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A Caching Policy Driven by Clusters of High
Popularity

Natalia M. Markovich

Institute of Control Sciences, Russian Academy of Sciences

117997 Moscow, Russia
Email: markovic@ipu.rssi.ru

Abstract—Caching is applied to provide requested documents
or Web contents quickly from a short memory. We consider the
Cluster Caching Rule policy proposed recently by Markovich
[12]. The idea of the rule is to keep only highly popular contents
in the cache. Due to dependency in the inter-request process
and heavy-tail distributed inter-request times, such frequently
requested documents arise in clusters of popularity. The cor-
responding clusters of documents are loaded in the cache. If
the requested document is present in the previous cluster, then
it stays further in the cache. Otherwise, it is evicted from the
cache. A mixture of m—dependent Markov and Poisson renewal
processes is proposed as example of an inter-request time model.
We present the hit/miss probabilities of such caching policy and
consider cache size estimation.

Keywords—Cluster Caching Rule, content popularity, clusters
of extreme values, hit/miss probability, extremal index

I. INTRODUCTION

Caching data is a widely used tool for an efficient infor-
mation delivery to users. We study and develop the Cluster
Caching Rule (CCR) policy proposed in [12] for fog computing
or NDN networking at edge routers. According to this rule
only highly requested popular documents may be stored in
a cache of moderate size. This is really reasonable if to take
into account that about 70% of contents is only once requested
(cf. [S]). However, well-known rules like the Least-Recently-
Used (LRU) (cf. [5]) and the Time-to-Live (TTL) (cf. [3], [7],
[8]) allow to keep such documents in the cache which is not
efficient. The Least-Frequently-Used (LFU) rule is similar to
CCR since it stores only popular documents. But it does not
take into account a possible dependence in the inter-request
time (IRT) process and a random size of requested documents.
The LRU, LFU and TTL rules are based on standard as-
sumptions that may simplify the analysis. Namely, the so
called Independent Reference Model (IRM) (cf. [8]) is widely
accepted as a model of the request process. It implies that
requests are assumed to arrive sequentially as a Poisson
renewal process, i.e. IRTs are independent and exponentially
distributed. Moreover, the popularity g(n) of the nth object
does not change that means time and spatial locality. The
size of content is considered as a constant. That is not
so strict if to believe that the information is requested by
equal-sized chunks. The IRM has evident drawbacks: the
content requests may be generated by users independently,
but not necessarily exponentially distributed and independence
is not the case for a hierarchy of caches when requests
overflowing from lower layer caches to higher layer caches
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are correlated. Hence, Markov-modulated Poisson processes
or Markov-arrival processes (MAPs) which model correlated
requests are also popular as cache arrival models.

The CCR policy does not use the IRM and only a correlated
IRT process is considered. The reason is that the independent
IRT sequence does not contain clusters. Those may only
appear due to dependence. Following [15] a cluster is a set
of consecutive exceedances of an underlying process over a
threshold arising between two consecutive non-exceedances.
The CCR takes into account the cluster structure of the
popularity process of the requested documents. Popularity
clusters are caused by dependence in the IRT process. Heavy
tails of the IRT distribution may strongly increase the cluster
size and, hence, impact on the required cache size. The CCR is
based on results from extreme-value theory related to clusters
of exceedances over the threshold of a process of interest.
All achievements follow from the probabilistic aspects of
clusters of exceedances, namely distributions of their sizes.
Such cluster approach allows us to explain effects related to
the dependence impact on caching. The CCR may be extended
to lines and trees of caches.

The objective is to obtain formulae for hit/miss probabilities
and the cache size of the CCR. The hit/miss probabilities
are the most important characteristics of the caching policy
that reveal the probabilities to find the requested document
in the cache or not, respectively. We focus on a single-cache
case. Another goal is to move away from the Poisson process
and to consider m-dependent Markov processes with heavy-
tailed distributions as realistic models of IRT processes in the
context of clusters of exceedances. To our best knowledge,
such approach is novel. The rationality behind the CCR is to
reduce the cache size required to keep only a finite number of
popular documents and to increase the efficiency of caching. In
contrast, the LRU and TTL rules decrease the miss probability
by enlarging the cache and storing all requested objects.

The paper is organized as follows. Related work devoted to
probabilistic aspects of caching is given in Section II. In
Section III the CCR policy is defined and necessary results
from extreme-value theory regarding clusters of exceedances
are mentioned. In Section IV the modeling of an IRT process
by the mixture of m—dependent Markov processes and Poisson
processes is proposed as an example of correlated IRTs and
the performance of the CCR policy is discussed. We obtain
general analytic formulae of the hit/miss probabilities based on
extreme-value theory taking into account possible repetitions
of the same document in the cluster and its presence in
consecutive clusters of high popularity. Based on theoretical



results regarding geometric models of cluster and inter-cluster
size distributions, we also discuss several options to estimate
the cache size. Some conclusions are presented in Section V.

II. RELATED WORK

The most popular caching policy is the LRU rule according

to which the requested document hits the first position of the
cache. The other documents located in the cache are shifted
to its bottom. The object at the last position has to be evicted
from the cache if the next requested document is new, i.e. it
is not present in the cache. Otherwise it stays further at the
last position in the cache. Despite of the simplicity, the prob-
abilistic aspects of the LRU replacement of documents in the
cache generate not easy problems. In [5] a simple exponential
approximation is provided to get hit/miss probabilities of the
LRU for lines and trees of caches under the IRM conditions.
The TTL and LFU rules use the LRU combined with their
specific properties. The TTL restricts the duration of the
document to stay in cache. This time may be fixed for all
documents or it may depend on the individual popularity of
the document, cf. [3]. The LFU works optimal for the IRM
conditions, cf. [10], and overcomes the LRU in terms of
the byte hit probability, cf. [4]. But the LFU adapts poorly
to changes of the popularity summarizing past high-request
counts of stale documents, cf. [9], [16]. Moreover, if the
document size is assumed to be fixed or, in other words, chunks
of documents of a given size are requested then it is impossible
to calculate the popularity of the chunks which may include
different contents.
It is important how to define the popularity. One can define it
as a high request rate of the document, cf. [7]. Zipf’s law is
accepted for the request frequency. Thus, the request frequency
of a document with rank ¢ is proportional to 1/7%, where o > 0
can be dynamically changed, cf. [4]. In [12] the popularity of
the ith document at its jth request time 7 ; = Zflzl Tin 18
defined by

Xi = Jj/Nz,, (M

where N, ; is the total number of requests in time interval
[0,T5,]. {Tin}n>1 are the IRTs of the ith document and N
is the number of documents in the catalog. The popularity
process of the ith object is then generated as j progresses.
The common popularity process is built by such individual
processes.

In [9], [10] it was derived that the cache missing probability
is asymptotically the same for sufficiently large cache sizes
regarding the LRU and LFU replacements, both with regard
to dependent and independent identically distributed IRTs.
For this purpose, the Markov-modulated Poisson process was
considered as a request arrival process. The same conclusions
may easily be obtained using the clustering of rare events (i.e.
high popularity) if the cache size C' is large enough. Since
in practice C' is finite, the dependence structure of the IRTs
should be taken into account by means of the extremal index
(see Section III-B) which defines the mean cluster size, [12].

i=1,..,N,  j>1,

III. THE CCR CACHE REPLACEMENT POLICY
A. Definition of the CCR policy

The idea of the CCR is explained in Fig. 1. Considering the
popularity process {X;} in (1) built for request times {7} ;}
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Fig. 1. The documents corresponding to a popularity cluster are uploaded
in the cache, where the cluster contains all documents being different (a). In
case the same document appears in one cluster repeatedly (its popularity is
shown by a solid grey column), it is uploaded in the cache once (b). The same
document may appear between clusters if its popularity falls down, but it will
not be evicted from the cache during the inter-cluster time (an inertial effect).

of documents i from the catalog, we focus on the clusters of
high popularity values exceeding the sufficiently high threshold
u, see Fig. 2. Once the popularity of the document exceeds
u, we put this object in the cache. If the same document
appears several times in the same cluster, then the cache
content does not change. The inter-cluster size 7% (u) implies
the number of inter-arrivals of observations running under
between two consecutive clusters of exceedances, see Fig. 2,
and is determined by

Tl(u) = mln{] >1: Ml’j < u, Xj+1 > U|X1 > u}7

where M; ; = max{X»,...,X,}, M1 = —oo. The cluster
size To(u) is the number of inter-arrivals of observations
exceeding u between two consecutive non-exceedances, see
Fig. 2, and is determined by

Tz(u) mln{j >1: lej > ’LL,X]‘+1 < U|X1 < u},

where L ; = min{Xs, ..., X;}, L1,1 = +00. Hence, we get
T5(u) < To(u), where To(u) is the cluster size and T4 (u)
is the number of exceedances in the cluster corresponding
to different objects (the cluster size subtracting the document
repetitions).

If the document popularity exceeds the threshold within several
consecutive clusters, then such document will stay in the cache
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Fig. 2. Clusters of exceedances over threshold w of an underlying process.

within the duration of these clusters and corresponding inter-
clusters. If the document is not found in the next cluster, it
is evicted from the cache. Durations of the cluster structure
St,(u) and inter-cluster structure St () are determined by

Ty (u) T (u)
St = YU Snw= Y. ¥
i=1 i=1

where {y;} are inter-arrival times between documents from
the catalog in the common request arrival process. Then the
minimal time for the ith document to stay in the cache (the
minimal document life time in the cache) is equal to the
duration of a cluster after the first exceedance of X; plus the
duration of the next coming inter-cluster:
™" (w) < Sryw) + Sta(u)-

The maximal document life time in the cache is formally
not restricted and it depends on the random number N, of
consecutive clusters where the popularity of the ith document
exceeds u, i.e. it holds

2

7"11””@1.(11’) < (ST1(u),k + STQ(u),k)7

1

>
Il

where St (), and St,(y),, are durations of the kth inter-
cluster and cluster. In this respect the CCR is similar to the
TTL policy when the time to live in the cache depends on the
popularity.

If some documents from the catalog are not requested, their
popularity is equal to zero and they cannot enter the cache.

B. Clusters of exceedances and their probabilities

As the proposed CCR policy is derived from statistical
properties of the popularity process induced by the request pro-
cess of a document, we consider now clusters of exceedances
of the popularity process over a threshold. The cluster is de-
termined as a set of consecutive exceedances of the popularity
between two consecutive non-exceedances. According to the
theory of extreme values such clusters become independent
for sufficiently high thresholds and the corresponding point
process (i.e. epochs of the appearance of such rare events)
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proceeds as a renewal process, more exactly, as a compound
Poisson process with specific intensity equal to 67. Here, the
extremal index 0 provides the reciprocal of the mean cluster
size and plays a fundamental role in the theory. The constant
7 > 0 is determined in the following definition and it relates
to the selection of the sufficiently high threshold w,,.

Definition 1: The stationary sequence { X, },>1 with com-
mon distribution function F'(z) and M,, = max{X;,..., X, },
is said to have extremal index 6 € [0, 1] if for each 0 < 7 < o0
there is a sequence of real numbers u,, = u, (7) such that

lim n(1 — F(up)) =7, lim P{M, <u,}=e¢"’
n—oo n—oo
2
hold (cf. [11, p. 53]).

In case the random sequence is independent and identically
distributed (iid) we have § = 1. The total dependence corre-
sponds to 6 = 0. Taking into account that 1,/6 approximates the
mean cluster size, § = 0 implies infinite size clusters. Those
cannot be separated by any inter-cluster intervals. With regard
to the maxima distribution we have

P{M, < un} = P"{X1 <up} +o(1),

If @ = 0 holds, then we get lim,,_,oc P{M,, < u,} =1, i.e.
the maximum increases slower than in the iid case and it cannot
exceed the threshold u,, that goes to infinity. The processes
with 6 = 0 are not so unusual. The Metropolis algorithm
allows to simulate Markov chains with given stationary dis-
tributions. Metropolis Markov chains with noise having some
heavy-tailed distributions including the Zipf law (cf. [17]) and
a Lindley process with subexponential jumps which is used as
a model for waiting times in queuing systems (cf. [1]) provide
examples of such processes. The subexponential distribution
class includes all possible heavy-tailed distributions. Regarding
our caching problem # = 0 is in contradiction to the IRM and
it leads to non-optimal LRU, LFU and TTL rules. It implies
that only an infinite cache size can be appropriate if the CCR
rule is applied and the documents corresponding to clusters of
popularity exceedances enter the cache.

Clusters of the popularity process are identical to inter-clusters
of the IRTs, i.e. small values of IRTs running under a given
threshold.

To get the hit/miss probabilities for the CCR, we need distri-
butions of cluster and inter-cluster sizes for a given threshold
w. In [15] and [14] geometric-like models for distributions of
T (u) and T»(u) which depend on the extremal index 6 were
derived and improved. Using high quantiles =, of the levels
(1 — pp) of the process X; as u,, (p, — 0 as n — oo due to
(2)), the following approximations

P{Ti(wp,) = j} = 0pu(1 = pn) 7", ()
P{Ta(zy,) = j} = 0%q. (1= )" (@)

were obtained for sufficiently large j and 6 € [0, 1], where
¢n = 1 — pn. Models (3) and (4) are derived in [15], [14]
under specific mixing conditions. Those require a statistical
independence of observations separated by a sufficiently large
time. Such conditions are fulfilled particularly for regenerative
processes where observations can be a partition at independent
regenerative cycles.

Fig. 3 shows that the probability of 75(u) declines strongly
for j > 6. As there are no results yet regarding the maxima

n — oQ.
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Fig. 3. Probability models (3) and (4) for # = 0.6 and p = 0.05 against j;

both probabilities do not change much when j > 6.

distribution of T5(u), this allows to suspect that cluster sizes
are likely less than 6. Then the cache size for the CCR can be
determined in a similar way. In [12] it was proposed to take
a mean cluster size of the popularity process as a cache size.
Since by theory it holds

ETy(u) =~ 1/6, ®)

the cache size can be taken as C' = 1/6. From (5) it follows
that the estimate of the cache size depends on u, C' = C(u).
This can be used for the CCR (see Section IV-C) to fill the
cache better, i.e. to increase the cache utilization, cf. [12]. If
the sufficiently high quantile =, of the level 1 — p,, is used
as Uy, then one can use the approximation in terms of p,, (cf.

[15])
ETy(un) ~ 0*(1—pn)/(1—p")? ©)

and use its right-hand side as the cache size C(p,). Models
(3) and (4) work particularly well for m—dependent processes
like the MM-process (cf. [15]) that is considered in Section
IV-A as a model of the IRT process.

To find the probability to enter the cache at first time, we recall
the first hitting time

T*(u) =min{j+1>1: M; <wu,X;41 > u}
and the model of its distribution
0202 (1 — p,)?0—D
Pn(l—py) S
1- (1 - pn)
j=20,1,2,..., My = —o0, obtained in [13]. The probability
to hit the threshold z,,, twice, i.e.
P{T*(zp,) =3, T (2p,) =+ m} = (3)
PAM; 1 < @p,, Xj > xp s My jym—1 < Tp,, Xjpm > Tp,, },

PAT (p,) = j +1}

m = 1,2,..., may be approximated by the product P{x =
J}P{x = m}, where x is a geometrically distributed random
variable with probability p, 6, cf. [13].

IV. PERFORMANCE OF THE CCR REPLACEMENT POLICY
A. Modeling the inter-request time process

Let {7;,;,t > 1} be the IRT sequence and S; ; = > 7_; Tis
be the current time of the jth request of the ith document. Then
{Si;}. i =1,N, j = 1,2,...,j; are sequences of request
times of documents from the catalog before time 7', where
Ji = argmax{j : S;; < T} is the maximal number of
requests of the ith document until the time 7.
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Fig. 4. Superposition of m-dependent Markov chains with m; and mso and
Poisson renewal processes with A3 and A4 as request models of different
documents.

To construct a superposition of IRT series of all documents
from the catalog one can reorder {.S; ;} in increasing order
denoting them as 77 < Zy < ... < Z;, where [ is a random
number such that [ = max{j;,i = 1, N}. Such IRTs are
correlated. This allows to calculate the popularity by (1) using
the label sequence Ay, ..., A; that indicates the numbers of the
documents corresponding to {Z;}.

Example 1: Let us model the IRT sequence by a mixture
of m-dependent Markov chains and Poisson renewal processes
with parameters A\ regarding the document type. The first
model is appropriate for news which are only important for a
short time period. The m-dependence means the independence
of the IRTs 7;+ and 75 t+v,. The m determines the degree of
interest or popularity duration. Documents related to science
or culture may attract permanent interest for a long time and
their requests are better fitted by the second model. Each
document from the catalog of N objects has an own m or
A value. Reordering a catalog with & Markov chains with
mq, ...,my values and N — k Poisson renewal processes with
Ak+1s ---, AN, one can model their superposition selecting step
by step documents with the minimal current times, see Fig.
4. For simplicity, we will assume that the set mq, ..., my does
not change over time. Despite that news topics in the catalog
are changed in time, the longevity of their popularity may be
assumed the same.

As the m-dependent Markov chain of the ith document we
propose the Moving Maxima (MM) process:

Tic =  max {o;Z;—;}, teZz,
J=0,...,m;

with nonnegative constants {c;} such that 37", a; = 1 and
iid standard Fréchet distributed r.v.s {Z;} with distribution
function F(x) = P{Z; < u} = e~/ The distribution of
T;¢ is also standard Fréchet. The extremal index of the MM
process is known to be equal to § = max;{«;}.

The extremal index of the Poisson renewal process is equal to
1 due to the independence of the corresponding exponentially
distributed IRTs. Cluster properties of the obtained mixed IRT
sequence are then totally determined by the MM components
of the mixture and the hit/miss probabilities can be well
modeled by (3) and (4). In Fig. 5 one can see that the cluster
sizes of the MM process are the larger the smaller is the value
0. In Fig. 6 one can see the cluster structure of the popularity
sequence corresponding to one mixed IRT sequence from our
example.
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Fig. 6. Popularity (1) of documents modeled by the superposition of 90% MM
processes and 10% Poisson processes against the time; the catalog contains
N = 100 documents.

B. Estimation of the extremal index and statistical calculations

In practice, it is difficult to find analytic formulae of € since
precise models of the IRT and, hence, the popularity processes
are usually unknown. Thus, one can apply nonparametric
estimators of the extremal index. Well-known estimators are
blocks, runs and intervals (cf. [2]) among others. We prefer
the intervals estimator which has a good accuracy and depends
only on the threshold u as parameter while the blocks and runs
estimators require the block size as the second parameter. The
intervals estimator proposed in [6] is determined by

O (u) ©)
_ { min(1, 0, (u)), if max{T;:1<i<N—1} <2,

min(1, 6% (u)), if max{T;:1<i<N -1} > 2,
where
) 2AXL, 1)
Hn(u) = ¢ N—1 )
(N=-1)> T?
A 2 NHT = 1))2
(N =)L - (T - 2)
N =3""  1(X; > u) is the number of exceedances of u at

time epochs 1 < 57 < ... < Sy < n and the interexceedance
times are given by 7; = S; 1 — 5;. The value corresponding
to a stability interval regarding v is usually proposed as the
estimate 0. In Fig. 7 we estimate the extremal index of the
popularity process built by (1) using the simulated mixed
process from Example 1. Using the obtained value § = 0.8 we
can estimate the hit/miss probabilities as shown by (10). Since
the mean cluster size is approx1mately equal to 1 /9 =125
due to (5), we can propose the cache size C' > 2. The smaller
¢ and larger the mean cluster size, the larger cache is required.
Since # = 0.8 corresponds on average to 1 — p ~ 0.3, one can

100
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Fig. 7. Intervals estimator (9) of the extremal index against (1 — p) - 100%,

where 1 — p is the quantile level of the threshold x,: the stability interval
[20, 45] corresponds to 6 = 0.8 that can be selected as estimate.
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Fig. 8. Cache size C' against x for a = 1.562, 8 = 0.8, ¢ = 0.7.

calculate the cache size by (6) for p = 0.7 as C' > 3 since the
mean cluster size is then 3.116.

C. Cache size estimation

A major problem concerns the cache size estimation to
provide an effective cache utilization. Since the cluster size
is random, it may happen that the cluster may be smaller or
larger than the cache size, i.e. T2(u) > (<)C for a given w.
Then the cache may not be utilized completely (see the dark
part in the cache in Fig. 1) or, on the contrary, some documents
will not find a place in the cache. This may be the case when
the cache size is selected as the mean cluster size by (5) or
(6).

Several options are then possible: (1) we can change u to make
clusters larger or smaller to fit the cache size; (2) having the
cache size fixed, we may allow a part of documents with largest
popularity from the previous cluster to stay in the cache longer
to fill the cache completely; (3) if our cache is too small for
the cluster we can send the rest of documents in the next cache
if there is a line or a tree of caches at our disposal.

One can select C' from (4)

P{Ty(z,) =C} = ab’q(1—q)' """ =x
taking the right-hand side equal to x close to 1. x is the
probability to fill the cache completely. Selecting the constant
a > x/(6%q) we get C > 1. For high thresholds corresponding
to ¢q close to 1 we obtain single exceedances in the clusters

that corresponds to C' = 1, see Fig. 8.



D. Hit/miss probabilities of the CCR policy

The probability to hit the cache by the ith document at the

first time is determined by (7). This is the probability that its
popularity X; exceeds the threshold v at time epoch j+1 at the
first time. The probability for the ith document to get in two
consecutive clusters once is determined by (8). The probability
of the second hitting time is equal to the probability of the ith
document to be in cache longer than the sum of the durations
of two clusters and two inter-clusters. Note, that in this case 0
in (7) and (8) is equal to the extremal index 6; of the popularity
process of the ith document.
The cache hit probability for some set of j documents coin-
cides with the probability for their popularity to exceed the
threshold or to fall in the cluster. It is determined by (4),
where j shows the number of exceedances in the cluster.
The miss probability is then the probability for the popularity
not to exceed the threshold and it is determined by (3). It
is remarkable that these probabilities as (3) and (4) are the
same irrespective of the distribution of the popularity process
{X;} and they depend on the extremal index 6 of the latter
process of all requested documents. If the popularity of some
document exceeds u several times within one cluster, then
this does not change the content of the cache. Despite of the
possible repetitions of exceedances of the same document in
the clusters, their popularity will be different. Then (3) and (4)
approximate the probabilities of cluster and inter-cluster sizes
of distinct documents without repetition, i.e.

P{Tl*(xpn) = J*} 92pn(1 - Pn)(j_l)ev
P{T;(z,,) = J*} ~ 6% (1—q)" ",

An uncertainty of the miss probability arises when the popular-
ity of some requested objects drops down below the threshold.
Then the real miss probability may be less than (4). Empirical
estimates of the hit/miss probabilities for the time ¢ are still
the same as for the LRU and TTL, i.e. 1 — M (t)/N(t) and
M(t)/N(t), where M(t) is the number of missed objects,
N(t) is the number of all requests, cf. [3].

~
~

(10)

V. CONCLUSIONS

The Cluster Caching Rule proposed recently in [12] is
studied. We consider the popularity process of requested
documents and its clusters of exceedances over sufficiently
high thresholds. The popularity at each request epoch is
calculated as the ratio of the number of requests of a specific
document and the total number of documents requested up
to this moment. The clusters are caused by correlations in
the IRT process of requested documents. Thereby, we avoid
the usual Independent Reference Model and its assumptions
like the constant document size, unchanged popularity and the
independence of the IRTs.

The paper contains the following novelties. 1)We propose
the mixture of m—dependent Moving Maxima and renewal
Poisson processes as an example of a correlated IRT model
since this is realistic for short- and long-term requested ob-
jects. 2) The hit/miss probabilities of the CCR policy are
approximated by geometric-like probabilities of the clusters
and IRTs, respectively. Significant is that the latter geometric
models are invariant regarding the distribution of the IRTs. But
it is sensitive to dependence that is represented by the extremal
index. 3) Based on the geometric-like models of the hit/miss
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probabilities we propose the selection of the cache size which
does not depend on the IRT distribution, too. We believe that
the CCR policy has a better hit probability for small cache
sizes than the TTL and LRU schemes.

The CCR approach is appropriate for any correlated IRT
process. Its comparison with other caching rules by empirical
data is a subject of our future work.
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