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Abstract

Small Area Estimation (SAE) combines survey data with auxiliary sources such as administrative records, census data, or
alternative datasets that typically offer broader coverage. By integrating these sources, SAE enhances the accuracy of (direct)
survey estimates. To account for the hierarchical structure of survey data, model-based SAE methods often rely on Linear
Mixed Models (LMMs). However, the distributional (e.g., normality) and structural (e.g., linearity) assumptions of LMMs
may not always hold in practice, and the accuracy of model-based SAE depends on the validity of these assumptions. To
address these limitations, we propose a Mixed Effect Gradient Boosting (MEGB) approach, which combines the flexibility
of gradient boosting machines with the ability of mixed models to account for hierarchical data structures. MEGB extends
standard gradient boosting by incorporating random effects, allowing it to capture unobserved heterogeneity across domains
while retaining a nonparametric framework that models nonlinearities and interactions in the data. MEGB supports the
derivation of area-level means from unit-level data and uses a nonparametric bootstrap to estimate the Mean Squared Error
(MSE). Its performance is assessed through a model-based simulation study, comparing MEGB to established estimators,
and further demonstrated using real-world data. The results suggest that MEGB offers promising area mean estimates and
may outperform existing SAE methods in various scenarios.

Keywords Expectation—maximization algorithm - Ensemble learning - Mixed-effects modeling - Nonparametric bootstrap -
Uncertainty quantification - Unit-level models

1 Introduction

Statistics play an essential role in evidence-based policy-
making, especially in social, economic and environmental
development issues. The collection and analysis of more dis-
aggregated and granular statistics can improve the efficiency
of policy targeting and interventions. Refined statistics are
crucial for the design, monitoring and evaluation of poverty
reduction programs and various other development deci-
sions. Key statistics include information such as household
income, the number of complete meals per day, access to
basic services and the number of people in employment.
Through such data, it is possible to gain a detailed view
of the socio-economic conditions of the population, allow-
ing for targeted and well-founded decisions. In many areas,
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there is a deficit of information on income distribution and
well-being, which makes it difficult to identify and address
poverty. This information gap is often attributed to lim-
ited funding for population surveys, especially in smaller,
spatially disaggregated areas like states, districts, or munic-
ipalities (Tzavidis et al. 2018). In order to provide these
reliable and efficient estimates at disaggregated levels, Small
Area Estimation (SAE) methods have been developed, allow-
ing policymakers to make informed decisions despite the lack
of available information on a granular level (Rao and Molina
2015). SAE combines survey data with auxiliary data sources
such as administrative records, census data, or alternative
data sources, which typically have a broader coverage. By
integrating these different datasets, SAE improves the accu-
racy and comprehensiveness of survey estimates, allowing
for more accurate identification of needs and more effective
allocation of resources. To account for the hierarchical struc-
ture of survey data, model-based estimators in SAE often
rely on Linear Mixed Models (LMMs) (Jiang and Lahiri
2006). Examples include the Battese-Harter-Fuller (BHF)
model (Battese et al. 1988) and the Empirical Best Predic-
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tor (EBP) (Molina and Rao 2010), which are both based
on the nested error regression model. Both models assume
that random effects and error terms are normally distributed.
The distributional and structural assumptions of these models
may not always hold in SAE applications (Rao and Molina
2015) and are often not supported by empirical evidence,
especially when dealing with social and economic inequal-
ity data. The accuracy of model-based SAE heavily depends
on the validity of these assumptions (Jiang and Rao 2020). If
the assumptions are not properly met, the resulting estimates
may be biased and Mean Squared Error (MSE) estimates may
be unreliable. In the case of violations of model assumptions,
high-dimensional data, nonlinear relationships or higher-
order interactions, traditional small area methods, such as
the BHF and EBP, may not be suitable for prediction. To
facilitate the above-mentioned possible violations of the nor-
mality assumption in LMMs, some approaches focus on the
transformation of the dependent variable which is explored
in Molina and Martin (2018) as well as in Rojas-Perilla et al.
(2020). Molina and Martin (2018) applied a fixed log trans-
formation of the dependent variable, whereas Sugasawa and
Kubokawa (2019) and Rojas-Perilla et al. (2020) used data-
driven transformations for a nested error regression model.
An alternative is to develop the EBP under more flexible
parametric assumptions (Diallo and Rao 2018; Graf et al.
2019). Another way to avoid violating model assumptions
is to use models with less restrictive assumptions. Chambers
and Tzavidis (2006) suggest using M-quantile models, which
are robust and do not rely on the distributional assumptions
of LMMs. However, all previously mentioned approaches
against model misspecification rely on a linear specification
of the model. In contrast, Opsomer et al. (2008) and Ugarte
et al. (2009) discuss the use of non- and semi-parametric
methods for estimating small area means through penalized
spline regression. Another strategy to address the issue of
nonlinear relationships or higher-order interactions is the
utilisation of machine learning methods. These methods offer
a balance between predictive power and flexibility, with-
out relying on parametric model assumptions. However, the
interpretability is limited in comparison to linear regression
approaches. In linear approaches, the influence of covariates
on the target variable can be precisely quantified. In contrast,
methods such as Random Forests (RF) or Gradient Boosting
(GB) provide variable importance and partial dependencies.
As a result, they can only demonstrate the contribution of
each variable to the prediction, indicating which variables are
mostinfluential in determining the outcome. The insights into
the nature of these relationships are therefore limited, which
also limits the interpretability of the model.

Applications of SAE are often characterised by the use
of hierarchical data but traditional machine learning mod-
els assume that the data is independent and identically
distributed (i.i.d) (e.g. Schapire and Freund (2013)). This
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assumption is not applicable to hierarchical data, such as
data on poverty, as this depends on small geographical
areas, for example municipalities. In these cases, the data
is often hierarchically structured, as the observations within
the same region can be correlated. The predictive perfor-
mance of machine learning techniques like Classification
and Regression Trees (CARTs), RFs or GB can suffer if
the hierarchical structure is ignored. Including the hierar-
chical structure in the predictive model has the potential
to improve the predictive performance (Salditt et al. 2023).
While LMMs capture the dependencies between observa-
tions through random effects, traditional machine learning
methods do not address this aspect. This limitation has led to
the development of machine learning methods that account
for hierarchical structures in the data. Various approaches
have been explored with the objective of integrating ran-
dom effects into machine learning methods. For example,
regression tree models have been extended to include ran-
dom effects, such as in the Mixed Effects Regression Tree
(MERT) (Hajjem et al. 2011) and its extensions: the Mixed
Effects Random Forest (MERF) (Hajjem et al. 2014) and the
Generalised MERT (GMERT) (Hajjem et al. 2017). Bayesian
Additive Regression Trees (BARTSs) are another tree-based
approach; however, they differ from the above-mentioned
tree-based methods in that BARTs are a nonparametric
Bayesian approach that can be extended to account for hierar-
chical structures by including random effects (Chipman et al.
2010). According to their research, incorporating linear terms
or random effects into a BART model can be achieved by
adding a straightforward Markov-Chain-Monte-Carlo step to
draw the associated parameters. In particular, in settings con-
cerning non-hierarchical data, BARTs outperform machine
learning methods such as neural networks, RFs and GB
(Chipman et al. 2010). Tan et al. (2019) developed an exten-
sion of the BART approach to Random Intercept Bayesian
Additive Regression Trees, designed to address clustered
data. In contrast to other tree-based methods, BARTSs have not
yet been widely applied in SAE contexts. Machine learning
methods have already been applied in SAE, often by aggre-
gating unit-level predictions from models like RFs, Cubist
regression models or GB (Merfeld and Newhouse 2023;
Corral et al. 2022; Viljanen et al. 2022). These methods
frequently outperform traditional estimators like the EBP,
although they ignore random effects. As mentioned above,
Kriegler and Berk (2010), Corral et al. (2021) and Merfeld
and Newhouse (2023) demonstrated that machine learning
methods led to better results in their applications compared to
more traditional small area methods, which take the random
effects into account. In contrast, Salditt et al. (2023) empha-
sise the crucial role of incorporating random effects. They
propose two algorithms that are used to compare an exten-
sion of GB, which includes random effects in the context
of unit-level data with other existing models for hierarchi-
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cal data. The findings indicate the necessity of considering
random effects, as the GB algorithm with consideration of
random effects outperforms the standard GB and standard
RF as well as other existing models used for hierarchical
data. Krennmair and Schmid (2022) extend the MERF (Haj-
jem et al. 2014) to a unit-level estimator in the context of
SAE. This approach integrates the power and flexibility of
machine learning methods with random effects, which has
the advantage of not relying on many model assumptions
and combines the advantages of RFs with the ability to con-
trol for cluster structures of survey data. In line with this
approach, Frink et al. (2026) introduced an extension of the
GMERT (Hajjem et al. 2017) toa GMERF and incorporated it
into the SAE framework for the estimation of area-level pro-
portions, for instance, poverty rates. Krennmair and Schmid
(2022) also encourage the use of further machine learning
methods such as Support Vector Machines (SVM) or GB
instead of an RF. Both RF and GB aim to improve pre-
diction accuracy by combining multiple trees. RFs reduce
variance through bagging and decorrelation of trees, while
GB reduces both bias and variance by sequentially correcting
errors (Hastie et al. 2009). GB generally offers superior pre-
dictive performance, as shown in various applications (Hastie
et al. 2009; Yoon 2021). Additionally, the GB-algorithm
allows for the adaptation of the loss function (Friedman
2001). This can result in more robust statistics, which are
particularly advantageous in the context of SAE, where the
modeling of skewed income data with extreme outliers is
a common challenge (Chambers et al. 2013). While GB
has shown strong performance at the unit-level, it has so
far only been applied to SAE without incorporating ran-
dom effects (Merfeld and Newhouse 2023). This raises the
key question of whether its predictive power can be further
improved by accounting for hierarchical structure. There-
fore, this paper proposes the estimation model Mixed Effects
Gradient Boosting (MEGB), a small area model that is capa-
ble of handling different levels of complexity and flexibility
through nonlinearity and a nonparametric approach. As out-
lined in many aforementioned algorithms, this approach is
also based on separating the estimation of the fixed-effects
component from that of the random-effects structure using
an EM algorithm (Dempster et al. 1977). While the general
framework follows the line of Krennmair and Schmid (2022),
the key innovation of the present study lies in the replace-
ment of the RF component in MERF by a GB algorithm for
estimating the fixed-effects term. This modification affects
only the estimation of the fixed effects, whereas the remain-
ing elements - unit-level estimation, aggregation to area-level
means, and the Random Effect Block Bootstrap (REBB) pro-
cedure, based on the approach outlined in Chambers and
Chandra (2013), for MSE estimation - are adopted from the
MERF framework. The novelty of MEGB is the integration
of GB into the Mixed Effects estimation structure, thereby

extending the flexibility and predictive capability of existing
Mixed Effects machine learning methods in the SAE context,
while maintaining the ability to produce area-level estimates
and quantify uncertainty through the REBB procedure. The
proposed approach is also related to recent boosting-based
methods for hierarchical data, in particular the MERTBoost-
ing and REEMBoosting approaches of Salditt et al. (2023).
A detailed methodological comparison to these and other
related approaches is provided in Sect. 2.

The statistical properties related to uncertainty quantifi-
cation in tree-based machine learning methods are not yet
well developed, as the focus is typically on prediction per-
formance (Athey et al. 2019; Hiillermeier and Waegeman
2021). In general, machine learning methods have tended
to lag behind in terms of the development of uncertainty
statistics (Hiillermeier and Waegeman 2021). While some
approaches to uncertainty quantification for boosting exist
in the literature, these mainly concern prediction uncertainty
atthe individual level and do not directly extend to the present
SAE setting. The framework proposed in this paper provides
a nonparametric bootstrap scheme for estimating the area-
level MSE. Section?2 introduces the methods and concepts
used where Mixed Effects and GB are briefly explained.
This is followed by an introduction of the newly proposed
method MEGB, which combines the previously mentioned
estimation methods through an EM algorithm. Next, the same
section shows how to derive area-level mean estimates from
unit-level estimations. Furthermore, Sect. 3 describes the cal-
culation of MSE estimates for the estimated area means
by using a nonparametric bootstrap. For unit-level models,
such as the MERF, the EBP with Box-Cox transformation
(EBP-BC) (Rojas-Perilla et al. 2020), or the newly intro-
duced MEGB, certain data requirements have to be met.
Unit-level data from a survey (for instance, at the house-
hold level, which is the case in the design-based simulation
study in Sect.5) requires covariates as well as observations
of the variable of interest. In contrast, for the unit-level pop-
ulation data, only the covariates X are needed. In Western
countries, micro-level population data often cannot be used in
design-based simulations. Therefore, additional data sources
are needed. Furthermore, the performance of the proposed
method is compared to established estimators and evalu-
ated via a model-based and a design-based simulation study
in Sect.4 and Sect.5 respectively. Two model-based simu-
lation studies are distinguished: model-based simulation A
and model-based simulation B. model-based simulation A
(Subsection 4.2) follows the setup of Krennmair and Schmid
(2022) and benchmarks MEGB against state-of-the-art SAE
estimators. In this study, we also assess the uncertainty quan-
tification of the MEGB via MSE estimates obtained through
anonparametric bootstrap. The MERF serves as a key bench-
mark to assess the performance of MEGB, and the design of
model-based simulation A mirrors Krennmair and Schmid
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(2022) to ensure comparability between MEGB and MERF.
model-based simulation B (Subsection 4.3) adapts the unit-
level simulation study of Salditt et al. (2023) to an SAE
setting. Here, we compare MEGB to both SAE estimators
and the boosting-based estimators considered by Salditt et al.
(2023). Section 5 presents the design-based study including
an evaluation of the MSE estimates. We report a runtime
comparison for all methods only for model-based simula-
tion B, where all algorithms were run under comparable
computational settings. For model-based simulation A and
the design-based study, MEGB uncertainty was estimated
via a bootstrap procedure, which substantially increases run-
time and is not directly comparable to the other methods.
Section 6 provides suggestions for further research and con-
cluding remarks.

2 Concepts and methods

This section introduces the different concepts and methods
used to define and understand the MEGB, which itself is
defined in Subsection 2.3.

2.1 Review of linear mixed effects models

LMMs include random effects in addition to the fixed effects
f(X). X isthe (n x p)-dimensional design matrix to p known
covariates. Mixed models enable the modeling and estima-
tion of area-specific effects, especially in the case of small
sizes in subsamples from areas d = 1, ..., D. In this regard,
the linear effect f(X) isextended to f(X)+ Z#.Here Zisa
subvector of the covariates with dimensions (n X ¢) and ¥ is
a vector of the area-specific random effects with dimensions
(D x g). An advantage of mixed models is that correlations
arising as a result of repeated observations per area can be
considered (Fahrmeir et al. 2013).
In general terms, a mixed model is given by:

Yy=5rX)+2729 +e ey

In the context of SAE, the model takes the following form
for each domain d:

Ya=fXa)+Zy04+ €4, d=1,..,D, 2)
Y4 is an ng-dimensional vector of response variables of area
d with within-domain sample sizes n4. The terms area and
domain are used synonymously in this paper. D defines the
number of areas, so n = ZdDzl ng. Xg and Z, are (ng x
p) and (ng x g)-dimensional design matrices to p known
covariates, where ¢ is limited to ¢ = 1 in this setting, which
means only one random effect exists per area. # 4 is a scalar of
area-specific effects and €, is a ny-dimensional error vector
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(Fahrmeir et al. 2013). The design and covariance matrices
are assumed to have the following block-diagonal structure:

Z = diag(Zy, ..., Zp),
R = 1,02,
G =1pos,

where 1, and 1p denote the n x n and the D x D identity
matrix, respectively. From G, it can be deduced that only
between-area variations are considered in this paper.

The distributional assumptions for #, and €, are:

id
#a ~ N, 07),

id
€q ~ N(©,02),
7 U e.

Based on these assumptions, the covariance matrix of the
observations y, is defined as:

_ 2
Vi =0

Ay 405 - ZaZ),

where 02 and o] are the residual and random intercept vari-
ances, respectively. The overall covariance structure is given
by:

Cov(y) =V =diag(Vy, ..., Vp).

Setting f(X) = XB in Eq. 1 and assuming a single random
intercept per area (i.e., a nested error structure) yields the
BHF proposed by Battese et al. (1988). Defining f(-) as an
RF results in the MERF approach proposed by Hajjem et al.
(2014), which Krennmair and Schmid (2022) extended to a
small area context. Replacing the RF used in the approach of
Hajjem et al. with an XGBoost algorithm (Chen and Guestrin
2016) results in the MEGB introduced in this paper.

2.2 Extreme gradient boosting

GB refers to a class of ensemble machine learning algorithms
that are constructed from decision tree models. The trees are
added to the ensemble one at a time and adjusted to cor-
rect the prediction errors of the previous models. This is a
type of ensemble model for machine learning called boosting,
first presented by Freund and Schapire (1997). The idea of
ARCing (Adaptive Reweighting and Combining) algorithms
(Breiman 1999) was extended by Friedman (2001). The mod-
els are fitted with an arbitrary differentiable loss function and
a gradient descent optimization algorithm. This is where the
name Gradient Boosting is derived from, as the loss gradi-
ent is minimized when fitting the model. A requirement for
a loss function is that it must be differentiable (Friedman
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2001); in regression cases, this can be the squared error for
example. In this context, GB specifically employs decision
trees as foundational weak learners. Henceforth, any refer-
ence to GB within this paper pertains exclusively to GB with
decision trees. A GB model is a series of weak decision trees
that are created one after the other to form a strong learner. In
addition, each weak decision tree is trained to correct the mis-
takes made by the previous ones. The outcomes produced by
the newly formed tree, when scaled by the learning rate 5, are
subsequently integrated with the outcomes from the sequence
of existing trees. This process aims to refine or enhance the
overall results generated by the model. A fixed number of
trees is added, or training is terminated when the loss reaches
an acceptable level or no longer improves. XGBoost is an
efficient and effective implementation of the GB algorithm
provided in an open-source library. It is an optimized imple-
mentation of GB, which enhances speed, performance, and
scalability through algorithmic improvements and system
optimizations, including parallel processing and regulariza-
tion features. One of the main advantages of GB models is
the absence of assumptions such as linearity or the distribu-
tion specification of model errors, but the observations are
still assumed to be independent.

As the performance of an XGBoost model largely depends
on hyperparameters, they need to be tuned and adjusted to
find a good trade-off between sufficient model complexity
and the likelihood of encountering overfitting.

2.3 Mixed effects gradient boosting

Combining Mixed Effects and GB results in the MEGB. As
mentioned in Subsection 2.1, this approach is based on the
MERF of Hajjem et al. (2014) and the SAE extension of
Krennmair and Schmid (2022). The objective is to predict
values for Out-Of-Sample observations, for which additional
covariates from census or register information across areas
are available, by identifying the relation f(-) as well as the
random effects between covariate X and objective y. The
model is formed by a fixed effect part f(X) and a random
part Z¥#, which covers the dependencies introduced by the
random effects (Krennmair and Schmid 2022). The fixed part
f(X) of Eq. 1 is replaced by a GB Decision Tree model.
The assumption is made that the distribution of the unit-
level errors follows a normal distribution, given by €; ~
N (0, R) for unit i. In this context, the assumption of nor-
mality does not impact the efficacy of GB, and there is no
requirement for the residuals to follow a normal distribu-
tion for the method to be applicable. As shown below, the
MEGB algorithm is estimated by an EM algorithm. However,
regarding the part involving random components, an appro-
priate likelihood function is necessary. This is to guarantee
that the EM algorithm, defined further below, successfully
converges to a local maximum within the parameter space

for estimating parameters (Krennmair and Schmid 2022).
Krennmair and Schmid’s (2022) normality-based likelihood
function is used because of two key benefits. Initially, it
provides a closed-form solution of the integral of the Gaus-
sian likelihood function, which facilitates the estimation of
random effects. Additionally, by the mean of the unit-level
residual sum of squares, the maximum likelihood estimate
for the variance of the unit-level errors 6, is given. The
EM algorithm to fit Eq. 1 is structured as follows: The fixed
component of the response variable y* is computed by the
algorithm at the initial stage. The variable y* describes the
adjusted response variable, where the currently estimated
random effect ¢ is subtracted from y and the GB algorithm is
fitted to the adjusted response variable. The number of trees
of the GB algorithm, used at this stage in Line 7 of Algorithm
1, follows an early stop criterion. Early stopping is applied
when the model’s performance, measured by the Root Mean
Squared Error (RMSE) on a cross-validation test subsample,
does not improve for a specified number of rounds, halting
further tree construction. In the second phase, the algorithm
deducts the estimated fixed component from the raw data
y to get the adjusted response y** reduced by the fixed
effect and an LMM is estimated. Subsequently, the random
component is newly estimated. The process continues itera-
tively through these steps until convergence is reached. The
algorithm enhances the accuracy of predictions by adjusting
the fixed component and variance components based on the
residuals after the fixed component has been accounted for,
thus refining the model with each iteration to prevent over-
fitting. In summary, the MEGB algorithm first estimates the
GB function, assuming that the random-effects term is cor-
rect. As a second step, it estimates the random-effects part,
assuming that the predictions from the GB model are correct.
The proposed algorithm for MEGB is shown in Algorithm
1.

Algorithm 1 Mixed Effects Gradient Boosting
. Initialization:
csetg =0
: Set hyperparameters for GB.
: EM Algorithm:
: foriter = 1to Iter;,q, do
ASubtract random effects ¥, from the raw data y: y* = y —
Ziter—1. R
Fit a GB on the new corrected y* to obtain fi., (y* | X).
8:  Determine y** = y — f,-,e, (y* | X), the raw data y subtracted
by the GB estimate.
9:  Estimate LMM with intercept: LM M (y** | Z).

10:  Estimate random effects ©s¢ .
11: log(likelihood;,., ) —log(likelihood; e —1)
. log(likelihood;;er—1)

oA AN R I S e

~

< error tolerance — Stop
12: end for

The convergence of Algorithm 1 is evaluated by mon-
itoring the marginal change in the modified Generalized
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Log-Likelihood (GLL) criterion at each iteration. The GLL
is given by (Hajjem et al. 2014)

D )
GLL(f.%a | y) = E 3 lys — f(Xa) — ZaBal"+
d=1"-"¢€

3)
05 2 2
~4 +log(0}) +nylog (o )}

4

Since each area contains only a single random effect (¢ = 1),
the vector v, is scalar and the design matrix Z; reduces to
a column of ones. As a result, the matrix expressions in the
likelihood simplify to scalar terms. Krennmair and Schmid
(2022) derived the estimator for ¢ for known parameters G
and R as © = GZTV_I(y — f(X)). After convergence of
the EM algorithm, the maximum likelihood estimators, given
the data, deliver variance components 63 and 613 which are
required for the uncertainty estimations described in Sect. 3.
Having defined how MEGB produces unit-level predictions,
we now describe how to derive small area average predic-
tions.

2.4 Small area average predictions

In the context of SAE, predictions on the individual level
are of less interest than area-level predictions (Morales et al.
2021). Therefore, indicators like area-level means or area-
level totals are needed. The MEGB model from Eq. 2 predicts
conditional means on the individual level of a metric depen-
dent variable y; ; given unit-level auxiliary information x, ;.
To align this approach with the outlined objectives, a method
is needed, which generates area-level means or totals from
individual predictions. To facilitate this area-level estimation,
we adopt structural simplifications similar to those used in
the LMM suggested by Battese et al. (1988). This implies
the existence of a single random effect, consequently result-
ing in the design matrix Z having the dimension n x D.
The design matrix Z is filled with area-intercept indicators,
employing a D x 1 vector of random effects denoted as
% = [,...,9p]. This reduces the variance-covariance
matrix for random effects to 1 1)03 (Morales et al. 2021). 1p
is the D x D identity matrix, which implies the indepen-
dence of the ¥,;’s. To derive an estimator for area averages or
totals, the unit-level y;’s of the population data are estimated
through the GB algorithm f (X), employing supplementary
data sources typically obtained from a census. The estimated
V4.i are subsequently aggregated based on their respective
area, with the addition of the estimated area-specific random
effect f}d, leading to the estimated area mean ,&2’1 EGB which
can be seen in Eq. 4. The calculation of the area total )A’é” EGB
estimation is shown in Eq. 5 and follows the same procedure.
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Ng

AMEGE _ ?(Xd) + g =N;! Z(f(Xd,i)) + By 4)
i=1

Nq
PHECE = S™(f(xq.)) + Na - ba )
i=l1

o~

f(x4) denotes the aggregated GB estimations and builds the
estimator for ,&3’[ EGB alongside d4. For areas that are not
sampled, the parameter 9,4 is omitted. Note that computing
the estimators in Eqs.4 and 5 requires access to auxiliary
information x4 ; for all N; population units, typically avail-
able from census micro-data. While this requirement can
be demanding in certain applications, aggregated auxiliary
information cannot be used as a substitute for x;; in this

context - unlike in linear models - due to the nonlinearity of

f.
2.5 Relation to existing approaches

As already mentioned in the introduction, several attempts
have been made to extend GB to hierarchical data structures.
In the following, we provide a more detailed discussion of
how our proposed MEGB approach relates to existing con-
tributions in this field. Our approach differs from existing
methods that combine boosting and Mixed Effects model-
ing. Griesbach et al. (2021) directly embed LMMs into the
boosting algorithm, restricting base learners to linear com-
ponents and updating random effects in each iteration. While
this provides a principled integration of Mixed Effects, it lim-
its the ability to capture nonlinear structures that tree-based
GB models are designed to detect. In contrast, Yang et al.
(2025) apply a sequential two-step approach, first estimating
an LMM and then fitting an XGBoost model to the residuals.
Although this setup allows for nonlinear effects, it lacks an
iterative joint estimation of linear and nonlinear components.
A third closely related contribution is the MERTBoosting
framework proposed by Salditt et al. (2023). Salditt et al.
(2023) actually introduce two algorithms, the MERTBoost-
ing algorithm and the REEMBoosting algorithm, both of
which extend the mixed-effects regression tree framework by
replacing the regression tree as the fixed-effects learner with
a boosting ensemble within an EM scheme: MERTBoost-
ing builds on the MERT algorithm of Hajjem et al. (2011),
whereas REEMBoosting builds on the RE-EM tree of Sela
and Simonoff (2012). Among these, our approach is most
closely related to the MERTBoosting variant. However, three
main differences exist between our approach and MERT-
Boosting. First, Salditt et al. (2023) implement a custom
boosting routine, while our method builds upon XGBoost,
allowing for a richer set of hyperparameter choices and reg-
ularization options. Second, whereas our implementation
always includes an intercept estimated jointly with the boost-
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ing component, Salditt et al. (2023)’s framework offers more
flexibility in how the fixed effects are handled, including the
option to exclude the intercept or to assign certain covariates
(including the intercept) to the LMM part instead of the boost-
ing component. We view this difference primarily as a design
choice rather than a limitation. In our SAE setting, assigning
all covariates to the boosting component preserves the full
flexibility of the GB learner to detect nonlinearities and inter-
actions, whereas allocating selected covariates exclusively
to the mixed-effects part would restrict this flexibility. More
broadly, the present specification can be viewed as a more
constrained modeling choice within the wider framework
proposed by Salditt et al. (2023), which explicitly allows
for a more flexible allocation of the intercept and individual
covariates between the boosting and mixed-effects compo-
nents. Finally, variance components are updated differently:
Salditt et al. (2023) apply closed-form, moment-based EM
updates for the variance parameters, whereas our imple-
mentation estimates them via REML, as in standard LMM
software. While these choices may lead to minor differences
in variance estimates, the resulting BLUPs for the random
effects are nearly identical. Recent work has further extended
GB to hierarchical and longitudinal data settings, including
the Mixed Effects GB approach by Olaniran et al. (2025)
and the GMEXGBoost method proposed by Asadi et al.
(2026). These approaches demonstrate that incorporating
random effects into boosting frameworks can improve pre-
dictive performance for clustered or longitudinal data. The
approach of Olaniran et al. (2025) is the closest of these
in both name! and estimation scheme: it likewise refits a
boosting model at each iteration to a pseudo-response net
of the current random-effects estimate within an EM-type
procedure. It differs, however, in being formulated for lon-
gitudinal data, with subject-specific random intercepts and
slopes in its implementation and simulations, in building
on gbm rather than XGBoost, and in updating the variance
components, as specified in their algorithm, from the empir-
ical moments of the predicted random effects rather than via
REML. Most importantly, it targets unit-level prediction and
variable selection with p >> n and does not address area-level
estimation: it provides neither the aggregation of unit-level
predictions to domain means nor uncertainty quantification
at the domain level. We attempted to include their pub-
licly available implementation, using the settings described
in their paper. Two features of our setting lie outside the
design for which those settings were selected: model-based

! The abbreviation MEGB, and the name of the accompanying R pack-
age, coincide with those used by Olaniran et al. (2025). The two methods
were developed independently: the present approach was first intro-
duced under this name in an earlier version of this paper, released as
a preprint in June 2024 (arXiv:2406.04256), predating the submission
of Olaniran et al. (2025) (received 3 February 2025). Throughout this
paper, MEGB refers to the method proposed here.

simulation A has two covariates, whereas their simulation
study considers up to p = 2,000 predictors, and their design
assumes repeated measurements of the same units over time,
which cross-sectional SAE data do not provide. Under these
conditions we did not arrive at a configuration that we would
regard as a fair basis for comparison, and the implementa-
tion did not run reliably across all replications in the more
complex scenarios. We therefore do not report results for
this method, and we regard this as a consequence of apply-
ing it outside the regime for which it was designed rather
than as an indication of its performance in the settings it
targets. GMEXGBoost shares with MEGB the idea of cou-
pling XGBoost with mixed-effects estimation in an iterative
scheme, but the two differ in what the boosting step is asked
to fit. In GMEXGBoost, a generalized linear model is fitted
once before the iterations begin, and the boosting target is
formed from its linear predictor net of the current random-
effects estimate. The boosting step and the mixed-model step
that updates the random effects are recomputed at every itera-
tion, but that linear predictor is not, so the observed response
never serves as the boosting target. Because that predictor
is a linear function of the covariates, the boosting ensem-
ble, though piecewise constant and hence formally nonlinear,
cannot recover nonlinear structure in the true regression func-
tion that the initial linear fit does not already contain. This
follows from the algorithm as published, in which the lin-
ear predictor is defined in the initialization step, outside the
iteration loop. MEGB instead refits the boosting component
to the response itself, net of the current random-effects esti-
mate, at every iteration. A second difference concerns scope:
GMEXGBoost is formulated for responses in the exponen-
tial family but is evaluated only for binary outcomes, with
a Bernoulli simulation design and a binary clinical appli-
cation; the authors describe the framework as applicable
to continuous and count responses, but do not evaluate it
for them. Like the approaches discussed above, it does not
address area-level estimation. We report an empirical com-
parison in the Appendix (Subsection “Additional Results for
Simulation A”, Table 10). A further closely related contri-
bution is the LMM-XGBoost framework proposed by Cho
and Mueller (2026), which integrates XGBoost into a linear
mixed model via an iterative EM scheme. Their approach is
designed for multilevel cross-classified data, in which obser-
vations are simultaneously nested within two non-nested
higher-level clustering dimensions, and introduces an addi-
tional projection step to enforce orthogonality between the
XGBoost component and the random effects. Furthermore,
Cho and Mueller (2026) develop a group-aware permutation
importance measure and a combined-group cross-validation
strategy tailored to cross-classified designs. However, none
of these approaches address the specific requirements of
SAE. In particular, they do not provide a framework for
deriving area-level estimates from unit-level predictions or
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uncertainty quantification at the domain level, as required in
the SAE context. In contrast, the proposed MEGB approach
is explicitly tailored to the SAE context. It enables the estima-
tion of area-level means by aggregating unit-level predictions
and incorporates a nonparametric bootstrap procedure for
estimating the MSE, thereby providing a complete frame-
work for SAE. Overall, our MEGB approach integrates
Mixed Effects directly into a GB—based estimation frame-
work. This enables the simultaneous and iterative estimation
of linear, nonlinear, and random effects within a unified algo-
rithmic structure. Furthermore, it is customised to the context
of SAE, thereby providing both domain-level predictions and
domain-level uncertainty quantification.

3 Uncertainty estimation

MSE estimates are an important component of SAE. For
classical model-based estimators, analytic or approximation-
based expressions for the MSE are often available under
specific assumptions. For machine-learning-based estima-
tors, however, uncertainty quantification is generally more
challenging, especially when nonlinear learners are com-
bined with hierarchical dependence structures. Although
some uncertainty quantification results and approaches exist
for particular boosting frameworks, these are mainly con-
cerned with prediction uncertainty at the individual level and
do not directly apply to the present SAE setting. In particular,
existing results are mainly available under restrictive assump-
tions, such as linear or additive base learners, independent
observations, or prediction-oriented frameworks that focus
on unit-level uncertainty rather than area-level MSE esti-
mation. For tree-based GB combined with random effects
in a hierarchical SAE setting, no closed-form expressions
or established theoretical results for the MSE of area-level
predictors are currently available. Consequently, we adopt
a resampling-based approach for uncertainty quantification
in the present setting. In the case of the MERF, Krennmair
and Schmid (2022) employed a nonparametric bootstrap pro-
cedure based on the approach of Chambers and Chandra
(2013). Following the same principle, we adapt this REBB
procedure to quantify the uncertainty of the MEGB estima-
tor. Block bootstrapping allows us to expand bootstrapping
to clustered data. The aim is to preserve the cluster structure
of the observations. Keeping the cluster structure enables
the quantification of uncertainty within the clusters (Carl-
stein et al. 1998). Chambers and Chandra (2013) proposed an
enhancement of the block bootstrap that explicitly accounts
for random effects and within-block (level 1) variance, form-
ing the REBB. Itis required that the level 1 variance is similar
across the blocks. Algorithm 2 shows the REBB used for the
MEGB mean estimates. The REBB simulates the random
effects for every bootstrap sample in order to replicate the
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variance within clusters (blocks). This is done to model and
quantify the uncertainty from within the clusters. First, using
the marginal residuals, the average residuals for every clus-
ter (level 2) and the residuals within the cluster (level 1)
are calculated. Next, these residuals are scaled to the esti-
mated variance &62 and then centered. Respectively, the level
2 residuals are scaled to 673 and centered. In the next step, the
scaled and centered residuals are used to generate indepen-
dent bootstrap samples for the errors on level 2 and level 1.
These errors are used to simulate bootstrap data, and lastly
the MEGB model is estimated on the bootstrap data. The pro-
posed REBB has, in the case described here, the advantage of
not relying on distributional assumptions. The clusters in this
context refer to the domains in SAE. We denote the outcome
of selecting a simple random sample of size D with replace-
ment from set A as srswr(A, D). Algorithm 2 is used to
calculate the area mean residuals but can easily be adapted
to calculate the total area residuals by following the same
procedure as for the area mean residuals, with the exception
that the residuals are not divided by n,.
The estimation of the MSE for domain d is given by:

B
Eyp— — b ~ (b
MSEg=B~"Y (uf’ — ")’ (©6)
b=1

4 Model-based simulations

In this section, the performance of the MEGB is evaluated
through two simulation studies, simulation A (see Subsection
4.2) and simulation B (see Subsection 4.3), each designed
to assess the model under different data-generating mecha-
nisms and scenarios. While both simulations share the same
evaluation metrics and rely on an overlapping set of compara-
tive estimators, they differ in the underlying data-generating
mechanisms, error distributions, and overall complexity of
the scenarios.

All scripts required to reproduce the model-based sim-
ulation results, including the data-generating mechanisms
and the MEGB implementation, are available in the follow-
ing public GitHub repository: https://github.com/
pellmess/MEGB-Simulations.

4.1 Comparative estimators, evaluation metrics

To ensure a comprehensive assessment, the MEGB is com-
pared to both well-established model-based SAE methods
and modern machine learning-inspired approaches, includ-
ing related boosting-based unit-level estimators as discussed
in Salditt et al. (2023). Specifically, the compared SAE meth-
ods include the BHF as implemented in the saeTrafo package
(Wiirz 2022), the EBP with a data-driven Box—Cox trans-
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Algorithm 2 Random Effect Block Bootstrap

1: Calculate residuals:
Calculate the marginal residuals within each area d and unit i

éai=vai— fmecs(Xai)

for a given f(-).
Calculate the level 2 average residuals for each of the D areas using
the marginal residuals:

ng

-(2) -1 N

P =ngt Y eai
i=1

Calculate the level 1 residuals for each area d: ff,li) = &4 —

P i=1,...,n4 d=1,...,D

f(gll-) are scaled to the estimated variance 63 and subsequently cen-

tered. This results in the scaled and centered level 1 residuals 7 ;l‘
Analogously, level 2 residuals 7, are scaled to &g and centered to
yield fg’c, mirroring the process for level 1.
F2:¢ is, in this case, the D x 1 scaled and centered vector of the
D area-level (level 2) average residuals. Fj’c and f‘(ll’c isthe ng x 1
scaled and centered vector of unit-level (level 1) residuals f{;:f for
group d.
2: Definition of bootstrap sample errors:
Sample independently with replacement from the two sets of centred
and scaled residuals. The level 2 bootstrap errors are given by #2? =
srswr(F>¢, D), whereas the level 1 bootstrap errors are given by
A(li’b = srswr(f'},if, ng).
3: Simulate bootstrap data:
Use the model

b ? =2,b | ~lb
YQI) = f(Xd.i) + Z}"d + r;i

to simulate the bootstrap population data.

Calculate the bootstrap population area means }/L((lb) =

Ny ngl yf(zl,? :
Draw bootstrap sample data from the bootstrap population main-
taining sample size ny from the original sample.

4: Fit the MEGB algorithm:
To get the bootstrap area-level estimates [Lilb) , fit the MEGB model
(Subsection 2.3) with the hyperparameters of the point estimation to
the bootstrap sample data generated in the step before and estimate
the area mean (Subsection 2.4).

5: Repeat B times for B sets of bootstrap parameter estimates:
Repeat the steps 2 — 4 B times to generate B area mean estimates.

formation (Rojas-Perilla et al. 2020) implemented in the
emdi package (Kreutzmann et al. 2019), and the MERF
from the SAEforest package (Krennmair and Frink 2025).
In addition, a set of boosting-based and machine learning
estimators, similar to those used in the simulation study by
Salditt et al. (2023), are included. Namely MERTBoosting
(Salditt et al. 2023), REEMBoosting (Salditt et al. 2023),
MBOOST (Hothorn et al. 2010), and MBOOST_T the tree-
based variant of MBOOST (Hothorn et al. 2010), as well
as the more general machine learning benchmarks Random
Forest (Liaw and Wiener 2002) and XGBoost (Chen et al.
2023). XGBoost is employed as a general benchmark that

does not account for hierarchical structure or random effects.
Including XGBoost allows us to evaluate the importance of
modeling random effects in the small area context and to
assess the value added by explicitly incorporating hierarchi-
cal information.

The point estimates for the area means are evaluated using
the relative root mean squared error (RRMSE) and the rel-
ative bias (RB) out of the M Monte-Carlo simulation runs.
They are defined as follows:

M.
1 Hd,j — d, |

RB; = — Usar A LAY iy
M; M. j

RMSE,

fLa

RRMSE,; =

’

M
1 R
RMSEq = |- E (fLd,j — Id,j)?
=1

where /14, ; is the estimated area average for area d in Monte-
Carlo run j, while 4 ; denotes the corresponding true area
mean.. j = 1,..., M denotes one of M Monte-Carlo sim-
ulation runs. Further, jiy = M~! Z;VIZI Ma,j denotes the
average true area mean across all Monte-Carlo runs.

To evaluate the MSE estimates, the RB and the RRMSE
of the MSE estimates are used. They are defined as follows:

RB-RMSE; =

\/M—l Y MSES — RMSEY™ 100

RMSEY™
RRMSE-RMSE,; =

2
\/M—l Py ( MSESS — RMSEffm”)>

RMSEY™

- 100

where M SE[(fj’) denotes the estimated MSE for area d
in Monte-Carlo simulation run j, as defined in Eq.6.
RMSEY™™ denotes the empirical RMSE of the area esti-
mator across the Monte-Carlo runs.

4.2 Model-based simulation A

The model-based simulation A closely follows the approach
of Krennmair and Schmid (2022) and compares the MEGB
to the full set of comparative estimators introduced in Sub-
section 4.1. This simulation focuses on scenarios reflecting
the data-generating mechanisms considered by Krennmair
and Schmid (2022), allowing for a structured assessment of
estimator performance under controlled linear settings.
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4.2.1 Simulation setup

Simulation A considers four model-based simulation sce-
narios, defined as Linear-Normal, Complex-Normal, Linear-
Pareto, and Complex-Pareto, which are constructed as fol-
lows: Across all scenarios, the random effects ¢ are normally
distributed with & = 0. Also, the covariates x; and x, are
normally distributed. The Linear-Normal and the Complex-
Normal scenario both have normally distributed residuals.
However, while the Linear-Normal scenario uses a linear
relationship, the Complex-Normal model is more elaborate,
as it includes an interaction x; - xp and a quadratic term x%.
The Linear-Pareto and Complex-Pareto scenarios are analo-
gous to the Linear-Normal and Complex-Normal scenarios,
with the difference that now, instead of the normal distribu-
tion, the Pareto distribution is used for the error term €. In
these cases, the Pareto distribution is defined with parameters
k = 3 and a = 800, yielding a strictly positive and right-
skewed distribution - a characteristic commonly observed in
income data. Using the Pareto distribution makes it possi-
ble to examine the MEGB in a more complex scenario with
error terms skewed to the right. Details on the scenarios
can also be seen in Table 1. The differences between the
Complex-Normal and Complex-Pareto scenarios are inher-
ited from the benchmark design of Krennmair and Schmid
(2022). In particular, the higher intercept in the Complex-
Pareto scenario is used to keep the generated outcome values
on a realistic positive scale under the more strongly right-
skewed error distribution. The adjusted covariate variances
and the larger random-effects variance in this scenario fur-
ther increase between-area heterogeneity and were retained
unchanged in order to preserve full comparability with the
original MERF benchmark setting. Hence, these parameter-
ization differences are not introduced to favor a particular
method, but to replicate the established simulation design
against which MEGB is compared. Each scenario is repeated
for M = 500 Monte-Carlo simulation runs. The setting
for the simulations is as follows: It consists of a popula-
tion U with size N = 50,000 and D = 50 disjunct areas
Uy, ...,Up of size N; = 1000 for all areas d. The sam-
ple size created through stratified random sampling is given
as n = ZdDzl ng = 1421, where the observations vary
between 6 and 50 per area, with a mean of ny; = 28.4 and
a median of 28 per area. The simulation setting follows the
paper of Krennmair and Schmid (2022) and is used to com-
pare the MEGB and the MERF. In addition to evaluating
point estimates, this simulation setting also allows for assess-
ing the accuracy of the uncertainty estimation. Specifically,
the estimated MSE values obtained via the bootstrap proce-
dure proposed in Sect.3 with B = 100 are compared to the
corresponding empirical (true) MSE values to examine the
performance of the proposed MSE estimation approach. It
was also determined that increasing the number of Bootstrap
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replications (for example, B = 200 or B = 500) yielded
similar results, indicating stable estimates. The MSE is then
calculated using the already available empirical true values.
In Subsection 4.2.2 the empirical true and the estimated MSE
values are compared to assess the performance of the MSE
estimation bootstrap procedure used. The hyperparameters of
the XGBoost model, except for the number of trees (12, ounds)
are already chosen before running the EM algorithm and
are therefore fixed. To determine these hyperparameters, we
conducted a grid search within the model-based simulation
setup, using the RMSE of the unit-level predictions of the
GB model on a cross-validated test subsample as the opti-
misation criterion. The search grid comprised the following
combinations:

n € {0.01, 0.015, 0.025, 0.05, 0.1}
y € {0, 0.05, 0.1, 0.5, 0.7, 0.9, 1.0}
max_depth € {2, 3, 4, 5, 6, 10}
min_child_weight € {1, 2, 3}
subsample € {0.5, 0.75, 1},

where 1 denotes the learning rate and y the minimum
loss reduction required to make a further partition. For
each Monte-Carlo simulation run and for each of the four
model-based simulation A scenarios, we determined the
optimal hyperparameter configuration within this grid. The
grid-search results indicated that predictive performance
remained stable across neighbouring hyperparameter com-
binations and across all four scenarios. Based on this
observation, we used the modal (i.e., most frequently opti-
mal) hyperparameter configuration for MEGB and applied
it consistently across the simulation studies. This deci-
sion ensured comparability with MERF: since we used the
fixed hyperparameter configuration from the original MERF
implementation of Krennmair and Schmid (2022), adopting
a fixed configuration for MEGB avoids introducing differ-
ences in tuning as a source of unfair performance variation
between the two approaches.

The configuration specifies a learning rate  of 0.1, con-
trolling the step size for each iteration in the optimization
process. The parameter max_depth is limited to 3 and defines
the maximum depth of each tree. The min_child_weight is
also set to 3, affecting decisions on further splitting at the
nodes. The subsample-parameter is adjusted to 0.5, which
specifies that only half of the data samples are used to grow
the trees. Additionally, y is set to 0.9, specifying the mini-
mum loss reduction required to make a further partition.

For the MERTBoosting and REEMBoosting approaches,
we follow the tuning recommendations and parameter set-
tings proposed by Salditt et al. (2023). This includes the
specification of the boosting procedure and tree-related
parameters as described in their simulation study. By adher-
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ing to the original configurations, we ensure that these
methods are evaluated under conditions consistent with
their intended use. For MERF, which relies on RF as the
fixed-effects learner, we use the default hyperparameter con-
figuration and implementation as described in Krennmair
and Schmid (2022), without additional tuning, to ensure
comparability with the original benchmark setting. Further
details on the tuning of MERF and the corresponding results
are provided in the appendix. The comparison confirms
that additional tuning does not materially affect the rela-
tive performance of MERF in our simulation setup. For the
non-hierarchical benchmark models (RF and XGBoost), we
use the same hyperparameter configurations as in their cor-
responding hierarchical counterparts (MERF and MEGB,
respectively). This ensures that differences in performance
are attributable to the inclusion of random effects rather than
to differences in tuning. Given the shared simulation design
and data-generating processes, these configurations provide
a suitable and consistent basis for comparison across both
hierarchical and non-hierarchical models.

4.2.2 Simulation results

In this subsection, the results of the simulation described in
Subsection 4.2.1 will be discussed and evaluated using the
RB and the RRMSE. Figure | shows boxplots of the RB for
the four scenarios described in Table 1 and the corresponding
mean and median RB values are available in Table 2.

The Linear-Normal scenario, which assumes a linear rela-
tionship with normally distributed random effects and error
terms, represents the correctly specified case for the BHF
estimator. The BHF is derived from an LMM with Gaus-
sian random effects and errors and therefore serves as the
gold standard in this setting. In the remaining scenarios,
the BHF is included primarily to assess its robustness under
model misspecification, rather than as the reference model.
As demonstrated in Table 2, the bias magnitude is con-
sistently below 0.6% for all models, except for RF and
XGBoost, indicating an absence of substantial systematic
error in the remaining approaches. Due to the very low
bias values across all methods, the primary focus of the
comparison is on evaluating their performance in terms of
RRMSE. As demonstrated in Fig. 1 and Fig.2, for a linear
relationship with normally distributed residuals, the BHF
and the EBP-BC seem to perform slightly better in terms
of a lower RRMSE than the MERF, MEGB, MERTBoost-
ing and REEMBoosting. This is also underlined by Table 3,
where BHF and EBP-BC have a median RRMSE of 3.55 and
3.61% as opposed to the higher median RRMSE of 3.65% for
the MEGB and 3.84% for the MERF in the Linear-Normal
scenario. RF and XGBoost have the highest median RRMSE
with 10.19 and 10.25%.

The Linear-Pareto scenario, which maintains a linear rela-
tionship but differs from the Linear-Normal case through
non-normally distributed residuals, reveals slight changes in
estimator performance. The estimation quality of the MEGB,
MERTBoosting, and REEMBoosting is comparable to that
of the BHF, whereas the EBP-BC achieves the best results
in this setting. These findings are illustrated in Fig. 2 and
summarized in Table 3. Because the EBP-BC employs a data-
driven Box—Cox transformation, it can better accommodate
the skewness of the error distribution and therefore serves as
the gold standard in this scenario.

The EBP-BC achieves in this scenario a mean RRMSE
of 3.51%, while MEGB and BHF have a very similar mean
RRMSE with 3.78% and 3.77% respectively, as is shown
in Table 3. Furthermore, it is shown in Fig. 2 that the MERF
performs slightly worse than the other hierarchical estimators
in this scenario. Again, XGBoost shows the highest mean
RRMSE with 10.44%.

The RRMSE seems to follow a similar pattern across
the four estimators in the case of the Complex-Normal and
Complex-Pareto scenarios. In both scenarios, machine learn-
ing methods with consideration of a random effect (MERF,
MEGB, MERTBoosting and REEMBoosting) have been
shown to outperform the BHF and EBP-BC. The MEREF,
MEGB, MERTBoosting and REEMBoosting) seem to have
a higher estimation quality than BHF and EBP-BC; in
addition, the MEGB, MERTBoosting and REEMBoosting
have a lower RRMSE than the MERF. In the case of the
Complex-Pareto scenario, the MEGB has a mean RRMSE of
1.11% as opposed to the MERF’s mean RRMSE of 1.37%.
The MERTBoosting and REEMBoosting estimators achieve
comparable results with mean RRMSE values of 1.21% and
1.21%, respectively, indicating that all hierarchical boosting
variants perform at a similarly high level of accuracy. Again,
this result matches our prior expectations, as one strength
of the proposed MEGB is that complex relationships are
detected automatically and therefore have no negative impact
on the performance of the MEGB. Using residuals, which are
not normally distributed, seems to have very little effect on
the estimation quality of the MERF, MEGB, MERTBoost-
ing or REEMBoosting, as can be seen in the scenarios using
Pareto distributed error terms. Furthermore, the results indi-
cate that RF and XGBoost consistently underperform across
all scenarios when random effects are not considered. This
finding is consistent with the conclusions drawn by (Salditt
et al. 2023) and underscores the importance of adequately
modeling random effects in the context of SAE.

Table 4 and Fig.3 summarize the accuracy of the pro-
posed bootstrap MSE estimation method. Figure 3 shows the
empirical RMSE and the corresponding RMSE estimated
by the bootstrap procedure across all four scenarios. The
results indicate that the proposed MSE estimation procedure
is able to handle different levels of complexity effectively, as
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Table 1 The four scenarios used in the model-based simulation study
Scenario Model X1 X2 1% s €
Linear-Normal y = 5000 — 500x; — 500x2 + O + € Nu,3>) N, 3>  unif(=1,1)  N(0,500%) N (0, 1000%)
Complex-Normal ~ y = 15000 — 500x; - x2 — 250x2 + 9 +€  N(u,4%)  N(u,2%)  unif(-=1,1)  N(0,500%) N (0, 1000%)
Linear-Pareto y = 5000 — 500x; — 500x2 + 0 + € Nw,3% N, 3>  unif(=1,1)  N(0,500%) Par(3, 800)
Complex-Pareto y =20000 — 500x; - x —250x3 + ¥ +€  N(u,2%)  N(®,2®)  unif(=1,1)  N(0,1000%)  Par(3,800)
estimator = BHF = MEGB = MERTBoosting * RF
= EBP = MERF " REEMBoosting " ' XGBoost
(a) Linear-Normal (b) Complex-Normal
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Fig.1 RB averaged over the Monte-Carlo simulation runs for the estimators BHF, EBP-BC, MEGB, MERF, MERTBoosting, REEMBoosting, RF
and XGBoost for all four scenarios

Table2 Mean and median RB
in % for the estimators BHF,

Linear-Normal

Linear-Pareto

Complex-Normal

Complex-Pareto

EBP-BC, MEGB, MERF, RB (%) Mean Median Mean  Median Mean Median Mean Median

MERTBoosting,

REEMBoosting, RF and BHF 0.133 0.133 0.239  0.161 0.190 0.157 0.127  0.094

XGBoost across the four EBP-BC 0.279 0.329 0.576  0.565 0.190 0.221 0.308 0.268

scenarios MEGB —0.095 —0.100 0.275 0.298 —0.205 —-0.249 0.116 0.111
MERF 0.166 0.156 0.237 0.210 0.310 0.277 0.072  0.074
MERTBoosting  0.154 0.134 0.208 0.204 0.225 0.192 0.110 0.107
REEMBoosting  0.120 0.111 0.162  0.157 0.191 0.135 0.102 0.104
RF 1.061 0.943 0.362  0.350 1.238 1.271 0424 0450
XGBoost 0.916 0.778 0485 0.512 0.857 0.962 0412 0419
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Table3 Mean and median
RRMSE in % for the estimators

Linear-Normal

Complex-Normal

Linear-Pareto

Complex-Pareto

BHF, EBP-BC, MEGB, MERF, RRMSE (%) Mean Median  Mean Median Mean Median Mean Median
MERTBoosting,
REEMBoosting, RF and BHF 3.907 3.548 3.652  3.602 3.770 3.328 2.755  2.645
XGBoost across the four EBP-BC 3.986 3.614 3.660 3.593 3.512 3.103 2.630 2.462
scenarios MEGB 4.008 3.654 1.590 1.505 3.781 3.347 1.107  0.997
MERF 4.187 3.842 2.171  2.066 4.021 3.586 1.372 1.278
MERTBoosting  4.016 3.653 1.828 1.772 3.767 3.337 1211 1.111
REEMBoosting  4.061 3.709 1.870 1.767 3.811 3.381 1.213  1.109
RF 10.445  10.192 3.662  3.659 10.404  9.977 5.291 5.289
XGBoost 10.527  10.250 3.684 3.687 10438 10.057 5339 5329
satimator = BHF = MEGB " MERTBoosting " RF
= EBP = MERF " REEMBoosting © XGBoost
(a) Linear-Normal (b) Complex-Normal
0.06
0.05
0.10
0.04
o B - —
= = | - -
4 x
4 o 0.03
0.05 L]
- - - 0.02 [—
= —— =
0.01
& & & & & & 5 & & & & £ & & S
X N @°° Q;°° +®‘2> X A Qoo Q;OO +®<b
‘86 Qf‘"“ @Q/"\ Q,‘<§
W & A\ &
(c) Linear-Pareto (d) Complex-Pareto
0.15
0.05
10 0.10 004
2 2
0.03
g o Hm
L
0.05 0.02
E g B S |
e S— 65 = —
& & & & £ £ & F & & & & £ £ & 5
X N\ s S 12 X W S s &
ng @@b + Q/gb (5@ +
NS N

Fig.2 RRMSE averaged over the Monte-Carlo simulation runs for the estimators BHF, EBP-BC, MEGB, MERF, MERTBoosting, REEMBoosting,

RF and XGBoost for all four scenarios

Table4 Mean and median
results of the proposed MSE
estimation via RB-RMSE and

Linear-Normal

Complex-Normal

Linear-Pareto

Complex-Pareto

RRMSE-RMSE for the four
scenarios

Mean Median Mean Median Mean Median Mean Median
RB-RMSE (%) —-68 7.2 —6.1 —6.2 —42 -39 —65 —63
RRMSE-RMSE (%) 15.0 14.6 13.7 13.4 42.7 41.7 38.9 37.6
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Fig.3 Comparison of
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the estimated RMSE closely matches the empirical RMSE,
despite a minimal systematic underestimation. Additionally,
Table 4 provides the RB-RMSE and RRMSE-RMSE val-
ues for each scenario, further confirming that the bootstrap
method delivers reliable uncertainty estimates across all con-
sidered scenarios.

As a further robustness check, we examined the sensitiv-
ity of the performance gap between MEGB and MERF to
the signal-to-noise ratio (SNR). Starting from the Complex-
Normal scenario of model-based simulation A and leaving
the data-generating mechanism otherwise unchanged, we
varied the absolute levels of the residual and random-effects
variance while holding the ICC fixed at 0.2, yielding a high-
SNR and a low-SNR variant of this reference scenario. Each
variant is based on the same M = 500 Monte Carlo repli-
cations as the remainder of model-based simulation A. We
additionally included a tuned version of MERF for compari-
son, retuning its hyperparameters separately for the high- and
low-SNR scenarios via the same five-fold cross-validation
procedure used elsewhere in the paper (MEGB itself was not
retuned for this analysis). Detailed results are provided in
Appendix Fig.9 and Table 11: MEGB retains an advantage
over both the default and the tuned MERF across all signal-
to-noise levels considered, though this advantage narrows
under the low-SNR condition. Under the low-SNR condition
the distributions of the area-level RRMSE overlap substan-
tially across the three estimators, so that the advantage of
MEGB, while still present on average, is of limited practical
relevance in this regime.
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4.3 Model-based simulation B

The simulation scenarios of model-based simulation B are
based on the experimental design of Salditt et al. (2023),
but are adapted to an SAE context. While the same data-
generating process as in Salditt et al. (2023) is applied, the
simulation design is adapted to an SAE framework that distin-
guishes between sample and population data. This extension
allows the evaluation of estimator performance on the area-
level rather than on the unit-level. The study examines the
robustness of the estimators with respect to varying levels
of intra-class correlation (ICC), the number of domains (D)
and the within-domain sample sizes (114). In this simulation,
the boosting-based estimators considered by Salditt et al.
(2023) are compared with our MEGB approach, the EBP with
data-driven Box—Cox transformation and the Small Area
MERF by Krennmair and Schmid (2022). For MERTBoost-
ing, REEMBoosting, and GB (the basic GB implementation
of Salditt et al. (2023)), we use the hyperparameters reported
in Salditt et al. (2023), adopting the values tuned in their
study. The same applies to MBOOST and MBOOST_T, as
well as RF, for which we likewise follow the configura-
tions specified in Salditt et al. (2023). In contrast, MEGB
is used without additional tuning specific to model-based
simulation B; we retain the hyperparameter settings from
model-based simulation A.

4.3.1 Simulation setup

This simulation setup follows the general data-generating
process proposed by Salditt et al. (2023), which is extended
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here to an SAE context. Specifically, a finite population is
generated according to the same underlying model structure
and a stratified sample is subsequently drawn from this popu-
lation to estimate the models. The boosting-related unit-level
models described by Salditt et al. (2023) are then employed to
generate predictions for all population units. These unit-level
predictions are subsequently aggregated to obtain area-level
estimates, allowing for a direct evaluation of small area esti-
mators based on the true population means. In contrast to
Salditt et al. (2023), who implemented a MERF version
tailored for general hierarchical data, this study employs
the MERF approach developed by Krennmair and Schmid
(2022), which is explicitly designed for SAE. The simulation
setup for model-based simulation B is designed to systemat-
ically evaluate the performance of the MEGB under varying
data-generating conditions. It follows a fully factorial design,
where several key parameters of the hierarchical data struc-
ture are varied, including the number of domains, the average
number of observations per domain and the ICC. Specifi-
cally, the number of predictors is fixed at p = 9, which are
jointly generated from a multivariate normal distribution with
mean vector g = 0 and covariance matrix X. The diagonal
elements of X are set to 1, while the off-diagonal elements
are 0.4, inducing moderate correlation among predictors. For
each scenario, the ICC takes values of 0.05, 0.25, and 0.5,
representing low, medium, and high levels of area depen-
dence. The residual variance is fixed at 0'62 = 1. Thus, the
residual noise level is held fixed across scenarios, and only
the relative contribution of the random-effects variance to this
fixed residual level is systematically varied through the ICC.
As is inherent in this parameterization, adopted from Salditt
et al. (2023), the total error variance therefore also increases
with the ICC, so that the design varies the relative contribu-
tion of the random effects and the overall noise level jointly
rather than separately. Two different domain configurations
are considered, with D € {100, 250} domains, and mean
domain sample sizes of 1y € {10, 30}. Each domain contains
N4 = 300 population units, corresponding to total popula-
tion sizes of N = 30,000 and N = 75,000 for D = 100
and D = 250, respectively. Combining the levels of D, r4,
and the ICC results in 2 x 2 x 3 = 12 distinct simulation
scenarios. For each scenario, M = 100 Monte-Carlo repeti-
tions are conducted. The outcome variable Y;,; is generated
according to a nonlinear Mixed Effects model of the form

Yia = gXiq) + V4 + &ia,

where g(X;q) =2X1 + X% +41(X3 > 0) 4+ 2log(|X1]) X3
represents a nonlinear mean function of the predictors,
g ~ N(O, 03) denotes the random effect for domain d,
and g;4 ~ N (0, 03) are independent residuals. The random
effect variance og is determined by the chosen ICC value
according to

, IcC.q?
% = T-icc

All outcome values are truncated at a minimum of 0.01 to
avoid negative values. For each domain, a stratified simple
random sample of size ng is drawn from the population,
where ny varies uniformly around the target mean n,4 to intro-
duce heterogeneity in domain-specific sample sizes. In total,
the simulation design allows assessing the performance of
the MEGB across varying hierarchical structures, predictor
correlations, and levels of between-domain variability, while
maintaining full control over the data-generating process.

4.3.2 Simulation results

In this subsection, the results of the simulation described in
Subsection 4.3.1 will be discussed and evaluated using the
RB and the RRMSE. Table 5 and Table 6 summarize the
simulation results for D = 100 and ny; = 30, reporting
the RRMSE and RB across different levels of the ICC. The
results for the other scenarios, including different combina-
tions of the number of domains (D € 100, 250), domain
sizes (ng € 10, 30), and ICC levels (0.05, 0.25, 0.5), are
provided in the Appendix (see Tables 12, 13, 14, 15, 16
and 17). Across the experimental scenarios the three hier-
archical boosting estimators that combine GB with random
effects, namely MEGB, MERTBoosting, and REEMBoost-
ing, achieve the overall best performance. This finding is
consistent with the expected behavior given their concep-
tual similarities and aligns well with the results reported by
Salditt et al. (2023), who also emphasize the benefits of inte-
grating GB with mixed-effects structures. For scenarios with
smaller within-domain sample sizes (ngy = 10), all three
estimators yield nearly identical results at each ICC level,
with median RRMSE rising from about 5% at ICC = 0.05
to about 10-11% at ICC = 0.5, and absolute bias below
1% throughout; as noted in Subsection 4.3.1, part of this
increase reflects the simultaneous rise in total error variance
with the ICC, rather than the strength of the hierarchical
structure alone. This pattern is observed for both D = 100
and D = 250. When the sample size increases (ng; = 30)
and the number of domains grows to D = 250, the pro-
posed MEGB shows a slight advantage, reaching a median
RRMSE of 3.80% at ICC = 0.05 compared with 3.96% for
MERTBoosting and 3.95% for REEMBoosting, and retaining
this margin at the higher ICC levels. While the differences
are small, they indicate a marginal improvement in estima-
tion efficiency for MEGB when the data exhibits stronger
hierarchical patterns and larger within-domain sample sizes.
Nevertheless, MEGB, MERTBoosting, and REEMBoosting
achieve slightly lower RRMSE and RB values in most set-
tings compared to the non-hierarchical benchmark models,
particularly when the number of observations per domain is
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Table 5 RB results (in %) for

100 domains with 1y = 30 ICC=0.05 ICC=0.25 ICC=0.5

observations per domain RB (%) Median Mean Median Mean Median Mean
EBP 2.16 2.10 2.49 2.60 2.71 2.63
MBOOST 0.82 0.82 1.73 1.78 491 4.83
MBOOST_T 0.89 0.86 1.81 1.85 5.11 5.10
MEGB —0.11 —0.04 0.04 0.07 0.04 0.03
MERF 0.39 0.38 0.51 0.51 0.48 0.43
MERTBoosting —0.05 —0.05 0.12 0.12 0.10 0.11
REEMBoosting —0.10 —0.08 0.15 0.12 0.05 0.11
RF 0.61 0.55 1.95 1.99 5.30 5.41
GB 0.10 0.09 1.56 1.61 5.04 5.16

Table6 RRMSE results (i

for 100 domains with ny4 (;n;é)) 1CC=0.05 1CC=0.25 IcC=05

observations per domain RRMSE (%) Median Mean Median Mean Median Mean
EBP 6.67 6.70 9.91 9.90 11.61 11.72
MBOOST 6.53 6.53 1291 12.93 23.07 23.36
MBOOST_T 6.41 6.46 13.30 13.33 23.93 2421
MEGB 4.00 4.00 5.21 5.24 5.83 591
MERF 4.42 4.46 6.22 6.18 6.79 6.89
MERTBoosting 3.98 4.00 5.18 5.26 5.86 5.88
REEMBoosting 4.00 4.00 5.23 5.25 5.83 5.88
RF 5.50 5.50 13.19 13.26 24.66 24.87
GB 5.56 5.59 13.70 13.75 25.63 25.85

small or when the correlation between units within domains
is high. These findings suggest that the advantages of inte-
grating GB with random effects, as demonstrated by Salditt
et al. (2023) in a unit-level context, also hold in the SAE
setting. Figure 4 provides a graphical summary of the sim-
ulation outcomes, illustrating the RRMSE across ICC levels
for D = 100 and ny = 30. The figure visually confirms
that hierarchical boosting estimators consistently outperform
both classical and non-hierarchical approaches, with perfor-
mance gaps widening as the ICC increases.

Across all experimental settings and ICC levels, the three
hierarchical boosting methods, MEGB, MERTBoosting, and
REEMBoosting, consistently achieve the lowest RRMSE
among all estimators considered, while remaining essentially
unbiased. For low ICC (0.05), the gap between hierarchi-
cal and non-hierarchical models is comparatively small:
MEGB, MERTBoosting, and REEMBoosting achieve the
lowest errors (RRMSE ~ 4%), but non-hierarchical models
such as RF and plain GB-boosting yield slightly higher val-
ues (RRMSE ~ 5-6%), whereas the EBP shows moderately
larger errors in this scenario (RRMSE = 6.7%; see Table 6).
In terms of bias, MEGB, MERTBoosting, and REEMBoost-
ing remain essentially unbiased (RB around 0%), while
non-hierarchical learners show slightly positive RB (e.g.,
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RF =~ 0.6%). In the context of ICC levels that are par-
ticularly low, non-hierarchical learners show competitive
performance. This is due to the weak hierarchical structure
in the data, which reduces the benefit of explicitly model-
ing random effects. The performance advantage of MEGB,
MERTBoosting, and REEMBoosting is particularly evident
in scenarios with stronger hierarchical structure (ICC = 0.25
and 0.5), where they maintain RRMSE values around 5-6%
and remain virtually unbiased. This stability across varying
data complexities highlights the ability of these estimators
to flexibly capture both fixed and random effects within the
boosting framework. The tables in the Appendix (Tables 12,
13, 14, 15, 16 and 17) confirm that this consistent advan-
tage is observed not only for D = 100 but also for larger
domain settings (D = 250), underlining the scalability
of these hierarchical boosting approaches. The RRMSE of
non-hierarchical estimators increases substantially, reflect-
ing their inability to account for the hierarchical correlation
structure. Conversely, methods accounting for the hierarchi-
cal structure maintain low error levels and nearly unbiased
estimates. Accordingly, the MERF model also yields compet-
itive results and successfully captures a substantial portion of
the hierarchical variance through its Mixed Effects structure.
However, its error levels are consistently higher, typically
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by about 0.3 to 2 percentage points in RRMSE, and it
shows slightly larger bias values across most ICC con-
figurations. This pattern indicates that the boosting-based
approaches (MEGB, MERTBoosting, REEMBoosting) may
capture the underlying function f(x) more flexibly than
the MERF. By contrast, methods such as mboost and its
tree-based variant (mboost_T) perform markedly worse
across all ICC levels and domain settings. As illustrated in
Tables 5 and 6, both variants exhibit pronounced increases
in RRMSE, reaching values of up to about 26% at ICC
= 0.5, and show stronger bias patterns, especially as the
ICC grows. These findings align with the unit-level simula-
tion evidence reported by Salditt et al. (2023), confirming
that the inability of standard boosting algorithms to account
for hierarchical dependencies leads to systematic underper-
formance when domain-level effects are present. Overall, the
results across all configurations highlight that explicitly mod-
eling the hierarchical structure within the boosting process,
as implemented in MEGB, MERTBoosting, and REEM-
Boosting, yields consistently more accurate and unbiased
domain-level estimates. Their robustness across ICC levels
and within-domain sample sizes underscores their suitability
for small area applications with hierarchical structures. When
the domain size or total number of observations increases
(see detailed results in Appendix Tables 12, 13, 14, 15, 16
and 17), MEGB further consolidates its advantage. Although
MERTBoosting and REEMBoosting remain close competi-
tors, MEGB tends to achieve marginally smaller RRMSE and
RB values. In summary, the simulation results confirm that
integrating random effects into GB substantially improves
predictive accuracy and reduces estimation bias in SAE.
This underscores the importance of incorporating the hier-
archical data structure directly into the modeling process.

The MEGB estimator performs comparably to, and in sev-
eral scenarios slightly better than, the related MERTBoosting
and REEMBoosting approaches, while clearly outperform-
ing both classical model-based estimators and pure machine
learning methods, particularly when hierarchical dependen-
cies are strong.

The mean computation times across Monte-Carlo simu-
lation runs for each setting of model-based simulation B are
reported in the Appendix (Table 20).

The results show the advantages of combining GB with
Mixed Effects in an SAE context. To gain further insights
into the performance of MEGB, a design-based simulation
study was conducted in addition to the model-based studies,
as described in Sect. 5.

5 Design-based simulation
5.1 Simulation setup

In this section, the performance of MEGB is tested and evalu-
ated using real data. The proposed method is used to estimate
the area-level average labour income of Mexican municipali-
ties in Chihuahua, one of the 31 states of Mexico. Chihuahua
is the largest state in Mexico in terms of area and is located
in the north of the country. The state’s unemployment rate
is 2.62%, which is slightly lower than the Mexican aver-
age of 3%. Furthermore, Chihuahua is one of the country’s
leading exporters. In our analysis, a complete census is uti-
lized as a pseudo-population, serving as a realistic proxy
for the unknown true target population. From this census
dataset, random samples are repeatedly drawn to mirror the
income and expenditure household survey, whereas the com-
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plete census is used for the evaluation of the design-based
study. The census provides information on earned per capita
income, and the main objective is to model per capita income
derived from employment. The survey motivates the struc-
ture of the design-based simulation study. The objective of
this study is to compare the main model-based estimators
EBP-BC, MERF, MEGB, and MERTBoosting on real data
with respect to their bias and empirical RMSE performance.
These estimators were selected as they demonstrated the
most favorable results in the model-based simulation study.
The REEMBoosting approach was also tested; however, its
results are reported in the Appendix because a robust config-
uration for its practical application in this setting could not
be identified with confidence. The census dataset includes
N = 58, 578 households across all D = 67 municipalities,
whereas the survey dataset contains n = 1, 280 households
from only 22 municipalities. On average, each surveyed
municipality has approximately n; = 58 households, with
45 municipalities entirely Out-Of-Sample. Observations per
municipality range from min(ng) = 7 to max(ng) = 609,
with a median(ng) = 19.5. The estimation involves a
design-based Monte-Carlo simulation repeated M = 500
times. Each iteration involves drawing a new sample from
the census dataset, precisely matching the number of obser-
vations in the actual survey (n = 1, 280), thus replicating the
survey’s sampling structure in size and municipal distribu-
tion.

We use the same hyperparameter configuration as described
in Subsection 4.2.1, with the exception of #n,,,nqs, Which is
determined dynamically in Algorithm 1 via early stopping.
In addition to the previously utilized hyperparameters, the
hyperparameter colsample_bytree was introduced because
the design-based simulation involves a substantially larger
set of covariates compared to the model-based study. This
hyperparameter determines the subsample ratio of columns
used when building each tree and is set to 0.4.

5.2 Simulation results

The bias and the empirical RMSE are used to assess the
performance of the MEGB in relation to the other estima-
tors (EBP-BC, MERF and MERTBoosting). The Horvitz-
Thompson estimator (Horvitz and Thompson 1952), denoted
as HT, is also included in the analysis as a direct esti-
mator. The HT mean estimator is denoted as ;251 r =
Nd_1 Z:’i 1 %, where g ; is the probability that unit d, i
is included in the sample. It should be noted that the HT-
estimator is only included for the In-Sample data, which
consists of 22 municipalities. This limitation arises because
the HT-estimator is applicable only when the data points,
represented by yy ;, are directly accessible for the estimation
process. The empirical RMSE is calculated using the empir-
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ical true values, where the empirical true values are defined
as the area-level averages of household incomes from labour
in the census data used. The design-based simulation also
enables the analysis of Out-Of-Sample areas, in addition to
the In-Sample areas.

The bias of the mean area-level estimates is shown in
Fig.5. In terms of bias, the MEGB outperforms the EBP-BC
and MERF for all domains as well as for the Out-Of-Sample
domains. The MERTBoosting estimator achieves bias levels
similar to MEGB, which is consistent with their concep-
tual similarities, as both approaches integrate Mixed Effects
estimation within a boosting framework. This difference in
estimation quality is underlined in Table 7. Figure5 shows
that the HT has the lowest median and mean bias for In-
Sample areas (as expected for an unbiased estimator). In
contrast, MERF shows the highest bias for In-Sample and
Out-Of-Sample municipalities and has therefore also in total
the highest bias. The bias is across EBP-BC, MEGB, MERF
and MERTBoosting mostly positive.

The empirical RMSE of the mean area-level estimates
is presented in Fig.6. An examination of the RMSE also
confirms the impression of the bias evaluation. The MEGB
has a lower empirical median RMSE than the EBP-BC,
MERF, MERTBoosting and HT for the In-Sample domains
and the MEGB’s median RMSE is also in the Out-Of-Sample
domains and for all domains lower than the median RMSE
of EBP-BC, MERF and MERTBoosting. This finding is
consistent with the expected behavior given their concep-
tual similarities. In this more complex real-data setting with
additional covariates, the advanced regularization and sam-
pling features of the XGBoost framework may contribute to
slightly improved generalization compared to the Saldittet al.
(2023) implementation on which MERTBoosting is based.
While the median RMSE of EBP-BC and MERF seems to
be on a similar level for all domains, the median RMSE of the
EBP-BC seems to be higher than MERF’s for the In-Sample
areas and lower than the MERF for the Out-Of-Sample areas.
Table 8 shows that the MEGB performs better than the MERF
and EBP-BC and has the lowest mean and median empiri-
cal RMSE across all areas. MEGB performs especially for
the 45 Out-Of-Sample municipalities better than the MERF,
where the difference between the mean and median empir-
ical RMSE for the MEGB and the MERF is the highest.
The mean empirical RMSE is in this case 255.27 while the
median empirical RMSE is 205.58 for the MEGB, while the
MERF has a mean empirical RMSE of 315.70 and a median
empirical RMSE of 288.92. This indicates a good general-
izability of the MEGB, which is an important feature for
Out-Of-Sample estimations. MERTBoosting shows a nearly
identical level of generalization, confirming that both meth-
ods effectively balance fixed and random effects through the
boosting process. However, MEGB slightly benefits from the
optimized tree construction and regularization mechanisms
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Fig.5 Bias for In-Sample-, and
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Table7 Mean and median bias Bias Total In-sample Out-of-sample
for In-Sample-, and
Out-Of-Sample- and all Mean Median Mean Median Mean Median
municipalities in total in
Chihuahua for the EBP-BC, EBP-BC 153.616 101.327 —9.346 59.876 233.286 130.207
MEGB, MERF, MERTBoosting MEGB 74.782 122.483 23.317 50.743 99.942 134.758
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sty e MERTBoosting ~ 99.522 135.044  42.136 71437 127578 163.634
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inherent to XGBoost, which appear to be advantageous in
this higher-dimensional setting. This aligns with the expec-
tation that GB is an effective method to make Out-Of-Sample
predictions (Merfeld and Newhouse 2023). In terms of the
empirical RMSE, MEGB performs consistently better than
EBP-BC across the In-Sample and Out-Of-Sample areas and
all areas in total.

The point estimates of the area means, which are shown
in Fig. 7, track the empirical means well. This is especially
the case for the In-Sample areas. In addition, it is shown
that the estimations for the Out-Of-Sample areas are close
to the empirical values and provide correspondingly good
area mean estimates, which highlights the generalizability
and usability of the MEGB.

The RB-RMSE and RRMSE-RMSE for the MEGB can
be seen in Table 9 which allows the analysis of the pro-
posed MSE estimation method. The table shows that the MSE
estimations achieve lower results in In-Sample areas than in
Out-Of-Sample areas. This aligns with the expectations made
beforehand, as the estimation of the Out-Of-Sample areas is
solely based on the GB algorithm f (x) mEGB and no estima-
tion of the random effect 500 s can be performed. Overall,

the RB of the RMSE estimates seems to be closely around
0, which suggests that the RMSE is very well tracked.

Looking at the RB-RMSE estimates separately for In-
Sample and Out-Of-Sample areas, it appears that the RMSE
is slightly underestimated for In-Sample areas with a median
of —9.2%, and slightly overestimated for Out-Of-Sample
areas with a median of 5.2% and a mean of 6.5%.

6 Conclusion and future research

Building on the estimation approach of the MERF, the
aim was to develop an estimation method that meets the
requirements of flexible, powerful machine learning methods
combined with Mixed Effects. To achieve this, the method
MEGB was introduced. Combining the MEGB with REBB
creates a flexible estimator, which can be used without the
constraints imposed by distributional assumptions. This flex-
ibility distinguishes the MEGB, as well as the MERF, from
other estimation methods, as it automatically detects and
exploits (higher-order) relations between predictive covari-
ates. This feature significantly lowers the risk of model
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Table 8 Mean and median
RMSE for the estimators RMSE Total In-sample Out-of-sample
EBP-BC, MEGB, MERF, Mean Median Mean Median Mean Median
MERTBoosting and the direct
estimator HT and In-Sample-, EBP-BC 330.791 258.624 275.018 265.135 358.057 249.446
and Out-Of-Sample- and all MEGB 236.396 177.989 197.791 165.089 255.269 205.577
municipalities in total MERF 288.485 249.212 232.813 200.395 315.703 288.919
MERTBoosting 250.198 205.001 206.130 176.091 271.743 211.556
HT - - 485.958 471.165 - -
Fig.6 RMSE averaged over the (a) Chihuahua Total
Monte-Carlo simulation runs for 1250 5
the estimators EBP-BC, MEGB, 10004 : .
MERF, MERTBoosting and the 750 - .
direct estimator HT .
500 1
250- + * $
(b) Chihuahua In-Sample
12504 : estimator
1000 B EBP-BC
- B MEGB
750 B MERF
500 - o ° . E3 MERTBoosting
=]
250{ — e * —
(c) Chihuahua Out-Of-Sample
1250 . .
10004 =
750 A °
500 - 1
250 * $
Fig.7 Point estimates of the - Estimated - Empirical Mean
average household income per
area compared to the empirical In-Sample Out-Of-Sample

average income per area for
In-Sample and Out-Of-Sample
areas
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Table9 Mean and median

results of the proposed MSE Total In-sample Out-of-sample
estimation with B = 100 Mean Median Mean Median Mean Median
through RB-RMSE and

RRMSE-RMSE for the RB-RMSE (%) 4.2 —4.2 -0.5 —-9.2 6.5 52
In-Sample and Out-Of-Sample RRMSE-RMSE (%) 57.1 459 51.3 44.4 60.0 49.6

areas and in total

misspecification, as is the case with a few other estimators.
Therefore, the MEGB method is also suitable for scenarios
with high-dimensional problems processing big data sources
and non-normally distributed residuals and yields accurate
estimation results. The results of this paper indicate that the
combination of the mentioned GB model advantages together
with the ability to control for dependency structures builds
a powerful method for SAE. The evaluation of the model-
based scenarios and the design-based simulation shows that
the MEGB produced good point estimates for the area means
across all scenarios. Across both model-based studies (A
and B) and the design-based study, MEGB consistently per-
formed at least as well as MERF in terms of RRMSE, with
the largest and most practically relevant improvements aris-
ing in settings with pronounced nonlinear structures or a
higher SNR, while differences were smaller and less system-
atic under low-SNR conditions. This suggests practitioners
can apply MEGB to obtain reliable area estimates even when
model assumptions fail, without sacrificing inferential capa-
bilities (through our bootstrap MSE).

Looking ahead, further research could explore extending
the proposed method to binary or count data, as well as
examine the potential of the MEGB to estimate nonlinear
indicators such as head-count ratios or Gini coefficients, as
such indicators often hold high relevance in socioeconomic
analyses. Additionally, our research results could be used for
a comparative analysis of the performance of different GB
hyperparameter tuning approaches. Furthermore, the integra-
tion of parameter tuning within the EM algorithm, as well as
an integration in the bootstrap of the MSE estimations, should
be discussed. However, it is essential to note that such an
integration may introduce computational challenges due to
increased processing time, which requires careful consider-
ation.

Another possible research aspect of interest could be
to include further machine learning methods in the EM
algorithm, such as SVMs. Because of SVMs’ capability to
handle nonlinear data through the use of kernel methods,
their inclusion warrants further examination in future studies.
Another promising avenue for further investigation would
be to attempt the implementation of CatBoost (Dorogush
et al. 2018), LightGBM (Ke et al. 2017) or UnbiasedGBM
(Zhang et al. 2023) within the EM algorithm. In particular,
UnbiasedGBM represents a promising alternative due to the
unbiased split criteria, which are important considerations

given that the bias that arises when finding the splits can lead
to overfitting issues. The ability to generalise is also a cru-
cial factor in the context of SAE. One potential approach for
further research would be to apply model-boosting to a base
learner that accounts for the hierarchical structure. Conse-
quently, the EM algorithm is not required for the separation
of fixed and random effect estimates. As outlined in Salditt
et al. (2023), the BART yields better results than the GB
with random effects and L2 loss in their particular unit-level
comparison. It might therefore be interesting to compare this
in a small area context as well. Transformations of the tar-
get variable could also be a promising approach to further
enhance the performance of the MEGB method. Another
potential direction for future research concerns the use of
aggregated auxiliary information when census micro-data
is not available. Recent work by Krennmair et al. (2026)
has shown that calibration-based strategies can successfully
integrate aggregated covariate information in RF—type mod-
els for SAE. Extending such ideas to the MEGB framework
would be of considerable interest, particularly for applica-
tions where unit-level auxiliary data is inaccessible. Future
research could also extend the MEGB framework towards
robust SAE settings that explicitly account for atypical obser-
vations or outliers, for instance by incorporating robust loss
functions such as the Huber loss (Huber 1964).

Appendix
Additional results for simulation A

As an additional robustness check, we provide a supple-
mentary comparison between MEGB, MEREF, and a tuned
version of MERF for model-based simulation A. The tuned
variant of MERF was obtained as follows. Its RF hyperpa-
rameters, mtry (the number of variables considered at each
split), min.node.size (the minimum node size) and the number
of trees, were selected via five-fold cross-validation on unit-
level prediction error. The resulting configuration (mtry = 2,
min.node.size = 20, 800 trees) was then applied as a single
fixed setting across all four scenarios, mirroring MEGB’s
strategy of a single fixed configuration throughout. For the
signal-to-noise sensitivity analysis reported below, MERF’s
hyperparameters were instead retuned separately for each of
the two SNR variants via the same five-fold cross-validation
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estimator = MEGB = MERF " MERF_TUNED
(a) Linear-Normal (b) Complex-Normal
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Fig. 8 RRMSE averaged over Monte Carlo simulation runs for the estimators MEGB, MERF, and a tuned version of MERF across the four
scenarios of model-based simulation A. RRMSE is displayed as a proportion. Details of the MERF tuning procedure are given in the text of this

subsection

procedure, with the number of trees held fixed at 500: the
resulting configurations were mtry = 2, min.node.size = 5
(High-SNR) and mtry = 2, min.node.size = 10 (Low-SNR).
The default (untuned) MERF configuration follows Kren-
nmair and Schmid (2022) (mtry = 1, min.node.size = 5,
500 trees). All replications completed under both configura-
tions. Figure 8 shows that additional tuning of MERF does
not materially change its performance relative to MEGB and
therefore does not affect the substantive conclusions drawn
in the main text.

The source code accompanying Asadi et al. (2026) is
publicly available. We adapted their GMEXGBoost imple-
mentation to our continuous SAE setting and added our
own aggregation of unit-level predictions to domain means.
Hyperparameters were selected by a grid search over 84
configurations, evaluated on a held-out validation split of
one Monte Carlo replication and restricted to configurations
for which the algorithm’s iterative procedure converged; the
selected configuration was then held fixed across all four
scenarios, as for MEGB, though on a smaller tuning bud-
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get than the grid search described in Subsection 4.2.1. We
evaluated the method on all four scenarios of model-based
simulation A (M = 500 replications each), alongside MEGB
and MERF for comparison. Table 10 reports the results.
In terms of RRMSE, GMEXGBoost was outperformed by
both MEGB and MEREF in all four scenarios, with a small
gap under the linear data-generating processes and a sub-
stantially larger one once nonlinearity is present; this is the
pattern that the structure of the published algorithm would
lead one to expect, and it is consistent with the observa-
tion of Asadi et al. (2026) that, in their simulation study, the
method does not universally outperform plain XGBoost in
terms of raw predictive error, its strength lying in scenarios
where the correlation between observations is substantial.
Relative bias is negligible for all three estimators through-
out, and GMEXGBoost attains the smallest absolute bias in
three of the four scenarios; the differences between the meth-
ods are therefore driven by variance rather than by bias. In
the Complex-Normal scenario, 30 of 500 replications did not
complete and are excluded from the corresponding row. We
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Table 10 Mean RB (in %) and

mean RRMSE (in %) for GMEXGBoost MEGB MERF

GMEXGBoost, MEGB, and Scenario RB RRMSE RB RRMSE RB RRMSE

MEREF across the four scenarios ]

of model-based simulation A Linear-Normal —0.04 4.39 —0.10 4.01 0.17 4.19

(M = 500 replications, except Complex-Normal 0.22 3.70 0.28 1.59 0.24 2.17

where noted) Linear-Pareto 0.03 426 —0.21 3.78 031 4.02
Complex-Pareto 0.10 2.84 0.12 1.11 0.07 1.37

For GMEXGBoost in the Complex-Normal scenario, 30 of 500 replications failed to complete and are excluded

(M = 470)

estimator = MEGB

MERF

MERF_TUNED

(a) Complex-Normal (reference) (b) High-SNR (c) Low-SNR
0.06 0.06 0.06 1
0.04 1 0.04 4 0.04 4
o] @ &
2 2 2 | -
& g e —
0.02 A 0.02 4 0.02+
I
[ —
0.00 4 0.004 0.004

«® W o .«

Fig. 9 Sensitivity of area-level RRMSE to the SNR for the estimators
MEGB, MERF, and a tuned version of MERF, under the Complex-
Normal data-generating process with fixed ICC (0.2) but varying
absolute noise levels, as described in Sect.4.2. RRMSE is displayed

did not identify the cause and cannot rule out that it lies in
our adaptation to a continuous response rather than in the
published method.

Two qualifications apply. First, Asadi et al. (2026) eval-
uate their method only for binary outcomes; applying it to
a continuous target is consistent with the scope the authors
describe for the framework, but lies outside the setting in
which it was validated, and should be borne in mind when
interpreting the results. Second, we restrict the comparison to
model-based simulation A. The four scenarios of that study
vary both functional form and error distribution, and the
structural property described in Subsection 2.5 is not spe-
cific to a particular data-generating process, however, we did
not evaluate GMEXG Boost on model based simulation B
or on the design-based study, and we therefore do not extend
our conclusions to those settings.

Additional results for simulation B
Additional results for the design-based study

This subsection reports the results of the design-based study
including REEMBoosting, which is omitted from the corre-
sponding figures and tables in Sect.5 for the reason given
there. Figures 10 and 11 show the bias and the RMSE aver-

3
W

o v e W

o e

W

as a proportion; the corresponding values in per cent are reported in
Table 11. All panels share a common vertical scale and are based on
M = 500 Monte Carlo replications per scenario

aged over the Monte-Carlo simulation runs, and Tables 18
and 19 report the corresponding mean and median values.

Convergence and stability of the iterative estimators

Several of the estimators compared in this study are itera-
tive: MEGB, MERF, MERTBoosting and REEMBoosting,
the EBP with a data-driven Box—Cox transformation, and, in
model-based simulation B, MBOOST, MBOOST_T and GB.
The GMEXGBoost implementation examined in the com-
parison reported above is iterative as well; it is discussed
separately below. For MEGB, convergence of the EM-type
procedure in Algorithm 1 is monitored through the marginal
change in the modified GLL criterion, with a tolerance of
10~* and a maximum of 25 iterations. Across all simulation
studies (the 2000 replications of model-based simulation A,
the further 1000 replications of the two signal-to-noise vari-
ants, the 1200 replications of model-based simulation B (12
scenarios with M = 100 each) and the 500 replications of
the design-based study) every replication of these estimators
completed and returned area-level estimates, and no runtime
failures occurred. We did not record the number of iterations
required in individual replications and therefore do not report
how often the iteration limit was reached.
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Table 11 Mean RB (in %) and

mean RRMSE (in %) for MEGB MERF MEREF (tuned)

MEGB, MEREF, and a tuned Scenario RB RRMSE RB RRMSE RB RRMSE

version of MERF across the

signal-to-noise sensitivity Complex-Normal (reference) 0.28 1.59 0.24 2.17 0.24 2.08

scenarios (Complex-Normal High-SNR 0.25 0.94 0.27 1.50 0.03 1.20

reference: o = 1000, Low-SNR 032 3.00 025 342 012 321

oy = 500; High-SNR:

oe =500, oy = 250;

Low-SNR: o, = 2000,

oy = 1000; all with ICC = 0.2

and M = 500 Monte Carlo

replications per scenario)

Table 12 RB results (in %) for _ _ _

100 domains with 1y = 10 ICC =0.05 ICC=0.25 ICC=0.5

observations per domain in RB (%) Median Mean Median Mean Median Mean

model-based simulation B
EBP 2.63 2.50 347 3.41 425 4.54
MBOOST 0.74 0.75 1.54 1.65 4.66 4.74
MBOOST_T 1.03 1.06 1.76 1.88 4.88 5.10
MEGB 0.04 0.10 0.22 0.22 0.60 0.71
MERF 0.64 0.73 1.07 1.07 1.57 1.66
MERTBoosting 0.36 0.32 0.37 0.31 0.92 0.93
REEMBoosting 0.25 0.25 0.37 0.32 0.81 0.88
RF 0.77 0.83 1.79 1.95 5.30 5.53
GB 0.35 0.40 1.48 1.43 4.79 5.15

Table 13 RRMSE results (in %) _ _ _

for 100 domains with ny = 10 1CC=0.05 1€C=0.25 ICC=05

observations per domain in RRMSE (%) Median Mean Median Mean Median Mean

model-based simulation B
EBP 7.71 7.76 13.11 13.16 17.74 18.22
MBOOST 7.28 7.33 13.45 13.46 22.74 23.25
MBOOST_T 7.01 7.07 13.63 13.61 23.60 24.08
MEGB 5.45 5.51 8.92 9.01 11.01 11.22
MERF 5.77 5.80 10.14 10.26 13.00 13.24
MERTBoosting 5.46 5.52 8.83 8.96 11.16 11.24
REEMBoosting 5.58 5.63 9.02 9.10 11.24 11.29
RF 5.90 5.96 13.87 13.79 25.13 25.70
GB 5.67 5.73 13.72 13.62 25.16 25.58

Table 14 RB results (in %) for _ _ _

250 domains with 1y = 10 ICC =0.05 ICC=0.25 ICC=05

observations per domain in RB (%) Median Mean Median Mean Median Mean

model-based simulation B
EBP 2.05 2.02 3.09 3.12 4.01 4.05
MBOOST 0.51 0.56 1.93 1.94 5.09 5.05
MBOOST_T 0.60 0.60 1.88 1.93 5.28 5.17
MEGB —0.20 —0.18 0.40 0.42 0.65 0.76
MERF 0.35 0.32 1.11 1.10 1.40 1.49
MERTBoosting —0.16 —0.14 0.49 0.52 0.82 0.88
REEMBoosting —0.11 —0.09 0.39 0.42 0.75 0.81
RF 0.39 0.43 2.01 2.15 5.74 5.71
GB —0.04 —0.01 1.56 1.66 5.21 5.27
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Table 15 RRMSE results (in %) _ _ _

for 250 domains with ny = 10 ICC=0.05 ICC=0.25 ICC=05

observations per domain in RRMSE (%) Median Mean Median Mean Median Mean

model-based simulation B
EBP 7.19 7.23 12.59 12.65 17.56 17.68
MBOOST 6.92 6.90 13.88 13.92 25.16 25.45
MBOOST_T 6.77 6.74 13.98 14.01 25.53 25.82
MEGB 5.01 5.03 8.37 8.40 10.53 10.63
MERF 5.28 5.32 9.39 9.44 12.21 12.35
MERTBoosting 5.02 5.03 8.30 8.33 10.44 10.55
REEMBoosting 5.05 5.06 8.32 8.35 10.31 10.53
RF 5.70 5.68 13.62 13.71 25.96 26.09
GB 5.60 5.59 13.64 13.72 26.10 26.21

Table 16 RB results (in %) for _ _ _

250 domains with 1, = 30 ICC =0.05 ICC=0.25 ICC=0.5

observations per domain in RB (%) Median Mean Median Mean Median Mean

model-based simulation B
EBP 1.95 1.96 2.36 2.46 227 2.39
MBOOST 0.51 0.47 1.88 1.93 5.28 5.40
MBOOST_T 0.48 0.44 1.89 1.95 5.31 5.45
MEGB 0.04 0.05 0.14 0.15 0.15 0.16
MERF 0.34 0.34 0.46 0.46 0.38 0.39
MERTBoosting 0.04 0.07 0.22 0.21 0.23 0.23
REEMBoosting 0.02 0.05 0.22 0.20 0.19 0.21
RF 0.55 0.53 1.99 1.99 5.28 5.45
GB 0.24 0.25 1.72 1.71 5.15 5.34

Table 177 RRMSE results (in %) _ _ _

for 250 domains with ng = 30 ICC=0.05 ICC=025 ICC=05

observations per domain RRMSE (%) Median Mean Median Mean Median Mean
EBP 6.48 6.50 9.73 9.78 11.44 11.59
MBOOST 6.57 6.60 13.94 13.98 24.99 25.64
MBOOST_T 6.45 6.46 14.15 14.14 25.44 25.99
MEGB 3.80 3.79 4.87 4.89 5.66 5.65
MERF 4.14 4.15 5.61 5.61 6.34 6.32
MERTBoosting 3.96 3.96 5.21 522 5.97 5.97
REEMBoosting 3.95 3.98 5.20 5.21 5.92 5.94
RF 5.32 5.33 13.35 13.31 24.58 25.09
GB 5.51 5.53 13.99 13.93 25.78 26.32

Table 18 Mean and median -

bias for In-Sample-, and Bias Total In-sample Out-of-sample

Out-Of-Sample- and all Mean Median Mean Median Mean Median

municipalities in total in

Chihuahua for the EBP-BC, EBP-BC 153.616 101.327 —9.346 59.876 233.286 130.207

MEGB, MERF, MERTBoosting, MEGB 74.782 122.483 23.317 50.743 99.942 134.758

REEMBoosting and the direct MERF 183.743 222718 126.816 164.079 211.573 247918

estimator T in the MERTBoosti 522 135.044 42.136 71437 127578 163.634

design-based simulation study oosting 9. : : ’ : )
REEMBoosting —70.816 —31.560 —28.409 12.033 —91.548 —50.049
HT - - 3.677 —0.181 - -

@ Springer



218  Page 26 of 29

Fig. 10 Bias averaged over the
Monte-Carlo simulation runs for
the estimators EBP-BC, MEGB,
MERF, MERTBoosting,
REEMBoosting and the direct
estimator HT

Fig. 11 RMSE averaged over
the Monte-Carlo simulation runs
for the estimators EBP-BC,
MEGB, MERF, MERTBoosting,
REEMBoosting and the direct
estimator HT

Table 19 Mean and median
RMSE for the estimators
EBP-BC, MEGB, MERF,
MERTBoosting,
REEMBoosting and the direct
estimator HT and In-Sample-,
and Out-Of-Sample- and all
municipalities in total
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RMSE Total In-sample Out-of-sample

Mean Median Mean Median Mean Median
EBP-BC 330.791 258.624 275.018 265.135 358.057 249.446
MEGB 236.396 177.989 197.791 165.089 255.269 205.577
MERF 288.485 249.212 232.813 200.395 315.703 288.919
MERTBoosting 250.198 205.001 206.130 176.091 271.743 211.556
REEMBoosting 390.033 388.111 251.381 238.327 457.818 402.534
HT - - 485.958 471.165 - -
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Table20 Mean computation times (s) across all scenarios of model-based simulation B with varying ICC, number of domains (D) and observations

per domain (ng)

1CC D ng EBP MBOOST MBOOST_.T MEGB MERF  MERT Boosting ~ REEM Boosting RF GB

0.05 100 10 293 8.10 2231 12.92 10.48 57.03 241.17 1.49 0.56
0.05 100 30 3.14 14.71 31.60 55.35 47.52 43.25 163.64 8.66 0.93
0.05 250 10 5.77 12.31 26.32 39.53 38.36 61.94 600.98 6.03 0.75
0.05 250 30 6.46 20.16 39.52 165.76 130.58 70.69 400.13 38.71 1.66
0.25 100 10 3.04 8.82 22.49 14.26 14.76 62.21 272.30 1.57 0.58
0.25 100 30 2.73 12.58 26.07 51.01 42.16 31.33 100.85 8.04 0.78
0.25 250 10 5.60 12.36 25.89 39.18 38.61 47.25 469.79 6.07 0.72
0.25 250 30 6.29 22.15 41.77 163.34 153.02 56.50 407.49 44.02 1.59
0.50 100 10 2.80 8.62 2222 12.46 12.72 60.87 239.88 1.51 0.58
0.50 100 30 3.17 15.81 32.44 53.62 50.14 36.86 131.48 8.71 0.96
0.50 250 10 5.58 13.11 26.18 37.21 38.28 41.70 34791 6.08 0.71
0.50 250 30 8.53 24.89 46.73 184.36 168.44 54.27 403.66 46.36 1.59

Two qualifications should be added. First, in the design-
based study REEMBoosting did not fail to complete, but its
results were unstable across replications, so that a configu-
ration we would regard as robust for this application could
not be identified; its results are therefore reported in this
Appendix rather than in Sect. 5.2. Second, in the comparison
with GMEXGBoost reported above, 30 of 500 replications
did not complete in the Complex-Normal scenario; as dis-
cussed there, we were not able to establish whether this
originates in the published method or in our adaptation of
it to a continuous response.

Beyond completion rates, we examined the internal sta-
bility of the EM-type procedure of MEGB directly. Using
an illustrative dataset, we compared the resulting area-level
estimates when the procedure is initialized from three very
different starting values for the random effects: zero, a large
constant of 50,000, and a data-driven warm start based
on BHF residuals. The resulting estimates were essentially
identical across initializations, with a correlation of approx-
imately 1 between the zero start and the large-constant start,
and of approximately 0.999 between the zero start and the
BHF warm start. This indicates that the procedure reaches
the same solution irrespective of its starting point rather than
being sensitive to initialization.

Computation times for model-based simulation B

For comparability, we report runtimes only for model-based
simulation B (no bootstrap-based uncertainty estimation for
MEGB). The computation times were reported across M =
100 Monte-Carlo replications in Table 20.
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