation, one must insert potentials into the Dirac
equation. It turns out that the EL equations do not allow only for homogeneous
classical felds (like plane electromagnetic waves), but instead for a plethora of felds
coupling to di�erent wave packets propagating in di�erent directions. All these felds
are described by a nonlocal potential B. More precisely, the Dirac equation becomes

� �

i∂/ +B − m ψ = 0 , (2.10)

where B is an integral operator in spacetime with kernel B(x, y), i.e.
ˆ 

� �

Bψ (x) = B(x, y)ψ(y) d4y . (2.11)
M 

This integral operator has the structure

N 
� �

X x + y
B(x, y) = Ba La(y − x) , (2.12)

2
a=1

where Ba() are multiplication operators acting on the spinors and the La are complex-
valued functions. The factors in the nonlocal potential are symmetric in the sense
that

Ba(z)
∗ = Ba(z) and La(ξ) = La(−ξ) (2.13)

(where the star is the adjoint with respect to the spin inner product). The number N 
of these potentials is very large and scales like (1.1) with ℓmin in the range (1.2).
The scale ℓmin also determines the scale of the non-locality of the potential. It is an
important consequence of (2.13) that the nonlocal potential is symmetric, meaning
that

B(x, y)∗ = B(y, x) . (2.14)
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p 

ξ 

−ωmin ℓmin

ϑ 

ϑ 

− 
1

ε 

Figure 2. A homogeneous solution in momentum and position space.

The conserved commutator inner product (2.8) takes the following form
ˆ 

hψ|φit := ≺ψ | γ0 φ≻(t,~x) d
3x (2.15)

ˆ ˆ 
− i d4x d4y ≺ψ(x) | B(x, y)φ(y)≻x (2.16)

x0<t y0>t 
ˆ ˆ 

+ i d4x d4y ≺ψ(x) | B(x, y)φ(y)≻x . (2.17)
x0>t y0<t 

Note that (2.15) is the usual scalar product on Dirac wave functions. The additional
summands (2.16) and (2.17) can be understood as correction terms which take into
account the nonlocality of the potential B in (2.9). The mathematical structure of
these additional terms is that of a surface layer integral, similar as explained for ab-
stract causal fermion systems after (2.7). Making use of the symmetry of the nonlocal
potential (2.14), a straightforward computation shows that current conservation holds
in the sense that the quantity is independent of the time t (for the derivation see [42,
Proposition B.1]).

For the derivation of the collapse model, we will have to specify the form of the
potentials in (2.12). Therefore, we now recall what the analysis in [31] revealed about
these potentials. Considering the kernel La(y−x) as a convolution operator, its Fourier

transform L̂a is a multiplication operator in momentum space. The symmetry property
in (2.13) means that the function L̂a is real-valued. In Figure 2 the functions La and L̂a 
are depicted in a typical example. On the left side, the support of L̂a is shown on the
lower mass shell. Given a parameter ωmin is in the range

π2 1
. ωmin ≤ ,

ℓmin ε 
ˆfor frequencies smaller than −ωmin, the function La is supported inside a cone of

opening angle
1

ϑ = √ . 
ℓmin ωmin

This function is smooth in the sense that its derivatives have the scaling behavior

L̂(p)
Dp L̂(p) . � �p . 

ϑ (ωmin + |ω|)
For frequencies larger than −ωmin, the support of the function L̂a is a bit more spread
out, as is indicated by the light gray region on the left of Figure 2. Taking the
Fourier transform, the corresponding function La can be thought of as a wave packet
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propagating almost with the speed of light localized in space on the scale ℓmin, as is
shown on the right of Figure 2.

Next, the potential Ba(z) in (2.13) is found to be vectorial. Thus it can be written
as

Ba = (Aa)j γ
j (2.18)

with potentials Aa(z) which can be thought of as nonlocal generalizations of an electro-
magnetic potential. In a suitable gauge, they satisfy the homogeneous wave equation
with an error term,

� �

�Aa = O ℓmin D
3Aa , (2.19)

where kD3Aak denotes the third derivatives of Aa. Thus the error term is of the mul-
tiplicative order ℓmin/ℓmacro, where ℓmacro is the length scale on which the potential Aa 
varies. These error terms and their scaling behavior are worked out in detail in [31]. In
this paper it is also shown that the functions La and Aa can be computed iteratively in
an expansion in powers of ℓmin/ℓmacro. Here we do not need the details, but it suÿces
to work with the error term (2.19).

2.3. Incorporating the Nonlinear Coupling. As already pointed out, the EL
equations (2.4) and the dynamical wave equation (2.6) are nonlinear. This nonlin-
earity was studied systematically in [43] in an abstract setting. More concretely, for
causal fermion systems describing Minkowski space, this nonlinearity becomes mani-
fest in the classical feld equations as derived in the continuum limit [27]. One should
keep in mind that, in the continuum limit analysis, one mainly restricts attention to
local potentials like a classical Maxwell or Yang-Mills potential or a classical gravita-
tional feld. For the nonlocal potentials in (2.10) and (2.11), however, the nonlinear
coupling has not yet been worked out in detail. For this reason, we here merely de-
scribe a simple e�ective model, which seems to capture the essence of the nonlinear
coupling. This model is obtained naturally by demanding the nonlinear system to be
of variational form. We begin by noting that the nonlocal Dirac equation (2.10) can
be obtained by varying the wave function ψ in the nonlocal Dirac action

ˆ 
� �

Sψ := ≺ψ(x) | (i∂/ +B − m)ψ(x) ≻ d4x 
M 
ˆ ˆ ˆ 

�

= ≺ψ(x) | (i∂/ − m)ψ(x) ≻ d4x + d4x d4y ≺ψ(x) | B(x, y) ψ(y)≻ . 
M M M 

In order to allow for homogeneous solutions of the form (2.19), we choose the cor-
responding action for each potential Aa as the Maxwell action in the Lorenz gauge,
i.e.

ˆ N 
X1

SA := ∂j (Aa)k ∂
j (Aa)

k d4x , (2.20)
2e M a=1

where e is a corresponding coupling constant. Varying the potentials, we obtain the
nonlocal Maxwell equations

�(Aa)
k = e 2Jk (2.21)a 

where the Ja are the nonlocal Dirac currents
ˆ 

Jk(z) := ≺ψ(x)|γk La(y − x)ψ(y)≻ d4ξ . (2.22)a x=z−ξ/2, y=z+ξ/2
M 

Together with the nonlocal Dirac equation (2.10), we have a system of nonlinear equa-
tions describing the dynamics of the system. Clearly, this method has the shortcoming
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that the error terms in (2.19) are not specifed. Nevertheless, in view of the fact that
these error terms will not be relevant for the analysis in this paper, the nonlinear
system (2.10) and (2.21), (2.22) will be suÿcient for our purposes.

Finally, it is convenient to write the resulting potentials Ba as

= Bhom +Bret , (2.23)Ba a a 

where the potentials Bhom satisfy the homogeneous wave equationa 

�Bhom = 0 ,a 

whereas the potentials Bret are retarded solutions of the inhomogeneous equation, i.e.a 

Ba = γk(Aa)k with (Aa)
k = e 2S∧(Ja

k) , 
where S∧ denotes the retarded Green’s operator of the wave equation.

3. A Model with a Purely Spatial Nonlocality 

Our starting point is the causal fermion system describing Minkowski space mod-
elled e�ectively by the nonlocal Dirac equation (2.10)–(2.12), where the bosonic poten-
tials Ba satisfy the nonlocal Maxwell equation (2.21), (2.22). Our frst task is to take
the non-relativistic limit. Moreover, we need to describe the bosonic background felds
stochastically. In order to explain the concepts step by step, in this section we begin
with the simplest possible setting where we take the non-relativistic limit in a naive
way by replacing the nonlocal potential B by an operator which is nonlocal only in
space. As we shall see, the resulting model is too simple to describe collapse phenom-
ena. Nevertheless, it is a good starting point for developing our methods and getting
a connection to the CSL model. The shortcomings of this model will also serve as the
motivation for the refned model in Section 4 which takes into account the nonlocality
in time and indeed describes collapse and the reduction of the state vector.

3.1. The Nonrelativistic Limit with a Purely Spatial Nonlocality. In order
to get a direct connection to the standard setting of collapse models, we now con-
sider the non-relativistic limit. The simplest approach is to assume that the nonlocal
potential B(x, y) is purely spatial, i.e. that it can be written as

ˆ 
� � � �

(Bψ)(t, ~x) = Bt ~x, ~y ψ t, ~y d3y (3.1)
R3 

with new kernels Bt. Under this simplifying assumption, the nonlocal Dirac equa-
tion (2.10) can be written in the Hamiltonian form

i∂tψ = Hψ , (3.2)

where the Hamiltonian is of the form

H = H0 + Vt (3.3)

~with the standard Dirac Hamiltonian H0 := −iγ0~γ∇ and the spatial operator Vt given
by

ˆ 
� � � � � � �

Vt ψ)(~x) := Vt ~x, ~y ψ ~y d3y with Vt(~x, ~y) := −γ0Bt ~x, ~y . (3.4)
R3 

The symmetry of the nonlocal potential (2.14) means that the kernels Vt(~x, ~y) are
symmetric in the sense that

Vt(~x, ~y)† = Vt(~y, ~x) for all t ∈ R . 
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(where the dagger denotes again transposition and complex conjugation). Note that
the operator Vt may be time dependent, but it is nonlocal only in the spatial variables.

For a purely spatial nonlocal potential the additional terms (2.16) and (2.17) vanish.
Therefore, the commutator inner product reduces to the usual scalar product on the
wave functions at time t, i.e.

ˆ 
hψ|φit = ≺ψ | γ0 φ≻(t, ~x) d3x . (3.5)

R3 

We denote the corresponding Hilbert space by (Ht, h.|.it).
We remark that one could simplify the setting further by taking the non-relativistic

limit of the Dirac equation and disregarding the spin, in which case the Dirac Hamil-
tonian would be replaced by the Schrödinger operator H0 = −�/2m, whereas (3.5)
would go over to the standard scalar product of quantum mechanics

ˆ 
hψ|φit = ψ(t, ~x)φ(t, ~x) d3x . 

R3 

For the following considerations, this simplifcation is not needed. The reader can work
either with the Schrödinger or with the Dirac equation.

Finally, it is convenient to simplify the setting by working in the interaction picture.
To this end, we set

ˇ −itH0 ψ(t) ˇ −itH0 itH0ψ(t) := e and Vt := e Vt e . 

Then the Dirac equation in the Hamiltonian form (3.3) takes the simple form

ˇ ˇ ˇi∂tψ = Vt ψ . (3.6)

From now on, we shall always work in the interaction picture. With this in mind, the
check will be omitted.

3.2. Markovian Gaussian Background Fields. The potentials Vt involve the ple-
thora of potentials Ba. More specifcally, using (2.12) and taking the non-relativistic
limit according to (3.1) and (3.4), we fnd

� �

X ~x + ~y � �

Vt = − γ0Bt,a La ~y − ~x . (3.7)
2

a 

According to (2.23), the potentials Ba can be decomposed into the homogeneous and
the retarded potentials. We now focus on the homogeneous potentials (the retarded
potentials will be considered in Section 3.4 below). These homogeneous potentials
describe background felds which were created at some time in the past and are pene-
trating our measurement device (as shown in Figure 1). Since these background felds
are unknown, we describe each of them stochastically. For simplicity and in order to
get a connection to the familiar setting as considered in [12, 21], we assume that these
stochastic potentials have mean zero and are Gaussian and Markovian, i.e.

≪γ0Bt,a(~x)≫ = 0 (3.8)
� �α � �γ αγ ≪ γ0Bt,a(~x) γ0Bt ′,b(~y) ≫ = δ(t − t ′ ) δab C (t, ~x, ~y) (3.9)

β δ a,βδ 

with covariances Ca. Here the Greek indices are spinorial indices, corresponding to
the fact that the potentials Bt,a are matrix-valued (more precisely, they are vectorial
according to (2.18)). It is useful to simplify the form of the covariance by a change of
basis. Although this procedure is standard, we give the construction in detail.
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Lemma 3.1. There are real-valued Markovian Gaussian felds Wk,a(t) which are in-
dependent and normalized, i.e.

≪Wk,a(t)≫ = 0 and ≪Wk,a(t)Wl,b(t ′ )≫ = δ(t − t ′ ) δab δkl , (3.10)

as well as kernels Mk,a(~x, ~y) which are symmetric in the sense that

Mk,a(~x, ~y)† = Mk,a(~y, ~x) , (3.11)

such that the homogeneous stochastic potential can be written as
X

V homt (~x, ~y) = Mk,a(~x, ~y)Wk,a(t) . (3.12)
k,a 

Proof. Denoting the Hermitian 4× 4-matrices by Symm(C4), we consider the Hilbert
space L2(R3, Symm(C4)) of square integrable functions taking values in the Hermitian
matrices. Given a fxed time t and a ∈ {1, . . . , N}, we consider the covariance as an
integral kernel of an operator on this Hilbert space,

Ca : L
2(R3, Symm(C4)) → L2(R3, Symm(C4))

ˆ 4
X

αγ (CaE)αβ (~x) := Ca,βδ (t, ~x, ~y) Eγ
δ (~y) d3y . 

R3 
γ,δ=1

This operator is positive, because for any matrix-valued function E ∈ L2(R3, Symm(C4))
and any test function η ∈ C∞(R),0

�
ˆ ˆ �2∞ 

� �

0 ≤ ≪ dt η(t) d3x TrC4 E(~x) γ0Bt,a(~x) ≫ 
−∞ R3 

ˆ ˆ ˆ 4∞ 
X

αγ = dt η(t)2 d3x d3y Eα(~x) C (t, ~x, ~y) Eγ
δ (~y)β a,βδ 

−∞ R3 R3 
α,β,γ,δ=1

ˆ ∞ 
= η(t)2 hE, CaEiL2(R3 ,Symm(C4)) dt . 

−∞ 

For technical simplicity, we assume that this operator is compact, making it possible to
choose an orthonormal eigenvector basis denoted by (φk)k∈N (more generally, bounded
or unbounded selfadjoint operators could be treated similarly if one replaced the sum
over k by the integral with respect to the spectral measure; for brevity we here omit
the details). Moreover, the eigenvalues are all non-negative. Leaving out the zero
eigenvalues, we thus obtain a decomposition of the covariance

X

αγ γCa,βδ (t, ~x, ~y) = λk φ
α
k,β(~x) φk,δ(~y) with λk > 0 . (3.13)

k 

Introducing the kernels Mk,a by
� �

p ~x + ~y
(Mk,a)

α
β (~x, ~y) := λk φk,β 

α La(~y − ~x) ,
2

a direct computation using (3.10) and (3.13) shows that
X

γ ′ ≪ (Mk,a)β
α(~x, ~y)Wk,a(t) (Ml,b)δ (~x , ~y ′ )Wl,b(t ′ ) ≫ 

k,l,a,b 

= ≪ (V hom)α y) (V hom γ ′ 
β (~x, ~ ) (~x , ~y ′ ) ≫ ,t t δ 

as desired. �
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We note for clarity that, in the physical applications, the covariances Ca in (3.9)
typically give localizations in space. A simple example which gives a direct connection
to non-relativistic collapse models is to choose

X

αγ γC (t, ~x, ~y) = δα δ (~ (~y) ,a,βδ δ β χUk,a x) χUk,a 

k 

where the Uk,a are disjoint subsets of R
3 describing di�erent spatial regions. In this and

other similar examples, the covariance is not translation invariant. As a consequence,
also the new kernels Mk,a in (3.12) are no longer homogeneous. Thus, in contrast to
the kernels La in (3.7), they do not depend only on the di�erence vector ~y − ~x.

3.3. The Kossakowski-Lindbad Dynamics. We next rewrite the stochastic dy-
namics in the Itô calculus. For the reader not familiar with stochastic calculus, we
recall a few basics (for more details see for example [44]). We take a particular per-
spective which will also be a suitable starting for our later generalization to equations
which are nonlocal in time (see Section 4). The evolution equation (3.6) can be solved
iteratively with the familiar Dyson series,

ˆ ˆt t 
˙ψ(t) = ψ(t0) + ψ(τ) dτ = ψ(t0)− i Vτ ψ(τ) dτ = · · · =

t0 t0 
ˆ ˆ ˆt t τ1 

= ψ(t0)− i dτ Vτ ψ(t0)− dτ1 Vτ1 dτ2 Vτ2 ψ(t0) + · · · . (3.14)
t0 t0 t0 

Using this formula, one can also write down composite expressions like the projec-
tion operator |ψihψ| onto the state. Taking the statistical mean, one gets Gaussian
pairings which involve the covariance of the stochastic feld (basics on Gaussian felds,
the covariance, the Wick rule and resulting Gaussian pairings can be found for ex-
ample in [45, Section 6.2]). Generally speaking, the statistical mean must be taken
at the very end for the expectation value of an observable describing a measurement.
However, doing so is often not convenient, because it would be necessary to express
the expectation value in terms of the Dyson series. The Itô calculus make it possible
to partly take the statistical mean of intermediate expressions by carrying out those
Gaussian pairings inside the expressions, while leaving the stochastic feld for those
potentials which will be paired later outside. In order to explain how this works in our
setting, for notational simplicity, we combine the summation indices k and a to one
index { = (k, a). Then the Schrödinger equation in the interaction picture (3.6) with
a homogeneous stochastic potential given by (3.12) can be written as

X

∂tψ(t) = −iVt ψ(t) with Vt = M{ W{(t) , (3.15)
{ 

where M{ denotes the spatial operator with integral as in (3.12). Similar to the
notation in [21] we set

X X

M · Wt = M{ W{(t) and MM = M{ M{ , 
{ { 

so that (3.15) can be written as

∂tψ(t) = −i M · Wt ψ(t) . 
Likewise, in the Dyson series (3.14) we need to replace Vτ by M · Wτ . When tak-
ing the statistical mean, we must take into account the contribution when the fac-
tor Vτ1 in (3.14) is paired with the factor Vτ2 . According to (3.10) this gives rise
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to a factor δ(τ1 − τ2). As a consequence, the τ -integral in (3.14) drops out. The
fact that τ1 = τ2 corresponds to the upper limit of integration of the second integral
in (3.14) is taken into account by a factor 1/2. This gives the stochastic evolution
equation which in the Itô calculus is written as

� �1
d |ψi = − iM · dWt − MM dt |ψi . 

2
Now one can proceed with the computation of composite expressions. One should keep
in mind to form the inner Gaussian pairings. For example,

� �

d |ψihψ| = −i M |ψihψ| − |ψihψ| M · dWt (3.16)
X1 1− MM |ψihψ| dt − |ψihψ| MM dt + M{ |ψihψ| M{ , (3.17)

2 2
{ 

where the last term arises from a Gaussian pairing between bra and ket. Taking the
statistical mean, we obtain

Xd 1 1≪ |ψihψ| ≫ = − MM |ψihψ| − |ψihψ| MM + M{ |ψihψ| M{
dt 2 2

{ 
h i

X1 � �

= − M{, M{ , |ψihψ| . (3.18)
2

{ 

Taking the trace, we obtain
d ≪ hψ|ψi ≫ = 0 ,
dt 

meaning that current conservation holds (or, equivalently, that the total probability is
conserved) in the statistical mean.

The evolution equation (3.18) also gives rise to a corresponding evolution equation
for the statistical operator denoted by σt,

σt := ≪ ψ(t) ψ(t) ≫ . 
Indeed, by linearity we obtain that

h i

Xdσt 1 � �

= − M{, M{ , σt . 
dt 2

{ 

This is a deterministic evolution equation of Kossakowski-Lindblad form (see [46, 47]).

3.4. Why is there no Collapse? We next verify that the linear stochastic dynamics
does not describe a collapse. To this end, let O be an operator which commutes with
the free Hamiltonian and with the stochastic potentials,

[O,H0] = 0 and [O,M{ ] = 0 for all { . (3.19)

This assumption is motivated by physical situation in mind. Typically, the observ-
able O corresponds to a position measurement, so that the eigenspaces of O are lo-
calized in di�erent spatial regions. Then the vanishing of the above commutators is a
consequence of the locality of the infnitesimal time evolution.

Denoting expectation values by

hOi := hψ|O|ψi , hO2i := hψ|O2|ψi , 
we thus obtain

� �

d ≪ hOi ≫ = tr O d ≪ |ψihψ| ≫ = 0 and d ≪ hO2i ≫ = 0 , (3.20)
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simply because (3.18) is formed of commutators which all vanish in view of (3.19).
The frst equation means that the statistical mean of the expectation value is time
independent, as desired.

In order to detect collapse, we must consider the variance. A direct computation
gives

X

d ≪hO2i − hOi2≫ = hψ|[M{ , O]ψi hψ|[M{ , O]ψi = 0 . (3.21)
{ 

Clearly, from (3.21) we conclude that the variance is time independent, showing that
no collapse takes place.

Note that the term on the right arises from Gaussian pairings between the two
factors in hOi hOi (all the other pairings vanish in view of (3.20)). The commutators
in (3.21) come about because of the second minus sign in (3.16). Therefore, the basic
shortcoming of our ansatz is that the potential V in (3.15) is a symmetric operator, in
agreement with the fact that the scalar product hψ|ψi is conserved. As a consequence,
also all the operators W{ in (3.15) are symmetric. This in turn gives rise to the minus
sign in (3.16) and the commutators in (3.21). As we shall see in the next section, the
situation becomes more interesting if the non-relativistic limit is taken more carefully
by taking into account the nonlocality in time of the potential B.

4. Microscopic Derivation of the Effective Collapse Model 

4.1. A Symmetric Potential Nonlocal in Space and Time. We slightly gener-
alize the setting in Section 3.1 by allowing that the nonlocal potential in (2.12) also
depends on time. We point out that, in contrast to the setting considered in Section 3,
now the nonlocal potential B is also nonlocal in time. This will be crucial for the
following constructions.

4.2. Hamiltonian Formulation. The Dirac equation can again be written in the
Hamiltonian form (3.2). Moreover, the Hamiltonian H can again be decomposed into
the free Hamiltonian and the interaction (3.3). But now the potential V is nonlocal
in time, i.e.

ˆ ∞ 
(V ψ)(t) = V (t, t ′ ) ψ(t ′ ) dt ′ , 

−∞ 

where the kernel V (t, t ′ ) is the spatial operator
ˆ 

� �

′ V (t, t ′ ) : Ht ′ → Ht , (V (t, t ′ )ψ)(~x) = − γ0 B (t, ~x), (t , ~y) ψ(~y) d3y . (4.1)
R3 

Here Ht = L2(R3, C4) is the Hilbert space of square integrable Dirac wave functions
at time t. It is convenient to again work in the interaction picture by setting

−itH0 ψ(t) −itH0 it ′ H0ψ̌(t) := e and V̌ (t, t ′ ) := e V (t, t ′ ) e . 

Then the Dirac equation in the Hamiltonian form takes the simple form
ˆ ∞ 

� �

i∂tψ̌ = V̌ ψ̌ (t) = V̌ (t, t ′ ) ψ̌(t ′ ) dt ′ . (4.2)
−∞ 

From now on, we shall always work in the interaction picture. With this in mind, the
check will be omitted.
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Figure 3. The third-order contribution to the nonlocal Dyson series.

This equation can be solved with the usual Dyson series. However, one must take
into account that the Dyson series is no longer strictly retarded, because the poten-
tial V is nonlocal in time. In more detail, given initial data at time t0,

ˆ t 
˙ψ(t) = ψ(t0) + ψ(τ) dτ 

t0 
ˆ ˆ ˆt t ∞ 

� � � �

= ψ(t0) + − iV ψ (τ) dτ = ψ(t0) + dτ dζ − iV (τ, ζ) ψ(ζ) . 
t0 t0 −∞ 

By applying this equation iteratively, we obtain

ˆ ˆt ∞ 
� �

ψ(t) = ψ(t0) + dτ dζ − iV (τ, ζ) ψ(t0)
t0 −∞ 

ˆ ˆ ˆ ˆt ∞ ζ1 ∞ 
� � � �

+ dτ1 dζ1 − iV (τ1, ζ1) dτ2 dζ2 − iV (τ2, ζ2) ψ(t0)
t0 −∞ t0 −∞ 

+ · · · . (4.3)

We refer to this series as the nonlocal Dyson series. As illustrated in Figure 3.14, the
retardation is violated on the time scale ℓmin. In what follows, we always assume that
the potential B is so small that this perturbation expansion converges. Then, despite
the nonlocality of the evolution equation in time, the Cauchy problem is well-posed.
We thus obtain a time evolution operator

Ut
t 
0 : Ht0 → Ht , ψ(t0) 7→ ψ(t) . 

This time evolution preserves the scalar product h.|.it (which is also nonlocal in time).

4.3. Transformation to the Standard L2-Scalar Product. The solution space
of the Dirac equation (2.10) is endowed with the scalar product (2.15)–(2.17), which
is nonlocal in both space and time. We choose N as the Cauchy surface at time t0.
Taking the completion, we thus obtain the Hilbert space denoted by (Hm, h.|.it). We
now analyze how this scalar product can be related to the usual L2-scalar product at
time t0, which we denote by

ˆ ˆ 
� �

(ψ|φ)t0 := ≺ψ | γ0φ≻(t0, ~x) d3x = ψ†φ (t0, ~x) d3x , 
R3 R3 
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where ψ† is the transposed complex conjugated spinor. Using the notation (4.1), these
two scalar products are related by

ˆ ˆt0 ∞ 
� �

′ hψ|φit0 = (ψ|φ)t0 + i dτ dτ ψ(τ) | V (τ, τ ′ ) φ(τ ′ )
τ 

−∞ t0 
ˆ ∞ ˆ t0 

(4.4)
� �

′ − i dτ dτ ψ(τ) | V (τ, τ ′ ) φ(τ ′ ) .
τ 

t0 −∞ 

Again assuming that the potential V is suÿciently small, these two scalar products
are bounded with respect to each other in the sense that there is a constant C such
that

1
(ψ|ψ)t0 ≤ hψ|ψit0 ≤ C (ψ|ψ)t0 for all ψ ∈ Hm . 

C 
Then we can represent one scalar product with respect to the other. In particular,
there is a bounded symmetric operator St0 ∈ L(Hm) such that

� �

hψ|φit0 = ψ | (1 + St0 )φ for all ψ, φ ∈ Hm . (4.5)
t0 

Moreover, the operator (1 + St0 ) has a bounded inverse.
In what follows, it will sometimes be convenient to work on Hm with the simpler

L2-scalar product (.|.)t0 . This can be arranged by transforming the wave functions at
time t0 according to

p

ψ 7→ ψ̃ := 1 + St0 ψ , (4.6)

so that

hψ|φit0 = (ψ̃|φ̃)t0 . 
In this way, the dependence of the scalar product on the nonlocal potential has been
absorbed into the wave functions. One should keep in mind, however, that the trans-

˜formations from ψ to ψ and vice versa are nonlocal.
Performing the above construction at di�erent times t0, we obtain a family of op-

erators St with t ∈ R. We point out that these operators in general depend on t. We
denote the time evolution of the transformed wave function by

Ũt
t 
0 : L2(R3, C4) → L2(R3, C4) , ψ̃(t0) 7→ ψ̃(t) . 

This time evolution (which is again nonlocal in time) preserves the scalar product (.|.)t.
It is related to the time evolution U t byt0 

� �
1 

� �− 1 
Ũ t 2 U t 2= 1 + St 1 + St0 .t0 t0 

4.4. Markovian Gaussian Background Fields. Following the explanations in the
introduction (shown in Figure 1), we now choose the nonlocal potential more concretely
according to the ansatz (2.12), i.e.

N ˆ 
� �

X t + t ′ ~x + y~ � �

′ (V (t, t ′ )ψ)(~x) = − γ0Ba , La (t , ~y)− (t, ~x) ψ(~y) d3y . 
2 2 R3 

a=1

Similar to (3.8) and (3.9) we again assume that the stochastic potentials have mean
zero and are Gaussian and Markovian, i.e.

≪γ0Ba(t, ~x)≫ = 0 (4.7)
� �α � �γ′ αγ ≪ γ0Ba(t, ~x) β γ0Bb(t , ~y) ≫ = δ(t − t ′ ) δab Ca,βδ (t, ~x, ~y) . (4.8)

δ 
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Proceeding exactly as in Lemma 3.1, we can write the potential as

X

�t + t ′ �
V (t, t ′ ) = Mk,a(t, t ′ )Wk,a (4.9)

2
k,a 

where Wk,a(t) are normalized Gaussian random felds (3.10), and Mk,a(t, t ′ ) are (for
any fxed t and t ′ ) spatial operators with kernels

� �α p

� � � �

′ ′ Mk,a(t, t ′ ) (~x, ~y) := λk φk,β 
α t, t , ~x, ~y La (t , ~y)− (t, ~x) .

β 

In order to keep the setting as simple as possible, we shall consider the case that
the functions φα factor into a product of a function depending on time and a func-k,β 
tion depending on the spatial variables. Moreover, for simplicity we assume that the
covariance is static in the sense that it depends only on the time di�erence, i.e.

� �α � �α′ Mk,a(t, t ′ ) (~x, ~y) = �k,a(t − t) Nk,a (~x, ~y) (4.10)
β β 

with a function � ∈ C0
∞(R) and new, purely spatial kernels Nk,a. In analogy to (3.11),

these kernels are symmetric in the sense that

� �α � �β
�k,a(τ) = �k,a(−τ) and Nk,a (~x, ~y) = Nk,a (~y, ~x) .

β α 

The frst relation means that �k,a(τ) + �k,a(−τ) is real. Moreover, by fipping the
sign of Nk,a we can arrange that this function is non-negative at τ = 0. For simplicity,
we shall assume that this function does not change signs, i.e.

�k,a(τ) + �k,a(−τ) ≥ 0 for all τ ∈ R . (4.11)

Again, this assumption could be weakened considerably and is made for ease of pre-
sentation.

4.5. Derivation of the Kossakowski-Lindblad Dynamics. As explained in Sec-
tion 4.3, the transformed wave function ψ̃ defned by (4.6) has a unitary time evolution
with respect to the standard scalar product. With this in mind, we introduce the cor-
responding density operator σt as the statistical mean of the projection operator to

˜the state ψ(t), i.e.
��

˜ ˜σt := ≪ ψ(t) ψ(t) ≫ . (4.12)

In this section, we prove the following result.

Theorem 4.1. The statistical operator (4.12) satisfes a deterministic equation of the
Kossakowski-Lindblad form

ˆ 
� �

Xdσt 1 � � � �

= −i[H, σt]− K{, [K{ , σt] 1 + O ℓmin kBk . 
dt 2 { 

Here { stands for the combination of parameters
ˆ ˆ 
X X

∞ 
{ = (k, a, ζ) and · · · := dζ · · · . (4.13)

{ −∞ k,a 
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The e ective Hamiltonian takes the form

ˆ ˆ 
X

−ζ 
� �

H = H0 − i Mk,a(t, t + 2ζ),Mk,a(t + ζ + ν, t + ζ − ν) dν (4.14)
{ −∞ 
ˆ ˆ 
X

−ζ 
� �

− i Mk,a(t + 2ζ, t),Mk,a(t + ζ − ν, t + ζ + ν) dν (4.15)
{ −∞ 
ˆ ˆ 
X

ζ �

+ 2i Mk,a(t, t + 2ζ)Mk,a(t + ζ + ν, t + ζ − ν) (4.16)
{ −∞ 

�

− Mk,a(t + ζ − ν, t + ζ + ν)Mk,a(t + 2ζ, t) dν . (4.17)

Moreover, the kernels K{ are given by

r

α(ζ)β(ζ)
K{ := Nkα and (4.18)

2
� � � �

a(ζ) := �k,a (t + 2ζ)− t +�k,a t − (t + 2ζ) (4.19)
ˆ −ζ �

� �

b(ζ) := �k,a (t + ζ − ν)− (t + ζ + ν)
−∞ 

�

� �

+�k,a (t + ζ + ν)− (t + ζ − ν) dν (4.20)

(and Nk,a(~x, ~y) as in (4.10)).

The remainder of this section is devoted to the derivation of this result. We also
make use of the detailed computations worked out in Appendix A. We proceed in
several steps.

4.5.1. Computation of ≪∂tψ≫. In order to explain our methods, we frst explain how
to compute the statistical mean of the time derivative of the untransformed wave
function

≪ ∂tψ(t)≫ . 

To this end, we di�erentiate the nonlocal Dyson series (4.3) to obtain

ˆ ∞d � �

ψ(t) = dζ − iV (t, ζ) ψ(t0)
dt −∞ 

ˆ ˆ ˆ∞ ζ1 ∞ 
� � � �

+ dζ1 − iV (t, ζ1) dτ2 dζ2 − iV (τ2, ζ2) ψ(t0) + · · · , 
−∞ t0 −∞ 

where the dots stand for the higher orders in perturbation theory. Writing the potential
in the form (4.9), we can compute the statistical mean to each order by taking Gaussian
pairings with the help of (3.10). Assuming that ψ(t0) is fxed, we can take it out of
the statistical mean. Clearly, the frst order vanishes because the mean is zero. We
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ψ 
�

t 

t + ζ 

t + 2ζ 

t + ζ + ν 

t + ζ − ν 

X{ Y{ 

Figure 4. Gaussian pairing in ket.

thus obtain
ˆ ˆ ˆ∞ ζ1 ∞ 

d ≪ψ(t)≫ = − dζ1 dτ2 dζ2 ≪V (t, ζ1) V (τ2, ζ2)≫ ψ(t0) + · · · dt 
−∞ t0 −∞ 

ˆ ˆ ˆ∞ ζ1 ∞ � �t + ζ1 τ2 + ζ2
= − dζ1 dτ2 dζ2 δ − 

2 2−∞ −∞ −∞ 
X

× Mk,a(t, ζ1)Mk,a(τ2, ζ2) ψ(t0) + · · · 
k,a 
ˆ ˆ∞ ζ1 X

= −2 dζ1 dτ2 Mk,a(t, ζ1)Mk,a(τ2, t + ζ1 − τ2) ψ(t0) + · · · , (4.21)
−∞ −∞ k,a 

were we omitted the spinorial indices and understand products as matrix products,
i.e.

� �α γMk,a(t1, t2)Mk,a(t3, t4) = (Mk,a)
α
γ (t1, t2) (Mk,a) (t3, t4)β β 

with the Einstein summation convention. Introducing the new integration variables

1 � �

ζ = ζ1 − t , ν = τ2 − t − ζ ,
2

we obtain
ˆ ˆ∞ ζ 

Xd ≪ψ(t)≫ = −4 dζ dν Mk,a(t, t+2ζ)Mk,a(t+ζ +ν, t+ζ −ν)ψ(t0)+ · · · . 
dt −∞ −∞ k,a 

Note that the Gaussian pairing took place at time t + ζ, as is indicated by the dashed
line in Figure 4. The fact that ζ is non-zero refects the nonlocality of the Dirac
equation in time. It is useful to combine the sums over k and a with the integration
over ζ. Introducing the short notation (4.13), we obtain the short formula

ˆ 
Xd ≪ψ(t)≫ = − X{(t)Y{ (t)ψ(t0) + · · · 

dt { 

with spatial operators X{(t) and Y{(t) given by

X{(t) := 2Mk,a(t, t + 2ζ) (4.22)
ˆ ζ 

Y{(t) := 2 Mk,a(t + ζ + ν, t + ζ − ν) dν . (4.23)
−∞ 

These operators are also shown in Figure 4.
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Clearly, proceeding to higher order in perturbation theory, we have more factors V ,
and taking the statistical means gives the sum of all Gaussian pairings of these po-
tentials. But the situation is simplifed considerably by noting that, to leading order
in ℓminkV k, it suÿces to take into account all adjacent pairings, meaning that each
pairing connects two neighboring factors V (an example of non-adjacent pairings is
shown in Figure 6 on page 27). In order not to distract from the main construction
steps, the precise scaling argument will be given in Section 4.5.4 below. Here we sim-
ply use this result, which means that, to every order in perturbation theory, the frst
factor V is paired with the second factor V , exactly as shown in Figure 4. All the
remaining factors V of the Dyson series give precisely ψ(t). Therefore, the dynamical
equation for the statistical mean of ψ(t) is obtained simply by replacing ψ(t0) in (4.21)
by the statistical mean of ψ(t). We thus obtain

ˆ 
Xd ≪ψ(t)≫ = − X{(t)Y{ (t)≪ψ(t)≫ ,

dt { 

which holds up to the error term specifed in Theorem 4.1. For notational simplicity,
we shall omit these error terms in the following computations, noting that they will
be treated systematically in Section 4.5.4.

4.5.2. Computation of ≪|∂tψ)(ψ|≫. Clearly, we do not want to compute the statis-
tical mean of ψ, but the statistical mean of a ket/bra combination like (4.12). In
preparation, we now want to compute the statistical mean of |∂tψ)(ψ|. The general
method is to express both the ket |ψ(t)) and the bra (ψ(t)| as a nonlocal Dyson series.
Taking the statistical mean, we again obtain Gaussian parings, but now also between
a factor V contained in bra and another factor contained in ket. Similar as explained
after (4.23), to leading order in ℓminkV k it suÿces to take into account all adjacent
pairings. But now we must consider the Gaussian paring between the frst factor V in
bra and the frst factor in ket. More precisely, we obtain

ˆ 
�� d X

��

≪ |ψ(t)) (ψ(t)|≫ + X{ (t)Y{(t)≪ ψ(t) ψ(t) ≫ 
dt { 
ˆ ˆ∞ 

X

�� ��

= −i dζ1 ≪ V (t, ζ1)ψ(t) ψ(t) ≫ + X{ (t)Y{(t)≪ ψ(t) ψ(t) ≫ 
−∞ { 

ˆ ˆ ˆ∞ t ∞
(∗) ��

= dζ1 dτ1 dζ2 ≪ V (t, ζ1)ψ(t) ψ(t) V (τ1, ζ2)†≫ 
−∞ −∞ −∞ 
ˆ ˆ ˆ 

X

∞ t ∞ 
= dζ1 dτ1 dζ2

−∞ −∞ −∞ k,a 
� �t + ζ1 τ1 + ζ2× δ − Mk,a(t, ζ1) |ψ)(ψ| Mk,a(τ1, ζ2)

† 
2 2

ˆ ˆ 
X

∞ t 
= 2 dζ1 dτ1 Mk,a(t, ζ1) |ψ)(ψ| Mk,a(τ1, t + ζ1 − τ1)† . (4.24)

−∞ −∞ k,a 

We note for clarity that in (∗), the pairing of V (t, ζ1) with the ket |ψ(t)) as already
computed in (4.21) cancels with the {-sum. Therefore, it remains to take into account
the pairing of V (t, ζ1) with the bra (ψ(t)|.

Introducing the integration variables

1
ζ = (ζ1 − t) , ν = τ1 − t − ζ ,

2
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ψ 
��

ψt 
t + ζ 

t 

t + 2ζ 

t + ζ − ν 

t + ζ + ν 

X{ Z{ 
† 

Figure 5. Gaussian pairing connecting bra and ket.

we obtain
ˆ ˆ 
X

−ζ 
(4.24) = 4 dν Mk,a(t, t + 2ζ) |ψ)(ψ| Mk,a(t + ζ + ν, t + ζ − ν)† 

{ −∞ 
ˆ 
X

= X{ |ψ)(ψ| Z† 
{ 

{ 

with
ˆ −ζ 

Z{ := 2 Mk,a(t + ζ + ν, t + ζ − ν) dν . (4.25)
−∞ 

This is illustrated in Figure 5.

4.5.3. Computation of ∂tσt. In order to complete the computation of ∂tσt, we must
˜analyze the transformed wave functions ψ defned in (4.6). We now outline step by

step how this can be done, referring for the detailed computations to Appendix A. The
frst step is to compute the operator St defned in (4.5). First, from (4.4)

�
ˆ ˆ ˆ ˆ �t ∞ ∞ t 

� � � �

′ ′ ψ | St φ = i dτ dτ − dτ dτ ψ(τ) | V (τ, τ ′ ) ψ(τ ′ ) . 
t τ 

−∞ t t −∞ 

Employing the transformation
� � � �

ψ(τ) | V (τ, τ ′ ) ψ(τ ′ ) = U τ ψ(t) | V (τ, τ ′ ) U τ ′ ψ(t)t tτ τ 
� �

= ψ(t) | (U τ )† V (τ, τ ′ ) U τ ′ ψ(t) ,t t τ 

we conclude that
�
ˆ ˆ ˆ ˆ �t ∞ ∞ t 

′ ′ 
St = i dτ dτ − dτ dτ (U τ )† V (τ, τ ′ ) U τ ′ . (4.26)t t 

−∞ t t −∞ 

˜The next step is to compute ≪∂tψ≫. To this end, we begin with the formula

� � � �

pdψ̃ d d St S2t = 1 + St ψ(t) = ψ(t) + ψ(t)− ψ(t) ,
dt dt dt 2 8

again up to the error terms. Now the time derivative can be computed with the
product rule. To frst order,

ˆ ∞d � �

ψ(t) = dζ − iV (t, ζ) ψ(t)
dt −∞ 

ˆ ˆ∞ ∞ 
′d 

Stψ(t) = i V (t, τ ′ ) ψ(τ ′ ) dτ − i V (τ, t) ψ(t) dτ 
dt −∞ −∞ 

ˆ ∞d d 1 d i � �

˜ ˜ψ(t) = ψ(t) + Stψ(t) = − V (t, ζ) + V (ζ, t) dζ ψ(t) . 
dt dt 2 dt 2 −∞ 
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The higher orders can be computed similarly, as is worked out systematically in Ap-
pendix A. Taking the statistical mean, the Gaussian parings can be computed sim-
ilar as explained in Section 4.5.1. Finally, in order to compute the statistical mean

˜of |∂tψ)(ψ̃|, similar as explained in Section 4.5.2, one must take into account Gaussian
parings between bra and ket.

Collecting all the terms, one ends up with the following deterministic evolution
equation for the statistical operator (4.12),

ˆ 
� �

Xdσt 
= C{ σt + σt C{ 

† +A{ σt B{ +B{ σt A{ ,
dt { 

where A{, B{ and C{ are operators involving Mk,a. Before writing this equation in
more detail, it is useful to simplify it by combining parts of it with the Hamiltonian.
Indeed, transforming the Hamiltonian according to

ˆ 
Xi � �

H0 → H0 − C{ − C† ,{2 { 

we can interpret the last summand as a symmetric deterministic potential in the Dirac
equation. A direct computation yields (for details see Appendix A)

1 � � 1 � � 1 � � 1 1
C{ − C{ 

† = X{ , Z{ + X{ 
† , Z{ 

† − X{ Y{ + Y{ 
† X{ 

† ,
2 4 4 2 2

with X{, Y{ and Z{ given by (4.22), (4.23) and (4.25). The transformed Hamiltonian
can be written in the form (4.14)–(4.17). Modifying the interaction picture by including
this potential, the dynamical equation for σt changes to

ˆ 
� �

Xdσt 1 � � 1 � �

= C{ + C† σt + σt C{ + C† +A{ σt B{ +B{ σt A{ .{ {dt 2 2{ 

A direct computation shows that the operator C{ + C{ 
† can be expressed in terms

of A{ and B{ (for details see Appendix A). We thus obtain
ˆ 

� �dσt X 1 � � 1 � �

= − A{B{ +B{A{ σt − σt A{ B{ +B{A{ +A{ σt B{ +B{ σt A{
dt 2 2{ 

with operators A{ and B{ given by (see also (4.22) and (4.25))

1 � �

A{(t) = X{ (t) +X{ (t)
∗ = Mk,a(t, t + 2ζ) +Mk,a(t + 2ζ, t)

2
1 � �

B{(t) = Z{(t) + Z{(t)
∗ 

2
ˆ −ζ � �

= Mk,a(t + ζ + ν, t + ζ − ν) +Mk,a(t + ζ − ν, t + ζ + ν) dν . 
−∞ 

This can be simplifed further with the help of (4.10). Indeed,

A{ = a(ζ)Nk,a and B{ = b(ζ)Nk,a 

with the functions a(ζ) and b(ζ) as in (4.19) and (4.20). Note that these functions are
non-negative in view of (4.11). We conclude that

ˆ 
dσt X

� �

= − a(ζ) b(ζ) Nk,a, [Nk,a, σt] . 
dt { 

Rescaling the operatorsNk,a according to (4.18) gives the desired Kossakowski-Lindblad
equation.
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∼ ℓmin

Figure 6. Non-adjacent Gaussian pairing.

4.5.4. Scaling of the Error Terms. In order to complete the proof of Theorem 4.1, it
remains to analyze the error terms. As already mentioned after (4.23), when taking
statistical means we must sum over all possible Gaussian pairings. In the previous
calculations we took into account only adjacent pairings. A typical example of a non-
adjacent pairing in the nonlocal Dyson series is shown in Figure 6. Since each pairing
takes place at fxed time, and the Dyson series is causal except for the nonlocality on
the scale ℓmin, one sees that, in this example, all the potentials are evaluated in a time
strip of width ∼ ℓmin. Therefore, all the paired potentials together can be regarded
as one nonlocal potential evaluated at time t; similar as is the case for the paired
potential in Figure 4. Therefore, the scaling of the error term can be obtained simply
by comparing the terms in Figure 6 with those in Figure 4. Clearly, in Figure 6 we have
two more factors B. Moreover, we have two more black dots, each of which corresponds
to a time integral, giving a factor ℓmin. Therefore, the non-adjacent pairing gives an
additional scaling factor ℓ2 kBk2.min

This argument applies similarly to higher order non-adjacent pairings, as well as
to pairings between bra and ket (as shown in Figure 5). We thus conclude that the
non-adjacent pairings can indeed be neglected up to an error of the order

� �

1 + O ℓmin
2 kBk2 . 

This concludes the derivation of Theorem 4.1.

4.6. Reduction of the State Vector. Assume that a state ψ(t) given at time t0 is
evaluated at a later time t1. The question is whether the time evolution has led to a
collapse of the wave function. In order to keep the setting clean and simple, we assume
that the operator St vanishes near the initial and fnal times, as shown in Figure 7, so
that at these times we do not distinguish between the transformed and untransformed
wave functions, i.e.

˜ ˜ψ(t0) = ψ(t0) and ψ(t1) = ψ(t1) . 
˜Consequently, we can consider equivalently the curves ψ(t) or ψ(t). In the study

of the collapse, one usually makes the assumption that the observable O used for the
measurement commutes with the operators which appear in the stochastic Schrödinger
equation. Having a position measurement in mind, this is justifed by the locality
and causality of the time evolution. In our setting, we must keep in mind that the
transformed time evolution ψ̃(t) is not causal, because the operator

√ 
1 + St is nonlocal.

For this reason, in order to get into the position to follow the standard argumentation,
we must consider the untransformed curve ψ(t). Doing so, we are facing the diÿculty
that the norm (ψ(t)|ψ(t)) is no longer conserved. However, fuctuations of the scalar
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t1
St = 0

St = 0
t0

St 6= 0

ψ̃ = ψ = ψres 

ψ̃ = ψ = ψres 

ψ̃ 6= ψ 6= ψres 

Figure 7. Situation for the wave function collapse.

product do not comply with the standard argumentation. For this reason, we rescale
the wave function such as to preserve the norm. We thus consider the curve

1
ψres(t) := c(t) ψ(t) with c(t) := p . 

≪(ψ(t)|ψ(t))≫ 
We point out for clarity that

ψres(t0) = ˜ ψres(t1) = ˜ψ(t0) and ψ(t1) . (4.27)

Therefore, considering the curve ψres(t) does not change the initial or end state. Choos-
˜ing the curve ψres(t) over ψ(t) is a matter of convenience, having the advantage that

the corresponding dynamical equations can be studied similar as the CSL model.
Let us work out the corresponding dynamical equations. We begin by computing

the change of the L2-norm,

d ≪(ψ|ψ)≫ = ≪(∂tψ|ψ) + (ψ|∂tψ)≫ 
dt 

ˆ 
X

� �

= ψ (−X{Y{ − Y †X{ 
† + Z† X{ +X† Z{)ψ .{ { { 

{ 

Consequently, the statistical operator of the rescaled wave function has the following

− X{ Y{|ψ)(ψ| − |ψ)(ψ|Y{ 
†X{ 

† +X{ |ψ)(ψ|Z{ 
† + Z{|ψ)(ψ|X† 

dynamics,

d ≪|ψres(t))(ψres(t)|≫ =
dt 

d |ψ)(ψ|≪ ≫ 
dt ≪(ψ|ψ)≫ 

ˆ 
1 X

� �

= {≪(ψ|ψ)≫ { 
ˆ 
X1 � �

− ψ (−X{ Y{ − Y †X{ 
† + Z† X{ +X† Z{)ψ |ψ)(ψ| . (4.28){ { {≪(ψ|ψ)≫2

{ 

Now we need to assume that the observable O commutes with all the operators and
that

ˆ 
X

(−X{ Y{ − Y †X{ 
† + Z† X{ +X† Z{) ∼ 1 . (4.29){ { { 

{ 
These assumptions can be justifed as follows. The assumption that the observable
commutes with the operators describing the dynamics is usually justifed by considering
position measurements and using the locality of the interaction. This argument also
applies in our setting, provided that the length scale for the position measurement
(like for example the distance of neighboring photo-diodes in the measurement device)
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is much larger than the length scale ℓmin. With the same argumentation, one obtains
that the sum of the operators in (4.29) can be treated by a local operator (again on the
length scale of the measurement device which is assumed to be much larger than ℓmin.
Assuming that the averages over the fuctuating felds as taken in (4.29) are spatially
homogeneous, this local operator is indeed a multiple of the identity.

Using these assumptions in (4.28), we conclude that

d ≪(ψres | O ψres)≫ = 0 . (4.30)
dt 

Integrating this equation from t0 to t1 and using (4.27), we conclude that

≪(ψ̃(t1) | O ψ̃(t1))≫ = ≪(ψ̃(t0) | O ψ̃(t0))≫ . 

This means that, as desired, the statistical mean of the expectation value remains
preserved in the reduction process.

We next consider how the variance changes. We frst note that (4.30) also holds for
the square of the observable,

d ≪(ψres | O2 ψres)≫ = 0 . 
dt 

However, in the evolution equation of the variance, we must take into account Gaussian
pairings between the two expectation values. A straightforward computation similar
to that in Section 4.5.2 gives

d ≪(ψres | O2 ψres)− (ψres | O ψres)2≫ 
dt 
= −4Re ≪(ψres | O ∂tψres) (∂tψ

res | O ψres)≫ (4.31)
ˆ 

� �

X

= −4 (ψ | O (X{ − X{ 
† )ψ) (ψ|ψ) − (ψ | Oψ) (ψ | (X{ − X{ 

† )ψ)
{ 

� �

× (ψ | O (Z{ − Z{ 
† )ψ) (ψ|ψ) − (ψ | Oψ) (ψ | (Z{ − Z{ 

† )ψ) . (4.32)

It is clear from (4.31) that this expression is smaller or equal to zero. Moreover, one
sees from (4.32) that the expression is in general non-zero unless ψ is an eigenstate
of O. This shows that a collapse takes place and proves the Born rule.

4.7. Description with Fock Spaces. For the sake of simplicity, so far we considered
the one-particle Dirac or Schrödinger equations. But causal fermion systems can also
be described in the language of quantum feld theory in terms of states on bosonic and
fermionic Fock spaces (see [48, 49, 50]). In this setting, the stochastic dynamics and
nonlinear dynamics is formulated in the standard way with creation and annihilation
operators, giving agreement with the standard formulation of CSL models. We note
that, as worked out in detail [32], the formulation of the dynamics with a nonlocal
potential in the Dirac equation (2.10) can be related directly to a quantum dynamics
in Fock spaces. In order to analyze the collapse of a many-particle wave function, it
suÿces to consider a q-particle Hartree-Fock state

= ψ1 ∧ · · · ∧ ψq . (4.33)

The dynamics of each one-particle wave function is described by the nonlocal Dirac
equation. Following the standard argument in collapse theory, the many-particle wave
function collapses once one of the one-particle wave functions does. In this way, collapse
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phenomena are predominant for mesoscopic and macroscopic systems. This explains
why our macroscopic world behaves classically.

4.8. Parameters of the E ective Collapse Model. The model involves the fol-
lowing free parameters:

◮ The length scale ℓmin (see (1.2)). Equivalently, the number N of felds (see (1.1)).
◮ The strength of the stochastic feld as described by the covariance.

The same parameters come into play in the quantum feld theory limit of causal fermion
systems as obtained in [32]. We hope that exploring these connections further will give
constraints for the above parameters.

4.9. How Does the Nonlinearity Enter? Clearly, the nonlinearity of the dynamics
is crucial for the collapse of the wave function. Despite this fact, in our above derivation
of the e�ective collapse model in Section 4, we did not need to specify the structure and
strength of the nonlinear coupling. One way of understanding how this comes about
is to note that we made essential use of the conservation law for the commutator inner
product. This conservation law holds only because the nonlinearity of the dynamics
as described by the causal action principle guarantees that this conservation law is
respected. In our e�ective description with the nonlocal Dirac equation, this enters by
the assumption that the potential is symmetric (2.14). But one should keep in mind
this symmetric potential comes about on the level of the causal action principle by a
complicated nonlinear interaction of all one-particle wave functions.

Nevertheless, it is an important question to describe the nonlinearity more specif-
cally. We see two alternative methods for doing so. One is to work with the nonlinear
coupling as described by the nonlocal Maxwell equations (2.21). This method has the
advantage that it can be used for a quantitative analysis. However, one should keep in
mind that adding the Maxwell action (2.20) is only an approximate description, which
does not take into account e�ects due to the non-smoothness and possibly discreteness
of spacetime. A systematic study of all these e�ects goes beyond the scope of this
article. An alternative, more conceptual way of understanding the nonlocality is to
note that, in the causal fermion system description, the one-particle wave functions
also describe the bosonic felds. This statement is made precise by the construction of
the quantum state in [48], which acts on an observable algebra involving both bosonic
and fermionic feld operators. In order to explain the idea in the simplest possible
setting, we return to the Hartree-Fock state (4.33). Here the bosonic potentials are
encoded in the wave functions ψ1, . . . , ψq in the sense that the potential B in the Dirac
equation (2.10) is determined uniquely by the condition that all the wave functions sat-
isfy this Dirac equation. Having this picture in mind, the potential B depends on the
Hartree-Fock state. Consequently, the Dirac equation by itself describes a nonlinear
dynamics on the Fock state.

5. Outlook: The Relativistic Model 

Since causal fermion systems incorporate the principle of causality and the equiv-
alence principle (for details see for example [28, Section 5.9]), it should also give rise
to a relativistic collapse model. However, this relativistic model will be considerably
more involved. We plan to work out the details separately in [51]. Here we merely
make a few remarks. The main simplifcation when taking the non-relativistic limit is
that it becomes possible with equal-time relations like in the Markov property (4.8).
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In the relativistic setting, these equal-time relations must be replaced by relations stat-
ing that the stochastic feld propagates with the speed of light. In other words, these
relations should involve the bosonic causal propagator. When doing so, the treatment
becomes relativistic in the sense that the Dirac equation and the equations describing
the dynamics of the bosonic felds are covariant. However, the stochastic background
feld itself will not be covariant. This is already obvious from the ansatz (2.12), where
the kernels La(y − x) break Lorentz invariance. Our concept is that these stochastic
background felds originate from the early universe and/or are generated by the matter
on earth and of the surrounding stars and galaxies. With this in mind, it is obvious
and natural that Lorentz invariance is broken by these felds.

Working out the relativistic collapse model should also give a better and more de-
tailed understanding for the locality assumptions used in our derivation of the collapse
mechanism. In particular, in the relativistic setting the identity operator in (4.29)
should be replaced by an operator which is causal with strong decay properties in
lightlike directions, up to nonlocal corrections on the scale ℓmin which break Lorentz
invariance.

Appendix A. Detailed Computation of the Gaussian Pairings 

In this appendix we provide details of the computations in Section 4.5.

A.1. Computation of ≪|∂tStψ)≫. We frst derive the evolution equation for ψ̃.
Di�erentiating (4.6) and using (4.2) gives

�

pd d �p �

�

p

ψ̃ = 1 + St ψ(t) = ∂t 1 + St ψ(t) + 1 + St ∂tψ(t)
dt dt 

ˆ 
� � ∞ 

p

� �− 1 p

� �− 1 
2 ˜ 2 ˜= ∂t 1 + St 1 + St ψ(t)− i 1 + St V (t, τ) 1 + Sτ ψ(τ) dτ . (A.1)

−∞ 

The operator St involves a factor of V (see (4.5)). Moreover, because of the fac-
tor V (t, τ), we know that |t − τ | . ℓmin. Therefore, the scaling argument explained in
Section 4.5.4 again applies, making it possible to expand in powers of St and Sτ up to
second order in these operators. We begin with the linear terms, whereas the terms
quadratic in these operators will be considered in Sections A.4 and A.5. Our starting
point is the formula (4.26) for St. Multiplying by ψ(t) and di�erentiating with respect
to t gives

�
ˆ ˆ ˆ ˆ �t ∞ ∞ t 

′ ′ 
Stψ(t) = i dτ dτ − dτ dτ (U τ )† V (τ, τ ′ ) ψ(τ ′ )t 

−∞ t t −∞ 
�
ˆ ˆ ˆ ˆ �

ˆt ∞ ∞ t ∞ 
′ ′d 

Stψ(t) = i dτ dτ − dτ dτ dζ (−i)V (t, ζ)† (Uζ
τ )† V (τ, τ ′ ) ψ(τ ′ )

dt −∞ t t −∞ −∞ 
ˆ ˆ∞ ∞ 

′ + i V (t, τ ′ ) ψ(τ ′ ) dτ − i (U τ )† V (τ, t) ψ(t) dτ .t 
−∞ −∞ 
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Taking the statistical mean and again restricting attention to adjacent parings, we
obtain

d ≪ Stψ(t)≫ 
dt 
�
ˆ ˆ ˆ ˆ �

ˆt ∞ ∞ t ∞ 
′ ′ = dτ dτ − dτ dτ dζ2 ≪V (t, ζ2)† V (τ, τ ′ )≫ ψ̃(t) (A.2)

−∞ t t −∞ −∞ 
ˆ ˆ ˆ∞ ζ1 ∞ 

+ dζ1 dτ2 dζ2 ≪V (t, ζ1) V (τ2, ζ2)≫ ψ̃(t) (A.3)
−∞ −∞ ∞ 
ˆ ˆ ˆ∞ t ∞ 

− dζ1 dτ2 dζ2 ≪V (ζ1, t) V (τ2, ζ2)≫ ψ̃(t) (A.4)
−∞ −∞ ∞ 
ˆ ˆ ˆ∞ ζ1 ∞ 

+ dζ1 dτ1 dζ2 ≪V (τ1, ζ2)† V (ζ1, t)≫ ψ̃(t) , (A.5)
−∞ t −∞ 

again up to error terms as specifed in Theorem 4.1. Here we could replace the fac-
tors ψ(τ ′ ) and ψ(t) on the right by a factor ψ̃(t) using that we are considering the
linear term of the expansion of (A.1) in powers of St and Sτ .

The term (A.2) can be computed as follows,
�
ˆ ˆ ˆ ˆ �

ˆ 
X

t ∞ ∞ t ∞ 
′ ′ (A.2) = dτ dτ − dτ dτ dζ2

−∞ t t −∞ −∞ k,a 
� ′ �t + ζ2 τ + τ × δ − Mk,a(t, ζ2)† Mk,a(τ, τ ′ ) ψ̃(t)

2 2
�
ˆ ˆ ˆ ˆ �

X

t ∞ ∞ t 
′ ′ ′ = 2 dτ dτ − dτ dτ Mk,a(t, τ + τ − t)† Mk,a(τ, τ ′ ) ψ̃(t) . 

−∞ t t −∞ k,a 

Introducing the integration variables

′ ′ τ + τ τ − τ 
ζ = − t , ν = ,

2 2

we obtain
ˆ ˆ 
X

(A.2) = −4 ǫ(ν)Mk,a(t, t + 2ζ)† Mk,a(t + ζ + ν, t + ζ − ν) ψ̃(t) dν . 
{ R\[−|ζ|,|ζ|]

The terms (A.3) and (A.4) can be computed as follows,

(A.3) + (A.4)
ˆ ˆ ˆ∞ ∞ ∞ 

= dζ1 dτ2 dζ2
−∞ −∞ ∞ 

� �

×≪ V (t, ζ1) �(ζ1 − τ2)− V (ζ1, t) �(t − τ2 V (τ2, ζ2)≫ ψ̃(t)
ˆ ˆ ˆ∞ ζ1 ∞ 

� �

+ dζ1 dτ2 dζ2 ≪ V (t, ζ1)− V (ζ1, t) V (τ2, ζ2)≫ ψ̃(t)
−∞ −∞ ∞ 
ˆ ˆ ˆ 

X

∞ ∞ ∞ � �t + ζ1 τ2 + ζ2
= dζ1 dτ2 dζ2 δ − 

2 2−∞ −∞ ∞k,a 
� �

× Mk,a(t, ζ1) �(ζ1 − τ2)− Mk,a(ζ1, t) �(t − τ2) Mk,a(τ2, ζ2) ψ̃(t)
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ˆ ˆ 
X

∞ ∞ 
� �

= 2 dζ1 dτ2 Mk,a(t, ζ1) �(ζ1 − τ2)− Mk,a(ζ1, t) �(t − τ2)
−∞ −∞ k,a 

× Mk,a(τ2, t + ζ1 − τ2) ψ̃(t) . 

Introducing the integration variables

1 � �

ζ = ζ1 − t , ν = τ2 − t − ζ ,
2

we obtain
ˆ ˆ 
X

ζ 
(A.3) + (A.4) = 4 Mk,a(t, t + 2ζ)Mk,a(t + ζ + ν, t + ζ − ν) dν . 

{ −ζ 

The term (A.5) can be computed as follows,
ˆ ˆ ˆ∞ ζ1 ∞ 

X

(A.5) = dζ1 dτ1 dζ2
−∞ t −∞ k,a 
� �(τ1 + ζ2 ζ1 + t × δ − Mk,a(τ1, ζ2)

† Mk,a(ζ1, t) ψ̃(t)
2 2

ˆ ˆ 
X

∞ ζ1 

= 2 dζ1 dτ1 Mk,a(τ1, ζ1 + t − τ1)† Mk,a(ζ1, t) ψ̃(t) . 
−∞ tk,a 

Introducing the integration variables

ζ1 − t 
ζ = , ν = t1 − t − ζ ,

2

we obtain
ˆ ˆ 
X

ζ 
(A.5) = 4 dν Mk,a(t + ζ + ν, t + ζ − ν)† Mk,a(t + 2ζ, t) ψ̃(t) . 

{ −ζ 

A.2. Computation of ≪|∂tStψ)(ψ|≫. In this and the next section we compute the
contributions linear in St with a Gaussian pairing between bra and ket.

� �� d � d ≪ |Stψ(t)) (ψ(t)|≫ −≪ |Stψ) ≫ (ψ(t)|
dt dt 
ˆ ∞ 

� �

= i dτ1 ≪ V (t, τ1)− V (τ1, t) |ψ(t))(ψ(t)|≫ 
−∞ 
ˆ ˆ ˆ∞ t ∞ 

� �

= − dτ1 dτ2 dζ2 ≪ V (t, τ1)− V (τ1, t) |ψ)(ψ| V (τ2, ζ2)†≫ 
−∞ −∞ −∞ 
ˆ ˆ ˆ 

X

∞ t ∞ 
= − dτ1 dτ2 dζ2

−∞ −∞ −∞ k,a 
� �t + τ1 τ2 + ζ2 � �

× δ − Mk,a(t, τ1)− Mk,a(τ1, t) |ψ)(ψ| Mk,a(τ2, ζ2)
†≫ 

2 2
ˆ ˆ 

X

∞ t 
= −2 dτ1 dτ2

−∞ −∞ k,a 
� �

× Mk,a(t, τ1)− Mk,a(τ1, t) Mk,a(τ2, t + τ1 − τ2)†≫ . (A.6)
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Introducing the integration variables

1
ζ = (τ1 − t) , ν = τ2 − t + ζ ,

2
we obtain

ˆ ˆ 
X

−ζ 
� �

(A.6) = −4 dν Mk,a(t, t + 2ζ)− Mk,a(t + 2ζ, t)
{ −∞ 

× |ψ)(ψ| Mk,a(t + ζ + ν, t + ζ − ν)† 

A.3. Computation of ≪|∂tψ)(Stψ|≫.
� �� d � d ≪ |ψ(t)) (Stψ(t)|≫ −≪ |ψ) ≫ (Stψ(t)|

dt dt 
ˆ ∞ 

��

= −i dζ1 ≪ V (t, ζ1)ψ(t) Stψ(t) ≫ 
−∞ 
ˆ �

ˆ ˆ ˆ ˆ �∞ t ∞ ∞ t 
′ ′ = − dζ1 dτ dτ − dτ dτ ≪V (t, ζ1) |ψ)(ψ| V (τ, τ ′ )†≫ 

−∞ −∞ t t −∞ 
ˆ �

ˆ ˆ ˆ ˆ �

X

∞ t ∞ ∞ t 
′ ′ = − dζ1 dτ dτ − dτ dτ 

−∞ −∞ t t −∞ k,a 
� t + ζ1 τ + τ ′ � ′ )†× δ − Mk,a(t, ζ1) |ψ)(ψ| Mk,a(τ, τ 

2 2
�
ˆ ˆ ˆ ˆ �

X

t ∞ ∞ t 
′ ′ ′ ′ )† = −2 dτ dτ − dτ dτ Mk,a(t, τ + τ − t) |ψ)(ψ| Mk,a(τ, τ . (A.7)

−∞ t t −∞ k,a 

Introducing the integration variables

ζ =
1
(τ + τ ′ )− t , ν =

1
(τ − τ ′ ) ,

2 2
we obtain

ˆ ˆ 
X

(A.7) = 4 ǫ(ν)Mk,a(t, t + 2ζ)
{ R\[−|ζ|,|ζ|]

× |ψ)(ψ| Mk,a(t + ζ + ν, t + ζ − ν)† 

A.4. Computation of ≪|∂tStψ)(Stψ|≫. In the remaining two sections we consider
the contributions involving two factors St.

� �� d � d ≪ |Stψ(t)) (Stψ(t)|≫ −≪ |Stψ) ≫ (Stψ(t)|
dt dt 
ˆ ∞ 

� �

= i dτ1 ≪ V (t, τ1)− V (τ1, t) |ψ(t))(Stψ(t)|≫ 
−∞ 

ˆ �
ˆ ˆ ˆ ˆ �∞ t ∞ ∞ t 

′ ′ = dτ1 dτ dτ − dτ dτ 
−∞ −∞ t t −∞ 

� �

×≪ V (t, τ1)− V (τ1, t) |ψ)(ψ| V (τ, τ ′ )†≫ 
ˆ �

ˆ ˆ ˆ ˆ �

X

∞ t ∞ ∞ t 
′ ′ = dτ1 dτ dτ − dτ dτ 

−∞ −∞ t t −∞ k,a 
� t + τ1

′ �τ + τ � �

′ )†× δ − Mk,a(t, τ1)− Mk,a(τ1, t) |ψ)(ψ| Mk,a(τ, τ 
2 2
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�
ˆ ˆ ˆ ˆ �

X

t ∞ ∞ t 
′ ′ = 2 dτ dτ − dτ dτ 

−∞ t t −∞ k,a 
� �

′ ′ ′ )†× Mk,a(t, τ + τ − t)− Mk,a(τ + τ − t, t) |ψ)(ψ| Mk,a(τ, τ . (A.8)

Introducing the integration variables
′ 1 τ − τ 

ζ = (τ + τ ′ ) , ν = ,
2 2

we obtain
ˆ ˆ 
X

� �

(A.8) = 4 ǫ(ν) Mk,a(t, t + 2ζ)− Mk,a(t + 2ζ, t)
{ R\[−|ζ|,|ζ|]

× |ψ)(ψ| Mk,a(t + ζ − ν, t + ζ + ν)† dν 

A.5. Computation of ≪∂tS
2≫.t 

d � �† 
S
2 ˙ ˙ ˙ ˙= St St + St St = St St + St St . 

dt t 

Using (4.26),
�
ˆ ˆ ˆ ˆ �t ∞ ∞ t 

˙≪StSt≫ = ≪− dτ1 dτ2− dτ1 dτ2 V (τ1, τ2)
−∞ t t −∞ 

� �
ˆ ˆ ˆ ˆ � �t ∞ ∞ t 

′ ′ × 
d 

dτ dτ − dτ dτ V (τ, τ ′ ) > 
dt −∞ t t −∞ 

�
ˆ ˆ ˆ ˆ �

ˆt ∞ ∞ t ∞ 
′ = − dτ1 dτ2− dτ1 dτ2 dτ ≪V (τ1, τ2)V (t, τ ′ )≫ 

−∞ t t −∞ −∞ 
�
ˆ ˆ ˆ ˆ �

ˆt ∞ ∞ t ∞ 
+ dτ1 dτ2− dτ1 dτ2 dτ ≪V (τ1, τ2)V (τ, t)≫ 

−∞ t t −∞ −∞ 
�
ˆ ˆ ˆ ˆ �

ˆt ∞ ∞ t ∞ 
� �

= − dτ1 dτ2− dτ1 dτ2 dτ ≪V (τ1, τ2) V (t, τ) − V (τ, t) ≫ 
−∞ t t −∞ −∞ 
�
ˆ ˆ ˆ ˆ �

ˆ 
X

t ∞ ∞ t ∞ 
= − dτ1 dτ2− dτ1 dτ2 dτ 

−∞ t t −∞ −∞ k,a 
� �t + τ τ1 + τ2 � �

× δ − Mk,a(τ1, τ2) Mk,a(t, τ)− Mk,a(τ, t)
2 2

�
ˆ ˆ ˆ ˆ �

X

t ∞ ∞ t 
= −2 dτ1 dτ2− dτ1 dτ2

−∞ t t −∞ k,a 
� �

× Mk,a(τ1, τ2) Mk,a(t, τ1 + τ2 − t)− Mk,a(τ1 + τ2 − t, t) . (A.9)

Introducing the integration variables
′ τ1 + τ2 τ − τ 

ζ = − t , ν = ,
2 2

we obtain
ˆ ˆ 
X

(A.9) = 4 ǫ(ν)Mk,a(t + ζ + ν, t + ζ − ν)
{ R\[−|ζ|,|ζ|]

� �

× Mk,a(t, t + 2ζ)− Mk,a(t + 2ζ, t) dν 
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[1] D. Dürr and S. Teufel. Bohmian Mechanics. Springer-Verlag, Dordrecht, Heidelberg, London,

New York, 2009.
[2] B. De Witt and N. Graham. The Many-Worlds Interpretation of Quantum Mechanics. Princeton

Series in Physics. Princeton University Press, NJ, 1973.
[3] E. Joos, H.D. Zeh, C. Kiefer, D. Giulini, J. Kupsch, and I.-O. Stamatescu. Decoherence and the

Appearance of a Classical World in Quantum Theory. Springer-Verlag, Berlin, second edition,
2003.

[4] S. Gao. Collapse of the Wave Function: Models, Ontology, Origin, and Implications. Cambridge
University Press, NY, 2018.

[5] G. ’t Hooft. Emergent quantum mechanics and emergent symmetries. In arXiv:0707.4568 [hep-
th], in Particles, Strings, and Cosmology, volume 957 of AIP Conf. Proc., pages 154–163. Amer.
Inst. Phys., Melville, NY, 2007.

[6] G. ’t Hooft. How a wave function can collapse without violating Schrödinger’s equation, and how
to understand Born’s rule. arXiv:1112.1811[quant-ph], ITP-UU-11/43, SPIN-11/34, 2011.

[7] A. Khrennikov. Prequantum classical statistical feld theory—PCSFT. In Quantum theory: Re-
consideration of foundations—4, volume 962 of AIP Conf. Proc., pages 118–120. Amer. Inst.
Phys., Melville, NY, 2007.

[8] A. Khrennikov. Measurement problem: from De Broglie to theory of classical random felds
interacting with threshold detectors. arXiv:1301.0011 [quant-ph], Journal of Physics: Conference
Series, 442(1):012011, 2013.
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[20] M. Lulli, A. Marcianò, and K. Piscicchia. Stochastic Ricci fow dynamics of the gravitationally
induced wave-function collapse. arXiv:2307.10136 [gr-qc], 2023.

[21] A. Bassi and G. Ghirardi. Dynamical reduction models. arXiv:quant-ph/0302164, Phys. Rep.,
379(5-6):257–426, 2003.

[22] P. Pearle. How stands collapse. I. J. Phys. A: Math. Theor., 40(12):3189–3204, 2007.



�

37CAUSAL FERMION SYSTEMS AS AN EFFECTIVE COLLAPSE THEORY

[23] A. Bassi, K. Lochan, S. Satin, T.P. Singh, and H. Ulbricht. Models of wave-function collapse,
underlying theories, and experimental tests. Rev. Mod. Phys., 85:471–527, 2013.
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[33] J. Fröhlich. A brief review of the “ETH-approach to quantum mechanics”. arXiv:1905.06603
[quant-ph], Frontiers in Analysis and Probability, pages 21–45, 2020.
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