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Abstract. We investigate the performance of a LRU cache replacement
policy. Regarding the hit and miss ratios of Zipf-distributed frequencies of
object requests in a cascade of LRU caches, new explicit, computationally
tractable formulae are derived.
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1 Modeling LRU Cache Trees

Following Che et al. [3] and Fricker et al. [4], we consider a hierarchical cascade
of LRU caches in an access and backbone infrastructure of a packet-switched
next generation network (see also [1]).

We assume that we have four layers in a tree-like hierarchy:

— Layer 8: The consumers consist of clients with a very small browser cache.
They are not modelled and just work as requestors of M different Poisson
object streams with the rates A,; = A . p; and individual selection proba-
bilities p; = K/i% K~' =Y 1/i*ieC={1,..., M}, governed by a Zipf
law [2] with tail index o > 0. They constitute an overall Poisson stream with
the rate A = Zf\il Ay

— Layer 2: This layer of leaf caches at level 1 consists of a network of N LRU
caches with the capacities C'(Ly) = (C1,...,Cn) in the access network of an
ISP. Each cache m serves M Poisson flows f,,; of object requests with rates
Amj. They are arising from all M object types j € C stemming from the
clients at layer 3. The superimposed Poisson stream of cache m has the rate
A, = Zjvil Amj. It arises from the splitting A, = A . [(1),, of the overall
Poisson traffic of the clients with the rate A(Y) into the offered load A,,, of each
cache m with probabilities {(1),,.

The individual miss and hit ratios of each stream ¢ are given by ngz, H fnlz) =1-
ngz and the corresponding overall variants of cache m at level 1 by 777(,1)7 H,% ) =

1-— 777(%), respectively.
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— Layer 1: This layer comprises one level 0 backbone cache of capacity Cy with
an overall miss ratio 77(°) and hit ratio ﬁ(o) =1-70,
— Layer 0: It comprises a fully interconnected network of servers offering all

requested objects, e.g. provided by a CDN-like set of data centers.

2 Performance Analysis of LRU Cache Cascades

In the following we formulate a computationally tractable, matrix-oriented
framework that can be used to determine all relevant quantities of our cache
tree model by appropriate measurement and estimation procedures. First we
define the matrix of the rates of the Poisson arrival streams f;; at cache
i € L1 = {1,...,N} of level 1 associated with object references of type
jec={1,...,.M} by A = (Aij){izl,‘..,N;j:L...,]vI} € (RT)NXM Tts i-th row
Ai. = et X = (Ni1,...,\in), where e; is the ith unit vector, determines the
vector of all object-specific arrival rates to cache i. Then the overall rate of the
Poisson process arriving at cache ¢ is given by A; = \;. -e = Zjvil Nij =el-Xee
where e is the vector of all ones. As the arrival streams to each cache i are
derived from a heavy-tailed popularity distribution with selection probabili-
ties p; = K -1/i%, K= ! = Zf\il 1/i%, of Zipf type, we get the representa-
tion A\, = (Aip1,..., Aipy) = A; - pt, i = 1,..., N of the rows of the rate
matrix A in terms of the overall arrival rate A; and the type selection vec-
tor pt = (p1,...,pm) € (RT)M. We denote the corresponding rate vector by
At = (Aq,...,Ay). The superposition of all request processes for objects of
type j € C at all level 1 caches i constitutes a Poisson process with the rate
AW =N Z]A/i1 Nij=e'-A-p'-e=e"- X e. Then we get the representation
Xij = A; - pj, hence, A = A - p' of the arrival rate matrix A in terms of the rate
vector A at level 1 caches and the type selection probability vector p. The split-
ting of the overall Poisson stream at caches of level 1 into the Poisson arrival
streams with the rates A; can be described by a vector (1)t = (I(1)1,...,1(1)x)
of splitting probabilities I(1); = A;/AM) = et -X-efet-X-efori =1,...,N,
hence, 1(1)t = At/ AM),

Considering the object flows of type j € C at a cache i € L; = {1,...,N}
of level 1, we describe the hit ratios Hi(jl) and corresponding miss ratios 171(]1 ) =

ij 3(’1? ocking matrix Nij G Nl M)

j

with Che’s approx-

imation 7’ € (0,1) of the miss ratio at cache i (cf. [3,4]) represented in terms

(e WY — (D _ (1 _ g \Ci , .
of 0;; = 1—(n;; by (B*)i; =n;;” = (1—0;)“". According to Little’s law
the miss ratio is determined by the ratio of the rejected proportion A;; - (B (1))”'

of the requests with the total rate A; = Zjle Aij and its proportion A;; = A; - p;
of offered type j € C traffic

D =1-HgY = Aig - (BM)iy _ i py- (1= 0i5) _
Y “ Aij A; - pj
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(1)
J
J € C at all caches of level 1 with the total rate A,; = Efv 1 Zl 1Aipy =
AW . p. s given by (77,(11), . ,77(]1»» =1(1)*-BM = A*. B(l)//l(1 )

Due to Little’s law the overall miss ratio of cache 7 is determined by the

Then the miss ratio n';’ arising from the superimposed Poisson traffic of type

relative blocking rates (B("));; = nw of all individual object streams of types
j € C with miss traffic rates \;; - (1 — 6;;)" compared to the overall arrival

rate A; = Z]J\il Aij at cache 7, i.e. by the ratio of the rejected proportion of the
requests to the total rate at cache i:

NONE it AZFB(l))ij _ ((B(l) ® (e-pt)> e)i = (B(l) .p)i(2)

Here we use the Hadamard matrix product (A ® B), ; = A;; - Byj for the entry-
wise multiplication of two matrices A = (A;;), B = (B;;) of equal dimensions.

Then the vector of the miss ratios of all caches at level 1 is determined by
(1)
Uit

7](1) — E — (B(l)Q(e.pt)) .e:B(l) .p'
(1)

We reahze that the miss ratio 77 ) of alevel 1 cache i can be associated with a
superposition of truncated geometric distributions Gij( )= gij0ij- (1—0;;)% =
sij-Gij(k), Gij(k) = pj-(1—0;;)%, k=0,...,C;, with normalization constants

_ C; ’ _ _
(9i5) " = 2plo Gig(k) = 1 — (1 = 05)FH, (s35) ™1 = (903) ™" - pi /0y
The overall miss ratio ﬁ(l) of level 1 caches Ly = {1,..., N} is determined by

At At-BW . p
70 = ol @ = — = 1(1)"-BM . p (3)

The missing proportions A(1);; = A;; - (BW),; of the original traffic A(2) =
A= ()‘ij){id} offered to cache i of object type j at level 1 is approximated by
a new Poisson process with the rate A(1) = (A(l)ij){i,j} and routed as a load
to cache 0 at level 0 (cf. [3]). We use again the associative, commutative and
distributive Hadamard matrix product (A ® B) = A;j - B;; for the entrywise
multiplication of two real matrices to define this new load matrix

A1) = ()\u ny) =xeBW =B oA (4)

){i:lw..,N;j:l,A..?M}
This representation enables an efficient matrix-vector computation, e.g., in
Matlab by the ‘.x’ operator.

We define a routing matrix R = (R(i7k)7(j,l)) that models the routing of
type [ traffic of cache j at level 1 to type k of cache i at level 0. As the
type classes are not modified and all level 1 caches route to cache 0, we get
R = (R{O}X{l,...,M}v e, R{O}x{l,...,M}) = (IM, ey I]w) = (e(N)t ® IM) where
e(N) € RY denotes the vector of all ones, In; € RM*M the identity matrix,
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and ® the Kronecker product A®@ B = (A;;B). The input-output relation of the
(A(D)1.)f

routing chains is given by y = R-x with an input load vector z =

(A1)

It is defined by the rows A(1);. corresponding to cache ¢ of the missing traffic
A(1);.

matrix A(1) = ; , now sorted as column vectors. Then the output
A1),

y=R-z =" (1)) = A1) -e(N) = Xy = (Ao, - -, doar)' is the type-
based superposition of the missing traffic rates and determines the arrival rates
Aoj of type j to cache 0.

If we interpret the vector e(IN) of all ones as submatrix E{L...,M}x{o} of the
adjacency matrix of the directed graph I' describing the two-level tree of caches
Ly ={1,...,N}, Lo = {0} at levels 1 and 0, respectively, then we get

Ao = (o1, .- honr) = 4f = e(N)E - A(1) = RY - A(1) (5)

as a simple representation in terms of the missing traffic rates A\(1) of level 1.
This scheme can be easily extended to arbitrary cache hierarchies and routing
schemes.

We conclude that the matrix representation

A1)y = (Ao BW); = ((Apt) © B(l)) = Aipi(1—0;)C" = A; - Gi5(Cy) (6)

ij

holds with the matrix G = (Gy;(Ci)) i = (pj - (1— 0,-j)0i){ij} = (e-p) ®
BM = BMW @ (e-pt). Then the proportion of the offered load A(0) = Ao to
cache 0 of type j € {1,...,M} Ag; = Zf.vzl/li pj - (1—=0;;)% = A (G - ¢)
yields the simple matrix representation

Xo = Rt-A(1) = e(N) ((A ) e B<1>) — At (B<1> o (e- pt)> — At (7)

related to the type-based arrival rates Ag; of the superimposed Poisson process
routed to cache 0.

Then the aggregated arrival rate A() of the Poisson process of missing cache
requests reaching level 0 is given by

M
A =N"Nj=Xo-e=A4"-Ge=A (B<1>@ (e-pt))e:At.BU) -p. (8)
j=1
The selection probability of type j at the cache of level 0 is determined by the
ratio of the arrival rate of type j to the overall arrival rate at the single cache
of level 0 p§0) = Xoj/ A Tt yields the selection vector
( (O))t o AG e ((A-pheBW) (4 BW) oyt )
p T A Goe At.BM . p T At.BM .
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Following the single LRU cache analysis (1), the miss ratio 7](()2) of object flows of

type j at cache 0 is determined as blocking (B(®))g; by the ratio of the missing
traffic to the offered traffic of type j, approximated by Che’s approximation [3],
and represented as

) _ doj - (BD)o; _

e e (10)

This representation (7) to (10) allows a simultaneous computation of all the miss
ratios 17(()2-), e.g., by a simple Matlab routine.

The total miss rate 77(°) of cache 0 at the level 0 is determined by

M

M N
Ao 1
,(0): 03 B(O) P — A1_9001_007 ‘
n ]Z=1 Ao - € ( )OJ At-B(l)-p;; i ( 0_7) ( Zj) D;

and yields the following matrix representation:

70 :ﬁ'(AOQB(O)) o=

((At .B(l)) @B(O)) p
At B .p

= B . pO (11)

We realize the structural equivalence to relation (2) describing the miss ratios
™ of level 1.

Due to Little’s law the total miss ratio n; of type j traffic handled by the
complete two-level cache hierarchy is determined by the ratio of the rates of the
overall miss traffic of type j to the arriving Poisson traffic of type j, i.e.

t 1 0 _
Ji\oj '(B(O))Oj _ ((A - B ))(S B! )) 'eJ. (12)
Zi:l >‘ij A

=

Thus, we get the matrix representation

(At . B(l)) o B

G Y - = (1) BW) © BO. (13)

The total miss ratio 7 of the complete two-level cache hierarchy is determined
by the ratio of the rates of the overall miss traffic to the arriving Poisson traffic:

-y (B = (1) BY) 0 BO) p (14)

This representation of the overall miss ratio 77 of the cache cascade clearly reveals
the distribution of the load among the caches at level 1 by the cache selection
vector 1(1)", the blocking B, B(®) by cache misses at level 1 and 0, respectively,
and the superposition of the different object types by the selection vector p.
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