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Abstract. Computing hardware is designed by reﬁmng an lbmm specxﬁatxon through various lower
levels of abstraction to arrive at a istor layout impl ted in 8 physi di Formllmng
the refinements—one task of the mathematical semantics of oompuuuon—mvolvos proving that the
device descrided at cach Jevel of abstraction does indeed beh aspmmbedbymcdescnpnonn
the next higher lovel. One obstacle to this goal that has long been gnized is that i

of behaviors can be physically realized only approximately. The notorious problem of metastable
operation precludes, for example, the realization on classical principles of flipfiops that react in
bounded time to arbitrasy input signals.

The literature suggests that the difficulty lies ultimately in the specification’s requiring that the
realizing device react properly in bounded time. We show, however, that a simple-time-unbounded
synchronization problem, namely, mutual exclusion by means of an arbiter, cannot be solved with
perfect reliability using continuous, i.e, Newtonian, physical p In particular, for any
physu:al devncc operating on Newtonian principles that sahsﬁes specific assumptions concerning an

’s input-output behavior, there always exist competing requests to which it reacts by granting
ther all.
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1. Introduction

Hardware design proceeds —ignoring false starts and similar matters— by refining
numerous levels of abstraction, beginning typically with block diagrams and
ending by way of register-transfer and gate networks in a transistor layout
that is implemented in a physical medium. This stepwise refinement of an
abstract specification into more and more concretc designs has the practical
advantage of postponing detailed design decisions until they are appropriate.
The theoretical advantage is that a verification of the final implementation’s
correctness can be factored into a sequence of smaller steps: If at each level of
abstraction the design is shown to behave as required by the next higher level,
then the final implementation meets its original specification. This technigue
presupposes rigorous mathematical models for the descriptions at each level of
abstraction so that behaviors described at different levels may be compared. The
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spectrum of models ranges from discrete computational structures appropriate
to algorithmic descriptions down to differential equations modeling electrical
behavior of transistors. Hence, at some design step, continuous behaviors are
used to implement discrete specifications.

Unfortunately, a series of theoretical and laboratory investigations into the
metastable operation of fliplops has shown that a significant class of simple,
discrete behaviors possess no continuous realizations in bounded time [1-8].
It turns out that a continuous bistable system invariably possesses a range
of inputs, called marginal triggering, that drive it into a metastable state in
which it may linger indefinitely before finally settling into a stable state {9, 10].
Though clocked systems routinely avoid marginal triggering by using clock pulses
to control the sequencing and duration of other signals, the synchronization
of independently clocked systems inevitably involves uncontrolied inputs to a
bistable device that performs the synchronized task. The metastability results
thus preclude the synchronization in bounded time of genuinely asynchronous
systems using continuous electrical phenomena.

One of the synchronization tasks affected is the classical problem of excluding
simultaneous access to shared resources, widely known as the mutual exclusion
problem. Software engineers usually solve mutual exclusion problems by assuming
that hardware engineers can provide them with a suitable bistable system called
a binary semaphore. Now binary semaphores are not difficult to implement
in a clocked system. But a hardware element, called an arbiter, that ensures
mutual exclusion in a fully asynchronous environment by arbitrating between
competing demands on shared resources requires careful design to function
adequately [11-15].

The literature occasionally asserts that metastable operation does not prevent
the use of bistable elements to solve synchronization problems, so long as the
task, like asynchronous arbitration, need not be completed in bounded time
[15-17]. It is, however, an open question whether such time-unbounded solutions
are susceptible to other kinds of intermittent failure, perhaps not involving
metastable operation. In this article, we show that indeed any continuous device
that satisfies certain minimal assumptions concerning the input-output behavior of
a time-unbounded arbiter cannot guarantee the crucial mutual-exclusion property.
In particular, there always exists under these assumptions a class of conflicting
requests that drive the device into a state in which it grants simultancous access
to the shared resource.

Our assumptions are as follows. Requests to use the shared resource can
occur at arbitrary times and in particular simultaneously. Any persisting request
not in conflict with other requests will eventually be honored; and of conflicting
requests that persist, one will, given time to react, indeed be honored. Any
request that has been honored remains so for the duration of the request.
Finally, permission to use the resource is withdrawn once the request to use
it is withdrawn. These assumptions concern the arbiter’s logical input—output
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behavior; they are formulated explicitly as axioms whose satisfiability by models
of physical processes may then be examined.

Further assumptions concern the continuity of the implementing physical
phenomena, one characteristic of devices built on Newtonian principles. They
are made by restricting our attention to a particular class of models. The essence
of these assumptions is the following. Real signals are continuous changes in some
physical quantity. And if input signals to real hardware be continuously deformed,
the hardware reacts by continuously deforming the resulting output signals.

Our investigation combines techniques familiar from the theory of specification
and verification in computer science with techniques familiar from control theory
in electrical engineering. The use of axioms to specify a system’s abstract input—~
output behavior is widespread in the former, while the use of so-called dynamic
systems to model a circuit’s concrete internal behavior is commaon, often in the
guise of lincar systems, in the latter. We combine these techniques by asking
whether there exists a continuous automaton that satisfies the axioms we propose
for an ideal arbiter. Since this combination of standard logical techniques is
unusual~and to our knowledge unique —in the literature on synchronizer failures,
we assume no acquaintance with dynamic systems or specification methods.

This article is organized as follows. In the next section we formalize our
assumptions and discuss their relation to those usually made concerning arbiters.
In the subsequent section we then prove that the assumptions we have made about
an arbiter’s input-output behavior are not simultancously satisfiable by a certain
mathematical model of Newtonian physical processes. In particular, we show
that any continuous automaton that satisfies the explicit assumptions proposed
above concerning its interaction with an asynchronous environment will react to
certain conflicting requests by granting simultaneous access to the shared resource.
Following discussion of certain technical aspects of the result, we conclude with
some remarks on the result’s possible practical and theoretic significance.

2. On ideat arbiters

We begin by determining what we shall mean by a solution fo the mutual exclusion
problem, how an arbiter solves the problem, and what properties it must have
to perform its function properly.

The synchronization task is most succinctly depicted in a simple concrete
situation. Suppose a multiprocessing system consists of two independently clocked
processors connected via a common bus to passive components such as memory
and input-output units. Since the processors are driven by independent clocks,
their attempts to use the bus can occur at arbitrarily intericaved moments and, in
particular, cven simultancously. Simultaneous transmission, however, corrupts all
of the signals on the bus. So numerous techniques, such as synchronous buses,
CSMA/CD, or token rings, among others, arc used in such systems to ensurc
that if both processors try to transmit at once, one of them defers to the other.
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Fig. 2. Arbitration protocol.

An especially simple technique involves the use of a hardware element called
an arbiter to mediate between competing demands on the bus. The processors
request the usc of the bus from the arbiter, which grants a request once the
bus is free. Upon completing its transmission, a processor signals to the arbiter
that it has relinquished the bus. The essence of the arbiter’s task is to arbitrate
between any conflicting requests by ensuring that only one request at a time is
ever granted. By linking each of the processors to a common arbiter we arrive
at the configuration seen in figure 1.

Now if the processors abide by the rules of a standard four-phase handshake
protocol, they will avoid colliding on the bus. The procedure uses two lines
apiece, denoted by req and grant, from cach processor to the arbiter and consists
of the four phases depicted in figure 2.

o Request. A processor desiring the use of the bus informs the arbiter of its
request by setting the appropriate request line high. A request may be made
at arbitrary times (Independence of inputs), so long as grant is low.

o Arbitration. If the request does not conflict with a request from another
processor, it will be granted (Liveness). Only after grant has been set high
may the requesting processor proceed.
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» Transmission. Once a processor has acquired the use of the bus, it may
transmit as long as it pleases by leaving req asserted (Dominance). The
arbiter’s duty is to exclude both processors from being granted the use of the
bus simultancously (Mutual Exclusion). Upon completing its transmission, a
processor relinquishes the bus by setting the req line low.

o Release. The arbiter acknowledges the processor’s having relinquished the bus
by setting grant low, whereupon it is ready to grant further requests from the
same processor (Reset). Upon receipt of the acknowledgment, that processor
may issue further requests.

If the arbiter avoids signaling simultaneous assent to distinct processors and
the processors refrain from transmitting without receiving a grant, all will be
well. The procedure corresponds exactly to that used by arbiters described,
for example, in [14] and [18], and it captures the essence of such arbiters as
in [19) and [20}), whose task includes not only the exclusion of simultaneous
access to shared resources, but the transfer of data as well. In order to avoid
unnecessary complications we shall restrict our investigation to the single, crucial
task of arbitrating between possibly competing requests. Furthermore, since
our argument does not depend on the number of processors involved, we shall
simplify the discussion by restricting the investigation to a two-input arbiter. Thus
we may concentrate on formalizing the two-way handshake procedure outlined
above without compromising the generality of the results.

Our formalization of such properties as liveness and mutual exclusion will
consist of axioms concerning the input-output behavior of a mathematical model
of an arbiter. Since we wish to model physical voltage levels by means of real
numbers and input signals as continuous, real-valued functions of time, we shall
assume that the arbiter is a continuous automaton, a species of dynamic system
closely related to those often used for investigations into the stability of feedback
systems in control theory [21]. Such models have been applied, for instance,
to study metastability in bistable systems [9, 10]. By contrast with the discrete
automata familiar in computer science, continuous automata have a continuous
state space, and they react to continuous inputs by producing continuous outputs.
They are thus adequate to model classical physical phenomena such as continu-
ously variable voltage changes and their use to implement switching circuits as
feedback systems with delay.

Let us agree to denote by {§ — T7] the set of all continuous functions from a
topological space, S, to another, T. Then the trajectory over a state space X of
a physical process through time is modeled in a dynamical system as a function in
[R* — X] called a motion over X, where X is often Euclidean n-space R", and
R* is the nonnegative reals, which serves as a simple model of time, each with
its usual topology. It is assumed that product spaces § x T carry the product
topology of the topologies on S and T, subspaces S C T are equipped with
the topology induced by T, and function spaces [S — T] carry some arbitrary
topology with the so-called splitting property: If for every continuous function
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a:8SxT — U the function & : S — [T — U] obtained from o by currying
is continuous, then the topology on [T — U] is said to be splitting. This is a
very general property enjoyed, for instance, by the compact-open topology or the
topology of pointwise convergence.

A continuous automaton, then, is an automaton whose function is described
in terms of motions over its input, output, and state spaces.

Definition 1. A continuous automaton = is given by
Z=(R", Z,R", U, ¢, 1),

whose components are

R" input space

z state space

R™ output space
UCR*—RY admissible input motions

¢ €[¥ xUxRY — X] transition or system function
Ae[¥— R output function

where L is some topological space.

In our setting, where we regard a continuous automaton as a physical device that
reacts to continuously changing, rather than discrete inputs, an clement of the
first component, v € R, represents the simultancous input voltages on n input
lines. I is the set of the automaton’s internal states, ¢.g., R* for suitable k. The
third component, R™, is the set of simultaneous output voltages on m output
lines. U is the sct of continuous input motions, voltage trajectories through
time, actually accepted by the system, i.c., to which it responds in the manner
prescribed by the system and output functions. The system function ¢ specifies
in what state (p, u, t) € £ the system = arrives by time ¢t starting from state
p € X, given the input motion u € U. Finally, the output function A describes
how the internal state affects the voltages observed on the output lines.

In the following we assume that an arbiter (see figure 3) is just such 8
continuous automaton A = (R?, Z4, R?, Uy, pa, A4} that fulfills one or more
of the several assumptions, to be formalized below, concerning the arbitration
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Fig. 4. Trace of & persistent request signal.

protocol. We shall occasionally write A = & to express that the device A satisfies a
predicate . We refer in the following to the components of a specific continuous
automaton A without mentioning the index A. It will also be useful to assume
throughout that the input and output signals req; and grant, for i € {1, 2} are
req o {req,, req,) € U and grant = (grant,, grant,) = oy so that req : Rt — R?
and grant : &' x U x R* — R% Thus req(-) and, for fixed parameters p and
req, grant(p, req, —) are input and output motions in the real planc. We shall
assume that the subsets 0, 1 C R that represent the signals “low” and “high” are
disjoint opens, which we shall depict, for purposes of illustration, as intervals
in R, the “undefined” range being the closed remainder X d='!‘R\(0U 1). Finally,
we confuse functions systematically with their extensions to intervals, so that we
may write, for example, req;ft, ') C1to mean Vi< r < t'. req(r) € 1.

We turn our attention now to the class of input signals whose effect on the
arbiter we intend to investigate. These will be pairs, (req,, reg,), of single,
persistent requests, each of which may occur at an arbitrary time, and is never
again withdrawn, If we assume that there is an upper bound £ > 0 on the
duration of a signal change, then a persistent request at time » > ¢ on the input
fine 1 is characterized by

Joe€lr—e, 7l.reqf0,0) CO & regip, T]CX & req(r,0)C 1

or graphically, using the conventional representations of 0, X, and 1 common
in real hardware, as in figure 4. By the occurrence of a signal change at 7 is
meant that the change from 0 to 1 or vice versa has been completed by time
t = T, as depicted in figure 4. A request that persists for at least some duration
§>0, ie, reqit, t + 5) C 1 for some ¢ € R*, will be called S-persistent at t and
an oo-persistent request at ¢ is onc that remains in 1 over (¢, 0o).

Now let Rf(7) C [R* — R¥] for i € {1,2} and 0 < ¢ < 7 be the set of ali
input motions whose ith component is a single, co-persistent request at time r
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and whose maximum rise time is e

ROEf, f)e®R =R |Ipelr—c, 7).
0,0 CO & flo7ICX & fir, ) C1).

Then the set of co-persistent request pairs, the first of which occurs at o and the
second at r and each of whose maximum rise times is ¢, where 0 < ¢ < min{o, 7},
will be written R°(o, 7), i.c.,

R (0, 1) ¥ By(o)n Ry(r)

One final notation will be useful for simple affine transformations of motions in
the real plane. For f = (fi, fz) € [R* — R?*} and 0, T € R* let f(#") ¢ [RT — R?]
be f displaced by the vector (o, 7):

IO E (0, £ E (e + o), falt + 7).

We are now ready to formalize our intuitive description of the ideal arbiter’s
input-output behavior so as to arrive at a set of axioms whose satisfiability we
shall examine in the next section.

The arbiter’s purpose being to deal with requests from independently clocked
processors, it must be ready for a request to arrive at any time from any processor
not already holding the bus. A genuinely asynchronous arbiter also may not
assume any regular timing relationship, i.e., any synchronization, between request
signals from different processors. A hardware clement operating under these
assumptions is often said to operate in unrestricted input change mode [22]. The
two assumptions can be formalized as a closure condition on the arbiter’s input
space U.

CLOSURE

Va>e.30, 7R .min{o, 7} >a & RYo,7)NU %0
VueU.Vo, TeR* .4 eU

The first condition means the arbiter’s admissible inputs U include oo-persistent
pairs of requests occurring at o and r, where the occurrence times may be
arbitrarily late. Note that this condition depends on the parameter ¢ expressing
the maximum rise time of the individual requests that U is to contain. When in
the sequel we say an arbiter A satisfies the CLOSURE axiom, we shall mean
that there is a maximal rise time ¢ > 0 for which U4 fulfills the first condition.
This characteristic parameter ¢ is taken, from here on, to be fixed. The second
condition says that the input space is closed under arbitrary displacements of
input signals to the left along the time axis. Since each component u; of
u = (u,, up) is displaced independently, this condition expresses the absence of
any systematic timing relationship between signals arriving on distinct input lines.
Of course, we could have required that the input space U be closed as well under
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Fig. 5. Signals satistying LIVENESS (£ = {1}).

displacements to the right. Such a requirement would mean that any device
satisfying the axiom admits the same set of requests over its entire life. But we
shall not need the additional assumption to prove the results of the next section.

An important property of an ideal arbiter is that it does not leave persistent
requests unattended: of requests that persist long enough, the arbiter must
eventually grant one. Note that this liveness condition covers the case where
there is only one request and that the CLOSURE conditions ensure that there
are requests in U that arc nothing if not persistent.

LIVENESS

VEC{1,2}, E£0.Vpc X.Vreqe U .Vt € RY.
(VieE.reg(t,t +4)C1 & V; € {1,2\E.req(t,t + 4)C0)
= 3k e E.3s > t.grant,(p, req, s) € 1

The LIVENESS axiom says that whenever there has been a set E of requests
pending for some time~—at least as long as A—then eventually one of them will
be granted. Requests that fail to persist as long as A need not elicit any reaction.
For E = {1} the requirement is illustrated by figure 5.

It is important to note that the axiom places no upper bound on the time
(s in figure 5) when the request is finally granted. In the particular case where
there are two competing requests, ie., £ = {1, 2}, the arbiter is allowed to
take as much time as it needs to resolve the situation and decide to grant a
particular request. Thus LIVENESS accommodates the fact that real arbiters
can go metastable for indefinite periods upon receipt of simultaneous requests.
All we require is that the arbiter eventually emit a signal granting some pending,
A-persistent request.

This axiom depends on a parameter A, the minimum hold time for input
requests. Requiring that an arbiter 4 satisfy LIVENESS means there is some
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A > 0 for which the above formula is true of A Like ¢, 4 is taken to be fixed
throughout the article.

The dominance property ensures that every processor is allowed exclusive access
to the bus for as long as it wishes, once the arbiter has granted its request, since
according to the four-phase handshake protocol the arbiter may not withdraw a
grant of its own accord. Such behavior is sometimes called nonpreemptive. We
require the following:

DOMINANCE

Vpe I.Wreq e U.¥r, t € Rt Vs, T€[r, ¢).
regr.s] CX & regys,t)C1 & grant(p, req, )~ 1
= grant (p, req, (‘E: ) c1

where i € {1, 2} and grant;(p, req, t) ~» 1 abbreviates the predicate
W‘:‘(P) req, t) €EX & 3> t.gmm,-(p, req, (‘7 t’]) €1,

which means that grant; is imminent at ¢, i.c., in X at time t, but on its way
into 1. Thus DOMINANCE reads as follows: If during some interval [r, t) a
request arrives that persists until ¢ and a grant is imminent at £ € [r, t), then the
grant may not be withdrawn during (£, £). One such set of signals is illustrated
in figure 6.

Note that the second line of the axiom is being used to express a correspondence
between the occurrence of the present grant and the arrival of the most recent
request. It is these two events—and no others—whose causal connection the
axiom is meant to constrain. The desired correspondence must be expressed in
terms of signal changes, i.e., flanks, rather than signal levels, distinguishing this
axiom from the rest.

Requiring that the signal granting a request remain stable for the duration of
the request also ensures that processor i may interpret grant,(p, req, t) € 1 as an
unambiguous sign to proceed, rather than a transitory or tentative response. The
requirement is tantamount to assuming that an ideal arbiter’s internal workings,
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including metastable or oscillatory crises, do not confuse its environment by
having it issue fleeting signals.

The next axiom describes the reset phase of the handshake protocol: If a
request is held in 0 long enough, then any previous grant will end up in 0 as well,

RESET

VpeX .Vreqe U.¥r, t € RY,
t-r2A & regnt)CO
= 3Js € [r, t) .grant,(p, req, (s, t)) C 0

Here again, i € {1,2}. As before, the parameter A embodies the minimum
hold time before the arbiter is guaranteed to react, in this case withdrawal of a
request (see figure 7). Note that via the condition s € [r, t), RESET requires a
finite response time of at most A for the resetting of grant;, in contrast to the
unbounded response time LIVENESS allowed for the grant to be issued. This
restriction is innocuous, since processors do not conflict during the protocol’s
reset phase: no provision need be made for unbounded response times due to
metastable operation.

We now come to the last and most obvious property of an ideal arbiter. If
CLOSURE, DOMINANCE, LIVENESS, and RESET were the only axioms
an arbiter had to fulfill, then it would be only too simple to find a correct
implementation: the trivial circuit consisting of just two wires, one connecting
input req, with output grant, and the other connecting reg, with grant; would do.
{We leave the proof as an exercise to the reader,) The axiom that distinguishes
an arbiter from this trivial circuit is the axiom of mutual exclusion: At no time
may both output lines show 1. We choose to formulate this positively as follows:

MUTEX

VpeX.Vrege U.Vs, t € R* Vi, j€{1,2},i# .
grant(p, reg, [s,t) C 1= grant(p, req, s, t)) C O
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including metastable or oscillatory crises, do not confuse its environment by
having it issue fleeting signals.

The next axiom describes the reset phase of the handshake protocol: If a
request is held in 0 long enough, then any previous grant will end up in 0 as well.

RESET

VpeX .Vreqe U.Vr,t € R*.
t-r>A & reg(r,)CO
= 3s € [r, t) .grant,(p, req, (s, t)) C 0

Here again, i € {1,2}. As before, the parameter A embodies the minimum
hold time before the arbiter is guaranteed to react, in this case withdrawal of a
request (see figure 7). Note that via the condition s € [, t), RESET requires a
finite response time of at most A for the resetting of gran;, in contrast to the
unbounded response time LIVENESS allowed for the grant to be issued. This
restriction is innocuous, since processors do not conflict during the protocol’s
reset phase: no provision need be made for unbounded response times due to
metastable operation.

We now come to the last and most cbvious property of an ideal arbiter. If
CLOSURE, DOMINANCE, LIVENESS, and RESET were the only axioms
an arbiter had to fulfill, then it would be only too simple to find a correct
implementation: the trivial circuit consisting of just two wires, one connecting
input req; with output grant, and the other connecting reg, with grant; would do.
{We leave the proof as an exercise to the reader.) The axiom that distinguishes
an arbiter from this trivial circuit is the axiom of mutual exclusion: At no time
may both output lines show 1. We choose to formulate this positively as follows:

MUTEX

VpeX.Vreg € U.¥s, t € R* .¥i, j€{1,2},i# .
grant,(p, req, [s, t]) C 1 = grant,(p, req, [s, t)) C O
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Mutual exclusion is not, strictly speaking, a property of the arbiter. It is instead
a property of the protocol, one side of which is illustrated in figure 2, in
which of course the processors participate as well. In order to concentrate our
attention exclusively on the arbiter, we simply assume that the processors keep
their part of the bargain by observing the protocol’s conventions. Under that
assumption, mutual exclusion is guaranteed if the arbiter has the property we
are calling MUTEX.

Having stated various explicit assumptions about arbitration and argued that
each is reasonable in isolation, we should answer some standard gquestions about
their global properties. To begin with, one might ask if any four of the axioms
we have formulated can be satisfied by Newtonian automata. In fact, we have
already suggested, in the discussion of the MUTEX axiom, one way to build a
circuit that satisfies all four of the other axioms. Similarly, a circuit in which both
output lines are tied to O satisfies ail of the assumptions but LIVENESS. The
reader may find it instructive to construct circuits that satisfy other combinations
of four axioms. There are simple solutions if CLOSURE and DOMINANCE
are dropped; the case of RESET remains open.

Finally, the axioms are consistent: they can be shown to posscss a model, if
we take the liberty of interpreting them in such a way that they refer not indeed
to continuous but rather to discrete automata. For if we take a discrete domain
V = {0, X, 1} of voltages for R with 0 = {0}, 1 = {1}, and X = {X}, and a
discrete domain N of time for R*, thenwithe =0, A=3,and U = (V xV)N, it
is not difficult to check, given appropriate interpretations of req and grant, that
the Moore automaton of figure 8 satisfies all five arbiter axioms. (By convention,
the automaton’s transitions are labeled with the inputs on its two request lines
and the automaton’s states with the outputs on its two grant lines, ? being a

-~
™
=

01

Fig. 8. A discrete arbiter.
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wildcard.) Since the axioms arc consistent, it makes sense to use them to define
formally what we shall mean by an “ideal arbiter.”

Definition 2. An ideal arbiter is an automaton that satisfies the axioms
CLOSURE, LIVENESS, DOMINANCE, RESET, and MUTEX.

We shall in the remaining considerations restrict our attention again to the
standard interpretation of the axioms in the domain of continuous automata. Our
assumptions are thus embodicd in our choice of a class of models for Newtonian
devices and in our choice of axioms governing the behavior of arbiters. The
investigation asks, in the next section, whether there are such models that satisfy
such axioms. In order that the resuits apply broadly, we have made comparatively
weak assumptions, on both the class of models in general and the axioms for
arbiters in particular.

Our choice of model, continuous automata, for Newtonian devices was influ-
enced by the investigations of [9] and [10] into metastable operation of bistable
elements. There, two additional assumptions about such automata are used to
prove the results: that the system be nonanticipatory and that its future behavior
be determined completely by its present state. Though such assumptions may
well apply to devices reasonably called Newtonian, we do not need them to prove
the results of the next section.

Our choice of axioms was influenced by the work of Barros and Johnson [13].
But the differences are considerable. In particular, they stipulate the following
additional requirements for an arbiter. All signal changes at the outputs are
caused by certain changes at the inputs. Output changes are invariably complete
transitions from one logical level to the other and occur with a certain minimal
speed. High and low signals are always held for a minimum period. Finally,
there is an upper bound on the arbiter’s response time.

According to our definition, an ideal arbiter may well emit arbitrarily short
output pulses or, more importantly, respond arbitrarily slowly to input signals
(the reset phase aside). Thus our axioms formulate rather weak, but common,
requirements for an ideal arbiter. Any real device might be expected to satisfy
further electrical or timing requirements, albeit not bounded response time, to
function properly in a practical setting.

3. Newtonian realizations of ideal arbiters

We shall now study the effect of input signals from R*(o, 7)NU on the behavior
of the device A (as in figure 3), a continuous automaton, which we assume fixed
throughout. Recall that the set R*(o, r) N U consists of admissible input signals
in which cach processor issues an oo-persistent request, the one at time o and
the other at . Assuming that A satisfies the axioms CLOSURE, LIVENESS,
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DOMINANCE, and RESET we derive an input-output behavior that violates
the axiom MUTEX.

Our first lemma is a simple consequence of the LIVENESS assumption. It
asserts that if o and = arc far enough apart, the appropriate grant line will
eventually be set high; furthermore, one of the requests will be granted no
matter how they are timed.

Lemma 1. Let A satisfy the LIVENESS axiom, p € Z be an arbitrary initial state,
and req be an input signal in R*(o, T)NU. Then the following propositions hold:

720+ A4+e=3t>0.grant)(p, req, t) €1 (¢))
o221+ A+e=3t> 7.granty(p, req, t) € 1 2)
3k € {1, 2}.3t > max{o, 7} .grant,(p, req, t) € 1 ?3)

Proof. Suppose we are given req € R%(o, r) and pc 2.

Ad (1): Let o and = be such that 7 > o+ A+¢. Since (regy, req,) = req € R*(o, 7)
we have on the one hand reg,(o, o) C 1, i.c., in particular

reqy(e, 0 + A) C 1, 4

and on the other that there exists a p in the interval [r — ¢, 7] such that
req,{0, p) C 0. This means, since p > 1 —¢ > o + A, that

regy(o, o + 4) C 0. &)

Given (4) and (5), we may now specialize LIVENESS with E = {1} to obtain t > ¢
such that grant,(p, req, t) € 1. The proof for (2) is analogous.

Ad (3): Let p -4 max{o, r}. Then since (req,, req,) = req € R(¢, 7), we have,
as before, that req,(o, o) € 1, whence req(p, p + 4) C 1, from which, with the
analogous argument for req,, the conclusion follows by specializing LIVENESS to
E = {1,2}. o

We shall regard the quadrant R* x R* of the real plane as a parameter space
from which we may choose arbitrary request times o and r, for which we then
consider input motions from Rf(o, ¥) N U. Viewed in this way, the conclusion
of lemma 1 admits a morc geometrical statement. Its first clause says, if we

choose (o, 7) from A, % {{s, 7} | 7 > 0+ A+¢}, the region at least A + ¢ above
the diagonal, then any pair of requests from R°(o, 7Y N U will drive a device
A = LIVENESS from an arbitrary initial state into a state in which it issues a
grant on line 1. Its second clause says the grant will be issued on line 2 for any

choice of {0, 7} from A; - {{o,7) | ¢ 2 T+ A + ¢}, the region at least A + ¢
to the right of the diagonal. The third clause asscrts that arbitrary requests,
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including those whose arrival times lie in the strip (R* x R*)\(4, U A;) along
the diagonal, will drive the device to issue a grant. Thus the device arbitrates
even between simultancous requests.

Our next order of business is to build a choice function Reg that, given
parameters ¢ and 7, chooses, for any device A = CLOSURE, & pair of requests
from Ré(o, T)nU. The following lemma asserts that Req can in fact be constructed
in such a way that it is continuous in each of its arguments. This in effect
reformulates the logical predicates of the CLOSURE axiom in a form that permits
us to investigate their consequences using topological reasoning. The proof
makes usc of very gencral properties of the topology on the function space U.

Lemma 2. Let A satisfy the CLOSURE axiom. Then for each interval I =
[a, 8] € R* with £ < a < 8, there exists a continuous function Reg: I x I — U
such that

Vo, 7 € I.Req(o, 7) € R*(0, 7).

Proof. Let A satisfy CLOSURE, and Jet J = Jo, 8] C R* with e < a < 8
being given. By the first CLOSURE condition, there is a pair s, ¢t € R* with
min{s,t} > 0 and an input req = (req,,req,) € R°(s,t) N U. Consider the
function #: I x I — [R* — R?) defined as

10, 7) & g2

The expression req®~*~7) is well defined if s — o, t — 7 € R*, which is the case
since o, 7 € [, 8} and B < s,t. Now we have f(J x I) C U by the second
CLOSURE condition. So we take the required function Reg: I x I — U to be f.
It remains to be shown that f is continuous and that for all o, 7 in 7 we have
o, 7) € R*(o, 7).

We begin with the continuity of . The function #: I x I x R* —+ R? given by

o, 7, v)  f(o, 7)(v)

is continuous, since it is composed, as the equation o, T)(v) = regt*-o+"(v) =
{req;(v + s — 0), req,(v + t — r)) shows, from continuous functions by continuous
construction. Since the function f is obtained from 7 by the process of currying
and since the topology on [R* — R?] has the splitting property, ¥ is also
continuous. The continuity of Req now follows from the assumption that U
carries the topology induced by [R* — R?).

Now we show (o, 7) € R*(0, 7)for all o, 7 € I. Let o, T € I be given. Assume
further that f; = m; of for i € {1, 2} so that £ = (f, f). Since req € R*(s, t), we
have reg; € R{(s). This implies there exists p € [s — ¢, 5] with

regi[0,p) SO & reqylp, s]CX & req(s,00) C1.
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This will now be used to show (0, 7) € Rj(s). Note that 0 € I = {a, 8],
p€fs—e¢ s8], and ¢ < a implies 0 < o + p —~s. This means the interval
{0, o + p — &) is nonempty, so we may compute

f1(0, [0, o + p~ &) =req\" (0,0 + p ~ 5)
=reg[s - o, p)
.C_ ’ﬂh [0: p)
co. ©)

Further, p < s implies that [o + p ~ s, o] is nonempty, as is (o, co) and we obtain
by similar calculations

ﬂ(av T)[U + P8, U] _C. X (7)
and
fi(o, )(e, 00) C L. (8)

Observe that o + p— 5 € [0 - ¢, o] since p € {5 - ¢, 8], so (6), (7), and (8)
together yield fi(o, v) € Ri(s). Thus, with an analogous computation to show
that f(o, 7) € R§(7), we have f(o, ) € R (0, 7). a

We shall assume in the following that Req : I x I — U is a fixed function
defined for an appropriate  C R* as in lemma 2. Of a particular interest will be
intervals I = [a, 8] long enough for I x I to intersect A; and A; and far enough
from the origin that lemma 2 applies. Since the main diagonal of R* x R*
bisects I x I, that will be the case whenever 8> a+ A +¢, and a > ¢, which we
assume in the sequel of some I, taken to be fixed.

With the above preparation we can proceed to prove our main result: If A
satisfies CLOSURE and LIVENESS, then there necessarily exist combinations of
request times ¢, 7, and input signals in R°(o, 7) for which it eventually grants
both requests. The proof is based on a simple idea: lemmas 1 and 2 ensure
that if we choose {0, 7) € I x I, then the pair of requests Req(o, 7) causes
any A [= CLOSURE & LIVENESS to issue a grant on line 1 or line 2. We know
moreover from lemma 1 that any (o, 7) from A;NIx I must yield a grant on line 1
and any (o, 7) from A;N I x I on line 2 instead. Now if the request parameters
{o, 7) are made to pass through I x I continuously, starting in Ay NI x I and
ending in A; N1 x I, then A, being a continuous automaton, must change its
outputs in response to the inputs Reg(c, 7) continuously as well. Corollary 1
below will exhibit signals in the passage from A;nI x I to A, NI x I for which
A cannot help but grant both requests.

Abstractly, the main result can be understood as an intermediate value argument,
In this respect it is similar to the proofs, such as [9], that metastable operation is
unavoidable. Its proof depends crucially on the following characterization of the
request times (o, 7) € I x I that cause an .A |- CLOSURE & LIVENESS to issue a
grant on a particular line, given the input Reg(o, 7).
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Lemma 3. Let .4 satisfy the CLOSURE and LIVENESS axioms. Then for arbitrary
p € X, the sets

B Y {(0,7) € I xI|3t > o.grant;(p, Reg(a, 7), t) € 1}
Bgdg{(a, 7y € I xI}3t> r.grant,(p, Reg(e, 7), t) € 1}

form a nontrivial open covering of I x I.

Proaf Let A satisfy the CLOSURE and LIVENESS axioms and assume that p € X
is a fixed but arbitrary initial state. That B} and Bj form a nontrivial open
covering of I x I means that for i € {1, 2} we have (1) IxI=BlUB} (2)
Bl # @, and (3) Bf open in I x I.

Ad (1): It suffices to show I x I C BYU B}, since BY C I x I by definition. But if
{o, T} € I x I, so that Reg(o, 7) € R*(c, T)NU, lemma 1 ensures that there exist
k € {1,2} and t > max{o, 7} such that grant,(p, Reg(o, 7), t) € 1, which implies
{o, ) e BYU B,

Ad (2): It is easy to see that 4; NI x ] ¢ B}. Now by choice of 7 we have
AynIxI#® hence B is nonempty. The same argument yields B} # 0.

Ad (3): We shall characterize B} and B} in a way that ensures that they are
indeed open. To this end let the function G : I x I — R for p € I as above
and fixed ¢ € R* be given by

G (e, 7) & grant(p, Req(o, 7), )

for i € {1, 2}. Intuitively, G>*(o, 7) is the device’s output on grant, at time t m
response to the mput s»gnal Req(a, T)E R'(a, -r)nU We observe that G7*
continuous, for so is Req, as is grant = )\ o, since A is a continuous automaton
But then the inverse image of 1 under G7*

(GE)7'(1) = {{o,7)] granty(p,Req(o, 7),t) € 1}
is open because 1 is open, as is its intersection with the open half-plane {{o, 7} |
t > o}, with ¢ fixed as above. Now the union over all £ € R* of these sets
U @6y 'ayn{er 11> 0}
teR*
is just B], which is therefore open. By an analogous argument, Bj is also open. O

The main theorem is now a simpie consequence of lemma 3 and the fact that
I x I is a connected space.
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Theorem 1. Let A satisfy the CLOSURE and LIVENESS axioms. Fix an arbitrary
initial state p € X, Then there is a nonempty open subset K of I x I such that
if {o,7) € K, there are times s > o and ¢t > 7 in R* for which

groanty(p,Req(o,7),8) €1 and grant,(p, Req(o, 7), t) € 1.

Proof. Let A satisfy CLOSURE and LIVENESS, and let the initial state p € X be
given. Now I x I is connected, since it is the product of the connected set
I = {a, B] C R* with itself. By lemma 3 the scts B} and Bf form a nontrivial
open covering of I x I, so we must have B{N B} # 0, since a connected set cannot

be partitioned nontrivially into nonempty open subsets. So taking X dé'Bf nBj
we have K C I x I is nonempty and open. Now if {0,7) € K, then by the
definitions of B and B} there are indeced s > o and t > 7 in R* with the
desired property. m]

The last step will be to derive a contradiction to the mutual exclusion axiom
MUTEX. Recall that MUTEX is the property

grant(p, req, {5, t)) C 1 = grant,(p, req, [, £]) C O

for i, j € {1,2} and i % j. It implics that at no time can both grants be in 1.
Now theorem 1 certainly expresses highly undesirable behavior in an arbiter A4,
but it does not necessarily mean that A violates this condition. The theorem does
not say that for “critical” input signals from Req(K) the device eventually grants
both requests at the same time; it says rather that each of them will be granted
eventually. But if, in this situation, the device is also to satisfy DOMINANCE, then
once it has granted the bus on an oco-persistent request, it cannot withdraw it,
so we may conclude that eventually both grants will be set 1 simultaneously.

Let us examine the consequences of DOMINANCE for the co-persistent request
signals we are considering.

Lemma 4, Let A satisfy the DOMINANCE and RESET axioms and let p€ ¥
be an arbitrary initial state and k € {1, 2} an arbitrary index. Further, let reg be
an input signal from R{(r)nU, with r > A + . Then for all t € R* with t> 7,
we have

grant,(p, req, t) €1 = grant,(p, req, [t, o)) C 1.

Proof. Assume k € {1, 2} to be fixed, p€ £, t > 7> A+ ¢, req € Ri(r)nU, and
grant,(p, reg, t) € 1. The choice of reg yields, by definition of R, a 0 € [T —¢, 7]
such that

req.[0,0) C 0 & reqylo, 71 € X & req,(r, 00) C 1.

Now we must prove that grant,(p,req,[t, o0)) C 1. But first we show that the
assumptions imply that grant, has a rising edge in the interval [0, t). For with
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req,[0, 0) C 0 and ¢ > 7 — ¢ > A, the RESET axiom guarantees the existence
of s € [0, o) such that grant,(p, reg,(s, 7)) C 0. Hence, grant, remains within 0
during the interval (s, o) # @, while it is in 1 at time ¢ > 7 > o. But since grant,
is continuous and 1 open, grant, must pass through X in the interval [0, t), and
there is a time r € [0, t) when the grant is imminent:

granti(p, req, r) € X & grant(p, req(r, t]) C L.

In other words, there is an r € [g, t) such that grant (p,reg, r) ~ 1 is true,
i.c., grant, has a rising edge at time r. (Implicitly this argument involves the
completeness of the real numbers: every nonempty set of reals with an upper
bound has a supremum.)

Given the specific shape of the input req, we can now use DOMINANCE to conclude
from this rising edge that the grant can no longer be withdrawn, i.e.,

grant,(p, req, (r,00)) C 1.
In particular, since r <t we have grans,(p, req, ft, o0)) C 1. (a]

We would like to interject two technical remarks here concerning lemma 4 and
its proof. First, the condition r > A + ¢ is necessary to ensure that the device
is safely reset by the leading 0 phase of the input request req € Ri(). This
resetting, in turn, ensures that any grant issued must in fact be a response to the
request at time + of req and not to some extrancous previous request “stored”
in the initial state. Secondly, the proof uses the continuity of the transition
function ¢ : & x U x RY — X in the third argument R* only, ie., that ¢ is
continuous over time. By contrast, the proof of theorem 1 made a different use
of continuity in exploiting the fact that ¢ is continuous over input signals (the
second argument), which is a higher-order continuity property.

We are finally in a position to produce the promised contradiction to MUTEX
as a corollary of theorem 1, using lemma 4.

Corollary 1. Let A satisfy the CLOSURE, LIVENESS, DOMINANCE, and RESET
axioms. Assume an initial state p € £. Assume further that the interval
I = [a, §] is such that & > A + . Then there is a nonempty open subset K of
I x I such that if (o, 7) € K, there are times s > ¢ and t > 7 in R* for which

grant;(p, Req(o, 7), [5,00)) €1 and  granty(p, Req(a, 7), [t, 0)) € 1.

Proof. That a nonempty K exists and is open follow directly from theorem 1.
Assume, then, that (o, ) € K. Again by theorem 1 we have s, ¢ € R* with s > o
and t > 7 such that grant,(p, Req(a, ), s) € 1 and grant,(p, Reg(o, 7), t) € 1. In
particular, Reg(o, 7) € Ri(0) N Ri(7) and 0,7 > A + ¢, since o, T € [o, A] and
a> A +e&. So we can invoke lemma 4 to obtain the conclusion. In}
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We conclude this section with some remarks on the mathematical character
and the logical structure of these results. These issues concern the mathematical
objects we have called continuous automata. What inferences may be drawn
from them concerning real hardware, or its verification, is another matter, to be
dealt with in part in the final section.

Logically, we have investigated the consequences of the axioms CLOSURE,
LIVENESS, DOMINANCE, and RESET among the class of continuous automata.
Corollary 1 demonstrates that any A satisfying those postulates cannot invariably —
i.e., for all of its admissible inputs— satisfy MUTEX. But corollary 1 does not mean,
to take a more subtle point, that any continuous automaton that does indeed
behave like an ideal arbiter for “most” admissible inputs must fail to arbitrate
between some requests by failing to satisfy MUTEX. It could, for example, satisfy
MUTEX invariably, but occasionally violate one of the response properties like
LIVENESS. The argument demonstrates merely that MUTEX and the response
properties are incompatible: they cannot be satisfied simultaneously.

We believe that a similar result could be obtained without the use of the RESET
axiom, albeit by a more complicated argument and further assumptions like a
definite start state. It is, on the other hand, not obvious how to weaken CLOSURE
significantly while claiming that a device A satisfying the weakened postulate
admits genuincly asynchronous requests. Of the two remaining response axioms,
LIVENESS and DOMINANCE, we are thus led to ask whether there are weaker
assumptions that still capture the essence of ideal arbitration, but are nonctheless
compatible with MUTEX. Since, in fact, A p= CLOSURE & LIVENESS aiready leads
to the undesirable behavior of theorem 1, one could argue that any search for
weaker postulates should concentrate on LIVENESS. Perhaps such considerations
can be helpful in the design of real arbiters that fulfill the weakened postulates.

The relations among the result’s central assumptions may be thrown into sharper
relief by a comparison with the intermediate value theorem. The classical result
asserts that any continuous, real-valued function assuming a value a at some
point and value b > a at another must pass through all intermediate values
between a and b. A simple analogon in the setting of continuous automata
asserts that any continuous signal  starting at time s in a closed set Cy and
ending in some closed set C; at t > s with C; NC, = B must assume a value
in C = CC; N CC, somewhere in the interval [s,t], where CX denotes the
(appropriately relativized) complement of a set X. For if we regard u as a
continuous function on the interval s, t], the assumptions imply that the inverse
images u~!(CC,) and »~'(CC1) arc noncmpty, open sets that cover (s, t}. Now
[s, t] is a connected set, so by definition of connectedness the components of
the open covering must intersect nontrivially, i.e., «~1(CC)) Nu~1(CCy) % 0. But
this is equivalent to u~1(C) # @, which was to be shown.

The assumptions of this simple argument may be translated to the more
involved setting of theorem 1 as follows. First, replace the continuous signal u
by the input-output behavior of the arbiter, or more precisely, the continuous
function mapping an input request pair (o, 7) to the output signal resulting
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from input Req(c, 7). Take s and ¢ to be the request pairs (a, 8) and (4, a),
respectively, and let the interval [, ¢] correspond to the subspace I x I. The
sets B} and B in lemma 3 play the role of u~!(CC}) and u=}(CGy).

The argument is thus an essentially geometric one in which the behavior postu-
lated of continuous automata serves to justify the abstract geometric assumptions
that render the conclusion inevitable. It follows that any other assumptions
about the nature of arbitration would serve as well, provided they justified the
geometrical assumptions on which the result relies. For one essential geometric
assumption, that 1 be open rather than arbitrary, we have postulated no justify-
ing behavior of ideal arbiters: it is mathematically expedient and appears to be
physically innocuous. But a slightly modified, albeit more cumbersome argument
appears to be possible for any open set containing I from which the signal on a
grant line would be sure, given quiescent inputs, eventually to slide into 1. Such
sets exist if some further, essentially technical assumptions concerning requests
are postulated, and if it is assumed that the set of internal states producing a
grant be stable in an appropriate sense; see, e.g., [9] or [21]. Note that no
geometric assumptions about 0 bear on the proof, not even that it be disjoint
from L

The mathematical resemblance of our result to the type of argument used by
Marino in [9] to prove that metastable behavior afflicts bistable elements does not
mean that our result has anything to do with metastability. We propose, following
Marino, that metastable operation in the strict sense refer to an element’s failure
to settle in bounded time into one the stable regions § C L' among its internal
states. The literature also uses the term metastability in a looser sense to refer
to the observable effects of such unfortunate behavior. Note that the results in
this section refer in no way to what we are calling metastable operation in the
strict sense. Since coroliary 1 does not identify the internal behavior that leads a
device A satisfying an arbiter’s response properties to violate MUTEX, we refrain
from calling such malfunctions metastable operation, even in the loose sense.

4. Conclusion

In this article, we have formalized several explicit assumptions concerning the
input-output behavior of a hardware arbiter: the response properties CLOSURE,
LIVENESS, DOMINANCE, and RESET plus the additional, albeit crucial synchro-
nization property MUTEX. We then investigated the models of these axioms in
the class of continuous automata. The upshot is that any continuous automaton
satisfying the response propertics possesses a class of critical, conflicting requests
that cause it to violate the mutual exclusion property.

Our result bears directly on the theory of hardware design and the practice of
its formal verification. These conclusions are best motivated by comparing our
work with other theoretic investigations into synchronization hardware.
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By deducing logical consequences from their axioms, Barros and Johnson [13]
and Strom [23] demonstrate the interrealizability of three ideal hardware elements:
flipflops, inertial delays and arbiters. Their results mean that metastability of
flipflops impinges on the realizability of the other elements, in particular the
arbiter, as well. Their results are based, like ours, on axioms describing the
input-output behavior of the various elements, but they make much stronger
assumptions than we do concerning the arbiter, the crucial assumption being an
upper bound on its response time. We conjecture that Barros and Johnson's
results can be extended to the interrcalizability of time-unbounded flipflops
and arbiters.

The most recent qualitative results on metastable operation of bistable elements
were achieved by Marino in [9] and improved in [10). In a careful investigation
of the internal state of bistable dynamic systems, they succeed in showing that
if the input space is connected and contains two inputs that drive the system to
different stable states, then there exist inputs that excite metastable behavior. Our
work differs from theirs in concentrating on the realizability of an independently
characterized class of input-output behaviours. In the absence of an axiomatically
specified, abstract class of input-output behaviors that such bistable dynamic
systems fail to realize, it is not clear, for example, what the published results
imply for the externally observable behavior of flipflops augmented by some kind
of “metastability detector” along the lines of [16] or [24]. Since such augmented
flipflops are supposed to be free of ambiguous outputs [11, 16, 25] and are
used to implement “metastable-free” time-unbounded arbiters [15], the question
is of some practical relevance: if the conjecture be true that time-unbounded
flipflops and arbiters are interrealizablc, then our result implies that augmented
flipflops as well as arbiters, metastable-free or not, can be expected to malfunction
intermittently in ways not yet detected under laboratory conditions.

While the literature on synchronizer failures recognizes that metastable op-
eration precludes arbitration in bounded time, it also appears—perhaps by
omission—to assume that perfectly reliable arbitration in unbounded time is
possible in principle using Newtonian devices. Qur resuit casts doubt on such
an assumption.

It seems plausible, for example, though we do not know a proof, that Mead and
Conway's arbiter [26], widely imitated in practice, violates our LIVENESS axiom,
but only on a null set of inputs, i.c,, one whose measure vanishes. Assuming
that to be the case does not of course warrant the conclusion, sometimes drawn
informally, that that particular device satisfies MUTEX for all but a vanishingly
small set of inputs. We think it likely that Mead and Conway’s arbiter could
be proven rigorously to exclude the kind of malfunction it was designed to
prevent, namely, those arising from metastable operation. But it remains unclear
whether it is subject to intermittent failure arising from other kinds of internal
malfunction, e.g,, oscillations, examined for example in [27, 28].

As this discussion suggests, onc way to interpret the result succinctly is as
an assertion about the realizability of certain kinds of hardware: The classical
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synchronization problem of mutual exclusion is not soluble without intermittent
failures in a genuinely asynchronous setting using Newtonian physical phenomena.
That interpretation, though it speaks in guarded absolutes, does not support hasty
conclusions about real arbiters. It obviously does not mean, for example, that
virtually trouble-free arbiters cannot be built. Commercial systems do contain
arbitration devices which, by rigorous practical standards, can be considered
hugely reliable. Moreover, both theoretical and practical techniques are known
that reduce the incidence of failure in synchronization hardware systematically
to rates below any given, nonzero limit; see, e.g., [8, 11, 12, 15, 16, 25, 29]). Such
failure rates may in fact be below practical or even theoretical limits of common
laboratory equipment to measure them.

Another way to interpret the result is as an assertion about the formal veri-
fiability of certain kinds of hardware. For formal verifications, our result, like
carlier results on synchronizer failures, has the obvious consequence that be-
haviors with verifiably correct discrete realizations may fail to possess verifiably
correct Newtonian realizations. That problem, once recognized, may not cause
serious difficulty in practice. More pernicious is a subtler potential effect. For-
mal verification tools are based on librarics of predefined primitive components
whose behavior is described axiomatically. If such a library includes an arbiter
modeled at the leve! of continuous time and continuous signal values, it may be
tempting to assume further, perhaps indirectly, that the arbiter’s input—output
behavior is continuous. But, as we have shown, this would render the assump-
tions inconsistent. Similar problems presumably afflict the axiomatic descriptions
of other simple hardware elements.

Some of the difficulties arising out of the passage from discrete specifications
to continuous realizations might best be solved by devising a mathematically
precise notion of approximate implementation. A suitable definition might be
obtained by considering sequences of continuous machines that approximate a
discrete behavior in the limit. Another possibility would be to constrain a partly
satisfactory circuit design, say by adding timing information, until it satisfies the
desired specification.
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