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Trend estimation for time series with
polynomial-tailed noise
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Abstract: For time series data observed at non-random and possibly non-
equidistant time points, we estimate the trend function nonparametrically.
Under the assumption of a bounded total variation of the function and
low-order moment conditions on the errors we propose a nonlinear wavelet
estimator which uses a Haar-type basis adapted to a possibly non-dyadic
sample size. An appropriate thresholding scheme for sparse signals with an
additive polynomial-tailed noise is first derived in an abstract framework
and then applied to the problem of trend estimation.

Keywords and phrases: time series, trend estimation, wavelet thresh-
olding.

1. Introduction

We consider the problem of estimating the trend function of a process observed
at non-random, not necessarily equally spaced time points. We assume that this
function has a bounded total variation which includes cases where the function
is mostly smooth but has a few jumps. In such scenarios with an inhomogeneous
smoothness a locally adapted degree of smoothing is required in order to obtain
good rates of convergence. For example, Fourier series methods, kernel estima-
tors with a global bandwidth and linear spline smoothers do not achieve this
goal, see Figure 1.1 for illustration. In contrast, a wavelet expansion of such a
function provides an efficient representation in terms of the corresponding coef-
ficients: only a small fraction of coefficients are large in magnitude whereas the
majority of them is small and therefore negligible. A common strategy consists
of separating the large coefficients from the small ones by nonlinear threshold-
ing, which means that the former are estimated and the latter are discarded.
Such methods have become popular in the 1990s; see for example Donoho et
al. (1995) and references therein. In the case of normally distributed errors and
with a sample size n, a popular choice of the thresholds is 1/2log(n) times the
standard deviation of the empirical wavelet coefficients. Donoho (1995) showed
that this choice provides a so-called “denoising”, that is, with high probability
the estimator of the function is at least as smooth as the true function and
its mean squared error is minimax-optimal in many function classes up to a
logarithmic factor. Moreover, Donoho and Johnstone (1994) proved that such
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estimators have a mean squared error which differs from an ideal estimator by
at most a logarithmic factor. Even in cases with non-Gaussian and dependent
errors, thresholds as in the Gaussian case can be asymptotically appropriate
since empirical wavelet coefficients at the important scales are asymptotically
normal in a sufficiently strong sense, see e.g. Neumann (1996), Neumann and
von Sachs (1997), and Dahlhaus and Neumann (2001). In the context of inde-
pendent noise variables which have finite moments of a sufficiently large order,
Averkamp and Houdré (2005) showed that soft thresholding achieves the same
asymptotic performance as in the Gaussian case. Moreover, for independent
variables with heavy tails, these authors proposed a pre-processing of the data
by median filtering which compensated for missing finite moments, and finally
led to the same rate of convergence as in the Gaussian case. Truly non-Gaussian
thresholding rules were proposed by Gao (1993) in the context of spectral den-
sity estimation, by Kolaczyk (1999) for estimating the intensity function of a
Poisson process. In these cases, the proposed thresholds are larger than those
in the Gaussian case. Nonparametric estimation of a function with potentially
inhomogeneous smoothness properties observed at non-equidistant data points
has already been considered by a number of authors. For example, Mammen
and van de Geer (1997) used least squares regression splines regularized by a
total variation penalty. Amato et al. (2022) used wavelet thresholding under the
assumption of sub-Gaussian noise.

In the present paper, we avoid the standard assumptions of a dyadic sample
size, equally spaced sample points and i.i.d. Gaussian or sub-Gaussian noise.
In Section 2 we introduce our model and argue that the wavelet coefficients at
fine scales are sparse. More importantly, we derive our results under low-order
moment conditions which are often imposed in time series analysis. We only
require finite moments up to order four and impose a standard condition on
the joint cumulants of the errors. This results in a relatively slow polynomial
decay of the tails of the distribution of the empirical wavelet coefficients and
requires an appropriate adjustment of the thresholds. Section 3 is devoted to
a thorough discussion of estimating sparse signals blurred by polynomial-tailed
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noise. It is shown in abstract Bayesian and minimax contexts how an optimal
rate of convergence depends both on the level of noise as well as the degree of
sparsity and how this rate can be attained by an appropriate choice of a thresh-
old. As a further prerequisite for our main results, we discuss the construction
of a Haar-type basis for a possibly non-dyadic sample size n in Section 4.1.
We use appropriately adapted basis functions which however share the essen-
tial properties of the Haar basis. This deviates from the approach in Amato et
al. (2022) who intended to apply the standard discrete wavelet transform and
therefore proposed to embed the data points z1,...,z, into a fine equispaced
grid {1/N,2/N, ..., 1}, where N = 27 for some J € N and N >> n. The regular-
ization scheme developed in Section 3 is applied in Section 4.2 to our particular
problem of the estimation of a possibly discontinuous trend function of a time
series. In Section 4.3 we extend our results to a partially linear model which
was also considered in Amato et al. (2021). While these authors proposed to
estimate the parameters of the linear part and the wavelet coefficients simulta-
neously, we use a simpler approach where the linear part is first fitted by least
squares and wavelet thresholding is applied to the empirical wavelet coefficients
afterwards. Section 5 contains some simulations and a real data example. It is
shown that the proposed nonlinear wavelet estimator clearly outperforms ker-
nel estimators with an optimally chosen global bandwidth. Proofs of our main
results are postponed to Section 6 and a few auxiliary results are collected in a
final Section 7.

2. Assumptions and a preview of our main results

Suppose that we observe Y7, ...,Y, which form a not necessarily stationary time
series and that EY; = mg(z;), where x; < 2 < ... < x, are ordinal variables
representing e.g. time. This leads to the model

th = mo(l't) + &, t= 17...771. (21)

We do not assume any parametric model for the mean function my; instead we
assume that its total variation is small in relation to the sample size n. For a
real-valued function f defined on a set X' C R, its total variation on a subset
X is defined by TV(f; X) = sup{z:i]\;1 |f(zi) — flxiza)|: {x1,...,zn} C
é’?, 1 <x3...<zyn, N €N . We assume

(A].) TV(mo;{l'l,...,.’En}) S Co.

Regarding the errors €1, ...,&, we impose the following weak conditions that
are standard in time series analysis.

(A2) (i) Fe =0,
(ii) sup, ), cov(es,er) < Ch,

(iii)  sup, Zm,v cum(es, €4, €y, &y) < Oy,
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Here Cy, C4, Cy are fixed finite constants and
cum(es, €4, €y, y) = Elesereyey] — Eleset] Eley o] — Eles eu] Ele 0] — FEles €] Elet €u)
denotes the joint cumulant of e, &4, €y, &,.

We propose an estimator m,, of mg which will be based on a wavelet expansion
of this function. Its performance is measured in terms of the mean squared
error at the sample points, i.e. E[(1/n) Y1 (M (zy) — mo(a:t))z}. Under our
assumption (A1) a variant of the Haar basis is an appropriate simple choice.
We present in Section 4 a version of this basis which is adapted to possibly
unevenly spaced design points and a non-dyadic sample size. Then the function
mg can be represented as

Tn
mo(ze) = ay  + Z Z Bk jk(xe),
7=0 k:(j,k)EL,
where o = (1/n) 31, mo(z4), 5?,1@ = (1/n) >4 mo(@e) ¥jk(xt), Jp such that

270 < n <2/ and 7,, C U;']lo ({7} x {1,...,27}); see Section 4 for details.
Our wavelet estimator has the form

Jn
M) = a0+ > > Bistik(z),
J=0 k:(j,k)ELn

where ay and the Bj,k are estimators of the corresponding coefficients. Since the
basis functions form an orthonormal system w.r.t. the inner product (f,g) =
(1/n) >0, f(z¢)g(zt), we have the isometry

Jn

%Z(T/ﬁn(ﬂft) - mo(ﬂu))2 = Z Z (ng — B?k)Z.
=1

7=0 k:(5,k)EL,

This separation into the contribution of single coefficients makes an analytic
study of the asymptotic performance of m,, possible.
Under assumption (A1) we obtain that

27 )" BY < Co27H/% (2.2)
ke (J.K)ET,

see (7.1). Empirical versions of the wavelet coefficients can be obtained from
the sample as &y = (1/n)Y.;_,Y: and B, = (1/n) >, mo(z¢)Y;. Under
assumption (A2) we obtain by Lemma 7.2 that

E[(Bjx = 89,)"]
t4

<OVt vE>0, (k) € Ty,

(2.3)
—-1/2

P(\Ej,k—ﬁgd > t) <

for some C' < co. At fine scales j, 2739/2 gets smaller than the noise level n
and the degree of sparsity may be described by the ratio g, ; = n=37/2/n=1/2 In
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the next section we study an abstract model which mimics the situation we are
faced with when we estimate the wavelet coefficients at fine scales. This suggests
how the empirical wavelet coefficients can be regularized such that the resulting
estimator attains an optimal rate of convergence. In Section 4 we introduce a
variant of the Haar basis which is adapted to possibly unevenly spaced design
points and a non-dyadic sample size. Then we apply the regularization scheme
derived in Section 3 and obtain our wavelet estimator of my.

3. Optimal reconstruction of sparse signals from data with
polynomial-tailed noise

In this section we consider an abstract model which mimics the situation we
are faced with when we estimate the wavelet coefficients at fine scales; see in
particular (2.2) and (2.3). Suppose first that we observe real-valued random
variables Y7,..., Yy such that

Ye =6 +er, k=1,...,N, (3.1a)
where
e~ Q- € Qo= {Q: 1-Q([-t.1]) < (e/t)* Vt>0 (3.1b)
and
T 1 &
0 = (01,...0n8)" € Ong = {0ERY: N; O <ea  (310)

for some ¢q € (0, 1). Note that £ does not have a finite fourth moment in general
and it is also not required that Fep = 0. This includes the case of deterministic
noise if |e;| < e. In any case, it follows from Lemma 7.1 with ¢ = 0 that

E[ai] = 2/00 (1 - Qc([~z,a))) xdx < 2/6xdaz + 2/ooe4x73da: =26,

0 0

(3.2)
that is, € may be interpreted as noise level. The constant ¢ in (3.1c) describes
the degree of sparsity of the signals 61,...,0y in relation to e. To obtain a

guideline for an appropriate regularization we consider first corresponding Bayes
and minimax problems.

To establish a Bayesian framework, we suppose that 6, ...,60y are indepen-
dent and follow a three-point prior, i.e.,
. _ p/27 if v € {_)‘7>\}a
O ~ m; m({z}) = { 1—p. w0 ) (3.3a)
where p = ¢*/? and XA = eq~'/3. Suppose further that the errors e1,...,ey are
independent, also independent of the signals 64,...,05, and

Ep ~ T. (3.3b)
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Then
N

1
E[NZWM} =pA = e€q,
k=1
that is, (3.1c) is satisfied on average. Furthermore, P(|ex| > t) < (¢/t)* Vt > 0,
that is, e ~ Q< € Q.. The following results shows how the Bayes risk depends
on the degree of sparsity.

Proposition 3.1. Suppose that (3.1a), (3.3a), and (3.3b) are fulfilled.
Then the unique Bayes estimator T*(Yy) is given by T*(—2)\) = =\, T*(=\) =
=A/2,T*(0) = 0, T*(\) = N\/2, T*(2)\) = X, and its Bayes risk is equal to

E[(T*(V) — 6,)°] = €4*%)2.

This result can be used to obtain a lower bound to a related minimax risk.
Suppose in addition that ¢=*/% = O(N'~7) for some v€ (0,1). Let § > 0, and
let 7) be the N-fold product of 7. Let T = T'(Yy,...,Yy) = (T1,...,T,)T
be the Bayes estimator of the vector § w.r.t. the prior given by the truncation
of 7V to OnN,q(1+6)- Then a lower bound to the minimax risk over Oy 4(145) is
given by a corresponding Bayes risk,

N

1 ~ 2
Ep|— T — 0)" | de ™) (0
/@ Q[N;(k 0] dx™(0)
RY N4 RY\ON 4(1+5) N4

The first term on the right-hand side can be estimated from below by
Ja~ Eo[(1/N) Egil (T~ (Yk)—Qk)2] dr™)(9) = €2¢?/3 /2. Regarding the second

one, note first that T} € [—X, A] holds with probability 1, which leads to
1 al 2
E ' T 2 _ 42 -2/3
EQ[N 2 (T}€ Qk) ] < (2)\) = 4e q .

On the other hand, we obtain from Bernstein’s inequality that

N
1
P(0¢OnNqurs) = P(NZWH — E|0y| > GQ(1+5))
k=1
2
< exp{ _ (Neq(1+0))%/2 }
> w1 El(10k] = E10k)?] + [61] = E[0]1 __ (Neg(1+0))/3
= eXp{_RN 9
where 2 N
1/Ry = NAD + AMVeq O(N—lq—4/3) - O(N_'Y).

(Neg)?
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This implies that the second term is of order O(qu*2/3 exp{fRN}) and we
obtain that

N
. 1 N
n%fsup{Eg{N E (Ty — 9)2] : 0 €ON4s), €15+ EN ~ Qe € Qe}

k=1
> (€2¢*7/2)(1 4 0(1)),

(3.4)

as N — oc.

Although the form of T might suggest that the linear estimator Yy /2 of 0y, is
appropriate, this is no longer true for some other error distributions which satisfy
(3.1b). If, for example, e, ~ N(0,€?), then it follows from E[(Y}/2 — 0;)?] =
€2/4 + (0x/2)* that the Bayes risk of Y, /2 under 7 is equal to €2/4 + pA?/4 =
€2(1 + ¢*/3) /4, that is, it is dominated by the variance of Y} and there is not
the desired gain due to the sparsity of the signal 6. This is of course in line
with common folklore that nonlinear methods are required in order to efficiently
estimate sparse signals. R R

We therefore consider estimators 0, = T(Y}) which satisfy the following
conditions:

~)

(y) =0, if [yl <t (3.5a)
and

Ty) -y <t if [y| > t. (3.5b)

Note that the popular methods of soft and hard thresholding with threshold ¢
satisfy these conditions. The following theorem shows that the above estimator
attains the optimal rate of convergence.

Theorem 3.1. Suppose that (3.1a), (5.1b), (3.5a), and (3.5b) are fulfilled. Then
. ~ 02 + 9E[e2 1(|ex| > t/2)] if 0] < t/2
— 2 k k = )
(i) E[r— 6] < { 22 + 4é? if |0k] > t/2
(i) If in addition t = KX = Keq~'/3 for some K > 0, then

N

1 0 2
sup E, {7 0. — 0 } =0 62 q2/3 .
0€EON q(1+46)) €15 EN~VQe€EQe 0 N ; ( k k) ( )

4. Main results
4.1. A Haar-type basis for unevenly spaced data

Let us first consider the simple case where we have to deal with a real-valued
function f on the unit interval (0,1]. This interval can be decomposed into
intervals

I

e = ((k—1)277 k277], j=0,1,2,...; k=1,...,2.
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To define the Haar basis we start with a scaling function ¢ = 17,, = L1
and a mother wavelet v = 15, — 15, = L1/2 — L(1/2,1)- Using dila-
tions and translations we obtain wavelets wj,k 23/2 (]lI]+1 _— ]11j+112k) =
29/24p(27 - — (k — 1)), where j > 0; k= 1,...,2/. The collection of these func-

tions {¢07¢j,k(j > 0;k =1,...,27) forms an orthonormal basis of Lo((0, 1]).
An arbitrary function f € L2((0,1]) can be expanded as

oo 27
f@) = aodo(x) + > Bixtjula
=0 k=1
where ag = [ ¢o(z)f(z)dz and B, = [¢;k(z)f(x)dz. Since the wavelets
Yj1,.-.,%j 2 are supported on respective disjoint intervals I 1,...,1; 2, we

obtain the following estimate for the size of the wavelet coefficients:

2.7 2.7
> Bik = D Mkl - (TV(£Lik)/2) < 279727V TV(£5(0,1).  (4.1)
k=1 k=1

Suppose for the time being that we have a dyadic sample size n = 2/»*! for
some J, € N and that z; = t/n for all t = 1,...,n. Then we can directly use
the Haar basis for our purposes. Let my be a piecewise constant continuation
of mo(x1),...,mo(z,) on the intervals (w;_1,x¢], i.e., mo(x) = mo(x) Vo €
(2¢—1,2¢]. Then mg can be perfectly represented by the first n basis functions,

Tn 27
mo(z) = ap do(x JrZZ@]kl/fjk
j=0 k=1
where af = [ ¢o(z) mo(z)dz = (1/n) >}, mg(asf)andﬂ = [ Vik(x)mo(x)de =

(1/n) >ty ¥jk(ze) mo(z¢). We have in particular that

o 2
mo(z) = af + > > B wiule)  Vi=1,....n

=0 k=1

The observations Y7, ...,Y, can also be described this way,

<

n

27
Y%—Oéo(bo xt ZZﬁ;kwyk UCt

=0 k=1

where &y = (1/n) > 1, ¢o(z)Y: = Y, and ﬂj,k = (1/n) X} Yjk(z)Ys
are empirical versions of the respective wavelet coefficients. Since the vectors

(bo(21),- - do(wn))” and (¥ x(@1),- -, i x(@n)) G=0,...,Jp; k=1,...,27)

form an orthonormal basis of R™ w.r.t. the inner product (-, -) given by (a,b) =
(1/n) >4 a;b;, we also obtain, for M, (z) = dp + Z o Zk L Bik (), that

Jn 27

LS ) = ) = @0~ ) + 303 (o~ )

t=1 =0 k=1
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If the sample size n is not a dyadic one, then we have to modify the above
approach slightly. Since the x; can be considered as ordinal variables, we simplify
our notation by sticking to our assumption that x; = t/n. We choose the finest
scale J,, such that

2/ < < 20t

As above, we take as a starting point dyadic intervals on (0, 1]:
Lix = ((k—1)277,k277], j=0,...,Jp+1;k=1,...,2,
It suffices to the specify the functions ¢g and 1, ; at the points z1,...,z,. Let
do(ze) = 1 Vi=1,...,n

We define wavelet functions 1); 5 such that the essential properties of the Haar
basis are retained: These functions shall form an orthonormal system w.r.t. the
inner product (-,-) and they should efficiently describe functions with jumps.
Let

Njk i= #{1 <t<n: z €l

It is not difficult to see that
n277] < nig < n2=7 + 1.
7,

(Since the length of the interval I is 277 and the distance between adjacent
points z¢—1 and x; is 1/n, we obtain that n;j, = n277 if n277 is an integer.
Otherwise, if n277 is not an integer, then n;, > [n277]. On the other hand,
njk > n277 + 1 is impossible since this implies n; ) > [n277] + 2 and so the
length of I; ; would exceed ([n277]+1)/n. This, however, leads to a contradiction
since ([n277] 4+ 1)/n > n277 /n = 279.) First we obtain a system of orthogonal
functions by

~ 1 1 .
,(/)j,’f = ] ]11j+1,2k:—1 - ]le+1,2k V(],k‘) €1y,
Njr1,2k—1 Tj41,2k

where Z,, := {(j7 k): njti2k—1 >1and nji19r > 1 . Sinceny, 415 < n2~(ntl) 4
1 < 2, we obtain ny, 41 < 1 for all k = 1,...,27»*1 This implies that
(j k) € I, if j > Jp, i.e., J, is the finest scale where functions zzj,k are defined.
Moreover, the ‘decomposition pyramid’ does not stop before the interval (0, 1]

is decomposed into the smallest possible intervals ((¢ — 1)/n,t/n]. For example,

if nj, = 2, then nj1195-1 = njp1,2¢ = 1, and so (j,k) € Z,. This implies in
particular that #7Z,, = n — 1.

3

We have
1 — .
(G0, P1) - ZZ o(@) Yix(e) =0 ¥(j.k) €T,
and
~ ~ 1 n . ) . AN
(W g7 1) :=—Z p@) V(@) =0 YGK), (G K) € T, (5.k) # (7' ),
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i.e., these functions form an orthogonal system w.r.t. the inner product (-, ). It
remains to normalize these functions. Since

@j,k, {/;j,k> = ! ! + !

b
N Mjt41,2k—1 Nj+1,2k

we obtain by

~ [~ ~ \/ﬁ 1 1
ijC = ’l/)j7k/ <¢j7k7¢j,k> = 1 1 ( ]]‘Ij+1,2k-—1 - ]]‘Ij+1,2k)

+ Nj+1,2k—1 Nj+1,2k
MNj41,2k—1 MNj41,2k

that (v x, ;%) = 1. The vectors

b0 = (1/Vn)(do(@1),- .., do(an)) "

and
$on = (V) (k@) i)’ Y0, E) €T,

form an othonormal system in R™. Since #Z, = n — 1, this is even an or-
thonormal basis. As in the case of n = 27/7*! we have, for m,(r) = ay +

In > .
ijo Zk:(j,k)eln Bj.k ¥jk(x), the isometry

<
3

LS (o) = molo0)? = (B0 — o)+ (s~ 00" (42
t=1

J k:(j,k)EL,

I
<

4.2. A nonlinear wavelet estimator of the trend function

Now we consider an estimator m,, of mg, where

I
My () = Qo + Z Z Bk (o).

J=0k: (j,k)eT,

The coefficients &g and f; ; of this wavelet expansion are derived from corre-

sponding empirical versions do = (1/n) Y1, do(2:) Yy and B = (1/n) S0, ¥ 1 (24) Vi

of the true coefficients af = (1/n) Y27 ¢o(xt)mo(x) and 57, = (1/n) Y27 ¥jk(z)mo(w:)
of the function mg. In view of the isometry (4.2) above, we direct our attention

to the estimation of the coefficients. It follows from Lemma 7.2 that

~ 4 _ )
E[(Bix — Bj1) ] < C3n™? V(j, k) € Ly, (4.3)
for some C3 < oo, which implies that
P(1Bjw — 8% >1t) < C3(n7Y2/1)* V> 0. (4.4)

On the other hand, we obtain similarly to (4.1) that

270 Y 1B < Co27H2, (4.5)
k:(j,k)EL,
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This means that the signal becomes sparse in relation to the noise level n=1/2
at scales j where 2737/2 is of smaller order than n~'/2. The degree of sparsity is
expressed by ¢, ; = n'/22731/2 In view of the message provided by Theorem 3.1
we will modify the empirical coefficients Ej’k nonlinearly at scales 7 > J:, where
J? is the critical level. Let, for definiteness, .J* be such that 272~ < nl/3 < 27x
and let ¢, ; = anl/Qqn 1/3 = Kn~2/321/2 where K is an arbitrary positive
constant. We focus on the estimator

Jr—1
Fin(r) =G0+ Y. > Bixtikl) + Z ST Birin(x),
J=0 k:(j,k)ELn J=J5 k:(j,k)€Ln

where, for (5,k) € Z,,, 7 > J,

Bix =0, if B 5] < tn (4.6a)

and R _ _
Bik — Bik < tng, if |Bjk] > tn ;- (4.6b)

Popular examples of such a strategy are hard thresholding,

)

am )0, if |Bk] < tnj,
Biw =9 7 18, ,
BJ,]W 1 |/6_77k| Z tna]

and soft thresholding,

B = sen(Bix) (1Bin] = tny)”

Note, in passing, that there is a well-known connection between soft thresholding
and [1-penalization, i.e., 5;2 is the unique minimizer of the function g — (8 —
Bi k)% + 2t ;|B|. Tt follows from (4.3) that

Jr—1
~ 2 o _
E[(@—af) T+ Y. > BB -8 = 0@k nt) = 0(n )
=0 k:(j,k)ET,
(4.7)
In order to estimate the contribution to the risk by the other coefficients we use
the following result. It improves the simple upper estimate ), . (G k)ETn (ﬂg WA
ta; < tug Yok (ke
Theorem 4.2 below.
Lemma 4.1. Let mg: (0,1] — R be such that TV(mo; {z1,..., acn}) < Cy and

let t, ; = Kn=2/321/2_ Then, for /B?,k = (1/n) >0 ¥jk(ze)m(zy),

Sn(mo) = Z Z ( jk) /\ti] - O(n72/3)'

j:29>n1/3 k:(jk)ET,

,8;.)7,6| = O(n~%/3) and it is essential for the proof of
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Since var(gmk) = O(ty,;) for all (j,k) € Z,,, j > J;, we obtain from (i) of
Theorem 3.1, that for j > J7,

S E[Bix— 8%

k: (jok)ET,

= Z O(mln{ , n,] [(5gk )2 (|5gk Q,k| >tn,j/2)D‘

k:(j,k)EL,
Since
Yoo o min {846, <tay D 1B = 0(n?)
k: (j,k)el_n k: (j7k)el-n
and

E[(Bjx=B01)> L(Bjn =B34kl > tn3/2)] < E[(Bjn—B71)"]/(tn3/2)* = O(n~?/3277),

it follows that

ST BBk - 82)7] = 0(n?). (4.8)

k:(j,k)ET,

Since J,, — J;; = O(log(n)), we obtain from (4.7) and (4.8) the following result.

Theorem 4.1. Suppose that (A2) is fulfilled. Then

Sup{ {% i (i (1) mg(xt))ﬂ 0 TV(mg; [0,1]) < Co} = 0(n=%3 log(n)).

t=1

This result can be improved if we replace condition (A2) by the following
majorization condition for the distribution of the empirical wavelet coeflicients.

. Jr-1 > 2 _
(A2) () E[(d _%) ]+Z Zk:(j,k)eInE[(Bj,k - ?k) ] =0(n 23).
(ii)  There exists a distribution function G on [0,00) (not necessarily a
probability distribution function) such that f < 2% dG(z) < oo and

P(n!? Bik ~ 8% >z) <1 G) Vo >0 (4.9)

holds for all (4, k) € Z,,, j > J;.

Remark 1. Condition (4.9), as it stands, is a high-level condition and such
conditions should be avoided wherever possible. There are however scenarios
where this relation follows from simple conditions on the errors €1, ... ,&,.

1) Ifeq,...,e, are jointly normal with zero mean, then

n2 (B — B9,) ~ N(0,02,),
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n

orp = n! Z ik (xs)Yjk(2e) cov(es,er) < 121/% Ts) Z cov(es, er)
s,t=1 s=1 t=1

n

< 7% := max cov(es, et)
1<s<n

In this case, G(z) = 2®(xz/5) — 1 satisfies (4.9).
2) Ifey,...,e, are independent with zero mean

i, Blled’] < o0

for some v > 4, then we obtain by Rosenthal’s inequality (see Theorem 3
in Rosenthal (1970)) that

E[vnBix — B%%) ]
= E[ % ;¢j7k($t)€t ’Y]

< €y max{ Y Bl wyawevi ) (SB[ vtz vat) )
< O, max {E[\etp]: 1<t<n = C’;.

(The latter inequality follows from (1 x(2:)/v/n)* < (1/n) Yo7, 47 (1) =
1.) Then

P(nl/2 Ej,k —B?k >z) < min{l,ny/xV =1- G(z) Vo > 0.

and it holds that [, z* dG(z) < oo, as required.
3) If, for v > 4, € > 0, and some even number ¢ > 7, £1,...,&, are strong
(—) mixing with coefficients satisfying
o0

Z(r +1)c72 (a(r))e/(CJre) < 00,

r=1

and if the & have zero mean and maxi<i<, E[|e¢[77¢] < oo, then we
obtain from a Rosenthal-type inequality (see e.g. Doukhan (1994, page 26,
Theorem 2)) that

— -

BV "] = Bl 7= Y wiatwoz "] < € (B[a)) " = ¢

Then G given by G(z) := 1 — min {1, C’g/x’y satisfies (4.9).

Under (A2’) we obtain a rate of convergence without a logarithmic factor which
is known to be optimal in many similar estimation problems.
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Theorem 4.2. If (A2’) is fulfilled, then

Z (fﬁn(xt) — mo(ﬂct))g} 2 TV (me;{z1,...,2n}) < CO} = O(n_2/3).

t=1

S|

sup {E{

4.3. A partially linear model

In this section we add a linear trend and a seasonal component to our origi-
nal model (2.1). To simplify notation, we suppose again that the time points
z1,...,Ty, are equidistant and that the seasonal component has period p. This
leads to the partially linear model

Y, = ((x1— Zn) /(@0 — 21))70 + 7& mod p)+1 T Mo(Tt) + &, t=1,...,n.
(4.10)
Throughout this section we assume that (A1) and (A2) are fulfilled.
In a first step, the parameter 0 = (79,~Y,... 7’}/2)T is estimated by least
squares. We rewrite (4.10) in vector/matrix form,

Y = X9 + mg + e,

where Y = (Y1,...,Y,)T, mo = (mo(x1),...,mo(z,))T, e = (e1,...,e,)T, and
(22 — Zp)/(T0 — 21) 0 1 0 0

(xp—l - jn.)/(afn - 171) 0 O 1 O

X = (xp — Tn) /(20 — 21) 0 0 1
(Tpy1 — Tn)/(2n — 21) 1 0 0

(Tpy2 — Tn)/(Tn — 21) 0 1 0 0

with Z, = (z1 + --- + z,)/n. To ensure identifiability of the parameters we
choose mg such that 377" tmo(z;) = 0 and 351 ycpr. ¢ mod p—i Mo(x) = 0 for
k=1,...,p, which implies that o

XTmg = 0py1- (4.11)
It is easy to see that

n'XTX — Diag[1/12,1/p,...,1/p],
n—oo
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which means that X7 X is regular for sufficiently large n and

~

Yn = argm'yin Y—Xfy2
= argmﬂ}n X7°+m0+s—X72
= argmﬂ}n X70+5—X72
= (XTX)T'XT(XA° + o).

Then

E% = "o,
E[@n=70)@n —10)7] = (X7X)7'XT Cov(e)X (XTX) ™" = O(n).

In a second step we estimate my nonparametrically by wavelet thresholding.
Let B
Y, =Y, — (XAa), = mo(z) + (X(¥° —7n)), + &

It follows from our identifiability condition (4.11) that Y ;| mo(x:) = 0. Hence,
mg can be represented as a linear combination of the wavelets and ¢g is not
needed. Let, for (j, k) € Z,,,

~ 1< ~
Bk = Ezi/fj,k(xt)yt
=1
0 1 0_ = 1 ¢
= Bjk + Equj,k(xt)(X('y —An)), + gz%,k(ﬂft)ﬁt.
t=1 t=1
It follows from Lemma 7.2 that E{ A — 7° 4] = O(n_z)7 which implies

~ 4 _
sgp E[(X(% —7%)) ] = 0(n?),
and therefore, in conjunction with (4.3),

E[(Bix — 8%%)"] = 0(n™?) V(. k) € L.

This is an analog to equation (4.3) which was the starting point for our calcu-
lations in the previous section and we obtain the following result.

Proposition 4.1. Suppose that (Y3): satisfies (4.10) and that (A1) and (A2)
are fulfilled. Then

E[lF—l?] = o),
S (@) = mo(@)® = Op(n=%? log(n)).

t=1

1
n



/Trend estimation with polynomial-tailed noise 16

5. Simulations and data examples
5.1. Simulations

We illustrate the finite sample performance of the wavelet estimator with soft
thresholding proposed in Section 4.2 using the following two trend functions:

1.5+, telo,1/2),
f(t) =401, te[1/2,2/3),
3VE—2/3+01, te[2/3,1)

(1) = 10t — [10t],  te[0,0.7),
0.5, te[0.7, 1).

The shape of the first function is motivated by our data example displayed in
Figure 1.1 and analyzed in Section 5.2. The second function is used to illustrate
that our approach can successfully estimate rough functions with several jumps.
In both cases, we simulate an AR(1) noise process (&;); with autoregressive
param . 5.1.

9
00 04 08

grid grid
F1G 5.1. Red: function f (left) and g (right), black: data generated according to Y = f(t/n)+
et (left) and Yy = g(t/n) + &t (right).

We calculate the wavelet estimator proposed in Section 4.2 and compare it
to the Nadaraya-Watson estimator generated with the function kreg from the R
package gplm. For the Nadaraya-Watson estimator we consider both, the rect-
angular and the Epanechnikov kernel. For our estimator as well as the kernel
estimator we choose the tuning parameters (threshold parameter K and band-
width b, respectively) in an MSE-optimal manner using a grid search. Figures 5.2
and 5.3 display the resulting box plots based on 1000 Monte Carlo iterations. In
both settings, the wavelet estimator outperforms the competing kernel estima-
tors. Moreover, note that the MSE-optimal bandwidths for the kernel estimators
are much smaller than the corresponding default values chosen by Scott’s rule
of thumb (Scott (1992, p. 152, eq. 6.42)) which are b = 0.186 for the rectangular
kernel and b = 0.145 for the Epanechnikov kernel, respectively, in case of the
function g. The latter bandwidths lead to oversmooth estimators of the trend
function, while the choices in Figures 5.2 and 5.3 result in an overfitting.

5.2. A real data example

The data set contains monthly overseas arrival data in Australia. More precisely,
it consists of monthly recordings of international border crossings (in millions)
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Fic 5.2. left: MSE of the wavelet estimator of f with K = 0.1, middle: MSE of the NW
estimator of f (rectangular kernel with b = 0.009) right: MSE of the NW estimator of f
(Epanec
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Fic 5.3. left: MSE of the wavelet estimator of g with K = 0.045, middle: MSE of the
Nadaraya-Watson estimator of g (rectangular kernel with b = 0.006) right: MSE of the
Nadaraya-Watson estimator of g (Epanechnikov kernel with b = 0.007).

from July 2014 to August 2024, retrieved from the Australian Bureau of Statis-
tics'. As it can be seen from Figure 5.4, there was an abrupt decay of the arrivals
in April 2020 resulting from travel restrictions due to the COVID pandemic.

We applied the partially linear model with soft thresholding, introduced in
Section 4.3 with three different choices for the thresholding parameter K =
0.05, K = 0.1, K = 0.2. For comparison, we additionally fitted a partially
linear model, where the nonlinear part is estimated via classical kernel regression
(Nadaraya-Watson).

Thttps://www.abs.gov.au/statistics/industry/tourism-and-transport/
overseas-arrivals-and-departures-australia/latest-release


https://www.abs.gov.au/statistics/industry/tourism-and-transport/overseas-arrivals-and-departures-australia/latest-release
https://www.abs.gov.au/statistics/industry/tourism-and-transport/overseas-arrivals-and-departures-australia/latest-release
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wavelet estimator with K=0.05 wavelet estimator with K=0.1 wavelet estimator with K=0.2

Fic 5.4. red: original data, blue: (partially linear) wavelet approzimations with different
choices of K

From Figure 5.4 one can see that the wavelet-based estimator is perfectly
able to adapt to the sharp decrease of the arrivals in 2020 irrespective of the
choice of K.

In contrast, the decay of the kernel-type estimator is clearly slower if the
bandwidth is chosen via Scott’s rule of thumb, see Figure 5.5 (left). Reducing
the bandwidth, we observe that the estimator can adapt better to the rough
path of the data. The question of choosing an appropriate bandwidth is much
more important here than choosing the truncation parameter K for our wavelet
estimator. The latter perfectly captures the COVID jump for all three choices
of I~

s
1
1
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!

!
!

border crossings
border crossings
border crossings
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!
!

L
L
L
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!

00 05 10 15 20

00 05 10 15 20

T T T T T T T T T
July 2014 July 2019 July 2024 July 2014 July 2019 July 2024 July 2014 July 2019 July 2024

Nadaraya-Watson estimator (b=default) Nadaraya-Watson estimator (b=0.1) Nadaraya-Watson estimator (6=0.05)

F1G 5.5. red: original data, blue: (partially linear) Nadaraya-Watson approzimation with
the rectangular kernel, black: (partially linear) Nadaraya-Watson approzimation with the
Epanechnikov kernel.

6. Proofs of the main results

Proof of Proposition 3.1. Since the pairs (01,€1),...,(0n,en) are by assump-
tion independent and identically distributed, it suffices to consider the Bayes
risk for a single coefficient. Let Py be the distribution of Y given 6 = 6 and
let T'(Y)) be an arbitrary estimator of 6. Then its Bayes risk w.r.t. prior 7 and
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squared error loss is given by
E[(T(Yi) — 0:)7]
= 7({0}) {Po(Yi = =N T(=N)? + Fo(Yi = 0)T(0)* + Po(Yi = ) T(N)?*}
+ m ({20 {Pa (Ve = =20) (T(=22) + X)” + Py (Y = =) (T(=3) + 1)’
+ P (Y = 0)(T(0) + 1)}
+ 7 () { P (¥ = 0)(T(0) - A) + PA(Yi =) (T() =)
+ Py (Vi = 20) (T(2 }

(1—-p) {(/2)T(-N)? + (1 p)T(O) (p/2) T(N)?
+ (0/2) {(p/2) (T(=2)0) + 2)* + (1= p) (T(=N) +A)* + (p/2) (T(0) + 1)
+ (0/2) {(p/2) (T(0) = N + (1 =p) (T(N) = N)* + (p/2) (T(2\) — A)°

= (/2 (T(~ 2A)+/\)
+ (1=p) (p/2) {T(=N)? + (T(=\) +\)°
+ (1=p) T(0)* + p/22{(To> N+ (1(0)+)°
+ (1=p) (/2 {TOV) + (T(V) ~A)°
+ (p/2) (T(2)) = \)
Therefore, the unique Bayes estimator T*(Yy) is given by T*(—2)X) = —),

T*(=X) = —=A/2, T*(0) = 0, T*(\) = A/2, T*(2)\) = A, and its Bayes risk is
equal to

E[(T*(Yy) -

= (»/2°%0

+ (1 =) {(/2) (\/2)” + (p/2) (A/2)?
+(1=9)%0 + (/2) {(p/2) X* + (p/2) N
+ (
+ (

o)’

1-p) {(»/2) \/2)* + (/2) (\/2)?
p/2)*0

41(1-p) (0/2) (A/2)* + 2(p/2)* X

= pA2/2 = &2¢%/3)2.

Proof of Theorem 3.1. (i)  To prove (i) we distinguish between two cases.
1) |0k < t/2
If |ex| = |V — 0| < t/2, then |Y;| < t and so 0, = 0. Otherwise, we
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use the estimate |§k — 0 < |§k —Yi| + |Yi — O] <t+ |ek] < 3lek]
Therefore,

B0, —0,)%] < 62 + 9E[21(|ex] > 1/2)].
2) (0] > t/2 R
In this case we use that |0, — 0| <t + |ex|, which implies by (3.2)
E[(0x —01)?] < 212 + 2EB[e}] < 242 + 4
(i)  We have

N

(1/N) >0 min{67, > < (t/2) (1/N) ) |6k]

ko |05]<t/2 k=1
= (Keq '3)2) eq = 0(62(]2/3).

Moreover, it follows from Lemma 7.1 that

Elef1(lex| > /2)] = 2/;: (1-Qc[~w,a]) wde + (1-Qc([-1/2,t/2))) (t/2)°
< 2 /t:(é/x)4xdx +(e/(t/2) (t/2)? = 8t /t2.

This implies

v X Bl@- 007 = 0(E). (6.1a)

ki |0k]<t/2

Since #{k € {1,...,N}: |0x] > t/2 < (1+)eq/(t/2), we obtain

1 Iy
~ > Ep[(0k—6:)7] < (22 +4) #{ke{l,...,N}: [0k] > t/2
k: |0k >t/2
< (22 +4€)eq(1+0)/(t/2) = O(quQ(/63.)b)
The second result follows from (6.1a) and (6.1b).
O
Proof of Theorem 4.2. We have by assumption that
Ji-1
Bl@ — o))+ > > E[(Bik — 87 = 0(n ).

J=0 k:(j,k)EL,

Since Var(§j7k) = O(ty, ;) for all (4,k) € Z,, j > J}, we obtain from (i) of
Theorem 3.1 that

In
Yo > ElBik -8

j=Jx k~(j k)eT,

Z > o(wmin{(B0%E, + B[k — 800 11k — A% > tni/2)]).

j=J* k:(j,k)EL,
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Lemma 4.1 reveals that

JIn
Z Z min{(ﬁ%k)Q,t%,j = O(nfz/?’).

J=J5 ki (4,k)€Ln

Let now (j,k) € I, with j > J;. Then, since P( Fﬂvj’k — BJQ’,C >z) <1 -
G(z/\/n) Yz > 0,

B[ — 87 1085 — Bl > tn/2)]

< /(n_1/2x)2 ]1(|n_1/2x| > Kn_2/32j/2_1) dG(zx)

(o9}

= nt E / 22 dG(x)
=0 VY (Kn=1/620+D/2=1 Kn—1/62(i+l+1)/2-1]

oo

.’174

—1
[Kn1/62(j+l)/21,K7L1/62(j+l+1)/21] K2n—1/32j+1-2

n

IN

dG(x)
1=0

273Ky / /272 dG(x).
1—0 (Kn

~1/62G+1)/2-1 K p—1/62(+1+1)/2-1]

This implies

In _ _
S0 BB - 8 1Bk - 8l > tas/2)]

J=Jr ki (j,k)EL,

4n=23 N1 1
QR — 4 e+ — tda
- K2 mE::O (20 + + 2m) /(Kn—l/(st/z,Kn—l/sz(m-u)/z] v (z)
8n72/3 A
< —— " dG(x),
K2 Jo,00)
which completes the proof. O

7. A few auxiliary results

Lemma 7.1. Let F be the cumulative distribution function of a nonnegative
random variable. Then, for anyt > 0,

/ 2 dF (z) = 2/ (1-F(z)zde + (1—F(t) >
t t
Proof. Let b >t and

0, if x <0,

G(r) = { 22, if 0 <x<b,
b2, ifx>b
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Since G is a continuous distribution function which has derivative 2z on (0,b),
we obtain by integration by parts

/tb z? dF(x)

b
F()b* — F(t)t* — / F(2)dG(x)
b b
= rar — 2 _ T )T ax
= 2F(b)/0 d F(t)t 2/t F(x)zd

b
- 2/ (F(b) — F(z))zde + (F(b) — F(1)) 2.
t
The result follows with b — oo. O

Lemma 7.2. Suppose that (A2) is fulfilled. Then

E{(zn:asss)ﬂ < 3012 (zn:ag)Q + Oy zn:ag.
s=1 s=1 s=1
Proof. We have that

E[(ias 55)4}

= Z Qs Gt Gy Gy Eleg €1 €y €]

s, t,u,v=1

n

= Z as at ay ay {Elese] Elewey] + Eleseu] Elerey] + Elesey] Eler €4

s,t,u,v=1
n

+ E Qg At Qy Gy CUM(Eg, E¢, Ey, Ey)

s,t,u,v=1

= Tn,l + Tn,2 .
Then

(@2 +a2)/2 |covlener)])

IN

w
—
- M:

s, t=1
2 En: 2\ 2
§ 3 Cl ( ss)
s=1
and since |asaia,a,| < (af + af +at + at)/4,
n n n
4 4
Tho = E ag E |cum(es, e, €0, 80)] < Co E as.
s=1 tyu,v=1 s=1
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Proof of Lemma 4.1. To simplify notation, let K = 1, which means that ¢, ; =
n=2/321/2 Before we delve into details of the proof we consider an extreme case
in order to provide some intuition. If mg = 1., for any ¢ between x; and
Zn, then we obtain that at each scale j only one of the coefficients B?)k can be
non-zero with B;-),k = O(Q’j/z). Since 279/2 > t,,; if and only if 27 < n?/3 we
obtain that

Su(mo) < > i+ > (B

j:ml/3<2i<n2/3 j:2i>n2/3 k:(j,k)EL,

= o(n4/3 > 2ﬂ'> + 0( > 2]’) = 0(n™%3).

j:m1/3<2i<n2/3 j:29>n2/3

In such a case, and in other cases as well, the desired result for S, (mg) will be
obtained by cutting the terms |37 | at the corresponding thresholds ¢, ; up to
a certain scale.

Now we turn to the general case. We have that

2k < (1/n) Z 1/)1(7;)(%) (max {mo(x:): & € I, — min{mo(z,): 2 € I )/2
t=1
< 279/2 TV(mO;IjJC) =! Cjk- (7.1)

In order to estimate S,,(mo) we replace the terms |ﬂ?7k| by their upper estimates
¢jk- In what follows we make use of the relations between the c;; at adjacent
scales and of the nested structure of the intervals I; ;. If ¢;r > t, ;, which is
equivalent to TV(mg;I;jx) > n~2/327, then we obtain for (j',k') C Z, with
Ij7k g Ij’,k’ that

Cj/,k/ = 2_j//2TV(m0;Ij/’k/) Z 2_j//2TV(m0;Ij’k) > 7’L—2/32j//2 = tn’j/.
(7.2a)
On the other hand, if ¢; ; < t,_;, which is equivalent to TV (mo; I; ) < n~=2/327,
then we obtain for (j', k") € Z,, with I/ j» C I, that

cirp = 277 2TV (mg; Ijs o) < 279 2TV (mg; Iiyg) < n=2/329"/2 = ¢, ..
(7.2b)
Let T, = {(j,k) € L,: 20 >n'/3, ¢;p >t,; and L, :={(j,k) €L,: 20 >
nl/?’, ¢k <tnj - Then

Sn(mo) < Y 2,4 Y. g = Sualmo) + Spe(mo).  (7.3)

(3,k)ELn ¢ (4,K)€Tn e

In order to estimate the two terms on the right-hand side of (7.3) we make use
of the nested structure of the subsets Z,, ; and Z,, .. Let

) = {(j,k) € Ty (j',K') & Loy for all Iy C Ijk
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be the collection of those intervals which are on top of the “pyramid” of intervals
I with (j,k) € Z,, +. Furthermore, let

Iz%wm = {(]a k) € In,c: Ij—17[k/2] € In,t

be the collection of those intervals from Z,, . which reside on top of an interval
I with (4,k) € I, 4.
We have, for (j,k) € Ifff, that

25 < tnj 2712 TV (mo; L) = n~ 22 TV(mo; I x).

Therefore, and since the intervals I, with (j,k) € I,(z:p ) are disjoint, we obtain

that

Sn,t(mO) = Z Z t%z,j’

(j’k)el':ff (j,,k/)GIn : ijkglj’.k/

< X Y.t
(j7k)EIfff 7 inl/3<2i' <24
< X 2TV me L)
(G,k)eT,?
< 2 77,72/3 TV(mo, (0, 1]) (74&)

Note that we have for (j, k) € Zt*™ that 2//2¢,, ; < n=2/3 and for (j/, k') € T,
with I C Iy that ¢jrp < 2(j_j/)/zcj)k. Therefore, and since the intervals
Ik with (j, k) € Z°t™ are disjoint, we obtain that

Sn,c(mO) = Z Z C?Qk’
(j,k‘)elﬁ?é’tom (j’,k/)eIn : I]-/J‘./glj‘k
S Z Z 2(j_j,)/2Cj,k; 2_j//2TV(m0; Ij’,k’)
(j,k‘)GIﬁ‘y’}f”"" (j’,k’)EIn : Ij’,k,/glj,k
< Z 2j/2Cj,k Z Q(j—j/)Tv(f; Iix)
(4,k)€Tottom J'>3
< 20723 TV (my; (0,1]). (7.4D)
The result follows from (7.3), (7.4a), and (7.4Db). O
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