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Abstract
Notes on Kurt Gödel’s modal ontological argument and Dana Scott’s variant of it are
presented. These remarks, supported by experimental studies with a proof assistant
system for classical higher-order logic, implicitly answer some questions the authors
have received over the last decade(s). In addition, some new insights resulting from
the conducted experiments are reported.
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proving · Higher-order modal logic
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1 Introduction

In spring 1970, Kurt Gödel met with the senior author (Scott) at the Princeton Philos-
ophy Department to ask him confidentially to preserve some papers and notes which
he did not want to be overlooked in case of his illness and death. One of the notes was
a very brief sketch of an ontological argument for the existence of God, drawing upon
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570 C. Benzmüller, D. Scott

Fig. 1 Manuscript of Gödel’s ontological argument, dated 1970, as discovered in his Nachlass. (Disclaimer:
Unpublished works of Kurt Gödel are Copyright Institute for Advanced Study and are used with permission.
All rights reserved by Institute for Advanced Study.)

the works of Anselm, Leibniz and others, which Gödel had studied for many years.1

His version introduced some relevant novel elements, in particular, it was developed
with a high degree of mathematical formality in a modal higher-order logic signifi-
cantly advancing, he felt, on earlier more informal, natural explorations in the works
of the philosophers he had consulted.

Soon after, Scott - without permission - mentioned the proof in a modal logic
seminar as an amusing application of logic. His action was very unprofessional as
Gödel had asked for confidentially! Unfortunately word spread very quickly indeed
about the proof (which actually Scott had slightly modified), and over the years many,
many commentaries have been published. Scott still feels embarrassed in remembering
what he had done. He never subsequently discussed the matter with Gödel himself as
he left Princeton soon after to take up the new chair in Mathematical Logic at Oxford.

Later, in Gödel’s Nachlass, a manuscript2 dated 1970 was found [5], containing
Gödel’s (supposedly)final versionof the argument; see alsoFig. 1.Thenotes thatGödel
showedScott in theirmeetingwere very brief compared to that version. Themanuscript
is also different from the slightly modified version [6] that Scott discussed in the
Princeton seminar. His Nachlass contains other earlier variants and notes which show
that Gödel had been working on the ontological argument for many years, apparently
as early as the 1940s or possibly even the 1930s; we refer to Kanckos and Lethen [4]
for further insights into these historical aspects.

1 For relevant background information we refer e.g. to Adams [1], Wang [2], Sobel [3] and Kanckos and
Lethen [4].
2 The exact location of this manuscript in Gödel’s Nachlass is: Kurt Gödel Papers, Box 12, Folder 41, item
accession 060565.
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Gödel’s and Scott’s variants of the ontological argument 571

In 2014, Benzmüller and Bruno Woltzenlogel-Paleo formalized and verified [7–9]
Scott’s variant of Gödel’s 1970 argument using modern automated theorem provers
and proof assistants for higher-order logic [10, 11], demonstrating as a side effect
the maturity that these formal tools have reached today also for experiments in philo-
sophical logic and metaphysics. Subsequent work has contributed a number of similar
studies of a number of variants of Gödel’s ontological argument proposed by other
authors, including Anderson, Hájek and Fitting [12–18].

The application of these systems was made possible by a novel bridge [19] between
higher-order modal logic (HOML, the logic assumed in the arguments, see e.g. [17,
20–22]) and classical higher-order logic (HOL, the logic mechanized in the theorem
proving systems, see e.g. [23–28]), using shallow embeddings of the former logic in
the latter, which serves as the metalogic in which the tool-assisted experiments were
performed. This bridge was previously explored by Benzmüller and Paulson [19], the
core ideas of which later became the foundation of a logico-pluralistic knowledge
representation and reasoning methodology called LogiKEy [29–31].

Although the experiments carried out by Benzmüller with colleagues, which
revealed and computationally confirmed various findings, have already been exten-
sively documented in the literature (see e.g. [7–9, 32–36] and further references in
[30]), numerous requests for further clarification continue to be received via e-mail on
a regular basis. The purpose of this paper is therefore twofold. On the one hand, wewill
address some questions that have been asked over the years, and on the other hand, we
will add some new results, insights, and comments that result from our experiments
and that we believe are of some value.

The formalization and experiments presented in this paper were carried out using
the Isabelle/HOL proof assistant [37], and as a side contribution, this paper further
demonstrates the use of modern proof assistants for formalizing and exploring founda-
tions in logic andmetaphysics [29, 30]. Other proof assistants could have been chosen;
see e.g. [10, 38] for a discussion of the state of the art in this area.

We think that Gödel’s ontological proof should one day be included in a future edi-
tion of Aigner and Ziegler’s compendium “Proofs from THE BOOK” [39]. This is not
only because of its elegance, richness, and conciseness, but also because it provides an
interesting bridge linking theistic notions to prominent mathematical structures such
as filters and ultrafilters [35] within a higher-order modal logic context. There is also
the insight it highlights about proofs in general, namely their dependence on (possibly
debatable or controversial) postulates anddefinitions,whichmay even include assump-
tions about the particular logic used. And there is Gödel’s nuanced realist stance [40]
and his general metaphysical-theological-mathematical views [41–43], which make
this piece of Gödel’s work, which apparently fascinated him throughout his research
life, an interesting and thought-provoking addition to this compendium.

The structure of the article is as follows: Sect. 2 presents a short overview of inter-
active and automated higher-order reasoning tools that can be used inmathematics and
other fields, including metaphysics. In addition, this section provides a brief introduc-
tion to some aspects of Isabelle/HOL that are relevant to this article. Section3 clarifies
questions about the detailed logical assumptions for HOML that we consider in the
rest of the article; our interest is in providing as much detail as necessary to keep this
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572 C. Benzmüller, D. Scott

article self-contained.3 Readers who are less interested in proof assistant systems such
as Isabelle/HOL or less interested in logical details and/or logic embeddings following
the LogiKEy methodology, may simply skip the Sects. 2 and/or 3 at first reading and
come back later. Section4 formally studies Gödel’s modal ontological argument as
presented in his 1970 manuscript, using Isabelle/HOL as a tool. It stays as close as
possible to Gödel’s 1970 manuscript and examines several variants, one of which is
novel. This section also briefly discusses the notion of evil in the given context, and
shows that the Gödel’s notion of positive properties constitutes a (modal) ultrafilter.
Section5 formally examines Scott’s variant, using the same Isabelle/HOL encoding
of HOML as before, and shows the exact relation to the variants of Gödel’s 1970
argument from Sect. 4. Section6 offers some final remarks.

2 Interactive and automated proof assistant systems

While first-order logic and axiomatizations of set theory have played and continue
to play a prominent role in mathematical logic and its foundations, it is classical or
constructive/intuitionistic variants of higher-order logic (based on typed λ-calculi) that
have been chosen as foundation inmodern proof assistance systems. These systems are
being developed for practical use not only inmathematics, but also in a number of other
fields, including, for example, computer science, symbolic AI and, as we demonstrate
in this article, metaphysics. The development of formal libraries of verified theories
in these areas has been underway for some time in higher-order proof assistants such
as Isabelle/HOL [37, 45], Coq [46], Lean [47, 48], HOL4 [49], HOL light [50], PVS
[51], NuPrL [52], Agda [53], and others. Some of these systems have even been used
to resolve challenge questions in maths, such as the verification of Hales’ proof of
the Keppler conjecture [54]. Lean in particular has recently received some public
attention as one option from the above system family that could play an important role
also in the development of future generations of hybrid AI technology to be applied
in mathematics and much beyond.4

The logico-pluralistic experiments in metaphysics presented in this article can in
principle be carried out, modulo appropriate adaptations, in several of these proof

3 The article shows the formalization sources and they are attached to this article as a supplement. In
addition they are available for download in the Archive of Formal Proofs (AFP) at https://www.isa-afp.org/
entries/Notes_On_Goedels_Ontological_Argument.html [44] (the AFP version of the sources is slightly
modified to comply with AFP requirements).
4 This identified increased importance, e.g. in the context of hybrid AI technology, applies analogously
to all systems mentioned, and is relevant towards both the feasibility of strong AI, resp. Artificial General
Intelligence, and, most importantly, on the way to greater (verifiable) reliability, safety, and trust in a next
generation of AI systems (see e.g. the discussions in [55–58]). Proposals to e.g. use symbolic AI methods
to control subsymbolic AI models are indeed not new (see e.g. [31, 59–63]), but they are now receiving
more attention, and this also includes the direction of autoformalizations of natural language proofs and
arguments [64]. Leibniz, andwith himGödel, would presumably be delighted to be part of the developments
ahead in terms of an interdisciplinary use of expressive logics and associated tools in AI, mathematics and
philosophy, for remember: “If we had it [a characteristica universalis], we should be able to reason in
metaphysics and morals in much the same way as in geometry and analysis.” Leibniz ([65, p.4] with
reference to [66]).
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Gödel’s and Scott’s variants of the ontological argument 573

assistants.5 Our arguments for choosing Isabelle/HOL include: (i) in addition to its
powerful internal proof tactics, it provides excellent proof automation tools such as
Sledgehammer [67] (which interfaces with the world’s leading automated theorem
provers, see below), (ii) it provides the higher-order model finder Nitpick [68], which
is capable of computing (finite) examples or counterexamples to conjectures, (iii) it
supports vernacular, island-style high-level proofs using the Isar proof language [69],
and (iv) it comes with a very sophisticated, configurable user interface supporting
e.g. LATEX-quality formula representations.6

Over the past two decades, there has also been a notable shift of interest within the
automated theorem proving community from first-order logic to higher-order logic.7

This has led to the development of increasingly sophisticated automated theorem
provers for higher-order logic, such as Zipperposition [76], Vampire [77], E [78],
Leo-II [79], Leo-III [80], CVC5 [81], Satallax [82] to name but a few. Some of these
systems are designed as extensions of SMT solvers or superposition-based first-order
provers for reasoning in higher-order logic. Moreover, almost all of them integrate or
interface in some formwith SAT solvers, and SAT solvers on their own have been used
in recent years to tackle open mathematical problems [83, 84]. It is such automated
theorem provers that can be invoked within the Isabelle/HOL proof assistant using
the Sledgehammer tool. Prominent early higher-order theorem proving systems that
have pioneered interactive and automated proof already in the 1980s are TPS [85]
and Automath [86]. A well known and easy theorem that has already been studied
in such early systems is the surjective Cantor theorem [87, 88], see Fig. 2, which we
reuse here despite its folklore status to briefly introduce and discuss some features of
Isabelle/HOL relevant to the remainder of the article.

Isabelle/HOL comes with a notion of simple types extended by some restricted
notion of polymorphism and axiomatic type classes (type classes are not used in this
article). The bivalent type of Booleans (termed bool) is predefined and further base
types can be declared (examples can e.g. be found in lines 7–8 of Fig. 3 where two
base types i and e are introduced). For two given types α and β a function type α⇒β

is induced, whose associated domain Dα⇒β contains total functions from the under-
lying domains Dα to Dβ . To support polymorphism, type variables are allowed which
represent arbitrary types from the entire type hierarchy (see e.g. the quoted symbols
′a in line 4 of Fig. 2). Function types mapping to type bool, such as the type ′a⇒bool
(in line 4), can also be seen as set/predicate types, since terms of that type (such as
λX ::′a.X=X , where :: is the typing symbol of Isabelle/HOL) denote characteristic
functions for associated sets (such as the set {X ::′a|X=X}, resp. {X ::′a|T rue}, of
5 Related experiments using the proof assistant Coq are reported, for example, in [8].
6 Unfortunately, due to the complexity of the system, the learning curve for novice users of Isabelle/HOL
(or other higher-order proof assistant systems) is still rather steep, and this is one of the main challenges to
be overcome in the future to enable better adoption outside the core user community.
7 The current focus thereby is still on the automation of (fragments of) classical higher-order logic HOL
(Church’s type theory). However, recent works, such as [70, 71], aim at extending these developments also in
direction of supporting more expressive type systems, including dependent types. One of the key drivers of
this movement has been the development of an international joint infrastructure for higher-order automated
theorem proving [72, 73], in combination with the organization of annual world championship competitions
at the CADE and IJCAR conferences [74]. The introduction of TPTP standards also fostered the develop-
ment, resp. comparison, of proof hammering systems such as Sledgehammer and Hol(y)Hammer [75].
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574 C. Benzmüller, D. Scott

Fig. 2 Isar style proofs and automation attempts for the surjective Cantor theorem in Isabelle/HOL

all objects of type ′a). Applications of terms with set/predicate types to terms t of
type ′a, such as ((λX ::′a.X=X) t ::′a), can thus also be seen as tests for elementhood:
t ::′a ∈ {X ::′a|T rue} (see also the corresponding definitions in lines 4–10 of Fig. 5).

HOL with standard semantics expects the domains Dα⇒β to contain all functions
from Dα to Dβ , but this is not required for Henkin’s generalized notion of seman-
tics [89], in which the Dα⇒β may omit some functions from the full function spaces.8

For the latter notion of semantics complete proof calculi exist, and are being used in
theorem provers as mentioned.9 For standard semantics, however, as we know from
Gödel’s first incompleteness theorem [92], the set of valid formulas is not recursively
enumerable. Relevant, however, is the observation that every standard model is also a
Henkin model, so that Henkin validity implies standard validity. In other words, if we

8 A relevant condition, however, is that these generalized function domains still contain sufficiently many
functions so that all terms in the language of HOL have denotations.
9 For further details on Henkin semantics and associated proof calculi see e.g. [24, 26, 27, 90, 91].
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Gödel’s and Scott’s variants of the ontological argument 575

use a sound and complete calculus for Henkin semantics to prove a formula valid in
the Henkin sense (e.g. by using some of our automated higher-order theorem provers
as listed above), then it is also valid in the standard sense.10

Isabelle/HOL11 is a document-oriented proof assistant system for HOL, which pro-
cesses input files as shown in Fig. 2 top down. Errors and failures in the verification
process, if any, are highlighted in red (for an example, see the red-highlighted key-
word sorry in Fig. 8). If there are no red-highlighted lines, then the verification of the
formalizations and proofs was successful. In particular, this means that the trusted
Isabelle/HOL tools mentioned as justifications in the Isar style proofs shown, such
as “auto” and “metis” in Fig. 2 (or “blast”, “simp”, “force” and “smt” later on) suc-
cessfully proved the stated propositions from the dependencies mentioned after the
“using”-keyword.

The sample formalization in Fig. 2 startswith the introduction of a new theory name,
here “SurjectiveCantor”, and the import of the theory “Main”, which provides HOL
and some other theories like the natural numbers, which are, however, not relevant
for this paper. Encapsulated in “−< . . . >” and displayed in orange color, we find
(e.g. in line 3) an example of a textual comment that is ignored by the Isabelle/HOL
verification engine.

The surjectiveCantor theorem,12 which states that there is no surjectivemapG from
a domain D′a to the domain D′a⇒bool (its powerset), is formalized in line 4 of Fig. 2 and
proved interactively using the vernacular Isar proof language (in lines 5–16). The type
for map G::′a⇒(′a⇒bool) can be omitted here, since it can be automatically derived
by Isabelle/HOL from the types provided for the universally quantified variable X ::′a
and the existentially quantified variable F ::′a⇒bool.

To illustrate that these type constraints are highly relevant in the given context, we
have slightly modified the statement in line 38 of Fig. 2 by replacing ′a⇒bool for the
variable X with an arbitrary type ′b. The modified statement now expresses that there
is no surjective map G from a domain D′a to any other domain D′b, which is of course
false, as the model finder Nitpick tells us by providing a counterexample13 select
D′a :={a1} and D′b:={b1} and now let G be such that it maps a1 to b1. Nitpick can
also be asked to compute counterexamples for fixed domain cardinalities (cf. line 41,
where no counterexample is found when is chosen card(D′a)=2 and card(D′b)=3),
and it can be asked to search for satisfyingmodels for the given proposition (cf. line 40).

The proof of the type-correct formalization of the surjective Cantor theorem (in
lines 4–16 of Fig. 2) proceeds as expected (see also the comments provided): assume

10 Theoretically, however, some caremust be takenwhengenerating counterexamples to formulas inHenkin
semantics, since they could in principle be non-standard. However, existing model finders such as Nitpick
only generate standard model structures anyway, and these can also be inspected by the user.
11 The experiments reported in this paper were conducted using the Isabelle2024 version on aMacBookPro
16,1 with a 6-Core Intel Core i7 processor (2.6 GHz) and 16 GB memory. The Isabelle/HOL system is
available for download at https://isabelle.in.tum.de/ and a recent tutorial can be found online at https://
isabelle.in.tum.de/dist/Isabelle2024/doc/tutorial.pdf; further documentation is provided at https://isabelle.
in.tum.de/documentation.html.
12 For a further discussion of the surjective Cantor theorem and its interpretation in Henkin semantics, see
Andrews [24, p.254] and Brown [93, pp.131–150].
13 See the information in the box as displayed that Isabelle/HOL automatically opens when the cursor is
placed on the keyword Nitpick, as shown in line 39 of Fig. 2.
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576 C. Benzmüller, D. Scott

a surjective map g from D′a to D′a⇒bool exists and choose F as λX ::′a.¬(gX)X ,
resp. F := {X |X /∈ (gX)}, which is the key step of the diagonalization proof (and a
core challenge for proof automation), then show a contradiction.

An alternative proof of the surjective Cantor theorem, using the same diagonal set
for F but avoiding proof by contradiction, is shown in lines 18–30 of Fig. 2; cf. [94].
Moreover, attempts at automated analysis with Nitpick and Sledgehammer are shown
in lines 32–36, where first Nitpick reports (in line 33) that it cannot find a (finite)
counterexample, before some of the provers integrated with Sledgehammer report that
they have found a proof.14 This is especially true for the external theorem provers Leo-
II and Leo-III (here remotely accessed via Sutcliffe’s TPTP infrastructure [95] in the
US), which prove this theorem robustly and quickly.15 Unfortunately, the automated
proof reconstruction and verification tasks routinely performed bySledgehammer after
proofs are reported to it by some (untrusted) automated theorem provers still fail here.
If they were successful, Sledgehammer would e.g. suggest replacing the call to itself
with calls to trusted internal tactics (such as auto and metis in lines 13–14 in Fig. 2)
instead.16 So here we have a situation where there is good evidence from several
untrusted automated theorem provers that there is indeed a proof for the proposition,
but where an interactive proof (such as the one given in lines 4–16) is still needed to
finally verify this result.17

With this short demonstration and discussion of some features of Isabelle/HOL as
relevant for the experiments reported in this article we can now get back to Gödel’s
ontological proof, the formalization and verification challenge tackled in this article.

Some readers might be tempted to ask why we cannot use HOL directly for encod-
ing Gödel’s ontological proof. The answer is that in his manuscript in Fig. 1. Gödel
carefully distinguishes between the possible and the necessary existence of God, and
for this he uses the alethic modalities M (for possible, resp. “Möglich” in German)
and N (for necessary, resp. “Notwendig”) [96, 97]. However, since these modalities
are non-truth-functional terms that cannot be adequately represented (directly) in a
classical logic such as HOL, higher-order modal logic is required.

14 Such information is provided in a special output window area of the Isabelle/HOL proof assistant, which
is not shown here.
15 Since this theorem was already automated in the TPS prover four decades ago, this is what can be
expected. Interestingly, however, some provers directly integrated with Isabelle/HOL and Sledgehammer
do not report a proof in the call (using a standard parameter setting) in line 34, suggesting opportunities for
further system improvements.
16 There are alsomechanisms provided in Isabelle/HOL that attempt to generate complete Isar-style proofs,
with the goal of providing more insight to the user.
17 Such inconclusive proof attempts can be closed with the keyword oops; see line 32 in Fig. 2. In this case,
the stated proposition is not added to the library of established results. This is different when the keyword
sorry is used instead; see e.g. the red-highlighted sorry in line 28 in Fig. 8). In this case the proposition is
added to the library of established results and can referred to in subsequent proof steps. Since this introduces
an unverified gap in a theory development the keyword sorry is highlighted in red. We also use the keyword
oops in our work to close lines where a model or counterexample to the stated theorem or lemma was
computed by the model finder Nitpick; corresponding examples are shown in lines 10–12 in Fig. 4, where
Nitpick reports counterexamples.
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3 Mechanization of HOML—But which logic exactly?

Although Gödel’s 1970 manuscript from Fig. 1 provides some insight into the specific
logical setting assumed, the information it provides, or that can be inferred from it, is
not exhaustive. Since logical details were also not discussed in the meeting of Gödel
and Scott, further interpretation and experimentation is warranted. Different, some-
times controversial, positions have been taken also on the precise logical assumptions
by various authors who have commented on the argument or contributed to its devel-
opment, and experimentation using the logico-pluralistic LogiKEy methodology has
already proven its potential for resolving disputes by computation (see, e.g. [32]).

The formalization of higher-order modal logic (HOML), which we will adopt and
use in the remainder of this paper, is shown in Fig. 3. The shown shallow embedding of
HOML inHOL follows the LogiKEymethodology and is based on previous joint work
of the first author with Paulson [19].18 Readers less interested in these formalization
details may simply skip this section for now and eventually get back later.

The relevant lines of our Isabelle/HOL formalization of HOML in Fig. 3 are briefly
explained:

After importing the theory “Main” (providing HOL) and after declaring some
parameter settings for some tools used in our experiments, we start with introducing
(in lines 7–8) two base types i (for possible worlds) and e (for entities/individuals).
Then the types σ and τ for modal propositions and modal predicates are declared as
type synonyms for the predicate types i⇒bool and e⇒σ (lines 9–10), respectively.
The predicate type σ reflects the core idea of our shallow embedding of HOML in
HOL, namely that modal propositions are modeled as predicates over possible worlds,
or, when reading these predicates as characteristic functions for sets, as truth sets of
possible worlds. Exploiting this idea, modal logic connectives and modal quantifiers
can then be declared as simple abbreviations for λ-terms in the language of HOL
(lines 15–41) mapping σ -type formulas to σ -type formulas. For the reader not much
familiar with Isabelle/HOL, only the equations shown towards the right in Fig. 3 are
really relevant for the rest of this paper. Note that we distinguish the newly introduced
logical connectives for HOML (such as ∨) in our formalization files from their HOL
counterparts (such as ∨) by the use of bold face fonts (in the text in this paper we
don’t do this though, since we only refer to modal logic connectives anyway). The
terms on the left-hand sides of these equations introduce shorthand notations for the
terms on the right-hand sides, which are either proper terms in logic HOL or contain
other shorthand notations introduced in some previous line. The logical connective∨e

(in line 26) is exclusive or, and ∼ (line 26) and · (line 27) are negation and conjunc-
tion of properties. We introduce ∨e, ∼, and · here because they are used in Gödel’s
1970 manuscript. Moreover, note that the modal operators � and ♦ are mapped to

18 Shallow embeddings of an object logic (such as HOML) into a metalogic (HOL) are lightweight logic
translations that encode the semantics of formulae of the object logic as terms or formulae of the metalogic.
This is in contrast to so-called deep embeddings that encode the object logic formulae as uninterpreted
data (usually as an inductively defined datatype), and define meta-theoretical notions such as interpretation
and satisfiability as functions and predicates. Readers interested in more details and examples of shallow
semantical embeddings in HOLmay consult [29–31] and the various references therein. For an investigation
of the connection between shallow semantical embeddings of non-classical logics (including different
notions of quantification) in HOL and topological Boolean algebras we refer to Fuenmayor [98].
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578 C. Benzmüller, D. Scott

Fig. 3 Shallow embedding of higher-order modal logic (HOML) in the classical higher-order logic (HOL)
of Isabelle/HOL utilizing the LogiKEy methodology

λ-terms that use an accessibility guard based on the accessibility relation r between
possible worlds (lines 22–23). The relation r itself is introduced as an uninterpreted
constant symbol (line 11), which is constrained by axioms so that it denotes an equiv-
alence relation between worlds (line 13), with the effect that � and ♦ thus denote S5
modal operators; see also the respective tests performed in Fig. 4, where prominent
S5 schematic reasoning principles and axioms are validated.19 Note also that both
possibilist quantifiers (cf. the polymorphic declarations in lines 30–33, with ′a being
a type variable) and actualist quantifiers (lines 35–39, for individuals/entities of type
e only) are provided. The latter uses an explicit existence predicate @ as a guard.
Polymorphic Leibniz equality is defined by a possibilist universal quantifier (line 41).

19 However, as we will exploit in our experiments, the exact dependencies of proofs and proof steps on
individual modal principles like B, D, M, 4 and 5 (or on their semantic counterparts) can be made explicit.
In fact, it will turn out that Gödel’s argument can be validated using only the B principle (i.e., symmetry
of the accessibility relation r ).
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Gödel’s and Scott’s variants of the ontological argument 579

Fig. 4 Tests and verifications of properties for the embedding of HOML in HOL from Fig.3

Finally, the validity of embedded, type-lifted formulas ϕ of type σ , denoted as �ϕ�,
is defined in the obvious way by asking for the truth of ϕ for all possible worlds (line
43); thus, instead of �ϕ� we could have also used |	 ϕ as notation. Since it can be
shown that this embedding of HOML in HOL is faithful (sound and complete for
Henkin’s generalized semantics; see e.g. [19]), we can now use the tools provided in
Isabelle/HOL to automate reasoning in HOML and develop e.g. Isar style proofs in
HOML interactively.
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The main properties of the presented embedding of HOML in HOL are briefly
summarized:

• The alethic operators � and ♦ are modeled as the operators of an S5 modal logic.
In the formal proofs presented in this paper, dependencies on certain S5 principles
are explicitly mentioned, and it turns out that most proofs steps actually require
only base logic K, and some other steps require logic KB. The introduction of all
S5 principles is thus essentially unnecessary.

• The interpretation of the logical connectives ⊥, �, ¬, ∨, ∧, ⇒, ↔ and ∨e

(exclusive or) is classical; in addition, the logic provides a (world independent,
polymorphic) primitive (in-)equality (= and �=) and Leibniz equality (≡).

• Exploiting the flexibility of the LogiKEy approach two different notions of modal
quantifiers [22, 97, 99–101] are introduced:

– Possibilist quantifiers ∀ and ∃, corresponding to constant domain semantics,
are provided for quantification over arbitrary types (polymorphic definitions
are given).

– Actualist quantifiers ∀E and ∃E , corresponding to varying domain semantics,
are provided for quantification over the domain of individuals/entities only;
to model those an explicit existence predicate @ (read x@w as x exists in
world w) is used as a relativizing guard in their definitions. This modeling of
actualist quantifiers is related to quantification in free logics [102–104], whose
formalization using the LogiKEy approach has been explored in related work
[105].

In line with e.g. Fitting [17], in our subsequent formalizations we use by default
the actualist quantifiers for quantification over individuals and the possibilist quan-
tifiers for quantification over propositions and properties. However, we also add
experiments that consider only possibilist quantifiers or a mixed used of actualist
and possibilist quantifiers for individuals.20

• Existential import holds for the possibilist quantifiers, but not for the actualist ones.
Thus later in the main theorem, when we use an existential actualist quantifier to
state that there is an x that has the property of being God-like, we do not assume
that there is any individual a priori.

• Validity of a modal logic formula ϕ, denoted in this paper as �ϕ�, is modeled as
truth of ϕ in all possible worlds.

• As intended, the embedded modal logic HOML does not have modal collapse.

The above statements are briefly illustrated with some corresponding tests and
verifications in Fig. 4 (note that the file “HOMLinHOL” from Fig. 3 is imported in line
1): The prominent axiom schemata M, D, B, 4, and 5, which are all valid in an S5

20 Anderson [12, p.301], for example, motivates a mixed use of actualist and possibilist quantifiers for
individuals in Gödel’s argument: “Note well that the appropriate translation of the argument into Coc-
chiarella’s notation will take the existential quantifier in the definition of necessary existence to be an
e-quantifier (an “existence”, rather than “subsistence”, quantifier) and so too the quantifier in the conclu-
sion of the argument. All others individual quantifiers may be taken to be subsistential and hence to range
over all possibles.” See the respective experiments mentioned in Footnotes 25 and 29, and in Subsection
5.2.
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modal logic, are proved as implied lemmata (in lines 4–8) by Isabelle’s in-built proof
automation routine “blast” (a trusted tableaux prover).

Note that the variable symbol ϕ (andψ and x later on), displayed in light blue color,
are here (implicitly universally quantified) variables in the metalogic HOL. Equiva-
lently, we could have explicitly quantified over these variables in our logic HOML
using our (polymorphic) possibilist universal quantifiers from Fig. 3. This comment
applies to all such occurrences of unbound variable symbols in our subsequent for-
malizations.

TheBarcan formulas hold for the possibilist quantifiers (lines 12–13), but not for the
actualist quantifiers (lines 10–11); this is confirmed by the model finder Nitpick [68]
integratedwith Isabelle/HOL,which reports simple counterexamples (not shown here)
consisting of twoworlds i1 and i2 and one entity e1. The derivability of a simpleHilbert
system (consisting of axiom schemataA1-A4 and the schematicmodus ponens rule for
classical propositional logic) illustrates that the interpretation of the embedded logical
connective ⊃ is classical (lines 15–16); again, the proofs are obtained automatically
using “blast” and “simp” (a trusted simplifier of Isabelle/HOL). Existential import
holds for possibilist existential quantification ∃ (lines 21–25). Existential import does
not hold for the actualist existential quantification ∃E (lines 29–32); Nitpick reports
an obvious counterexample for all existential import lemmata shown here: consider
a world i1 and an individual e1, so that e1 does not exist in i1, i.e., so that e1@i1 is
false, where @ is the explicit existence predicate used as guard in the definition of
∃E . The rigidly embedded primitive equality = is shown to be an equivalence relation,
satisfying also congruence and functional extensionality (lines 34–38). As expected
for a modal setting, Boolean extensionality fails to hold in the non-trivial direction
from equivalence to equality (line 40), since otherwise substitution of equivalents in
arbitrary modal formulas would be supported; Nitpick reports a counterexamples in
this case with two possible worlds i1 and i2, where ϕ is false in i2 and ψ is true in i2,
while they are are both false in the actual world i1. The trivial opposite direction of
Boolean extensionality is provenvalid (line 41). Leibniz equality andprimitive equality
coincide (line 42). Full comprehension21 is natively supported in our embedding of
HOML in HOL (lines 44–46, these lines are proven with another trusted tactic of
Isabelle/HOL, called “force”); this is due to the native support for λ-abstractions
in the metalanguage HOL. For modal collapse (line 48) Nitpick reports a simple
counterexample: consider two mutually (self-)connected worlds i1 and i2, choose
formula ϕ to hold in the actual world i1 but not in world i2. We also present some
tests regarding some specific modal properties that will be of interest later: Self-
identity λx . x=x is equivalent to the tautologous, universally true property λx .� (line
50). Analogously, self-difference λx . x �=x is equivalent to the absurd, empty property
λx .⊥ (line 51). Further tests illustrate that exemplification statements on ϕ (using
possibilist or actualist quantifiers) do imply that ϕ is not the empty property (lines
53–54), but the opposite does not hold (lines 54–55).

21 The LogiKEy methodology also supports embeddings of object logics lacking full comprehension;
see, for example, the work by Kirchner et al. [106, 107]. Computer-supported investigations of Gödel’s
ontological argument using the LogiKEy methodology for object logics without full comprehension is
future work though.
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Fig. 5 Set filter and ultrafilter formalized for our modal logic setting

Since in this paperwewill also study the relation ofGödel’s positive properties to set
ultrafilters, we introduce corresponding formalizations of these notions in our modal
logic context; see Fig. 5. Again we utilize the LogiKEymethodology and introduce the
respective notions as shorthand notations in HOL. Note, that the logical connectives
used in these shorthand definitions now refer to HOML logical connectives, which
are themselves introduced as shorthand notation for HOL terms in Fig. 3. The notions
introduced are modal variants (note the σ -type) of elementhood (line 4), empty set
(line 5), universal set (of objects of type e, line 6), subset relation stated with possibilist
and actualist quantifiers (lines 7–8), set intersection (line 9) and inverse relation (line
10); note that these definitions utilize the idea (as mentioned in Sect. 2) to encode
sets as characteristic functions. A (modal) set filter is then defined as a set of sets
(resp. set of properties)	 containing the universal set but not the empty set and which
is closed for supersets and set intersection (line 11); note that in this shorthand notation
the subset relation formulated with actualist quantification is used. An analogous
shorthand notation is introduced (in line 13), called “FilterP”, using the subset relation
with possibilist quantification. A (modal) set ultrafilter is then introduced as a (modal)
set filter that is maximal (line 12, resp. line 14).

4 Gödel’s ontological argument—1970manuscript

In this section we present a formal study of Gödel’s ontological argument as it appears
in his 1970 manuscript; see Fig. 1. In contrast to other prior works, we stick here
as closely as possible to this manuscript of Gödel and explain any deviations where
necessary. The detailed properties of the logical presuppositions were discussed in
the previous section. We explain our formalizations as shown in Figs. 6, 7 and 8 in
some detail below, address relevant questions along the way, and implicitly provide
answers to some frequently asked questions.Note that the formalizations given in these
figures coincide up to line 22, where axiom A4 is stated, with the following important
exceptions (marked with “(**)” in red): in Fig. 7 the notion of essence is changed, and
in Fig. 8 the notion of necessary property implication. While Fig. 6 demonstrates an
inconsistency in Gödel’s assumptions starting from line 23, this is not the case for the
slightly modified modelings presented in Figs. 7 and 8, where consistency is shown
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in line 23 and the logical validity of Gödel’s ontological argument is subsequently
confirmed. Note that the presented results also hold when only possibilist quantifiers
are used in the formalization. This is documented in Figs. 16, 17 and 18 in Appendices
A-C (where relevant modifications are again marked with “(**)” in red, this time
with respect to their actualist counterparts in Figs. 6, 7 and 8). Further experiments, as
briefly mentioned in Footnotes 25 and Footnote 29 but not displayed in this document,
also confirm our results for a mixed use of quantifiers.

We now discuss the formal modeling of Gödel’s axioms and definitions step by
step.

4.1 Formalization of Gödel’s axioms and definitions

Positive properties: P
The only primitive symbol in Gödel’s manuscript is P, for “positive”, and P(ϕ)

stands for ϕ is a positive property. A relevant question is whether Gödel intended P to
range over extensions or intensions of properties. In our modeling the type declaration
for P is chosen such that P ranges over intensions of properties (cf. line 3 in Figs. 6, 7
and 8): P is applied to terms ϕ of type e⇒σ , that is, modal predicates (recall that type
σ in our embedding of HOML in HOL stands for the predicate type i⇒bool, where
i is the type of possible worlds). The modal predicates ϕ, when applied to an argument
term of type e (remember that this type is denoting the domain of individuals/entities)
thus constitutes a world-dependent modal term of type σ and it may thus be evaluated
differently for different possible worlds. In this sense, our formalization is such that
it models P to range over intensions of properties. In Scott’s meeting with Gödel, this
issue was not discussed further, and the interpretation chosen here is also consistent
with what various other authors have found to be an appropriate choice.22

Axiom Ax1: Pϕ ∧ Pψ ⊃ P(ϕ . ψ)

This axiom states that the conjunction of any two positive properties is positive (line
4).23 Note that Gödel has a footnote in his manuscript adding “and for any number
of summands”. As we will later see Gödel’s comment to generalize this axiom so
that it includes also infinite number of conjuncts is actually relevant for deriving
the possible and necessary existence of a God-like entity. Therefore, in Fig. 7 we
will generalize Axiom Ax1 to Axiom Ax1Gen (line 24–26) to formally address and
analyze this footnote. Such a generalized axiom in third-order logic has been suggested

22 Fitting [17], however, assumes that P should range over extensions (resp. rigidly intensionalised exten-
sions) of properties; in fact, the connection between the two choices and their different effects on the
validity of modal collapse has been studied in detail, using the LogiKEy methodology, by Benzmüller and
Fuenmayor [35].
23 For the conjunction symbol between modal propositions shown on the left in this formula, Gödel uses
a “.” symbol in his manuscript; in this article we have decided to use ∧ instead. However, we keep the
“.” on the right, which denotes the conjunction of properties; see also line 27 in Fig. 3. Also, we generally
avoid parentheses and write P ϕ instead of P(ϕ). In addition, we could alternatively use possibilist universal
quantifiers in the encoding to explicitly quantify overϕ andψ . To stay close toGödel’smanuscript, however,
we formalize them here as schematic variables in the metalanguage HOL; technically, after unfolding all
embedded terms in the metalogic HOL, the difference boils down to an alternation in the leading universal
quantifiers of this formula; this remark applies similarly to other schematic axioms in the rest of this article.
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by Anderson and Gettings [13, p. 170]. However, a related proposal can already be
found in earlier notes by Gödel on the ontological argument, which were recently
discovered in his Nachlass; see Kanckos and Lethen [4, p. 1019]. As it turns out,
for the proof that Gödel’s original axioms and definitions in HOML are inconsistent
(see Sect. 4.2 below), it is irrelevant whether Axiom Ax1 or the more general Axiom
Ax1Gen is considered.

Note that all axioms, lemmas, and theorems in the Isabelle/HOL encodings of the
various arguments studied in this article are always wrapped in the validity operator
“� �”. We thus postulate their validity for all possible worlds, i.e. we model them as
“global” modal assumptions.

Axiom Ax2a: Pϕ ∨e P∼ϕ

The label “Ax.2” actually occurs twice in Gödel’s manuscript and we therefore
distinguish these two parts in the manuscript by labeling the first occurrence Ax2a
and the second one Ax2b. Ax2a states that either a property ϕ or its negation ∼ϕ is
positive. Using our logical connective ∨e, for exclusive or (cf. Gödel’s comment on
the left bottom in the manuscript), this axiom is straightforward to encode (line 5).

Definition of God-like: G x ≡ ∀ϕ. Pϕ ⊃ ϕ x
For Gödel an entity x has the property of being God-like (G) if (and only if)

that entity possesses all positive properties. Using a possibilist universal quantifier ∀
ranging over properties ϕ this can easily be encoded as shown (line 6).

Definition of Essence: ϕ Ess. x ≡ ∀ψ.ψ x ⊃ (ϕ ⊃N ψ)

ForGödel (in the tradition of thework of Leibniz,whomGödel studied extensively),
entities are uniquely determined by their essential properties, by which all their other
properties are implied. This idea is captured in Gödel’s definition of essence (Ess.;
read ϕ Ess. x as ϕ is an essential property of entity x): ϕ is an essential property of
entity x if (and only if) for all (possibly other) propertiesψ that x also has, it holds that
ψ is necessarily implied by ϕ.24 The latter condition, necessary property implication
ϕ ⊃N ψ , mentioned in Gödel’s manuscript on the left, will also be used in the axiom
Ax4 below. ϕ ⊃N ψ is formalized as (line 7, see also Fitting [17])

�(∀E y. ϕ y ⊃ ψ y)

Note that our entire formalization of essence (in line 8 of Fig. 6) thus uses a possi-
bilist universal quantifier to quantify over the properties ψ , and an actualist universal
quantifier to quantify over the entities y in ϕ ⊃N ψ (but remember that we have con-
ducted alternative experiments as mentioned in Appendices A-C and Footnotes 25 and
29). Note also that Gödel does not explicitly require in this definition that property ϕ

applies to x , which leads to an inconsistency in his postulates, as explained in Sect. 4.2
below, and which will therefore be modified in Sects. 4.3 and 4.4 to arrive at a con-
sistent set of assumptions. Alternatively, one could argue that the necessary property
implication ϕ ⊃N ψ in this definition of essence should be formalized differently, so

24 As noted before, we use the symbol � for necessity (N) and ♦ for possibility (M).
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Fig. 6 Gödel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent

that the absurd, empty property does not necessarily imply all other properties. Our
new results on this option to fix the inconsistency in Gödel’s assumptions, which were
experimentally explored, are reported in Sect. 4.5 below.

Axiom Ax2b: P ϕ ⊃ �P ϕ and ¬P ϕ ⊃ �(¬P ϕ)

Gödel provides two versions of this axioms, which we label Ax2b and Ax2b’. The
former (in line 9) states that every positive property is necessarily positive, and the latter
that every non-positive property is necessarily non-positive. Since Ax2b’ is actually
implied by Ax2a and Ax2b, as our experiments confirm, we introduce Ax2b’ as a
lemma (line 10) and prove it with the trusted theorem prover blast. Our experiments
also show that Ax2b’ is not needed at all (it is not referred to again in Figs. 6, 7 and 8
or Figs. 16, 17 and 18) and can thus be avoided altogether.

Theorem Th1: G x ⊃ GEss. x
This theorem states that the property of beingGod-like is an essence of anyGod-like

entity (line 11). It easily follows from Ax2a and Ax2b using the definitions of essence
and beingGod-like (here the trusted SMT solver “verit” built into Isabelle/HOL proves
this result using the stated dependencies).
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Definition of Necessary Existence: E x ≡ ∀ϕ. ϕ Ess. x ⊃ �(∃E x . ϕ x)

For Gödel, an entity x has the property of necessary existence (E) if (and only if)
all essences of x are necessarily exemplified (line 12). The reader may be tempted
to criticize that this notion introduces some kind of circularity into the argument.
Note, however, that the exemplification statement �(∃E x . ϕ x), which can obviously
be replaced by �(∃E z. ϕ z), refers to arbitrary exemplifying entities x , resp. z, which
here could be different from the entity x to which the predicate E is applied.

Axiom Ax3: P E
This axiom states that E, necessary existence, is a positive property (line 13).

Theorem Th2: G x ⊃ �(∃E y.G y)

If x is God-like, then a God-like entity necessarily exists (line 14). This can be
easily proved from axiom Ax3 and theorem Th1 using the definitions of God-like and
necessary existence; in our Isabelle/HOL formalization this proof is contributed by a
trusted, smt solver. Note that the existential quantifier used is an actualist quantifier.

Gödel then derives in his manuscript the following formula, which we call theorem
Th3 and formalize using actualist quantifiers:

Theorem Th3: ♦(∃E x .G x) ⊃ �(∃E y.G y)

If a God-like entity possibly exists, then a God-like entity necessarily exists (line
15). This follows from Theorem Th2 in modal logic S5, as we confirm here both with
Sledgehammer andwith an interactive Isar style proof that is following exactly the steps
in Gödel’s manuscript (lines 16–21), which are then confirmed individually with calls
to the trusted theorem prover blast. It is important to note that in the proof constructed
in Isabelle/HOL, only the symmetry of the accessibility relation, corresponding to the
modal axiom scheme B, is actually required. Hence, S5 modal logic is not needed,
modal logic KB is already sufficient. A relevant question that arises is whether logic
S4 is eventually also suited to for proving theorem T3 ? However, further experiments,
which are presented in Appendix A answer this negatively in the given context, since
Nitpick produces a counterexample.

It thus remains for Gödel to prove that a God-like entity possibly exists. For this he
introduces another axiom.

Axiom Ax4: P ϕ ∧ (ϕ ⊃N ψ) ⊃ Pψ

Every property ψ that is necessarily implied by a positive property ϕ is positive
(line 22). Here we reuse the modeling of ϕ ⊃N ψ as already discussed above for the
formalization of essence.25

After postulating Ax4, Gödel actually arrives at an inconsistent set of assump-
tions in classical HOML (lines 23–34), which he apparently was not aware of. This
inconsistency is analyzed and explained further in the next subsection.

25 Additional experiments have shown that we could instead use a possibilist universal quantifier in axiom
Ax4 and in the definition of essence while keeping the other actualist individual quantifiers as suggested by
Anderson [12, p.301] (see also Footnote 20) without affecting the validity of the results presented in Figs. 6
and 7. A small modification needed for the proof step verifications to succeed in Fig. 7 is that the proof
of theorem Th2 now requires symmetry of the accessibility relation (or modal axiom B), as an additional
dependency (reflexivity would actually also do the job).
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4.2 Inconsistency in Gödel’s 1970manuscript

As discussed in prior related work [9, 108], the inconsistency of Gödel’s postulates
from his 1970 manuscript was detected automatically by the theorem prover Leo-
II [79]. This inconsistency, unknown to the authors before the discovery of Leo-II, is
reconstructed here in some detail. The inconsistency is due to a controversial omission
in Gödel’s definition of essence: Gödel does not require in his 1970 manuscript that
essential properties ϕ of x actually apply to x , i.e., hold for x (line 8).26 Unaware of
the thread of inconsistency hidden in this omission, Scott found it natural to add such
a clause in his variant of Gödel’s ontological argument, which we will present later in
Sect. 5.27

The inconsistency follows quite easily fromwhat is called in prior work [9, 108] the
“empty essence lemma” (line 24 of Fig. 6): (λx .⊥)Ess. x . This lemma states that the
absurd, empty property λx .⊥ (or, alternatively, the extensionally equivalent property
of self-difference λx .x �= x , see line 51 in Fig. 4), which does not apply to any x , is
nevertheless an essential property of every x .28

Starting from the additional result that the empty property (or self-difference) cannot
be a positive property due to Ax2a and Ax4 (line 27), we can now conclude falsity
(lines 25 and 32) by deriving from the axioms Ax3, Ax4 and Ax2a with the help of the
empty essence lemma and the definition of necessary existence that the opposite also
holds, namely that the empty property must also be positive (line 31). Note that the
proof sketch of falsity as displayed does not require any specific properties of modal
logic S5. This derivation is instead valid already in base modal logic K.

4.3 Consistent variant: modifying essence

To arrive at a consistent set of assumptions in Gödel’s work, only a small addition of
the conjunct “ϕ x ∧” in the definition of essence is required. Hence, as suggested by
Scott, instead of defining ϕ Ess. x as ∀ψ.ψ x ⊃ (ϕ ⊃N ψ)), we now define (line 8 of
Fig. 7)

ϕ Ess. x ≡ ϕ x ∧ ∀ψ.ψ x ⊃ (ϕ ⊃N ψ))

Since this addition forces essential properties ϕ of an entity x to actually hold for
x , it obviously blocks the empty essence lemma, since the absurd empty property
cannot not be true for any entity. Note that all other axioms and definitions of Gödel’s
manuscript remain unchanged (except for themodified definition of Ess. in line 8, lines
3–22 are completely identical). This modified set of assumptions is now satisfiable,

26 Adams [1, p. 392] actually mentions “that if there is a property that is necessarily false of everything,
then it must be an essence of x” and he notes that undesirable conclusions can be drawn from this. Although
he does not use the word inconsistency directly, he apparently recognized the problem, which was indepen-
dently discovered by the theorem prover Leo-II, who reported a derivation of falsity from Gödel’s premises
in experiments.
27 However, as discussed by Kanckos and Lethen [4], such an additional conjunct in the definition of
essence can in fact be found in earlier notes on the ontological argument in Gödel’s Nachlass. Whether the
omission was actually intended by Gödel remains an interesting open question.
28 Adams [1] mentions the property that is necessarily false of everything, and which is an essence of x.
However, Adams does not point out the inconsistency caused by it.
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which is actually confirmed by themodel finder Nitpick (line 23), which automatically
computes the following model of cardinality one:

This model consists of one self-connected world i1 with one God-like entity e1 which
exists at world i1. The modal properties λx .� and λx .⊥ in this world constitute
positive and non-positive properties, respectively (as can be seen from the displayed
interpretation of P). Note also that the requested evaluation of formula �P (λx .⊥)� in
the call to Nitpick (in line 23) returns false.

4.4 The possible and necessary existence of a God-like entity

Unfortunately attempts to continue Gödel’s proof after fixing the inconsistency as
reported above do not yet succeed, and the automated provers fail to prove the crucial
theorem Th4 demonstrating the possible existence of a God-like entity (line 28 of
Fig. 7), from which, due to theorem Th3, the intended result, the necessary existence
of a God-like entity, would immediately follow.

Theorem Th4: ♦(∃E x .G x)

This theorem, shown above right in Gödel’s 1970 manuscript, responds to a promi-
nent criticism of Anselm’s ontological argument, which implicitly assumes that the
existence of a God-like entity is possible. With theorem Th4, Gödel instead wants
to derive this explicitly as a theorem from his assumptions. For this purpose, Gödel’s
footnote addition to axiomAx1 (shown in the lower left corner of the manuscript) now
actually becomes relevant. It suggests a generalization of axiomAx1 for any number of
summands/conjuncts. A formalmodeling, as suggested byAnderson andGettings [13]
and used also by Fitting [17], is possible in the following way: First, introduce a predi-
cate “PosProps” (line 24) that holds for a set of properties	 if (and only if)	 contains
only positive properties. Second, define a relation “ConjOfPropsFrom” (line 25) that
holds for a property ϕ and a set of properties 	 if (and only if) ϕ is equivalent to an
arbitrary and possibly infinite conjunction of properties from ϕ. Next, we use these
definitions to formalize the following generalization of axiom Ax1:

Axiom Ax1Gen: (PosProps	 ∧ ConjOfPropsFromϕ 	) ⊃ P ϕ

This axiom says that every conjunction of positive properties, including all infinite
conjunctions, is positive. It turns out that from this axiom Ax1Gen together with the
definition of a God-like entity one can now prove lemma L:

Lemma L: P G
This lemma states that being God-like is a positive property (line 27).
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Fig. 7 After an appropriate modification of the definition of essence in Gödel’s 1970 ontological proof, the
inconsistency revealed in Fig. 6 is avoided, and the argument can be successfully verified in modal logic S5
(indeed, as shown, only symmetry of the accessibility relation is actually needed)

Using lemma L in combination with axioms Ax2a and Ax4, it is now possible to
provide a proof of Gödel’s Theorem Th4 as intended; this is e.g. an easy exercise for
the trusted tableaux theorem prover blast (line 28). Note that the axiom Ax1Gen (or
A1) is only needed to introduce this lemma for the proof of theorem Th4. It is therefore
possible to omit Ax1Gen andA1 altogether and simply postulate L as an axiom. This is
actually the simplifying approach that Scott used in his variant of Gödel’s ontological
proof, where L is then called axiom A3; see Sect. 5.

Now we are in the position to state and prove the main theorem.

Theorem Th5: �(∃E x .G x)

The necessary existence of a God-like entity is now provable as a simple corollary
of Th3 and Th4 (line 29).
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It is easy to see that the entire derivation of the necessary existence of a God-like
entity from Gödel’s assumptions, as shown in Fig. 7, does not use all the reasoning
principles of modal logic S5. Only the symmetry of the accessibility relation between
possible worlds is required, which corresponds to the (rather uncontroversial) modal
axiom scheme B: ϕ ⊃ �♦ϕ, expressing that if ϕ holds, then it is necessarily possible
that ϕ holds.

There are various other experiments that can now be additionally conducted with
the automated theorem provers built into Isabelle/HOL to explore further implications
of Gödel’s set of postulates. We report some of the relevant results.

Modal Collapse MC: ϕ ⊃ �ϕ

Modal collapse, which states that what holds that holds necessarily, is implied by
Gödel’s axioms and definitions (line 30–36). It is relevant to note that modal collapse
also followed for all alternative variants considered in this paper, where actualist
individual quantifiers are replaced by possibilist ones. It is reasonable to assume that
modal collapse, which eliminates contingency and expresses that there are no other
ways the world could be, was in fact not seen by Gödel as a defect of his theory, but
as a much desired consequence of his postulates; see also Kovač [109].

Examples of positive properties: P (λx .�) ∧ P (λx .x=x)

The tautological property λx .� and self-identity λx .x=x are examples of positive
properties (line 37) in addition to those already mentioned in the proof; see also the
middle right part of Gödel’s manuscript.

Examples of non-positive properties: ¬P (λx .⊥) ∧ ¬P (λx .x �=x)

The absurd, empty property λx .⊥ and self-difference λx .x �=x are examples of
non-positive properties (line 38); see also the middle right part of Gödel’s manuscript.

Unique essences
Any two essences of x are necessarily equivalent (for all entities y, line 39), but

not necessarily identical (line 40). This statement can be found in the left bottom part
of Gödel’s 1970 manuscript. Another statement is verified (in line 41) expressing that
entities are uniquely determined by their essences.

Monotheism: G x ∧ G y ⊃ x ≡ y
Monotheism follows directly from axiom A2a and definition of God-like (line 42).

Ultrafilter
The set of positive properties forms a (modal) set ultrafilter (lines 43–44). See also

Hazen [110] and the previous experimentally confirmed studies by Benzmüller and
Fuenmayor [35] for a deeper discussion of this aspect.

We finally perform another consistency check with model finder Nitpick (in line
45 of Fig. 7), which computes the same model of cardinality one as discussed already
in Sect. 4.3 above.
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Logic S4
A natural question is whether the axiom schemes M, D or 4 of the logic S4,

respectively their semantic counterparts reflexivity and transitivity of the accessibility
relation, could be used instead of the axiom scheme B or symmetry (called “Rsymm”
in our formalization files). This question actually only concerns the proof of Gödel’s
Theorem Th3, since it is only there that the symmetry axiom is actually needed. While
a proof for theorem Th3 based on reflexivity alone is indeed found by the theorem
provers in the context of the (inconsistent) variant as shown in Fig. 6, no such proof
has yet been reported, nor a counterexample found in logic S4 for the variant shown
in Fig. 7, where the definition of essence has been adapted. This question thus remains
open.

4.5 Consistent variant: modifying property implication

There is actually anotherway tomodifyGödel’s ontological proof to avoid the reported
inconsistency. This newly explored modification is shown in Fig. 8. The only relevant
modification in this variant concerns the notion of necessary property implication,
which is used in the definition of essence and in the axiom Ax4. Recall that necessary
property implication ϕ ⊃N ψ has been formalized so far (also in line with Fitting
[17]) as

�(∀E y. ϕ y ⊃ ψ y)

An alternative suggestion is to encode ϕ ⊃N ψ as

�(ϕ �= (λx .⊥) ∧ ∀E y. ϕ y ⊃ ψ y)

With this modification (see line 7 of Fig. 8), which prevents the absurd, empty property
from necessarily implying all other properties, the relevant proof steps as reported in
Fig. 7 can be successfully replayed and consistency is again shown by Nitpick (line
23).29

However, while Nitpick in Fig. 7 reported exactly one model (for cardinality one,
i.e. when assuming one world and one entity), Nitpick now reports two models, see
Fig. 9.

The first of these models is exactly the same as the one previously reported (for
line 23 in Fig. 7). In addition, we are now confronted with another interesting model
that satisfies the axioms and definitions introduced so far in Fig. 8. This additional
model consists of a self-connected world i1 with an entity e1 that is “non-existent”
(in a free logic sense modulo our explicit existence operator @) in world i1; most
interestingly, this entity e1 is not a God-like entity in i1 and λx .⊥ is now a positive
property in i1, while a λx .� is not. Note also that the requested evaluation of the
formula �P (λx .⊥)� in the call to Nitpick (line 23) now returns True. As we can

29 Additional experiments have shown that we can alternatively use a possibilist universal quantifier in
the modified definition of necessary property implication, used in axiom Ax4 and the definition of essence,
without affecting the validity of the results shown in Fig. 8; different to the observation mentioned in
Footnote 25, no further dependencies need to be added for the proof of Theorem Th4 to succeed.
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Fig. 8 After an appropriate modification of the notion of necessary property inclusion in Gödel’s 1970
ontological proof, the inconsistency revealed in Fig. 6 is avoided, and the argument can be successfully
verified in modal logic S5 (indeed, as shown, only symmetry of the accessibility relation is actually needed)

Fig. 9 Nitpick reports two models of cardinality one for the postulates up to line 23 in Fig. 8
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Fig. 10 Importing Gödel’s modified axioms from Fig. 7 we can prove that necessarily there exists no entity
that possesses all non-positive (=negative) properties

see (line 45), after postulating the generalized axiom A1Gen (line 25), however, this
second model without a God-like entity is ruled out.

Another relevant difference concerns the proof of theorem Th4 (line 28), the pos-
sible existence of a God-like entity. This proof becomes now more difficult. Instead
of proving this result from Ax2a and Ax4 and lemma L, a proof using Ax2a, L and
A1Gen is now reported (line 28). Independently the automated theorem provers Vam-
pire and Zipperposition (and also Leo-II and Leo-III), integrated with Isabelle/HOL
via the Sledgehammer tool, report proofs for Th4 from these dependencies.30

The subsequent proofs of theorem Th5, modal collapse MC and the lemmata
PosProps and NegProps are again analogous to the previous ones. The situation for the
unique essence lemmata one and two (lines 39–40), however, remains open; neither
did the model finder report a counterexample nor did the automated theorem provers
come up with a proof in both cases (though we expect them to be provable). The set of
positive properties constitutes a (modal) set ultrafilter as before. Moreover, as in the
previous subsection, the question about a proof for theorem Th3 in logic S4 remains
an open question.

4.6 Necessarily there is no Evil—if we accept Gödel’s axioms

It might be tempting to try to prove the existence of an Evil-like entity in an analogous
way, by simply defining an entity as Evil-like if (and only if) it possesses all non-
positive (=negative) properties. However, if one accepts only two axioms of Gödel
from Fig. 7, namely axiom Ax2a (resp. Scott’s axiom A1) and axiom Ax4 (resp.
Scott’s axiom A2) about positive properties, then the derivation shown in Fig. 10 is
possible (lines 4–12), which demonstrates that necessarily there is no Evil-like entity
under these assumptions.31

30 Unfortunately, however, their proofs could not yet be reconstructed by weaker but trusted provers inte-
grated into Isabelle/HOL; this explains the use of the keyword “sorry” highlighted in red.Hence, some further
work is needed here to fully verify these novel results also within the trusted kernel of the Isabelle/HOL
system.
31 The idea was actually suggested to Benzmüller by Chad Brown in a bar conversation in Berlin.

123



594 C. Benzmüller, D. Scott

Fig. 11 Importing Gödel’s modified axioms from Fig. 8 we can prove that necessarily there exists no entity
that possesses all non-positive (=negative) properties

An analogous derivation is possiblewhen importing the corresponding axioms from
Fig. 8, see Fig. 11. However, since in this variant axiom Ax4 has been weakened, the
axioms A1Gen and Ax2a are now used by the provers to obtain the result.

However, the necessary existence of an Evil-like entity is derivable if we reject
Gödel’s assumptions and formulate them instead completely for negative properties.
This is shown in Fig. 20 in Appendix E. The properties of this Evil-like entity are
however identical to those of Gödel’s God-like entity.

5 Scott’s variant

A formalization of Scott’s variant of Gödel’s ontological argument is presented in
Fig. 12. The presentation is close to the notes of Scott as published in Sobel’s book [3,
6]. We briefly discuss the commonalities and differences to Gödel’s variant.

Positive properties: P
The notion of positive properties is the same as in Sect. 4.

Axiom A1: ¬P ϕ ↔ P∼ϕ

Properties are either positive or non-positive. Axiom A1 correspond to Gödel’s
axiom Ax2a: Pϕ ∨e P∼ϕ from Sect. 4. However, here the equivalent formulation
¬Pϕ ↔ P∼ϕ is preferred.

Axiom A2: P ϕ ∧ �(∀E y. ϕ y ⊃ ψ y) ⊃ Pψ

Axiom A2 is identical to Gödel’s axiom Ax4 from Sect. 4 (modulo the unfolding
of ϕ ⊃N ψ)

Theorem T1: P ϕ ⊃ ♦(∃E x . ϕ x)

Positive properties are possibly exemplified. This theorem follows directly from
axioms A1 and A2.

While a corresponding theorem is not directly included inGödel’s ontological proof
in Sect. 4, this theorem is also valid for the variants presented in Sects. 4.4 and 4.5 (as
confirmed by tests not shown here).

Definition of God-like: G x ≡ ∀ϕ. P ϕ ⊃ ϕ x
A God-like entity possesses all positive properties. This is identical to Gödel’s

definition from Sect. 4.
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Fig. 12 Scott’s variant of Gödel’s ontological argument

Axiom A3: P G
Being God-like is a positive property. This axiom replaces Gödel’s axiom Ax1,

respectively its generalized version Ax1Gen, which was needed for the proofs to
succeed in Sects. 4.4 and 4.5. Since Ax1Gen was used there only to derive the lemma
L: PG, this lemma can be taken directly as an axiom. However, it is also possible to
use the axiom Ax1Gen instead and derive PG from it.

Theorem Coro: ♦(∃E x .G x)

It is possible for a God-like entity to exist. This follows directly from theorem T1
and axiom A3.

Axiom A4: P ϕ ⊃ �P ϕ

Positive properties are necessarily positive. This axiom is identical toGödel’s axiom
Ax2b from Sect. 4.

Definition of essence: ϕ Ess. x ≡ ϕ x ∧ ∀ψ.ψ x ⊃ �(∀E y. ϕ y ⊃ ψ y)

ϕ is an essential property of entity x if (and only if) if x exemplifies ϕ and for all
(possibly other) properties ψ that x also has holds that ψ is necessarily implied by ϕ.
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Unaware of the inconsistency reported in Sect. 4.2, Scott found it natural to require
that essences of an entity are actually exemplified by the entity. Thus, he added the con-
junct ψ x ∧ to the definition of essence in his variant, thereby unknowingly avoiding
the reported inconsistency.

Theorem T2: G x ⊃ GEss. x
Being God-like is an essence of any God-like entity. This is identical to Gödel’s

theorem Th2 from Sect. 4. It follows here from axiomsA1 andA4 using the definitions
of Essence and God-like.

Definition of Necessary Existence: NE x ≡ ∀ϕ. ϕ Ess. x ⊃ �(∃E x . ϕ x)

Entity x has necessary existence (NE) if (andonly if) all essences of x are necessarily
exemplified. This definition is again identical to Gödel’s definition from Sect. 4, except
that instead of using E as name, the concept is now called NE.

Axiom A5: P NE
Necessary Existence is a positive property. Modulo the renaming of E into NE this

axiom is identical to Gödel’s axiom Ax3 from Sect. 4.

Consistency of the assumptions
After all assumptions have been introduced we use the model finder Nitpick to con-

firm their consistency (line 15). Nitpick computes exactly the samemodel as presented
before in Sect. 4.3.

Theorem T3: �(∃E x .G x)

In correspondence to the main theorem Th5 in Sects. 4.4 and 4.5 we are now in
the position to prove the main theorem T3: Necessarily, there exists a God-like entity.
This can be done fully automatically using automated theorem provers integrated with
Isabelle/HOL via the Sledgehammer tool (line 16), or more interactively following
the notes of the second author (lines 17–22). By the use of an actualist individual
existential quantifier the controversial issue of existential import is avoided.

Further Results
Modal Collapse MC: ϕ ⊃ �ϕ holds also for this variant (lines 23–29), and λx .�

and λx .x=x are examples of positive properties (besides N E and G), while λx .⊥
and λx .x �=x are negative properties. Also the results for uniqueness of essences (lines
32–34), monotheism(line 35), the filter and ultrafilter structure of P (lines 36–37) and
consistency (lines 38) are confirmed analogously to what we have reported in Sect. 4.4
before for the corresponding variant of Gödel.

5.1 Counterexamples in base logic K

A natural question concerns the possible validity of the argument already for basic
modal logic K. This is not the case, however, as can be verified with the model finder
Nitpick. Nitpick produces counterexamples(s) to theorem T3: �(∃E x .G x) and also
to modal collapse MC: ϕ ⊃ �ϕ, while verifying all the previous steps, as shown in
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Fig. 13 Scott’s variant of Gödel’s argument fails for base logic K (but only it the last step)

Fig. 13. Note the change in the imported file (see line 1); this file is now “HOMLin-
HOLonlyK” instead of “HOMLinHOL” as used in Fig. 12 and shown in Fig. 3. The
only difference in “HOMLinHOLonlyK” (which is not shown here) in comparison
to “HOMLinHOL” is that the postulation of the (semantic counterparts of the) S5
axioms (in lines 12–13) has been removed, resp. commented. This also has the effect
that the respective schematic S5 principles displayed in Fig. 4 (in lines 4–8) are not
valid anymore.

Counterexamples as produced by Nitpick for theorem T3 and modal collapse MC
are shown in Fig. 14: In both counterexamples there are two possible worlds i1 and i2,
and an entity e1 that actually exists only in i1 but not in i2. Entity e1 is God-like inworld
i1 but not i2. Both worlds are self-connected, and additionally world i1 is reachable
from world i2, but not vice versa. The actual world is i2. The universal property is
positive, while the absurd, empty property is not. It is also easy to see that the property
of existing in a world is positive. This situation obviously creates a counterexample
to theorem T3, since in the actual world i2, which is reachable from itself, the entity
e1 is not God-like. The counterexample presented on the right to modal collapse MC
now suggests to consider a proposition ϕ, which holds in the actual world i2, but not
in the other possible world i1 accessible from i2 (and the non-existence of a God-like
entity in a given world would be one possible choice).

Similar observations apply to Gödel’s variants of the argument as presented in
Sect. 4.

5.2 Mixed use of actualist and possibilist individual quantifiers

Scott’s variant of Gödel’s argument also works for the mixed use of quantifiers as
suggested by Anderson [12, p.301] (see also Footnote 20). The formal modifications
required to accommodate Anderson’s view (that actualist individual quantifiers should
be used only in the definition of essence and in the final theorem establishing the
necessary existence of a God-like entity) are marked with “(**)” in red in Fig. 15. As
reported for the analogous experiments (see Footnotes 25 and 29) conducted for the
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Fig. 14 Counterexamples reported by Nitpick to T3: �(∃E x .G x) and MC: ϕ ⊃ �ϕ in base logic K

Fig. 15 Scott’s variant of Gödel’s argument with a mixed use of actualist and possibilist single quantifiers.
Modified lines compared to Fig. 12 are marked with “(**)” in red

variants presented earlier, the verification of the argument still succeeds modulo these
modifications, and only small, rather obvious changes are required in the interactive
proof of theorem T3 (in lines 19–20) and MC (lines 25–26).
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5.3 Further work: logic S4 andmodified property inclusion

In some further experiments, Nitpick has reported counterexamples for theorem T3 in
Figs. 12, 15 and 19 when logic S4 is used. However, these counterexamples could not
yet be reproduced if Scott’s axiom A3 is replaced by his generalized axiom Ax1Gen
fromSect. 4, but also no proof could be found. This inconclusive situation thus requires
further study, which was not possible in the time frame of this paper. These studies
should also pay attention to the proposed modified notion of property inclusion from
Sect. 4.5 as an alternative to the modification of the notion of essence.

6 Conclusion

Several variants of Gödel’s ontological argument, including the one proposed by Scott,
originally formulated with pen and paper in modal higher-order logic, were studied
in detail with a modern proof assistant for classical higher-order logic. The bridge
between these two logic contexts and the multiple formalization variants considered
(e.g. with respect to different notions of quantification) was made possible by the use
of a flexible, logico-pluralistic knowledge representation and reasoning methodology,
which distinguishes between a metalogic (classical higher-order logic) and various
object logics (variants of higher-order modal logics) encoded in it.32

Our systematic experiments have reconfirmed some known results from previous
relatedwork, but theyhave also revealed somenewaspects that are includedhere for the
first time. Moreover, this work presents the first formalization work that actually stays
as close as possible to what Gödel originally presented in his 1970 manuscript. Gödel,
as stated in his “philosophical viewpoints”, was apparently convinced that “There is
a scientific (exact) philosophy and theology, which deals with concepts of the highest
abstractness; and this is also most highly fruitful for science.” [2, p.316, 9.4.17].33

In this light, our contribution can be seen as a consistent next step, which Gödel
eventually already envisioned: from informal metaphysical studies and arguments, to
formalization of the concepts in appropriate logics, to systematic experimentation, and
finally to verification (or refutation) on the computer.

Gödel’s philosophical notebooks (see, e.g., [114]), while still being under investiga-
tion in various research projects, provide increasing evidence that Gödel was searching
for and developing, mostly in private, a holistic and comprehensive view of the foun-

32 It is also worth noting that the techniques presented in this article have (i) been very fruitfully used
and tested for about a decade by the first author and colleagues in the classroom to support a hands-on
university-level logics education, and (ii) they should be adaptable to eventually support, together with
students, the formalization and evaluation of recent contributions in the area, e.g., such as [111] or [112].
33 Note the corrections made to Wang’s transcription [2, p.316, 9.4.17] of Gödel’s list of 14 philosophical
viewpoints as presented by Crocco and Engelen [113]. Unfortunately, there are also errors in Crocco and
Engelen’s transcription, as one anonymous reviewer pointed out: Item 9 has to be “Das formal Rechte ist eine
Wirklichkeitswissenschaft”. This relates to Gödel’s lecture “The modern development of the foundations
of math. in the light of phil.”, where he mentions a linear order of philosophical viewpoints from left to
right, theology standing at the far right. This is an important point for the ontological proof as it is an
outstanding example of das formal Rechte (i.e. formal theology, formal metaphysics), which Gödel regards
as eine “Wirklichkeitswissenschaft”.
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dations of mathematics, metaphysics and theology, and so it is not surprising that the
notion of God that he tries to capture with the axioms and definitions presented in
his 1970 manuscript on the ontological proof is a maximally abstract and maximally
consistent, respectively rational, entity, whose set of properties bears a connection to
the mathematical structure of an ultrafilter. In this light, it is also not a big surprise that
modal collapse, as (presumably) intended by Gödel, follows from his postulates.34

The mathematical structure that Gödel models here as his notion of positive properties
that characterize a God-like entity is therefore a very abstract counterpart to what most
religions would accept as their usually overburdened notion of God. Recall that for
Gödel “Religions are, for the most part, bad – but religion is not.” [ibid].

However, whether Gödel’s postulates, as presented in his 1970 paper, are indeed
convincing and suitable to adequately model this abstract notion of God he was aim-
ing for is still controversially debated, and represents an interesting and challenging
opportunity for further research, eventually also supported by further experimentation
with modern mathematical proof-assistant systems, as demonstrated in this article …
since for Gödel “There are systematic methods for the solution of all problems (also
art etc.)” [ibid].

Supplementary information

The Isabelle/HOL source files as shown or mentioned in this article are attached as
a supplement. In addition these sources are available for download in the Archive
of Formal Proofs (AFP) at https://www.isa-afp.org/entries/Notes_On_Goedels_
Ontological_Argument.html [44] (the AFP version of the sources is slightly modi-
fied to comply with AFP requirements).

Appendix A: Inconsistency of Gödel’s 1970 ontological proof: using
possibilist quantifiers only

Using only possibilist quantifiers in the formalization of his 1970 manuscript does not
prevent the inconsistency reported in Sect. 4.2; see Fig. 16.

Appendix B: Verification of Gödel’s 1970 ontological proof: modified
notion of essence and using possibilist quantifiers only

The results reported in Sect. 4.4 are still valid when using possibilist quantifiers only;
see Fig. 17. The only difference is that in lemma UniqEss2 we now find counterex-
amples only when we consider two possible worlds (or more). Previously, in Fig. 7, a
counterexample was reported already for one possible world.

34 It must be acknowledged that some philosophers take a different view here, e.g., blaming full compre-
hension as a possible cause of modal collapse; see also Footnote 21.
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Fig. 16 Gödel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent. In contrast
to Fig. 6 we here use only possibilist quantifiers and still derive falsity. Modified lines compared to Fig. 6
are marked with “(**)” in red

Appendix C: Verification of Gödel’s 1970 ontological proof: modified
notion of necessary property implication and using possibilist quanti-
fiers only

The results reported in Sect. 4.5 are still valid when using only possibilist quantifiers;
see Fig. 18. The only difference (in line 23) is that now only one model of cardinality
one is found for Gödel’s postulates.
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Fig. 17 After an appropriate modification of the definition of essence, the inconsistency revealed in Fig. 16
is avoided, and the argument can be successfully verified in modal logic S5 (indeed, as shown, only the
modal schema B is actually needed). In contrast to Fig. 7 we here use only possibilist quantifiers to obtain
these results. Modified lines compared to Fig. 7 are marked with “(**)” in red

Appendix D: Verification of Scott’s variant of Gödel’s ontological
proof: using possibilist quantifiers only

The results reported for Scott’s variant in Sect. 5 are still valid when using only possi-
bilist quantifiers; see Fig. 19. The only difference is that in lemma UniqEssence2 we
now find a counterexample only when considering at least two possible worlds, but
not for a single possible world as before.
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Fig. 18 After an appropriate modification of the definition of necessary property implication, the inconsis-
tency shown in Fig. 16 is avoided, and the argument can be successfully verified. As shown here, this still
holds when using possibilist quantifiers only. Modified lines compared to Fig. 8 are marked with “(**)” in
red

Appendix E: Necessary existence of an Evil-like entity derived from a
modified set of axioms

By rejecting Gödel’s assumptions and instead postulating corresponding negative
versions of them, as shown in the Fig. 20, the necessary existence of Evil becomes
derivable. Note that the empty property λx .⊥ and self-difference λx .x �=x now become
positive properties, and the tautologous property λx .� and self-identity λx .x=x are
now non-positive. The non-positive properties of this “Evil-like” entity are thus appar-
ently identical to the positive properties of Gödel’s God-like entity.
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Fig. 19 Scott’s variant of Gödel’s ontological proof is still valid when using possibilist quantifiers only.
Modified lines compared to Fig. 12 are marked with “(**)” in red
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Fig. 20 The necessary existence of an Evil-like entity proved from (controversially) modified assumptions
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