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Abstract

We propose the partially paged binary tree principle (PPbin tree principle, for short) for maintaining
binary trees which do not fit into core and hence must be (at least partially) paged on secondary storage.
The PPbin tree principle can be applied to balanced as well as unbalanced binary trees. Paging a balanced
binary tree results in a balanced external binary ree. However, main advantage of the new principle is
that even for unbalanced binary trees it is very unlikely that long external access paths will arise. As an
example, we describe the partially paged k-d tree which is used as directory in a spatial data structure.
The analysis of the expected storage utilization and the expected external height proves the efficiency of
the new data structure derived from the application of the PPbin tree principle.

1. Imtroduction

Binary search trees are useful and easy to handle data structures used in many applications. In the
one-dimensional case, several balanced tree classes like AVL trees (see e.g. [AVL62], {Wir75]), brother
trees [OW81] or weight-balanced trees [NR73] have been introduced. In the multidimensional case, the
unbalanced k-d trees [Ben75] have been proposed.

Unfortunately, binary search trees in general suffer from the need to be kept in main memory, In
this paper, we propose a new principle for maintaining binary trees which do not fit into main memory
and hence must be paged on secondary storage. We call it the Partially Paged binary tree principle
(PPbin tree principle, for short). Here, “partially paged” means that the binary tree can be maintained in
core as usually as far as its size does not exceed the main memory capacity. If its size grows such that
the whole tree cannot be kept in core any longer, a prefix tree whose size depends on the core size is
maintained internally and only subtrees outside the prefix tree must be paged. The PPbin tree principle
can be applied to many different binary tree classes. Main advantage of the PPbin tree principle is that
even for unbalanced binary trees it is very uniikely that long external access paths will arise, i.e. many
external pages must be traversed during a search. Hence, main application area of the PPbin tree principle
are unbalanced binary trees occurring, for instance, in multidimensional geometric applications. As an
example, we describe the partially paged k-d tree which is used as directory in a spatial data structure
accommodating point- and non-point geometric objects. The analysis of the expected storage utilization
and the expected external height proves the efficiency of the new data structure.

In {IKOG87], binary priority search trees which support three sided range queries and updates with
optimal worst case complexity are adapted to secondary memory. The resulting data structure is derived
from B-trees [BM72] and from a generalized version of red-black trees [GS78] and therefore balanced.
In contrast to our spatial data structure based on the application of the PPbin tree principle to k-d trees,
however, the external priority search tree does not efficiently support regular (i.e. four sided) range queries
and cannot be extended to more than two dimensions and to arbitrary (i.e, non-ppint) geometric objects.

Robinson [Rob81] proposes the K-D-B tree as an extension of the B-tree for storing k-dimensional
points. However, the performance and storage utilization is outperformed by several other spatial data
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structures like [NHS84], [KS88], {Fres87], and our k-d PPhin tree based data structure, Furthermore, it
is not suitable for non-point geometric objects.

Although unbalanced binary trees are the natural application area of the PPbin tree principle, it can
also be carried over to balanced binary trees with advantage. Applying the PPbin tree principle 10 an
AV1-tree, for example, results in a PPbin tree with logarithmic bound on the external height [HSW89].

In the next section, we explain the PPbin free principle for one-dimensional unbalanced binary trees.
In section 3, an application of the principle to the (unbalanced, multidimensional) k-d tree serving as
directory in a spatial data structure is provided. In section 4, the expected storage utilization and the
expected external height of the spatial data structure based on the k-d PPbin tree are analyzed.

2. The PPbin tree principle

2.1 Basic ideas and properties

We are facing the problem that the number of objects to be stored in a binary search tree exceeds the
main memory capacity. Here, the whole tree or at least subtrees must be paged on secondary storage.
This is not an easy task, especially if the pages should be reasonably filled and access paths should not
contain too many pages in order to get the number of disk accesses for maintaining data objects small.
We propose to apply the PPbin tree principle resulting in a PPbin tree which consists of two basic parts:

1. the internal (prefix-)tree T; containing nodes near the root, and
2. several external subtrees stored in pages.

Furthermore, for a PPbin tree the external balancing property holds:

The number of external pages which are traversed on any two paths from the root to a leaf differs
by at most 1.

Defining the external height hex(T) of a PPbin tree T to be the maximal number of external pages
occurring on a path in T, the external balancing property ensures that each path in T traverses either
hext(T) OF hex(T)-1 external pages.

When objects are inserted into an initially empty PPbin tree, the tree grows up to a size when it
cannot be kept in the dedicated part of the main memory any longer. Then a paging algorithm determines
a subiree T to be paged on secondary storage such that the external balancing property is preserved.
If T; consists of ns nodes, the main memory is now able to receive additional n, nodes until a further
invocation of the paging algorithm must take place.

If a paged subtree Tp grows up to a size where it cannot be kept in one page, the page is split into
two. To this end, the left and right subtree of the root of Tp are stored in distinct pages. If the split page
has been referenced by a node in the internal prefix tree T;, the root of Tp is inserted into T;. If the split
page has been referenced by a node in a page, the root of Tp is inserted into this page.

Figure 2.1 shows a PPbin tree.

internal
part of the free

Figure 2.1: Overall structure of a PPhin tree
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2.2 A closer look

We now discuss the PPbin tree in more detail by explaining the insertion of a new object into the
structure. We formulate the procedures needed to perform an insertion operation in a pseudo programming
language.

First, we explain procedure Insert, which inserts a new leaf q into a PPbin tree T.

PROCEDURE Insert {q, T);
{searches for the node p in the PPbin tree T which will be the father of the new leaf q and calls
Treelnsert, if T is not empty, and creates a new root for T, otherwise.}
BEGIN
IF T is empty THEN
let q be the root of T,
ELSE
search for the node p which will be the father of g;
IF q will be the left son of p THEN dir := left ELSE dir = right END IF,
Treeinser(T, p, dir, q);
END IF,
END Insert;

The procedure Treelnsert which we explain afterwards stores the new leaf q as the dir son of p (dir €
{left, right}) in the PPbin tree T while preserving the external balancing property for T. For this purpose,
Treelnsert calls the procedures Page and PageSplit which we describe next.

The procedure Page is called when after the insertion of an additional node the size of the internal
prefix tree Tj reaches the maximal possible number n; of internal nodes. Then Page searches for a subtree
Ts in T; such that paging Ts preserves the external balancing property and stores T in a page.

The external balancing property is preserved if T is a paging candidate, i.e. Ts fulfills the following
conditions:

1. Any path from the root of Ts down to a leaf contains the minimal number of external pages (of
all paths in T).

2. The height of T; is at most hp.

The second ¢ondition stems from the fact that a page can hold a tree up to a height of hp.
In order to direct the search for a paging candidate in T the following numbers are attached to

each node v in Ty

N€Pmini(V), TESP. NEPmin(v),: the minimal number of external pages occurring on any path in T rraversing
the left, resp. right, son of v.

NePmax1(V), 1eSP. NePmax:(¥),: the maximal number of external pages occurring on any path in T traversing
the left, resp. right, son of v.

s(v): the number of nodes of the biggest paging candidate which can be reached from v.

h(v): The height of the subtree with root v in T;.
Now we can define procedure Page:

PROCEDURE Page (T);
{pages a subtree T of the internal prefix tree T;.}
BEGIN
r = root(Ty);
WHILE 1 # Nil. AND r is a node in T; AND
(NEPminy(r) # NE€Pmaxi(t) OR NEPminr(T} # N€Pmaxr(r) OR 1€Pmini(r) # N€Pmint(r) OR
h(r) > hp) DO
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IF nepmini(r) < nepmin(r) THEN
r := the left son of r;
ELSIF nepmini(t) > nepminr(r) THEN
r := the right son of r;
ELSE
1 := the son of r with greater s(son);
{if s(left son) = s(right son) each son might be chosen}
END IF;
END WHILE;
fi=1
allocate a new (empty) page P;

IF r is a node in Tj THEN
{ T Ui

NIIA R IA

store the subtree Ts with root r of T; in P;
make the pointer to r pointing to P;
ELSIF r = NIL THEN

replace 1 by the page P;
make P pointing to NIL;
Page(T);

ELSE {r is a page}
{ oot

make the pointer to r pointing to P;
make P pointing to r
Page(T);

END IF;

REPEAT
f := the father of f in Ty
recompute nePmini(£), nePmaxi(f), NePminr(f), nePmaxc(f), s(f) and h(f) from the correspond-

ing values of the direct sons of f;
UNTIL f = root(T;);
END Page;
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If more than one paging candidate occurs in T;, the paging algorithm chooses a candidate with the
maximal possible number of nodes. If the search for a paging candidate ends with NIL or in a page, an
empty page P is attached and Page(T) is invoked again. The recursive call of Page may happen fﬂﬂ
times in the worst case. However, in our simulations, where 100,000 skew distributed objects have been
inserted into an LSD tree (a spatial data structure with a PPbin tree as directory; see section 3) with
bucket capacity 5, no empty page was created. The reason is that, if after the insertion of a new node the
size of T; reaches the main memory capacity ny, Page searches for a paging candidate in Tj independently
of the actual insertion which has caused the call of Page. Hence, a paging candidate is determined with
one Page call if it exists af all. The performance complexity of one Page call is O(height(T})).

The procedure PageSplit is called when an additional node has to be stored in a page which is not
able 1o take it without splitting. In a page a subtree is organized as a sequential heap of fixed height
hp. We choose the heap organization because the PPbin tree is “height-balanced” w.r.t external pages.
Hence, it seems natural to use a height-balanced criterion inside a page, too: when the insertion of an
additional node would cause the height of a paged subtree to exceed hp, the page is split into two. After
splitting the new node can be inserted.

PROCEDURE PageSptit {p, dir, g, Tp, T

{The left and right subiree of the root of Tp are stored in two distinet pages Py and Py, and the
root of Tp is inserted into T by calling Treelnsert. After the page split the new node q is the
dir son of p (dir € {left, right}).}

BEGIN
P := the page containing Tp;
r = root(Tp);

allocate two new pages Py and Py;
store the left subtree of r in P; and make P; be the left son of 13
store the right subtree of r in P, and make P, be the right son of r;
IF p is stored in P; THEN
store ¢ as the dir son of p in Pj;
ELSE
store q as the dir son of p in Py;
END IF;
f := the node in T referencing P,
IF P is the left son of { THEN dirf := left ELSE dirf := right END IF;
deallocate P;
Treelnseri(T, £, dirf, 1);
END PageSplit;

Figure 2.2 depicts the effect of a page split.
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Figure 2.2: Split of page P
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We are now in a position to define Treelnsert.

PROCEDURE Treelnsert (T, p, dir, g);
{stores the node q as the dir son of p (dir € {left, right}) in the PPbin tree T. q is the new leaf
to be inserted or the root of a subtree whose page has been split.}
BEGIN
IF p is a node in T; THEN
make  the dir son of p in Ty;
fi=q
REPEAT
f := the node in T; referencing f;
recompute 1€Pmini(H, nePmaxi(f), N€Pminr{f)s NePmax(), s(f) and h(f) from the corre-
sponding values of the direct sons of f;
UNTIL f = root{T;);
IF (number of nodes in T;) = n; THEN Page(T) END IF;
ELSE (p is stored in a page}
Tp := the paged subtree containing node p;
IF the height of Tp will be greater than hp after the insertion of p THEN
PageSplit(p, dir, q, Tp, T);
ELSE
Store q as the dir son of p in Tp;
END IF;
END IF;
END Treelnsert;

Note that before and after the execution of Treelnsert the number of internal nodes is always smaller
than n;. Hence, Ty is always able to take a new node before an eventual call of the procedure Page
takes place.

Figure 2.3 depicts the overall structure of the insertion algorithm for the PPbin tree.

The heart of the insertion algorithm for PPbin trees is the procedure Page which determines a paging
candidate and stores it on secondary storage. Since Page always determines a paging candidate with
the maximal number of nodes among all paging candidates, the page utilization is satisfactory and a
degeneration of the external height is rather unlikely. Hence, a degeneration of the (original) binary
tree is mainly reflected by a degeneration of the internal prefix tree and less by a degeneration of the
external height of the PPbin tree.

The analysis of the application of the PPbin tree principle to arbitrary binary trees is extremely
difficult and still open. For the class of k-d trees, the analysis provided in section 4 demonstrates that
the expected external height of k-d PPbin trees is near the minimal possible external height.

2.3 The operations
Search
A search is performed similar to a search in unpaged binary trees.
Insertion
The insertion algorithm has been explained in detail in the previous section.
Deletion

In a PPbin tree T, a node is deleted similar to a node deletion in unpaged binary trees, i.e. we can
restrict the discussion to the deletion of a node v with at most one son. If v is an internal node, i.e, in
T;, the deletion is trivial. If v is a node in a paged subtree Tp the height of Tp may decrease by one.
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Figure 2.3: Overall structure of the insertion algorithm for the PPhin tree

If the page P storing Tp has a brother page which containg a subtree of height less than hp, both pages
can be merged. Such a merge works just inversely to a page split,

If the page P becomes empty, it can be removed from T if the external balancing property will not
be violated. According to this property a path in T contains either he(T) or hex(T)-1 external pages.
If paths of both external lengths exist, P can only be removed, if all paths containing P contain hex(T)
external pages. Otherwise, P has to remain in T. If all paths in T contain equally many external pages,
P can also be removed.

If deletions cause the external height h.,(T) to decrease by one, empty pages, which could not be
removed so far, can now be removed as far as the external balancing property is not violated. In any
case, removing an empty page can be performed by the search procedure on the fly.

3. The LSD tree: an application of the PPbin tree principle in the multidimensional case

In this section, we present a new spatial data structure as an application of the PPbin tree principle
in the multidimensional case. The data structure efficiently supports spatial queries like the retrieval of
an object by its coordinates (exact match} and range queries where all objects geometrically intersecting
the query region are selected for further processing or presentation on the screen. Since the set of objects
varies over time, insertions and deletions of objects are supported as well.

The new structure using a partially paged k-d tree as directory has several advantages over other
spatial data structures which have been proposed (see e.g. [Free87], [HSW88a], [HSW388b], [KS86],
[KS88], [KW85], [NHS84], [Otoo86]):

1. Tt provides a great freedom for using the split strategy best suited for the actual application.

2. It is extremely insensitive to skew distributed objects.

3. The order of insertion does not influence the structure (as far as distribution dependent split strategies
(see section 3.2) are applied).

4. For B data buckets the size (number of nodes) of the directory is B-1.

5. The structure can be extended to arbitrary geometric objects, i.e. non-point objects using the
transformation technique ([Hin85], [SK88]). This technique, for instance, stores two-dimensional
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rectangles as four-dimensional points (in a four-dimensional data structure). Unfortunately, the
distribution of the four-dimensional points in general is extremely skew and therefore only data
structures which are insensitive to such distributions perform well in this environment.

3.1 Basic ideas and properties

For sake of simplicity, we restrict the discussion to two-dimensional points. A generalization to
arbitrary dimensions is straightforward.

Like most spatial data structures, the new structure partitions the data space into pairwise disjoint
cells and stores all objects located in a cell in an associated data bucket (bucket, for short). In contrast
to the grid file [NHS84], however, it is not grid oriented, i.e. 2 cell boundary may occur at an arbitrary
position. The free choice of cell boundaries, i.e. split positions, is the basis of the graceful adaptation to
arbitrary skew object distributions. Since a new split position can be chosen locally optimal, i.e. optimal
with respect only to the cell to be split and independent from other existing cell boundaries, we call the
structure Local Split Decision tree (LSD tree, for short).

Figure 3.1 shows a possible partition of the data space.
dimension 2
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Figure 3.1: Possibie partition of the data space for an LSD tree

This flexible data space partition has to be maintained by a directory. For this purpose we use a
binary tree similar to a k-d tree [Ben75], which is embedded into a PPbin tree. Fach node of the k-d
PPbin tree represents one split decision by storing the split dimension and the split position (in that
dimension). Figure 3.2 illustrates the LSD tree associated with the data space partition of Figure 3.1.

The first split is done in dimension 1 at position 50. All points whose first coordinates are smaller
than, resp. greater than or equal to, 50 are stored in the left, resp. right, branch of the tree. Note that
the tree levels are not necessarily alternatingly associated with data space dimensions.

Figure 3.3 shows the overall structure of the LSD tree with several external directory layers.

3.2 A closer look

In this section, we discuss the LSD tree in more detail by explaining the insertion of a new geometric
object o into the structure. This insertion is performed by the procedure LSDInsert.

PROCEDURE LSDInsert (o, T);
{The search for the bucket B which will receive the new object o is guided by the directory T

as in k-d wees. If B does not overflow, o is stored in B and the insertion is finished. Otherwise
the procedure BucketSplit is called.}
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Figure 3.3: Overall structare of the LSD tree

BEGIN
w = roo(T);
WHILE w is not a bucket DO
Saim = split dimension stored in w;
Spos = Split position stored in w;
IF ofsdim] < spos THEN w := left son of w ELSE w := right son of w END IF;
END WHILE;
B = w;
IF B is not full THEN B := B U{o} ELSE BucketSplit(o, B, T) END IF;
END LSDInsert;

In LSDinsert, an overflowing bucket is handled by BuckerSplit. The procedure Treelnisert which is
used in BucketSplit is exactly the one described in section 2.2.
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PROCEDURE BucketSplit (o, B, T);
{distributes object o and all objects in bucket B over two new buckets.}
BEGIN
p := the node in T referencing B;
IF B is the left son of p THEN dir := left ELSE dir := right END IF;
dim := split dimension stored in p;
ComputeSplitLine(o, B, dim, Spos, Saim);
{Spos and sgiy needed to split B are determined by ComputeSplitLine}
allocate two new buckets B; and B,;
create a new node g, containing Spos and Sgim, and referencing B; and By;
Treelnsert(T, p, dir, q);
FOR EACH o' € BU {o} DO
LSDInsert(o', T);
{naturally, an efficient implementation will use locally available information and not
carry out an LSDInsert for each o'}
END FOR;
deallocate B;
END BucketSplit;

Figure 3.4 depicts the effect of a bucket split.

directory root directory root
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node, page g node, page
B or bucker or bucket
Byl By

Figure 34: Split of data bucket B

It remains to define procedure ComputeSplitLine, which determines the split dimension sgiy, and the

split position spos for the overflowing bucket B. sgiy and spos depend on the split strategy used. We
distinguish between two inherently distinct types of split strategies:

1

Data dependent split strategies

These strategies depend only on the objects stored in the bucket to be split. A typical example is to
choose for the split position the mean of all object coordinates with respect to a certain dimension.
Distribution dependent split strategies

These strategies choose the split dimension and the split position independently of the actual objects
stored in the bucket to be split (and of all other existing objects in the structure, as well). A typical
example is to split a cell into two cells of equal areas. Note that this “halving split strategy™ relies
on the assumption of a uniform distribution of the objects.

PROCEDURE ComputeSplitLine (0, B, dim, Sps, Sdim)3
BEGIN

determine Sgim and spos; {according to the split strategy used}
END ComputeSplitLine;



270

It should be obvious that the use of a binary tree as directory provides the freedom for using the split
strategy best suitable for the actual application. This is an important advantage over other structures (see
e.g. [Free87], [HSW88a], [KS86], [KS88], INHS84]) where split decisions are more or less influenced
by previous split decisions even if completely different data regions are concerned. Furthermore, the size
of the directory is directly related to the number of buckets, i.e. for B buckets the directory contains
B-1 nodes. This is in contrast to the grid file, for instance, where several entries in the directory may
point to the same bucket.

3.3 The operations

Exact maich

A search is guided by the k-d PPbin tree and ends in a bucket. This bucket is scanned until the
object is determined or the search ends unsuvccessfully.

Insertion
The insertion algorithm has been explained in detail in the previous section.

Deletion

An exact match locates the bucket B containing the object to be deleted and the object is removed from
B. If the brother of B is a bucket, too, i.e. both buckets stem from the same bucket split, and the number
of objects stored in both buckets is not greater than the bucket capacity, the two buckets are merged and
the corresponding node is deleted from the directory as described for PPbin trees in Section 2.3.

Range query

In a range query all points located in a query region Q are reported. The function RangeQuery
computes the set of requested objects. D(w) denotes the data region which is the union of all data cells
whose corresponding buckets can be reached from the node w.

FUNCTION RangeQuery (Q, T) : SET OF objects;
{returns all objects which are located in the query region Q.)

BEGIN
RangeQuery := §;
stack := EmptyStack;
w = root(T);

PUSH(stack, w);
WHILE NOT IsEmpty(stack) DO
w = POP(stack);
WHILE w is not a bucket DO
IF Q N Dfright son of w) = § THEN
w = left son of w;
ELSIF Q N D(left son of w) = § THEN
w .= right son of w;
ELSE
PUSH(stack, right son of w);
w = left son of w;
END IF;
END WHILE;
B =w
RangeQuery ;= RangeQuery U {o | o is stored in B A o is located in Q};
END WHILE;
END RangeQuery;
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Note that Q 1 D(w) 3 @ is the invariant condition of the inner WHILE-loop. Hence, if Q N D{one
son of w) = {) then Q N D(other son of w) # 0.

4. Analysis of the LSD tree

In this section, we provide an analysis of the LSD tree. We estimate the expected utilization of data
buckets and directory pages, the expected number of external directory layers, and the distribution of
directory pages over the external layers. Since the directory of the LSD tree is a k-d PPbin tree, the
analysis comprises the k-d PPbin tree, too. The analysis is based on the following assumptions:

1. The split decisions are independent of each other.
2. For each node v in T the probability that a point in D(v) is located to the left or to the right of the
split line associated with v is $ each.

The first assumption is clearly ensured by the Local Split Decision tree. The second assumption is ensured
if the split position is chosen as the mean of all object coordinates w.r.t. a certain dimension and the
objects are inserted in random order. Hence, independent of the distribution of objects the assumptions
are ensured in an LSD ftree based on an appropriate data dependent split strategy, as far as the objects
are inserted in random order.

The level of a node v in an L.SD tree is as usual the length of the path from the oot to v. The level
of the root is (1, If v is a node in a page the level of v is defined as above assuming that a pointer to a
page is a pointer to the root of the subtree stored in that page,

We regard the k-d PPbin tree used as directory T as an infinite binary tree with certain nodes active
and others inactive. Of course, only the active nodes are actually stored in T. The number of nodes
on level k is 2%, k > 0.

The probability that a random point is located in the data region D(v) of a node v on level k in the
directory T is -51; If n points have been inserted into the LSD tree with directory T, the random variable X,
denoting the number of points in the data region D(v) of a node v on level k is B (n, %} distributed, ie.

Pac=o = () (2) - (-5)

Since in all interesting cases 5 < 0.1 and n > 30 the binomial distribution can be approximated
by a Poisson distribution:

- .
P(X =1) ~ (2,“,) G
Tl
The probability that a certain node v in the directory T of an LSD tree is active equals the probability
that more than b (= bucket capacity) points are located in the data region D(v) because for storing more
than b points a bucket split must have been performed activating v. Hence, the probability that a node
v on level k in T is active is

P(X>5)=1-P(X <}

&
L@ @)
~ > ‘

Denoting

P(X <b)~ér(nbk)=>
=0

the expected number of active nodes on level k in the directory T is

NLevr(n,b,k) = (1 - ér(n,b,k)) 25 .
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The expected number of active nodes in the directory T is

00

Nr{n,b) = ZNLevT{n,é,k)

k=0

and the expected number of buckets in the LSD tree is
B(n,b) = Np{(n,b)+1.

Figure 4.1 shows the expected bucket utilization

n

b- B(n,b)

B(n,b) &

for several bucket capacities.

0% bt o : a
1000000 1500000 2000000

Figure 4.1: bucket utilization fA{nb)

Note that we assume that after a bucket split b instead of (the actual) b+1 objects are distributed
over the two resulting buckets.

B(n,b) is a periodic function of n if b is fixed and n >»> b. Each doubling of n corresponds to one
period.

Besides the bucket utilization we are interested in the directory page utilization. A directory page
can accommodate a subtree up to a height of hp. We start the analysis assuming that only one external
layer is used.

A node v on level k in T; is active (w.r.t. T;) if and only if at least one node on level k+hp in T
which can be reached from v is active (w.r.t. T) (otherwise v is stored in a page). Hence, a node v on
level k in T is inactive if and only if each of the 2! nodes on level k+hp in T is which can be reached
from v is inactive. The probability that v is inactive is therefore

er: (nob, K, hp) = br (n, by k + hp)* "

Then the probability that v is active on level k in T; is 1-é7.(n.bkhp).
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For T with one external directory layer the expected number of active nodes on level k in T; is
NLevr, (n,b,k,hp) = (1— &5, (n,b,k,hp)) - 28,

and the expected number of active nodes in Tj is

o0
Nt (n,b,hp) = ZNLGUT; (n, bk, hp) .
k=0

The expected number of directory pages in T with one external directory layer is
PLay (n,b,hp) = Nr,(n,b,hp)+1.

Defining the expected directory page utilization as the quotient of the expected number of nodes stored
in directory pages and the product of the expected number of directory pages and the page capacity, we
get
def Nt (n,b) — N, (n,b,hp)

PLay;(n,b,hp)- (2’”” - 1) ‘

1 (n: ba hP)

Figure 4.2 shows the directory page utilization ~i(n,bhp) for T with one external directory layer
for several bucket capacities.
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Figure 4.2: v:(n,bhp) for T with one extemal directory layer as a function of n {(hp = 6)

Like 5(n,b), v1(n,bhp) is a periodic function of n if b is fixed and n >»> b. Again, each doubling
of n corresponds to one period.

We now extend the analysis of the directory page utifization if x > 1 external directory layers are
used. Note that layer I is the layer closest to the buckets and layer x contains the pages referenced
from nodes in T;.

Let T denote the internal part of the directory T when x external layers are used. A node v on
level k in T7 is inactive (wrt T7) if and only if each of the 2t nodes on level k+hp in T;"’_l which
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can be reached from v is inactive (w.rt Tf‘l). The probability that v (in T{) is inactive is therefore
given by the recurrence relation
[en(nbk+hp) T =1
ET‘?" (nv b,k,hp) = Zhp
Ii&’gv?*l {nsbﬂ&‘*‘h?yh}’)} z>1
The expected number of active nodes m T on level k is
NLevrs (n,b,k, hp) = (1~ £&ge (n,b,k, hp)) - 2F .

The expected number of active nodes in T is

o0
Ngs(n,bhp) = > NLevrs(n, bk, hp) .
k=0
Since for each external layer z ¢ {1, ..., X}

&)
Ngz(n,b,hp) = 3 NLevys (n,b,k, hp)
k=
the expected number of directory pages on each external layer z is

PLay.(n,b,hp) = Nyz(n,bhp}+1.
The expected directory page utilization ~, of each external layer z is given by

Nr(n,8)~Nrs(n,bhp)

vz (n, b,k )‘i‘if | PLays(nbbr)(2°F~1)
WO BP] = Noeer (nbhp)=Npz(nbhp)

z =1

z>1

PLag.(nbkp)(2"P-1)

Figure 4.3 shows the directory page utilization ~;{nbhp) for z = 1, 2, 3, ie. for layer i, layer 2
and layer 3. The bucket capacity is 16.

0% e + % + torreet + F——t + + -
10RO 1500000 230006

Figure 4.3: y,(mbhp) for z = 1, 2, 3, i.e. for layer 1, layer 2 and layer 3 (b = 16 and by = 6)
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We are now in a position to derive the expected number of external layers and the expected number
of directory pages if an upper bound n; for the number of internal nodes is given.

The expected number y of external layers can be calculated as follows:
1. If Np(n,b) < n; then x = 0.
2. If NT‘; (n,b,hp) < nj < Np{n,b) then x = 1.
3. I n; < Nga (n,b,hp) then choose x such that Ng}x (n,b,hp) < mi < NT?—l (n,b,hp)
Note that x is the expected value of the external height hex(T) of T.
The expected number of directory pages on layer z is given by

Nq,;m;,(n,b,hp}-—m
L,,gn,b,hp)-(zm_p-z)l =k

PLey; (n,5,hp,ni) = { PLay, (n,b,hp)  2<x

0 2> X
where Ngo (n,b,hp) = Nr (n,b).
Table 4.1 shows, for instance, that on the average two external layers suffice for 10 million objects
for realistic values of b, hp and n;.

n pages pages pages
on layer | on layer | on layer
1 2 3
10.000 0 0 6
100.600 238 0 0
500.000 1166 5 0
1.000.600 | 2332 38 0
5.000.000 | 13886 253 0
10.000.000 | 27771 526 0
20.000.000 | 55543 1070 3

Table 4.1: Expected number of directory pages needed on each layer if b = 16, hp = 6 and n; = 1000

At the end of this section, we sketch the analysis of the situation when the second assumption is
relaxed, We assume that the probability that a point is located to the left, resp. to the right, of a split
line is @, resp. l-a, for 0 < a < 1.

For a > 0.5 the probability that the leftmost path p; in T (whose expected length is maximal among
all paths in T) is shorter than k, i.e. the number of active nodes on pj is less than k+1, is

by = 3 0wy
fT,a(n,, )—g—"ﬁ"m‘*-e 5
Hence, the probability that the length of p; equals k is
ba(n, b k) = &ra(n, bk + 1) = Era(n, b k) .

Figure 4.3 depicts é, as a function of k for multiple values of «. It turns out that the height of the
directory of an LSD wree does not degenerate even if a clumsy split strategy is chosen.

The analysis demonstrates that under realistic assumptions the expected bucket utilization of the LSD
tree as well as the expected page utilization of the k-d PPbin tree used as directory is competitive to other
spatial data structures (see e.g. [Free87], [HSW88a), [KS86], [KS88], [KW85], [NHS84], [Ot0086]).
Furthermore, the external height of the LSD tree does not degenerate even if a clumsy split strategy is
used. Remember, however, that one of the main advantages of the LSD tree over other structures is the
freedom of choosing the best suitable split strategy.
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Figure 4.4; 8,(,bk) as a function of k (b = 1 and n = 1,000,000)
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