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Abstract

Modeling and analysis of modern computer and telecommunication systems by homo-
geneous discrete- or continuous-time Markov chains with finite state spaces is a standard
performance evaluation technique. We sketch the interactive construction of the corre-
sponding models by the advanced software techniques of the tool MACOM. We present
efficient algorithms to compute the steady-state distributions of the underlying finite
Markov chains and illnstrate their application by some examples arising from teletraffic
theory. For further study of the subject a comprehensive bibliography is provided.
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1 Introduction

Modeling and analysis of advanced distributed systems such as computer and telecommu-
nication systems in a narrow- or broadband ISDN by means of homogeneous discrete- and
continuous-time Markov chains (DTMCs, CTMCs) with finite or infinite state spaces is a
current performance evsluation technique originating in Erlang’s pioneering work [11]. To
cope with the investigation of large Markovian models, numerical solution methods are often
the only feasible approach since explicit analytic solutions of the steady-state distributions
and the relevant performance characteristics are normally not available and simulation may
be too expensive or too difficult, particularly in the case of rare events. For instance, cell loss
probabilities arising from the investigation of multiplexers or switching fabrics in BISDN are
in the range of 10~ to 107° (cf. [115]). Therefore, considerable attention has recently been
devoted to the analysis of finite Markov chains by computational methods (cf. [131], {78],
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[2}). For Markov chains with infinite state spaces the latter can be derived by state space
truncation techniques (cf. {48]).

From a theoretical point of view, the problem of computing the steady-state distribution of
an ergodic positive recurrent homogeneous Markov chain has already been solved simce it
can be calculated as nonnegative normalized solution of a homogeneous linear system, called
steady-state balance equations (cf. [63], [49]). The corresponding transient solution satisfies a
system of linear ODEs with constant coefficients. Hence, both issues are not very attiractive
to theorists any more. In practice, however, the application of the theory raises a lot of diffi-
culties due to the enormous complexity of the models regarding computing time and memory
requirements. ‘
Considering the sketched performance evaluation approach of distributed systems there ‘are
two main issues: first, the difficulties to translate an application-oriented formulation of the
system such as a queuneing, stochastic Petri-net or SDL model into the low logical level of the
underlying Markov chain and, secondly, the management of the perhaps immense number
of states of the derived Markov chain and the sophisticated relations of these mathematical
objects, i.e., state descriptions, the transitions between states and their corresponding rates.
To analyze large models at least by parts, suitable techniques including special decomposition
methods have to be employed. Moreover, the process of constructing and evaluating Marko-
vian models has to be supported by convenient software taols. For these reasons, a software
package called MACOM (Markovian analysis of communication systems) has been developed
(cf. [223), [78), [79], [80]). Iis capabilities are tailored to the requirements arising from the
performance evaluation of modern distributed systems by means of queuneing networks. Effi-
cient numerical procedures for finite continuons-time Markov chains are employed as solution
technique (cf. [53), [43), [66], [4]). The package can cope with large models comprising up
to 150000 states. It is implemented in C and currently available on a workstation with a
graphical user interface.

In this paper we present the advanced numerical solution methods employed in MACOM.
It is our main objective to summarise these recommended simple algorithms within a well-
known mathematical framework. To llustrate their application, several teletraffic models are
used. We also discuss the construction of the Markov chains since it is a very important
ingredient of any solution technique. We do not claim to present new mathematical results
nor to give a comprehensive survey of computational methods for finite Markov chains and
their application. Readers who are interested in the mathematical background and details
of the proposed algorithms are referred to the literature and the references therein (see the
excellent snrveys of Barker [2] and Stewart et al. [107], also [78]). Although our bibliography
cannot be exhaustive, it is comprehensive enough to provide a source for further studies of
the subject.

The paper is organized as follows: In section 2 we discuss the modeling and construction tech-
niques used in MACOM. Section 3 provides both the mathematical background for calculating
the steady-state distribution of a finite Markov chain and a classification of computational
methods. In section 4 we present some important direct methods. Section 5 is concerned with
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point and block iterative procedures derived from matrix splittings of singular M-matrices. In
section 6 the proposed methods are applied to some teletraffic models arising from the analy-
sis of modern telecommunication networks. Finally, the merits of MACOM are summarized
in the conclusions.

2 Modeling and analysis by Markovian techniques

The tool MACOM combines state-of-the-art techniques for systems modeling and analysis by
finite continuous-time Markov chains, software methods for the specification of models by gra-
phical means and for the enhanced support of the nsers by menu techniques and the advanced
technology of modern workstations (cf. [122], [14], [99]). It provides an interactive environ-
ment for the management of modeling data, the description and performance evaluation of
models and the presentation of results. Al steps of the evaluation process are supported
by a graphical user interface and enhanced by convenient window techniques. Besides the
construction of models combining predefined graphical elements, the tool offers functions to
specify evaluation schemes and series of experiments. Furthermore, it performs the evaluation
of the specified performance measures antomatically.

MACOM supports modeling and analysis of modern distributed systems by a predefined
model world in terms of queueing networks. They consist of multi-class delay-loss stations

of type 3, MAPf‘/ITﬁ/ n/m and allow state-dependent routing (cf. {123]). To evaluate the
performance of a system, e.g. time- or arrival-stationary distributions, throughputs or loss
rates, the steady-state vector of the underlying finite CTMC is calculated. The structures of
the modeling components guarantiee the Markovian nature of a specified model. The basic
elements consist of sinks, loss exits, links, specific routing elements, called conexes, offering
probabilistic and state-dependent routing, queuneing stations with multiple, homogeneous ser-
vers and queues with finite capacities, different service disciplines (infinite server, processor
sharing, random, non-preemptive/preemptive priority, polling) and general Coxian service-
time distributions, as well as sources. The latter generate versatile arrival streams such as
phase-type renewal processes, Markov-modulated Poisson (MMPP) processes and general
Markov arrival (MAP) processes. Therefore, the resulting class of queueing models includes
Markovian queueing networks with state-dependent routing which do not possess a steady-
state distribution of product form.

The model world of MACOM is provided by means of a graphical user interface. Models
are specified by a graphical editor (see Fig. 1). The resulting network graph is interactively
constructed from predefined elements. Moreover, further textual information is added to the
model elements by means of pop-up menus. They are activated by a mouse. The text com-
prises the types of the distributions (Coxian, Erlang, Hyperexponential, Exponential) of the
service and arrival processes and the parameters of a station, i.e. its name, the service disci-
pline, the number of processors, the service speed, which may depend on the population, and
the capacity of the station defined as the number of customers which can be held simultane-
ously. Furthermore, the attributes of the routing elements have to be described.

The performance characteristics of a system can be evaluated after calculating the steady-
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Figure 1: MACOM model of a circuit-switched network with mutual overflow routing

state vector of the finite CTMC derived from the graphical model. This is a complex process
that must be performed in several steps. Hereby, it is a major benefit of MACOM that the
generator matrix Q of the CTMC is generated antomatically (cf. [14]). For this purpose, MA-
COM has a layered software siructure formed by three different levels of abstraction, called
High (HLL), Medium (MLL) and Low Level Language (LLL) representation (cf. Fig. 2). The
HLL reflects an application-oriented view of the model. It specifies the model and its relevant
performance characteristics in terms of a graphical representation of a queneing network (cf.
Fig. 1). The MLL arises from a construction-oriented view. It describes the model and its
parameters in terms of an event-oriented representation, i.e. by states and transitions caused
by all feasible events. The LLL is a mathematical-oriented view representing the model in
terms of the generator matrix of its underlying CTMC.

In the HLL the model and its required characteristics are specified by combining predefi-
ned graphical elemenis of the Markovian model world (cf. {123]). Then the HLL is trans-
formed into the MLL replacing each graphical item by an associated vector of state varia-
bles, a set of inital states and transition rules describing the behavior of the component.
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Figure 2: Structure of MACOM

In the MLL, the model is described by a state-transition scheme (B, R,a,n,I,v) (cf. {14,
§5]). It comprises the products of all state descriptions B and initial states I C B and
the finite set R of all transition rules. These rules r € R specify whether a transition
b— b = (b¥) € D(r) = {(b,8) € B x B | n(r,b) = ¥,a(r,5) = 1} of a specific type
r can occur in a state b by a(r,b) = 1 (or whether it cannot by a(r,4) = 0) and how the
new state b’ € B is determined by n(r,b) = ¢'. Additionally, nonnegative numbers ¢ € IR
are attached to each tramsition b — & € D(r) by v(r,b,¥} = q. They depend on its type
7 and describe the transition rates or branching probabilities associated with a transition.
Performance characteristics are represented by random variables on the state space, i.e. by
functions on the state variables and transitions between the corresponding states (cf. 14,
§7).

The second transformation of MLL into LLL is logically divided into two steps, namely, the
generation of the state space and the construction of the generator matrix @ € IR™*™. This
transformation generates the lists of all possible states of the CTMC and all feasible tran-
sitions between these states. Its result may be represented by a directed attributed graph
(S5,T,vr) comprising the states as nodes s € S and the transitions as edges ¢t = (3,4') € T'.
Atiributes of a node s are the values of the corresponding vectors of state variables, attri-
butes of an edge ¢ are the types r of the occurring transitions including their corresponding
rates vr(s,3’) € R (cf. [14, §5]). Loops and multiple links between states are admitted. Ap-
plying the transition rules » € R successively to all initial states b € I and their snccessors
¥ = n(r,d) in a way similar to attributed graph grammars, where the attributes of the
state variables & control the selection of all applicable transition rales {r € R | a(r,b) = 1},
the state space of the underlying CTMC is incrementally generated (cf. [14, §6.1]). This
generation procedure may be considered as breadth-first-search in the fictitions graph re-
presentation of the state space. Starting from the initial states b € I, all reachable states
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d(b) = {b' | 3Ir € R,n(r,b) = ¥',a(r,b) = 1} and transitions {6 —» ¥ € B x B | V' € d(b)}
will be generated and visited exactly once. In the case of a finite state space the procedure
terminates. To determine whether a reached state ' = n(r,b) is new, a search in the set of
already generated states is required. This operation is the complexest step of the algorithm
that must be performed very efficiently. Therefore, hashing is used as basic technique in MA-
COM. Based on the stracture of the states the hash function is antomatically generated.

Finally, the construction of the generaior matrix @ consists of the enumeration of all states
according to a fixed ordering, the evaluation of the matrix elements and their integration into
a data structure arising from a given sparse matrix storage scheme. The enumeration is repre-
sented by a position mapping p: § — {1, ...,|S|} = S, C IN on the set S with |S| = n states.
The simplest enumeration is determined by the order of generation. But macrostructures of
the model can also be taken into account. If the states of a macrostate are enumerated in
a sequential order and macrostates are ordered in a lexicographical way, a block structured
matrix Q results. This process may be represented by an appropriate partition and permu-
tation on S,. Then the generator matrix Q is built determining first its zero structure, i.e.
the adjacency matrix Z(Q) = (z(s1,32)) with z(s1,32) = 1 if (91, 53) € T and zero otherwise.
Each pair (s,,3;) of directly connected states yields a matrix entry in position (p(s,), p(s2)).
The corresponding value is computed according to the type » of the applied transition and
the attributes of the states. Values of multiple edges between states are added. The diagonal
elements are set to the negative sums of the off-diagonal elements of the rows (cf. [14, §6.2]).
In a way similar to other applications, queuneing network models determine generator matri-
ces Q that are large sparse nonsymmetric Metzler-Leontief matrices (ML-matrices) with zero
row sums (see section 3 - cf. [7]). As it is more convenient to use the transposed generator
matrix in numerical algorithms, Q" is built up by MACOM during the construction process.
It is represented by a row-oriented sparse matrix storage scheme based on a list (g1,...,4n)
of the rows ¢; = (Qy; )i=1,...n of @F, i.e. the columns of Q. One stored row contains the value
of the diagonal element Q;;, an array for the nonzero off-diagonal elements Q;; of that row j
and an array for the corresponding column indices { € {1,...,n} \ {j}. This storage scheme
is similar to one employed in ITPACK (<f. [72]), but it uses dynamic memory allocation.

The stationary distribution p of the CTMC is computed as the solution of the linear system

Q-p=0, Yy p=1 (2.1)
=1

It is unique if Q is irreducible. In MACOM this condition can be verified automatically using
Tarjan’s algorithm. The numerical solver at the Markovian level (LLL) employs advanced
direct and iterative methods for the solution of (2.1) (cf. [78]). For small matrices with some
hundred states a direct method based on an LU-decomposition technique is employed {cf.
{53], [43]). For larger non-banded matrices iterative techniques based on the Gauss-Seidel
scheme and the successive overrelaxation procedure (SOR) are used (cf. [66], [4]). They may
be accelerated by relaxation techniques or by inserting some aggregation-disaggregation steps
(cf. [96], [61], [121], [76], [120]). In the following sections these procedures are discussed in
detail.
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Then the required performance characteristics, defined in terms of this steady-state vector p
and specified by the user in terms of an evaluation description, are automatically computed by
MACOM. Further details concerning this forward and backward transformations are discussed
in [123] and [14, §5-7].

3 The mathematical background of computational me-
thods

The behavior of distributed systems is often described by homogeneous discrete- or
continuous-time Markov chains (DTMCs/CTMCs) with discrete valued finite state spaces
8§ = {1,2,...,n} (see section 6 - {78}, {66], [89]). Then it is an important task to calculate
the corresponding steady-state distributions. For this purpose, computational solution me-
thods must be employed if the models do not belong to special classes such as product-form
networks (cf. {69]) or matrix-geometric models (cf. [101]) since analytic solutions are rarely
available.
In this section we provide the mathematical background of these computational methods
based on a simple mathematical framework. It is derived from the theory of nomnegative
matrices and M-matrices. We assume the reader to be familiar with this theory to the extent
of Berman’s and Plemmons’ book [7] and adopt their notation regarding vector and matrix
orderings (see [7, Chap. 2, p. 26]): Let ¢ € R, then z > 0 & z; > 0 for each i € {1,...,n};
>0 z; > 0foreachdi € {1,...,n} andz; > Qforsomej € {1,...,n}; 2 > 0 &
#; > 0foreachie {1,...,n}.
We show that, from the computational point of view, discrete- and continuous-time Markov
chains can be treated in the same way. For this purpose, we assume that the reader is familiar
with the theory of DTMCs/CTMCs to the extent of the books of Heyman and Sobel [63,
Chap. 7, 8] and Kemeny and Snell [71].
For an irreducible DTMC {¥,,n > 0} with a finite state space § = {1,2,...,n} and an
irreducible transition probability matrix (t.p.m.) P, a solution of the stated problem is pro-
vided by Markov’s well-known theorem (cf. [63, Corollary 7-4, p. 231], [25, Corollary 2.11, p.
153]). The vector x comprising its stationary probabilities is the unique solution of the linear
system:

zt = 2P, 2:;:1, z; >0 foralliec§ (3.1)

i€s

Considering an irreducible CTMC {X(t),t > 0} with finite state space S and the irreducible
generator matrix Q = (g;;), the vector p of its steady-state distribution is determined by the
solution of the system

z'Q =0, Ez,-:l, z; >0 forallie S 3.2)

€S

(cf. [63, Theorem 8-6 , p. 304)).
Moreover, it is well known that the existence of these steady-state distributions can be proved
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by algebraic results only (cf. [46, §13.7, p. 431ff], [7, Theorem 8.3.11]). In this context, a major
mathematical tool is given by the distinguished Perron-Frobenius theorem for nonnegative
matrices (cf. [7, Chap. 2], [46, §13.2, p. 397{], [125, Theorem 1.5, p. 20], {25, Appendix, Sec.
4], [142, Theorem 2.1, p. 30]). This set of nonnegative matrices, particularly the subset of
probability matrices, is very important in computational probability theory.

1t is well known that under appropriate regularity conditions (i.e. for conservative, uniformisz-
able MCs - cf. [63, §8-7]) homogeneous continuous-time and discrete-time Markov chains with
denumerable state spaces are related to each other in a specific stochastic manner. Thereis a
natural way to associate an embedded DTMC {Y,,n > 0}, called the jump chain, with each
such CTMC possessing a standard generator matrix Q. This tranformation of a CTMC into
its associated embedded DTMC is called uniformization or randomization (cf. [65, p. 228],
(69, p. 3], [63, p. 290 and p. 310]). It is arising from the CTMC by observing its states only im-
mediately after a state transition. Thus the transition probabilities p;; = P(Yo41 = j | Yo = 1)
of Y, are just the conditional probabilities of a transition of X(t) from state i to state j given

that a transition occurs, i.e. p;; = g‘j /4 ’: f‘; with ¢; = —gi; = ¥4 ¢j- Hence the
=
t.p.m. P = (p;;) of {Y,,n > 0} is defined by
P=D"'.B=I+D"'Q (3.3)

where Q = (g;;) = —D + B is a decomposition into the negative of the diagonal part of Q,
D = —Diag(q11,-..,qsn) = Diag(qs,...,gs) > 0, and the nonnegative off-diagonal elements
B > 0. Here Diag(z) = D denotes a diagonal matrix generated from any list (z;,...,2,) of
elements such as a vector ¢ by setting D;; = z,. Subsequently, let e denote the vector with
all ones.

If the vector z comprises the stationary distribution of the jump chain, we conclude from

(3.3) that
D'z %/ )
= =22 34
p etD-12 (2121/qx jes (3.49)

is a probability vector determined by the equation (3.2). H the parameters g; of the expo-
nentially distributed sojourn times in the states would not depend on j, i.e. ¢ = g;, then the
jump epochs of the embedded chain form a Poisson process with rate ¢ and the stationary
distribution z of the jump chain coincides with the steady-state vector p of the CTMC (cf.
[63, Theorem 8-5, p. 303]).

A matrix A = (a;;) € R™" is called M-matrizif a;; <0 holds for all ¢, j € S with i # j and
if A can be represented in the form A = sI~ B, s >0, B >0, s > p(B). Here p(B) denotes
the spectral radius of B and [ is the identity matrix (cf. [7, Chap. 6]). A is a regnlar M-matrix
if s > p(B) holds and a singular M-matrix for s = p(B). An important subset of the class
of singular M-matrices is given by the Q-mairices. A Q-matrix Q = {g;;) € R™"" satisfies
the conditions ¢;; < O forall ¢,j € Swithi# jand I ,¢q;=0forallj € {1,...,n}. 4
is a called ML-matriz or Metzler-Leontief matrix if —A is an M-matrix. Thus the generator
matrix Q of a CTMC is an ML-matrix and the negative transpose 4 = —Q* is a Q-matrix
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(cf. [109]). I P is the t.p.m. of a DTMC, then A = I — P! is also a singular M-matrix with
zero column sums, i.e. its associated Q-matrix.

To calculate the vector x of the steady-state distribution of such an irreducible Markov chain
with finite state space S = {1,...,n}, we have to compute a positive solution z € IR" of the
linear system

En:::,- = ¢ez=1. (3.6)

A

-
-

Here A € R™*" is a nonsymmetric irreducible singular M-matrix with zero column sums,
ie., an irreducible Q-matrix with positive diagonal elements. If A4 is reducible, the same
problem arises from the transformation of A into the well-known block triangular cano-
nical form (cf. {7, p. 39], [46, §13.4]). In the following we assume that A denotes always
an irreducible nonsymmetric Q-matrix. For practical purposes, a diagonally scaled version
A = A [Diag(Ay,..., An,)]"! of matrix A with diagonal elements A;; = 1 should always
be used. The resulting transformation A-z=02z= Diag(A11,.-.)Ana) - € of the system
(3.5) has the same stochastic interpretation as relation (3.4) and yields a stochastic matrix
T = I — A with diagonal elements T;; = 0 (see (3.3)).

From the theory of M-matrices we know that the system (3.5), (3.6) has a unique positive
solution z > 0 (cf. [7, Theorem 6.4.16, p. 156]). Furthermore, A = 0 is a simple eigenvalue of
A with one-dimensional eigenspaces spanned by a positive right and left eigenvector, i.e. 7,
with efr = 1.

Solution methods for system (3.5) have been discussed in detail in [78], [107], and [2]. The
proposed computational procedures can be classified according to the formulation of the pro-
blem and the applied numerical solution technique. They can be divided into the following
categories:

(I) procedures based on the formulation by a linear system (3.5)

(II) procedures based on a formulation by an eigenvalue problem

e=T- (3.7)

using T = P or T = I + QD! = B'D™! with Q = -D+ B and D =
~Diag(Qi1,.-+1Q@nn) 2 0 0r D = ql, q > mazizy,..(— Qi) > 0 (uniformization proce-
dare for a CTMC).

A survey of some direct and iterative solution methods is provided by Table 1. There is a major
difference between our context and similar singular systems with the structure (3.5) arising
from other fields of application, e.g., from system theory or the theory of difference methods
for the solution of the Neumann problem (cf. [42], [100}, [108]). 1t is given by the possibility to
interpret some well-known direct or iterative solution methods such as Gaussian elimination,
the Gauss-Seidel scheme, and the underrelaxation procedure in a stochastic manner (cf. [117],
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Category | Methods Algorithms | References
Direct Gaussian LU decomposition (42], [45], [44],
methods | elimination {or singular M-matrices | [7, Cor. 6.4.17, p. 157)
techniques GTH algorithm [53], [52], [126]
Crout-algorithm 50, p. 58]
QR method 50, Sec. 7.5, p.228], [51]
rank reduction block LU algorithms 751, [47], (58],
techniques [50, Sec. 5.5], [5], [117],
[49, §12.4], [146]
blockwise bordering 49, §12.3], (24]
deflation techniques 70], [60], [106], [59]
Iterative | inverse iteration 66], [67], [130
methods | procedures based on Jacobi procedure 3], |66], T95]

matrix splittings for
singular M-matrices
and their accelerated
variants

including
semi-iterative methods
maulti-splitting methods

Gauss-Seidel procedure
JOR

SOR

SSOR

block SOR

AOR

A/D algorithms

Chebyshev algorithms
parallel SOR algorithms

(3], (66}, [133]

[16]

[133], 55

[35]

[66], [67]

(28], [116]

(22], [18), [74], [119],
[121], {76}

(33], [s6], [142], [s6]
[104], [145], [68], [41],
[116], [12], [34]

conjugate gradient
techniques

CG procedure
ICCG

[112], [19], [20], [21]
[19], {35, Sec. 3, p.45ff]

projection methods

power method
simultaneous iteration
Lanczos’ procedure and
Arnoldi’s procedure
GMRES

QMR, TFQMR

(144, T130], [17], [66], (3
(130], [129]

[111], [110], [17], [108],
[107], [113], [114]

(111], [107]

[64], [39], [37], [38], [40]

multigrid algorithms

AMG

IAD schemes

[9, Sec. 10, p. 257H], [29],
(135], [30], [54]
(76], [77], [138],
22], (61], [134]

Table 1: Survey of numerical solution methods for finite Markov chains
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(53], 521, [126], [146], [83], [73], [47], [76], [77]).

The transformation of the singular system (3.5) into a regular one is an obvious solution
technique. The substitution of the normalization (3.6) for the last equmation of (3.5) is an
approach used very often. Let e, € IR™ denote the nth unit vector. Then this procedunre
yields the inhomogeneous system (4 — e el A + eqe?) - * = ¢, with a unique positive solution
z. However, Barlow (5], [6] has shown that a transformation of the singular system (3.5) into
a regular inhomogeneous one by specifying a component of the solution vector z and deleting
the corresponding row of 4 will not significantly change or improve the condition of the
linear system. Similar observations have been derived from extensive numerical comparisons
(cf. [60], [66], see also [24]).

An alternative approach is given by a deflation technique proposed by Kemeny [70] (see also
{71, VIII, p. 211 f], (59]). It is a rank-1-modification that can be applied to any matrix A
with a simple eigenvalue. But it destroys the sparsity and sign pattern of A. Therefore, these
well-known transformation techniques are not used in MACOM.

To select an appropriate algorithm, the structure of the giver Q-matrix A and the properties
of the chosen procedure must be taken into account. Some selection criteria are listed in
Table 2. The advantages and disadvantages of direct and iterative procedures are discussed
by Evans [35, Sec. 3, p. 451] (cf. also (140]). Computational aspecis concerning the efficient
implementation of iterative methods on a vector computer are treated by Kincaid et al. [72].

4 Direct methods

In this section we study the solution of the homogeneous system (3.5) by direct methods, i.e.
variants of Gaussian elimination. After the solution phase, the vector z must be normalized
such that (3.6) is satisfied. But it is not necessary to proceed to a regular system by deflation
or rank-1-modification techniques which are often proposed in the literature (cf. [106], [97]).

4.1 A block LU-algorithm

Solution techniques from numerical linear algebra reducing the order n of the linear system
(3.5) are very often discussed in the literature (cf. [49], [66], [75], [106], (62], (53], [126], [73],
(146], [117], [83]). All these procedures are based on a block partition of the irreducible Q-
matrix
An 1 A
A= ... ... (4.1)
An i Ax;

into matrices 4;; € R**% | A4;; € R **, 4, € RM** | 4, € R**™ with by > 2,k + 4 =
n. A1z and A;, are nonpositive. A;; and Ay, are regular M-matrices that are weakly diago-
nally dominant with respect to columns, i.e. e'4;; > 0,i=1,2.

Based on this partition, a block elimination scheme can be applied to reduce the solution of
(3.5) to that of smaller subproblems. The following block Gaussian elimination procedure is
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Recommended Methods

Criteria modified Gaussian Iterative procedures
elimination based on splittings

Properties of Q-matrix 4
order n n < 500 n > 500
structure:
dense recommended suitable
banded for small bandwidth for large bandwidth
block structured for additional structure | generally recommended
sparse - recommended
spectral properties:
well-conditioned ] suitable suitable
ill-conditioned including NCD-type - recommended
Properties of the procedure
algorithmic complexity: s = max;ica{f{A;; #0,1 < j <n}}
regarding time 0(2/3n%) O(n x s) per siep
regarding memory 0(n?) O(n x s)

efficiency of the implementation:

algorithmic structure
data structures

matrix-vector scheme
matrices, vectors

matrix-vector scheme
matrices, vectors or
sparse matrix schemes

vectorizable or parallel executable yes yes
accuracy aspects:

stability w.r.t. rounding errors yes yes
appropriate termination test - available

Table 2: Criteria for the choice of a procedure

a classical approach (cf. [50, Sec. 5.5, p. 110f}, [117], [75], [47]):

Algorithm:

1. Choose a nontrivial partition A} = 4 of the irreducible Q-matrix A4 according to (4.1).

2. Compute a factorization

A0 = K

by Gaussian

(Crout-algorithm - cf. [45, Cor. 1], [42], [7, Cor. 6.4.17]).

3. Calculate a nonnegative solution R(® of

ROLFUY =

elimination without pivoting

1
-4y

tion and back substitution (taking into account e'*R(3) = et as accuracy check).

4. Set

AR = A7) + RD A,

(4.2)

by forward elimina-
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5. Calculate a solution z(® > 0 of
AP =0 . (4.3)

6. Compute a solution 2 > 0 of Ae® = LPTP2M = (—4{))2® by forward
elimination and back substitution.

2
7. Normalize the resulting vector z = ( ) ) by setting = = z/(e'z).

a

One step of this elimination scheme yields AV = LOUW with the regn]al(' )M-matrix
I 0 A(l) A 1

= ( -1 ) and the singular M-matrix A® = ) = ( 1 . Here
ADADT 1 0 AR

the irreducible Q-matrix A5y = 4% + (~ A% [Am] 1)4{Y is called the Schur complement of
ALY (cf [50, P4.2-3., p. 58)). If we periorm k; steps of the normal Gaussian elimination on
ma.tnx AW, the resulting submatrix A%y ") coincides with the Schur complement (4.2).
As L) is a regular matrix, the solution of Az = 0 is equivalent to that of A®z = 0. In
order to solve the linear system (4.3), the same reduction step can be applied to the resalting
submatrix Ag) or any other direct or iterative solution technique for singular systems can be
employed (cf. [43], [85], [84], [8]). The successive application of this reduction process is stop-
ped after m —1 < n — 1 steps. It yields a submatrix A‘,’;) of order { with rank { — 1. Then we
fix one component of the solution vector z(™ resulting from the decomposition of z according
to the block partition of A, for instance, its last one z; ™ 1, and solve the linear system
A$P)2(™) = 0, The back substitution yields the other component vectors z(™1), , zm of z.
Exploiting its Q-matrix structure, the computation of A cap be mproved As A is a Q-
matrix and R > 0, Agl) < 0 hold, the off-diagonal elements of A are computed only from
nonpositive elements whereas the diagonal elements are given by the negative column sums
of the off-diagonal elements. Hence, there is no loss of accuracy due to cancellation errors
while performing these additions. Therefore, the computation of A22 according to (4.2) is a
rather stable process.
Considering the propagation of rounding errors, the matrix inversion which is required to
calculate R(® is the crucial step of the algorithm, It has to be performed very carefully. Le
Boudec [84], for instance, proposes to use an inversion algorithm for strictly substochastic
matrices based on the representation of the inverse by a power series.
A major advantage of the proposed block LU-algorithm is its inherent probabilistic interpre-
tation (cf. [117], [53], [52], [73], [47]).
We recommend either to avoid successive reduction or to apply this block LU-algorithm if
the algebraic structure of A can be exploited (cf. [66], [60], [85], [84]). In practice, for exam-
ple, matrices with block tridiagonal structure 4 = (Aij)1gijom Aij = 0 for |3 ~ j] > 1, arise
very often (cf. [66], [85], [147]). In this case, standard block LU-factorization [50, (5.5-4), p
111] based on Gaussian elimination without pivoting can be applied. However, a necessary
condition for the stability of the overall process is given by a block diagonally dominance
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condition
NAZ (el + 1Al <1, i=1,....m
with Ag; = Amsim = 0 (cf. 50, Th. 5.5-1., p. 112, [147], [132)).

4.2 The GTH algorithm

Choosing a block decomposition of A with k; = 1, we can consecutlvely apply the proposed
block elimination procedure to the generated block matrices A” If we calculate the negative
values of its diagonal elements by means of relation e‘A” = 0 as sum of the off-diagonal
elements, we obtain a numerical procedure that does not contain any subtractions or additi-
ons of numbers with different signs. This GTH algorithm avoids cancellation errors, a main
difficulty of Gaussian elimination, and it still coincides with the result of Gaussian elimina-
tion without pivoting applied to A. Grassmann, Taksar, and Heyman [53] have proved the
feasibility of this approach for a DTMC with denumerable state space by probabilistic argu-
ments. Furthermore, its application to CTMCs has been studied in [52] (see also [73}). The
procedure can be derived from the factorization

A - Bn—l Yn — Ln—l 0 . Un—l inlyn
2zt Ann 2071 0 0 )
Here B,.; = L,_1U,-; is a factorization of the leading principal submatrix of A of order n—1
into two regular M-matrices and U,_; has only ones along the diagonal. z! < 0,y, < 0 denote

the nth row and column vectors of 4 with exception of its last element. To avoid negative
numbers, the corresponding algorithm works with —A and looks as follows:

Assumptions:

Given an irreducible Markov chain with a finite state space S = {1,...,n},set A=Q* ¢
IR™™" in the case of a CTMC and A = P! — I in the case of a DTMC.

Algorithm:

1. Modified Gaussian elimination:

Fork=1ton—1do
Diag = 37441 Aix
Forj=k+1ltondo
Ab,‘ = A,,j/Diag
Fori=k+1ltondo
A = A+ AaAy
Endfor
Endfor
Endfor

2. Norm =1
2, =1
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3. Back substitution:

Fori=n-1to1do
€ = Licivr Aa - 2
Norm = Norm + z;
Endfor

4. Normalization:

For k=1tondo
z, = z;/Norm

Endfor

a : )
The proposed algorithm requires O(2/3n°) flops and O(n?) memory places to calculate the
steady-state vector x. Moreover, it has the advantage to preserve the band structure of a
matrix. An implementation based on a sparse matrix storage scheme is also possible. The
storage scheme should support access to matrix elements by rows and columns (cf. [31]).
Computing the steady-state vector in floating-point arithmetic with unit roundoff u, the
relative error of the components of the steady-state vector « due to the initial roundoff of
matrix A is in the worst case O(2n)u and the relative error induced by the GTH algorithm
itself is 9.54n2u. Hence, the relative error of the calculated probabilities is O(n*)u (cf. [103]). I
double-precision arithmetic with u = 5-107* is used, the probabilities of a 1000-state Matkov
chain are computed with 4 correct digits and for 10000 states one digit is accurate (cf. [103}).
Nevertheless, for ill-conditioned systems like NCD models modified methods such as the
aggregation/disaggregation or stochastic complementation methods with a well-conditioned
formulation of the coupling matrix are required to overcome instabilities (cf. [128], (93], [91],
[o4], (227)).

4.3 Further reading

From the mathematical literature it is known that only in the last elimination step of Gaus-
sian elimination without pivoting a zero pivot occurs if we decompose an irreducible singular
M-matrix (cf. [45, Cor. 1), [7, Cor. 6.4.17}). Therefore, the Crout-algorithm can be employed
for the factorisation of a Q-matrix that specifies the steady-state distribution of a Markov
chain (cf. [42], [60], [59]).

Generally speaking, resulis concerning the factorization of a (singular) M-matrix A into a (sin-
gular) upper triangular M-matrix U having the same rank as A and a regular lower triangular
M-matrix L are well known (cf. (36], {7, Theorem 6.2.3, p. 135], [82], [42], [¢5], {143, Theorem
3, p. 182}, [1]). Although a singular M-matrix A does not possess an LU-decomposition in
general (see {143, (1.15), p. 183]), it is known that a factorization into M-matrices always
exists for a permuted version PAP? (see Kuo {82, Theorem 2], also {7, Theorem 6.4.18), 45,
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Cor. 1, p. 106)). In general, the LU-decomposition into M-matrices is not unique. In the spe-
cial case of an irreducible singular matrix, however, uniqueness of the factorization can be
established.

It is known that, even in the case of a singular linear system, this LU-factorization is a stable
method with growth factor one (cf. [44], [60, Theorem 1], [59], [127]). The problem (3.5)
is good conditioned relative to entrywise relative errors, i.e. the perturbation of the matrix
elements by rounding errors due to their representation by finite floating-point numbers does
not seriously harm the accuracy of the solution vector (cf. [103]). However, ill-conditioned
systems such as NCD-models yield large condition numbers of order O(¢~?) for a given coup-
ling parameter ¢ (see (5.9) - cf. [128]) and cannot be solved accurately, in general. But even
for well-conditioned systems, the adjustment of the diagonal elements according to the GTH
approach is required to avoid cancellation errors and instability in practice (cf. [103]).
Further block I U-procedures for block tridiagonal matrices A have been studied by several
authors (cf. [49, §12, p. 390ff], (146}, [75], (62] and [47]). Meyer (cf. [91], [92], [87]) has recently
extended the concept of block LU-factorization to nearly decomposable systems which are
also known as nearly completely decomposable (NCD) models (cf. [26]). His method, called
stochastic complementation, uncouples a Markov chain in several smaller independent chains.
It is well suited for parallel computation (cf. [87]). Other variants of rank-reduction techni-
ques that exploit particularly the sparsity structure of matrix A and properties of separable
matrices are discussed by Kaufman (66].

An alternative direct method is given by a QR-factorization algorithm for singular M-matrices
with zero row sums, i.é. A= —Q or A = I — P (cf. [50, Alg. 6.2-1, p. 148]). It yields a de-
composition 4 = @R € R"*" into an orthogonal matrix O and R = [0] —(I,]e with a
regular upper triangular matrix U € R*"'*"~! with positive diagonal elements. Then the
steady-state distribution vector x = Q- e,/(e!- @ - ¢,) is given by the normalised last column
vector of §. From a computational point of view, however, this technique is not superior to
the LU-factorization since it requires in most cases more work than the latter. More infor-
mation about this procedure and its probabilistic relevance is provided by Golub and Meyer
[51].

Further applications of LU-factorization algorithms are studied in the context of combined
direct-iterative methods such as incomplete LU-factorization. The latter yields a decomposi-
tion A = L-U — R into a regular lower triangular M-matrix L with unit diagonal, an upper
triangular M-matrix U and a nonnegative matrix R. These matrices satisfy L;; = U;; = 0
for (i,§) € P where P C P. = {(i,7) € IN? | i 5 j,1 < i,j < n} is an arbitrary position
set, e.g. reflecting the zero structure of A, P = {(4,5) € IN? | i # j, 4; = 0} (cf. [2], [90}]).
Then A= M - N=L-U—Risan M-splitting with M = UL >0 N=R >0
holds. It can be used as preconditioner of system (3.5): 0 = M~'A.z = (I — M~'R)z. Here
T =M"'R=1- M~'Ais the nonnegative iteration matrix with steady-state vector z > 0.
The resulting iteration scheme has the form

LUd® = -4
R R R O S Ay T
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for a given initial vector 2{® > 0. Normaliging z(**1) after convergence, the solution vector is
obtained. The interested reader is referred to [43], [2], [15] and [90].

Another preconditioning technique derived from a decomposition 4 = M ~ N € R™" into
a singular M-matrix M of rank(M) = n — 1 with a separable structure M = B@I+18C
has been studied by Chan {19], [20], (21]. Here ® denotes the Kronecker product defined by
(BeC)= (B",'C);J (cf. [66]).

4.4 Applicability of direct methods

We recommend to apply either the GTH algorithm or the proposed block LU-factorisation if
the diagonal dominance condition is fulfilled. The first has the additional advantage to avoid
cancellation errors. It is snitable for computing the stationary distribution of small Markov
chains with up to 500 states in double-precision arithmetic with approximately seven accurate
digits if the latter do not belong to the class of nearly completely decomposable systems.
Apart from the latier case, the application of these direct methods is only limited by memory
constraints and rounding errors. An efficient row-oriented implementation is sketched in [107].
The required availability of the entire matrix, the memory to store it during the elimination
process by sparse matrix schemes as well as the limited accuracy due to the floating-point
representation are the major limitations of direct methods.

5 Iterative methods

Iterative methods can also be employed to solve the linear system (3.5) for a given irreducible
nonsymmetric Q-matrix A € IR**". These methods are preferable for banded, sparse or large
matrices with more than 1000 states. To apply an iterative procedure, its convergence must
be guaranteed. As A is singular now, a straightforward application of standard results deve-
loped for regular matrices is impossible. Based on the framework of M-matrices, the required
generalization of the classical convergence theory to singular M-matrices has fortunately been
developed over the last decade (cf. [118], [109], (100], [16], {66]).

The classical iteration procedures are derived from an additive decomposition of matrix 4,
called matriz splitting. It has the form A= M~ N, M € R™™, N € R™*" with a regular
matrix M and yields the iteration matriz T = M~'-N.I{ N > 0 and M~* > 0 hold, then
T=1I-M"'4 > 0follows and the splitting is called regular splitting. Note that an M-matrix
M satisfies M~! > 0. The corresponding regular splittings are called M-splittings (ci. [118,
Def. 2.3, p. 410]). Then an iteration procedure can be defined by M - 2(*+1) = N . z(») or the

fixed point iteration
MU =T M k=01, (5.1)

respectively. The scheme (5.1) is called preconditioned power method (cf. (134]). Furthermore,
A-z =0 isequivalent to z = T -z (cf. [66, Lemma 4.1 ]), i.e. each nontrivial solution
of the homogeneous system (3.5) is also a right eigenvector corresponding to the eigenvalue
o(T) =1 of T and vice versa. Recall that due to the distinguished Perron-Frobenius Theorem
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the .spectral radius p(T) of a nomnegative matrix T is always a real eigenvalue of T' with
maximal modulus and nonnegative right and left eigenvectors (cf. [7, Chap. 2]).

5.1 Point iteration methods

In the following, let A = D — L —~ U be a point splitting into the diagonal part D, the strictly
lower triangular part L and the strictly upper triangular part U of A.

5.1.1 The point Jacobi procedure

The Jacobi procedure
D™ = (L + U)zt™ m=01,... (5.2)

results from the M-splitting M = D, N = L + U. As the diagonal D of an irreducible M-
matrix is positive (cf. [7, Th. 6.4.16, p. 156]), this splitting with the Jacobi iteration matrix
J = D™YL + U) is well defined. The Jacobi procedure is equivalent to the power method
applied to D"'A=1—- D"YL +U).

It is known that any eigenvalues on the unit circle apart from p(T) = 1 prevent the con-
vergence of the scheme (5.1) derived from a regular splitting A = M — N of an irreducible
singular M-matrix. On the other hand, there is the simple idea to shift these eigenvalues
into the unit circle by an appropriate transformation T, = a7 + (1 — o)l = I — aM™4,

0 < a < 1, of T called stationary first-order Richardson extrapolation (cf. [71, Chap. V,
Theorem 5.1.1, p. 99], (66, p. 540] and [100, p. 273 ff]). Then the resulting ezirapolated Jacobi
method (JOR) 2+ = J, - 2(® = [aJ + (1 — a)I]**! . 2(%) converges to a nontrivial solution
of (3.5), which depends on z), for each & € (0,1) and each initial vector z(®) > 0 (cf. [16,
Theorem 3.4, p. 191], {100, p. 273 ff}).

Furthermore, the optimal extrapolation parameter a can be determined for some special cases
(cf. [100, Theorem 7, p. 275}, |7, Theorem 8.4.32, p. 234], [55], [56]).

5.1.2 The point Gauss-Seidel procedure

There are two possible Gauss-Seidel iteration procedures for the solution of the homogeneous
system (3.5): the forward Gauss-Seidel iteration

(D~ L™ =Uz™ m=0,1,... (5.3)
with the iteration matrix Ty, = (D — L)~'U and the backward Gauss-Seidel iteration
(D - U™ = La™ m=0,1,... (5.4)

with the iteration matrix Ty = (D ~ U)"! L. Note that the Gauss-Seidel splitting of an M-
matrix is an M-splitting.

Simple examples reveal that the convergence of these schemes is not guaranteed for arbitrary
M-matrices 4. But it can be shown that a Gauss-Seidel scheme is convergent, too, if the
iteration matrix T (-the index of T is omitted-) has no further eigenvalues on the unit circle
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apart from the maximal eigenvalue p(T) = 1, i.e. if §(T)=max{{ A Aeo(T),A# 1} <1
holds (cf. [3], [118], [109]). Here, o(T) denotes the spectrum of T. This criterion can be
verified a priori (cf. {3, Theorem 1, p. 394]). There are some simple sufficient conditions for
the convergence of the point Gauss-Seidel procedures which can easily be verified by the
inspection of the zero structure of A (cf. [3, Cor. 1, p. 394}, [118, Cor. 3.6], [109, Cor. 2]).

Recall that the directed matriz graph T'(A) = (V, E) associated with A € R™*" has nodes V =
{1,...,n} and directed arcs (i, j) € E for all A;; # 0. Then a sequence & = (49,91, ..., %,%) of
distinct nodes (except the end point) in I'{4) is called a monotone cycle if oy = (i, %1,...,4)
is monotone with either #; < 4o for decreasing o or i; > 4, for increasing a; (cf. [109], [3]).

Result 1

If the directed graph T'(A) of the irreducible singular M-mairiz A has a monotone decreasing
cycle, then the forward Gauss-Seidel iteration converges for each =(® > 0.

IfT(A) has a monotone increasing cycle, then the backward Gauss-Seidel ileration converges
for each 2 > 0.

We state another useful criterion for matrices with symmetric zero structures (cf. [43], [66]).
These matrices A have the property that A;; # 0 for i 3 j implies A;; # 0, i.e. A;;A;; # 0.

Result 2

If the irreducible M-matriz A has a symmetric zero siructure, both the forward and backward
Gauss-Seidel ilerations are convergent.

To avoid expensive divisions during the execntion of the Jacobi- or Gansg-Seidel procedure,
the schemes should be applied to the irreducible M-matrix A- D' =JI-L- D' -U.D!' =
I~ L —U. It is derived from a scaling of the columns of A by the diagonal matrix D~* > 0
(ef. [133], [95]). This transformation is equivalent to the transition from a CTMC to its em-
bedded jump chain with the t.p.m. P =T+ D~!.Q = (L + U)" and requires a scaling of the
steady-state distribution #: A- D! . (D-7) =0, z = D - x. Thus, the steady-state vector
can be calculated from the vector z obtained after convergence of the iterative scheme by the
modified normalization » = D! - 2/(e*- D! - z) provided that = > 0 holds (see (5.8)).

5.2 The block Gauss-Seidel procedure and R-regular splittings

An important class of iterative methods is arising from a block partition 4 = (4;;)1<ij<p
p> 1, of a given Q-matrix A € R™*", Regarding the corresponding block iterative schemes,
Rose [109] has established some convergence results. They are derived from a generalization
of the block Gauss-Seidel splitting technique, called R-regular splitting (cf. (109, p. 138]). Ap-
propriate LU-factorization methods for sparse matrices, e.g. an incomplete LU-factorization,
can be used for the diagonal blocks of A to construct a splitting according to this approach.
We state a variant of the corresponding iterative algorithm that is accelerated by relaxation.
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Assumptions:

Let A € IR™™" be the Q-matrix associated with a Markov chain. Define a block partition
A = (Aijh<ij<p given p > 1, and extend it to the steady-state vector z specified by (3.5),(3.6).
Choose an R-regular block splitting A= M — N = (D — D(N)) — (L + L(N)) ~ U(N) which
has the following properties:

1)

(2)

3)
O
(5)
(6)

D = Diag(Di)ici<, and D(N) are block diagonal matrices with D(N) > 0. L and L(N)
are strictly lower block triangular matrices with L > 0, L(N) > 0. U(N) is a strictly
upper block triangular matrix with U(N) > 0.

Di'>0for1<i<p ({0 < w < 1isused in the algorithm, only D7' > 0 is
required.)

M = D - L is a lower block triangular matrix.
N=L(N)+U(N)+D(N)>0
Ay =D ~ L — U(N) is irreducible.

The block matrix graph I'(4y) = (V, E) has a monotone decreasing cycle. This is a
sequence ¢ = (iy,13,...,1, %) of adjacent nodes with the property i # i, and 4; > 444
for1<j<i-1. :
The block matrix graph I'(4,) = (V, F) is a directed matrix graph with nodes V = {V; |
1 £ i < p} and directed edges (V;,V;) € E. V; resulis from the partition of the index
set {1,...,n} according to the block partition. (V;,V;) € E iff (Aq); # 0, that means,
there are indices ! € V;,m € V; such that (I,m) € Er(4,) is an edge in the matrix graph
T'(4o) = ({1,...,n}, Er(4,)) of Aq.

Algorithm:

1.

Initialization:

Select an initial vector z(®) > 0, e.g. 2% = e/n, £ € (0,1), an appropriate relaxation
parameter w € (0,2) and the number my € (1, 10] of consecutive iteration steps without
termination test.

Set k= 0,d% =1,+0 =1, =1,

. Iteration step:

For m = 1 to mqp do
Fori=1topdo
Solve Dj; - £$L+m) = ;;l‘ Lij . zgk-&m) + 2;_!:‘ N,'j . z§k+m—l)
z£h+m) = zSHm—l) +w- (isnm) _ z§h+m—1))
endfor
endfor
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(Let X2, =0.)
3. Convergence test:

dlk+mr) — w“i(H'mr) - a:(ll+mr'1)”"°

plktmr) = (glhtme) /d(n)’/""
i r(k+m7) > 1 then

k=k+ mypy

goto step 2
endif

elk+mr) — Jhtm2) may(], plbtmr) /(] - r(k+mz)y)
¢ elktmr) < ¢ then

goto step 4
else
=k+ my
goto step 2
endif
4. Normalization:
=(1k+m1)
Normalize the resulting vector 2(*+™7) = | : > 0 by setting
z£i+m1-)

T = z.(k+mq-)/” glbtmr) ”1

ju}

Here, the term #(*), called reduction factor, converges to the modulus §(T) of the subdomi-
nant eigenvalues of the iteration mairix T = M ~N. Hence, it is an estimate of the rate of
convergence. The term ef*) approximates the error of the solution 7. If +* is close to one,
then aggregation/disaggregation steps should be performed during the iteration to improve
the rate of convergence. An approximation of the required number I of iteration steps to
pass the termination test is given by L > In(e)/ In(r(®) (cf. [14, p. 35ff], (57, p. 20}).

Every R-regular splitting is also a regular splitting. I all diagonal blocks D;; are M-matrices,
it is an M-splitting. Without loss of generalitly we assume that D;; are irreducible regular
M-matrices which implies condition (2) and the irreducibility of A (cf. [109]). Regarding con-
dition (6) the monotony of a cycle, which exists due to the irreducibility of A, can be enforced
by an appropriate block permutation (cf. [109, Prop. 3, p. 138]).

The importance of R-regular splittings stems from Rose’s result [109, Theorem 1, p. 138] that
each R-regular splitting A = M — N of an irreducible singular M-matrix A € R"*" genera-
tes a convergent iteration scheme. Employing this special splitting technique, Rose has also
shown that there always exists a convergent block Gauss-Seidel splitting of the irreducible
Q-matrix corresponding to an irreducible Markov chain with appropriately ordered states (cf.
{109, Theorem 1, p. 138]). In this context, the following sufficient convergence criterion can
often be employed in practice (cf. {109, Cor. 2, p. 139]).



288 U/.R. Krieger

Result 3

Let A € R™ " be an irreducible singular M-matriz, e.g. o Q-mairiz, and A= M - N = (D —
L)—U(N) a block Gauss-Seidel splitting with irreducible block matrices D;; along the diagonal
of M. Suppose there ezist block mairices A;; # 0 and A;; # 0 for 4,5 € {1,...,p}, i # 3.
Then the block Gauss-Seidel method converges.

Other sufficient convergence criteria concerning the block Jacobi and block Gauss-Seidel
method as well as their implementation by a two-step iteration procedure derived from an
A/D-scheme are provided by Courtois et al. [27]. These methods are particularly suitable for
NCD models (see section 5.3).

5.3 The IAD method

Now we present a universal iterative solution procedure called iterative aggrega-
tion/disaggregation (IAD) method. It is derived from a partition T = {J;,...,Ja} of the
state space S = {1,...,n} into m > 2 disjoint sets J; with n; > 1 elements each. We assume
that the elements of these sets are enumerated in a consecutive order such that ¢ < j holds
fori € Ji,j € Ji,1 < k. In the following, let P = {z € R" | z > 0,e'z = 1} denote the subset
of all probability vectors in R".

To illustrate the use of the IAD-method in the general setting, we assume that A =M — N
is a regular splitting of the irreducible Q-matrix associated with a finite Markov chain. We
denote the nonnegative iteration matrix by J = M~'N and the corresponding extrapolated
iteration matrix by J, = (1 — w)f + wJ, 0 < w < 1. Then the insertion of some aggrega-
tion/disaggregation (A/D) steps during the iteration is a standard convergence acceleration
technique that can be used in addition to the relaxation method mentioned previously (cf.
[119], [121]), [61], [22], [23], [98]). In order to guarantee the convergence of the resulting nonsta-
tionary iterative scheme (cf. [121, Theorem 4, p. 328]), we have to define a fallback procedure
z(#+1) = T . z(*), It is based on a stochastic matrix T' that converges to the normalized right
eigenvector z* € P, called Perron-Frobenius eigenvector, corresponding to its spectral radius
p(T) = 1. The latter is a simple real eigenvalue of T (cf. {7, Chap. 2]). =" is related to the
stationary distribution = of the Markov chain by some transformation (see (5.8) - cf. [95, p.
128)).

Normally, neither J nor J, is stochastic. In order to construct a stochastic iteration matrix,
we proceed to a nonnegative matrix T, called dual iteration matrix, by a similarity transfor-
mation: T=M-J- M *=N-M1'orT.=M-J, M =(1-w)l+wTl, 0 <w <1 Then T,
is column stochastic and |||, = p(7,} = 1 holds for 0 < w < 1. For w € (0,1) T, determines
a convergent scheme and p(7,) = 1 is a simple eigenvalue. Subsequently, the subscript w
will be omitted. Farthermore, let the stochastic iteration matrix T and its Perron-Frobenius
vector z** = (2}!,...,25") € P be arranged according to the state space partition T and the
ordering.

Following the approach of Chatelin and Miranker (cf. [23], [61], [22]), we define an aggregation



Numerical Solution Methods for Large Finite Markov Chains 289

matrix R € R™*” by

1 ied; . .
o= N <j<n. 5.5
B {0 otherwise lcisml<j<n (5:5)
2 : ‘
For a fixed probability vectorz = | € P the prolongation matrix P,y € R™*™ is given
Tm
by
| () i€ d; . <i< 5.6
P‘*’-‘:“{o otherwise SiSMmIsism, (56)
21
where the vector y = y(u) = | ! is defined for j € {1,...,m} as follows:
Ym

n z-/a(.). fz; >0
Y] - J
R 9:',(""_{l/n,--e:’ fz;=0

Y(e); comprises the conditional probabilities of the states in the aggregate J; and y is called
the vector of the intra-aggregate probabilities. Based on these matrices

with As); = e 2;

¢ 0 ... 0 w0 ... 0
\ . o .

=% ° >0, Pg=] ' ¥ >0
el 0 Do o0
0 ... 0 ¢ 0 ... 0 ym

we define a stochastic aggregated iteration matrix by
B = B(-) =R-T- f’(-) € R™*™, (5.7)

In a way, B describes the behaviour of a new system approximating the original one. It
results from the aggregation of the original state space § into a smaller set {1,...,m} of
macrostates determined by the partition I’ = {J,...,J,,}. Hence, there exists a proba-
bility vector o = af,) = (a();, .-, xa),,)' > 0 in R™ satisfying By,) - af,y = af, and
¢! afy = 1. a is called the vector of inter-aggregate probabilities. This steady-state infor-
mation about the aggregated system is extended to the whole state space by the generation
of the disaggregated probability vector Z(;) € IR™ defined by £,y = F)- af, = 0. Hence,
for each component of the steady-state vector x = (%,)1c;<m We obtain the approximation
(Z@)i = (efy);i - (Y=))iy 1< <m.

Now we can construct a globally convergent iterative A/D-algorithm for the related finite
Markov chain with the Q-matrix A = 7 — T € R™™". It is based on a scheme developed by
Schweitzer and Kindle (cf. {121, p. 326f]) and reads as follows:
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Assumptions: Let A = M — N be a regular splitting of the irreducible Q-matrix 4 € R™*"
with an extrapolated dual iteration matrix 7 = I — wAM ™! for some w € (0,1). Choose
a partition ' = {Ji,...,Jn} of {1,...,n} into m > 2 disjoint sets. Define r(z) =
WI-T)-=,, z€R"

Algorithm:

(1) Initialization:
Select an initial vecior z(® > 0 with €'zf® = 1, an integer { € IN, and three real
numbers £, ¢;,¢; € {0,1).
Set k= 0.

(2) A/D step:

For j=1tom do
[yl = {

z?)/e' . :ty‘) if zs:) >0
1/n;-e if zg )=9

Fori=1ltomdo
(Beom); = ¢+ T, lysnls

endfor
endfor
Solve By - Ay = Gy
subject to et ety =1 afuy >0
and compute &*) = Py Aginy = ([“f.u))]j : [y(,m)],') P

(3) Iteration step:
Compute  z**+1) = Tt . 3(})

(4) Test of the A/D-gain (optional step - enforcing convergence):

I (%) < ¢ - r(2*)) then
goto step (5)
else compute z{*+1) = Tt . 5%

with I = I(z™) € IN such that
r(z**+)) < ¢, - r(2tH)
endif

(5) Termination test:
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1f |23+ — 20| /|2 < € then
goto step (6)
else k=k+1

goto step (2)
endif

(6) Normalization:
M-t. z(k+l)

= M. gD

(5.8)
i .

As regular splitting A = M — N we can choose an M-splitting such as the popular block Gauss-
Seidel splitting A = (D ~ L)—U (cf. [78]). It can be shown that the IAD-algorithm converges
for any initial vector (% >> 0 with e*z(®) = 1 to the steady-state probability vector x € P of
the Markov chain (cf. [121, Theorem 4]). Furthermore, r(z{**1)) < max(cy, ¢;)-r(z™)), k> 0,
holds.

Moreover, the IAD-scheme without the test of the A/D-gain in step (4), that enforces the
global convergence of the scheme, converges locally.

Result 4

Let T € R™™™ be a stochastic matriz with the simple eigenvalue p(T) = 1 and the associated
Perron-Frobenius vector z* € P. Let T have no furiher eigenvalues on the unit circle.

LetT = {Jy,.. .,J,,.} be o partition of the stale space S = {1,...,n} into m > 2 disjoint sets
Ji and let 2** = (a}',...,2") be arranged and numbered according to T'. We assume that the
conditions (z*);, = z} > 0,1 <1< m, are fulfilled.

Under some mild add:tumal rank-perturbation conditions imposed on (I — P(.)R T) it fol-
lows that the iterative A/D-scheme with £ posi-smoothing iterations is locally convergent fo
eigenvector z“ € P of T. This means thai the corresponding equivalent nonsiationary scheme

2® = oy -2

= T¢[I - Prany(I - Bw) + afymy - €)' RUI-T)] -2, k=0,1,...
éonverges for each initial vector () € P near z*.

The initial error € = z* — z = z* — z(*) is reduced after these £ smoothing iterations following
an A/D-step to

&0 = g zfn) =z —Jiy-z
T (I - Poy(I = Bay + o,y - €)' R(I = T)] (2" - 2)

Tt [(I - P)RT + Piyainye) ™" - (I ~ PoyR))| - <.
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Then the term

= B2 < 1 - Py e

provides an upper bound on the error reduction gained by £ smoothing iterations. Hence,
X(e) = IT(I ~ Poy- af,ye’)|| determines the corresponding rate of convergence. It can be mo-
nitored to control the progress of the error reduction during the IAD process.

To calculate the steady-state vector o ) of the stochastic matrix Bi.(»), any of the proposed
direct or iterative solution methods including the sketched IAD-method can be applied. If an
iterative solution technique is nsed, the resulting multilevel algorithm is locally convergent,
too (cf. [138]). A comparison of different solution methods in a two-level scheme has been
provided by Stewart and Wu [134].

Originally, the aggregation/disaggregation method has been developed only for finite irredu-
cible aperiodic DTMCs of nearly completely decomposable (NCD) structure with respect to
the partition T, Let T* = P = (P.,)1<.,,<m be the irreducible transition probability matrix
(t.p.m.) of the given Markov chain whose block structure is derived from the partition T, i.e.
each block P; = P;;;,1 < i,j < m, comprises all elements with row and column indices
l € Ji, k € J;, respectively. ’I:hen the M.atkov chain has an NCD structare if the correspon-
ding t.p.m. P has the form P = P, + <P, with following properties: ¢ € (0,1) is a small real
parameter called maximal degree of coupling that is determined by the maximum row-sum
matrix norm || - ||, of the matrix P without its diagonal blocks (cf. [26, p. 13], [50, p. 15]):

E Z (Pu)ll) = “P Du'g(an -mm)”w (5'9)

<= mnn
= J=1gsi keJ;

i< lel.
B = Diag((ﬁo)u, ,(130) ) is a t.p.m. with irreducible aperiodic stochastic matri-
ces (P),;,1 < i < m, as diagonal blocks and B = ((Pl) igijgm is a block structu-
red matrix with sero row sums, i.e. Pe = 0, satisfying (P,) > 0,i # 7, (P;)“ <

[|Diag((P1),,,-- ,(Pl) Mo = 1, and |(P1),,| 1for all 4,j € {1,...,m} (ci. [26], [134],
[121], [119}).

To determine an NCD partition T, several exact and approximate methods have been propo-
sed. For example, a threshold § > 0 can be set up and all elements of P less than § are deleted.
Then the partition is determined by the strongly connected components of the directed matrix
graph I'(P;) of the resulting modified matrix P;. It has an NCD structure, if it satisfies (5.9)
and the other criteria can be fulfilled by appropriate construction (cf. {134}, [14]). Buchhols
[13, p. 106] has introduced related criteria to classify state space partitions and developed
corresponding construction algorithms. They are derived from well-known hierarchical clu-
stering techniques. Details can be found in {13, Chap. 4].

The investigations of Courtois [26], Vantilborgh [141], Koury et al. {74}, Cao and Stewart
[18] and Stewart and Wu [134] show that IAD-procedures with £ = 1 smoothing iteration
per step provide an efficient approach for computing the steady-state vector of finite Markov
chains with NCD structure. Under some additional regularity conditions on P, the error of
the approximate solution is reduced per IAD-step by a factor of the order O(e) of the coupling
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degree (cf. {18]).

Recently, it was observed that the IAD-method is equivalent to the V-cycle of a two-level alge-
braic multigrid method (AMG) that is applied to the irreducible Q-matrix A = I— Pte R
(cf. [77], [54], [30]). In the case of a CTMC with an irreducible generator matrix @, the
same method can be applied after proceeding to its embedded jump chain with the t.p.m.
P = I + (-Diag(Qu1, .. 1 Qna))1Q (cf. [78]). If the corresponding stochastic matrix P
has further eigenvalues on the unit circle apart from p(P) = 1, the extrapolated variant

=(1~w)] +wP, 0 < w < 1, must be used.

In conclusion, we see that the IAD-method can be employed as a building block of an analysis
program not only for nearly completely: decomposable Markov chains, but for all irreduci-
ble Markov chains (cf. [26], [61], [121], [119], [120], [76]). For this reason, it is used as basic
iterative solver in MACOM.

5.4 Further reading

As in the case of regular matrices, all iterative methods for singular systems are varianis
of the power method (cf. [50, Sec. 7.3., p. 209]). Considering the splitting A = M — N of a
regular matrix 4, its convergence is guaranteed if the spectral radius of T = M —1 N satisfies
P(T) < 1(cf. {142, 3.2, p. 61ff]). In the case of singular systems, however, other conditions
are necessary to guarantee the convergence of the scheme (5.1) because the spectral radius
p(T) is equal to one now (cf. [7, Ex. 6.4.9, p. 152, Lemma 7.6.9, p. 197], {109, Prop. 1, p.
136)). ,

Necessary and sufficient conditions guaranteeing the convergence of standard iteration sche-
mes applied to singular M-matrices, like the Jacobi or Gauss-Seidel procedure, have been
derived by Rose {109], Schneider [118], Barker and Plemmons (3] and Barker and Yang [4]
among others.

Considering the block or point Gauss-Seidel splitting 4 = (D — L) ~ U of an irreducible
M-matrix, it is convenient to accelerate the Gauss-Seidel procedure by the standard over-
or underrelazation lechnique (cf. [66], [142], [3]) or by a semi-iterative technique such as the
stationary or nonstationary Chebyshev method or Eiermann’s stationary fourth-order scheme
(<t [142, §5], [33], {102], [32, Lemma 8.4, p. 28], [4], [55], [56]). Regarding these procedures
the determination of ‘optimal’ relaxation parameters is the main difficulty. As there is no a
priori information about the location of the eigenvalues of the iteration matrices, heuristic
procedures estimating approximately optimal parameters seem to be the only practicable
approach (cf. [57, §9.5, p. 223ff], [133], [124], [55], [56]).

The convergence of the Jacobi underrelaxation scheme has been established by Varga et al.
{16, Theorem 3.4, p. 191]. They generalised the classical theorem of Stein-Rosenberg [142,
Th. 3.15, Th. 3.16, p. 90ff] to singular M-matrices A with positive diagonal elements. Fur-
thermore, they have shown that the Gauss-Seidel underrelaxation scheme with the iteration
matrix T, = {D — wL)™ ({1 -w)D + wU), 0 < w < 1, is also convergent if it is applied
to an irreducible singular M-matrix. A corresponding result was also proved by Barker and
Plemmons [3, Cor. 3, p. 395|. Therefore, both methods can be employed for the solution of
(3.5).
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Applying a continnity argument, we conclude that the accelerated iteration procedure derived
from an R-regular splitting converges for w > 1 if the corresponding scheme converges for
w =1 (cf. {142, p. 109]). But suitable formulas for the determination of the optimal relaxation
parameter w € (1,2) only exist for special cases (cf. [142, §4.3], [57, §9], [55], [56]).
Semi-iterative variants of the Gauss-Seidel procedure for singular M-matrices have been stu-
died by Kaufman [66], Eiermann, Varga, and Niethammer [32] and Eiermann, Marek, and
Niethammer [33] among others. For details the reader is referred to these articles and the
references therein. We recommend to consult the survey of Eiermann et al. {33].
Aggregation/disaggregation (A/D) methods for NCD models have been studied by Courtois
[26], Vantilborgh [141], Koury et al. {74}, and Cao et al. [18] among others. Regarding the
application of iteraiive A/D-procedures to arbitrary finite Markov chains in general, import-
ant results have been derived by Haviv [61], Chatelin [22], Sumita et al. {136}, Schweitzer
{119}, Schweitzer and Kindle [121]. Particularly Chatelin {22}, Schweitzer [120] and Haviv [61]
piovide excellent surveys of this topic. An analysis of the error reduction of an A/D-step and
the gain of an iteration step following the A/D-step was given by Krieger [76]. Moreover, the
equivalence between [AD-schemes and the V-cycle of an algebraic multigrid method can be
shown (cf. {138}, [54], [30], [77]). The interested reader is referred to these contributions.
Last but not least, it is worthwhile mentioning that the power method, the point Jacobi pro-
cedure, the block Gauss-Seidel procedure and its underrelaxation variant have a stochastic
interpretation {cf. {95, p. 122}, {76, §4.3], [77]).

5.5 Applicability of iterative methods

We recommend to apply variants of the IAD-algorithm as basic iteration procedures. They
should be derived from an appropriate regular splitting A = M — N taking into account the
structure such that the linear system Mz**1) = N2(*) can be solved efficiently. Block or point
Gauss-Seidel splittings or an R-regular splitting are recommended. i a relaxation technique
is used, a careful choice of the parameter w € (0, 2) is required. It has to be supported by a
heuristic procedure (cf. {57, §9.5, p. 223ff)). During the iteration process, the insertion of a
few expensive, but effective A /D steps is useful, particularly in the initial phase. Both the
splitting and the partition of the state space must be adapted to the natural structure of the
Q-matrix A.

In general, an iteration procedare of this kind can be applied to all banded, sparse or large
matrices and to all models with NCD-structure. Regarding the analysis of models with huge
state spaces, the main difficulties result from the memory requirements and slow convergence.
In this respect, it is a major advantage of an iterative approach that it is not necessary to
generate and store the entire Q-matrix of a model a priori. The latter can either be generated
dynamically and by parts during the iteration or routines calculating only matrix-vector
products Az can be provided. If the tensor structures of submatrices of matrix A can be
used, efficient implementations are possible. By this means, Markovian models with more
than 500000 states can be analyzed (cf. {14, p. 2004}, [13}).
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6 Examples

In this section we first describe two computer models illustrating the benefits and difficulties of
the recommended GTH method. In the following subsections we apply the presented iterative
procedures to some Markovian models arising from the study of advanced routing strategies
in telecommunication networks.

6.1 Models of computer systems in telecommunication networks

The first computer model, provided by [107], is a retrial queue. It describes a telephone
exchange (station S2) with impatient customers. Each customer waiting for a ringing tone
may become impatient if his post-dialing delay is too long. Then he reattempts his call request
after a random period (modeled by station S1) or he gives up with a fixed probability 1 - h
{see Fig. 3). The number of customers at each station Si is denoted by X;,i € {1,2}. The
arrival stream of new customers is modeled by a Poisson process with intensity A.

The exchange is described by a special G/M,/1/K2 delay-loss system S2 where requests are
lost if the system is occupied. If X; = j requests are pending in 52, a successful customer gets
the ringing tone and departs from the queueing network at 52 in an interval of infinitesimally
small length dt with probability udt. He does not get the tone and decides to reattempt
with probability jrdt. This means, that one of the X; = j pending requests is processed
with service rate s and each corresponding customer may become impatient with rate 7.
The fictitious orbit for impatient customers where they are waiting before initiating a new
call request is a G/M/K1/K1 loss system S1. The time until the retrial of a customer is
exponentially distributed with mean 1/).

The parameters are set to 4 = 0.6, g = 1.0, 7 = 0.05, » = 0.85 and X = 5.0. Capacities
K1 and K2 can be varied, thereby yielding different sizes of the state space. They should be
large enough such that congestion effects are negligible.

The second model is 2 modified central server system that arises from modeling the exchange
of information between an I/O subsystem and a computer (cf. [139, p. 382]). It is a closed
queneing network with a fixed population of size n consisting of 4 stations S1,..., 54 of type
-/GI/1/co (see Fig. 4). The service times at S1 and S4 are exponentially distributed with
rates uy and uq, respectively. The service times at S3 are governed by an Erlang distribution
with k phases and those of 52 by a Coxian distribution with two phases with the same rates.
The coefficient of variation of this Coxian service-time distribution is an adjustable parameter
of the model and set to 1.5. The mean service times at $2, 53 and S4 are set to 0.5. The
size of the state space is determined by the number n of customers in the network and the
nomber k of Erlangian phases at S3. The NCD property of the model is controlied by the
routing probability p. To reduce the influence of p on the distribution of the population at
51, the service rate u, is set to 1 — p.

The fill-in resulting from Gaussian elimination strongly depends on the enumeration of states,
hence, the bandwidth structure of the resulting Q-matrix. Using four distinct enumeration
schemes in the central server model with 2109 states, for instance, the actual fill-in varies
between 349360 and 446871. In most cases, the natnral enumeration induced by the order of
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lossif i = K1
51
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X1=1 h
' 1-h

give up

lossif j = K2

Figure 3: Queueing model with impatient customers

generation produces rather low fill-in since most models possess some kind of locality. It is
implicitly exploited during the automatic construction process.

Regarding the exchange model with impatient customers GTH factorization yields a solution
vector with negative values due to the extremely small probabilities in the range of 10-1%
for a large buffer K2 = 220 and K1 = 10 retrial places. Considering the central server model
with a low degree of coupling between S1 and the rest of the network for p = 0.99999999 and
a state space with 2109 states, the result of LU-factorization without the GTH modification
of the diagonal elements becomes inaccurate due to the NCD property of the network. The
errors depend on the used enumeration. If we apply, however, the GTH algorithm, no diffi-
culties arise. It is more stable, even for some NCD systems, if it is applied carefully (cf. [91]).

6.2 A model of alternative routing

Considerable attention has been devoted to the study of advanced routing schemes in circuit-
switched digital networks based on efficient modern signalling systems. In this context, the
analysis of a circuit-switched network with alternative routing is a classical issue of teletraffic
theory (cf. [137]). A single, fully available trunk group that carries both direct traffic and
multiple overflow iraffic stireams is a well-known model (cf. [10]). It describes a part of the
network where several origin-destination pairs O — D,,...0 — D, share the same overflow
trunk group O — T. It carries additionally direct traffic (cf. Fig. 5). The direct traffic streams
corresponding to O — D; overflow to the common trunk group O — T with n trunks if the
corresponding direct routes are blocked.

Considering this model, we want io demonstrate the use of an iterative method derived from
an R-tegular splitting. Let X(t) denote the number of busy trunks at time ¢ > 0 in this fully
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Figure 4: Modified central server model

available common overflow trunk group. The offered load consists of a Poisson stream (stream
0) with intensity Ay > 0 and two overflow streams (1 and 2). These streams are assumed to
be independent of each other. The call hoiding times are mutually independent, exponenti-
ally distributed random variables with a common finite mean 1/u. They are assumed to be
independent of the arrival processes.

Following a standard approach in teletraffic theory (cf. (88], [89]), the overflow streams are
modeled by two Interrupted Poisson processes (IPPs) resulting from a two-moment appro-
ximation. They will be represented by two mutually independent Markov-modulated Pois-

son processes (MMPPs 1 and 2) with the generator matrices Q; = _Zl Z: , Q2=
. -
- s A « A
( w: _z: and the rate vectors A; = ( 01 ) )y Az = ( 0’ (cf. [88), [89], [81]). Here,

A; > 0 is the intensity of the Poisson process associated with the IPP stream i, 1/4; its mean
on-time and 1/w; its mean off-time, i € {1, 2} (cf. (81, p. 438 ]). Each Poisson stream can be
regarded as an MMPP, too.

We denote the phase of the controlling CTMC in the MMPP representation of the IPP
i € {1,2} at time ¢ > 0 by Y;(¢). Its associated irreducible generator matrix is Q;. As the su-
perposition of independent MMPPs is still an MMPP, the Markovian environment resulting
from the composition of the arrival streams is given by Y(t) = (Y1(2), Ya(t)). It possesses the
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Figure 5: Part of a 2-level circuit-switched network with alternative routing

irreducible generator matrix

NN V2 n 0
w3 —-Nn—wy 0 " mxm
= [:) = eR
Q=200 w 0 —wm-nm 0m '
1} w w3 —Ww) — W3

m = 4. Its states Y(t) = (ki,k3) = k will be ordered lexicographically and enume-
n.ted by integers £ € {1,2,3,4}. The rate vector of the resulting MMPP is given by
= (Ao + A+ Az, Ao+ Ar, Ao + Az, Ag) > 0.

Then the model of alternative routing may be regarded as M/M/n/n loss system in a Marko-
vian environment. It can be described by an irreducible CTMC {Z(t) = (X(t),Y (¢)),1 > 0}
with a finite state space S = {(i,k) € INJ | 1 <k < 4;0 <i < n}.

We assume a lexicographical ordering of states. Then the Q- matnx A = —Q‘ RE*L,
L =m-(n+1), associated with the irreducible generator matrix @ of Z(t) has the following
block tridiagonal structure:

-Q*+A ~1pul, 0 0
—-A —Q@ + 1l + A —2ul, :
a=| 0 A 1)
—nul,

0 0 —-A Q'+ nul,
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Here, Ay = Aol,, A; = Diag(}1, A1,0,0), A; = Diag(s,0,z,0) are the arrival rate matrices
of the Poisson stream and the two IPPs. A = Ag + A; + A; is the arrival rate matrix of the
MMPP resulting from their superposition and I,, denotes the identity matrix of order m.
Taking advantage of the block structure of A, the steady-state vector = of Z(¢) can be
computed either by a block iteration scheme derived from an R-regular splitting of A or
by an accelerated point iteration scheme such as JOR or SOR (cf. [109], [89]). Such an R-
regular splitting technique has been suggested by Meier-Hellstern (88, §3], [89]. The proposed
procedure is derived from the following block splitting A = M — N:

Q'+ A+ nul, 0 0
—-A —Q'+ A+ npl; :
M = 0 .. (6.2)
: ., .. 0
0 0 —A -Q'+A+npul,
= D~-L
nuL l[lI‘ 0 PN 0
0 (n-1)pl, 2ul, :
N = E ., .. .. 0 . (6.3)
: 0  1pl, nul,
0 0 A

L(N)+U(N)+D(N) >0

Obviously, L(N) = 0, D = Diag(Dos,-- -, Dun) = Int1 ® (~Q* + A + nul,) and D(N) =
Diag(nuly,(n — 1)ply, ..., 1ul,A) > 0, ‘

00 .0 01z 0 ... 0
10 - ... Poteso2p .
L=1o0 1 i leAa 20, UN)y=[: .., . . 0 |[®L 20
O O Y7
0 ...0 1 0 0 ... ... ... 0

hold. ® is the Kronecker product of two matrices defined by A® B = (4;;-B) (cf. (101, p. 53}).
Thus, D;; = ~Qt+ A +nul, is an irreducible column diagonally dominant regular M-matrix.
Hence, D;' > 0 holds (cf. [7, Theorem 6.2.7, p. 141]). The matrix 4 = D — L — U(N)
has the same zero structure as A. Thus, it is an irreducible block tridiagonal M-matrix. The
corresponding block matrix graph I'(Ag) possesses a monotone descreasing cycle, for instance,
[2,1,2] since (Ag)s1 = —A # 0 and (Ag)12 = —pls # 0 hold.

Therefore, the proposed block splitting A = M — N defined by (6.2), (6.3) is an R-regular
splitting. Moreover, it is an M-splitting since the diagonal blocks of M are regular M-matrices.
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Hence, we conclude from Rose’s convergence Theorem [109, Theorem 1, p. 138) that the
resulting block iteration procedure z(*+1) = M~1Nz(*) [k = 0,1,... converges for each initial
vector z{® > 0 to the steady-state vector 7 of Z(t) if the iteration vector z(**1) is normalized
after convergence.

Of course, this algorithm can be accelerated by inserting several aggregation / disaggregation
steps during the iteration according to the IAD-scheme (see sections 5.3). In comparison with
the block Gauss-Seidel scheme, the proposed procedure has the advantage that all diagonal
blocks of the matrix M are identical. Therefore it is necessary to decompose only one small
matrix D;; and to store its inverse during the iteration process. The resulting algorithm is
well suited for an implementation on a vector processor. Experimental results of the scheme
have been provided by Meier-Hellstern [88].

8.3 A teletraffic model of mutual overflow routing

The next example concerns the study of an adaptive routing strategy in circuit-switched
networks. We consider a network consisting of a local exchange (EX;) and two exchanges of
the long-distance network (EX;, EX;). They are connected to each other by two both-way
trunk groups. The traffic outgoing from the local exchange is split into two portions and each
portion is offered to an ontgoing group. These partial traffic streams are routed according to
an adaptive routing scheme called mutual overflow routing (cf. [86]). Additionally each trunk
group carties external traffic (cf. Fig. 6).

The network can be described by a loss system composed of two fully available trunk groups
called systems 1 and 2 with N, and N, lines. Two originating traffic streams (streams 2 and
3) representing the portions of the outgoing traffic and two incoming external traffic streams
(stzeams 1 and 4) are offered to the loss system. These arrival processes are modeled by
mutually independent Poisson processes with positive rates A3, A; and Aj, A,.

The external traffic sireams 1 and 4 offered to systems 1 and 2 follow a random hunting scheme
for free lines. Their calls are lost without further impact on the system if the corresponding
trunk group is busy upon arrival. The outgoing streams 2 and 3 follow a mutual overflow
routing scheme. This means that, apon arrival at system 1, a call of flow 2, for instance,
is searching for a free line. If possible, a free trunk is selected in a random manner and
occupied. If system 1 is busy and there are free lines in system 2, the incoming call of flow 2
will immediately overfiow to system 2 upon arrival and occupy a line selected at random. If
both systems are busy, the call will be blocked and lost without further impact on the system
(lost calls cleared).

Call holding times are mutually independent, exponentially distributed random variables with
a common finite mean 1/4. They are also assumed to be independent of the arrival processes.

The occupation process of both trunk groups in this loss system can be modeled by an
irreducible CTMC {X(t) = (X;(t), Xa(t)),t > 0} with finite state space § = {(i,j) € N3 |
0 <4< Ni;0 € j € N; }. Here the state variables X;(t) denote the number of busy trunks in
group i € {1,2} at time ¢. Regarding the size N = (N, + 1) - (N3 + 1) of the two-dimensional
state space, some examples are shown in Table 3. It includes the number of nonzero elements



Numerical Solution Methods for Large Finite Markov Chains 301

- / T
modalled /
e subnatwork
. .
. \
zoute 2,

direct path

L

Figure 6: Network with mutual overflow routing

N | N N 5N
30| 60| 1891 9271
60| 60| 3721 | 18605
60| 90| 5551 | 27755
120 | 120 | 14641 | 73205
210 | 210 | 44521 | 222605

Table 3: Sige of the state space of the mutual averflow model

of the generator matrix, which is approximately 5N due to 5 nonzero diagonals.
We assume a lexicographical ordering of states and denote the corresponding Q-matrix by
A4=-Q € RV¥ N = (N, +1)- (N, +1). It is irreducible and has a block tridiagonal

structure

By Co 0 ... ... ... O
D, B, C :
0 Dz ) . e :
A=1| 1 - B, . e € RN (6.4)
0
: fee eee e Te . CN]_1
0 ... ... ...0 Dy By )

with irreducible tridiagonal M-matrices
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a —1p . 0 0
—-a; a+1lpy —2u :
0 —ay -
B, = : . oa+4kp . e : )
: . . . 0
: .. . —Nyp
0 0 -—a; a3+ Ny
ay —~1p 0 0
—ay ay+1lp —2u. :
0 —ay te.
By, = | o e tka : + NI,
. . . 0
: as+(Na—-Dp —Nyp
0 0 —ay Nau

B; = By+iu-I,i=0,... N, —1, of order N;+1 along the diagonal. The off-diagonal matrices
D; = -Diag(ay,...,61,a3), i=1,...N;,C; = (¢ + 1)p-I, i = 0,... Ny — 1, have diagonal
structures. Here, we have set a; = A; + A3 > 0, a3 = X3+ Ay > 0, a3 = M) + Ay + A3 2> a4y,
ag =M+ A3+ 7N > a3, a= A + A+ A3 + Ay = a; + a3 and ); denotes the intensity of the
offered Poisson stream i € {1,...,4}. 1/u is the mean call holding time and I the identity
matrix.

Hence, A is a consistently ordered 2-cyclic Q-matrix regarding this block partition (cf. [142,
p- 102]). Considering the point partition A is also a consistently ordered 2-cyclic matrix and
it has property A (cf. (142, p. 187, [109], {7]). Thus, the point Jacobi matrix J = D~(L+T)
is cyclic of index 2, i.e. the greatest common divisor of the lengths of all proper cycles in the
matrix graph of A is 2. According to 3, Prop. 1, p. 392) the Jacobi procedure is not convergent
(see also [7, Theorem 2.2.30, p. 35]), whereas the corresponding JOR and SOR procedures
with the iteration matrices J, = (1 — w)I + wJ and L, = (D — wI) ({1 — w)D + wU) are
convergent for each relaxation parameter w € (0,1) (see [4, Theorem 3.9], [3, Cor. 3, p. 395],
[16, Theorem 3.4, p. 191)).

As A has a symmetric zero structure, we can also conclude from Result 2 that the point Gauss-
Seidel procedure is convergent (see also {109, Cor. 2, p. 139], [118, Cor. 3.8, p. 417]). Taking
into account My, = (D~ L), = —a; < 0 and Nyp = Uyp = p > 0, this result also follows from
Result 1. This point iteration can be accelerated by the standard overrelaxation technique
(cf. [66], [133]) or a semi-iterative techunique (cf. [142, §5], [33], [102], [32, Lemma 8.4, p. 28),
{4], [55], [56]). Regarding these procedures the main difficulty concerns the determination of
‘optimal’ relaxation parameters w. As there is no a priori information about the location of the
eigenvalues of the iteration matrices, heuristic procedures estimating approximately optimal
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Method | Relaxation | Number of | Number of | Time for the
parameter | A/D steps | iterations | solution in sec
SOR 1.2 - 180 16.8
1.3 - 124 11
14 - 144 13
dynamic - 100 9.1
SOR-A/D 1.0 10 102 16.2
1.2 10 116 16.1
1.3 2 104 13.9
dynamic 3 140 19.6
JOR-A/D 0.9 51 216 38.3
dynamic 45 201 33
JOR 0.9 - > 500 -
GTH algorithm Fill-in 1.37 % 67
LU-factorization Fill-in 1.37 % 64.8

Table 4: Comparison of the solution methods based on the loss system with mutual overflow
and external traffic with A\, = 40, A\; = 30, \; = 60, A, = 10, u = 1, N; = 30, N; = 60.
The model has N = 1891 states and the generator matrix has 9271 nonsero elements. The
required accuracy of the point iteration procedures is ¢ = 10~%, The data are computed by
the package MACOM on a SUN 3/470 with floating point accelerator.

parameters are the only practicable approach (cf. [57, §9.5, p. 223ff], [124], [55], [56]). But in
the case of a consistently ordered 2-cyclic matrix the well-known relation (A+w—1)* = Aw?p?
between the eigenvalues x and A of the (block) Jacobi and SOR iteration matrix can be used
(see [142, Theorem 4.3, p. 106} and [142, §4.3, p. 109)).

An alternative is provided by block iteration schemes such as the block Gauss-Seidel procedure
or its modified versions arising from Rose’s R-regular splitting (see [89]). According to Result
3, the block Gauss-Seidel scheme derived from the given block tridiagonal structure (6.4) of
A is convergent since the diagonal blocks are irredncible regular M-matrices.

All methods may be combined with A/D-steps if the IAD-procedure is used (see section
5.3 - cf. [98], [74], [136]). The transformation of each block of A into a single scalar is a very
natural way of aggregation. This procedure corresponds to the aggregation of each macrostate
{(i,7) € N} | 0 < j < N3}, 6 < i < My, into a single state [i]. In this way, a simple birth-
death process is generated. Its aggregated steady-state distribution « can be calculated in
an efficient way by an explicit analytic representation. A comparison of different solution
techniques yields the results shown in Table 4.

Let us consider both alternative paths in the network depicted in Figure 6 and an adaptively
routed traffic stream with source X, and destination EX, again. H this part of the network
with four additional traffic streams carried on the different links of the alternative paths
w1, w2 is modeled by a Markovian queueing network, the size of the state space grows very
rapidly. If, for instance, Ny = 5, N; = 4, Ny = 6, N, = 5 are the sizes of the four trunk groups,
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15552
200 000
29 48600 000
89 | 11809800000

N 2(N +1)°
4
9

Table 5: Size of the state space of the 4-node network with five different traffic classes

the state space already consists of 7840 up to 15680 staies depending on the employed routing
strategy. Due to the five different classes of streams (- four traffic streams on direct routes
and one adaptively routed stream -), the size of the state space is approximately 2(N +1)% if
all trunk groups comprise N trunks. Some examples of its complexity are shown in Table 5.
If only three streams are carried on three links of both alternative paths w;, w;, but more
complicated adaptive routing algorithms are used, then MACOM generates even for N; =
12,N; = 10, N; = 13, N, = 12 Markovian models with 18486 up to 79376 states. But in all
casses only 0.12 % of the elements of the generator matrix are nonzero. This extremely small
percentage facilitates the use of iterative solution methods.

Considering real networks, the analysis is, of course, limited to small parts containing trunk
groups with small sizes. Nevertheless, the effects of different adaptive routing strategies can
be studied even in such small networks. Moreover, the quality of approximation methods can
be evaluated by a comparison with exact results arising from such small networks (cf. {79}).

6.4 Application of the IAD-scheme

Iterative methods require muck more monitoring and control regarding the progress of the
solution process compared with direct methods. For instance, the stopping criterion for con-
vergence must be evaluated, decisions on control parameters such as the relaxation parameter
in SOR have to be taken and, after termination, the accuracy of the approximate solution
vector should be estimated. Furthermore, it is very important that the selected iteration pro-
cedures are carefully adapted to the algebraic structure of an investigated Markovian model
to guarantee fast convergence. Compared with iterative methods with few dynamic control
parameters such as preconditioned CG procedures (cf. [107]), iteration schemes derived from
regular splittings of the singular M-matrix —Q", e.g., point and block SOR with optional A/D
steps, require more monitoring and control activities. For unexperienced users or simple black
box solvers, it seems to be a disadvantage of these procedures that the control parameters
have to be chosen very carefully. On the other hand, we are convinced that these features and
the flexibility of splitting methods offer the chance to improve the convergence of the corre-
sponding iterative algorithms considerably if the control parameters are carefully adapted to
the underlying algebraic and stochastic structure of a given Markov chain.

As mentioned previously, slow convergence is the main difficulty of iteration procedures. In
most cases, it has the reason that the selected method and its control parameters, e.g., the
relaxation factor of SOR, are not very well adapted to the structure of the model. This beha-
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#iteration steps k ” dt*) I (k) | e®
20 7.2300e-4 | 0.96818 | 2.2002e-2
100 1.2736e-6 | 0.92055 | 1.4758e-5
500 1.6296e-6 | 0.99990 | 1.6176e-2
1000 1.5505e-6 | 0.99990 | 1.5758e-2
5000 1.0828e-6 | 0.99992 | 1.3238e-2
10000 7.4970e-7 | 0.99993 | 1.1328e-2

Table 6: Behavior of the Gauss-Seidel procedure in the case of the central server model

Algorithm | partition || #iter. | #A/D | d® k) e® | CPU time
steps k | steps in sec.

none 4000 0 | 1.28¢-06 | 0.99991 | 1.50e-02 382.9

Gauss-Seidel | EQ; 181 8 [ 5.14e-13 | 0.91929 | 5.85¢-12 19.6
EQ; 4023 63 | 6.13¢-06 | 0.99988 | 4.93¢-02 385.5

EQ; 4086 84 | 1.07e-06 | 0.99992 | 1.28e-02 389.3

block EQ, 30 1] 3.76e-13 | 0.85984 | 2.31e-12 224.3
Gauss-Seidel [ EQ; 60 1] 7.96e-13 | 0.64910 | 1.47e-12 1069.8
EQ; 4040 80 | 2.92¢-06 | 0.99998 { 1.35e-01 579.5

Table 7: Solution of the central server model with different partitions on a SUN 4/110 by
MACOM

vior may be caused by an undetected NCD property of the investigated CTMC. This problem
can be illustrated by the modified central server model with a weak coupling of station S1 if
p = 0.9999 is used (see Table 6). After 10000 iteration steps, the throughput at station 51
still has a large error of about 10% which is indicated by the large magnitude of e(*),
MACOM tries to overcome this difficulty by a simple strategy. The idea is to select a point
or block SOR procedure with a suitable relaxation parameter and to insert several A/D steps
during the iteration. The required partition of the state space, however, must be empirically
adapted to the NCD structure of the model which is unknown in most cases.

The effect of three different partitions £Q,, EQ,, EQ; on the rate of convergence is shown by
the central server model with n = 17 customers, k = 3 service phases at $3 and p = 0.9999.
In this model the state space must be partitioned by a relation EQ, defined by the equality
of the population at S1. EQ,, that combines three macrostates of £, to a new macrostate,
is coarser than FQ,. The macrostates of EQ; are defined by the equality of the population
at S4. Table 7 shows the influence of the chosen partition on the Gauss-Seidel and block
Gauss-Seidel schemes. The block structure is derived from the partition used for A/D steps.
The results in Table 7 show that partition EQ, improves the rate of convergence whereas the
others do not, with the exception of EQ; in the block Gauss-Seidel scheme. The latter scheme
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Algorithm | partition | relaxation || #iter. | A/D d(*) (%) e(®) time
parameter || steps k | steps in sec.

GTH alg. i+ 275.3
1.0 1000 3.03e-12 | 0.945 | 5.26e-11 | 211.8

SOR 1.3 1000 3.72e-13 | 0.897 | 3.25e-12 | 223.4
antomatic 920 4.64e-14 | 0.889 | 3.72¢-13 | 200.9

SOR with 1.0 100 4| 1.13e-13 | 0.686 | 2.47e-13 54.6
A/D steps i+ 1.3 132 4 | 3.44e-15 | 0.663 | 6.79e-15 82.3
antomatic 100 4] 4.17e-14 | 0.688 | 9.19¢-14 55.6

i+ 1.0 850 8.49e-14 | 0.901 | 7.71e-13 | 380.5

block SOR 1.3 810 5.88e-14 | 0.811 | 2.53¢-13 | 381.8
(i+3)/2 1.0 430 7.19e-14 | 0.814 | 3.14e-13 | 236.8

1.3 400 7.85e-14 | 0.633 | 1.36e-13 | 221.2

IAD with i+ 1.0 68 2 | 3.21e-13 | 0.511 § 3.36e-13 63.4
block SOR 1.3 116 1] 1.38e-13 { 0.877 | 9.82e-13 85.3

Table 8: Comparison of the solntion algorithms of MACOM on a SUN 4/110 based on the
model with impatient customers

behaves well since it captures the NCD property in the diagonal blocks of the partitioned
generator matrix and in the aggregated system. Obviously, the block Gauss-Seidel procedure
can overcome slow convergence. Regarding, however, the CPU time used for the block scheme
with large macrostates, there is always a trade-off between the rate of convergence and the
computational effort. The latter arises from the solution of the large linear systems defined
by the diagonal matrices of the block scheme. As there is no general rule for the selection of
a method, experiments performed on variants of a model with small state spaces are required
to get insight into the behavior of the CTMC before starting a series of experiments.

The insertion of A/D steps during the iteration is a general strategy of MACOM to improve
the rate of convergence, even if a model has no NCD structure. In the start-up phase of the
iteration this technique can improve the search of a subspace containing the solution vector.
This effect is shown by the first model with parameters K1 = 30 and K2 = 550. A compa-
rison of different solution algorithms is provided by Table 8. The size of the state space is
17081 and all CPU times are obtained on a Sun 4/110. Two partitions are used for the block
scheme and the A/D variants. In the first partition P1, states belong to the same macro-
state if the corresponding total numbers of customers in the system, ie. X; + X; = i + j,
are equal. The second partition P2 is coarser. Here states belong to the same macrostate if
X, + X3 =(i+ j)/2 holds where ’/’ denotes an integer division. We see that, although the
model has no NCD siructure, the IAD-scheme converges very well. In view of the equivalence
between the IAD-scheme and the V-cycle of an algebraic multigrid method, this result can
be expected (cf. [77], [54], [30]). The aggregated system with partition P1 has 581 states.
Furthermore, the block SOR scheme converges faster than point SOR, but the CPU time
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increases, of course, with the block size. As partition P1 yields a matrix with the small band-
width of 64 supporting the application of a direct solution method, some efficiency may be
gained. i

The selected examples have illustrated both the difficulties of the procedures implemented
in MACOM and the strategies to overcome them. Last but not least, we want to stress that
variants of the proposed algorithms based on regular multisplittings are most suitable for
an implementation on vector and multiprocessor computers. This potential of the proposed
iteration procedures and their flexibility of adaptation to the structure of a given model are
their major advantages.

7 Conclusions

We have discussed a computational approach for modeling and analysis of distributed systems
by finite homogeneous continuous-time Markov chains. The concept includes numerical solu-
tion methods for finite Markov chains and has been implemented in the tool MACOM.
MACOM provides the user with a predefined model world describing distributed systems in
terms of Markovian queneing networks. The package is endowed with a graphical user in-
terface that facilitates the interactive specification of models. The underlying finite Markov
chain is automatically generated from this graphical specification. Based on the computation
of its steady-state vector, the performance characteristics of the system are evaluated. From a
mathematical point of view, this task requires the solution of a linear system with a nonsym-
metric singular irreducible M-matrix. MACOM offers the evaluation of different performance
characteristics that are specified by the user. It also supports the graphical representation of
the calculated results.

We have discussed the algebraic background of some recommended direct and iterative solu-
tion methods for finite Markov chains that are employed in MACOM. The GTH algorithm
and the point and block SOR procedure with optional aggregation-disaggregation according
to the IAD scheme constitute the numerical solver of the package. Using some examples ari-
sing from modern telecommunication networks, the benefits and difficulties of the proposed
solution methods were pointed out.

Regarding the solution of the singular M-matrix systems arising from the numerical solution
of finite Markov chains, a lot of interesting problems are only solved partially or not at all,
e.g. the determination of optimal state space partitions and suitable splittings for fast itera-
tive methods or a study of the effect of preconditioning techniques and multilevel algorithms
on the rate of convergence. Nevertheless, we are convinced that the proposed iterative al-
gorithms are most sunitable solution methods for finite Markov chains since they possess a
great potential of adaptation to the stochastic structure of a model and the features for an
efficient implementation on a vector or multiprocessor computer. Moreover, the equivalence
between the IAD-method and the algebraic multigrid approach can offer new insights into the
behavior of iteration schemes and stimulate improvements of the concept in the near future.
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