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Abstract. This paper presents a mathematical analysis of the logic of measur-
ing Neural Correlates of Consciousness (NCCs). Starting from the canonical
definition of NCCs provided by Crick and Koch (1990) and Chalmers (2000),
a series of lemmas and theorems are provided which show how NCCs can be
discovered if empirical data about the co-activation of neural states and states
of consciousness is available. The result of this analysis is a new method to
measure NCCs, which we preliminarily call Co-Activation Analysis (CoAA), that
might complement or extend existing methods such as contrastive analysis and
decoding. CoAA might be of interest for experiments because it does not require
data from near-threshold conditions, is compatible with all major conceptions of
states of consciousness (including, e.g., micro-phenomenological notions and
global states of consciousness), can be applied to most conceptions of neural
or computational states (including, e.g., those provided by Predictive Process-
ing/Active Inference, or those attained in more ecological conditions), and helps
alleviate the problem of confounders. Furthermore, we show as a theorem that as
far as the logic of measurement is concerned, if applied to data from contrastive
analysis studies, CoAA improves upon the result provided by contrastive analysis.
The paper is a purely theoretical contribution. It is presented in the hope that
the mathematics developed here can support and improve the empirical search
for NCCs.
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1. Introduction

The search for Neural Correlates of Con-
sciousness (NCCs) is an important pillar of con-
sciousness science. It carries the hope of find-
ing constraints on how conscious experiences
and brain-states relate that do not rely on the-
ories of consciousness. Because of their theory-
independence, NCCs may play an important role
in theory-selection and theory-construction in
consciousness science, and may offer important
empirical guiderails for the further development
of the field.

The canonical method used to measure
NCCs to date is contrastive analysis (Baars,
1986). Contrastive analysis presumes a binary
distinction in conscious experiences—whether
a subject experiences a particular stimulus or
content consciously, for example—and aims at
measuring the difference (contrast) in neural
activity between two conditions that only dif-
fer in the two states of consciousness.

The contrastive methodology has enabled
impressive empirical progress, cf. (Lepauvre
& Melloni, 2021; Forster, Koivisto, & Revon-
suo, 2020; Koch, Massimini, Boly, & Tononi,
2016; Singer, 2014; Tononi & Koch, 2008;
Metzinger, 2000), but it has also been sub-
jected to thorough criticism, identifying a num-
ber of challenges for a successful empirical iden-
tification of the NCC proper that are not easy
to meet, cf. (Overgaard, 2004; Hohwy, 2009;
Aru, Bachmann, Singer, & Melloni, 2012; Pe-
ters, Kentridge, Phillips, & Block, 2017; Mu-
drik, Hirschhorn, & Korisky, 2024). Most no-
tably, it is “necessary to control for all of [the]
potential (known) confounds in order to look
for the neural activity that systematically re-
lates to consciousness” (Lepauvre & Melloni,
2021, p. 10). Such confounds include processes
related to reporting, working memory, decision
making, prior expectations, and particular task
demands.

The empirical challenges in measuring NCCs
have motivated explorations of better measure-
ment strategies, for example in (Lau & Passing-
ham, 2006; Frassle, Sommer, Jansen, Naber,
& Einhauser, 2014; Matthews, Schroder, Kau-
nitz, Van Boxtel, & Tsuchiya, 2018; Matthews

et al.,, 2018; Nani et al.,, 2019; Cohen, Or-
tego, Kyroudis, & Pitts, 2020; Dellert et al.,
2021; Demertzi, 2023), of the decoding ap-
proach to NCCs (Haynes, 2009), of conceptual
re-assessments of what an NCC should be taken
to be in the first place, for example in (Fink,
2016; Hohwy & Seth, 2020; Klein, Hohwy, &
Bayne, 2020; Kriegel, 2020; Fink, Kob, & Lyre,
2021; Wiese & Friston, 2021; PaBler, 2023),
and reflections on measures of consciousness,
for example in (Fleming & Lau, 2014; Over-
gaard, 2015; Michel, 2019; Mazor & Fleming,
2020; Marvan & Polak, 2020; Pauen & Haynes,
2021; Michel, 2023).

The present paper investigates the logic of
measuring NCCs. Starting from the definition
of NCCs that is broadly accepted in the field—
the ‘canonical’ definition provided by Crick and
Koch (1990) and Chalmers (2000)—and pre-
suming data about the co-activation of neural
states and states of consciousness, it aims to
identify the logical connections that afford for
an NCC to be empirically discovered.

The result of this investigation, surprisingly,
provides an alternative approach to measure
NCCs that is different from contrastive anal-
ysis and decoding. We found that this Co-
Activation Analysis, as we preliminarily call it,
does not require data from near-threshold con-
ditions (Section 10), is compatible with all ma-
Jjor conceptions of states of consciousness (Sec-
tion 10), can be applied to many meaningful
conceptions of neural systems (Section 9), and
may help to appease or resolve the problem of
confounders (Section 8). Furthermore, it can
be shown to reproduce the result of contrastive
analysis to the extent of the latter's power (Sec-
tion 6, Theorem 19).

In light of its aim, it may not be surprising
that this paper is a purely theoretical contri-
bution. No data has been harmed in its con-
ception. Accordingly, it goes without saying
that the results presented here constitute, if
anything, only first steps in the development
of a full-fledged empirical programme. While
the mathematical side of the proposal has been
carefully checked, empirical application might
bring refinements or potentially revisions.

The paper is structured as follows. In Sec-
tion 2, we introduce the canonical definition of



NCCs, which embodies the default understand-
ing of NCCs in the consciousness science com-
munity. In Section 3, we explain which sort of
empirical data is presupposed by the analysis
presented here (data about the co-activation of
neural states and states of consciousness). In
Section 4 we explain how the analysis of the
logic of measuring NCCs proceeds. The analy-
sis is then given in Section 5, running through
the constituents of the canonical definition of
NCCs one by one. Section 6 is devoted to the
comparison with contrastive analysis, and Sec-
tion 7 explains how statistical testing can be ap-
plied to the methodology developed here. Sec-
tion 8 discusses the problem of confounders.
Section 9 explains how the methodology pro-
posed here can be used to search for Compu-
tational Correlates of Consciousness and simi-
lar notions. Section 10 discusses examples of
states of consciousness that the analysis can
be applied to, and Section 11 summarizes the
resulting picture and explains how the method-
ology would be applied in practice, including a
preliminary assessment of the possibility of re-
analysing data from contrastive analysis studies
with the co-activation methodology. A conclu-
sion and short outlook on possible future work
is offered in Section 12.

The following analysis of the logic of mea-
surement does not apply to the decoding ap-
proach to NCCs. This is because the decod-
ing approach to NCCs, as proposed by Haynes
(2009), rests on a conception of NCCs as
“necessary for a specific conscious experience”
(Haynes, 2009, p. 1), whereas the analysis here
is predicated on Chalmers' (2000) definition of
NCCs, which we now explain.

2. The Canonical Definition

The idea of Neural Correlates of Conscious-
ness (NCCs) has a surprisingly long history.
Fink (2016, 2020) traced first occurrences of
the idea back to the 19th century (Gurney,
1881; Marshall, 1901), and reports that it was
mentioned in Ward's (1911) entry on ‘Psychol-
ogy' in the Encyclopedia Britannica. The expo-
sition of the concept by Crick and Koch (1990)
and Crick (1994) hurled it into the focus of a
young science of consciousness. But only with
the work of Chalmers (2000) did a canonical
definition arise that is now the default under-
standing in the neuroscience of consciousness
(Fink, 2016; Lepauvre & Melloni, 2021). This
definition, provided on page 31 of (Chalmers,
2000), is:

Def. 1. An NCC is a minimal neural system N
such that there is a mapping from states of N
to states of consciousness, where a given state
of N is sufficient, under conditions C, for the
corresponding state of consciousness.*

The goal of the following sections is to pro-
vide an analysis of how NCCs so defined can
be uncovered based on empirical investigations.
To provide this analysis, we introduce a light
formalism that represents the important non-
formal concepts in the above definition. This
allows us to proceed with the analysis without
committing to specific choices of those con-
cepts.

First, we introduce the symbol E to denote
the set of states of consciousness that have
been chosen in a particular study. Here, ‘set’
is understood in the mathematical sense.

Working with this set has two advantages
for the following analysis. First, it allows us to

LA variant of this definition that is often cited in the literature was introduced by Mormann and Koch (2007)

and Koch et al. (2016). This variant defines an NCC as "the minimum neuronal mechanisms jointly sufficient for
any one specific conscious percept” (Koch et al., 2016, p. 308), where “conscious percept” can either be understood
as “a particular phenomenal distinction within an experience”, giving what (Koch et al., 2016) call content-specific
NCC, or “conscious experiences in their entirety”, giving what Koch et al. (2016) call full NCC. This definition
is a special case of Chalmers (2000)'s definition cited above, because: (a) both phenomenal distinctions and
conscious experiences in their entirety are examples of states of consciousness as understood by Chalmers (2000)
(cf. subsections ‘Being Conscious’ and ‘Contents of Consciousness’ of the section ‘States of Consciousness’ in
(Chalmers, 2000)), (b) mechanisms that are “jointly sufficient for any one specific conscious percept” constitute a
neural system that is “sufficient for any one specific conscious percept”, and (c) the explication of the word “any”
in Koch et al. (2016) gives the mapping requirement in Chalmers (2000)'s definition. Crick and Koch (1990) do
not give an explicit definition of NCCs, though (Mormann & Koch, 2007) and (Koch et al., 2016) cite this paper
when they give the above-mentioned definition. Cf. Footnote 7 of (Fink, 2016) for details on the emergence of
the canonical definition in the literature.



proceed without presuming one of the various
interpretations of the term 'states of conscious-
ness', but leaves this open to the experimenter's
choice. The experimenter may choose a notion
that describes whether a subject experiences a
stimulus consciously, for example, which is of-
ten referred to as a question about the content
of consciousness, or a notion that corresponds
to total experiences of a subject, or a notion
that describes global modes of consciousness,
as present in the various sleep stages, for exam-
ple, or a notion that describes whether a sub-
ject is conscious at all. All are viable choices,
as far as the following analysis is concerned.
The second advantage of working with this set
is that it allows us to proceed without making
an assumption about which states of conscious-
ness specifically are targeted (or accessible) in
a study. This, too, varies from case to case.
As a result, the methodology developed in what
follows is applicable independently of which un-
derstanding and which choice of states of con-
sciousness one deems correct when searching
for the NCC.

For simplicity of the following analysis, we
assume that E comprises a state that de-
scribes/corresponds to ‘none of the other states
of consciousness in E'. We denote this state
as eg. This state applies if a system has no ex-
periences at all, or if a system has experiences,
but these do not fall under any of the other
states of consciousness. An example is the ‘not
seen’ state in contrastive analysis, which indi-
cates that a subject did not experience a cho-
sen stimulus consciously, but is non-committal
regarding other aspects of the subject’s experi-
ence (cf. Section 6).

As a result of including the ey state, at any
point of time, one of the states of E applies: ei-
ther one of the substantive states of conscious-
ness, or, if not, the state ey. This choice is a
convention about the set E, which prevents us
from having to consider numerous special cases
in Section 5 below.

In what follows, we will speak about the ‘ac-
tivation' of a state of consciousness at a par-
ticular time to indicate that the state occurred,
was realized, applied, or correctly described the
experience of the subject at that time. Noth-
ing hinges on this terminology; we introduce it

because it sits nicely with the ‘activation’ ter-
minology that is often applied to neural states.
For the purpose of this paper, ‘activation’ can
be understood in any of the above senses.

Second, in order to address the neural sys-
tems mentioned in Definition 1, we denote by
Sys a class of subsystems of the brain that is
relevant for a particular study. The typical ex-
ample of this class in the context of NCCs is
a set of regions of interest (ROIs) as specified
in a brain atlas. The motivation to consider an
abstract class, rather than sets of ROls alone,
is that the methodology proposed below can be
applied to a range of different conceptions of
subsystems, of which ROls are but one exam-
ple. For example, it can be applied to a notion
of subsystems as provided by Predictive Pro-
cessing with Active Inference, as suggested by
Hohwy and Seth (2020), or to computation-
ally defined subsystems more generally, as re-
quired in the context of Computational Cor-
relates of Consciousness (CCCs) (Cleeremans,
2005; Reggia, Katz, & Davis, 2019), cf. Sec-
tion 9. For brevity, we will refer to elements S
of the class Sys simply as ‘systems’, as it is clear
that the systems in questions are subsystems of
the brain.

In order to be able to address minimality
among neural systems, as required by Defini-
tion 1, we assume that the class of subsystems
admits of a partial order relation, which we de-
note as ‘<'. For example, when Sys consists of
ROls, the partial order is given by inclusion of
sets: If S, S’ € Sys denote two ROls, we have
S’ < S iff the ROI S’ is a subset of the ROI S.

Finally, in order to address the states of neu-
ral systems in Definition 1, we introduce the
following notation. For every system S of Sys
we assume that a suitable notion of states has
been chosen, and denote the set of all states
of S by St(S). We call these ‘states of S,
‘system states’, or simply ‘states’ if the context
is clear. Individual states of S are denoted by s,
so that we have s € St(S).

What is crucial here is that even for a single
class of subsystems, various different choices of
states are possible. That's because different
choices of states correspond to different levels
of analysis of the systems. Such choices range



from coarse-grained system-level states like ‘ac-
tive'/'inactive’ to fine-grained states like indi-
vidual neuronal firing rates. In assuming that
for every system a notion of state is available,
we assume that a level of description has been
chosen, relative to which the methodology is ap-
plied in a particular study. The choice of appro-
priate level of description in an empirical study
will usually reflect the available neuroimaging
tools, and also depend on the statistical infer-
ence methods that are applied. We will discuss
the standard in current NCC research in Sec-
tion 6 below.

In summary, we have introduced three formal
quantities that we will continue to work with in
what follows: states of consciousness, E, a class
of subsystems, Sys, and states of subsystems,
St(S).

A quantity that we will not formalize in what
follows are the conditions C mentioned in Def-
inition 1. These conditions concern the selec-
tion of subjects that are included in empirical
studies. Chalmers (2000) discusses a range of
options and offers recommendations, for exam-
ple to restrict to “normal brain functioning, al-
lowing unusual inputs and limited brain stimu-
lation” (Chalmers, 2000, p. 31). The choice of
which conditions to include or allow likely makes
a huge difference to the result of an empirical in-
vestigation of NCCs. The analysis and method-
ology developed in what follows are applicable
to any such choice.

In the next section, we introduce a light
formalism to describe the co-activation data
obtained in an empirical study, subsequent to
which we will go through Definition 1 step-by-
step to understand how the NCC defined therein
can be measured based on such data.

3. Empirical Data

The analysis carried out in what follows
presumes data about the ‘co-activation’, ‘co-
occurrence’, or ‘co-realization’ of neural states
and states of consciousness. This is a general
data type which includes, for example, the type
of data that is collected in contrastive analysis
studies. Following the same rationale as above,

we will introduce a light formal notation to ref-
erence such data. The analysis (and methodol-
ogy) developed in what follows can be applied
to any data that adheres to this formalism. Ex-
plicitly, this includes, among other options:

1. data about which neural states and states of
consciousness were active together at some
point of time in the experiment,

2. data about which neural states and states
of consciousness occurred together in the
experiment,

3. data about which neural states and states of
consciousness were realized at some point
of time in the experiment,

4. data about which neural states and states
of consciousness both applied to a subject
at some point of time in the experiment,

5. data about which neural states and states
of consciousness both describe the subject
correctly at some point of time in the ex-
periment.

The differences between these concepts hail
from differences in conceptions of the concept
of ‘state’ and do not matter for the following
analysis. What matters is only that the suf-
ficiency requirement in Definition 1 constrains
which data can occur (cf. Section 5.1). For
simplicity, we will use the term ‘co-activation’
as a placeholder for any of the above concepts.

In what follows, we first explain the usual
form in which data of the above type is avail-
able: as time-series, where each element of the
series corresponds to a trial in an experiment.
But because the time-ordering of the trials does
not matter for Definition 1, an easier and more
general way to think about the data is in terms
of a data set (or data lake) of pairs of neu-
ral states and states of consciousness,? which
is what the formalism we introduce below rep-
resents.

Measures of consciousness are means to in-
fer the state of consciousness of a subject in an
experiment. They usually make use of reports
(e.g. by pressing of a button) or behavioural in-
dicators (e.g. reaction times) to indicate, per-
haps retroactively, which experience a subject
likely had in a particular trial in the experiment

2This does not speak against studying the relevance of temporal dynamics for NCCs by choosing a temporally
extended notion of system states. The point here is only that the order of trials in an experiment does not matter
as far as the canonical definition of NCCs is concerned, cf. below.



(Seth, Dienes, Cleeremans, Overgaard, & Pes-
soa, 2008; Irvine, 2013). For example, if an
experiment is comparing cases where a subject
experienced a stimulus consciously with cases
where it didn't, as usual in the case of con-
trastive analysis (Section 6), the measure of
consciousness is what takes care of the infer-
ence of which was the case in which trial of the
experiment.

Choosing an appropriate notion of states of
consciousness E to represent the target of a
measure of consciousness under consideration,
for every trial t in an experiment where the mea-
sure of consciousness is successfully applied,
there is a state of consciousness e(t) that rep-
resents the result of the inference procedure.
Collecting e(t) of all trials t in a study caters to
the intuition of a time series mentioned above.
In the case of missing data, for example because
the application of the measure of consciousness
failed or did not provide a meaningful result in a
particular trial, the corresponding element e(t)
of the time-series is undefined; there is no entry
for this trial.

Information about neural activity is provided
by neuroimaging tools. Due to the inherently
stochastic nature of both neural activity and
neuroimaging tools, statistical inference is re-
quired to extract meaningful information about
the neural state from the raw data provided by
the neuroimaging tools. We will discuss statis-
tics in Section 7 and assume, for now, that the
raw data from neuroimaging tools can be pre-
processed so as to infer, based on a suitable
statistical procedure, which neural activity has
generated the raw data that has been measured
in an experimental trial, and that this neural ac-
tivity can be represented by a suitably chosen
notion of states on the class of subsystems un-
der consideration.

In contrastive analysis studies, one typically
obtains neural information for the whole brain,
but applies a statistical procedure on a more
local basis. For example, when analysing the
data from an fMRI scanner (cf. Section 6), one
might obtain neural activity for all voxels, but
apply the statistical analysis for each individual
voxel separately. In contrast, to optimize for
generality, here we work with a formal represen-
tation of neural activity that provides a neural

state for each (relevant) subsystem of the brain
separately. In cases where only a global state is
available, and when working with ROls, the lo-
cal system states can be obtained by restricting
the global state to individual ROls.

Choosing an appropriate notion of system
states St(S), the neural activity that results
from statistical pre-processing of the raw neu-
roimaging data collected in a trial t can be rep-
resented as a state s(t). This caters to the
intuition of a time-series of neural states. Be-
cause in the formalism applied here, a system
state is associated to one system S € Sys,
the neural activity measured in an experiment
in fact gives rise to a collection of time series,
one such series for every system S whose state
has successfully been measured.

Taking into account both the neural and ex-
periential states, the empirical data resulting
from experimental trials of an empirical study
is a collection (e(t), s1(t)), (e(t), sx(t)), etc.,
of states that were active during that trial t.
Here, e(t) is a state of consciousness inferred
by the application of a measure of consciousness
in trial t, and the s;(t) are the system states of
the subsystems S; that were successfully mea-
sured in trial t. The states of consciousness,
system states, and subsystems are elements of
E, St(S;), and Sys, respectively, each of which
is chosen according to the study under consid-
eration.

The following analysis, and the resulting
methodology, can be applied to time-series data
of the above form. However, the ordering of
trials in an experiment does not matter for Def-
inition 1. The sufficiency requirement in the
definition only constrains which neural states
and states of consciousness can be active to-
gether, not the order in which they have been
measured. Because of this, we can actually
disregard the time-ordering information in the
time series, and simply discuss the set of all
pairs of states that were measured as active to-
gether during the experiment (including, pos-
sibly, the co-activation of temporally extended
neural states with temporally extended states of
consciousness if corresponding notions of states
have been chosen). We call data of this form
‘co-activation data’. It can be obtained from



the time-series by ignoring the time-ordering of
the elements of the series.

Def. 2. A data set D whose elements are of
the form

(es),

where e € E is a state of consciousness, where
s € St(S) is a system state for some sys-
tem S € Sys, and where the conjunction of
two states into a pair (e, s) indicates that
these states were active together at some point
of time during the experiment, is called co-
activation data.

It is important to note that E, Sys and St(S)
can be chosen suitably to represent an empiri-
cal study under consideration, which is why co-
activation data is a rather general type of data
that can encompass a range of existing studies.
For example, as we will show in Section 6, the
data used in contrastive analysis is a form of
co-activation data.

Co-activation data is an abstraction from
time-series data that has a number of advan-
tages. First, it makes the following analysis
much simpler as we can simply reference data
(e, s) by using the ‘element of ' symbol ‘€’ when
writing (e, s) € D. Second, it accommodates
the possibility that the statistical analysis of
the neuroimaging data provides not just a sin-
gle state, but a range of states that may have
caused the data outputted by the scanner. We
can simply add each of the states, together with
the state of consciousness that was inferred,
to the data set. Third, it is easy to take care
of missing data: in cases where either the in-
ference of the system state of a system S or
the inference of the state of consciousness went
wrong, we simply delete the pair from the data
set (while potentially keeping other states that
have been successfully inferred). And fourth,
most importantly, it allows for differing time
scales in neural and experiential data. If a state
of consciousness persists much longer than the
measured neural state, we can simply add multi-
ple elements to the data set, one for each neu-
ral state that occurs, with the same state of
consciousness. What matters for the following
analysis is only that the states in each element
were active together.

Co-activation data is a way to represent the
results of measurements in an empirical study.
For simplicity, if the context is clear, we will re-
fer to co-activation data D simply as ‘data set
D’ or ‘the data’.

4. Analysing the Logic of
Measurement

The goal of Section 5 is to analyse under
which circumstances NCCs, as defined in Defi-
nition 1, can be discovered empirically in exper-
iments that can measure co-activation data D.

Here, it is important to note that Defini-
tion 1 refers to the actual world, not data: the
scope of the definition are all occurrences of
the NCC and NCC states—all ‘activations’ of
these states, in the terminology applied here—
not just those that have been measured in a
particular study.

In order to distinguish co-activation data
that is the result of measurement and statis-
tical inference (cf. Section 3) from the co-
activations that actually occur in the real world,
we follow the statistical tradition to designate
the latter as ‘statistical population’ or simply
‘population’. That is, we use the term ‘popula-
tion' to denote the co-activations of neural and
experiential states in the actual world.

The population, so conceived, is what Defini-
tion 1 targets, and only if the population states
of a system N meet the conditions put forward
by Definition 1 is this system an NCC according
to this definition.

A logical connection between the definition
of NCCs and the data measured in an experi-
ment exists only because the latter says some-
thing about the population. In our case specif-
ically, the data D says something about which
system states and states of consciousness were
active together at some point of time during
the experiment (cf. Definition 2). This con-
nection is what enables the following analysis.
Explicitly:

(s,e) e D = s and e were

active together
at some point of time

(4.1)

Here, the symbol ‘=" represents the usual
logical implication (also called material condi-
tion), meaning that for all pairs s and e, if



(s,e) € D, it follows that s and e were active
together at some point of time (in the experi-
ment). Another way of putting this, for those
preferring to think in terms of realization, rather
than activation, would be: if (s,e) € D, then
at some point of time (in the experiment), s
and e must both have been realized. This is
a statement about the actual world, viz. the
population. Hence we may think of (4.1) as a
logical relation between data and the popula-
tion.

The logical relation between data and the
population, (4.1), enables us to analyse the re-
quirements of Definition 1 in light of the avail-
able data. In practice, of course, both the sys-
tem states and states of consciousness that ac-
tually occur must be inferred based on noisy
observations. This might introduce erroneous
observations that violate (4.1). In a statisti-
cal context, errors that violate (4.1) are called
‘Type | errors’, also known as false positives.
Type | errors are pairs (s, e) of states that are
in D, but which weren't active during the exper-
iment. Thus, in statistical inference, the truth
of (4.1) is controlled by the Type | error rate,
which is the significance level o of a statistical
analysis. Cf. Section 7 for details.

In the first part of Section 5, we will analyse
what can be said about NCCs as canonically de-
fined based on co-activation data D from an ex-
periment if (4.1) holds. The result of this anal-
ysis is a modal expression: a statement about
which systems can satisfy the canonical defini-
tion.

The crux of the analysis in the second part of
Section 5 is that an empirical search for NCCs
can in fact achieve a factual statement—it can
find out whether a system is the NCC—even if
data is partial. This is possible if it can be ascer-
tained, either theoretically or by suitable experi-
mental design, that a system is of full measure,
defined as follows:

Def. 3. A system N € Sys is of full measure in
the data D if and only if for all s € St(N) and all
e € E that can be active together, (s, e) € D.3

This definition is violated by Type Il errors,
also known as false negatives: pairs (s, e) of
states that can be active together, but which
are not in D. That is, in statistical infer-
ence, the truth of Definition 3 is controlled by
the Type Il error rate 3. Statistically speak-
ing, therefore, achieving full measurability is a
case of minimizing false negatives. Theoreti-
cally speaking, it is a case of ensuring that the
conditions of the experiment are such that ev-
ery combination of states of N and states of
consciousness can, if co-realizable, be measured
in the experiment. Practically, one can check
whether this condition is met at least to some
degree: a necessary condition for full measure-
ment of N is that all states s € St(N) and e € E
can be found in the data D. Cf. Section 7 for
details.

We note that the emphasis in Definition 3
lies on the limitation to states s of a single sys-
tem N. While it could be impractical to ask for
the converse of (4.1) to be true (which holds
for all systems S and their states), Definition 3
only concerns a single system N. We also note
that the definition proposes an ‘if-then’ relation:
if s € St(N) and e € E can be active together,
then (s, e) € D. The ‘if and only if" statement
in the Definition only concerns the label ‘full
measure’. This label is applied if and only if the
‘if-then’ relation holds.

Having discussed the logical relation between
data and the statistical population, we can
now proceed to analyse the logic of measur-
ing NCCs. This analysis proceeds in two steps.
First, in Section 5, we provide a logical analysis
of how NCCs can be measured. The result is a
theorem that establishes how NCCs can be dis-
covered based on co-activation data. Second,
in Section 7, we derive a statistical method that

3The term ‘full measure’ is motivated by the measure-theoretic definition of probabilities, where one often
speaks of a statement being true ‘up to measure zero' to indicate that the statement might not hold on sets
whose measure (viz. probability) is zero. Here, the notion of ‘full measure’ is meant to indicate that the statement
holds for all subsets of a sample space, independently of what their probability of occurrence is. This enables us
to carry out a logical analysis in Section 5. Later, in Section 7, we will introduce Type Il errors so as to deal with
the real-world case in which the statement of Definition 3 only holds up to measure 3, where 3 is the Type Il error
rate. To keep things as simple as possible, we will avoid any measure-theoretic patois in the rest of the paper,
other than the choice of term ‘full measure’ in this definition.



allows to apply the result of Section 5 in prac-
tice in light of noisy observations and statistical
errors, with precise control over a and 3 error
rates.

5. Measuring NCCs

In this section, we analyse how NCCs can
be identified in empirical studies by use of co-
activation data. To this end, we analyse the
logic of the canonical definition, provided by
Chalmers (2000, p.31), with respect to co-
activation data. To avoid too much repetition,
in what follows, we will use the term ‘NCC’
to refer to the canonical definition, i.e. Defi-
nition 1.

Theorem 14, provided at the end of this sec-
tion, is the result of our analysis. It states how
NCCs can be discovered based on empirical co-
activation data D, making use of three formal
quantities that are defined in the following anal-
ysis. These quantities are denoted as:

By(e) - Sy(e) » M ,

where the symbol ‘A — B’ indicates that B can
be computed once A is available.

The central formal object in our analysis is
the set of all states of a system S that have been
measured as co-active with a specific state of
consciousness e. We denote this set as Bs(e),
indicating both the system S and the state of
consciousness e that the set refers to in the
notation. This set can be computed once co-
activation data D is available. Formally, it is
defined as

Bs(e) = {seSt(S)|(s,e)eD},

where we have used notation from mathematics
that specifies a set in terms of a condition: the
condition is stated after the vertical line ‘|" and
applies to what is stated before the vertical line.
In the case at hand, the notation states that
Bs(e) is the set of all those s € St(S) for which
(s, e) is an element of the data D. In what fol-
lows, we will often consider the case where the
system S in question is denoted as N, in which
case the above set is denoted as By (e).

5.1. Sufficiency. We start our analysis by the
requirement that “a given state of [{the NCC] N

is sufficient, under conditions C, for the cor-
responding state of consciousness” in Defini-
tion 1.

We have already explained the role of the
conditions C in Section 2 (selection of sub-
jects). It remains to consider the requirement
that “a given state of N is sufficient for the cor-
responding state of consciousness”, which we
call ‘sufficiency requirement’ in what follows.

Denoting a state of consciousness by e and
an arbitrary system in Sys by N, our first goal is
to find those states of N that can be sufficient
for e, given the available data. We denote the
set of all such states by Sy(e):

Def. 4. For a given system N € Sys and a
given state of consciousness e € E, Sy(e) is
the set of all states s € St(N) that can be suf-
ficient for the state of consciousness e, given
the data D.

We emphasize the use of the word ‘can’ here.
We cannot know whether the states in Sy(e)
really are sufficient as the data may only capture
a small window of the actual world, in the sense
that it may not comprise all pairs (s, e) that
can occur together (viz. all pairs in the popula-
tion); the data only comprises those pairs that
have successfully been measured in the experi-
ment that provided the data. Because of this,
the definition only requires that nothing, in the
available data, stands against the possibility of
sufficiency. Formally: a state s € St(N) can be
sufficient for the state of consciousness e given
the available data D if and only if no element of
D violates the sufficiency requirement of s for
e. To ask for more is not logically possible at
this stage.

The logic of Definition 4 is as follows. The
definition singles out those states in St(N)
which can satisfy the sufficiency requirement
with respect to a chosen state of conscious-
ness e given the data. Since Sy(e) denotes the
set of all such states, every state s in Sy(e)
can satisfy the sufficiency requirement with re-
spect to e, and every state s € St(N) which
is not in Sy(e) cannot satisfy the sufficiency
requirement with respect to e. The definition
therefore posits an ‘if and only if' relation: a
state s € St(N) is in Sy(e) if and only if it can
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be sufficient for the state of consciousness e,
given the available data D.

Sufficiency is a logical condition. Using the
symbol ‘=" to denote implication (also called
material condition), sufficiency amounts to the
following: for a system state s € St(N) and a
state of consciousness e € E, the condition ‘s
is sufficient for e’ holds if and only if:

s=e (5.1)

This is a requirement on how the states in
St(N) and states of consciousness in E relate.
The scope of the requirement are all activa-
tions/occurrences/realizations of these states
in the actual world. Explicitly, the requirement
is governed by the truth table for logical impli-
cation, which in the case at hand is

St(N)‘E‘5:>e

S e T
S e' F
s’ e T
s’ e' T

where €’ denotes any state in E other than e,
s’ denotes any state in St(/N) other than s, and
T and F denote ‘true’ and ‘false’, respectively.
The truth table shows that (5.1) is always true
if the state of N is not s. Furthermore, it is
true if the state of NV is s and the state of con-
sciousness is e. The statement is false if the
state of N is s, but the state of consciousness
is not e.

An important note in this context concerns
the case of no experience. The truth table
provided above explicates the concept of suf-
ficiency: the statement that a state s of N is
sufficient for a state of consciousness e just is
a statement of the truth table provided above.
One might worry, however, that the sufficiency
requirement also says something about the case
where a state s occurs, but no conscious expe-
rience occurs. This case should, according to
the intuitive understanding of the sufficiency re-
quirement, not be possible if s is sufficient for e.
In order to cover this case as well, we have as-
sumed that the set of states of consciousness
E also comprises a state of consciousness ey
which corresponds to the case that there either
is no experience at all, or that there is an experi-
ence which is not described by any of the other
states. Because of this state, the intuition at

stake here is in fact part of the second row of
the truth table for ¢ = eg.

Based on the truth table, we can determine
which implications requirement (5.1) has for
empirical investigations. As indicated above, we
express these implications in terms of the co-
activations of system states with states of con-
sciousness, but one could also use the concepts
of co-realization or co-occurrence to achieve
the same goal. Explicitly, we will say that a
system state s and state of consciousness e are
active together (or ‘co-active’, for short) if and
only if s and e are active at the same time t.
Or, in terms of realization or occurrence: a sys-
tem state s and state of consciousness e are
active together if and only if s and e are both
realized/both occur at the same time t. When
put in these terms, (5.1) is true if and only if:

1. It is not the case that s is active together
with a state €’ # e.
2. If s is active (at a particular time), so is e.

The first condition holds because at any
point of time, only one state e € E applies.
Therefore, Condition 1. is equivalent to the
second row of the truth table. Condition 2. is
equivalent to the first row of the truth table.
Since the third and fourth rows are always true,
no other conditions apply: sufficiency of s for e
does not have implications for states s’ # s.

Having discussed the meaning of (5.1) in
terms of the co-activation of system states and
states of consciousness in the actual world (viz.
in the population), we can proceed to study
the implications for empirical studies and co-
activation data D collected therein. The result
is given by the following lemma:

Lemma 5. The set Sy(e) is the set of all states
s € St(N) for which

s ¢ By(€e) (5.2)

for all ¢ # e.

Proof. The lemma claims that a state s €
St(N) isin Sy(e) if and only if it satisfies (5.2).
We prove the ‘if’ and ‘only if' cases consecu-
tively.

Our first task is to show that if a state
s € St(N) satisfies (5.2), it is in Sy(e), mean-
ing that it can be sufficient for the state of con-
sciousness e given the data D. This is the case



if and only if no element of D violates the suffi-
ciency requirement of s for e. Above, we have
shown that s is sufficient for e if and only if Con-
ditions 1. and 2. hold. Therefore, to prove the
‘if" case of the lemma, we need to show that if
Condition (5.2) holds, neither Condition 1. nor

Condition 2. are violated by elements of the
data D.
Condition 1. states that it is not the case

that s is active together with a state e # e.
Assume that the condition is violated by ele-
ments of the data D. This is the case if and
only if there is at least one e’ # e such that
s and €' are active together, and such that
(s,e’) € D. But (s,¢’) € D if and only if
s € By(¢e'). Therefore, (5.2) does not hold.
Thus we have established that if Condition 1. is
violated by elements of the data D, then (5.2)
does not hold. By contraposition (taking the
converse of this statement), it follows that if
(5.2) holds, then Condition 1. is not violated
by elements of the data D.

Condition 2. states that if s is active (at a
particular time), so is e. Assume, again, that
this condition is violated by elements of the
data D. The condition is violated if and only
if s is active at a particular time, but not e.
Because one state of E applies at any point
of time, some e” # e must be active at that
point of time (perhaps €’ = eg). Thus, there
must be some €” # e such that s and e’ are
active together at that point of time. Thus,
Condition 2. is violated by some element of
the data D if and only if s and some €” # e
are active together at that point of time and
(s,e”) € D. But (s,e") € D if and only if
s € By(e”). Therefore, by the same logic as
above, we have established that if Condition 2.
were violated by elements of the data D, then
(5.2) does not hold. By contraposition, it again
follows that if (5.2) holds, then Condition 2. is
not violated by elements of the data D.

There are no other implications of (5.1).
Therefore, we have shown that if (5.2) holds
for a state s € St(N), no element of D violates
the sufficiency requirement of s for e, so that
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s € Sn(e) as claimed. This proves the ‘if’ case
of the lemma.

It remains to prove the ‘only if' case of the
lemma: if a state s € St(N) can be sufficient for
the state of consciousness e given the data D,
then (5.2) holds. We prove this by proving the
equivalent converse statement: if (5.2) does
not hold for a s € St(N), then s cannot be
sufficient for the state of consciousness e given
the data D.

If (5.2) does not hold for a s € St(N), there
is an € # e such that s € By(e’). This is
the case if and only if (s,e’) € D. But be-
cause of (4.1), this implies that s and €’ must
have been active together in the experiment.
Because € # e, this violates Condition 1., so
that s cannot be sufficient for e. Therefore, the
‘only if' case of the lemma holds as well. O

Lemma 5 allows us to compute Sy/(e) based
on Bs(e), which we can compute based on D.

5.2. Mapping. Next, we consider the require-
ment that “there is a mapping from states of N
to states of consciousness, where a given state
of N is sufficient for the corresponding state of
consciousness” in Definition 1. We will abbrevi-
ate this requirement as ‘mapping requirement’
in what follows.

In terms of the terminology applied here, a
mapping from the states of N to states of con-
sciousness is a mapping of the form

f:St(N) = E . (5.3)

A mapping of this form exists if we can map ev-
ery s € St(N) to an e € E.* The requirement
that is placed upon this mapping in Definition 1
is the sufficiency requirement studied in Sec-
tion 5.1 above: that “a given state [s] of N is
sufficient for the corresponding state [f(s)] of
consciousness”.

As in the last section, at this stage of de-
velopment, we can only investigate whether a
mapping that satisfies the sufficiency require-
ment can exist, not whether such mapping ac-
tually does exist in the real world. If elements
of the data D violate the conditions for the ex-
istence of such mapping, it cannot exist. If the

“Note that the requirement here is that of a mapping, not that of a partial mapping. A partial mapping would
only need to map some of the states of St(N) to E, whereas a mapping needs to map all of the states of St(N)
to E: it needs to provide a state f(s) € E for every s € St(N). This emphasizes again the importance of choosing
the right ‘level’ of description of neural systems when providing a notion of states.
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elements of the data D do not violate such con-
ditions, the mapping can exist, as far as the
available data goes. Because a mapping of the
form (5.3) is nothing but an association of at
most one e € E to every s € St(N), a mapping
where every s is sufficient for the corresponding
e can exist if and only if a mapping where ev-
ery s can be sufficient for the corresponding e
does exist. Formally, in more precise terms: A
mapping of the form (5.3), where a given state
s of N is sufficient for the corresponding state
of consciousness f(s), can exist if and only if
there is a mapping of the form (5.3), where a
given state s of N can be sufficient for the cor-
responding state of consciousness f(s). The
following lemma identifies the condition under
which this requirement can be met:

Lemma 6. A mapping of the form (5.3), where
a given state s of N is sufficient for the corre-
sponding state of consciousness f(s), can exist
if and only if the sets Sy/(e) satisfy

L Sw(e) =st(N).

ecE

(5.4)

Here, we use the symbol |J to denote the
union of sets, so that |J.cg Sn(e) is the union
of the sets Sy(e) for all e € E. Because Sy(e)
is a subset of St(N), so is the union. The condi-
tion the lemma puts forward in (5.4) is that the
union is not just a subset of St(/), but actually
gives the whole set St(N).

Proof. We prove the 'if" and ‘only if’ cases con-
secutively.

To prove the ‘only if’ case, assume that a
mapping of the form (5.3), where a given state
s of N is sufficient for the corresponding state of
consciousness f(s), can exist. This is the case
only if there is a mapping (5.3), where a given
state of NV can be sufficient for the correspond-
ing state of consciousness f(s). Therefore, for
every e € E that is in the image of the function,
the pre-image f~*(e) contains states s € St(N)

which can be sufficient for e.5> Therefore we

have f~1(e) C Sn(e), where ‘C’ denotes the
‘subset or equal’ relation.® Furthermore, for
e € E which are not in the image of f, the
preimage f~1(e) is the empty set. Thus we

have

U e < Usnle).

ecE ecE

For the left-hand-side of this expression, we

have Joeg f1(e) = F1(E) = St(N). Here,
the first equality holds because the union of
all pre-images of elements of a function is the
pre-image of the codomain of the function, and
the second equality holds because the pre-image
of the codomain of a function is the domain
of the function. For the right-hand-side of
the expression, since Sy(e) C St(N), we have
Uece Sn(e) € St(N). Combining these two
expressions with the above, we thus have

st(V) = J F'(e) € | Sw(e) S st(N),

ecE ecE

which implies that

L Sn(e) =st(N).

ecE
This proves the ‘only if' case of the lemma.

To prove the ‘if' case, assume that (5.4)

holds. The condition states that the union of all
Sn(e) covers all of St(N). Therefore, for every
s € St(N), we can find at least one e such that
s € Sy(e). This allows us to define a map-
ping f of the form (5.3) as follows: for every
s € St(N), we define f(s) to be any e € E for
which s € Sy(e). This definition gives a map-
ping of the form (5.3) where a given state s of
N can be sufficient for the corresponding state
of consciousness f(s). Thus there is a mapping
of the form (5.3) where a given state s of N
can be sufficient for the corresponding state of
consciousness f(s), which means that there can
be a mapping of the form (5.3), where a given
state s of N is sufficient for the corresponding

5For a function f: X — Y, the pre-image of an element y of Y, denoted as f~1(y), is the set of all elements
of X which map to y. Explicitly, in terms of the notation for specifying a set by a condition introduced at the

beginning of Section 5, f~1(y) = {x € X | f(x) = y}.

6To see that a state s that is sufficient for e is a state that can be sufficient for e, consider the converse
statement. A state s can be sufficient for e if and only if there is no element (s, e’) € D which violates the
sufficiency requirement of s for e. Therefore, if s is a state that cannot be sufficient for e, there is an element
(s, €') € D that violates the sufficiency requirement of s for e. That is the case if and only if ¢ # e and s and e
are active together at some point of time. But this implies that s is not sufficient for e.



state of consciousness f(s). This proves the
‘Iif" case of the lemma as well. O

One might wonder whether the mapping f
in (5.3) should be required to be surjective (also
called ‘onto’). While this might be a natural re-
quirement (cf. e.g. (Fink, 2016, Footnote 6)),
we will not impose it here, as it is not part of
the definition provided by Chalmers (2000), and
because, due to the sufficiency requirement in
Definition 1, the existence of such mapping is a
substantial requirement already even if no sur-
jectivity is demanded. (Plus, surjectivity would
imply that one NCC can explain all states of
consciousness, which might be too much to ask
for.)

We should, however, take care of the spe-
cial state ey that we have introduced in Sec-
tion 2 to describe the situation where none of
the other (substantial) states of consciousness
apply, including the case where a subject has
no experience at all. As things stand, the map-
ping f could simply map all of St(N) to this
state, which is not intended by the requirement
in Definition 1. Therefore, in addition to the
bare sufficiency requirement discussed above,
we should require the mapping f to map to at
least one state other than ey. Mathematically
speaking, this is the requirement that the image
of f (which consists of all e € E that the func-
tion maps to) should contain at least one state
other than ez. In what follows, we will include
this requirement when referring to the ‘mapping
requirement’ and ‘NCCs'. The next lemma pro-
vides the conditions under which the mapping
requirement, thus extended, can be met.

Lemma 7. A mapping of the form (5.3), where
a given state s of N is sufficient for the cor-
responding state of consciousness f(s), and
which maps to at least one state e # ey, can
exist if and only if the sets Sy(e) satisfy (5.4)
and there is at least one e # ey such that

Sn(e) #9. (5.5)

This lemma extends the result of Lemma 6
to ensure that the sufficiency requirement of
Definition 1 is met by a mapping f that maps
to at least one state other than egz. The new
condition that Lemma 7 puts forward in addi-
tion to Lemma 6, Condition (5.5), states that
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there is at least one e # ey such that Sy(e) is
not empty. Here, ‘@' denotes the empty set.

Proof. We prove the ‘'if’ and ‘only if" cases con-
secutively, and refer to the proof of Lemma 6.

To prove the ‘if’ case, assume that the sets
Sn(e) satisfy (5.4) and that there is at least
one e # ey such that Sy(e) is not empty. De-
note this e by €. The existence of ¢ allows
us to place a further requirement on the func-
tion f that we define in the proof of the ‘if' case
of Lemma 6: we require that for at least one
s € Sy(¢e'), the function satisfies f(s) = €.
This requirement can be met because Sy(¢e’) is
not empty. And it does not interfere with the
proof of Lemma 6, because in the proof, we
have only required f(s) to be any e such that
s € Sy(e). Choosing €' continues to satisfy
this requirement. As a consequence of this ad-
ditional requirement, ¢’ is in the image of f, so
that f maps to at least one state e # ey.

To prove the ‘only if' case, assume that a
mapping of the form (5.3), where a given state
s of N is sufficient for the corresponding state
of consciousness f(s), and which maps to at
least one state e # ey, can exist. Denote this
state again by €. In the proof of the ‘only
if' case of Lemma 6, we have already shown
that for all e, we have F~1(e) C Sy(e), where
f~1(e) denotes the pre-image. Since f maps
to €, € is in the image of f, so that the pre-
image f~1(¢e') is not empty. From the above,
we have f~1(e’) C Sy(¢e), so that if f~1(€') is
non-empty, Sy(¢e’) is non-empty as well. Thus
there is least one e # ey such that Sy(e) is not
empty, as claimed. O

The conditions that Lemmas 6 and 7 put
forward are conditions on the sets Sy(e) of a
system N. The lemmas show that if the sets
Sn(e) of asystem N satisfy (5.4) and (5.5), the
system N can satisfy the mapping requirement
of Definition 1, and vice versa. For brevity,
we will use the abbreviation ‘N satisfies (5.4)
and (5.5)" to designate the case where the sets
Sn(e) of N satisfy (5.4) and (5.5), and intro-
duce a class M to denote all systems that do:

Def. 8. Let M denote all systems in Sys that
satisfy (5.4) and (5.5).
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As in the case of Definition 4, this definition
posits an ‘if and only if’ condition: a system
N € Sys is in M if and only if it satisfies (5.4)
and (5.5). Or equivalently: any system N € M
satisfies (5.4) and (5.5), and any system N ¢ M
does not satisfy both (5.4) and (5.5).

Making use of the class M, we can reformu-
late the result of the above lemmas as follows:

Corollary 9. M is the class of systems N € Sys
for which a mapping of the form (5.3), where
a given state s of N is sufficient for the cor-
responding state of consciousness f(s), and
which maps to at least one state e # ey, can
exist.

Proof. Let N be a system in M. By definition,
this system satisfies (5.4) and (5.5). Lemma 7
shows that if a system satisfies (5.4) and (5.5),
then a mapping of the form (5.3), where a given
state s of N is sufficient for the corresponding
state of consciousness f(s), and which maps
to at least one state e # ey, can exist. |f,
on the other hand, N is a system which is not
an element of M (N ¢ M), then either (5.4)
or (5.5) do not hold for N. Therefore, accord-
ing to Lemma 7, no mapping of the form (5.3),
where a given state s of N is sufficient for the
corresponding state of consciousness f(s), and
which maps to at least one state e # ey, can
exist. O

Because M is defined in terms of (5.4)
and (5.5), it can be computed based on Spy(e).

5.3. Minimality. It remains to consider the
minimality requirement in Definition 1. As ex-
plained in Section 2, minimality is defined with
respect to a partial order ‘<'. Explicitly, x is
a minimal element of a set X if and only if for
every y € X, y < x implies that y = x.”

In the case of Definition 1, minimality con-
cerns the partial order ‘<’ on the set of subsys-
tems Sys. The requirement for a system N to
be an NCC is that it is minimal among all those
systems that satisfy the mapping requirement
discussed above. This is the case, according to
the definition of minimality, if and only if, for

all systems M that satisfy the mapping require-
ment, M < N implies M = N. We will refer
to this part of Definition 1 as the ‘minimality
requirement’ in what follows.

The class M introduced above is the set of
systems which can satisfy the mapping require-
ment. Definition 1, on the other hand, identifies
an NCC as minimal element of the systems that
do satisfy the mapping acquirement. Hence our
first task is to analyse which systems can satisfy
the minimality requirement of Definition 1.

Importantly, it is not the case that the class
of systems which can satisfy the minimality re-
quirement of Definition 1 consists only of those
systems which are minimal in the class of sys-
tems that can satisfy the mapping requirement
(viz. the class M). Rather, if nothing is known
about the available data except (4.1), every sys-
tem in the class M can satisfy the minimality
requirement in Definition 1. This is the case
because, as shown by Lemma 10 below, addi-
tional data makes M smaller. Intuitively speak-
ing, it could be the case that further measure-
ment produces a pair (s, e) that isn't in D, but
in the population, and it can be the case that
this pair breaks the sufficiency requirement for
s, so that the corresponding system drops out
of the class M. Therefore, in principle, as far
as the data D is concerned, it can be the case
that additional data constraints M to any of its
subsets, so that any system in M could, as far
as the data D is concerned, be the minimal sys-
tem that satisfies the sufficiency requirement of
Definition 1. In other words, if nothing is known
about the data other than (4.1), the search for
NCCs has to stop at M.

Fortunately, as explained in Section 4 and
shown below, it can be the case that more is
known, which allows a search to go much fur-
ther.

In the following analysis, we will need to com-
pare different data sets D and D’. To this end,
we amend the existing notation as follows. For
the data set denoted by D, all notations are as
introduced above. But for a data set denoted

"More explicitly, in a preorder < (which satisfies the axioms of reflexivity and transitivity), an element x of a
set X is a minimal element of X if and only if for every y € X, y < x implies x < y. A partial order is a preorder
that satisfies the axiom of antisymmetry in addition to the preorder axioms. Antisymmetry requires that for all x
and y, if x <y and y < x, then x = y holds. Thus, for a preorder, an element x is a minimal element of a set X

if for every y € X, y < x implies x = y.



by D', we add a prime to all existing definitions
to indicate that they refer to the data set D’
rather than D. Explicitly, this comprises B (¢e)
(defined at the beginning of this section), S}, (e)
(Definition 4), and M’ (Definition 8).

Lemma 10. If D C D', then M’ C M.

Proof. D C D’ means that every (s,e) € D
is also in D’. Hence, for any N € Sys, any
s € St(N) and any e € E, we have

seBy(e) e (s,e) eD
= (s,e) e D' & seBj(e),
and therefore
s ¢ Bjy(e) = s ¢ Bp(e).
Therefore, if a s € St(S) satisfies s ¢ B (¢)
for all € # e, it also satisfies s ¢ By(e') for
all € # e. In light of Lemma 5, this establishes
that any s € S)y(e) is also in Sy(e), so that we
have
Sh(e) S Sn(e)
for all e € E and any N € Sys. This implies,
first, that any system N that satisfies
L Siv(e) = st()
ecE
also satisfies

L sw(e) =st(N),

ecE
because Upce Sw(€) 2 Ueee Sh(e) = St(N),
and U.ce Sn(e) € St(N). And it implies, sec-
ond, that any system N that satisfies

n(e) # @

also satisfies

Sn(e) # .

Therefore, any system N which satis-
fies (5.4) and (5.5) for D’ also satisfies (5.4)
and (5.5) for D, or, put in terms of M intro-
duced in Definition 8,

NeM =NeM,
so that M’ C M as claimed. O

Lemma 10 shows that further empirical anal-
ysis constrains M to some subset M’ C M.
If nothing is known about D other than (4.1),
nothing is known about which subset M’ can be
found by further empirical analysis so that, as
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far as D is concerned, any system in M could
be minimal in the resulting M’, and a fortiori
satisfy Definition 1.

Fortunately, as explained in Section 4, it can
be the case that more is known about D and
its relation to the world, based on theoretical
and/or statistical considerations: it can be the
case that one can ascertain, for an individual
system N and a suitably chosen maximally ac-
ceptable Type Il error rate (B), that the system
is of full measure in D, Definition 3.

In what follows, we analyse what can be said
about the minimality requirement and Defini-
tion 1 in light of full measurability of individual
systems.

To carry out this analysis, as a first step, we
consider the case where every system N is of
full measure. This is a theoretical assumption,
and we emphasize that this is not an assumption
that is needed for the main theorem below. We
call data for which this is the case ‘complete’.

Def. 11. D is complete iff every N € Sys is of
full measure in D.

The following propositions will allow us to
prove the main theorem (Theorem 14) below.

Proposition 12. If N is minimal in M, and D
is complete, then N is an NCC.

We emphasize that the proposition estab-
lishes that N is an NCC, not simply that it can
be an NCC. This is possible because of the as-
sumption of complete data in this proposition.

Proof. Consider any N € M. We first show
that any s € Sy(e) is sufficient for e.

According to Lemma 5, a state s € St(N) is
in Sy(e) if and only if s ¢ By(¢e’) for all ¢ # e.
This is the case if and only if (s,¢’) ¢ D. Be-
cause D is complete, N is of full measure in D,
which is the case if and only if for all s € St(N)
and all e € E that can be active together,
(s, e) € D (Definition 3). Formally:

s and e can be

active together = (s,e)eD
The equivalent converse of this statement is:
s and e cannot

(s.e)¢D = be active together

Above, we have found that a state s € St(N)
is in Sy(e) if and only if (s, €') ¢ D for all
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e’ # e. Therefore, making use of the converse
statement above, it follows that for any e’ # e,
s and €’ cannot be active together. Therefore,
Condition 1. of Section 5.1 holds true.

Furthermore, because we have assumed that
there is a state ey € E which represents the
case that none of the other states apply, if s is
active, it must be active with some €” € E (per-
haps €’ = ez). In virtue of the last paragraph,
this can only be the case for ¢” = e. Hence, if
s is active at a particular time, so must be e.
This is Condition 2. of Section 5.1.

The last two paragraphs show that if a state
s is in St(N), it satisfies the two conditions
of sufficiency that we have identified in Sec-
tion 5.1. This establishes that any s € Sy(e)
is sufficient for e.

Next, we show that N satisfies the mapping
requirement. Because N € M, N satisfies con-
dition (5.4) (Definition 8). This condition im-
plies that every state s € St(N) is in some set
Sn(e). Above, we have established that any
s € Sn(e) is sufficient for e. Thus, it follows
that for every state s € St(N), there is at least
one e € E such that s is sufficient for e. Defin-
ing, f(s) to be that state e for every s € St(N)
provides a a mapping of the form (5.3) where
every state s of N is sufficient for the corre-
sponding state of consciousness. Thus, there is
a mapping from states of N to states of con-
sciousness, where a given state of N is sufficient
for the corresponding state of consciousness.

Since N € M, N also satisfies condition (5.5)
(cf. Definition 8). Thus, there is at least one
e’ # ey such that Sy(e’) # @. From the
above, it follows that any s € Sy(e€’) is suffi-
cient for €’. Thus, there is at least one €’ # ey
for which there is a s’ € St(N) such that s is
sufficient for €’. Defining f(s’) = €’ in the con-
struction above ensures that €’ is in the image
of f, so that f maps to at least one e # eg.
Therefore, f also meets the additional require-
ment we have introduced to deal with the state
ez (cf. Lemma 7). This establishes that there
is a mapping from states of N to states of con-
sciousness, where a given state of N is sufficient
for the corresponding state of consciousness,
and which maps to at least one state e # ey.

Because the above holds true for any N € M,
every N € M satisfies the mapping requirement

of NCCs. Therefore, if N is minimal in M, it
is minimal among the systems that satisfy the
mapping requirements. But according to Defi-
nition 1, this is the case if and only if N is an
NCC. O

Proposition 13. If D C D', N € M, and N is
of full measure in D, then N € M.

Proof. We first show that for all s € St(N)
and e € E, because of the assumptions of the
proposition, we have

(s,e)eD & (s,e)eD . (5.6)

Because D C D', we have (s,e) € D =
(s,e) € D'. This is the ‘=" direction of (5.6).
It remains to show the '« direction: (s, e) €
D < (s,e) € D'. The equivalent converse of
the last statement is (s,e) ¢ D = (s,e) ¢ D’.
Because N is of full measure in D, for all
seSt(N)ande € E, if (s,e) ¢ D, sand e can-
not be active together. But because of (4.1),
this implies that (s, e) ¢ D', for otherwise, if
(s, e) € D', s and e were active together, which
implies that they can be active together. Thus
the ‘«<=' direction of (5.6) holds as well. But
(5.6) implies that

Bn(e) = Biy(e)

for all e € E. Because of Lemma 5, this identity
implies that

Sn(e) = Sy(e)

for all e € E. Therefore, if (5.4) and (5.5)
hold for the sets Sy(e), they also holds for the
sets S)y(e). Since N € M, (5.4) and (5.5) hold
for the sets Sy(e). Thus they also hold for
the sets S)(e), which implies that N € M’ as
claimed. 0

We now return to the case of a single data
set D. As before, in the following theorem,
we use the term ‘NCC' to denote NCCs as in
Definition 1, which is the canonical definition
in the field first provided by (Chalmers, 2000),
with the additional requirement that the map-
ping maps to at least one of the substantial
states of consciousness e # eg.

Theorem 14. If N is minimal in M, and if N is
of full measure in D, then N is an NCC.



We remark that the theorem again makes a
factual statement in using the word ‘is’. Even
though M denotes the systems that can satisfy
the mapping requirement in light of the avail-
able data (cf. Definition 8), because of the as-
sumption that N is of full measure, the theorem
is able to establish that a minimal system in M
is an NCC.

We emphasize that the statement of the the-
orem is relative to the notion of state that
has been applied in an empirical study, and to
the system class under consideration, as repre-
sented by St(S) and Sys, respectively.

Proof. We denote by D’ the target population
of an empirical study, viz. the class of all system
states and states of consciousness that can be
active together. Using the symbol St to denote
the union of all system states of all systems in
Sys, this class is given by

D'={(s,e)|seSt andecE

can be active together } .

Because, for any S € Sys, the class D’ con-
tains all s € St(S) and e € E that can be active
together, any S € Sys is of full measure in D’
(Definition 3). Therefore, D’ is complete (Def-
inition 11).

Furthermore, because of (4.1), we have D C
D’. This s the case because according to (4.1),
if (s, e) € D, then s and e were active together.
Hence s and e can be active together, so that
(s,e) eD.

Since D C D’, Lemma 10 applies, and es-
tablishes that M’ C M.

Next, we make use of Proposition 13. We
have already established that D € D’. The
theorem furthermore assumes that N is min-
imal in M, and that N is of full measure in
D. Because every minimal element of a set is
an element of the set, the first assumption im-
plies that N € M. Therefore, all assumptions
of Proposition 13 are met, which implies that
NeM,

Because M’ C M, because N € M’, and be-
cause N is minimal in M, N is also minimal in
M’. This is so because, according to the def-
inition of minimality, N is minimal in M if and
only if for all systems M € M, M < N implies
M = N (cf. Footnote 7). Since M’ is a subset
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of M (M’ C M), this statement includes the
statement that for all systems M € M', M < N
implies M = N. Because N € M’, this is the
case if and only if N is minimal in M'.

As a final step of the proof, we consider
Proposition 12. Since N is minimal in M’, and
D’ is complete, the proposition applies to D’,
and establishes that N is an NCC. O

Theorem 14 concludes the analysis of how
NCCs can be measured based on co-activation
data. For later reference, we denote the class
of systems that result from the application of
the result of this analysis as follows.

Def. 15. We denote by NCC all systems in
Sys which are minimal in M and of full measure
in D.

Theorem 14 establishes that any system that
results from the application of the result of the
analysis carried out above is an NCC as defined
in Definition 1, which is the canonical definition
in the field first provided by (Chalmers, 2000),
and furthermore satisfies the extended mapping
requirement (mapping to at least one of the
substantial states of consciousness e # ey)
that we have introduced in response to the con-
vention regarding the state ey introduced in
Section 2. In terms of the class NCC, The-
orem 14 thus establishes the following:

Corollary 16. If N € NCC, N is an NCC.

Proof. N € NCC if and only if N is minimal in
M and of full measure in D. Therefore, The-
orem 14 applies and establishes that N is an
NCC. d

The definition of the class NCC is the result
of the analysis of the measurement of NCCs
carried out in this section. The theorems and
lemmas of this section show how NCC is de-
fined in terms of co-activation data. There-
fore, NCC can be computed if co-activation
data from an empirical study is available.

The results of the logical analysis of mea-
surement of NCCs presented above point at a
new way to measure NCCs—that is, to a new
methodology to measure NCCs that can, per-
haps, be applied in empirical studies to sup-
port the search for NCCs. The methodology
consists of the measurement of co-activation
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data, for example by use of the statistical pro-
cedures explained in Section 7, and the subse-
quent calculation of the class NCC based on
the definitions provided above. In the following
sections, we will analyse this methodology fur-
ther. To this end, in what follows, we will refer
to this methodology as Co-Activation Analysis
(CoAA).

Explicitly, CoAA consists of the measure-
ment of empirical co-activation data D and the
computation of the class NCC defined above.
This computation proceeds as follows. First,
one computes the sets By(e) defined at the
beginning of this section based on D. Second,
one assesses Condition (5.2) to compute the
sets Sy(e) based on By(e) (Lemma 5). Third,
one assesses Conditions (5.4) and (5.5) to com-
pute M based on the sets Sy(e) (Definition 8).
Fourth, one determines the minimal systems in
M and assesses full measurability in D.

We summarize CoAA, and explain how it
should be applied in practice, in Section 11. But
first, we compare the methodology with con-
trastive analysis in Section 6, and explain how
statistical inference can be applied in Section 7.

6. Contrastive Analysis

In this section, we compare the methodol-
ogy found above, which we preliminarily call
Co-Activation Analysis (CoAA), to contrastive
analysis. To this end, we first consider, as an
example, a somewhat simplified account of a
contrastive fMRI analysis. Based on this ex-
ample, we then analyse the logic of contrastive
analysis abstractly and compare it with the logic
of CoAA as found above.

Contrastive analysis presumes a binary
distinction in conscious experiences, usually
whether a subject experiences a particular stim-
ulus consciously, or not, and aims to measure
the difference (contrast, cf. below) in neural
states between the two conditions. The former
case, where the subject experiences the stim-
ulus, is often called the ‘seen’ case, whereas
the latter case, where the subject does not ex-
perience the stimulus consciously, is called the
‘unseen’ case.

In order to make sure that the contrast that
results from the analysis reflects only a differ-
ence in conscious experience, and not other sys-
tematic differences in the seen vs. unseen cases,
for example differences in reporting, working
memory, decision making, prior expectations,
or particular task demands, sophisticated ex-
perimental procedures are necessary, both for
the presentation of a stimulus and the infer-
ence of whether the stimulus was consciously
experienced. This is known as the problem of
confounders, cf. (Overgaard, 2004) and (Aru,
Bachmann, et al., 2012), which we will dis-
cuss in detail in Section 8. In practice, this re-
quirement restricts contrastive analysis to near-
threshold conditions, where stimuli (and masks)
are chosen so that the resulting experiences
of the stimuli are close to the experience/no-
experience threshold.

In the case of an fMRI analysis, the neural
data that feeds into the contrast analysis is data
from an fMRI scanner. In every trial of the ex-
periment, an fMRI scan is produced. We repre-
sent the activity of the ith voxel that the fMRI
scanner provides after a scan by Y;. It is taken
to be a continuous (real) number.

Together with the fMRI scan, in each trial of
the experiment, some behavioural data or a re-
port is collected, so as to determine, by use of a
measure of consciousness, whether the subject
has experienced the stimulus consciously (‘seen
cases') or unconsciously (‘unseen cases'). The
result can be encoded in a contrast variable X,
where X = 0 corresponds to the unseen cases,
and X = 1 corresponds to the seen cases. For
the purpose of the statistical analysis explained
below, X is taken to be a continuous variable
as well. The neural activity data from the fMRI
scanner, the contrast variable data obtained by
use of a measure of consciousness, and other
covariates such as age or gender are the empir-
ical data that feed into the contrastive analysis,
as we now explain.

In order to determine the difference in neu-
ral activation between seen and unseen cases
in light of noisy measurements and stochastic
brain processes, the empirical data is fed into a
statistical model, for example a linear regression



model of the form
Y; = bjg+ bj1 - X + ...

where the dots indicate that further terms are
added for covariates such as age or gender.
Here, bjg and b;j; are parameters of the regres-
sion model, also called regression coefficients.
Ignoring covariates temporarily, these parame-
ters are interpreted as follows. The parameter
bjo is the intercept. In the case of linear re-
gression, it is equal to the average activation of
voxel i in the case where X = 0, viz. the av-
erage activation of voxel / in the unseen cases.
The parameter b;; is sometimes called slope. It
expresses how much the average activation of
voxel i differs between the seen cases (X = 1)
and the unseen cases (X = 0).

Once empirical data is available, the regres-
sion can be carried out. There are a range of
statistical procedures that can be applied, all of
which provide the following information:

1. The analysis provides, first, a descriptive
estimation of by and b;; (and further pa-
rameters in case of covariates). Here ‘de-
scriptive’ emphasizes that the estimation
describes the available data (in the sense
of descriptive statistics or exploratory data
analysis), but may not hold in the popula-
tion from which the data is drawn—here,
the neural states and states of conscious-
ness of the subject(s).

2. Second, in order to secure the analysis
against random fluctuation, a regression
analysis includes the result of statistical
tests of the estimated parameters (and
model in general) against null hypotheses.
This is a case of statistical inference that
allows to draw conclusion about the popu-
lation from which the data has been drawn.
Examples are t-tests of the model parame-
ters. In the case of contrastive analysis of
NCCs, the null hypotheses in the statistical
tests of the b;; parameters are bj; = 0.

There are many other important steps and
quantities that feature in a linear regression
analysis (e.g. the evaluation of model fit using
coefficients of determination, or the global test
of the model against the null model in the form
of an F-test), but for the purpose of the fol-
lowing analysis, the above information suffices.
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The crucial quantities in a contrastive anal-
ysis of NCCs are the p-values of the statistical
tests of the parameters bj; against the null hy-
potheses bjy = 0 provided in Step 2.. For every
voxel i, one such p-value is available. If the p-
value for the ith voxel is smaller than the signifi-
cance level chosen in the study (e.g. a = 0.05),
the null hypothesis can be taken to be false,
not just in the data, but in the underlying pop-
ulation. In other words, for all voxels with a
p-value smaller than the significance level (viz.
for significant p-values), the data collected in
the experiment affords the conclusion that in
the underlying population, bj; # 0. This means
that there is a difference in the average acti-
vation of voxel i between the seen and unseen
cases in the population. We do not know how
large the difference really is, or whether there
also is a difference for the voxels that did not
yields significant p-values, but (provided the for-
mal assumptions of the model hold, and up to
the uncertainty reflected in the choice of sig-
nificance level), it can be taken as certain that
there is a difference.

Because voxels with significant p-values in-
dicate that there is a systematic difference be-
tween seen and unseen cases in the population,
assuming that the other requirements of the
statistical analysis are satisfied, we can sum-
marize the logic of contrastive analysis in the
above example as follows:

» If a brain area/region of interest (ROI) in-
cludes voxels with significant p-values of the
test of the bj; parameter against b;; # 0,
then the ROl is part of an NCC.

It is needless to say that in practice, there are
deviations from this logic. Most notably, some
of the significant p-values might be excluded
from the above logic for theoretical reasons re-
lated to confounders. That is, the significant p-
values might be taken to be a result of system-
atic differences due to reporting, working mem-
ory, decision making, prior expectations, or par-
ticular task demands in the ‘seen’ vs. ‘unseen’
cases, rather than a result of the differences
of the conscious experiences in those cases. Or
they might be interpreted as artifacts due to the
measurement process, especially in the case of
lone significant voxels. But once the p-values
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are corrected for such theoretical insight, the
above logic holds.

In practice, this logic is often applied in a vi-
sual inspection of a p-value map. A p-value map
shows the p-values for all voxels i which have
significant p-values. Making use of a visual in-
spection has a number of advantages, for exam-
ple regarding the identification of confounders
(cf. above) or the interpretation of artifacts.
But once the information in the p-value map is
corrected correspondingly, the above logic ap-
plies: if a ROI includes significant voxels, it is
taken to be part of the NCC.2

In what follows, we will analyse the above
logic mathematically. To do so, we first show
that the data used in contrastive fMRI analysis
is a form of co-activation data.

Claim 17. The data used in contrastive fMRI
analysis is a form of co-activation data.

To see why Claim 17 holds, we first represent
contrastive analysis in terms of the objects E,
Sys, and St(S) introduced in Section 2 above,
and subsequently consider Definition 2.

First, the binary distinction in conscious ex-
perience of a stimulus can be described by two
states of consciousness, one state e that repre-
sents the seen case, and the state ey for the un-
seen case. Together, these two states provide
the set E of states of consciousness introduced
above, E = {e, ey }.

Second, since the notion of subsystem that
contrastive analysis operates on is that of ROls,
as specified by a suitable brain atlas, we may
take Sys to be that brain atlas. The partial or-
der ‘<’ on systems is given by inclusion of sets:
If S, S’ € Sys denote two ROls, we have ' < S
iff the ROl S’ is a subset of the ROl S.

Third, because the fMRI data provides one
activity value for each voxel, the notion of state
under consideration is that of activity values for
each voxel of a ROI. Explicitly, denoting the
voxels of a ROl S by Sy/, a state is a mapping

SZS\/—>R, (61)

which associates to every voxel / that belongs
to the ROI an activity value s(i). For a ROI S,
we denote the set of all such states by St(S).

The data that feeds into an fMRI analysis
consists of activation values Y; for each voxel /,
together with the value of a contrast variable
X which indicates ‘seen’ vs. ‘unseen’ cases, as
described above. For each trial of the experi-
ment, the activation values for the voxels give
states s as in (6.1). The 'seen’ cases (X = 1)
correspond to the state of consciousness e and
the ‘unseen’ cases (X = Q) correspond to the
state of consciousness eg. Therefore, each trial
of the experiment gives a pair

(s.e)
consisting of a ROI state s as in (6.1) and a
state of consciousness e; these states were ob-
served to be active together at some point of
time during the experiment. The set of all (s, e)
that were observed in the experiment is data of
the co-activation type as defined in Definition 2.

Based on this formal representation of the
data, the logic of contrastive analysis can be
explicated as follows.

Above, we have seen that if a ROI includes
voxels with significant p-values (of the tests of
the parameters b;; against the null hypotheses
by = 0), then the ROl is part of the NCC
according to contrastive analysis. But a ROI
includes voxels with significant p-values of the
parameter bj; if and only if there is some differ-
ence between the average values of the seen and
unseen cases in the population. This difference
is itself a state of the ROI, of the form (6.1).
We denote this state by S.

It is the state § that underlies the differ-
ence between seen and unseen cases (on aver-
age) in the population, according to contrastive
analysis. The state is activate in seen cases,
5 € Bs(e), and not activate in unseen cases,
§ ¢ Bs(eg).

Referring to the result of a contrastive anal-
ysis as ‘Contrast NCC', we can summarize this
logic as follows:

8The voxels whose p-values are above the significance level cannot be interpreted if standard significance testing
is applied. That is because non-significant p-values do not imply that there is no difference in activation in the
population; they merely show that nothing can be concluded about the difference in these voxels based on the
available data. For this reason, the case where one interprets ROIs with no significant voxels as excluded from the
NCC, is not, strictly speaking, a permissible conclusion if the standard suite of linear regression models is applied.



Def. 18. The Contrast NCC consists of all
those systems S € Sys for which there is a

state § € St(S) such that

5€Bs(e), (6.2)
but

§¢ Bs(eg). (6.3)

We denote the class of systems that satisfy
these conditions by ConNCC.

This definition aligns with the widely shared
intuition about contrastive analysis as finding
those neural systems that are active in seen
cases, and not active in unseen case, relative
to a shared background activation of both con-
ditions.

The following theorem shows that the Co-
Activation Analysis (CoAA) found above im-
proves upon the results of contrastive analy-
sis, as far as the logic of measurement is con-
cerned. As before, NCC is the result of CoAA
introduced above (cf. Definition 15 and Corol-
lary 16), and ConNCC is the result of a con-
trastive analysis, defined in the definition above.
The theorem shows that every system in NCC
is also in ConNCC. This means that Co-
Activation Analysis improves upon the result of
contrastive analysis, as far as the logic of mea-
surement is concerned.

Theorem 19. NCC C ConNCC.

Proof. Let N € NCC. According to Defini-
tion 15, N € M. According to Definition 8,
because N € M, N satisfies Conditions (5.4)
and (5.5). Because of (5.4), there is at least
one state € € E such that Sy(e’) is non-empty.
Because of (5.5), and because E = {e, ez},
this is the case for the state e which represents
the ‘seen’ cases, so that Sy(e) is not empty.
According to Lemma 5, all states s € Sy(e)
satisfy

s ¢ By(€) (6.4)
for all € # e. Since Sy(e) is non-empty, it
follows that there is at least one state S such
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that
§¢ Bn(e), (6.5)
for all € # e. Since ey # e, this implies that
§¢ Bu(en) . (6.6)

Because N € NCC, according to Definition 15,
N is of full measure in D (Definition 3). There-
fore, for all s € St(N) and all e € E that can be
active together, (s, e) € D. Due to the state
ez, at any point of time, some e € E must be
active (cf. Section 2). Therefore, if § is active,
it is active together with some e” € E. There-
fore, § and e” can be active together. Because
of N is of full measure in D, this implies that
(5,€") € D. But in light of (6.5), this implies
that ¢’ = e. Therefore, we have (§,¢e) € D,
which is the case if and only if

s e Byle). (6.7)

Conditions (6.6) and (6.7) are Conditions (6.2)
and (6.3) of Definition 18. Therefore, it fol-
lows that N € ConNCC. With this, we have
shown that any system N which is in NCC is
also in ConNCC. Thus, NCC C ConNCC, as
claimed.® O

7. Statistics

In this section, we discuss how statistics can
be used in Co-Activation Analysis (CoAA) to
control for noisy observations and stochastic
brain processes. We consider two alternative
approaches. The first builds on linear regression
models as used in contrastive analysis. It yields
a theorem that improves upon contrastive anal-
ysis as currently applied. This theorem gives a
methodology for the empirical search for NCCs
which is:

» less constrained than the contrastive ap-
proach, because it requires less assumptions
regarding the neural states in question.

» statistically more powerful, in the sense that
it allows a better control of both Type | and
Type Il errors.

9Strictly speaking, in Definition 18 D should be taken to denote pairs of neural states and states of conscious-
ness that can be active together—pairs in the population, that is—as this is what the statistical procedure explained
above targets. Adding this requirement to Definition 18 would amount to changing the definition to “The Contrast

NCC consists of all those systems S € Sys for which in the population D’, there is a state ..

.". Theorem 19 still

applies to this case as well, because if there is a state § in the data that satisfies (6.2) and (6.3) in the data, due
to (4.1), and because every N € NCC is of full measure in D, the state must also meet those requirements in the

population.
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» easy to apply in practice.

The second approach makes use of likelihood
functions as a bridge between more abstract
neural notions and neuroimaging data. It is
more general than the first one, albeit also less
common and more involved to apply in prac-
tice. Crucially, though, it allows to bypass the
choice of states that both contrastive analysis
and linear-regression CoAA make use of. For
reasons of space, and because the details de-
pend on the likelihood function under consider-
ation, the discussion of this second approach is
shorter and more high-level than the discussion
of the first approach.

There are many other statistical tools that
could be used in CoAA as well, which however
for reasons of space we do not discuss here. A
prime example are Bayesian approaches.

7.1. Linear Regression-based CoAA. A cru-
cial question in the search for NCCs is which
notion of state to consider. The choice of state
determines the level or scale at which one is
searching for NCCs, and is intimately related to
the level or scale of the brain that matters for
conscious experience.

Contrastive analysis is based on a linear re-
gression model that amounts to comparing av-
erage activity values, where the averages are
taken with respect to the ‘seen’ and ‘unseen’
cases. In this section, we show that the same
type of state can also be subjected to Co-
Activation Analysis. Doing so leads to a par-
ticularly simple and statistically powerful proce-
dure, and in contrast to contrastive analysis, no
near-threshold condition or restriction to binary
states is required.

To keep the intuition of the following presen-
tation as simple as possible, and to avoid hav-
ing to introduce too much abstract notation, we
consider, as in Section 6, the case of fMRI data.
The translation to other experimental schemes
should be straightforward.

That is, we assume that there is a set V of
voxels which we denote by /. An fMRI scan of
the brain provides activity values, which for the
ith voxel, we denote as Y;. As before, we as-
sume these are real numbers R. In conjunction
with the fMRI scan, a measure of consciousness
is applied to infer information about which state
of consciousness e from a set of states of con-
sciousness E is active. Finally, we assume that
covariates such as age or gender are collected
too.

We denote the average activity value in
voxel i when a state of consciousness e € E
is active by .. That is, u! is the average of all
activity values Y; which were observed when the
state of consciousness inferred by the measure
of consciousness was e, adjusted for differences
in covariates. If E is chosen to comprise the
‘seen’ and ‘unseen’ cases of contrastive analy-
sis, as indicated by the contrast variable X in
Section 6, differences between the u’ are pre-
cisely what is investigated in contrastive analy-
sis.

As in the case of contrastive analysis, we take
the class Sys to comprise a suitable choice of
Regions of Interest (ROIs). For a ROI S, a
state then consists of the average activity values
for each of its voxels. If the state of conscious-
ness relative to which the average is calculated
is e, we denote the state of the ROI by s.. It
iIs a mapping which associates to each voxel /
of the ROI the corresponding average activity
value, formally:

Se: Sy — R
_ i (7.1)
=y,

where Sy denotes the voxels of the ROI S.
Choosing average activity values as the neu-

ral states that are considered means setting the

state space of every ROl S € Sys to consist of

the states s, so constructed.'® Formally,

St(S) ={s.|e € E}. (7.2)

10This is a comparably strong assumption because the averages are taken with respect to states of con-

sciousness, which means that the notion of neural state that is presumed is not fully independent from states
of consciousness, as one would expect based on the spirit of Definition 1. In the present section, we take this
assumption to be warranted by the fact that the statistics of contrastive analysis rely on this assumption too (cf.
Section 6), which is why this assumption is deeply baked into the contemporary literature on NCCs. In contrast
to contrastive analysis, however, CoAA does not necessitate use of this assumption; Section 7.2 provides one
example, among many, of CoAA statistics that do not make use of this assumption.



Prima facie, one might think that one should
apply Co-Activation Analysis right to the aver-
age activity values, and corresponding states s,
that are calculated based on the observed data.
This, however, would be a mistake, because
such procedure would not do justice to the ran-
dom variations in the activity values brought
about by noisy observations and stochastic brain
processes. Such random variations make it very
likely that the numerical values of the /.L[e com-
puted in the experiment vary even if the cor-
responding average activity values in the pop-
ulation are identical. Therefore, just as in the
case of contrastive analysis, one needs to make
use of statistical inference to obtain information
about the underlying statistical population. The
information provided by statistical inference is
what Co-Activation Analysis makes use of.

In the case we consider here, the crucial in-
puts for Co-Activation Analysis are differences
between neural states in the statistical popu-
lation. Therefore, one needs to make use of
a statistical tool that can infer, based on the
measured activity values across trials, whether
there are differences in the neural states in the
statistical population. As will be shown by The-
orem 20 below, Multivariate Analysis of Covari-
ance (MANCOVA) can do the job.

Multivariate Analysis of Covariance is a sta-
tistical procedure that tests whether there are
differences between multiple dependent vari-
ables across various groups when adjusted for
covariates. In the case at hand, the dependent
variables are the activity values of the voxels i of
a ROI S, and, for reasons having to do with Def-
inition 1 (cf. the proof below), the groups com-
prise pairs e, €' of states of consciousness. If a
MANCOVA is significant, we may conclude that
there is at least one voxel i of S where u/, # u[;
holds in the population (up to the correspond-
ing Type | error rate a, cf. below). Because
of (7.1), this implies that we have s, # so. If,
on the other hand, the MANCOVA is not sig-
nificant, then up to Type Il error rate B, where
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(1 — B) is the power of the test, we may con-
clude that there is no such voxel /. Thus we
have uL = ul, for all voxels i of S, which in
light of (7.1) implies that we have s, = so.*!

The information so obtained—the informa-
tion about the difference or identity of the
states s, € St(S) in the population—decides
whether Definition 1 is satisfied, and the Theo-
rems in Section 5 enable us to find out whether
this is the case. The difference and identity
information constitutes the data that CoAA
makes use of in the case at hand.

Because the states s. are based on the in-
ferred average activity values in the population
relative to a state of consciousness e, by defi-
nition, a state s, € St(S) is co-active with the
state of consciousness e. Therefore, for every
S € Sys, the result of MANCOVA tests can be
represented as

D = {(se, €), (ser, €'), ...}, (7.3)
or D = {(se,e) | e € E} for short. Due to
the statistical procedure explained above, the
crucial information in this co-activation data
is about which states are identical (s, = sg)
and which states are not (s, # se), according
to the statistical analysis under consideration.
The explicit numerical values of the u/, delivered
by the MANCOVAs are descriptive parameters,
but only the inferred differences and identities
of states s. can be generalized to hold in the
population.

For later reference, we denote the MAN-
COVA introduced above by M., where S de-
notes the ROI, and e, ¢ denote the states of
consciousness. Summarized in concise terms,
for any e, ¢’ € E with e # ¢, we denote by
Mg .. a MANCOVA whose

» dependent variables are the activity values
Y; of each voxel i of an ROI S,

» whose group variable is G = {e, €'},

» and whose covariates are the covariates col-
lected in the experiment.

HBecause of the control of the Type Il error, e.g. by a power analysis, this is an example of the Neyman—Pearson
scheme of statistical hypothesis testing, which allows for the interpretation of non-significant results as well.

12F6r notational simplicity, we assume that all MANCOVAs have the same Type | and Type Il error rates. A
Type | error (false positive) is a case where Mie, is significant, but there is no voxel i/ of S where pg # u., holds

in the population. A Type Il error (false negative) is a case where I\/Ife, is not significant, but there is a voxel i of

S where u,g # ., holds in the population.
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We denote the Type | and Type Il error rates of
these MANCOVAS by ag and Bo, respectively.?

The following theorem shows how NCCs as
defined by Crick and Koch (1990) and Chalmers
(2000) (Definition 1) can be discovered with
Co-Activation Analysis and the statistical tools
introduced above.

Theorem 20. A ROI N is an NCC if and only
if it is minimal among all ROIs S that satisfy
the following condition: For all e, ¢’ € E with
e # €, the MANCOVA M2, is significant.

Because MANCOVAs are based on a linear
regression model, we refer to the methodology
afforded by Theorem 20 as Linear Regression
CoAA. Bounds on the Type | and Type Il error
rates for this theorem are given by the following
proposition, where ag and By denote the Type
| and Type Il error rates of individual MANCO-
VAs.

Let J denote the number of pairs in E, and
L denote the number of ROIs that are included
in (= inside of) the ROI N.*

Proposition 21. The probability for a Type |
error in Theorem 20 is bounded by

Olgl—(l—ao)J'(l—,Bo)L.

The probability for a Type Il error in in Theo-
rem 20 is bounded by

B < max(a1,Bo)
where a; =1 — (1 — ap)”.

This proposition gives the overall error rates
for the application of Linear Regression CoAA.
A Type | error (false positive) of Theorem 20
is a case where the conditions of the theorem
are met by N, but N is nevertheless no NCC.
A Type Il error (false negative) of Theorem 20
occurs if the conditions put forward by the the-
orem are not met by N, but NV is an NCC nev-
ertheless. For notational simplicity, the propo-
sition only states upper bounds for these error
rates. A closed formula for the Type | error
rate is given in Equation (7.7) below, and more
refined bounds for the probability of a Type Il
error, which depend on how many MANCOVAs
fail to be significant, are given in Equation (7.8)

ff. below. We will discuss the error rates in Sec-
tion 11, where we also review how this theorem
would be applied in practice.

The remainder of this section is devoted to
the proofs of Theorem 20 and Proposition 21.
For ease of readability, we separate the logi-
cal part of the proofs from the computation
of the error rates, and provide each in several
steps. We first establish the connection be-
tween the condition put forward by the theorem
and the set M in Proposition 22, and subse-
quently address full measurability in Lemma 24.
These statements hold up to the Type | and
Type Il error rates given above, as established in
Lemma 23, Proposition 26, and Proposition 27.
The overall proof of the theorem and proposi-
tion is a combination of these results, given on
page 30.

7.1.1. Proofs. The remainder of this section is
devoted to the proof of Theorem 20 and Propo-
sition 21, which define Linear Regression CoAA.

Proposition 22. A ROl S is in M if and only
if for all e, ¢’ € E with e # ¢, the MANCOVA
M2 .. is significant.

In determining the error rates for Theo-
rem 20 below, we will often be concerned with
Type | and Type Il errors of this proposition.
A Type | error (false positive) denotes the case
where all MANCOVASs /\/lge, of S are significant,
but S ¢ M. A Type Il error (false negative) de-
notes the case where at least one of the MAN-
COVAs is not significant, but we have S ¢ M
nevertheless.

Proof of Proposition 22. We first prove the ‘if’
case of the proposition. Therefore, assume that
for all e, e’ € E with e # ¢/, the MANCOVA
Mf,e/ is significant. This implies, up to Type |
errors discussed below, that for each pair e, €
with e # €', there is at least one voxel / of S
for which we have u!, # ul,. Because of (7.1),
this implies that we have s, # s for each such
pair e, €.

Making use of (7.3), we can compute the
sets Bs(e) defined in Section 5. They are given

13That is, J = (‘E‘), where |E| denotes the cardinality of E and the brackets indicate the binomial coeffi-
cient, and L is the cardinality of the set {S € Sys|S < N, S # N}, where N € Sys is the system designated in

Theorem 20.



by
Bs(e) = {se}
for all e € E.

Lemma 5 states how we can compute the
sets Ss(e) introduced in Definition 4 based on
the sets Bs(e). Since s, # se holds for all
e # €', we have s, ¢ Bs(€') forall ¢ # e. Fur-
thermore, for a given e € E, all states s € St(S5)
with s # s, are in some Bg(¢e’) for some ¢’ # e.
Therefore, for a given e € E, Condition (5.2)
holds only for s = s.. We therefore have

Ss(e) = {se} (7.4)

for all e € E.

In light of the choice of state space in (7.2),
this implies that Condition (5.4) of Lemma 6
holds. Since all Ss(e) are non-empty, Condi-
tion (5.5) holds as well, so that in virtue of
Definition 8, it follows that S € M. This es-
tablishes the ‘if' case of the proposition.

To prove the ‘only if' case of the proposition,
we assume that the antecedent of the proposi-
tion does not hold. That is, we assume that
there are at least two states of consciousness
e, e € E for which the MANCOVA /\/lge, is not
significant.

Because of the power requirement placed
upon the MANCOVA tests, this assumption im-
plies that up to Type Il errors discussed below,
we have

e = Mo
for all voxels i of S. In virtue of (7.1), this
implies that

Se = Se! .

Since we have Bs(e”) = {ser} for all €” € E,
the last equation implies that Bs(e) = Bs(¢’).
This, in turn, implies that there is no s € St(S)
for which (5.2) holds for e or €. Thus both
Ss(e) and Ss(e’) are empty, and there is no
Ss(e”) that contains either s, or s

Because se and so are not contained in any
Ss(€e”), the left hand side of (5.4) does not
contain either of these states. Since the right
hand side of (5.4) does include those states,
the identity in (5.4) does not hold, so that the
system S fails to meet this condition. There-
fore, in virtue of Definition 8, it follows that S
is not an element of M.

Thus we have shown that if there are at least
two states of consciousness e, €’ € E for which
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the MANCOVA M2, is not significant, we have
S ¢ M. The ‘only if" part of the proposition is
the contraposition of this statement, so that it
holds as well. Thus we have proven the ‘only if’
part of the proposition as well. O

Next, we provide the error rates for Propo-
sition 22. We have denoted the Type | error
of a MANCOVA as ag, and the Type Il error
as Bo. Therefore, if a MANCOVA MZ, is sig-
nificant, we may conclude that s, # se, but
there is a probability of ag that this conclusion
is wrong, so that in the population s, = s
holds. And similarly, because of the Type Il er-
ror/power control, if a /\/136, is not significant,
we may conclude that s, = so in the population,
but there is a probability of By that this conclu-
sion is wrong, so that we actually have s, # s
in the population. The following lemma gives
the implications of these error probabilities for
the proposition above.

Lemma 23. The probability of a Type | error
in Proposition 22 is given by

a;=1-(1—-ag)’,

where J is the number of pairsin E. The proba-
bility of a Type Il error in Proposition 22 is given
by

Bs =B - (1 Bo) KO,
where K(S) is the number of MANCOVAs of S
that are not significant.

Proof. A Type | error occurs in Proposition 22
if all MANCOVAs MZ, of S are significant, but
S ¢ M. The proof of Proposition 22 establishes
that S ¢ M if and only if for at least one pair
e, e’, we have s = s». In the case at hand,
where all MANCOVAs of S are significant, we
have s, = so for at least one pair e, € if and
only if at least one of the MANCOVAs has a
false positive (Type | error).

The false positive rate for each MANCOVA
is ag. The number of MANCOVAS required by
Proposition 22 is equal to the number of pairs
e, e with e # € in E. Denoting this number
by J, the probability of at least one MANCOVA
having a false positive is thus given by

1—(1—ap)’.

This is the Type | error rate of Proposition 22.
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A Type Il error (false negative) occurs if at
least one of the MANCOVASs is not significant,
but we have S € M nevertheless, which is the
case if and only if we have s, # s for all pairs
e, e with e £ €.

Let us denote the number of MANCOVAs of
S that are not significant by K(S). All of these
need to have a Type Il error (false negative) in
order for s, # se to hold for all states in the
population. Since the Type Il error rate for ev-
ery MANCOVA is Bg, the probability for all of
thKe(sse) MANCOVAs to have a Type Il error is
A

All other MANCOVAs are significant and
thus need to have true positives for s, # ser to
hold in the population for all e, /. Each MAN-
COVA has a true positive with a probability of
1 — B, and there are J — K(S) such MANCO-
VAs. The probability that all of these have a
true positive is (1 — Bo)? ().

Combining these two conditions leaves us
with a probability of

65<(5) (11— 'BO)JfK(S)

that S € M. This is the probability of a Type
Il error of Proposition 22, which concludes the
proof of Lemma 23. O

The next lemma establishes full measura-
bility, defined in Definition 3, up to the error
bounds provided by Lemma 23 above.

Lemma 24. If a ROI S satisfies the condition
of Theorem 20, then up to the Type | error rate
ay provided by Lemma 23, S is of full measure
in D.

Proof. The definition of states in (7.2) implies
that all s € St(S) and e € E that can be active
together are pairs consisting of a state of con-
sciousness e € E and the corresponding neural
state s, as defined in (7.1).

S is of full measure in the data D, according
to Definition 3, if and only if for all s € St(N)
and all e € E that can be active together,
(s,e) € D. In the case at hand, the data D is
defined in (7.3). The condition of Theorem 20

states that for all e, e’ € E, the MANCOVA
MZ . is significant, so that in the data D, we
have s, # s for all e, e’ € E with e # €.

If for all e # €, s¢ # se also holds in the pop-
ulation, then for each pair consisting of an e € E
and the corresponding s, € St(S) that can be
active together, there is an element (s, €) in D.
Therefore, S is of full measure in D according
to Definition 3.

If, on the other hand, there is a pair e, €
with e # € for which s = s holds in the
population, then the pair s. and ¢’, as well as
the pair s¢ and e, can be active together. Be-
cause the MANCOVAs are significant, so that
we have s, # s in the data D, there are no
elements (se, €') or (se, €) in D. This violates
full measurability. However, this case only ap-
plies if at least one of the MANCOVAs has a
Type | error (false positive), the probability of
which we have already determined above to be

a;=1-(1-ap)’.

Up to this Type | error rate, the case before
applies. Therefore, up to the Type | error rate
ay provided by Lemma 23, S is of full measure
in D.1* O

The results above allow us to prove the ‘if’
part of the theorem.

Proposition 25. A ROl N is an NCC if it is
minimal among all ROIs S that satisfy the con-
dition put forward by Theorem 20.

Proof. Proposition 25 is an application of The-
orem 14 to statistical inference. Therefore, to
prove Proposition 25, we show that the assump-
tions of Theorem 14 hold, up to the permitted
a and (3 error rates given below.

Proposition 22 establishes that M is the class
of all ROIs which satisfy the condition put for-
ward in Theorem 20. Therefore, the assump-
tions of Proposition 25 imply that N is minimal
in M. This is the first assumption of Theo-
rem 14.

14The reason that in the case of Linear Regression CoAA discussed here, full measurability is controlled by the
Type | error rate a1, rather than the Type Il error rate Bs, is due to the fact that in the case at hand, the size of D
is fixed, while the number of pairs of states that can be co-active can vary. This number increases if a MANCOVA
has a false positive. In more general settings, like the one of Section 7.2, the number of pairs of states that can
be co-active is fixed, and the size of the data D varies. This size decreases if there are false negatives.



Since N satisfies the condition put forward
by the theorem, Lemma 24 applies and estab-
lishes that N is of full measure in D. This is the
second assumption of Theorem 14.

Therefore, N satisfies both assumptions of
Theorem 14, so that according to the theo-
rem, N is an NCC. This concludes the proof
of Proposition 25. O

Next, we consider the Type | error rate for
Theorem 20. This is the overall error rate of
the application of Linear Regression CoAA. For
notational simplicity, the following proposition
only states an upper bound for this error rate.
A closed formula for the error rate is given in
the proof of the proposition below, cf. Equa-
tion (7.7).

Proposition 26. The probability of a Type | er-
ror in Theorem 20 is bounded by

a<1l—(1—ao) - (1-Bo)",

where J is the number of pairs in E, and L is
the number of ROls included in N.

Proof. A Type | error (false positive) of Theo-
rem 20 occurs if the condition of the theorem
is met by a system N, but N is nevertheless no
NCC. For the purpose of this and the next two
proofs, we refer to the condition of Theorem 20
as (C):
(©) N is minimal among all systems S for
which all MANCOVAs MZ, are signifi-
cant.

Here, ‘all MANCOVAs Mz’ refers to all pairs
e, e € E with e # ¢/, cf. Theorem 20.
Theorem 14 does not specify conditions that
imply that N is not an NCC.*® Fortunately,
though, the case at hand (the case of Linear
Regression CoAA) is simple enough to establish
Type | error bounds based on first principles.
There are three ways in which N can fail to
meet Definition 1: it can fail to satisfy the suffi-

ciency requirement (Section 5.1), the mapping
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requirement (Section 5.2), or the minimality re-
quirement (Section 5.3).

Regarding the mapping and sufficiency re-
quirements, the crucial question is whether the
following condition holds:

(D) se # se in the population for all e, ¢’ € E
with e #£ €.

As we will show in the next two paragraphs, the
sufficiency condition holds if and only if Con-
dition (D) holds, and the mapping condition
holds, in the case considered here, if and only if
the sufficiency condition holds. Therefore, the
probability of N failing to satisfy either of these
two conditions even though (C) holds true is
the probability that (D) does not hold true even
though (C) holds true.

A neural state s € St(S) is sufficient for a
state of consciousness e € E if and only if Con-
dition 1. and 2. on page 10 hold. By construc-
tion of the states in Linear Regression CoAA,
every state s, is active together with the corre-
sponding state of consciousness e € E. If Con-
dition (D) holds, Condition 2. implies that only
the state s. can be sufficient for the state e.
And since in this case Condition 1. holds for s,
as well, it follows that every state s, is suffi-
cient for the corresponding state of conscious-
ness e, and no other state. If, on the other
hand, Condition (D) fails, there is at least one
pair e, e’ € E with e # ¢’ such that s, = se.
In this case, s is active together with €', and
Ser IS active together with e. Therefore, there
is no state s € St(S), where St(S) is defined
in (7.2), which satisfies Condition 1. for e or €’
Thus the sufficiency condition fails. This shows
that the sufficiency condition holds if and only
if Condition (D) holds.

Regarding the mapping condition, we can
make use of the fact that in the case at hand,
the number of neural states in St(S) is equal
to the number of states of consciousness in E,
by construction. Since the state s. is sufficient
for the state e, every state of consciousness e

151t should be possible to derive a further theorem that establishes that N is not an NCC if it fails to meet
the conditions of Theorem 14 with respect to the notion of state specified by the experimenter, but for reasons
of space, we will not do so here. Such theorem should be able to establish the conclusion that N is not an NCC
either if N ¢ M (in which case it follows directly from Corollary 5), or, when N € M, if all systems 5 € M with
S < N are of full measure in D. The latter condition guarantees that these S do not fall out of M as further data
is being collected (cf. Lemma 10). It is also important to note, in this context, that even if a system N is found
not to be the NCC with respect to the notion of neural states specified by the experimenter, it is still possible for
it to be the NCC with respect to a different conception of what the relevant neural states of N are.
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has a neural state s. that is sufficient for it.
This implies that a mapping of the form (5.3),
where a given state s of N is sufficient for the
corresponding state of consciousness f(s), and
which maps to at least one state e # ey, ex-
ists (cf. Lemma 7). If, on the other hand, the
sufficiency requirement fails, so that there is at
least one state of consciousness e € E for which
there is no sufficient neural state, the mapping
condition fails as well. Therefore, in the case
considered here, the mapping condition holds if
and only if the sufficiency condition holds.
Based on these results, we can determine the
probability that N fails to satisfy the mapping or
sufficiency requirements even though (C) holds
true by determining the probability that (D) fails
to hold true even though (C) holds true.
Condition (C) includes the condition that all
MANCOVAs MY, of N are significant. There-
fore, the probability of (D) being wrong even
though (C) is true is the probability that at least
one of the MANCOVAs of N has a false posi-
tive. Since there are J such MANCOVAs, where
J is the number of pairs in E, this probability is

ap = 1-— (1 — ao)J , (75)

as in Lemma 23 above, where aq is the Type |
error rate for an individual MANCOVA.

But N can still fail to be an NCC even if
Condition (D) holds. This is the case if N fails
to meet the minimality condition in Definition 1.
N fails to meet the minimality condition if there
is at least one system S < N which satisfies
the sufficiency and mapping conditions as well,
where S < N means S < N and 575 N.

According to Condition (C), all systems S <
N have at least one MANCOVA that is not sig-
nificant. Thus, for N not to be an NCC, there
needs to be at least one such system S that sat-
isfies the mapping and sufficiency requirements
nevertheless.

Let us denote the number of MANCOVAs of
S that are not significant by K(S). All of these
need to have a Type Il error (false negative) in
order for s. # s« to hold in the population for all
pairs e, €. Since the Type Il error rate for every
MANCOVA is Bo, the probability for all of these
MANCOVAs to have a Type Il error is 55(5)_
All other MANCOVASs need to have true posi-
tives. Each MANCOVA has a true positive with

a probability of 1 — By, and there are J — K(S)
MANCOVAs that have to have true positives
for the above condition to hold, the probability
for which is (1 — Bo)?~*(>). Combining these
two conditions leaves us with a probability of
Bs =65 - (1~ o)<
=65 1.

as in Lemma 23 above. This is the probabil-
ity that the system S < N satisfies the map-
ping and sufficiency conditions even though (C)
holds. Here, J denotes the number of pairsin E,
as above. For later reference, we note that be-
cause, according to (C), it is not the case that
all MANCOVAs of S are significant, and be-
cause the number of MANCOVAs for any sub-

system is bounded by the number of pairs in E,
K(S) is bounded as

1<K(8)<J.

Since Bp < 1, this implies that Bz is bounded
as
Bz <Bo . (7.6)
Since Bgz is the probability that the system
S satisfies the mapping and sufficiency con-
ditions even though (C) holds, the probability
that there is at least one system S < N that
satisfies the mapping and sufficiency require-
ments can be expressed as

By=1-J[(1-5s),
S<N
where the second term denotes the product of
(1 —Bg) over all S<N.

Given these considerations, we can deter-
mine the overall probability that N fails to be
an NCC even though (C) holds. To this end,
we note that the above cases are independent.
There is a probability of a1 that N does not sat-
isfy the mapping or sufficiency conditions, and
a probability of By that, if it does satisfy these
conditions, it is not minimal. Therefore, the
overall probability of N failing to be an NCC if
Condition (C) holds is given by

a=1-(1-o1)-(1-0Bn).

Making use of (7.5) and the formula for By, we
can express this as

a=1-(1-a0)  J[J(1-8s).

S<N

(7.7)



This is the Type | error rate of Theorem 20.
We can derive an upper bound for o by use
of Equation (7.6). This equation implies that

—(1-B:) <—-(1-po),
so that
a<1l-(1-ao)’ (1-Fo)".

where L denotes the number of systems S tNhat
are included in N, formally L :=|{S € Sys|S <
N}|. This proves Proposition 26. O

The following proposition provides an upper
bound on the Type Il error rate (the probability
of a false negative) of Theorem 20.

Proposition 27. The probability of a Type Il
error in Theorem 20 is bounded by

B < max(a1,Bo) .

where a7 is as in Lemma 23.

Proof. A Type Il error (false negative) of The-
orem 20 occurs if the conditions put forward by
the theorem are not met, but N is an NCC nev-
ertheless. Unlike in the proof of Proposition 26,
in this case, we can work with Theorem 14, be-
cause it provides conditions which imply that N
is an NCC. The theorem’s conclusion—that N
is an NCC—rests on the following three condi-
tions:

(a) Ne M.

(b) N is of full measure in D.

(c) N satisfies the minimality condition

for M.

Here, ‘minimality condition’ denotes the re-
quirement that no system S with S < Nisin M.
N is minimal in M if and only if both (a) and (c)
hold. As in the proof of Proposition 26, we de-
note the conditions put forward by Theorem 20
as (C).

Condition (C) can fail in two ways. First, it
can be the case that N is not in the class of
systems whose MANCOVAs are all significant.
We will denote this case by (C1). Second, even
if N is in the class of systems whose MANCO-
VAs are all significant, it can the case that it is
not minimal among systems in that class. We
will denote this case by (C2). In what follows,
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we calculate bounds for the probability that (a)
to (c) hold for each of these cases.

In doing so, two facts help to reduce the
complexity of the task. First, Condition (b)
holds if and only if Condition (a) holds. This
is the case because both conditions are true if
and only if s # se holds in the population for
all e, & € E with ¢ # e (cf. proofs of Proposi-
tion 22 and Lemma 24). Therefore, the prob-
ability that Conditions (a) and (b) hold even if
Condition (C) does not hold can be determined
by computing the probability that Condition (a)
holds even if Condition (C) does not hold.

Second, in each of the two cases, we can
focus on the main driver of the Type Il error
rate to derive a bound as follows. Let us de-
note the probability that Conditions (a), (b),
and (c) hold by p(ay, Pv). and p(), respectively,
and the probabilities that all three conditions
hold by B(c1y and B(cz), where (C1) and (C2)
are the cases mentioned above. Since all three
conditions have to hold true for N to be an
NCC, each of these probabilities is bounded as

B(c1) < Plc1) * Pelc)
B(c2) < Pic2) - Pc|c2) »

where p(,c1y denotes the probability that (a)
holds if (C1) is the case, etc.'® Here, we have
already taken the first reduction of complexity
mentioned above into account (that (a) holds
if and only (b) holds). The product in the for-
mula derives from the fact that (a) and (c) are
independent conditions.

The second reduction comes about because
probabilities are bounded by 1, so that we have

By < p
(c1) < Pajcy) (78)
B(c2) < Peic2) -

The probability pg|c1) is the probability that
Condition (a) holds even though not all of N's
MANCOVAs are significant. This is the prob-
ability of a Type Il error (a false negative) of
Proposition 22. It is given by Lemma 23 as

By = BEM . (1 - ) KW

16The reason that B(cy) is bounded by the product p(ajc1)P(c|c1). and not identical to it, is that Conditions (a)
to (c) are sufficient for being an NCC, but may not be necessary. Therefore, there may be another set of conditions
that is also sufficient for being an NCC, but which has lower Type Il error rates.



30

where K(N) is the number of MANCOVAs of
N that are not significant. Thus we have

P(ajc1) = Bn -

In the proof of Proposition 26, we have already
shown that due to the bounds on K(N), By is
bounded as

Bn < Bo -

Therefore, we have

Bc1) < 0Bo -

The probability p(cz) is the probability
that (c) holds if N is in the class of systems
whose MANCOVAs are all significant, but not
minimal among systems in that class. Let us de-
note the number of systems S < N for which all
MANCOVAs M2, are significant by /. We have
already denoted the overall number of systems
S < N by L, so that the number of systems
S < N for which not all MANCOVAs M2, are
significant is given by L — /. (C2) implies that
there are systems S < N whose MANCOVAs
are all significant, which is why / is bound as
1</ <L

The probability that a system S whose MAN-
COVAs M2, are all significant is not in M is the
probability of a Type | error (false positive) in
Proposition 22. It is given by Lemma 23 as

a;=1-(1—-ag)’.

The probability that a system S whose MAN-
COVAs Mz, are not all significant is not in M
is the probability of a true negative in Proposi-
tion 22. It is given by

1—ay,

where o is as above.

N satisfies the minimality condition (c) if no
system S with S < N is in M. This is the
case if all | systems whose MANCOVAs are all
significant have false positives, and all L —/ sys-
tems whose MANCOVAs are not all significant
have true negative cases. Combining the prob-
abilities for these requirements gives an overall
probability of

Pecay = ay - (1 —ag)™’

that N satisfies (c) in case of (C2). Since / is
bound as 1 </ < L, p(cico) Is bound as

/
Pejczy Lo <o

The probability of a Type Il error in Theo-
rem 20 depends on whether (C1) or (C2) is the
case, and in practice the bound on the Type Il
error can be computed based on information
about which of these cases applies. A general
bound that holds for both cases is given simply
by the larger of the two elements, viz.

B < max(B(c1), Bczy) < max(Bo, 1) -

This proves Proposition 27. ]

Having proven these lemmas and proposi-
tions, we can now finally turn to the proof of
Theorem 20 and Proposition 22.

Proof of Theorem 20 and Proposition 22. \We
have already proven the ‘if' part of Theorem 20
based on Theorem 14 in Proposition 25 above.
It remains to prove the ‘only if’' part.

The ‘only if" part of the theorem states that
a ROI N is an NCC only if it is minimal among
all ROIs S that satisfy the following condition:
For all e,e’ € E with e # ¢, the MANCOVA
MZ . is significant. This is equivalent to the
statement that if N is an NCC, then N is mini-
mal among all ROls that satisfy this condition.
Or put in terms of Condition (C) introduced
above: if N is an NCC, then it satisfies (C).

We can prove this statement based on the
result on the Type Il error rate we have de-
rived above. To this end, let us first express
the statement we have to proof in terms of a
truth table, where ‘T denotes true and ‘F' de-
notes false. The truth table for ‘if N is an NCC,
then it satisfies (C)' is:

Nis NCC | (C) | Nis NCC = (C)

C
T
=
T
=

n o
~~

In Proposition 27, we derived the probability
for the following case: N is an NCC, but Condi-
tion (C) does not hold. This is the second row
of the truth table. The probability that this case
applies is 3.

The probability that N is an NCC and Con-
dition (C) holds is given by 1 — 3. This is the
first row of the truth table.



Since the cases in the third and fourth line
are always true, by definition of logical impli-
cation, it follows that the ‘only if’ part of the
theorem holds up to the Type Il error rate stated
in Proposition 27 above.’

Proposition 25 establishes the ‘if’ case of
the theorem, and Proposition 26 establishes the
Type | error rate. Therefore we have proven of
Theorem 20 and Proposition 22. O

This concludes the proofs for Linear Regres-
sion CoAA.

7.2. Likelihood-based CoAA. The statistics
developed in the last section apply CoAA to
what is, perhaps, the standard and state-of-the-
art setting of contemporary contrastive analy-
sis. Doing so brings a number of advantages, for
example improved error rates and more flexibil-
ity regarding the choice of states of conscious-
ness, cf. Section 10 below.

However, Linear Regression-based CoAA has
one big drawback: like contrastive analysis, it
analyses a particular notion of neural state,
namely average activity values. This is due to
the linear regression models that are applied in
both contrastive analysis (Section 6) and MAN-
COVA tests (Section 7.1).'®

In this section, we explain how CoAA can
avoid this restriction by working with a differ-
ent statistical tool: that of a likelihood func-
tion that gives the probability of a measurement
result (for example, a particular fMRI scanner
output) given a brain state under consideration.
Such a likelihood function serves as a bridge be-
tween a description of the brain in terms of sub-
systems and states, on the one hand, and the
data from a neuroimaging scanner, on the other
hand.

Because the likelihood acts as a bridge be-
tween brain states and measurement results,
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a Likelihood-based CoAA is not restricted to
the choice of neural states that both con-
trastive analysis and Linear Regression-based
CoAA make. Rather, it can be applied to any
choice of brain state for which a likelihood func-
tion can be given. This might be of advantage
for the search for NCCs itself, for example if
neural states and neural systems are to be un-
derstood in the sense of Predictive Processing,
as suggested by Hohwy and Seth (2020), but
also for research programmes that aim at find-
ing Computational Correlates of Consciousness
(CCCs) or similar proposals, which we will dis-
cuss in Section 9.

For reasons of space, and because the con-
crete mathematics of Likelihood-based CoAA
depend on the application, this section con-
stitutes a discussion rather than a presenta-
tion of results. The goal is to explain how a
Likelihood-based CoAA works. Therefore, un-
like Section 7.1 above, this section does not ship
ready-to-go results.

7.2.1. The Task of Statistics in CoAA. Co-
Activation Analysis (CoAA) makes use of data
about the co-activation of neural states and
states of consciousness. Based on this data,
it identifies which system constitutes an NCC
(Theorem 14).

In practice, often, the question of which neu-
ral state was active at a particular time has to
be inferred from measurements made with neu-
roimaging tools.°

The task of statistics in CoAA is to make this
inference. That is, statistics take data from
neuroimaging scanners across trials as input,
and to provide information about which neural
states have likely been active in the individual
trials as output. Once this information is avail-
able, the mathematics of CoAA can do their
work.

The crucial part in the ‘only if’ part of the proof is the bound on the Type Il error rate established in
Proposition 27. It is always true that a statement like the one here holds up to some Type Il error.

18 contrastive analysis, the linear regression model compares the average activity values of the ‘seen’ cases
with the average activity values of the ‘unseen’ cases. Linear Regression-based CoAA generalises this so as to take
the logic of the definition of NCCs properly into account. However, despite this generalisation, average activity
values are still part of the MANCOVA-tests used in Linear Regression-CoAA. As a result, in both contrastive
analysis and Linear Regression-based CoAA, the mapping requirement of Definition 1 is already baked into the

choice of neural states; in both cases, it holds per assumption.

This is why, from a philosophical perspective,

Likelihood-based CoAA as described below might be the methodology of choice.
19This inference is implicit in both contrastive analysis and Linear Regression-based CoAA because the notion
of neural state that both methods presume is determined by the neuroimaging scanner, cf. Footnote 18.
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Thus, in a sense, there is a clean division
of labour between the mathematics of CoAA,
whose task is to make use of the logic of
the canonical definition of NCCs to discover
whether a system is an NCC, and the statis-
tics, whose task is to create a bridge between
the empirical data and the notion of neural state
that an experimenter has chosen to investigate.
Because of this division of labour, CoAA is com-
patible with a range of different statistical pro-
cedure; its mathematics do not presume a par-
ticular choice.

7.2.2. The Likelihood Function. A natural
choice to build a bridge between the data from
neuroimaging scanners and states of conscious-
ness is a likelihood function. If y denotes a mea-
surement result, and s denotes a sate of a neu-
ral subsystem S, then a likelihood function is a
conditional probability of the form

p(yls).

which provides a probability distribution over
possible measurement outcomes y, if the neural
state is s.

In the case of an fMRI analysis, y would
be a vector of activity values y; of individ-
ual voxels that have been observed in a trial,
¥ = (y1,y2,...). The likelihood function would
then give the probability of observing this vec-
tor if the underlying neural state is s. In many
cases, p(y|s) would be a product over individual
likelihoods p(y;|s), which are determined by the
choice of states s and general features of the
neuroimaging method. If both s and y are real-
valued, for example, Gaussian approximations
might be applicable in practice.

7.2.3. Inference of States. There are several
different ways in which a likelihood function can
be used to draw inferences about a neural state
given measurement outcomes. Depending on
details of the likelihood function and measure-
ment outcomes, such inference could be based
on:

1. Maximum Likelihood Methods, which pick
neural states based on which states make
the observed data most likely.

2. Decision Criteria, which derive a condition
that determines whether to accept or re-
ject a neural state as possible cause of the

measured data based on a and 3 error rate
considerations.

3. Bayesian Statistics, which derive a posterior
probability distribution over neural states
given observed measurement results based
on the likelihood function and a prior prob-
ability distribution over neural states.

In practice, instead of working with individual
trials, it is likely best to apply these statistical
procedures to the set Bs(e) defined in the be-
ginning of Section 5. This set contains all neu-
ral states of the system S that have been co-
active with the state of consciousness e, and
constitutes the first formal object that CoAA
makes use of.

While these explanations surely leave many
questions open, we hope that they give at least
a first impression of how a Likelihood-based
CoAA works. In Section 11.4.2, we discuss how
a Likelihood-based CoAA would be applied in
practice. Next, we consider one of the deep
problems of contrastive analysis, the problem
of confounders.

8. Confounders

One of the largest methodological problems
in the search for NCCs are confounding factors,
also called confounders (Overgaard, 2004; Aru,
Bachmann, et al., 2012). In this section, we
explore whether Co-Activation Analysis (CoAA)
can be of help in resolving the problem of con-
founders. To this end, we first review what con-
founders are (Section 8.1) and for which reason
they constitute a problem (Section 8.2). Subse-
quently, we study whether this reason applies to
CoAA (Section 8.3), and whether confounders
could appear for other reasons (Section 8.4).

8.1. What are Confounders? The term ‘con-
founder' is often presented in the terminology of
‘factors’. A factor, in an experimental design,
is an unobserved variable; and a variable, in this
context, indicates a state, mode, configuration,
or simply the presence of something, for exam-
ple of a cognitive function or neural process.

A confounder, in the context of NCC re-
search, then, is a factor that exhibits “any
systematic difference between the experimental
(conscious) and control (non-conscious) con-
ditions, other than the consciousness itself”



(Overgaard, 2004, p.220). So any cognitive
function or neural process whose state, mode,
configuration, or presence exhibits a systematic
difference between the conscious and uncon-
scious conditions used in contrastive analysis—
the 'seen’ and ‘unseen’ cases explained in Sec-
tion 6, constitutes a confounder.

Confounders are a deep problem because
many experimental protocols needed to mea-
sure NCCs carry high risks of introducing con-
founding factors. For example, the presentation
of stimuli alone, or the use of a measure of con-
sciousness to infer whether a subject has expe-
rienced a stimulus consciously, may cause pro-
cesses related to reporting, working memory, or
decision making that differ systematically in the
seen and unseen cases. Other examples include
differences in introspective attitude, attention,
or prior expectations (Overgaard, 2004; Mel-
loni, Schwiedrzik, Miiller, Rodriguez, & Singer,
2011; Aru, Bachmann, et al., 2012; Aru, Ax-
macher, et al., 2012; Nani et al., 2019).

Correspondingly, it is no surprise that con-
founders are generally understood as a prob-
lem that needs to be resolved by experimen-
tal design. As a consequence, the main fo-
cus in research aimed at resolving the issue
of confounders, at the present time, is ei-
ther to devise sophisticated measures of con-
sciousness that allow to side-step systematic
differences between the conscious and non-
conscious conditions, for example no-report
paradigms (Tsuchiya, Wilke, Frassle, & Lamme,
2015; Overgaard & Fazekas, 2016; Block,
2019; Phillips & Morales, 2020; Duman et al.,
2022; Hatamimajoumerd, Murty, Pitts, & Co-
hen, 2022; Dellert et al., 2025), or to make use
of experimental strategies to untangle the NCC
from confounders, for example by manipulating
confounding processes (Aru, Bachmann, et al.,
2012) so as to disambiguate which neural ac-
tivity patterns pertain to confounders as com-
pared to the NCC. Progress in this regard is sub-
stantial, but big challenges remain (Lepauvre &
Melloni, 2021).

8.2. Origin of the Problem. Why do con-
founders, defined as factors that exhibit a sys-
tematic difference between the conscious and
unconscious condition, cause a problem?
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Confounders are, by definition, factors in an
experiment. They are variables that point to
cognitive functions or neural processes that ap-
pear in an experiment. Therefore, it is natural
to think that the experimental protocols that
are responsible for the appearance of such func-
tions or processes are the cause of the problem
of confounders.

However, the experimental protocols in ques-
tion do not by themselves imply that processes
or functions that exhibit a systematic difference
between the conscious and unconscious condi-
tions are a problem. This implication only fol-
lows because of the mathematics of contrastive
analysis.

Confounders—that is, variables that dif-
fer systematically in the ‘seen’ and ‘unseen’
cases—constitute a problem only because of a
specific mathematical feature that contrastive
analysis relies on. For lack of a better term, we
may call this feature ‘ceteris paribus compar-
isons’. It is the comparison of two conditions
that only differ in the target variable and co-
variates, but where everything else is assumed
to be equal. The statistics of contrastive analy-
sis make use of ceteris paribus comparisons, for
example regarding average activity values of an
fMRI scan as discussed in Section 6, to identify
what is meant to be the NCC.

The problem with ceteris paribus compar-
isons is that they pick up on all significant
differences in neural activations that are not
accounted for by covariates, independently of
what causes these differences. This is the rea-
son why the mathematics of contrastive analysis
cannot dissociate between the correlates of dif-
ferences in consciousness and correlates of dif-
ferences in other functions or processes, which
is why the problem of confounders exist.

When put in causal terms, this shows that
the problem of confounders is caused by two
separate features of an experiment: experimen-
tal protocols that introduce factors that differ
systematically between the ‘seen’ and ‘unseen’
cases, on the one hand; and ceteris paribus con-
ditions in the mathematics used to analyse the
data, on the other hand. It is in this sense that
the origin of the problem of confounders com-
prises both the experimental protocols and the
mathematical analysis. Only the combination
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of both, confounding factors and mathematics
that make use of ceteris paribus comparisons,
leads to the problem of confounders as presently
understood.

This observation matters for the present pur-
poses because it shows that the problem of con-
founders may be solved by either change of ex-
perimental protocols, or change of the mathe-
matics of the underlying statistical procedure.
The latter option does not usually seem to get
much attention.

The upshot of this section, then is that in
order to resolve the problem of confounders, it
might be sufficient to pivot to a analysis method
that does not make use of ceteris paribus com-
parisons. CoAA is such a method, which is why
we discuss it next.

8.3. Confounders and CoAA. In the last sec-
tion, we have seen that the origin of the prob-
lem of confounders comprises both: experimen-
tal protocols that introduce factors that sys-
tematically differ between the ‘seen’ and ‘un-
seen’ cases, and statistics which rely on ceteris
paribus comparisons that pick up on such dif-
ferences. Confounders are a problem of experi-
mental and mathematical design, combined.

Therefore, the improvement of experimen-
tal protocols is only one of two ways in which
one might solve the problem of confounders;
a second path to a solution is to improve the
mathematics of the statistical analysis under
consideration. If a statistical method does not
rely on ceteris paribus conditions, one cause of
the problem of confounders, as presently under-
stood, ceases to apply.

Co-Activation Analysis (CoAA) does not rely
on ceteris paribus comparisons. Rather than
finding the NCC by comparing two otherwise
equal conditions, it uses the logic inherent in
the definition of NCCs to discover the NCC.

As a consequence of this, the mathematical
part of the origin of confounders ceases to ap-
ply: there is no a priori reason, within CoAA,
why factors that exhibit a systematic difference
with respect to the ‘seen’ and ‘unseen’ cases
should confound the result of the analysis. One
of the two causes that jointly imply the prob-
lem of confounders ceases to apply in the case
of CoAA.

This observation is already a good sign that
CoAA might be of help in resolving the prob-
lem of confounders in experimental practice; be-
cause CoAA resolves one of the two causes of
confounders in contrastive analysis, one might
hope that it can also resolve the problem of
confounders entirely.

Whether or not this is the case—whether or
not CoAA resolves the problem of confounders
in its entirety—depends on whether or not (a)
confounders as presently understood in NCC re-
search (factors which exhibit a systematic dif-
ference between the ‘seen’ and ‘unseen’ cases)
can appear for other reasons, and whether or
not (b) other types of confounders can appear.

In the next section, we discuss four key dif-
ferences between CoAA and contrastive analysis
that work against these possibilities.

8.4. Defeating Confounders. In the last sec-
tion, we have shown that the reason why con-
founding factors actually confound an experi-
ment does not apply to CoAA. If CoAA suffers
from a problem of confounders, it is for different
reasons.

To provide an initial assessment of whether
this could be the case, in this section, we study
four major differences between contrastive anal-
ysis and CoAA, all of which are relevant with re-
spect to the problem of confounders. While the
first difference concerns the inner workings of
CoAA, the other three differences concern pos-
sible applications of CoAA that might resolve
remaining issues with confounders, if there are
any.

8.4.1. Logic of NCCs. The biggest difference
between contrastive analysis and CoAA is that
CoAA utilizes the logic inherent in the definition
of NCCs—the sufficiency, mapping, and mini-
mality requirements discussed in Section 5—,
while contrastive analysis doesn't. The work
that ceteris paribus comparisons do in con-
trastive analysis is done by the logic of the def-
inition of NCCs in CoAA.

We have already discussed that one impli-
cation of this difference is that the problem of
confounders, as presently understood, does not
apply to CoAA. The mathematics of CoAA do
not make use of what causes the problem of



confounders. Hence, in its known form, the
problem doesn’t apply.

However, this difference is of much wider
importance. Because CoAA makes use of the
logic of the definition of NCCs, and because the
logic of the definition of NCCs is designed to re-
solve some of the issues caused by confounders,
CoAA has some degree of inherent protection
against confounders.

Perhaps the best example thereof concerns
what Aru, Bachmann, et al. (2012) have
called ‘NCC-pr' and ‘NCC-co'. ‘NCC-pr' de-
notes neural correlates of prerequisites of con-
scious perceptions, that is of processes or func-
tions that are causally upstream of conscious
experience. ‘NCC-co’ denotes neural corre-
lates of consequences of conscious percep-
tion, that is of processes or functions that are
causally downstream of conscious experience,
cf. (Bachmann, 2009; Melloni & Singer, 2010;
De Graaf, Hsieh, & Sack, 2012). Because such
functions or processes exhibit systematic differ-
ences between the ‘'seen’ and ‘unseen’ cases,
contrastive analysis is prone to picking up not
only the NCC, but also the NCC-pr and the
NCC-co. Thus, the NCC-pr and NCC-co are
paradigm cases of confounders in contrastive
analysis.

But the definition of NCCs provided by Crick
and Koch (1990) and Chalmers (2000) (cf.
Definition 1) already contains logic to defeat
this problem: the sufficiency, mapping, and
minimality requirements are made so as to rule
out correlates of functions that merely co-vary
with consciousness from the NCC. This is most
obvious for the minimality requirement, which
requires one to pick the smallest ROl among all
ROIls that satisfy the other two requirements,
hence working against the NCC-pr and NCC-
co. But depending on the specific nature of
the function and processes in questions, both
the sufficiency and mapping requirements might
exclude functions or processes that are causally
down- or up-stream from conscious experience
as well.

Thus the mere fact that CoAA is built on the
logic of Definition 1 might already help substan-
tially in resolving the problem of confounders, in
addition to the advantage of not having to rely
on ceteris paribus comparison statistics.
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When viewed from a logical analysis perspec-
tive, one could argue that the problem of con-
founders only exists because contrastive analy-
sis does not take the logic of the definition of
NCCs into account. The definition of NCCs
already protects against some of the problems
related to confounders.

8.4.2. Comparing what? A second large differ-
ence between contrastive analysis and CoAA is
that the former is restricted to comparing two
states, whereas CoAA is not. CoAA can be
applied to any set of states of consciousness,
as long as one of them denotes the ‘no experi-
ence’ case (cf. Section 2); it is not limited to
two states of consciousness.

This makes a difference for confounders be-
cause confounders, as presently understood, are
factors that exhibit systematic differences be-
tween the ‘seen’ and ‘unseen’ states. But there
is no reason to think that they necessarily also
exhibit notable systematic differences between
other states of consciousness. There are good
reasons to think that factors that co-vary with
the conscious and non-conscious conditions of
contrastive analysis do not co-vary significantly
with a larger set of states of consciousness.

To provide an illustrating (but oversimplified)
example, let us suppose that an experiment is
such that there is a cognitive function that is
active if and only if a subject experiences a stim-
ulus consciously; perhaps a function related to
reporting or working memory. The presence of
such function confounds the result of the con-
trastive analysis because the statistics of con-
trastive analysis pick up all significant neural
differences between the two cases: differences
that are due to the difference in conscious expe-
rience, but also differences that are due to the
difference in said cognitive function.

Consider now, to continue this example, an
extension of this experiment to three stimulus
conditions. Perhaps a stimulus with a complex
mask that results in one case where the stim-
ulus is not experienced at all, and two cases
where the stimulus is experienced, in two dif-
ferent ways. Because we have assumed, for
the purpose of this example, that the cognitive
function is active if and only if a subject experi-
enced a stimulus, it follows that the function is
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active in both conditions where the stimulus is
experienced. That is to say, the function does
not co-vary with the difference between the two
conditions; it is invariant with respect to this dif-
ference. And because of this, the mathematics
of CoAA can remove the neural correlate of the
function from the NCC.%°

8.4.3. Diversity vs. Uniformity in Conditions.
A third difference concerns the choice of condi-
tions in which subjects can be put across trials.
Here, ‘condition’ comprises the choice of stim-
ulus (as above), but also other factors of the
experimental design.

Contrastive analysis, arguably, is premised on
having as uniform conditions as possible. The
conditions in which subjects are put across tri-
als should be as similar as possible, so as to
make sure that the neural differences that the
analysis picks up on correspond to differences in
conscious experience, and nothing else. ldeally
speaking, the conditions are such that the only
differences across trials are differences in con-
scious experience. All additional differences, if
systematic, deteriorate the quality of the result
of contrastive analysis.

For CoAA, the exact opposite is the case. As
we shall explain momentarily, CoAA thrives on
diverse, rather than uniform, conditions. Hav-
ing diverse conditions, including diverse states
of consciousness, diverse contexts, or diverse
activities that are done during an experiment,
seems to enhance the result of the analysis.

This is the case because CoAA is, to a large
extent, what has been called an ‘exclusionary
approach’ to NCCs in (PaRler, 2023). CoAA
uses information about the co-activation of neu-
ral states and states of consciousness to exclude
neural states that do not meet the sufficiency
or mapping requirements (cf. Section 5.1). As
a consequence, the analysis thrives on avail-
able information. The more data is available
on which neural states are co-active with which
states of consciousness, the better. Mathemat-
ically speaking, the main reason for this is that
Condition (5.2) becomes stronger if data about
more neural states is available. Diverse states

of consciousness, diverse contexts, diverse ac-
tivities, of both physical and cognitive form, etc.
give rise to more such data, and hence enhance
the result of the analysis.

This property of CoAA might be especially
helpful for research on NCCs that follows the
call for more ecological approaches (Mudrik et
al., 2024). Because CoAA is premised on di-
versity, CoAA might make it easier to measure
NCCs in the context of more ecological condi-
tions.

8.4.4. Different Measures. A fourth difference,
related to the third difference discussed above,
is that, logically speaking, it appears as if there
is no need for a CoAA based analysis to make
use of one and the same measure of conscious-
ness across trials. Logically speaking, it looks
as if it is completely fine to combine different
measures, or to swap measures in an experi-
ment, or even to combine data from different
studies that rely on different measures but the
same or similar notions of neural states.

This property of CoAA might help against
the problem of confounders because different
measures of consciousness may give rise to dif-
ferent confounders. Combining different mea-
sures might allow CoAA to disambiguate the
NCC against confounding factors of either mea-
sure, if these do not overlap.

8.5. Summary. In this section, we have argued
that CoAA might offer a novel way to resolve
the problem of confounders. This is because
CoAA differs from contrastive analysis in pre-
cisely those matters that cause the problem
of confounders, as presently understood. Fur-
thermore, it contains inner logic, inherited from
the definition of NCCs by Chalmers (2000) and
Crick and Koch (1990), which protects an anal-
ysis against confounders that might appear for
other reasons to a large extent. And in case a
novel notion of confounder still persists despite
this protection, CoAA offers several new exper-
imental opportunities to combat confounders
further.

It goes without saying that despite these
mathematical observations, the application of

20The neural trace s¢ of the active function f would be excluded by the analysis because s fails to satisfy (5.2):
it would be in both Bs(e) and Bs(e’), where e and e’ denote the two experiences of the stimulus.



CoAA to real experimental designs is a neces-
sity to exclude confounders with certainty.

9. Computational and Other
Correlates of Consciousness

Given all that has been said about Neural
Correlates of Consciousness (NCCs) and CoAA
so far, one important question remains open:
why neurons?

A focus on neurons has, arguably, been cru-
cial in the early phases of the field. With the ad-
vent of advanced neuroimaging tools like fMRI
scanners, a neuron-centric research agenda for
consciousness has, likely, raised the expectation
of quick progress that is often crucial in kick-
starting new research agendas.

As consciousness science started to become
firmly established, however, researchers were
quick to point out that the neural level is just
one of many levels of interest, and that con-
sciousness might be related to entirely different
scales or states. As a consequence, the defini-
tion of NCCs has been adapted to other levels of
analysis. Important examples include the defini-
tion of Computational Correlates of Conscious-
ness by Cleeremans (2005) and the call for an
empirical NCC research programme that takes
the rich framework provided by the neuroscien-
tific Predictive Processing theory into account
(Hohwy & Seth, 2020).

While these proposals have had a substantial
impact on empirical research, cf. (Reggia et al.,
2019) and (Tal, Wright, Prest, Sandved-Smith,
& Sacchet, 2025) for two recent examples, it
stands to reason that the full revolution that
these proposals may promise has not yet hap-
pened. Computational and PP-based method-
ologies play an important role in theory-building
and in models of consciousness, yet there is, so
far, no grand research programme that aims at
finding theory-independent constraints on how
consciousness and computational or Predictive
Processing-type states relate.

Whether or not this is due to shortcomings
of the available methodologies cannot be as-
sessed within the scope of this paper; next to
contrastive analysis, there is the whole suite of
decoding-based approaches, after all. But just
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in case the current methodologies are not en-
tirely satisfying from a computational or PP-
based perspective, in this section, we offer a
quick review of how CoAA might be of help with
these and similar approaches.

9.1. Research Avenues using CoAA. In our
presentation of CoAA in the first part of this
paper, we have followed the terminology in-
troduced by Chalmers (2000) when defining
NCCs: the terminology of states of conscious-
ness, (neural) systems N, and states of N. In
the analysis of the logic of measuring NCCs,
which led to CoAA, we made use of a minimal
formalization of these notions in terms of the
set of states of consciousness E, a class of neu-
ral systems Sys (which carries a partial order
‘<’ that determines the minimality of systems),
and sets St(N) of system states.

However, as far as the logic and mathemat-
ics of CoAA is concerned, nothing hinges on
the neural interpretation of these formal ob-
jects. While neurons provide one valid interpre-
tation of these objects, many other concepts
do as well. That is, one can take the quanti-
ties Sys and St(N) to denote neural subsystems
and neural states, but they might equally well
denote other conceptions, if these have a simi-
lar abstract structure of systems, partial order,
and system states.

One noteworthy example for this is the
above-mentioned Predictive Processing theory,
including its Active Inference form (Friston,
FitzGerald, Rigoli, Schwartenbeck, & Pezzulo,
2017; Parr, Pezzulo, & Friston, 2022; Smith,
Friston, & Whyte, 2022), which we will abbre-
viate as 'PP/ActInf’ in what follows. Because
PP /Actinf offers a coherent account of action,
cognition, and perception, a search for NCCs
that utilizes PP/ActInf as the framework of in-
terest might have several large advantages, cf.
(Hohwy & Seth, 2020).

With CoAA, such a search can be imple-
mented rather easily. All that is required,
from a theoretical perspective, is the specifi-
cation of the class of subsystems of interest
to PP/ActInf, as well as their corresponding
states. Based on these choices, a CoAA can be
carried out to determine, empirically, whether
one of the subsystems is an NCC.
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While there is some work involved in defining
the required notions, it stands to reason that
the empirical work regarding PP /ActInf already
makes use of subsystems and states of inter-
est that could be used for a PP-based CoAA.
Perhaps all that is needed is a suitable formal
definition of these systems. Such a formal def-
inition can, for example, be given in the for-
mal language of category theory, as described
in (Tull, Kleiner, & Smithe, 2023), though a
simpler mathematical framework, perhaps as
in (Buckley, Kim, McGregor, & Seth, 2017),
might be suitable as well.

Another noteworthy example are Compu-
tational Correlates of Consciousness (CCCs),
more broadly understood (Cleeremans, 2005).
Since every meaningful conception of compu-
tation comes with a set of states and a notion
of system, the mathematical quantities that de-
fine COAA—Sys and St(/N)—can easily be ob-
tained.

Depending on the details of the computa-
tional states under consideration, it might be
possible to run a CCC-based CoAA without a
statistical analysis. If no statistical inference
of the computational state that is active is re-
quired, the definition of CoAA in terms of the
sets By(e), Sy(e), and M explained in the be-
ginning of Section 5 can be applied “just like
that".

If, on the other hand, statistical inference of
the computational state is required, it is likely
that a Likelihood-based CoAA, as developed in
Section 7.2 is the way to go. In this case,
one needs a likelihood function that serves as a
bridge between the computational brain states,
on the one hand, and the neuroimaging data, on
the other hand. This function specifies which
neuroimaging data one should expect to mea-
sure for each of the computational states under
consideration.

A third example of interest might be global
and dynamical brain states (Mckilliam, 2020;
Stevner et al., 2019; Demertzi et al., 2019).
Global brain states are states that are dis-
tributed over larger brain areas. Dynamical
brain states are states that span non-trivial time
intervals in neuronal dynamics. As pointed out
by (Wiese & Friston, 2021), both constitute a
challenge for a ROI-based contrastive analysis.

Due to the mathematical nature of CoAA,
neither notion poses a particular problem for
CoAA. All that matters is that they can be
defined relative to a suitable notion of neural
systems, and that this notion of neural systems
carries a partial order to make sense of the min-
imality condition. There are various options of
how to do this. For example, for both types of
states, one could define neural systems in terms
of the support of the states, meaning: the neu-
ral systems of interests are those neuronal as-
semblies over which the states in question are
defined, and where they are non-zero, with the
partial order given by inclusion. Defining neural
systems like this may even make global and dy-
namical states amenable to a Linear Regression-
based CoAA, similar to the one defined in Sec-
tion 7.1.

It is needless to say that in order to ap-
ply CoAA to either of these examples, the de-
tails would have to be flashed out. The point
of the brief discussion here is only to indi-
cate that CoAA might offer interesting avenues
for those who work on NCC-like research pro-
grammes with respect to more abstract neu-
ral notions, including CCCs, PP/Actinf, and
global/dynamical states. Other applications are
possible as well. From a mathematical perspec-
tive, the limit of CoAA is only the measurability
of the corresponding neural states.

10. Methodological Freedom

In the last section, we have already seen
that there is considerable freedom in applying
Co-Activation Analysis (CoAA), regarding the
choice of neural systems and neural states. In
this section, we discuss a similar point, but for
states of consciousness. Because CoAA does
not make any assumptions about which states
of consciousness are applied in an experiment,
other than that there is a state ey that com-
plements the other states of consciousness (cf.
Section 2), CoAA can be applied with respect to
a wide range of states of consciousness, across
various conceptions and/or operationalizations
of conscious experience.

This ‘methodological freedom’ in applica-
tions of CoAA derives from the mathematical
origin of CoAA. Instead of presuming specific



choices of states of consciousness, neural sys-
tems, and neural states, CoAA is built on sim-
ple mathematical representations of these no-
tions that preserve an experimenter's freedom
to choose what they would like to analyse.

The purpose of this section is to briefly re-
view some examples of states of consciousness
that might be of interest to the community and
to which, as far as the logic of measurement
is concerned, CoAA can be applied. For rea-
sons of space, this review is but a quick random
walk through the space of possibilities. Its main
function is to illustrate the size of this space,
which might be larger than one might otherwise
expect.

10.1. Threshold States. A first point to
briefly mention is that CoAA can be applied
to the typical states of consciousness that are
considered in contrastive analysis or decoding-
based approaches to NCCs. For the present
purposes, we will refer to these states as
‘threshold states’, as they often present a stim-
ulus at the experience/no experience threshold.
While working with threshold states introduces
a number of challenges, for example regard-
ing the reliability of reports, or possible confla-
tions between unconscious perception and no
perception, these states comprise an important
pillar of contemporary empirical research pro-
grammes.

Because CoAA can be applied to the type
of state that contrastive analysis makes use of,
mathematically speaking, it can be applied to
existing data from contrastive analysis (cf. Sec-
tion 11.5 for more details).

10.2. Content States. An important class of
states of consciousness are states that refer to
the contents of conscious experience (Hohwy,
2009).

When developing the canonical definition of
NCCs, Chalmers (2000) took the content of
conscious experience as an important example
of states of consciousness, next to a distinc-
tion between ‘being conscious' and ‘not being
conscious’, background states (cf. below), and
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states that refer to phenomenal properties in
general. The notion of ‘state of consciousness’
in Chalmers (2000)’s definition (Definition 1) is
meant to encapsulate all off these choices, and
therefore, so is the formalization of this notion
in CoAA.

Content states comprise the threshold states
we have discussed in Section 10.1. There-
fore, content states may, to a large degree,
be amenable to a contrastive analysis. CoAA
complements this option by offering an analy-
sis method that can easily be applied to non-
threshold content states. This includes states
of consciousness of different quantitive and
qualitative nature, and non-binary choices of
sets of content states.

10.3. Global States. A set of states to which
contrastive analysis may, arguably, be more diffi-
cult to apply are global states of consciousness
(Mckilliam, 2020), also known as ‘modes’ of
conscious experience, ‘overall conscious states’
(Hohwy, 2009), or ‘background states of con-
sciousness’ (Chalmers, 2000). Examples in-
clude the states of consciousness that are of-
ten referred to in terms of ‘(alert) wakefulness’,
‘dreaming’, ‘dreamless sleep’, and similar no-
tions.

Global states pose a problem for contrastive
analysis because the conditions in which they
typically occur, for example during wakeful-
ness or dreamless sleep, differ across a huge
range of factors, not only consciousness, which
aggravates the problem of confounders (Sec-
tion 8). Furthermore, these states cannot be
neatly divided into binary ‘conscious’ vs. ‘non-
conscious' categories, but appear to exhibit lev-
els or even dimensions (Bayne, Hohwy, & Owen,
2016). This renders these states somewhat in-
compatible with statistical methodologies aim
to identify differences between a conscious and
non-conscious condition, such as contrastive
analysis.?!

CoAA, in contrast, can be applied to any
notion of states of consciousness that can be
represented as a mathematical set E. It is
limited only by the measurability of the states

2 response to this problem, the contrastive analysis is often applied to a binary choice of global states, either
in a ‘between-states’ paradigm, or in ‘within-state’ comparisons (Koch et al., 2016). The latter offers a number
of noteworthy advantages in terms of confounders (Cecconi et al., 2025), but, fundamentally, the problem still
remains (Metzner, Schilling, Traxdorf, Schulze, & Krauss, 2021).
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in empirical practice. Since global states can
be measured—meaning that it is possible to
identify which global state of consciousness a
subject experiences during experimental trials—
CoAA can be applied to many choices of global
states.  This includes binary pairs of global
states, but also larger sets that comprise var-
ious levels of such states. Doing so might
allow to side-step the notorious problem of
confounders in global states. Mathematically
speaking, CoAA might open new research av-
enues for the global states-based search for
NCCs.

One noteworthy example of such research
avenues concerns the Neural Correlates of
Dreaming (Siclari et al., 2017). Dream states
are an important object of investigation for
the science of consciousness (Andrillon, 2023;
Tononi, Boly, & Cirelli, 2024, Siclari, Patriota,
& Olcese, 2025). Since dream states can, ar-
guably, always be represented by a set E of
states of consciousness, CoAA might help to
resolve some of the issues that the contrastive
approach faces in this context.

It should be noted, finally, that there are
reasons to believe that a strict separation of
global states and content states—or of levels
and contents of consciousness—might not, ulti-
mately, be tenable (Bachmann & Hudetz, 2014;
Hudetz, 2024). From the perspective of CoAA,
this does not pose a barrier to experimental in-
vestigation; the analysis can be applied to more
abstract notions as well.

10.4. Graded States. One issue that might
appear in the context of both global and content
states, but which deserves a separate discus-
sion, concerns graded sates of consciousness.

Conscious experiences, and thus also states
of consciousness, may be graded (Jang,
Mashour, Hudetz, & Huang, 2024); they might
come in degrees (Lee, 2023).

This constitutes an issue for contrastive
analysis because the contrastive method in sta-
tistics is designed to apply to discrete groups.
As a consequence, contrastive analysis, which
relies on the contrastive method in statistics,
might not be applicable to graded concepts of
states of consciousness.

CoAA, at the present stage of its develop-
ment, relies on a discrete set of states of con-
sciousness as well. As a consequence, it can
easily be applied to ordinal notions of states of
consciousness—states that have a partial order,
that is—but might not be applicable to truly
continuous notions of states of consciousness.
While the general mathematical formalism in-
troduced in Section 5 might be amenable to
continuous states of consciousness, it is unlikely
that the simple statistical procedure developed
in Section 7.1 can be extended to apply to this
case. The likelihood-based procedure explained
in Section 7.2 might offer a path forward, but
further research is necessary.

10.5. Micro-Phenomenology. An exciting re-
cent development in consciousness science
is the development of micro-phenomenology
(Petitmengin, 2006), a interview method de-
signed to uncover and investigate the fine-
grained structure of experience.
Micro-phenomenology has been applied to
a wide range of experiences, ranging from lu-
cid dreaming (Demsar & Windt, 2024) or pain
(Sparby, Leass, Weger, & Edelhduser, 2023)
to the experience of an intuition (Petitmengin,
Remillieux, & Valenzuela-Moguillansky, 2019).
While the investigation of these experiences
is an end in its own right, it stands to reason
that it can also be very helpful in understanding
how conscious experiences relate to the sub-
ject matter of the sciences, most notably the
brain. In so far as the experiences targeted by
micro-phenomenology are examples of minimal
phenomenal experience, this is one of the goals
of the MPE project (Metzinger, 2020, 2024).
It is unclear whether an NCC research pro-
gramme is required to meet this goal; perhaps
theory-dependent approaches, such as that of
computational phenomenology (Ramstead et
al., 2022), suffice. But if a theory-independent
research programme were helpful—for example
a search for NCCs relative to the neural notions
provided by Predictive Processing, as explained
in Section 9—then a number of problems would
need to be resolved.
One problem is that the experiences that
micro-phenomenology investigates may not
be easily individuated from other experiences



and/or background conditions, which renders
these experiences difficult to study in a con-
trastive approach. A second problem might
be that the micro-phenomenological interview
method itself introduces a number of con-
founders; for example, because it makes intri-
cate use of a participant’s memory.

It will probably not come as a surprise, this
far into this section, that at least as far as these
two problems are concerned, the use of CoAA
might be an option. CoAA does not make use
of ceteris paribus comparisons, which is why it
is not necessary, for a CoAA, to individuate or
control the experiences in question. And as ex-
plained in Section 8, it does not suffer from the
problem of confounders in its known form.

Because of this, perhaps, CoAA could be
a way to construct a micro-phenomenological
NCC research program. While this would surely
not be an easy task, when judged from a math-
ematical perspective, it should be entirely pos-
sible.

10.6. Ecological States. A final point that
might be of interest to those who work on NCCs
concerns the important call for more ecological
conditions in consciousness science (Mudrik et
al., 2024). This call is a reaction to the highly
artificial conditions that have, in the past, often
been used in the search for NCCs, or in empir-
ical research programmes in consciousness sci-
ence more generally. These conditions might
not appear in ecological contexts, and might
therefore lead to the identification of neural
mechanisms that are not relevant in practice
(Krakauer, Ghazanfar, Gomez-Marin, Maclver,
& Poeppel, 2017).

CoAA might be of interest in this context
because of two reasons. First, because of its
methodological freedom, it might be a helpful
tool to search for NCCs in more ecological con-
ditions. As explained above, it does not require
an experiment to make use of a contrastive ap-
proach (cf. also Section 8), is applicable to a
wide range of stimuli or experiences, thrives on
diverse rather than uniform conditions across
trails (cf. Sections 8.4.3 and 11), and might
be compatible with measures of consciousness
that would otherwise override the result of a
statistical analysis.
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But a second advantage might also lie in its
utilization of a more intricate logic to identify
the NCCs. It could, possibly, be the case that
the logic of the analysis helps to avoid some
of the wrong identifications that more artificial
settings can cause if analysed with the mathe-
matics of a contrastive approach.

For reasons of space, we cannot explore the
latter point in detail here. If CoAA is of em-
pirical use at all, this last point will have to be
explored in a separate context.

This concludes a brief survey of some of the
states of consciousness that CoAA could be ap-
plied to. Next, we review how CoAA would be
applied in practice.

11. Application & Existing Data

In the previous sections, we have studied the
mathematics of Co-Activation Analysis (CoAA)
(Section 5), compared CoAA to contrastive
analysis (Section 6), developed a first statistical
procedure that can be used together with CoAA
(Section 7), and discussed some of CoAA's
properties that might be helpful in experiments
(Sections 8-10). Within these discussions, the
details of how one would go about applying
CoAA in practice might easily be lost, which
is why we review these details here.

It is needless to say that the concep-
tion of new experiments is a demanding task,
where mathematical and statistical considera-
tions only play a small role. This section, there-
fore, is in no way meant to provide a system-
atic guide for the construction of experiments;
rather, it is meant to summarize how CoAA can
be applied, or may make a difference, to the
major dimensions of experimental work.

11.1. Choice of Analysandum. A first dimen-
sion of an application of CoAA in an experi-
ment concerns the choice of analysandum—the
choice of what is to be analysed in an experi-
ment. For CoAA, this is the question of which
neural and phenomenal concepts are to be used
in the experiment in order to search for the
NCC. This includes the following choices:

1. Which neural systems should be included
in the search for NCCs. A straightforward
example of this choice would be ROIs as
defined by a suitable brain atlas, but more
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abstract choices are possible as well. One
example of a more abstract choice would be
the neural subsystems in a Predictive Pro-
cessing framework, as suggested in (Hohwy
& Seth, 2020).

2. Which notion of neural states should be
considered in the search for NCCs. Differ-
ent choices of states correspond to differ-
ent levels or scales of analysis, and may de-
pend on the available neuroimaging tools. A
straightforward choice in an fMRI analysis,
for example, are average activity values per
voxel (cf. Section 7.1). Other examples are
global or dynamical neural states, cf. Sec-
tion 9.

3. Which states of consciousness are to be
used in an experiment. CoAA can be applied
to the states that are used in contrastive
analysis (e.g. stimuli at the experience/no-
experience threshold), but it can also be ap-
plied to more general choices, e.g. global
states of consciousness, or a larger num-
ber of content states. It is also applicable
to states that are derived from more eco-
logical conditions or novel methodological
approaches (cf. Section 10). The choice
of states of consciousness does not need to
be binary, and near-threshold conditions are
not required.

In practice, these choices might already be
determined, to some degree, by the experimen-
tal protocols that are to be used: the question
of which neural states and neural systems are
investigated may be determined by the avail-
able neuroimaging tools; and the question of
which states of consciousness can be used may
be determined by which measures of conscious-
ness can reasonably be applied in an experiment.
One advantage of CoAA is that it does not
add further requirements to the range of op-
tions that the available experimental protocols
offer.

If CoAA is to be applied to an experiment
that has previously been used in contrastive
analysis studies, then no choice of neural sys-
tem and neural states is required; CoAA can
be run with the exact same notions of neu-
ral systems and states that contrastive analysis
makes use of. This gives rise to a particularly

simple statistical procedure, which we will re-
view in Section 11.4.1. The experimenter is still
free to choose different states of consciousness,
though, including stimuli of different qualitative
and quantitative natures.

11.2. Experimental Design. A second dimen-
sion of the application of CoAA in an exper-
iment concerns the design of the experiment,
both in theory and in practice.

The design of an experiment is, of course,
not a formal process. It is where much of the
creativity and ingenuity of experimenters plays
out. What CoAA adds to this process is a range
of new empirical research avenues.

On the one hand, these research avenues
concern the neural and phenomenal concepts
discussed in the last section. CoAA can be ap-
plied to more general notions of neural systems,
neural states, and states of consciousness than
is the case for contrastive analysis.

As important, however, are implications for
more subtle aspects of experimental design.
One big difference between CoAA and con-
trastive analysis, for example, concerns the con-
ditions that each analysis presumes. While con-
trastive analysis is premised on uniform condi-
tions across trials, CoAA thrives on diverse con-
ditions across trials (Section 8.4.3). This might
offer new research avenues regarding the con-
texts, activities, or tasks in experimental design.

11.3. Data Acquisition. A third dimension in
an application of CoAA concerns the data ac-
quisition.

CoAA relies on co-activation data (Defini-
tion 2). This is data about which neural states s
are active together with which states of con-
sciousness e. Here, instead of the activation
of states of consciousness, one could also refer
to the realization, occurrence, or application of
these states.

Co-activation data is a way to represent the
results of measurements in an experiment. It is
a general data type, designed to comprise the
sort of data that is obtained in contrastive anal-
ysis, where in each trial of the experiment, both
neural and experiential data is collected.

For CoAA, no time-series information is re-
quired. All co-activations of a neural state s



and a state of consciousness e that are ob-
served in an experiment can be added to a data
lake D, whose elements are pairs (s, €) of such
co-activations. This data lake is what the math-
ematics of CoAA make use of to identify an
NCC.

Working with the data lake D has a number
of advantages, summarized at the end of Sec-
tion 3. For example, it makes it easy to take
differing time scales of experiential and neural
states into account.

The only subtlety related to D is that CoAA
requires one to keep track of which neural sys-
tem a neural state s belongs to, so that the suf-
ficiency requirement in the definition of NCCs
can be checked. If a neuroimaging tool outputs
a global state, as for example the case for an
fMRI scanner, one can simply add multiple co-
activations to D per trial, one for every neural
system under consideration.

11.4. Statistics & Analysis. This brings us, fi-
nally, to the most important dimension of an
application of CoAA, the data analysis. The
nature of this analysis depends on which neu-
ral notions have been investigated. For experi-
ments that make use of neural notions that are
similar to contrastive analysis, a simple statis-
tical procedure is available, that can be applied
out of the box. We review this procedure in
Section 11.4.1. Section 11.4.2 describes how
to proceed in other cases.

11.4.1. Ready-to-Use Statistics. CoAA can be
applied to a wide range of neural states and
neural systems, which is why one can apply
CoAA to a host of new experimental possibil-
ities. However, one doesn't have to. CoAA is
particularly easy to apply to the neural notions
that are already of use in contrastive analysis,
and doing so brings a number of advantages,
for example:

» improved results, as compared to con-
trastive analysis (Theorem 19).

» better error terms (Proposition 21, cf. be-
low).

» the possibility of using more and/or different
states of consciousness.

In Section 7.1, we have derived a statisti-
cal procedure precisely for this case. Starting
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from the mathematics of CoAA developed in
earlier sections, and working with the case of an
fMRI analysis for simplicity, we derived a statis-
tical procedure that defines a methodology to
search for NCCs in this case. This procedure is
“ready-to-use”; no further mathematical work is
required for an application. It can be applied as
follows:

1. Measurements. Measure fMRI activity as
usual, and apply a suitable measure of con-
sciousness to infer which state of conscious-
ness, out of the set of states of conscious-
ness that have been chosen for the analy-
sis, is active during a scan. We denote the
activity values of the different voxels of an
fMRI scan by Y;.

2. Run MANCOVA Tests. For each pair e, €
of distinct states of consciousness in the
set of states of consciousness, and for each
of the ROIs S under consideration, run a
MANCOVA test with the following settings:

- dependent variables are the activity val-
ues Y; of each voxel / of an ROl S.

- the group variable comprises the two
states of consciousness.

- covariates are as collected in the exper-
iment.

3. Analyse MANCOVA Tests. For each ROI
S, check if the MANCOVAs of this ROI for
all pairs of states of consciousness are sig-
nificant.

4. Find NCCs. According to Theorem 20,
the minimal ROI for which all MANCOVA
tests are significant is an NCC as de-
fined by (Chalmers, 2000) and (Crick &
Koch, 1990). Furthermore, every ROI for
which it is not the case that all MANCO-
VAs are significant, or which is not mini-
mal in this class, is not an NCC as defined
by (Chalmers, 2000) and (Crick & Koch,
1990).

Details of this procedure are explained in
Section 7.1, and adaptations to measurement
techniques other than fMRI should be straight-
forward.

In Proposition 21, we have derived a and 3
error rates for the above procedure. Denoting
the a and 3 error rates of the individual MAN-
COVAs by ag and Bg, to first order in ag and
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Bo. the overall error rates of this procedure are
given by:

a< J-ag+ L-Bo
B < max(J-ao, Bo) ,

where J is the number of distinct pairs of states
of consciousness used in the experiment, and
where L is the number of ROIls under consider-
ation that are inside of the NCC.??

These error rates might be of interest for
purely statistical reason, as both J and L can
be expected to be small single digit numbers.
For example, for three states of consciousness,
we have J = 3. Furthermore, dependencies that
one would otherwise expect, e.g. on the number
of voxels in an fMRI analysis, do not exist. Cor-
respondingly, an application of CoAA might not
suffer from the problem of multiple comparisons
as usual the case for fMRI studies, which might
render the need for cluster-based analyses, for
example as proposed in (Heller, Stanley, Yeku-
tieli, Rubin, & Benjamini, 2006), obsolete.?®

11.4.2. General CoAA. The statistics ex-
plained in the last section presume that the
neural systems and neural states that are to
be investigated—the first and second elements
of the analysandum explained in Section 11.1
above—are, essentially, those that are used in
contrastive analysis. While some variations are
possible, e.g. regarding the choice of neural
system, these options are rather limited.

There is a host of reasons of why one might
want to search for NCCs among different neu-
ral systems, some of which we have discussed
in Section 9 above.

One advantage of the general mathemati-
cal framework of CoAA is that CoAA is not
premised on a single choice of neural system
or neural states. CoAA can be applied to any
choice of neural system and neural state that
can be measured in an experiment.

Here, ‘measured’ can be interpreted very
widely. All that is required for an application of
CoAA is information about which neural states
were active in experimental trials (together with
which of the states of consciousness under con-
sideration). This information constitutes the

co-activation data that we have introduced in
Section 3.

It is likely that many experimental protocols
deliver this information right out of the box, in
which case CoAA can be applied without the
need of further theoretical work. If this is not
the case, for example due to a larger deductive
distance between the neural notions of interest
and the output of a neuroimaging device, one
can use a statistical procedure to infer which
neural states were active during experimental
trials.

CoAA does not place restrictions on how in-
formation about the neural states is obtained
in an experiment; any neuroimaging tool, and
any statistical procedure goes. In Section 7.2,
we briefly explain one class of procedures that
might be used. This class can be used if a like-
lihood function that specifies the expected neu-
roimaging data for the neural states under con-
sideration is available. But nothing hinges on
this particular proposal, any other statistic can
be used as well.

Once data about the co-activation of neu-
ral states and states of consciousness is avail-
able, the analysis of NCCs proceeds in terms of
three formal objects. These formal objects give
a computation pipeline which should be easy to
implement in practice. Writing ‘A — B’ to in-
dicate that B can be computed once A is avail-
able, this computation pipeline is:

By(e) - Sn(e) » M

Here, D is the empirical data. The sets By(e)
are defined at the beginning of Section 5; they
contain those neural states of a system N that
have been measured as co-active with a state
of consciousness e. The sets Sy(e) comprise
neural states of N that meet the sufficiency
requirement in Definition 1; they can be com-
puted based on By (e) as described in Lemma 5,
The set M comprises neural systems that meet
the mapping requirement in Definition 1; they
can be computed based on the sets Sy(e) as
described in Definition 8. The NCCs, finally
can be computed based on Theorem 14. The
theorem states that if a system N is a mini-
mal element of M, and if the system satisfies a

22Explicit definitions of J and L are provided in Footnote 13.
23| am grateful to Maximilian Kathofer for discussions on cluster analysis and related topics.



condition which we discuss next, then by math-
ematical necessity, N is an NCC as defined by
(Chalmers, 2000) and (Crick & Koch, 1990).

The condition that Theorem 14 makes use
of, in addition to the minimality of N in M, is
that N is of full measure in D (Definition 3).
For most statistics, this condition amounts to
a Type Il error control (G error rate) for tests
that identify the states of the system N.

11.5. Analysis of Existing Data. A final op-
tion that should probably be mentioned in the
context of this overview concerns the possibility
of re-analysing existing data.

As far as experimental presumptions are con-
cerned, CoAA is, in a strict sense, a generaliza-
tion of contrastive analysis. This means that,
mathematically speaking, if an experiment pro-
vides data that can be analysed with contrastive
analysis, then this data can also be analysed
with CoAA. Furthermore, as far as the logic of
measurement is concerned, CoAA can be shown
to improve upon the result of contrastive anal-
ysis (cf. Theorem 19). This raises the question
of whether one should attempt to re-analyse
existing data with contrastive analysis.

From a mathematical perspective, the an-
swer is clearly yes. The procedure of Sec-
tion 11.4.1 can, likely, be applied to many of the
data sets that exist already. And in particular
in cases where only two states of consciousness
are present, this procedure constitutes a sim-
ple and statistically powerful empirical test for
NCCs.

At the present stage, it is completely open
what such re-analysis would give. Given the
differences in underlying logic, it is very unlikely
that a CoAA-based re-analysis of existing data
would identify the exact same activity patterns
that contrastive analysis found. It is likely that
a subset would be found, but it is also possi-
ble that CoAA finds no NCC at all, for example
if the measured activity is due to confounders
(Section 8).

12. Conclusion

The search for Neural Correlates of Con-
sciousness (NCCs) is a demanding empirical en-
deavour, requiring the interplay of experience
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and expertise across experimental, theoretical,
and philosophical domains.

In this paper, we attempt a contribution from
a novel domain, that of mathematics. The
initial goal of this project was to analyse the
logic of measuring NCCs. Here, ‘logic’ refers
to the logical connections between concepts,
definitions, and mathematical tools, as iden-
tified by lemmas, theorems, and propositions.
The project was aimed at answering questions
like: What relation, exactly, is there between
the canonical definition and the type of data
that is presumed in contrastive analysis? Un-
der which circumstances, exactly, can the NCC
as canonically defined be measured empirically?
What can be known in case of incomplete data?
What exactly is it that contrastive analysis mea-
sures within the canonical definition?

As the analysis of these questions made
progress, however, a somewhat surprising impli-
cation emerged. Could it be the case that what
the logic is pointing at is a new methodology to
measure NCCs in the lab? Perhaps something
that can complement contrastive analysis and
decoding in empirical practice?

As a result of this possibility, the nature of
the project shifted. The goal, then, became to
understand and explore this new methodology.

A first realisation was that the new method-
ology might be more general than the con-
trastive approach. There was a first theorem
that showed that, as far as the logic of measure-
ment is concerned, the methodology seemed
to improve upon results of contrastive analysis
(Theorem 19). A second realisation was that
the methodology can be applied to neural states
and states of consciousness that might not be
particularly well-suited for contrastive analysis
(Sections 9 and 10).

Then came another surprise: that if ap-
plied to the setting of contrastive analysis, the
method gives rise to a simple statistical proce-
dure (Section 7, Theorem 20) that could be
easily applied in experiments, and perhaps even
to existing data. Furthermore, the derivation
of o and B error rates for this statistic (in Sec-
tion 7, Proposition 21) identified peculiar sta-
tistical advantages; for example, that the error
rates do not depend on the number of voxels
in an fMRI analysis, which might be relevant
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for the multiple testing problem in an fMRI-
based search for NCCs. Finally, it became ap-
parent that the method might also have implica-
tions for the notorious problem of confounders
in NCC research (Section 8).

With each of these discoveries, there came a
bit more hope that this methodology might ac-
tually be something that could support empir-
ical research in the field; something that isn't
just scratching the itch of a mathematician's
curiosity, but that, perhaps, could be of actual
help. But at the same time, of course, it was
painfully clear that the actual litmus test for this
work will come only once the mathematical part
has been completed, when it is presented to the
experimental expertise in the field at large. It is
in this spirit that the paper is submitted to the
field.

If the mathematical perspective on NCCs
provided here turned out to be helpful to the
field, a whole range of further research could
be envisaged. For example:

1. a mathematical analysis of the logic of the
decoding-based search for NCCs, as devel-
oped by Haynes (2009).

2. exploration of the application of structural
information in the search for NCCs, as al-
ready suggested by Chalmers (2000), and
further explored, for example, in (Fink et
al., 2021) and (Kleiner, 2024).

3. the development of statistical tools tailored
to specific research programmes, for exam-
ple those proposed in (Cleeremans, 2005;
Hohwy & Seth, 2020; Mudrik et al., 2024,
Luppi et al., 2021; Lyre, 2022; Cecconi,
van der Lande, & Sala, 2024).

4. the development of statistical tools for al-
ternative definitions of NCCs or CCCs, such
as those proposed by (Fink, 2016; Wiese
& Friston, 2021; Mckilliam, 2024; Cleere-
mans, 2005).

5. a mathematical analysis of how experimen-
tal data from different sources and poten-
tially across different paradigms could be
combined in a collaborative search for the
NCC.

In summary, this paper is a perhaps some-
what unusual reaction to Lepauvre and Mel-
loni (2021)'s recent conjecture that “[d]espite

the clear advantages of the contrastive method,
its mostly exclusive use in the research of con-
sciousness may have constrained the field too
much, becoming an obstacle to finding NCCs”
(p. 13).  The methodology discovered here,
preliminarily called Co-Activation Analysis (or
CoAA for short), is a mathematical contribu-
tion at “broadening the experimental methods
[to] help us (...) better understand the phe-
nomenon” of consciousness (ibid.).
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