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Abstract

In recent years, wvarious k-d-tree based multi-
dimensional access structures have been proposed. All
these structures share an average bucket utilization of
at most In2 =~ 69.3%. In this paper we present two
algorithms which perform local redistributions of ob-
jects to improve the storage utilization of these access
structures. We show that under fair conditions a good
improvement algorithm can save up to 20% of space
and up to 15% of query processing time. On the other
hand we also show that a local redistribution scheme
designed without care, can improve the storage utiliza-
tion and at the same time worsen the performance of
range queries drastically.

Furthermore we show the dependencies between
split strategies and local redistribution schemes and the
general limitations which can be derived from these de-
pendencies.

1 Introduction

Various efficient multi-dimensional access struc-
tures have been proposed. The focus of most of these
structures has been on the maintenance of spatial ob-
jects, but nearly all can be used as multi-attribute
access structures as well [4]. A lot of these access
structures use a variant of the k-d-tree [2] as directory
(see e.g. [11, 10, 9, 5, 8]).

As usual for secondary storage access structures
these structures store the objects in buckets of fixed
size. Each bucket is associated with a dynamically
defined part of the data space called its bucket region.

If a new object has to be inserted into a bucket
which is already filled, the bucket has to be split. To
this end a split line is determined, which is used as
the criterion to decide for each object in the overflow-
ing bucket whether it should remain in the bucket or
moved into its newly created sibling. Thereafter, the
new split line has to be inserted into the directory.

If we assume uniformly distributed objects which
are inserted in random order, this base algorithm of
splitting a bucket into two in case of a bucket overflow
leads to an average bucket utilization of In 2 ~ 69.3%
for all these structures.

Over 30% of wasted storage are unpleasant in two
respects:

1. Although secondary storage has become cheap, it
should not be a matter of squander.
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2. Especially with range queries, searching all ob-
jects in a given query region, the bucket utiliza-
tion limits the query performance. This can be
seen easily if we consider the hit ratio which is a
good measure for the range query performance:

def number of objects found

hit ratio =

bucket accesses - bucket capacity

Obviously, the hit ratio can not be higher than
the average bucket utilization.

Therefore it is worth considering techniques to im-
prove the bucket utilization. A typical approach in
this respect for a one-dimensional access structure is
the B*-tree. In a B*-tree an insertion employs a local
redistribution scheme to delay splitting until two sib-
ling nodes are full. Then the two nodes are divided
into three, each % full.

Even for multi-dimensional access structures ap-
proaches in this direction exist. The twin grid file
presented in [7] simply uses two grid files in paral-
lel. If the insertion of a new object would enforce a
bucket split in one grid file, before actually splitting
the bucket, an attempt is made to store the object in
the second grid file. Whereas the advantage of this
approach is its general applicability, it causes a bad
performance for exact match queries because two grid
files have to be considered. In [1] a local redistribu-
tion scheme is presented for the R*-tree. This scheme
exploits the fact, that an R-tree is nondeterministic in
allocating entries onto the buckets and redistributes
selected objects of an overflowing bucket in order to
avoid the split. Since k-d-tree based access structures
are deterministic in allocating entries onto the buck-
ets there is no obvious extension of this scheme for
k-d-tree based access structures.

In this paper we present an approach to improve
the storage utilization which can be directly applied
to multi-dimensional access structures using a variant
of the k-d-tree [2] as directory [11, 10, 9, 5, 8]. In order
to explain the algorithm we use the LSD-tree! as an
example.

The paper is organized as follows: Section 2 de-
scribes those aspects of the LSD-tree which are es-
sential for this paper. In section 3 we present a first

LLSD stands for Local Split Decision.
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approach to avoid bucket splits. The evaluation of
this approach will gain deeper insights into the com-
plex dependencies influencing the performance of k-d-
tree based multi-dimensional access structures. Based
on these insights section 4 presents a refined redistri-
bution scheme and experimental results depicting the
advantages and limitations of this approach. Section
5 concludes the paper.

2 Basic Concepts of the LSD-Tree

For multi-dimensional access structures it is impor-
tant to distinguish points and extended, i.e. non-point,
objects. Conceptually the LSD-tree is an access struc-
ture for multi-dimensional points, but it was designed
to maintain extended objects as well using the trans-
formation technique [6, 12, 3]. Using the transforma-
tion technique does not restrict the applicability of the
algorithms presented in this paper, but due to space
limitations we can only deal with points here.

Initially, the whole data space corresponds to one
bucket. After a certain number of insertions the initial
bucket has been filled, and an attempt to insert an ad-
ditional object causes the need for a bucket split. To
this purpose, a split line is determined and the objects
on one side of the split line are stored in one bucket,
while those on the other side are stored in another
bucket. After some further insertions, the capacity
of another bucket will be exceeded. In this case, a
split line in the corresponding bucket region is deter-
mined, thus splitting this region into two subregions.
This process is repeated each time the capacity of a
bucket is exceeded. For example, consider the two-
dimensional data space in figure 1. The first split was
made according to co-ordinate 50 in the first dimen-
sion, giving buckets 1 and 2. Then bucket 2 was split
according to position 60 of the second dimension, giv-
ing buckets 2 and 3, and so on.

The split lines of an LSD-tree are maintained in a
k-d-tree based directory. For each split, a node con-
taining the position and the dimension of the split line
is inserted into the directory tree (see figure 1).

The directory of an LSD-tree is subdivided into an
internal and an external part. The size of the inter-
nal part can be specified by the maximum number of
internal nodes. The external part of the directory is
maintained in directory pages. For the whole directory
a so-called external balancing property is preserved by
a sophisticated paging algorithm described in [5].

We mentioned in passing, that whenever an at-
tempt to insert an additional object into a bucket
causes the need for a bucket split, a split line has to be
determined. In fact, the choice of an appropriate strat-
egy to compute the split lines is crucial for the per-
formance of the access structure. We distinguish two
types of split strategies: Data dependent split strate-
gies depend only on the objects stored in the bucket
to be split. An example is to use the average of all ob-
ject co-ordinates with respect to the split dimension as
split position. Distribution dependent split strategies
choose the split dimension and the split position in-
dependently of the actual objects stored in the bucket
to be split. An example based on the assumption of
a uniform distribution of the objects is to split a cell
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Figure 1: Possible data space partition and associated
LSD-tree

into two cells of equal areas.

Since data dependent split strategies calculate the
split line based on the objects actually stored in the
access structure, on the one hand, they yield a good
adaptation of the data space partition. On the other
hand, the data space partition depends on the order
of insertion and degenerates especially if the objects
are inserted in sorted order.

In contrast, the data space partition induced by a
distribution dependent split strategy is independent of
the order of insertion. The drawback of distribution
dependent split strategies is, that a hypothesis about
the object distribution must be found in advance.

In section 4 we will see that the use of the local
redistribution schemes presented in this paper auto-
matically brings up data dependent split lines, even
if the split lines are initially chosen by a distribution
dependent split strategy, because the redistribution
schemes have to adjust the split lines.

3 A Brute Force Approach

In order to improve the bucket utilization, bucket
splits have to be avoided whenever possible. A first
approach in this direction is to consider the sibling of
an overflowing bucket. If this sibling can take an ad-
ditional element without a bucket split, a local redis-
tribution of objects is performed shifting objects from
the overflowing bucket into its sibling and adjusting
the split line in the corresponding directory node.

Two cases have to be distinguished: (1) the sibling
of the overflowing bucket is a bucket, and (2) the sib-
ling of the overflowing bucket is a subtree with more



then one bucket.

In the first case, shifting an object from the over-
flowing bucket into its sibling may be either possible or
not. In the second case three subcases can occur: {a)
An object from the overflowing bucket can be inserted
into the sibling without problems. (b) An object from
the overflowing bucket can be inserted into the sib-
ling only if recursive redistributions are performed in
the sibling. (c) Even recursive redistributions in the
sibling do not allow to shift an object from the over-
flowing bucket into the sibling.

To assess the performance improvement achieved
by this algorithm, we inserted 100,000 uniformly dis-
tributed points into a 2-dimensional LSD-tree with
bucket capacity 5. We compared 4 variants: (1) A
structure built without the improvement. (2) A struc-
ture where a redistribution is done only if the brother
of the overflowing bucket b is a bucket. (3) A struc-
ture where redistributions are performed even if the
brother of b is a subtree containing multiple buckets,
but without recursive redistributions. (4) A structure
where recursive redistributions have been allowed.

The results achieved for these structures have been
disillusioning. Whereas the bucket utilization can be
improved from 69.3 % to 77.5 % (only buckets), 81.9 %
(no recursion) or even 85.6 % (full recursion) the num-
ber of directory pages in the structure is increased
from 1342 to 1895 (no recursion) or even 3938 (full
recursion). Only if a redistribution is only performed
if the sibling of the overflowing bucket is a bucket, the
number of directory pages is decreased a bit to 1171.

Furthermore, the performance of range queries has
been improved only for large query regions. For small
query regions, the hit ratio is worse than for the nor-
mal structure.

The only variant of the algorithm which gains satis-
factory results, is the one which moves objects only if
the sibling of the overflowing bucket is itself a bucket.

To show the reasons for the problems with the other
variants, we have inserted 500 objects in trees with
the same parameter settings and reported the result-
ing data space partition and the shape of the direc-
tory tree in figure 2. Two effects can be observed:
(1) In contrast to the directory trees for the first two
variants, the directory trees for the other variants are
much more unbalanced. (2) Especially if recursive re-
distributions are allowed, the bucket regions tend to
be elongated. On the other hand, it is useful for a
high range query performance to have similar shapes
for bucket regions and query regions.

The main reason for the stated effects is that every
time, we shift an object from an overflowing bucket
b into its sibling which is not a bucket, but a sub-
tree containing multiple buckets, we make the tree a
little bit more unbalanced, because the sibling is al-
ready heavier than b and the redistribution aggravates
this unbalance. The only variant of the presented ap-
proach which does not suffer from these problems is
the one which only shifts objects if the sibling of the
overflowing bucket is itself a bucket. In contrast to
the other variants, this variant really does something
like rebalancing.
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Figure 2: Resulting data space partition and LSD-tree
for the brute force approach

4 A Refined Approach

The experiences reported in section 3 show, that
we should shift an object only if the subtree giving
away the object is heavier than the receiving subtree.
The simplest approach in this direction is to shift ob-
jects only between direct sibling buckets. A natural
extension of this approach is as follows:

We check, whether shifting objects into the sibling
bucket is possible. If it is not possible, we move up
one level in the directory and try to redistribute ob-
jects between the subtree containing the overflowing
bucket and its sibling subtree. If this again fails, we
can continue to move up in the directory or we can
stop our attempt to avoid a bucket split.

4.1 An Example

In the upper left corner of figure 3 a set of objects is
given for the data space partition of figure 1. Assume
that only two objects fit into one bucket. The object
07 has to be inserted into the structure. Because of its
location in the data space, 0; must be stored in bucket
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Figure 3: Example for the refined algorithm

2, but bucket 2 is already filled.

In order to avoid a bucket split, we consider the
children of the father of bucket 2 and check whether
the direct sibling of bucket 2, i.e. bucket 6, can take
additional objects. Since bucket 6 is already filled,
this attempt fails.

Now we move up one level in the directory, i.e. we
consider the children of node 4 with respect to figure
1. Since o; has to be inserted into the subtree with
root node 5, we must try to shift an object from this
subtree into the other child of node 4, i.e. into bucket
5. Since bucket 5 is already filled this attempt fails.

Again we move up one level in the directory and
consider the children of node 3. Since o; has to be
inserted into the subtree with root node 4, we must
try to shift an object from this subtree into the other
child of node 3, i.e. into bucket 3. To this end, we
delete the object 0; from the subtree with root node
4. This situation is sketched in the upper right corner
of figure 3. Note, that objects represented by a ® are
not stored in the structure in the actual situation, but
are to be inserted in the following steps.

Now object 02 has to be inserted into the other
child of node 8, i.e. into bucket 3, and the split line
has to be adjusted. The resulting data space partition
is shown in the lower left corner of figure 3.

Now that we have relieved the subtree with root
node 4 we can start a new attempt to insert object 0,
into this subtree. As before, o; has to be inserted into
bucket 2, but bucket 2 is already filled.

To avoid a bucket split, we again check whether
the direct sibling of bucket 2, i.e. bucket 6, can take
additional objects. Since bucket 6 contains only one
object, this seems to be possible and we can try to
relieve bucket 2. To this end, we search the object
located closest to the split line separating buckets 2
and 6 among the objects stored in bucket 2 and 0,. 03
itself happens to be this object. Hence, o0, is inserted
into bucket 6 and the split line in node 5 is adjusted.
The resulting data space partition is given in the lower
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FUNCTION InsertObject (root, onew, 1);

{ inserts object Onew into the LSD-tree with root root and
performs local redistributions in order to avoid bucket
splits in subtrees up to a height of ! }

BEGIN
hy = root; stack := EmptyStack();

WHILE h; is a directory node DO
{ search the bucket which has to take onew }
Push(stack, h1);
IF onew[sdim{h1)] < spos(h1) THEN
hy := left son of hy;
ELSE
hy := right son of hy;
END IF;
END WHILE;
Push(stack, hi);
1:=0;
LOOP
hg := Pop(stack);
IF RecInsertObject(hg, 0new) THEN
{ insertion performed without a bucket split }
RETURN;
ELSE IF StackIsEmpty(stack) OR : > | THEN
{ stop trying local redistributions }
EXIT,
ELSE { try next level }
=1+ 1;
END IF;
END LOOP;
{ redistribution has not been successful }
Split(h1); InsertObject(root, onew, 1);
END InsertObject;

Figure 4: InsertObject procedure

right corner of figure 3.

This example shows the basic principle which
means to step up in the directory and try at each
level to redistribute objects between the children until
either a redistribution has been successful or a prede-
fined maximum number ! of levels has been reached.
Furthermore it shows, that recursive applications of
this redistribution scheme may be necessary, because
shifting objects between subtrees might not relieve the
overflowing bucket but another bucket in the corre-
sponding subtree.

4.2 The Algorithm

The algorithm implicitly given in the example
above, is stated in more detail in the procedures shown
in figure 4 and figure 5. The procedure InsertObject
describes the modified insertion algorithm for an LSD-
tree. First of all, a stack is created to maintain the
directory nodes traversed while searching the bucket
which must take the new object. This search is per-
formed in the following while-loop. When the bucket
is reached, the bucket itself is also pushed on top of
the stack. Now the elements are taken from the stack
one after the other, and calls of the procedure Recln-
sertObject are performed until either RecInsertObject
reports success or the stack is empty or the given max-
imum number of levels [ has been reached. In the two



FUNCTION RecinsertObject (t, onew) : BOOL;
{ tries to insert oneyw into the subtree t of an LSD-tree and
performs local redistributions if appropriate }
BEGIN
hy = t;
WHILE h; is a directory node DO
IF Onﬂw[sdim(hl)] < spo,(hl) THEN
hy := left son of hi;
ELSE
hy := right son of hi;
END IF;
END WHILE;
IF hi can take onew THEN
insert onew; RETURN true;
ELSE IF t is a bucket THEN
RETURN false;
ELSE
s3 := the son of t for which the data region contains onew;
s2 := the other son of t;
IF Height(sz) > Height(s;) THEN
RETURN false;
ELSE
LooP
IF DeleteClosestObject(spos(t), Saim(t), $1, Onew,
{out} oget, $p0,) THEN
Spaﬂ(t) = s;aos;
IF ReclnsertObject(sz, 04.;) THEN
IF 040 = 0new OR
RecInsertObject(s1, onew) THEN
RETURN true;
END IF;
ELSE
undo all changes; RETURN false;
END IF;
ELSE
undo all changes; RETURN false;
END IF;
END LOOP;
END IF;
END IF;
END ReclInsertObject;

Figure 5: RecInsertObject procedure

latter cases, no redistribution has been possible and a
bucket split has to be performed?.

The procedure RecInsertObject tries to insert a new
object into a subtree of an LSD-tree and performs
local redistributions if appropriate. First of all, the
bucket of the subtree, which must take the new object
is determined. If this bucket can take the object, it is
inserted and success is reported. Otherwise, we have
to check, whether the whole subtree consists only of
this bucket. In this case, we have to report failure.
If the subtree consists of multiple buckets, and the

20bviously the stated procedure does not reflect any possible
optimization. For example, a fast stack implementation can be
used because only the !+ 1 elements on top of the stack have to
be maintained and of course a real implementation will not use
a recursive call of InsertObject when a bucket has been split,
but use a loop.
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Figure 6: 500 objects generated according to the
multi-heap-distribution

height of the child which has to take the new object,
is not smaller then the height of its sibling, we can try
to redistribute objects between the children. To this
end, we perform three steps: (1) We remove the ob-
ject located closest to the split line from the subtree
which has to take the new object. (2) We insert the
removed object into the sibling. Since this insertion is
done by a recursive call of RecInsertObject, recursive
redistributions are performed where appropriate. (3)
If the removed object has not been the new one, we
can now try to insert the new object into the relieved
subtree. It has to be noted, that if this insertion fails,
the stated procedure tries to remove another object
from the subtree, because the object(s) removed up to
now and the recursive redistributions might not have
freed space in the overflowing bucket.

4.3 Experimental Results

To cover a wide range of application profiles, we
used three data sets for the experiments with the
refined algorithm: (1) 100,000 uniformly distributed
2-dimensional points inserted in random order. (2)
100,000 uniformly distributed 2-dimensional points
sorted with respect to their distance to the point (0, 0)
to examine the effect of the data dependency of the
split lines induced by the redistribution scheme which
adjusts split lines in order to avoid bucket splits. (3)
100,000 2-dimensional points generated according to a
multi-heap distribution which is illustrated in figure 6.
For each heap the points have been inserted in random
order, but the heaps have been inserted in sequence.

The bucket capacity has been 5 and the maximum
number of internal directory nodes 500. We used 512
bytes per directory page such that external directory
pages could take subtrees up to a height of 6.

Table 1 states the bucket utilization, the directory
size and the construction time. The first two columns
have been achieved without local redistributions, us-
ing a distribution and a data dependent split strategy.
The remaining columns state the values if redistribu-
tions are allowed for subtrees up to a height of . Here
the initial split line is computed by the distribution
dependent split strategy.

It becomes obvious that for the uniform distribu-
tion — in contrast to the brute force approach — not
only the bucket utilization but also the directory page
utilization can be improved.

Because redistributions are only performed, if this
does not increase the unbalance of the structure, the



[ [ t=0(distrib) [I=0(data) [ 1=1 | I=2 | 1=3 | 1

4 [ 1=5]

[ uniform distribution ]

bucket utilization 69.3 % 73.3 % 775% ] 797% | 81.7% | 823 % | 82.6 %
height of directory 18 20 20 21 20 20 19
external directory pages 1342 1370 1171 1169 1051 953 922
external height of directory 2 2 2 2 2 2 2
construction time in sec. 211 287 255 320 455 794 1207
[ insertion in sorted order ]
bucket utilization 69.3 % 67.0 % 86.9% [ 88.0% [ 88.2% | 885 % | 88.6 %
height of directory 18 526 457 359 353 348 351
external directory pages 1342 7476 4930 4220 4163 4116 4136
external height of directory 2 5 3 3 3 3 3
construction time in sec. 158 806 812 760 809 866 1069
[ multi-heap distribution |
bucket utilization 68.9 % 73.2 % 774 % | 79.9 % | 81.1 % | 82.0 % | 82.5 %
height of directory 25 41 44 41 31 41 40
external directory pages 1562 1453 1196 1187 1059 979 943
external height of directory 2 2 2 2 2 2 2
construction time in sec. 283 307 360 494 586 964 1460
Table 1: Storage utilization and directory size for the refined algorithm
data space partitions and directory trees depicted for
500 inserted objects in figure 7 do not show any degen- found l= =0 | I=1}1=2[1=5
eration. Consequently, the query performance stated objects || (distr.) | (data)
in figure 8 is superior to the variant without local re- [ bucket accesses |
distributions especially for large query regions. 25 3.3 32.3 22.6 | 22.3 | 22.3
The values for sorted insertions given in table 1 40 19 131 91 950 89
show that only the pure use of a distribution de- 642 211 656 468 | 463 | 462
pendent split -strategy brings up a structure which 10266 3049 4700 | 3318 | 3285 | 3273
is completely insensitive with respect to the order of l directory page accesses ]
insertion®. On the other hand, using the redistribution 5o 1 6o T 08T 87 56
scheme yields slightly better results than simply us- 5o 38 731355 13955 | 9535
ing a data dependent split strategy, because the local 517 7 513 51 194 153
redistributions smooth the degeneration of the struc- 10966 163 1513 966 1 819 | 794

ture. This also becomes obvious from figure 9 depict-
ing the resulting data space partition and LSD-tree
after 500 insertions. Finally table 2 depicting the per-
formance for window queries confirms these relations.

The results achieved with the multi-heap distribu-
tion show that the degeneration of the structure ob-
served for completely pre-sorted objects will hardly
occur in practice. Although the objects are inserted
heap by heap, only the shape of the corresponding
LSD-trees given in figure 10 (for 500 objects) reflects
the sorted insertions. The bucket utilization and the
directory size stated in table 1 and the query perfor-
mance depicted in figure 8 are nearly the same as for
the uniform distribution.

5 Conclusion

We have presented two algorithms to improve the
storage utilization of k-d-tree based access structures.
The brute force approach showed, that just avoid-
ing bucket splits does not yield satisfactory results.

3In our experiments insertions using a distribution depen-
dent split strategy have even been faster for pre-sorted objects,
because buffering can be much more effective in this case.
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Table 2: Necessary page accesses for structures with
sorted insertions

Rather a bucket split should only be avoided if the
necessary local redistribution does not increase the
imbalance of the structure. The experimental results
achieved with the refined algorithm show that it is
possible to improve the storage utilization by 10 % to
15 % with reasonable additional effort for insertions.
As a consequence the performance with large range
queries is improved in the same degree. Nevertheless,
an important drawback of all improvement algorithms
based on local redistributions is, that they introduce
data dependent split lines and hence the access struc-
ture becomes sensitive for pre-sorted insertions.

Another main conclusion of this paper is that it is
not useful to apply a data dependent split strategy.
Rather one should use a distribution dependent split
strategy and our redistribution scheme with ! = 1.
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Figure 7: Resulting data space partition and LSD-tree
for the refined approach (uniform distribution)
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