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Introduction

In empirical research, the data available to the analyst do not always match the resolution
required for the question at hand. A transport planner needs district-level travel behavior, but
the national mobility survey was not designed to support estimates at that level. An ecologist
needs a continuous map of species abundance, but the hunting records only report totals per
administrative region. A linguist needs to understand a speaker’s latent preference for one of
two synonymous expressions on a continuum, but the questionnaire offered only five ordered
categories. In each case, the phenomenon of interest is richer than what the data can directly
reveal.

This observation is not peculiar to any single discipline. Every measurement involves a choice
of resolution: what to record and at what level of detail. Fisher (1922), in laying the foundations
of modern statistical inference, promoted the concept of sufficiency—the question of whether
a statistic computed from a sample retains all information about the parameter to be estimated
in the sample. When resolution is lost, the compression is not sufficient in Fisher’s sense:
information about the quantity of interest is irreversibly discarded. The question then becomes
not whether information has been lost, but how much, and whether what remains—combined
with external knowledge—can still support the inference the analyst requires.

The concept of coarsened data provides a formal framework for this class of problems. Heitjan
and Rubin (1991) define coarsening as a general mechanism in which the observed datum is
a set-valued function of the true value: instead of observing the precise quantity of interest,
the analyst observes only that it belongs to some region of the sample space. This formulation
generalizes the classification of missing data mechanisms introduced by Rubin (1976)—where
an observation is either fully present or entirely absent—to the richer setting in which partial,
set-valued information is available (cf. Gill et al., 1997; Heitjan, 1994). Censoring, round-
ing, grouping, and spatial aggregation are all instances of this single phenomenon. Resolution
can also be lost at the level of the study design rather than the individual observation: when
a survey is designed for national-level inference, its sample may be too sparse in fine-grained
geographic domains to support reliable direct estimates, even though each response is recorded
in full detail. Here the coarsening is not a property of the datum but of the design—the geo-
graphic resolution at which the survey can speak with acceptable precision is coarser than the
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INTRODUCTION

resolution the analyst requires. In both cases—whether the coarsening acts on the datum or
on the design—the available data do not carry enough information to pin down the quantity
of interest without additional assumptions. In the fields most relevant here, small area estima-
tion addresses the sparsity of survey samples in fine-grained domains (Rao & Molina, 2015);
spatial disaggregation methods address the loss of spatial precision through aggregation (Groß
et al., 2017); and latent variable models address the discretization of continuous processes into
ordinal categories (Buczak, 2025c; Liddell & Kruschke, 2018; McCullagh, 1980).

When the coarsening operates on the observation itself, recovering the fine-grained quantity is,
in a precise sense, an inverse problem. The forward map—from the true value to the coarse
datum—is well defined, but the reverse is not always: because the coarsening is not injective—
many fine-grained values map to the same coarse datum—multiple truths are consistent with
the same observation. When, instead, the resolution loss stems from the coarseness of the
sampling design, the challenge is not inversion but stabilization: the target parameter is well
defined and the direct estimator is unbiased, yet too imprecise to be useful on its own.

A common strategy for addressing both challenges is borrowing strength—using models to
link related sources of information, so that the estimate for any one target benefits from what
is known about others (Ghosh & Rao, 1994). In small area estimation, this takes the form of
mixed models that link domain-specific estimates through shared parameters (Fay & Herriot,
1979; Rao & Molina, 2015); in spatial disaggregation, auxiliary information such as remote
sensing imagery constrains the otherwise underdetermined density recovery (Stevens et al.,
2015); and in ordinal data analysis, latent variable structure and mixed effects recover continu-
ous variation from categorical responses.

The three chapters correspond to three distinct mechanisms through which resolution is lost:

(i) Sampling sparsity. When a survey is designed for national- or regional-level inference,
its geographic resolution is too coarse for the finer domains the analyst may require.
District-level direct estimates may then be based on very few observations, resulting in
unacceptably large sampling variances. The true domain parameter exists but cannot be
estimated with sufficient precision from the available sample alone.

(ii) Spatial aggregation. When individual-level geocoordinates are collapsed into regional
totals—for reasons of data collection, administrative convention, or confidentiality—the
analyst observes only that each unit lies within a particular area, losing all information
about its precise location. The continuous spatial density exists but is hidden behind the
coarse partition.

(iii) Ordinal discretization. When a respondent’s position on a continuous latent scale is
recorded through an ordered categorical response, the measurement instrument imposes
a coarse binning that preserves only the rank order among response categories (Stevens,

2



INTRODUCTION

1946). The underlying preference or judgment exists on a continuum, but only a dis-
cretized version is observed.

Despite the diversity of application domains—transport, demography, ecology, and linguistics—
the inferential challenge is structurally related in all three cases. The observed data represent
an incomplete reduction of a richer underlying structure, and the goal is to draw inferences—
whether estimating a fine-grained quantity or understanding the dynamics between covariates
and the response—that the coarsened data alone cannot support. In the absence of such addi-
tional information, the coarsening is genuinely non-invertible: a sparse sample admits a wide
range of domain means; an area-level count is consistent with infinitely many spatial distri-
butions within the area; an ordinal category is compatible with any latent value between two
thresholds. What strengthens inference in each chapter is the availability of covariates, auxil-
iary densities, or structural assumptions that narrow the space of plausible solutions.

The first two chapters both address spatial inference under limited information. Chapter 1
begins with a survey not designed for district-level inference—the German household travel
survey Mobilität in Deutschland 2017—and asks how district-level mobility indicators can
be recovered when direct estimates for many of the target domains are unreliable. The tar-
get quantities are person-kilometers traveled per day, disaggregated by 400 German districts
and four transport modes, yielding 1,590 estimation domains of which only about a third
achieve acceptable precision under direct estimation. The chapter develops a log-transformed
Fay-Herriot area-level model (Fay & Herriot, 1979) that borrows strength through covariates
sourced from administrative registers and the INKAR regional indicator database. From an ini-
tial pool of over 1 000 candidate variables, a three-phase pipeline combining LASSO, sparsity-
ranked LASSO, and cross-validation on the Fay-Herriot model itself selects the final covariate
set. The resulting estimates reduce coefficients of variation by 16–44% and reveal pronounced
spatial patterns in multimodal travel behavior—an east–west gradient in car dependence, the
concentration of public transit usage in metropolitan networks—that direct estimation alone
cannot resolve. Chapter 2 operates at a deeper level of spatial coarsening: here, individual geo-
coordinates have been entirely collapsed into regional totals, and the continuous spatial density
must be reconstructed from aggregate counts alone. The starting point is the GRSST estimator
(Groß et al., 2017), which treats spatial aggregation as a measurement error problem and uses
an iterative algorithm akin to the stochastic expectation–maximization procedure to estimate
the underlying density. Within large administrative areas, however, this estimator produces ho-
mogeneous density plateaus due to the absence of sub-regional information. The chapter pro-
poses the AGRSST estimator, which integrates auxiliary spatial information—nighttime light
satellite imagery for population densities, vegetation indices for wildlife abundance—through
a correlation-weighted convex combination that improves precision when the auxiliary data are
informative and provides robustness when they are not.
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Where the first two chapters address coarsening along the spatial dimension, Chapter 3 turns
to a fundamentally different axis: the coarsening imposed by the measurement instrument it-
self. When a speaker of Maltese English rates a lexical pair on a five-point scale, the response
discretizes what is, in principle, a continuous latent preference. Rating scales are prevalent in
language research, yet the standard practice of converting ordinal categories to numeric scores
and applying linear regression can yield misleading results when the underlying relationships
are non-linear or when the category distribution is severely imbalanced (Liddell & Kruschke,
2018). The chapter demonstrates a modelling approach based on the frequency-adjusted bor-
ders ordinal forest (Buczak, 2025b), which, like the cumulative link mixed model (McCullagh,
1980), operates on a continuous latent score underlying the ordinal response. Employing the
recently developed mixed-effects extension (mixfabOF; Buczak, 2025c) to handle hierarchi-
cal data structures, the chapter contributes previously unavailable partial dependence routines
for model interpretation. Applied to lexical preference ratings in Maltese English, the mixed-
effects ordinal forest outperforms the parametric alternative in predictive accuracy and reveals
non-linear, non-monotonic age trajectories in language change—fine-grained patterns of varia-
tion that models operating on numeric scores systematically miss.

Across all three chapters, the methodological contribution lies not in proposing entirely new
estimators, but in augmenting established frameworks—the Fay-Herriot model, the GRSST al-
gorithm, the ordinal forest—with tools that extend their practical reach: principled mechanisms
for integrating auxiliary information in the first two chapters, and previously unavailable partial
dependence routines for model interpretation in the third. The title of this thesis reflects this
shared agenda: Reversing the Coarse refers both to the recovery of resolution lost by mea-
surement or by design, and to the change of course the analyst must make—from expecting
finer-grained data to recovering structure and insight from what is available.
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Chapter 1

Estimating Disaggregated Mobility
Indicators using Area-Level Models on
Survey Data

Abstract
Large-scale mobility surveys, such as the Mobility in Germany 2017 survey (Mobilität in Deutschland
2017, MiD), are often designed to produce reliable statistical indicators at the level of specific sub-
populations defined by geographical regions (e.g., states, districts, counties). After the data have been
collected, there is often a need for indicators at a lower geographical level, for which direct estima-
tion may not provide a satisfactory degree of precision due to insufficient sample sizes. This paper
demonstrates the application of a log-transformed Fay-Herriot area-level model to estimate district-
level person-kilometers traveled per day across four transport modes—walking, cycling, car travel,
and public transit—using MiD data. The 1 590 estimation domains span 400 German districts crossed
with four modes. Covariates are obtained from the German statistical system and the Indicators and
Maps for Spatial and Urban Development (Indikatoren und Karten zur Raum- und Stadtentwicklung,
INKAR) regional indicator database. They are selected using a three-phase procedure incorporating
standard Least Absolute Shrinkage and Selection Operator (LASSO), sparsity-ranked LASSO for in-
teractions and polynomials, and cross-validation on the Fay-Herriot model. The variances of the direct
estimates are estimated using Taylor series linearization. Two distributional assumptions, the Gaussian-
ity of the random effects and the residuals, are made in the modeling process. As the untransformed
data do not fulfill these assumptions, a logarithmic transformation is applied, which achieves good fit to
normality. The results show significant spatial variation in person-kilometers across German districts
and transport modes. The use of the model reduces coefficients of variation by 16–44% compared to
direct estimation.
Keywords: Mobility Indicators, Small Area Estimation, Fay-Herriot Model, Variable Selection, Mul-
timodal Transport
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CHAPTER 1. ESTIMATING DISAGGREGATED MOBILITY INDICATORS

1.1 Introduction

A detailed understanding of mobility patterns is crucial for transport planning and climate-
related policy. The transport sector—including both freight and passenger movement—accounts
for approximately one quarter of greenhouse gas emissions in the European Union, making mo-
bility policy a central component of climate strategy (European Commission, 2020). Effective
policy interventions require spatially disaggregated mobility indicators that capture regional
heterogeneity in travel behavior—information that national-level statistics cannot provide.

Mobility can be measured using indicators such as the average number of trips per person per
day, modal split, or average trip length. The granularity of these indicators can be increased by
disaggregating across socio-economic groups, geographic areas, or transport modes. The spe-
cific indicator we focus on is person-kilometers traveled per day, which we call mean person-
kilometers (MPK). This indicator appears regularly in major surveys such as the National
Household Travel Survey (NHTS) (McGuckin & Fucci, 2018) and provides insight into re-
gional travel demand when disaggregated spatially. We extend this logic to joint geographic
and modal disaggregation: estimating MPK separately for walking, cycling, car travel, and
public transit at the German district level. This multimodal approach produces four distinct
policy-relevant indicators from a single methodological framework, enabling targeted inter-
ventions such as cycling infrastructure investments or public transit coverage improvements.

Our data source is the large-scale German mobility survey Mobility in Germany 2017 (Mo-

bilität in Deutschland 2017) (MiD), which provides detailed trip records for over 316 000 re-
spondents (Nobis & Kuhnimhof, 2018). The MiD is designed to provide precise direct esti-
mates at the national level and for 42 in-depth sampling areas that sponsored extended data
collection (Eggs et al., 2018). For the remaining districts, sample sizes are insufficient for re-
liable direct estimation. This limitation motivates the use of model-based methods that borrow
strength from auxiliary data.

Small area estimation (SAE) methods are designed to provide precise predictions for domains
with small sample sizes by incorporating auxiliary information. Rao and Molina (2015) pro-
vide a comprehensive treatment of SAE theory, while Morales et al. (2021) offer an application-
oriented textbook focusing on implementation in the R programming language (R Core Team,
2026). Additional methodological developments are covered in Jiang and Lahiri (2006) and
Pratesi (2016). Tzavidis et al. (2018) present a framework for the complete SAE process from
user needs assessment through method evaluation. Applications of SAE to mobility research
have emerged over the past two decades. Long et al. (2009) applied a spatially correlated vari-
ant of the Battese-Harter-Fuller unit-level model (Battese et al., 1988) to estimate household
travel characteristics at the census tract level using NHTS data for Des Moines, Iowa. Vaish
et al. (2010) applied a survey-weighted hierarchical Bayes method to the 2001 NHTS to esti-
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CHAPTER 1. ESTIMATING DISAGGREGATED MOBILITY INDICATORS

mate the prevalence of high daily person-miles of travel at the state level, achieving 31–48%
reductions in prediction interval widths compared to design-based survey estimates. Salon
(2016) estimated pedestrian and cyclist activity at the neighborhood scale for California census
tracts using a Broad Area Ratio Estimator. More recently, Anjoy (2023) estimated commuting
patterns in India, and Al-Khasawneh and Cirillo (2024) addressed the challenge of estimating
household trips for census tracts in Maryland, using synthetic population generation and regres-
sion models for tracts lacking survey coverage, and applying the Fay–Herriot (FH) model to
improve precision in tracts with limited samples. Within the MiD context specifically, Bäumer
et al. (2018) applied unit-level SAE models to estimate mobility indicators at the district level,
combining survey-reported individual characteristics with district-level auxiliary data from of-
ficial statistics. This approach was extended to the MiD 2023 data by Bäumer and Pfeiffer
(2025), who incorporated additional address-level covariates (slope, public transit accessibility,
location within municipality) and benefited from improved auxiliary data availability through
the 2022 German Census. However, both reports employ a limited set of covariates selected
based on domain knowledge rather than systematic variable selection, and do not report model
diagnostics or precision estimates.

The present paper makes three contributions to SAE in mobility research. First, we develop a
multimodal estimation framework that jointly models district-level MPK across four transport
modes, defining 1 590 estimation domains (400 districts × 4 modes, minus 10 out-of-sample
domains). Second, we propose a three-phase variable selection pipeline that combines standard
least absolute shrinkage and selection operator (LASSO) (Tibshirani, 1996) for main effect se-
lection with ranked sparsity LASSO (Peterson & Cavanaugh, 2022) for interactions and poly-
nomials, followed by cross-validation on the FH model itself (Ren et al., 2022) to select the final
specification. Third, we integrate auxiliary data from the German statistical system (Destatis)
and the Indicators and Maps for Spatial and Urban Development (Indikatoren und Karten zur

Raum- und Stadtentwicklung) (INKAR) regional indicator database, providing a substantially
richer covariate set than previous MiD-based analyses. The log-transformed FH model (Fay &
Herriot, 1979) achieves precision improvements of 16–44% across transport modes compared
to direct estimation.

The remainder of this paper is structured as follows. Section 1.2 introduces the MiD survey
data and auxiliary data sources. Section 1.3 describes the methodology including direct estima-
tion, variance estimation, the log-transformed FH model, and the variable selection procedure.
Section 1.4 presents estimates and model diagnostics. Section 1.5 addresses limitations and
directions for future research. Section 1.6 summarizes the findings.
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CHAPTER 1. ESTIMATING DISAGGREGATED MOBILITY INDICATORS

1.2 Data

1.2.1 The MiD 2017 Dataset

The MiD is a nationwide German survey on various aspects of the mobility of people liv-
ing in Germany. The survey is conducted by the commercial research institute Institute for
Applied Social Sciences (infas Institut für angewandte Sozialwissenschaft GmbH) (infas) on
behalf of the Federal Ministry for Digital and Transport (Bundesministerium für Digitales und

Verkehr) (BMDV) (formerly the Federal Ministry of Transport and Digital Infrastructure). Fur-
ther project partners include the IVT Research GmbH (IVT) and the German Aerospace Cen-
ter (Deutsches Zentrum für Luft- und Raumfahrt e. V.) (DLR). An overview of the survey’s
results is found in Nobis and Kuhnimhof (2018); a detailed report of the methodology is doc-
umented in Eggs et al. (2018). Additional information and documentation can be obtained on
the project’s official website (Infas, 2023). Previous iterations of the survey were conducted
in 2002 and 2008, with the most recent iteration, MiD 2023, published in November 2025
(Infas et al., 2025). This work uses the 2017 iteration, as our analysis was completed before
the 2023 data became available; however, the methodological framework developed here—
particularly the variable selection pipeline and multimodal estimation approach—is directly
applicable to the newer data. The 2017 wave provides detailed data (Infas et al., 2019) on a
range of socio-economic indicators for 316 361 individuals from 156 420 households. Respon-
dents documented their movements by reporting a total of 960 619 trips. The MiD sampling
design is complex. An introduction to the full sampling design of MiD is beyond the scope
of this article, and the interested reader is referred to Eggs et al. (2018). Some features of
the design include a triple-frame approach in which sampling units are drawn from the official
German residence registration register as well as from a system that generates mobile phone
numbers by random digit dialing and one that does so for landline phone numbers. Components
of multistage sampling are also implemented, but the exact design is neither clear nor repro-
ducible. Dataset packages from MiD exist for three levels of spatial resolution, the one used in
this work being the middle one: B.2 Regional. This analysis draws on both person-level and
trip-level data from this package. The person dataset provides person-level sampling weights
P HOCH, which account for unequal inclusion probabilities due to the sampling design and in-
clude calibration to known population totals on multiple geographical levels. These weights
are used throughout the analysis for direct estimation and variance calculation. The trip dataset
provides the reported journeys with distance and mode information. The official MiD docu-
mentation provides a general overview of how post-stratification was carried out, but the level
of detail is insufficient for reproduction. It is established that the weights can be used in the
Horvitz–Thompson (HT)-type estimators introduced in Section 1.3.1 (Horvitz & Thompson,
1952) at the German national level (Nobis & Köhler, 2018).

The MiD provides the data to estimate our parameter of interest: MPK traveled per day, disag-
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gregated by travel mode. The estimation domains are defined by the cross-classification of dis-
trict of residence (Kreis) and main travel mode (Hauptverkehrsmittel), yielding 1 604 domain
cells across 401 districts. Travel modes are grouped into four categories: walking (zu Fuß), cy-
cling (Fahrrad), motorized individual transport (MIV, combining car drivers and passengers),
and public transport (ÖPV). Trip-level data are merged with person-level data to obtain both
person characteristics and trip-related covariates at the domain level. Observations with miss-
ing values or error codes in key variables are excluded, and sampling weights are proportionally
adjusted to preserve population totals. 10 domains are excluded where no sampled respondent
reported any trip by that mode; they constitute out-of-sample domains for which the Slud-Maiti
back-transformation does not provide estimates (Kreutzmann et al., 2019; Slud & Maiti, 2006).
Combined with one district exclusion due to auxiliary data misalignment (see Section 1.2.3),
the final analysis comprises 1 590 domains across 400 districts. Trips are attributed to the re-
spondent’s district of residence, aligning the outcome variable with residence-based auxiliary
covariates and survey calibration.

While the MiD provides the outcome variable and domain structure, we exclude MiD-derived
covariates from the auxiliary variable pool. Survey-derived covariates introduce measurement
error that violates the FH model’s assumption of error-free area-level covariates (Ybarra &
Lohr, 2008). We therefore rely exclusively on administrative data sources for auxiliary infor-
mation.

1.2.2 Official Statistics from the German Statistical System

Small area estimation methods require auxiliary data that are available for all domains of
interest. We draw on official statistics from the German statistical system, which provides
district-level structural indicators as potential covariates for the FH model. These are register-
based statistics (laufende Statistiken) compiled annually from tax records, vehicle registrations,
population registers, and other administrative processes. The primary data source is the Re-
gional Database Germany (Regionaldatenbank Deutschland) (RDB), a joint database of fed-
eral and state statistical offices (Statistische Ämter des Bundes und der Länder, 2025), sup-
plemented by the GENESIS-Online Database (Gemeinsames neues statistisches Information-

ssystem) (GENESIS) of the Federal Statistical Office of Germany (Destatis) (2025) for vehicle
registration data. For brevity, we refer to these data collectively as Destatis throughout this
paper. Data retrieval was automated using the restatis R package (Buhl et al., 2025).

We acquire 38 statistical tables from the 2017 reference year, organized into eight thematic do-
mains, to serve as candidate auxiliary variables for the model (a complete listing is available at
https://github.com/muehlbauer-m/sae-mobility-germany). The selection of thematic domains
reflects categories of auxiliary variables commonly employed in travel behavior research, such
as socioeconomic and household characteristics (e.g., Stead, 2001) and built environment mea-
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sures (e.g., Ewing & Cervero, 2010). Our auxiliary variables include population and household
statistics, income and economic indicators, mobility-relevant variables, demographic indica-
tors, built environment characteristics, tourism statistics, and social infrastructure. All variables
refer to the 2017 reference year to match the MiD survey period.

1.2.3 INKAR Regional Indicators

To capture broader regional characteristics beyond Destatis, we incorporate data from INKAR,
a comprehensive indicator database maintained by the Federal Institute for Research on Build-
ing, Urban Affairs and Spatial Development (Bundesinstitut für Bau-, Stadt- und Raumforschung)
(BBSR) (2025). INKAR aggregates data from multiple federal agencies—including the Federal
Statistical Office, the Federal Employment Agency, the Federal Motor Transport Authority, and
the Federal Office for Cartography and Geodesy—into a unified system of regional indicators
harmonized to consistent territorial boundaries. Data access was implemented programmati-
cally using the bonn R package (Marbach, 2026), which provides an interface to the INKAR
API.

We downloaded all 562 indicators available at the district level (Kreise) for the 2017 reference
year to match the MiD survey period. The indicators are organized into 41 thematic categories
covering unemployment, employment structure, demographics, housing, education, transport
accessibility, settlement structure, social transfers, income, public finances, healthcare, land
use, and economic output. After removing duplicates and indicators with data quality issues,
540 unique indicators remained for analysis (the complete list with English translations is avail-
able at https://github.com/muehlbauer-m/sae-mobility-germany). Of these, 424 (79%) had
2017 data directly available; for the remaining 116, we used the nearest available year. Data
quality was high: 480 indicators (89%) had complete coverage across all 400 districts, and
526 (97%) had less than 10% missing values. Note that INKAR uses harmonized 2019 ter-
ritorial boundaries, which contain 400 districts rather than the 401 districts in the MiD 2017
data; this difference arises from the 2021 merger of the independent city of Eisenach into the
Wartburgkreis district (Thüringer Landtag, 2019). One MiD domain (Eisenach) is therefore
excluded from the final analysis due to missing auxiliary data.

1.3 Methodology

1.3.1 Direct Estimation: The Hajek Estimator

The design-based paradigm assumes a total finite population U , which can be split into D sub-
populations (domains) Ud ⊂ U such that U = ∪D

d=1Ud. A fundamental estimator for the domain

10

https://github.com/muehlbauer-m/sae-mobility-germany


CHAPTER 1. ESTIMATING DISAGGREGATED MOBILITY INDICATORS

total τd =
∑

i∈Ud
yi is provided by Horvitz and Thompson (1952)

τ̂HT
d =

∑
i∈Sd

yi · wi,

where i ∈ {1, 2, . . . , nd} denotes the index of the i-th elementary sampling unit in domain d,
nd is the number of units sampled in domain d, wi = 1

πi
is the sampling weight or inverse

of the first-order inclusion probability πi of sampling unit i, and yi is the target variable’s
value for sampling unit i. The sub-population samples Sd sum up to the full sample S so that
S = ∪D

d=1Sd.

When the population count Nd in domain d is unknown, the domain mean µd can be estimated
by the weighted domain sample mean (Särndal et al., 1992, Result 5.8.1, p. 185), commonly
referred to in the SAE literature as the Hajek (HJ) estimator (e.g., Morales et al., 2021) in
reference to Hájek (1971):

µ̂HJ
d =

∑
i∈Sd

yi · wi∑
i∈Sd

wi

. (1.1)

This estimator allows the estimation of the mean µd = N−1
d

∑
i∈Ud

yi without requiring knowl-
edge of the total population count Nd in domain d; moreover, it is often preferable to HT-based
alternatives of the form N−1

d τ̂HT
d even when Nd is known (Särndal et al., 1992, p. 182). Under

mild conditions (nd is large and πi > 0 ∀ i ∈ Ud), µ̂HJ
d is an approximately unbiased estimator

of µd, so that E
[
µ̂HJ
d

]
≈ µd (for proof, see e.g., Morales et al., 2021, pp. 23).

1.3.2 Variance Estimation via Taylor Series Linearization

Variance estimates of the HJ estimator are needed to evaluate precision and as inputs for the
FH model. Standard variance formulas for ratio estimators (see Särndal et al., 1992, p. 185)
require second-order inclusion probabilities πij , which are unavailable for the MiD. Simplified
formulas assuming independent sampling do not apply to complex survey designs. We there-
fore employ first-order Taylor series expansion (linearization) as implemented in the survey
package for R (Lumley, 2004, 2010), following the framework of Binder (1983). This ap-
proach approximates variance estimation for any smooth statistic through variance estimation
of weighted score totals, accommodating complex design features.

The variance estimator for domain d takes the form

V̂
(
µ̂HJ
d

)
= Ĵ−2

d

S∑
s=1

ms

ms − 1

ms∑
c=1

(
Ũ (d)
sc −

¯̃U (d)
s·

)2
, (1.2)

where s = 1, . . . , S indexes strata, c = 1, . . . ,ms indexes primary sampling units (PSUs)
within stratum s, Ĵd =

∑
i∈Sd

wi is the estimated domain population size, and ¯̃U
(d)
s· = m−1

s

∑ms

c=1 Ũ
(d)
sc
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is the estimated stratum mean. The calibration-adjusted score totals at the PSU level are

Ũ (d)
sc =

∑
i∈c

δ
(d)
i · wi

[(
yi − µ̂HJ

d

)
− γ̂ ′Zi

]
, (1.3)

where δ(d)i indicates domain membership, Zi contains calibration variables, and γ̂ is the coeffi-
cient from regressing scores on calibration variables.

The estimator in Eq. (1.2) accounts for four design features: (1) unequal probability sampling
through the weights wi = 1/πi; (2) clustering at the household (PSU) level, which increases
variance relative to independent sampling due to intra-household correlation; (3) stratification
by federal state and regional type (S = 160 strata), which reduces variance through within-
stratum homogeneity; and (4) calibration to known population totals via Deville-Särndal rak-
ing (Deville & Särndal, 1992), where the term γ̂ ′Zi removes score variability explained by
calibration variables.

One design feature cannot be fully accommodated: the MiD’s triple-frame design (population
registry, landline, and mobile phone sampling) involves frames with different clustering struc-
tures, but frame membership is not available in the scientific use file. We therefore apply a
single-frame household-clustered variance estimator, which cannot exploit the efficiency gains
of a proper multi-frame estimator and thus likely overestimates variance.

Table 1.1 summarizes the design specification. Calibration variables were validated against
Destatis population totals, with mean deviations of approximately 1% for federal states, 0.7%
for sex, 2.1% for age groups, 3.7% for survey quarter, and 1.4% for weekday.

Element Specification Rationale
PSUs (ids) H ID Reg (Household) Household members surveyed to-

gether
Strata Federal state ×MiD regional type 16 states × 10 regional types
Weights P HOCH / 4 Pre-calibrated; divided for person-

mode structure
Calibration Federal state, sex, age, quarter, week-

day
Informs variance calculation

Table 1.1: Survey design specification for variance estimation.

An alternative variance estimation approach via calibrated bootstrap resampling is presented in
Section A.2. Three bootstrap variants are compared: naive (no recalibration), MiD-calibrated
(recalibrated to survey-weighted population totals), and census-calibrated (recalibrated to ex-
ternal census totals). The calibrated bootstrap methods yield virtually identical estimates re-
gardless of calibration source (R2 > 0.99, slopes ≈ 1.0), and the naive bootstrap shows no
meaningful difference from calibrated approaches. Taylor series linearization produces slightly
more conservative estimates than bootstrap methods: bootstrap standard errors are smaller than
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their analytical counterparts in 82% of domains, with a median ratio of 0.92 (R2 = 0.96).
The close agreement between two methodologically distinct approaches lends credibility to
the analytical variance estimates used throughout this paper. We prefer linearization because
it jointly accounts for all four design features described above—clustering, stratification, un-
equal weights, and calibration—whereas the calibrated bootstrap only incorporates calibration
through weight recalibration. Additionally, linearization is considerably less costly to compute.

For comparison with the mean squared error (MSE) of model-based predictions, variance esti-
mates are standardized using the coefficient of variation (CV)

CV HJ
d =

√
V̂ (µ̂HJ

d )

µ̂HJ
d

, ∀µ̂HJ
d > 0. (1.4)

1.3.3 The Fay-Herriot Model

The FH model is introduced by Fay and Herriot (1979). Detailed accounts can be found in
standard SAE literature such as Rao and Molina (2015). The notation used in this paper is
based on Morales et al. (2021).

An important feature of the FH model is that it combines the two statistical paradigms of the
design-based and the model-based approach. Model-based statistics define a data-generating
stochastic process with distributional assumptions, whereas design-based statistics postulate a
fixed population, with randomness emerging from the sampling design (Dumelle et al., 2022).
The FH model bridges these paradigms by using design-based direct estimates (such as the HJ
estimator from Section 1.3.1) as inputs to a model-based framework, thereby leveraging the
strengths of both approaches.

The FH model is formulated at the domain level for each domain d ∈ {1, 2, . . . , D}—in purely
spatial contexts also referred to as areas—requiring covariates that are available for all domains.
In the present multimodal analysis, domains are defined as district× travel mode combinations.
Covariates from Destatis and INKAR are measured at the district level and are constant across
the four modes within each district—for example, the unemployment rate in a district applies
equally to all four mode-specific domains. Mode-specific variation is captured through sum-
to-zero contrast coding of the travel mode factor, allowing both mode-specific intercepts and
mode × covariate interactions in the model.1 The model is derived by merging two models in
a staged process. The first stage comprises the sampling model

yd = µd + ed, (1.5)

1An alternative would be a twofold sub-area level model (Torabi & Rao, 2014) with separate random effects for
modes and districts. However, with only four mode categories, the mode-level variance component is estimated
from very few draws, a setting prone to boundary estimates at zero (cf. Gomes, 2022). Preliminary experiments
with the twofold specification confirmed that one variance component collapsed to zero in our data.
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where yd is a direct estimator (here: the HJ estimator in Eq. (1.1), so that yd = µ̂HJ
d ) of the true

domain statistic and parameter of interest µd. The design-based variances of yd are assumed
to be known and denoted by σ2

d. In applications, the values of σ2
d are estimated and treated as

known in the model. Within the FH model framework, the ed are called sampling errors and
express the disturbance of direct estimates yd around µd. The linking model

µd = xdβ + ud (1.6)

forms the second stage of the FH model. It linearly links the true domain statistics µd to a set
of p auxiliary variables contained within a row vector xd ∈ Rp. The strength of the linear rela-
tionship is modeled by a set of regression parameters contained in the column vector β ∈ Rp.
The i.i.d. ud are called random effects. They capture variability of the µd across domains due
to unobserved characteristics that are not explicitly included in the model. Plugging Eq. (1.6)
into Eq. (1.5) results in the single formulation known as the FH model

y = XD×pβp×1 + uD×1 + eD×1 (1.7)

= Xβ + u+ e, (1.8)

where y = (y1, . . . , yD)
⊤, u = (u1, . . . , uD)

⊤, e = (e1, . . . , eD)
⊤, and X = (x⊤

1 , . . . ,x
⊤
D)

⊤.
The random components u ∼ N (0,Vu) and e ∼ N (0,Ve) are assumed to be independent,
with Vu = var(u) = σ2

uID, Ve = var(e) = diag(σ2
1, . . . , σ

2
D), and V = var(y) = Vu +Ve =

diag(σ2
u+σ2

1, . . . , σ
2
u+σ2

D). Note that even though y is modeled, we are interested in predicting
the vector of true domain parameters µ. The best linear unbiased estimator (BLUE) of β and
best linear unbiased predictor (BLUP) of u are obtained with

β̃ =
(
XTV−1X

)−1
XTV−1y and ũ = VuV

−1
(
y −Xβ̃

)
. (1.9)

Here, β̃ and ũ assume that the quantity σ2
u is known. By plugging in an empirical estimate for

σ2
u, the empirical BLUE (EBLUE) and empirical BLUP (EBLUP) of β and u are obtained with

β̂ =
(
XTV̂−1X

)−1

XTV̂−1y and û = V̂uV̂
−1
(
y −Xβ̂

)
. (1.10)

The true domain statistic’s EBLUP is obtained by plugging β̂ and û into Eq. (1.6)

µ̂d = xdβ̂ + ûd =
σ̂2
u

σ̂2
u + σ2

d

yd +
σ2
d

σ̂2
u + σ2

d

xdβ̂ = γ̂dyd + (1− γ̂d)xdβ̂, (1.11)

where the quantities γ̂d = σ̂2
u

σ̂2
u+σ2

d
control the weight put on the direct (yd) and synthetic (xdβ̂)

estimates. If the sampling error variance σ2
d of a district d is small relative to the random

effects’ variance σ̂2
u, then the weight given to the design-based direct estimates approaches 1,

14



CHAPTER 1. ESTIMATING DISAGGREGATED MOBILITY INDICATORS

γ̂d → 1. Conversely, if the sampling error variance is relatively high, more weight is given to
the synthetic estimates that are based on the model-based paradigm, and γ̂d → 0.

1.3.4 The Log-Transformed Fay-Herriot Model

The application of a log-transformation on the data (log(y)) to improve the normality of the
data is part of the Box-Cox family of transformations. A discussion of this transformation
family can be found in Fox (2015). Illustrative work on transformations with an explicit focus
on SAE is conducted by Lee et al. (2023) and Rojas-Perilla et al. (2020). Kreutzmann et
al. (2022) provide an application with wealth data. The log-transformed FH model assumes
the relationship in Eq. (1.7) on a log scale of the direct estimates zd = log(yd). The model
formulation in matrix form changes to

z = Xβ + u+ e, (1.12)

where z is a column vector of length D containing the log-transformed area-level direct esti-
mator of the target variable indicator. The structure and distributional assumptions made in the
standard FH model remain unchanged. The response variable is modeled on the log scale, but
the σ2

d are usually estimated on the original scale. Using non-transformed σ2
d would distort the

model. An adjustment of the σ2
d to address this problem is proposed by Neves et al. (2014).

They transform the σ2
d to the log scale using Taylor series approximation. Their transformed

variances have the form
V [zd] ≈

V [yd]

(E[yd])2
.

Since µd is based on Eq. (1.12), its BLUP predicts the quantity of interest on the log scale and
therefore needs to be back-transformed to the original scale via the exponential function

µ̂∗
d = exp(µ̂d) = exp

(
xdβ̂ + ûd

)
.

Such a direct back-transformation does not consider bias induced by the nonlinear nature of the
logarithm. If maximum likelihood (ML) is used for the estimation of σ2

u, Slud and Maiti (2006)
propose a bias correction of the form

µ̂∗SM
d = exp

(
xdβ̂ + ûd +

1

2
σ̂2
u(1− γ̂d)

)
, (1.13)

accompanied by an analytical estimator for its MSE. The estimator µ̂∗SM
d is still biased, but its

bias vanishes for large D. For the EBLUE and EBLUP in Eq. (1.10), no closed-form expres-
sions are available; this also implies that σ2

u remains to be estimated by some non-analytical
estimation procedure. Several estimation strategies such as method of moments (MM), ML,
and restricted maximum likelihood (REML) are applicable (see e.g., Rao & Molina, 2015).
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We focus on the ML method for this study so that the back-transformation by Slud and Maiti
(2006) can be applied. For comparison, the MSE is standardized to

CV FH
d =

√
M̂SEd (µ̂∗SM

d )

µ̂∗SM
d

, ∀µ̂∗SM
d > 0. (1.14)

We later use a measure of relative variability

RVd = 1− CV FH
d

CV HJ
d

, (1.15)

to contrast CV FH
d and CV HJ

d .

1.3.5 Variable Selection

There exists a rich literature on selecting explanatory variables in regression contexts (e.g.,
Hastie et al., 2009; Heinze et al., 2018). Considering the datasets presented in Section 1.2, we
face the curse of dimensionality (Bellman, 1961). Combining pre-processed data from Destatis
and INKAR results in 1 092 potential area-level covariates (552 and 540, respectively) for 1 590
domain observations; together with the three sum-to-zero mode contrasts (see Section 1.3.3),
the candidate pool comprises 1 095 variables. Directly searching for interactions and poly-
nomials among all candidates would create an intractable covariate space—with p = 1,092
area-level covariates, pairwise interactions alone would add

(
p
2

)
≈ 596,000 terms.

We address this challenge using a three-phase funnel pipeline that first selects main effects, then
expands to higher-order terms and selects among them, and finally selects the best candidate
via cross-validation on the FH model. This approach integrates three methodological contribu-
tions: (1) the multi-step LASSO procedure of Ren et al. (2022) for variable selection in area-
level models, (2) the ranked sparsity LASSO of Peterson and Cavanaugh (2022) for principled
selection of interactions and polynomials, and (3) a two-stage selection strategy similar to Wu
et al. (2010), who call their approach “screen and clean” in the context of genome-wide asso-
ciation studies. The two-stage structure makes the overall procedure hierarchy-preferring (also
called heredity-preferring): by restricting Phase 2 expansion to covariates selected in Phase 1,
interactions are only considered among variables that demonstrated marginal predictive value
(Bien et al., 2013). This complements the ranked sparsity penalties in Phase 2, which further
favor main effects over higher-order terms. Neither mechanism strictly enforces hierarchy—
Phase 2 can still drop a main effect while retaining its interactions if the data strongly support
this.

Phase 1: Main effect selection via LASSO. The first phase reduces the candidate pool to a
manageable set of main effects. Following Ren et al. (2022), we apply three preprocessing
steps before regularized regression. First, metric covariates are standardized by centering and
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scaling, while proportion covariates (bounded between 0 and 1) remain unscaled. Second, co-
variates with near-zero variance are removed, as they provide no predictive value. Third, highly
correlated variable pairs (Pearson |r| > 0.7) are identified and the variable with the largest mean
absolute correlation to all others is removed, following caret::findCorrelation. The
three mode contrast variables (sum-to-zero coding) are protected from filtering to preserve the
multimodal domain structure.

After preprocessing, we apply the LASSO (Tibshirani, 1996) to select main effects. The
LASSO estimates coefficients by minimizing

β̂lasso = argmin
β

 D∑
d=1

(
zd −

p∑
j=1

xdjβj

)2

+ λ

p∑
j=1

|βj|

 ,

where the penalty parameter λ controls the strength of the ℓ1 constraint. The optimal λ is
selected via 10-fold cross-validation using glmnet::cv.glmnet (Tay et al., 2023). We use
λmin, which minimizes cross-validated prediction error.

Phase 2: Ranked sparsity LASSO for interactions and polynomials. Standard LASSO
treats all candidate terms equally—an assumption termed “covariate equipoise”—which can
lead to over-selection of interactions and polynomials relative to main effects (Peterson & Ca-
vanaugh, 2022). When the candidate set includes p main effects and

(
p
2

)
pairwise interactions,

the sheer number of interaction terms inflates their collective prior probability of selection,
resulting in unnecessarily complex models with many spurious higher-order terms.

To address this, Phase 2 applies the sparsity-ranked LASSO (SRL) via the sparseR package
(Peterson & Cavanaugh, 2022). The SRL partitions predictors into K groups (e.g., main effects,
polynomials, interactions) and assigns differential penalty weights to each group. Formally, the
SRL minimizes

β̂SRL = argmin
β

 D∑
d=1

(
zd −

p∑
j=1

xdjβj

)2

+ λ

K∑
k=1

∑
j∈Gk

wk|βj|

 ,

where Gk denotes the set of predictors in group k, mk = |Gk| is its cardinality, and wk is
the group-specific penalty weight. Setting wk =

√
mk ensures that each group contributes

equally to the prior information, counteracting the inflation caused by larger groups (Peterson
& Cavanaugh, 2022). This corresponds to fixing the ranked sparsity parameter γ = 0.5 in the
general formulation wk = mγ

k .

We further enable cumulative penalties, which increase the penalty for higher-order terms based
on the cumulative count of all terms up to that order, requiring stronger evidence for interactions
and polynomials to enter the model. The sparseR implementation treats polynomial and
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interaction penalties separately, with details provided in Section A.3.

Using the Phase 1 covariates as inputs, we construct expanded model matrices under two con-
figurations. The baseline configuration contains squared terms for all continuous covariates
and mode × covariate interactions. The maximal configuration additionally includes cubic
polynomials and covariate × covariate interactions. We test both configurations to empirically
evaluate whether covariate synergies (e.g., income × urbanity) improve prediction. The theo-
retical expectation is that they will not: since domains are defined by district×mode, covariate
effects that vary across modes are directly predictive of the mode-specific outcome, whereas
covariate synergies would need to operate uniformly across all four transport modes to improve
prediction—an implausible assumption given the fundamental behavioral differences between
walking, cycling, car travel, and public transit. Cross-validation adjudicates between the con-
figurations.

Cross-validation within each configuration produces two candidate variable sets: λmin (mini-
mizing prediction error) and λ1se (within one standard error of the minimum, favoring parsi-
mony). This yields four Phase 2 candidates in total. The specific variable counts are reported
in Table 1.3.

Phase 3: Model selection via cross-validation. Following Ren et al. (2022), the final model is
selected by comparing candidate variable sets through k-fold cross-validation on the FH model
itself, rather than on the LASSO objective. This step serves two purposes. First, it re-evaluates
variable sets under the actual FH model structure, which incorporates domain-specific random
effects and sampling variances estimated from the direct estimates that the LASSO objective
does not account for. Second, because the five candidate sets originate from three different
LASSO configurations—Phase 1 base, Phase 2 baseline, and Phase 2 maximal—each operating
on a different input matrix, there is no common LASSO-based criterion to rank them against
each other. The FH-based cross-validation provides such a common metric.

Five candidate models are compared: (1) the base model using only Phase 1 main effects plus
mode contrasts, (2–3) the λmin and λ1se models from the baseline Phase 2 configuration, and
(4–5) the λmin and λ1se models from the maximal Phase 2 configuration. Domains are sorted
by sample size and distributed across K = 10 folds to ensure balanced reliability across folds.
For each fold, the FH model is fit on the training domains and predictions of the true domain
parameters are made for validation domains using the fixed effects only (µ̂d = x′

dβ̂). The sum
of squared errors on reliable domains (CV HJ

d < 20%, cf. Eq. (1.4)) serves as the selection
criterion. The candidate with the lowest total sum of squared errors (SSE) across folds is
selected as the final model.
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1.4 Results

1.4.1 Direct Estimates

Table 1.2 presents summary statistics of the HJ estimates, their CVs, and domain sample sizes
by transport mode. The distributions differ markedly: car travel shows the highest MPK with
a median of 26.4 km/day, followed by public transit (4.5 km/day), cycling (0.9 km/day), and
walking (0.9 km/day). Precision varies substantially across modes. Using a CV threshold
of 20% to define acceptable precision, car travel achieves the best coverage with 62.8% of
domains meeting this criterion, followed by walking (48.8%), cycling (21.9%), and public
transit (11.4%). Overall, 63.7% of all domain estimates exceed the 20% threshold, highlighting
the need for model-based approaches. Panel C reports domain sample sizes, defined as the
number of surveyed persons who reported at least one trip by that mode. Sample sizes vary
substantially across modes: car travel has the largest median (246 persons per domain), while
cycling (43) and public transit (34) have considerably smaller samples, explaining their higher
CVs.

Panel A: Direct Estimates (km/day)
Mode Min. 1st Qu. Median Mean 3rd Qu. Max.
Walking 0.00 0.72 0.88 0.92 1.08 3.81
Cycling 0.00 0.54 0.91 1.02 1.34 4.51
Car (MIV) 2.18 21.52 26.41 27.11 31.15 74.37
Public Transit 0.00 2.71 4.46 5.31 6.94 29.78

Panel B: Coefficient of Variation
Mode Min. 1st Qu. Median Mean 3rd Qu. Max.
Walking 0.03 0.15 0.20 0.24 0.28 1.03
Cycling 0.04 0.21 0.31 0.36 0.44 1.14
Car (MIV) 0.04 0.13 0.17 0.20 0.24 0.94
Public Transit 0.05 0.26 0.38 0.41 0.53 1.07

Panel C: Domain Sample Sizes (persons)
Mode Min. 1st Qu. Median Mean 3rd Qu. Max.
Walking 0 51 109 219 258 4967
Cycling 0 18 43 102 103 3046
Car (MIV) 2 109 246 418 530 5790
Public Transit 0 15 34 97 87 4419

Table 1.2: Summary statistics of multimodal HJ direct estimates. Panel A: person-kilometers
per day. Panel B: coefficient of variation (CV). Panel C: domain sample sizes (persons with at
least one trip by that mode). Total domains: 1604 (401 districts × 4 modes), of which 10 have
zero observations for that mode.

Figure 1.1 illustrates the precision challenge using public transit as an example—the mode with
the poorest direct estimation precision. Panel (a) shows the spatial distribution of direct esti-
mates, while panel (b) displays the corresponding CVs. Many rural districts have few or no
observed transit trips in the sample, resulting in CVs exceeding 60% (shown in red). This pat-
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tern motivates the use of model-based estimation, which can borrow strength across domains.
Complete spatial distributions for all four modes are provided in Section A.1.

km/day

0 10 20

(a) Direct Estimate

CV (%)

0% 20% 40% 60% 80% 100%

(b) Coefficient of Variation

Figure 1.1: Public transit HJ direct estimates across German districts: (a) MPK estimates,
(b) CV with the 20% threshold separating reliable (blue/green) from unreliable (yellow/red)
estimates.

1.4.2 Variable Selection

Table 1.3 summarizes the results of the three-phase procedure described in Section 1.3.5. Phase
1 LASSO reduces the 1 095 candidate covariates to a manageable set of main effects. Phase
2 applies ranked sparsity LASSO to select interactions and polynomial terms under two con-
figurations (baseline and maximal), producing four candidate variable sets at different regular-
ization levels. In Phase 3, cross-validation selects the baseline λmin model as the preferred FH
specification by minimizing prediction error across reliable domains.

Table 1.4 compares the five candidate variable sets. The baseline λmin model achieves the low-
est SSE on reliable domains, outperforming the maximal configuration despite its additional
covariate × covariate interactions. The winning model includes main effects from census de-
mographics and INKAR regional indicators, augmented by mode × covariate interactions and
squared terms for continuous covariates. This composition reflects the multimodal domain
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Phase Description Input Output
1 LASSO main effects 1,095 candidates 49 covariates (R2 = 0.86)
2a sparseR baseline 233 terms (poly2,

mode×covar)
λmin: 122 vars, λ1se: 52 vars

2b sparseR maximal 1,314 terms (+poly3,
+covar×covar)

λmin: 107 vars, λ1se: 44 vars

3 FH cross-validation 5 candidate sets (K=10) Winner: baseline λmin

Table 1.3: Three-phase variable selection pipeline. Phase 1 reduces candidates via LASSO
on main effects. Phase 2 applies ranked sparsity LASSO (sparseR) with two configurations:
(a) baseline with quadratic polynomials and mode×covariate interactions; (b) maximal adding
cubic polynomials and covariate×covariate interactions. Phase 3 selects the final model via
10-fold cross-validation on the Fay-Herriot model.

structure, allowing mode-specific covariate effects where supported by the data.

Config Candidate Variables Main Poly Inter SSE
– Base 49 49 0 0 21,632
Baseline λ1se 52 27 6 19 7,955
Baseline λmin 122 37 22 63 7,208
Maximal λ1se 44 30 8 6 9,185
Maximal λmin 107 40 28 39 7,590

Table 1.4: Cross-validation comparison of five candidate variable sets. SSE calculated
on reliable domains (CV < 20%). Baseline configuration uses quadratic polynomials
and mode×covariate interactions only. Maximal configuration adds cubic polynomials and
covariate×covariate interactions. Winner (baseline λmin) shown in bold.

A notable aspect of the variable selection approach is that it is data-driven rather than guided
by pre-existing theoretical knowledge. Some selected covariates intuitively relate to mobility
patterns (e.g., transit quality indicators, car ownership), while others capture indirect relation-
ships through regional socioeconomic characteristics. The primary objective is prediction of
unobserved domain values rather than causal identification. Shmueli (2010) provides a compre-
hensive discussion of the distinction between explanatory and predictive modeling in statistics.
The complete list of variables in the final model is provided in Section A.4.

1.4.3 Model Estimates

The bias-corrected back-transformed EBLUP estimates µ̂∗SM
d (Eq. (1.13)) from the log-transformed

FH model reveal distinct spatial patterns in German district-level mobility. Figure 1.2 maps
these estimates by transport mode, highlighting the geographic structure of daily travel behav-
ior.
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Figure 1.2: Spatial distributions of FH MPK estimates by transport mode across German dis-
tricts: (a) walking (zu Fuß), (b) cycling (Fahrrad), (c) car (MIV), and (d) public transit (ÖPV).
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The spatial patterns differ markedly across modes and reflect underlying regional characteris-
tics. Car travel displays a pronounced east–west gradient, with the highest values in rural north-
eastern Germany—particularly in sparsely populated districts of Mecklenburg-Vorpommern
and Brandenburg—where longer distances to employment and services necessitate greater car
dependence. The densely populated Ruhr area and major metropolitan regions show lower
car distances, consistent with shorter commutes and greater availability of alternative modes.
Public transit usage concentrates in metropolitan areas with established rail and bus networks:
Berlin, Hamburg, Munich, Frankfurt, and the Rhine-Ruhr conurbation stand out with elevated
values. In contrast, many rural districts—especially in eastern Germany—show minimal public
transit usage, reflecting limited service availability. Walking and cycling estimates are rela-
tively homogeneous across Germany, with median values around 0.9 km/day for both modes.
Cycling shows slightly higher values in northwestern Germany near the Dutch border—where
the Netherlands’ renowned cycling culture appears to spill over—as well as in northern coastal
regions and university cities, where flat terrain and established cycling infrastructure encourage
bicycle use.

Table 1.5 quantifies these patterns. Panel A confirms the modal hierarchy: car travel dominates
daily mobility with a median of 26.4 km/day, followed by public transit (4.2 km/day), cycling
(0.9 km/day), and walking (0.9 km/day). The near-identical values for walking and cycling
are not coincidental: cycling trips are 2.4 times longer on average, but walking participation
is 2.3 times higher (27% vs. 12% of the population on a given day), and these factors nearly
cancel out. This distribution reflects car dependence in German daily travel, where private
vehicles account for the majority of passenger-kilometers despite the availability of alternatives
in urban areas. Complete district-level results across all four transport modes are available in
an interactive Shiny application at https://github.com/muehlbauer-m/sae-mobility-germany.

Compared to the direct estimates in Figure A.1, the FH estimates show less severe variation
between neighboring districts and fewer extreme values. This spatial smoothing effect is most
apparent for modes with high direct estimate variance, where isolated extreme values in the
direct estimates are moderated toward regional patterns. Figure 1.4 illustrates this shrinkage
effect: regressing FH estimates on direct estimates yields slopes β̂1 < 1, indicating compres-
sion toward the mean, i.e., the FH estimates are less dispersed than the direct estimates. This
compression is strongest for walking (β̂1 = 0.37), followed by public transit (β̂1 = 0.40), while
cycling (β̂1 = 0.50) and car travel (β̂1 = 0.48) show the least compression.

Panel C of Table 1.5 reports the distribution of γ̂d by mode, and Figure 1.3 visualizes these
distributions. Public transit and cycling show strongly right-skewed distributions concentrated
near zero, indicating heavy reliance on the synthetic predictor. Car travel shows a more uniform
distribution, reflecting greater direct estimate reliability. Walking falls between these extremes.
The relationship between the shrinkage factor γ̂d and the apparent compression in Figure 1.4
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Panel A: FH EBLUP Estimates (km/day)
Mode Min. 1st Qu. Median Mean 3rd Qu. Max.
Cycling 0.20 0.63 0.88 0.95 1.17 3.78
Walking 0.41 0.76 0.87 0.88 0.99 1.54
Car 12.59 22.67 26.45 26.27 29.88 43.29
Public Transit 1.03 3.14 4.22 4.73 5.65 15.97

Panel B: Coefficient of Variation
Mode Min. 1st Qu. Median Mean 3rd Qu. Max.
Cycling 0.03 0.16 0.20 0.19 0.22 0.34
Walking 0.04 0.13 0.16 0.16 0.19 0.32
Car 0.04 0.12 0.14 0.15 0.17 0.33
Public Transit 0.05 0.19 0.22 0.21 0.24 0.37

Panel C: Shrinkage Factor (γ̂d)
Mode Min. 1st Qu. Median Mean 3rd Qu. Max.
Cycling 0.03 0.16 0.28 0.32 0.46 0.97
Walking 0.03 0.32 0.48 0.48 0.63 0.98
Car 0.04 0.40 0.57 0.54 0.70 0.96
Public Transit 0.03 0.12 0.21 0.26 0.36 0.93

Table 1.5: Summary statistics of multimodal FH EBLUP estimates. Panel A shows bias-
corrected back-transformed estimates (km/day) by transport mode. Panel B shows the coeffi-
cient of variation. Panel C shows the shrinkage factor γ̂d = σ̂2

u/(σ̂
2
u + σ2

d), where higher values
indicate more weight on the direct estimate. Total domains: 1590 (400 districts × 4 modes,
after exclusions).

is not straightforward. Car travel has the highest mean γ̂d (0.54) and comparatively little com-
pression (β̂1 = 0.48), consistent with a large weight on direct estimates. Walking, however,
shows a similarly high mean γ̂d (0.48) but the strongest compression (β̂1 = 0.37). This pattern
arises because γ̂d governs how much weight the direct estimate receives, but the scatter plot
slope also depends on how far the synthetic predictor x′

dβ̂ lies from the direct estimate. Since
the synthetic predictor is fitted to the bulk of the data, it predicts values near the center of the
distribution. For walking, where the direct estimates are highly dispersed, the gap between ex-
treme direct estimates and the central synthetic predictor is large, so even a moderate synthetic
weight of (1− γ̂d) = 0.52 can produce strong compression.

The fill color in Figure 1.4 encodes the CV of the direct estimate. Domains with low CV (dark
fill) generally cluster close to the bisectrix across all four modes, confirming that the model
agrees well with direct estimates where the latter are precise. Domains that are both reliable
and far from the bisectrix—which would indicate local model misfit—are largely absent.
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Figure 1.3: Distribution of the shrinkage factor γ̂d by transport mode. Higher values indicate
greater weight on the direct estimate; lower values indicate greater weight on the synthetic
predictor x′

dβ̂.
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Figure 1.4: Scatter plot of FH versus HJ estimates by transport mode. Dashed line indicates
perfect agreement; colored lines show fitted linear regression slopes. Fill color indicates the
CV of the direct estimate: dark = low CV (reliable), light = high CV (unreliable).

The model-based approach yields substantial precision improvements. Panel B of Table 1.5
shows that FH CVs are substantially lower than their HJ counterparts: whereas 63.7% of direct
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estimates exceed the 20% CV threshold (Section 1.4.1), only 37.0% of FH estimates do so. By
mode, the share of domains achieving acceptable precision (CV < 20%) increases from 62.8%
to 88.2% for car travel, from 48.8% to 78.4% for walking, from 21.9% to 51.3% for cycling,
and from 11.4% to 33.4% for public transit. Figure 1.5 displays the CV distributions by method
and mode.
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Figure 1.5: Boxplots of CV distributions by method and mode, with dashed line at the 20%
threshold.

Table 1.6 quantifies the precision improvement using the relative variability reduction RVd

(Eq. (1.15)). Positive values indicate that the FH model improves precision over direct esti-
mation. The median RV ranges from 0.16 (car) to 0.44 (public transit), indicating that the FH
model typically reduces the CV by 16–44%. The improvement is largest for public transit,
where direct estimates had the poorest precision, and smallest for car travel, which already had
relatively reliable direct estimates. A total of 158 of 1 590 domains (9.9%) show negative RV

values. These occur predominantly in domains with already-precise direct estimates (high γ̂d),
where the MSE of the FH estimator—which accounts for uncertainty in estimating σ2

u and β—
can exceed the sampling variance of the direct estimator. Nevertheless, these deteriorations are
small in magnitude.

Figure 1.6 maps the efficiency gains by mode. Green colors indicate precision improvement
(positive RV ), while pink/red would indicate deterioration. The maps confirm that precision
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Mode Min. 1st Qu. Median Mean 3rd Qu. Max.
Cycling -0.47 0.22 0.37 0.36 0.52 0.78
Walking -0.28 0.09 0.21 0.22 0.35 0.77
Car -0.41 0.04 0.16 0.17 0.30 0.72
Public Transit -0.23 0.26 0.44 0.41 0.57 0.76

Table 1.6: Summary statistics of the relative variability reduction RVd = (CV HJ
d −

CV FH
d )/CV HJ

d by transport mode. Positive values indicate precision improvement from the
FH model. Domains with negative RV: 158 out of 1590.

gains are widespread across Germany for all modes, with particularly strong improvements
in rural eastern districts where direct estimates were least reliable due to small sample sizes.
The few domains with negative efficiency gains are scattered and show only relatively low
deterioration.
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(a) Efficiency Gain: Walking (zu Fuß) (b) Efficiency Gain: Cycling (Fahrrad)

(c) Efficiency Gain: Car (MIV) (d) Efficiency Gain: Public Transit (ÖPV)

-0.47 0 0.28 0.78

Figure 1.6: Spatial distributions of efficiency gain RVd by transport mode: (a) walking, (b)
cycling, (c) car, and (d) public transit. Green indicates precision improvement from the FH
model; pink/red would indicate deterioration.
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1.4.4 Model Diagnostics

Trusting the model-based MPK estimates requires that the assumptions in Section 1.3.3 and
Section 1.3.4 are plausible. Key indicators of model quality include the R2 measure and the
fit to distributional (normality) assumptions. Lahiri and Suntornchost (2015) developed an
adjusted R2 specifically for FH models.

Before comparing variable sets, we motivate the log transformation by comparing base FH
models with and without transformation. Both models use only Phase 1 LASSO-selected co-
variates (49 for log, 37 for non-log) to ensure a fair comparison. Figure 1.7 visualizes this
comparison via kernel density estimations (KDEs) of the standardized residuals and random
effects. Table 1.7 shows that the log-transformed model achieves substantially improved nor-
mality: kurtosis of the standardized random effects drops from 17.40 to 3.25 (target: 3.0), and
the Shapiro-Wilk p-values increase by many orders of magnitude (e.g., from 2.17 × 10−36 to
2.04× 10−3 for random effects). These results strongly favor the log transformation, which we
adopt for all subsequent models.

Base (log-transformed) Standard
(49 vars) (37 vars)

Variables 49 37
R2 (adjusted) 85.5% 84.3%
σ̂2
u (domain variance) 0.1014 0.3469

Skewness (Std. Residuals) -1.0425 -0.2721
Skewness (Std. Random Effects) -0.1493 -0.4737
Kurtosis (Std. Residuals) 6.28 11.40
Kurtosis (Std. Random Effects) 3.25 17.40
Shapiro-Wilk p (Residuals) 7.44e-25 8.82e-33
Shapiro-Wilk p (Random Effects) 2.04e-03 2.17e-36

Table 1.7: Comparison of distributional statistics between log-transformed and standard FH
models. Both models use Phase 1 LASSO-selected variables.

The final baseline λmin model shows acceptable normality diagnostics. The standardized ran-
dom effects exhibit slight leptokurtosis (3.83 vs. target 3.0), while the standardized residuals
show moderate leptokurtosis (4.43). The Shapiro-Wilk test (Shapiro & Wilk, 1965) rejects nor-
mality at the 5% level (p < 0.01). However, this rejection must be contextualized: with 1 590
domains, even minor deviations from normality cause rejection. Statistically significant devi-
ations do not necessarily imply substantively significant deviations2. Figure 1.8 shows KDEs
and quantile-quantile plots (QQ-Plots) for the final baseline λmin model. The QQ-Plots reveal
that the distributions closely follow the theoretical normal line across most of their range, with
departures only in the tails. These tail deviations are typical in empirical applications.

2The Shapiro-Wilk test is designed as a test against normality, not for it. Moreover, the test is highly sensitive
to sample size: with large n, even trivial departures from normality lead to rejection. High p-values can only be
regarded as weak evidence for normality. Greenland et al. (2016) provide an extensive discussion.
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Figure 1.7: KDEs of the (a) std. residuals and (b) std. random effects of the standard FH
model compared to the log-transformed FH model. Both models use Phase 1 LASSO-selected
covariates.
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Figure 1.8: Normality diagnostics for the final baseline λmin model: (a), (c) KDEs and (b), (d)
QQ-Plots of the std. residuals and std. random effects.
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1.5 Discussion

A fundamental consideration concerns the nature of statistical modeling. The variable selec-
tion approach employed here—combining LASSO regularization with cross-validation on the
FH model—is inherently data-driven rather than theory-guided. This is consistent with the
goals of SAE, which prioritizes optimal prediction for small domains over causal identifica-
tion. Shmueli (2010) distinguishes such predictive modeling from explanatory modeling aimed
at testing causal hypotheses. The selected covariates correlate with district-level mobility pat-
terns but do not necessarily cause them. For instance, income-related variables may serve as
proxies for car ownership and travel demand rather than direct determinants. Policy conclu-
sions drawn from these results require careful interpretation: the model identifies statistical
associations useful for prediction, not causal mechanisms that would inform intervention de-
sign.

Variance estimation for the direct estimates presents inherent challenges in complex survey
contexts. While the Taylor series linearization approach employed here shows close agreement
with calibrated bootstrap estimates (R2 = 0.96; see Section A.2), the MiD documentation does
not provide sufficient detail about the sampling design to construct proper replicate weights.
Resampling weights calculated as part of official MiD data processing—as discussed by Rao
and Wu (1988) and Rao et al. (1992)—would enable more precise variance estimation and fa-
cilitate broader analytical use of the survey data. Additionally, the stratification variable used in
our analysis (MiD regional type) was reconstructed from publicly available regional classifica-
tions rather than obtained from the original survey design, introducing potential approximation
error. Future releases of the MiD survey would benefit from including replicate weights and
complete design documentation.

Two additional limitations should be acknowledged. First, the survey weights in MiD 2017 are
calibrated to known population totals at the national level and for designated in-depth sampling
areas, but not at the district level. This may introduce bias in the HJ estimates for districts
whose demographic composition deviates substantially from national patterns. Second, the
MiD 2017 survey covers the period from May 2016 to September 2017, capturing pre-pandemic
mobility patterns that may not fully reflect current travel behavior. However, the auxiliary data
from INKAR and Destatis are also from 2017, ensuring temporal alignment between survey
outcomes and model covariates.

These considerations point to several directions for future research. From a methodological
perspective, Burgard et al. (2019, 2021) develop a regularized FH model integrating elastic
net penalties directly into coefficient estimation, framed as robustness to covariate measure-
ment error. However, the method lacks software implementation, has not been extended to
log-transformed models, and provides only conservative MSE bounds. More broadly, methods
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for high-dimensional inference in linear mixed models exist (e.g., Li et al., 2022), but extending
these to the FH setting with heterogeneous sampling variances and response transformations re-
mains an open problem. From an applied perspective, data from the MiD 2023 survey are now
available and would enable validation of the methodology developed here as well as temporal
comparisons of German mobility patterns. With adequate auxiliary data, the methods presented
can be applied at higher levels of geographic disaggregation, such as sub-district estimation or
grid-based approaches (see Masaki et al., 2022, as an example). Finally, the mode-specific
estimates produced by this analysis could inform targeted policy applications, such as identify-
ing gaps in public transit coverage or prioritizing cycling infrastructure investments based on
district-level cycling demand.

1.6 Conclusion

This study develops a multimodal SAE framework for estimating district-level MPK across
four transport modes—walking, cycling, car travel, and public transit—from German national
survey data. The methodological contribution is twofold: first, integrating transport modes as a
domain dimension within the FH model rather than fitting separate models per mode; second,
proposing a three-phase variable selection pipeline that combines standard LASSO for main
effect screening, ranked sparsity LASSO for interactions and polynomials, and cross-validation
on the FH model itself to select the final specification.

The empirical results demonstrate substantial precision gains from model-based estimation.
Direct HJ estimates achieve acceptable precision (CV < 20%) for only 11% of public transit
domains, 22% of cycling domains, 49% of walking domains, and 63% of car travel domains.
The FH model raises these shares to 33%, 51%, 78%, and 88%, respectively, with the largest
improvements for public transit and cycling where survey coverage is sparsest. The final model
achieves an FH R2 of 93% (adjusted R2: 89%) and shows acceptable normality diagnostics
(random effect kurtosis: 3.83; target: 3.0).

The estimates fill a gap between national statistics, which mask regional heterogeneity, and
local traffic counts, which capture flows but not person-level travel behavior. For instance,
district-level MPK by mode can reveal where car dependence is highest, inform modal shift
targets, or feed into spatially disaggregated emissions models. The spatial patterns confirm ex-
pected relationships: car dominance in rural northeastern Germany, public transit concentration
in metropolitan cores, and elevated cycling in flat northern regions and university cities.

Application of this framework to the recently released MiD 2023 data would enable temporal
comparisons and assessment of post-pandemic mobility shifts.
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Users satisfying one of these conditions can obtain the MiD 2017 dataset through the official
channel at: https://daten.clearingstelle-verkehr.de/279/.

Official Statistics from the German Statistical System

Administrative statistics were retrieved from GENESIS (2025) and RDB (2025) under the Data
Licence Germany – Attribution – Version 2.0 (dl-de/by-2-0); own calculations. Both databases
are publicly accessible at https://www-genesis.destatis.de/ and https://www.regionalstatistik.
de/, respectively.

INKAR Regional Indicators

Regional indicator data were retrieved from the INKAR database of the BBSR (2025) under the
Data Licence Germany – Attribution – Version 2.0 (dl-de/by-2-0); source: BBSR Bonn 2025;
own calculations. The database is publicly accessible at https://www.inkar.de/.
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A Appendix

A.1 Direct Estimate Maps by Transport Mode

Figure A.1 shows the spatial distributions of HJ direct estimates for all four transport modes.
Car travel dominates in rural and peripheral districts, particularly in northeastern Germany,
where distances to services and employment are greater. Urban areas show relatively lower
car usage but higher public transit values. Walking and cycling estimates are more spatially
homogeneous, though cycling shows higher values in northern coastal regions and university
cities.

Figure A.2 displays the corresponding CVs. Car travel shows the best precision across most
of Germany, with only scattered districts exceeding the 20% threshold. Walking and cycling
display intermediate patterns, with lower precision in smaller districts. Public transit has the
poorest precision, with many rural districts showing CVs exceeding 60%.

A.2 Bootstrap Variance Estimation

As an alternative to Taylor series linearization, variance estimates can also be obtained via
bootstrap resampling. The bootstrap approach is computationally expensive, but provides a
useful point of comparison for the analytical results. Three bootstrap variants are considered:
(1) naive bootstrap, which uses sampling weights without recalibration; (2) MiD-calibrated

bootstrap, which recalibrates each bootstrap sample to match MiD-weighted population totals;
and (3) census-calibrated bootstrap, which recalibrates to external census totals from Destatis.
The calibrated bootstrap procedure is depicted in Algorithm 1, explicitly described in Alfons
and Templ (2012), and implemented in the emdi::direct function (Kreutzmann et al.,
2019).

Algorithm 1 Calibrated bootstrap variance estimation

1: Draw B independent bootstrap samples S∗,1, . . . ,S∗, B from S .
2: Calibrate the sample weights for each bootstrap sample S∗, b, b ∈ {1, . . . , B}, so that

estimated population totals τ̂HT
d (.) of a set A of calibration variables xcal

i, a, a ∈ {1, . . . , A}
are achieved. This ensures

∑
i∈Sd

xcal
i, a · wi =

∑
i∈S∗, b

d
x∗, b, cal
i, a · w∗, b, cal

i , ∀a ∈ A holds.

3: Compute the bootstrap replicate estimates µ̂∗, b, HJ
d = µ̂∗, b, HJ

d

(
S∗, b), for each bootstrap

sample b ∈ {1, . . . , B} taking the calibrated sample weights w∗, b, cal
i from the respective

bootstrap samples into account.
4: Estimate the variance V̂

(
µ̂HJ
d

)
by the variance of the B bootstrap replicate estimates

V̂CB
(
µ̂HJ
d

)
=

1

B − 1

B∑
b=1

(
µ̂∗, b, HJ
d − 1

B

B∑
s=1

µ̂∗, s, HJ
d

)2

.
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Source: Adapted from Alfons and Templ (2012).

Table A.1 lists the calibration variables used in the bootstrap procedure. To validate the quality
of the MiD P HOCHweights, we compared the MiD-weighted population totals against external
census population totals obtained from Destatis (2025). The comparison showed close agree-
ment: mean deviations were approximately 1% for federal states, 0.7% for sex, 2.1% for age
groups, 3.7% for survey quarter, and 1.4% for weekday. This confirms that the pre-calibrated
MiD weights accurately reproduce known population benchmarks, justifying their use as the
target totals in the bootstrap re-calibration step.

Variable Type Description
1 BLAND Factor German federal state (16 cate-

gories)
2 HP SEX Factor Sex (2 categories)
3 AGE GROUP Factor Age group (5 categories)
4 ST WOTAG Factor Weekday of survey date (7 cate-

gories)
5 ST QUARTAL Factor Quarter of survey date (4 cate-

gories)

Table A.1: MiD variables used for the calibrated bootstrap variance estimation. Population
totals for these variables were validated against external administrative statistics from Destatis.

Figure A.3 compares variance estimates across the four methods (B = 500 bootstrap replica-
tions). Panel (a) shows Taylor series linearization versus MiD-calibrated bootstrap: the two
approaches agree closely (R2 = 0.96), and the points lie predominantly below the identity
line—the bootstrap standard error is smaller than its analytical counterpart in 82% of domains,
with a median ratio of 0.92—indicating that Taylor series linearization produces slightly larger
standard errors than bootstrap methods. The difference reflects the fact that linearization jointly
accounts for clustering, stratification, unequal weights, and calibration, whereas the boot-
strap only incorporates calibration through weight recalibration. Panel (b) compares census-
calibrated against MiD-calibrated bootstrap, revealing near-perfect agreement (β1 ≈ 1.00,
R2 > 0.99). Panel (c) shows that naive bootstrap estimates are virtually identical to census-
calibrated estimates (β1 ≈ 1.00, R2 > 0.99). These results demonstrate that the choice of cali-
bration targets—whether MiD-weighted totals, external census totals, or no recalibration—has
negligible impact on bootstrap variance estimates. The close agreement between two method-
ologically distinct approaches lends credibility to the analytical variance estimates used in the
main analysis.
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Figure A.3: Comparison of variance estimation methods. Panel (a): Taylor series linearization
versus MiD-calibrated bootstrap. Panel (b): Census-calibrated versus MiD-calibrated boot-
strap. Panel (c): Naive versus census-calibrated bootstrap. Dashed grey lines indicate perfect
agreement; solid magenta lines show fitted regression. All bootstrap methods produce virtually
identical estimates regardless of calibration approach.

A.3 Cumulative Penalty Weights in Sparsity-Ranked LASSO

The sparseR package (Peterson & Cavanaugh, 2022) implements cumulative penalties that
increase the penalty for higher-order terms based on the cumulative count of all terms up to
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that order. The implementation treats polynomial and interaction penalties as two separate
dimensions.

For polynomials, the penalty weight for degree r is

wpoly
r =

(∑r
ℓ=1 m

poly
ℓ

)γ
(
mpoly

1

)γ ,

where mpoly
r is the number of terms of polynomial degree r. The normalization ensures that

main effects (degree 1) receive a baseline penalty of 1, while higher-degree terms receive pro-
gressively larger penalties.

For interactions, the penalty weight for interaction order s (where s = 0 denotes main effects
and s = 1 denotes pairwise interactions) is

wint
s =

(
s∑

ℓ=0

mint
ℓ

)γ

,

where mint
s is the number of terms of interaction order s. Unlike polynomial penalties, interac-

tion penalties are not normalized.

The final penalty for each predictor is the product wj = wpoly
r × wint

s , combining both polyno-
mial order and interaction order effects. With γ = 0.5, this yields square-root scaling: main
effects receive lower penalties than quadratic terms, which in turn receive lower penalties than
interactions or cubic terms.

A.4 Final Variable Set

Table A.2 lists all variables in the winning baseline λmin FH model, grouped by type: main
effects, polynomial (squared) terms, and mode × covariate interactions.

Table A.2: Final variable set from the winning baseline λmin model (122 variables). Vari-
ables are grouped by type: main effects, polynomial (squared) terms, and mode × covariate
interactions.

Variable Type Source Description
Main effects (37 variables)

Car (MIV) Main MiD Car (MIV) contrast, mode C3, OEPV = -1

Cycling (Rad) Main MiD Cycling (Rad) contrast, mode C2, OEPV = -1

Walking (Fuss) Main MiD Walking (Fuss) contrast, mode C1, OEPV = -1

Continued on next page
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Table A.2 – continued from previous page

Variable Type Source Description
anteil erwerbstaetige verar-

beitendes gewerbe an indus-

trie

Main INKAR Share employed in manufacturing vs. industry

anteil minijobs frauen Main INKAR Share of mini-jobs (women)

arbeitsmarktpolitische hilfen

der ba fuer arbeit kurzfristig

Main INKAR Short-term labor market policy support (Federal

Employment Agency)

asylbewerber Main INKAR Asylum seekers

beschaeftigte in

kreativbranchen

Main INKAR Employees in creative industries

beschaeftigte mit an-

forderungsniveau helfer

Main INKAR Employees with helper skill level

ehescheidungen Main INKAR Divorces

einwohner 85 jahre und aelter Main INKAR Inhabitants aged 85+

einzelhandelsrelevante

kaufkraft

Main INKAR Retail-relevant purchasing power

elterngeldbezieher vaeter im

ersten lebensjahr

Main INKAR Parental allowance recipients (fathers) in first year

erreichbarkeit von ic ec ice

bahnhoefen

Main INKAR IC/EC/ICE train station accessibility

erreichbarkeit von oberzen-

tren

Main INKAR Accessibility of major centers

krankenhaeuser der um-

fassenden notfallversorgung

Main INKAR Hospitals with comprehensive emergency care

kurzarbeiter Main INKAR Short-time workers

landgerichte Main INKAR Regional courts

leistungen fuer wohngeld Main INKAR Housing benefit payments

oberlandesgerichte Main INKAR Higher regional courts

offene stellen mit an-

forderungsniveau helfer

Main INKAR Job vacancies requiring helper skill level

pkw gas Main INKAR Gas-powered cars

pkw hybrid insgesamt Main INKAR Hybrid cars (total)

schlafgelegenheiten in be-

herbergungsbetrieben

Main INKAR Beds in accommodation establishments

sdg 11 pkw dichte Main INKAR (SDG 11) Car density

sdg 5 frauenanteil im stadtrat

bzw kreistag

Main INKAR (SDG 5) Share of women in council

strassenverkehrsunfaelle Main INKAR Road traffic accidents

teilzeitbeschaeftigte Main INKAR Part-time employees

Continued on next page
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Table A.2 – continued from previous page

Variable Type Source Description
unternehmensinsolvenzen Main INKAR Business insolvencies

verbraucherinsolvenzverfahren Main INKAR Consumer insolvency proceedings

wasserflaeche Main INKAR Water area

weibliche berufsein-

stiegswanderer

Main INKAR Female career entry migrants

wohngeldhaushalte miet-

zuschuss

Main INKAR Housing benefit households (rent subsidy)

bodenflaeche fliessgewaesser Main Destatis Land area flowing water

bodenflaeche gewaesser Main Destatis Land area Gewaesser

bodenflaeche wald Main Destatis Land area forest

wohnflaeche in wohngebaeu-

den 1 wohnung

Main Destatis Wohnflaeche In Wohngebaeuden 1 dwelling

Poly effects (22 variables)

anteil minijobs frauen² Poly INKAR Share of mini-jobs (women)

asylbewerber² Poly INKAR Asylum seekers

beschaeftigte im handwerk² Poly INKAR Employees in skilled trades

beschaeftigte mit an-

forderungsniveau helfer²

Poly INKAR Employees with helper skill level

bibliotheken² Poly INKAR Libraries

ehescheidungen² Poly INKAR Divorces

einzelhandelsrelevante

kaufkraft²

Poly INKAR Retail-relevant purchasing power

elterngeldbezieher vaeter im

ersten lebensjahr²

Poly INKAR Parental allowance recipients (fathers) in first year

gender index² Poly INKAR Gender index

krankenhaeuser der um-

fassenden notfallversorgung²

Poly INKAR Hospitals with comprehensive emergency care

krankenhaeuser mit nofal-

lversorgung kinder²

Poly INKAR Hospitals with pediatric emergency care

ladepunkte je 100 elektro-

fahrzeuge bev²

Poly INKAR Charging points per 100 electric vehicles (BEV)

offene stellen mit an-

forderungsniveau helfer²

Poly INKAR Job vacancies requiring helper skill level

polizeidienststellen teilweise

besetzt²

Poly INKAR Police stations – partially staffed

sdg 11 pkw dichte² Poly INKAR (SDG 11) Car density

sdg 5 frauenanteil im stadtrat

bzw kreistag²

Poly INKAR (SDG 5) Share of women in council

Continued on next page
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Table A.2 – continued from previous page

Variable Type Source Description
stimmenanteile spd² Poly INKAR Vote share SPD

unternehmensinsolvenzen² Poly INKAR Business insolvencies

verbraucherinsolvenzverfahren²Poly INKAR Consumer insolvency proceedings

wasserflaeche² Poly INKAR Water area

weibliche berufsein-

stiegswanderer²

Poly INKAR Female career entry migrants

wohnflaeche² Poly INKAR Living space

Inter effects (63 variables)

mode C1 × census boden-

flaeche fliessgewaesser

Inter MiD ×

Destatis

Walking (Fuss) × bodenflaeche fliessgewaesser

mode C1 × census wohn-

flaeche in wohngebaeuden 1

wohnung

Inter MiD ×

Destatis

Walking (Fuss) × wohnflaeche in wohngebaeuden

1 wohnung

mode C1 × inkar anteil er-

werbstaetige verarbeitendes

gewerbe an industrie

Inter MiD ×

INKAR

Walking (Fuss) × anteil erwerbstaetige verarbeit-

endes gewerbe an industrie

mode C1 × inkar arbeits-

marktpolitische hilfen der ba

fuer arbeit kurzfristig

Inter MiD ×

INKAR

Walking (Fuss) × arbeitsmarktpolitische hilfen der

ba fuer arbeit kurzfristig

mode C1 × inkar asylbewer-

ber

Inter MiD ×

INKAR

Walking (Fuss) × asylbewerber

mode C1 × inkar

beschaeftigte im handw-

erk

Inter MiD ×

INKAR

Walking (Fuss) × beschaeftigte im handwerk

mode C1 × inkar

beschaeftigte mit an-

forderungsniveau helfer

Inter MiD ×

INKAR

Walking (Fuss) × beschaeftigte mit an-

forderungsniveau helfer

mode C1 × inkar biblio-

theken

Inter MiD ×

INKAR

Walking (Fuss) × bibliotheken

mode C1 × inkar einwohner

85 jahre und aelter

Inter MiD ×

INKAR

Walking (Fuss) × einwohner 85 jahre und aelter

mode C1 × inkar erreich-

barkeit von ic ec ice bahn-

hoefen

Inter MiD ×

INKAR

Walking (Fuss) × erreichbarkeit von ic ec ice bahn-

hoefen

mode C1 × inkar hochschul-

foerderung kurzfristig

Inter MiD ×

INKAR

Walking (Fuss) × hochschulfoerderung kurzfristig

mode C1 × inkar kurzarbeiter Inter MiD ×

INKAR

Walking (Fuss) × kurzarbeiter

Continued on next page
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Table A.2 – continued from previous page

Variable Type Source Description
mode C1 × inkar ladepunkte

je 100 elektrofahrzeuge bev

Inter MiD ×

INKAR

Walking (Fuss) × ladepunkte je 100 elektro-

fahrzeuge bev

mode C1 × inkar oberlandes-

gerichte

Inter MiD ×

INKAR

Walking (Fuss) × oberlandesgerichte

mode C1 × inkar pkw gas Inter MiD ×

INKAR

Walking (Fuss) × pkw gas

mode C1 × inkar strassen-

verkehrsunfaelle

Inter MiD ×

INKAR

Walking (Fuss) × strassenverkehrsunfaelle

mode C1 × inkar weibliche

berufseinstiegswanderer

Inter MiD ×

INKAR

Walking (Fuss) × weibliche berufseinstiegswan-

derer

mode C1 × inkar weib-

liche schulabgaenger mit

hauptschulabschluss

Inter MiD ×

INKAR

Walking (Fuss) × weibliche schulabgaenger mit

hauptschulabschluss

mode C2 × census boden-

flaeche fliessgewaesser

Inter MiD ×

Destatis

Cycling (Rad) × bodenflaeche fliessgewaesser

mode C2 × census boden-

flaeche wald

Inter MiD ×

Destatis

Cycling (Rad) × bodenflaeche wald

mode C2 × inkar anteil er-

werbstaetige verarbeitendes

gewerbe an industrie

Inter MiD ×

INKAR

Cycling (Rad) × anteil erwerbstaetige verarbeiten-

des gewerbe an industrie

mode C2 × inkar anteil mini-

jobs frauen

Inter MiD ×

INKAR

Cycling (Rad) × anteil minijobs frauen

mode C2 × inkar biblio-

theken

Inter MiD ×

INKAR

Cycling (Rad) × bibliotheken

mode C2 × inkar einwohner

85 jahre und aelter

Inter MiD ×

INKAR

Cycling (Rad) × einwohner 85 jahre und aelter

mode C2 × inkar einzelhan-

delsrelevante kaufkraft

Inter MiD ×

INKAR

Cycling (Rad) × einzelhandelsrelevante kaufkraft

mode C2 × inkar eltern-

geldbezieher vaeter im ersten

lebensjahr

Inter MiD ×

INKAR

Cycling (Rad) × elterngeldbezieher vaeter im er-

sten lebensjahr

mode C2 × inkar erreich-

barkeit von ic ec ice bahn-

hoefen

Inter MiD ×

INKAR

Cycling (Rad) × erreichbarkeit von ic ec ice bahn-

hoefen

mode C2 × inkar erreich-

barkeit von oberzentren

Inter MiD ×

INKAR

Cycling (Rad) × erreichbarkeit von oberzentren

mode C2 × inkar kurzarbeiter Inter MiD ×

INKAR

Cycling (Rad) × kurzarbeiter

Continued on next page
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Table A.2 – continued from previous page

Variable Type Source Description
mode C2 × inkar pkw gas Inter MiD ×

INKAR

Cycling (Rad) × pkw gas

mode C2 × inkar polizeidien-

ststellen teilweise besetzt

Inter MiD ×

INKAR

Cycling (Rad) × polizeidienststellen teilweise be-

setzt

mode C2 × inkar schlafgele-

genheiten in beherbergungs-

betrieben

Inter MiD ×

INKAR

Cycling (Rad) × schlafgelegenheiten in beherber-

gungsbetrieben

mode C2 × inkar stimmenan-

teile spd

Inter MiD ×

INKAR

Cycling (Rad) × stimmenanteile spd

mode C2 × inkar strassen-

verkehrsunfaelle

Inter MiD ×

INKAR

Cycling (Rad) × strassenverkehrsunfaelle

mode C2 × inkar wasser-

flaeche

Inter MiD ×

INKAR

Cycling (Rad) × wasserflaeche

mode C2 × inkar weibliche

berufseinstiegswanderer

Inter MiD ×

INKAR

Cycling (Rad) × weibliche berufseinstiegswan-

derer

mode C2 × inkar wohn-

flaeche

Inter MiD ×

INKAR

Cycling (Rad) × wohnflaeche

mode C3 × census wohn-

flaeche in wohngebaeuden 1

wohnung

Inter MiD ×

Destatis

Car (MIV) × wohnflaeche in wohngebaeuden 1

wohnung

mode C3 × inkar anteil er-

werbstaetige verarbeitendes

gewerbe an industrie

Inter MiD ×

INKAR

Car (MIV) × anteil erwerbstaetige verarbeitendes

gewerbe an industrie

mode C3 × inkar

beschaeftigte in

kreativbranchen

Inter MiD ×

INKAR

Car (MIV) × beschaeftigte in kreativbranchen

mode C3 × inkar

beschaeftigte mit an-

forderungsniveau helfer

Inter MiD ×

INKAR

Car (MIV) × beschaeftigte mit anforderungsniveau

helfer

mode C3 × inkar eheschei-

dungen

Inter MiD ×

INKAR

Car (MIV) × ehescheidungen

mode C3 × inkar einzelhan-

delsrelevante kaufkraft

Inter MiD ×

INKAR

Car (MIV) × einzelhandelsrelevante kaufkraft

mode C3 × inkar erreich-

barkeit von ic ec ice bahn-

hoefen

Inter MiD ×

INKAR

Car (MIV) × erreichbarkeit von ic ec ice bahnhoe-

fen

mode C3 × inkar erreich-

barkeit von oberzentren

Inter MiD ×

INKAR

Car (MIV) × erreichbarkeit von oberzentren

Continued on next page
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Table A.2 – continued from previous page

Variable Type Source Description
mode C3 × inkar gender in-

dex

Inter MiD ×

INKAR

Car (MIV) × gender index

mode C3 × inkar hochschul-

foerderung kurzfristig

Inter MiD ×

INKAR

Car (MIV) × hochschulfoerderung kurzfristig

mode C3 × inkar kranken-

haeuser der erweiterten not-

fallversorgung

Inter MiD ×

INKAR

Car (MIV) × krankenhaeuser der erweiterten not-

fallversorgung

mode C3 × inkar kurzarbeiter Inter MiD ×

INKAR

Car (MIV) × kurzarbeiter

mode C3 × inkar ladepunkte

je 100 elektrofahrzeuge bev

Inter MiD ×

INKAR

Car (MIV) × ladepunkte je 100 elektrofahrzeuge

bev

mode C3 × inkar

landgerichte

Inter MiD ×

INKAR

Car (MIV) × landgerichte

mode C3 × inkar leistungen

fuer wohngeld

Inter MiD ×

INKAR

Car (MIV) × leistungen fuer wohngeld

mode C3 × inkar oberlandes-

gerichte

Inter MiD ×

INKAR

Car (MIV) × oberlandesgerichte

mode C3 × inkar of-

fene stellen mit an-

forderungsniveau helfer

Inter MiD ×

INKAR

Car (MIV) × offene stellen mit anforderungsniveau

helfer

mode C3 × inkar pkw gas Inter MiD ×

INKAR

Car (MIV) × pkw gas

mode C3 × inkar pkw hybrid

insgesamt

Inter MiD ×

INKAR

Car (MIV) × pkw hybrid insgesamt

mode C3 × inkar sdg 11 pkw

dichte

Inter MiD ×

INKAR

Car (MIV) × sdg 11 pkw dichte

mode C3 × inkar sdg 5

frauenanteil im stadtrat bzw

kreistag

Inter MiD ×

INKAR

Car (MIV) × sdg 5 frauenanteil im stadtrat bzw

kreistag

mode C3 × inkar strassen-

verkehrsunfaelle

Inter MiD ×

INKAR

Car (MIV) × strassenverkehrsunfaelle

mode C3 × inkar

teilzeitbeschaeftigte

Inter MiD ×

INKAR

Car (MIV) × teilzeitbeschaeftigte

mode C3 × inkar ver-

braucherinsolvenzverfahren

Inter MiD ×

INKAR

Car (MIV) × verbraucherinsolvenzverfahren

mode C3 × inkar weibliche

berufseinstiegswanderer

Inter MiD ×

INKAR

Car (MIV) × weibliche berufseinstiegswanderer

Continued on next page

45



CHAPTER 1. ESTIMATING DISAGGREGATED MOBILITY INDICATORS

Table A.2 – continued from previous page

Variable Type Source Description
mode C3 × inkar wohngeld-

haushalte mietzuschuss

Inter MiD ×

INKAR

Car (MIV) × wohngeldhaushalte mietzuschuss
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Figure A.1: Spatial distributions of HJ MPK direct estimates by transport mode across German
districts: (a) walking (zu Fuß), (b) cycling (Fahrrad), (c) car (MIV), and (d) public transit
(ÖPV).
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(a) CV: Walking (zu Fuß) (b) CV: Cycling (Fahrrad)

(c) CV: Car (MIV) (d) CV: Public Transit (ÖPV)
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Figure A.2: Spatial distributions of CV for HJ direct estimates by transport mode across Ger-
man districts: (a) walking (zu Fuß), (b) cycling (Fahrrad), (c) car (MIV), and (d) public transit
(ÖPV). The 20% threshold separates reliable (blue/green) from unreliable (yellow/red) esti-
mates.
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Chapter 2

Density Estimation from Aggregated Data
with Integrated Auxiliary Information:
Estimating Population Densities with
Geospatial Data

Abstract
Density estimation for geospatial data ideally relies on precise geocoordinates, typically defined by
longitude and latitude. However, such detailed information is often unavailable due to confidentiality
constraints. As a result, analysts frequently work with spatially aggregated data, commonly visual-
ized through choropleth maps. Approaches that reverse the aggregation process using measurement
error models in the context of kernel density estimation have been proposed in the literature. From
a methodological perspective, we extend this line of work by incorporating auxiliary information to
improve the precision of density estimates derived from aggregated data. Our approach employs a
correlation-based weighting scheme to combine the auxiliary density with the estimate obtained from
aggregated data. We evaluate the method through a series of model-based simulation scenarios re-
flecting varying conditions of auxiliary data quality. From an applied perspective, we demonstrate the
utility of our method in two real-world case studies: (1) estimating population densities from the 2022
German Census in Bavaria, using satellite imagery of nighttime light emissions as auxiliary data; and
(2) analyzing brown hare hunting bag data in the German state of Lower Saxony. Overall, our results
show that integrating auxiliary information into the estimation process leads to more precise density
estimates.
Keywords: Choropleth maps, Geo-referenced data, Kernel density estimation, Regional aggregates

2.1 Introduction

Understanding the spatial distribution of phenomena is relevant across various fields such as
public health (see e.g., Yang et al. (2022), who explore clusters of gastrointestinal tumors), ur-
ban planning (see e.g., Brandão et al. (2018) who estimate the distribution of building renova-
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tions in Lisbon) and environmental monitoring, where Lin et al. (2010) provides an example of
identifying soil pollution hotspots in the Changhua County of central Taiwan. A widely applied
non-parametric method for estimating spatial distributions is kernel density estimation (KDE)
(see Silverman (2018) for a general introduction and Rosenblatt (1956) and Parzen (1962) for
the foundational work on the method), which traditionally requires precise data points, such
as exact 2D geocoordinates comprised of longitude and latitude values for bivariate spatial
analysis. Such precise data are not always available to analysts due to reasons such as the
data collection method or post hoc spatial aggregation implemented to address confidentiality
concerns. For example, vaccination data for common diseases such as tick-borne encephalitis
(TBE) and influenza are only published at the level of the German Nomenclature of Territo-
rial Units for Statistics (NUTS)-3 (Rieck et al., 2020). Similarly, the European brown hare
(colloquially also referred to as ”jackrabbits”) hunting bag data used in this paper is also only
recorded at the NUTS-3 district level. The Groß–Rendtel-Schmid–Schmon–Tzavidis (GRSST)
estimator (Groß et al., 2017), which is detailed in the next section, is an approach designed for
data scenarios characterized by these limitations. The GRSST estimator builds upon the core
idea of iteratively enriching a flat pilot KDE estimate with aggregated information, described
in Groß et al. (2017), and extends it to the bivariate context of spatial data. Subsequent litera-
ture includes Groß et al. (2020), which demonstrates how the GRSST can be used to transform
area aggregates between non-hierarchical area systems. In Rendtel and Ruhanen (2018), the
algorithm is applied to improve the estimation of local childcare needs in Berlin. Later, Rendtel
et al. (2021) utilize the concept to enhance the visualization of COVID-19 incidence clusters.

An inherent characteristic of the GRSST estimator, already identified in the original work by
Groß et al. (2017), is its dependence on the geographical size of the input data areas. Large
areas tend to produce largely homogeneous density plateaus on the insides away from their
borders, as there is no input information to support a more accurate estimate within those
areas, apart from the aggregated information. This implies that, ceteris paribus, the quality of
the estimate decreases with fewer and larger input areas. Depending on the context and the
underlying distribution, the coarseness of the input areas might be negligible, but when looking
e.g. at the NUTS-3 district level and the distribution of the human population, accepting a
lack of information on the distribution inside of the districts intuitively comes with density
estimates of decreased quality. Motivated by the spirit of small area estimation (SAE) (see Rao
and Molina (2015) for a comprehensive overview), we try to address this shortcoming through
the use of auxiliary data, because oftentimes, analysts may find themselves with auxiliary data
that carries some informational value regarding the actual density of interest. For instance,
population density tends to correlate with satellite imagery of nighttime light emissions (Sutton
et al., 2001). Similarly, in the context of ecological data where the distribution of a certain
animal species is only recorded at the level of large habitat areas, detailed vegetation maps
could provide valuable auxiliary information about potentially preferred microhabitats within
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those broader zones.

At this point, the natural question arises on how to exploit such auxiliary information in order
to improve the GRSST estimate. To achieve this, we propose an additional step to the GRSST
algorithm: forming a convex combination of an auxiliary density, derived from auxiliary data,
and the standard GRSST density estimate. The weighting for this combination is based on
the correlation calculated between the auxiliary density, aggregated to the spatial level of the
GRSST input data, and the GRSST input data itself. We refer to this augmented approach as
augmented GRSST (AGRSST). A special case of the AGRSST arises when the auxiliary den-
sity is weighted with 1; we shall call this special case AGRSST1. This version essentially relies
fully on the auxiliary density and benchmarks it against the GRSST input data. In this paper, we
first recall the GRSST algorithm and then introduce our extension, AGRSST. Subsequently, we
investigate the performance of the GRSST, AGRSST, and AGRSST1 in a model-based simula-
tion study and later in an evaluation study based on real-world German population data from the
2022 Census. We also apply the AGRSST to brown hare hunting bag data in the German state
of Lower Saxony, using remote sensing normalized difference vegetation index (NDVI) data to
construct an auxiliary density. Our results indicate that the AGRSST can be a valuable addition
to the exclusive use of the GRSST; however, its strong reliance, especially in the AGRSST1
case, necessitates a sound theoretical justification for the auxiliary density. The structure of the
paper is as follows: In Section 2.2, we revisit the GRSST and propose the additional AGRSST
step. In Section 2.3, we evaluate our method in a simulation study. Section 2.4 presents an
evaluation study that applies the AGRSST in the context of population density estimation. In
Section 2.5, we apply our method to a real-world scenario, estimating the density of the brown
hare hunting bag. Finally, in Section 2.6, we conclude our paper with a discussion and final
remarks, pointing towards possible future research directions.

2.2 Methodology

2.2.1 The Groß–Rendtel–Schmid–Schmon–Tzavidis Estimator

The GRSST estimator was first introduced in Groß et al. (2017) to estimate bivariate densities
based on rounded geocoordinate data—where precise geocoordinates are rounded to the center
points of the rectangles in which they fall—of ethnic minorities and aged people in Berlin. The
estimator is based on a measurement error model which allows the derivation of an iterative
procedure reminiscent of the stochastic expectation–maximization (SEM) algorithm (Celeux
et al., 1996) combined with KDE in each iteration. The following formulation of the GRSST
estimator is slightly more general, describing the rounding process as the association of a geo-
coordinate with an area. It is important to note that this formulation is not novel but rather a
slight variation of the framework already laid out in Groß et al. (2020). The GRSST algorithm
is implemented in the R package Kernelheaping (Groß and Fuchs (2022), see Gril et al.
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(2025) for a detailed tutorial).

We assume a geographical map as the sample space Ω = {(so, sa) ∈ R2} for the random vari-
able Z of the latent (unobserved) geocoordinates zi = (soi , s

a
i ), where soi and sai are geograph-

ical longitude and latitude values and the index i ∈ {1, 2, . . . , n} refers to the geocoordinates
that constitute the total sample size n. We employ s = (so, sa) to denote a geocoordinate lo-
cation independently of the underlying random variable. The n geocoordinates z1, z2, . . . , zn

are assumed to be independent and identically distributed draws from a continuous probability
density function (PDF) PZ(s), i.e.,

zi
iid∼ PZ(s), i = 1, 2, . . . , n.

Many applications of the GRSST estimator assume that the entire population is sampled, so
n = N . We also postulate a random variable X(Z), which maps Z to a set of disjoint sets of
geocoordinates, so that X = f(Z) : Ω → {A1, . . . , Ad, . . . , AD}, where Ω = ∪D

d=1Ad. Here,
Ad denotes the set of all possible geocoordinates that fall inside of the d-th geographical area,
and x represents a particular outcome of the random variable X , where this outcome is one of
the defined geographical areas Ad. For example, if Ω represents the map of Germany and the
D geographical areas are the German NUTS-1 regions, then, since the NUTS-1 level consists
of the 16 federal states, D = 16. In this case, one specific Ad would be the set containing
all geocoordinates within the state of Bavaria. Consequently, the observed areas x1, x2, . . . , xn

each follow a categorical distribution over the D areas, determined by the location of the cor-
responding latent geocoordinate:

xi ∼ PX(s), i = 1, 2, . . . , n, (2.1)

which can be evaluated at the geocoordinate level using the map f(Z). The conditional prob-
ability distribution of the area X , given a specific latent geocoordinate Z located at s and
denoted as PX|Z(s), follows a Dirac distribution:

PX|Z (s) =

1 if s ∈ Ad, with x = Ad

0 otherwise.

Applying Bayes’ theorem, we obtain

PZ|X(s) =
PX|Z (s)PZ(s)

PX(s)
. (2.2)

This is a measurement error model for the density of the exact, unknown geocoordinate zi,
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given the observed area xi in which it is located. We draw attention to the fact that PX|Z (s) =

1s∈Ad
(s), which allows us to rewrite Eq. (2.2) as

PZ|X(s) ∝ PX|Z (s)PZ(s) = 1s∈Ad
(s)PZ(s).

Here, we can see that conditioning on the known area membership xi essentially limits the
possible draws of a geocoordinate zi to the area Ai in which it is known to be located.

The core idea of the GRSST estimator (formally outlined in Algorithm 2) is to begin with a
pilot estimate P̂

(0)
Z (s), incorporate the information contained in xi by sampling according to

Eq. (2.2) for all xi, to update to a new P̂
(l)
Z (s) (the ”S-Step”), and minimize the root mean

integrated squared error (RMISE) using KDE (the ”M-Step”). This process is repeated until
convergence. Note that the superscript (l) denotes the iteration number, which runs from 0

to M = L + B, where B is the number of burn-in iterations and L the number of additional
iterations. The S-Step refers to the stochastic step of the SEM algorithm (Celeux, 1985; Celeux
et al., 1996), which replaces the deterministic E-Step of the standard expectation-maximization
(EM) algorithm (Dempster et al., 1977). Following the SEM framework, the first B burn-
in iterations are discarded and the final estimate is obtained by averaging the subsequent L
density estimates. While the algorithm shares structural similarities with the EM family, it is
important to emphasize several key differences, which we discuss below.

Algorithm 2 Groß–Rendtel–Schmid–Schmon–Tzavidis Estimator

1: Start with a pilot estimate of PZ(s), P̂
(0)
Z (s), by estimating a KDE with a large 2× 2 diag-

onal bandwidth matrix H. In the Kernelheaping package, the default pilot bandwidth

is H = diag
((

∆so/
√
D
)2

,
(
∆sa/

√
D
)2)

, where ∆so and ∆sa are the ranges of the

longitude and latitude coordinates of the study region.
2: Evaluate P̂

(l−1)
Z (s) from the last iteration on a fine grid G ⊂ Ω of J geocoordinates (grid

points) denoted gj , with index j ∈ {1, 2, . . . , J}. The default in Kernelheaping is a
200× 200 grid, i.e., J = 40 000.

3: S-Step: For all i, sample from G using the corresponding value of PX|Z (xi|s) P̂ (l−1)
Z (s)+c

at each geocoordinate as a sampling weight, to obtain samples from P̂
(l)
Z|X (s). The realiza-

tions of xi are given by the data. The constant c acts as an additional smoothing parameter
and defaults to 1 · 10−10 in the Kernelheaping package.

4: M-Step: Estimate a new bandwidth H using the samples from step 3, and use the samples
and the new H to compute the new KDE estimate of the current iteration, P̂ (l)

Z (s).
5: Repeat steps 2–4 for B (burn-in iterations) + L (additional iterations) times.
6: Discard the B burn-in density estimates and obtain the final density estimate of PZ(s) by

averaging the remaining L density estimates P̂Z(s) on the evaluation grid G. The final
estimate is called P̂GRSST(s).
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It is crucial to observe that the full set of geocoordinates drawn in step 3 of Algorithm 2 is—
depending on the granularity of G—approximately equivalent to draws from P̂

(l)
Z (s). For each

individual draw, xi is nonstochastic; the scaling by the marginal likelihood PX(s) in the de-
nominator of Eq. (2.2) is accounted for by the relative empirical frequencies of the xi in the
sample. This is especially true in the case where n = N .

As already touched upon above, we can observe familiar structures from the EM algorithm
in the GRSST algorithm, but there are significant differences, which we will highlight after a
brief introduction to the core components of the EM family of algorithms. The EM algorithm
assumes a fully specified parametric model PZ,X(z, x | θ), with a latent variable Z, an observed
variable X , and a vector of parameters θ. Given the parameters θ(l) of the current iteration l,
the E-Step typically constructs a function

Q
(
θ | θ(l)

)
=

∫
ΩZ

log
[
PX,Z|θ(x, z)

]
PZ|X,θ(l)(z | x)dz = EZ|X,θ(l)

[
log
[
PX,Z|θ(x, z)

]]
,

which is a lower bound of the log-likelihood log
[
PX|θ(x)

]
. The M-Step maximizes Q(θ | θ(l))

with respect to θ and thereby provides a new estimate θ(l+1) for the E-Step of the next iteration.
The resulting sequence θ(0), . . . ,θ(M) monotonically increases towards local maxima or the
global maximum of log

[
PX|θ(x)

]
. Convergence properties are studied in more detail by Wu

(1983). Note that PZ|X,θ(l)(z | x) can be interpreted as a weight for each data point, describing
the association of each value of the observed value x with each possible value z given the
current parameter estimate θ(l). These weights enable the appropriate consideration of the
current estimate of the distribution of the latent variable z in the subsequent M-Step. For some
scenarios, the integration over z in the E-Step is prohibitively difficult or impossible. The
Monte Carlo EM algorithm, introduced by Wei and Tanner (1990), approximates Q

(
θ | θ(l)

)
by

Q
(
θ | θ(l)

)
≈ 1

T

T∑
t=1

log
[
PX,Z|θ(x, z̃t)

]
, (2.3)

where zt denotes samples drawn from the current estimate of PZ|X,θ(l)(z | x). So, instead of
weighting with the current value of PZ|X,θ(l)(z | x), T many pseudo-samples of z, denoted z̃t,
are drawn for each observed x, and the average joint log-likelihood is computed. A special
case of the Monte-Carlo EM (MCEM) algorithm for a finite mixture model arises for T = 1

and is called the SEM algorithm (Celeux, 1985). The M-Step is replaced by the stochastic step
(S-Step). The randomness introduced in the S-Step causes the sequence of parameter estimates
θ(l) to not converge monotonically towards the closest saddle point, plateau, or local maximum.
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Celeux et al. (1996) argue that the sequence θ(l) is an irreducible, time-homogeneous Markov
chain when PZ|X,θ(l)(z | x) is positive for almost every θ and z. If this sequence can be shown
to be ergodic, it will converge to the unique stationary probability distribution ϕ of the Markov
chain. A natural candidate for an estimator of θ is the average of the last L draws from the
chain; see e.g., Nielsen (2000).

Coming back to the GRSST algorithm, we observe that, disregarding the logarithm in Eq. (2.3),
step 3 in Algorithm 2 is comparable to the S-Step in the SEM algorithm. Using the model’s
state from the previous iteration, P̂ (l−1)

Z (s), the algorithm completes the dataset by drawing
samples from P

(l)
Z|X(s|xi) ∝ PX|Z (xi|s) P̂ (l−1)

Z (s). The model defined in Eq. (2.1)–Eq. (2.2)
does not make explicit parametric assumptions about the distribution of Z. Instead of producing
a sequence of parameter estimates θ(l), the algorithm generates a sequence of KDE estimates,
P̂

(l)
Z (s). Therefore, the draws in the GRSST’s S-Step differ from the classic SEM because

P̂Z|X(s|xi) is constructed using last iteration’s P̂Z(s), unlike last iteration’s PZ|X,θ(s) in the
classic SEM. This general absence of parametric assumptions also affects the GRSST’s M-
Step. Instead of maximizing the (average, approximate) joint likelihood as in the EM, MCEM,
or SEM algorithms, the GRSST algorithm minimizes the asymptotic mean integrated squared
error of the kernel density estimator. The replacement of likelihood maximization with a sur-
rogate function is a concept already applied in several generalizations of the EM algorithm
(see e.g., Elashoff and Ryan (2004)). McLachlan and Krishnan (2007, ch. 7.7) provide an
overview of the MM algorithm, which stands for Majorization-Minimization or Minorization-
Maximization algorithm, a family of algorithms more general than the EM. The MM algorithm
also allows for minimization in its second step (M-Step), and depending on the underlying
model, a host of different surrogate functions can be constructed using relationships such as
the Cauchy-Schwarz or Jensen’s inequalities. The core difference between the GRSST and the
MM algorithm family is that the surrogate function in GRSST is the RMISE function, which is
minimized with respect to the chosen bandwidth in the KDE as opposed to model parameters.
A rigorous treatment of convergence is still missing in the literature but is beyond the scope
of this paper. This is why we also rely on simulation studies to judge the effectiveness of the
AGRSST, just as in the original GRSST paper (Groß & Rendtel, 2016).

2.2.2 The Augmented Groß–Rendtel–Schmid–Schmon–Tzavidis Estimator

The precision of the GRSST estimator is naturally constrained by the size of geographical areas
which determine the sets {A1, . . . , Ad, . . . , AD} (Groß et al., 2017). The algorithm does not
require any additional information about the distribution inside the sets Ad. The AGRSST es-
timator is a heuristic which enables the use of an auxiliary density P̂AUX(s) aimed at improving
the GRSST estimate P̂GRSST(s). Hereby, P̂AUX(s) is thought to be similar to PZ(s) due to theo-
retical considerations. In other words, P̂AUX(s) serves as a proxy for the unknown true density
PZ(s), and the analyst should select auxiliary variables based on substantive knowledge about
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the spatial phenomenon of interest. A classical example, which we will investigate later on, is
the distribution of human population PZ(s), where the distribution of nighttime light emissions
is a natural candidate as an auxiliary density, because increased emissions of light may correlate
with an increased human population. Both densities, P̂GRSST(s) and P̂AUX(s), can be thought of as
imperfect estimations of the true distribution PZ(s). The density P̂GRSST(s) is imperfect because
of the coarseness of the input data X , and P̂AUX(s) because of the generally unknown level of
similarity between PZ(s) and P̂AUX(s). Algorithm 3 depicts the steps to obtain the AGRSST
estimator P̂AGRSST(s).

Algorithm 3 Augmented Groß–Rendtel–Schmid–Schmon–Tzavidis Estimator

1: Run the standard GRSST algorithm to obtain P̂GRSST(s).
2: Evaluate P̂AUX(s) and P̂GRSST(s) on a fine grid G.
3: Calculate representative mean densities of P̂AUX(s) and P̂GRSST(s) on the level of Ad to obtain

mAUX and mGRSST.
4: Calculate the correlation γ̂ = cor(mAUX,mGRSST).

5: If γ̂ < 0, invert P̂AUX(s) on G by setting it to
max[P̂AUX(s)]−P̂AUX(s)

Σi[P̂AUX(s)]
.

6: Determine P̂ temp
Z (s) = γ̂P̂AUX(s) + [1− γ̂] P̂GRSST(s).

7: Define the geocoordinate counts per area as cd =
∑

i∈n 1 (xi = Ad).
8: Benchmark by sampling cd geocoordinates in each Ad according to P̂ temp

Z (s). Run a KDE
with these geocoordinates to obtain a final estimate P̂AGRSST(s).

The core idea of the AGRSST estimator is to create a weighted combination of the standard
GRSST density and an auxiliary density P̂AUX(s), which on average produces a better estimate.
This is because if P̂AUX(s) is unreliable, the estimate largely depends on the more robust GRSST.
However, if P̂AUX(s) is similar to the true distribution PZ(s), the combined estimate benefits by
giving P̂AUX(s) a higher weight. In this context, P̂GRSST(s) serves as a baseline estimate grounded
in known (population) data, while P̂AUX(s) has the potential to represent certain aspects of PZ(s)

much better than P̂GRSST(s).

However, it is generally not clear how close P̂GRSST(s) is to PZ(s), and as a result, it is also not
clear how much weight should be put on it. For this problem, we propose a basic heuristic of
setting the weight on P̂AUX(s) to be equivalent to γ̂ = cor(mAUX,mGRSST), which is the correlation
of P̂AUX(s) and P̂GRSST(s) on the level of the Ad geographical areas. The vectors mAUX and mGRSST

are of length D and contain the average densities of P̂AUX(s) and the GRSST input data (xi).
We compute mAUX independently of the unit underlying the auxiliary data by taking the average
of P̂AUX(s) evaluated at the grid points inside each Ad. Since the unit of the GRSST input
data is always geocoordinate counts, we can compute mGRSST by dividing the geocoordinate
counts per area by the actual geographical size of their corresponding areas Ad, so cd/size (Ad).
Using linear correlation has the advantage of offering a measure that is inherently constrained
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within the range of [−1, 1], which makes it suitable as a weight of the convex combination
P̂ temp
Z (s) = γ̂P̂AUX(s) + [1− γ̂] P̂GRSST(s). Depending on the nature of the auxiliary variable

behind P̂AUX(s), the intermediate density P̂ temp
Z (s) might lose some of the information contained

in the GRSST input data. To correct for such distortions, step 8 benchmarks the process so
that the final estimate P̂AGRSST(s) is derived from a set of geocoordinates that align with the
overall proportions specified by the GRSST input data. In some settings, P̂AUX(s) might exhibit
a negative correlation with PZ(s). For example, if P̂AUX(s) represents the density of trees, we
might expect a negative relationship with PZ(s) if it represents human population density. For
such cases, we propose a pragmatic inversion of P̂AUX(s) as seen in step 6 of Algorithm 3.
If P̂AUX(s) is deemed to be quite informative of PZ(s), an intuitive approach of obtaining an
estimate that combines the information of the auxiliary density with the one from the GRSST
input data is to sample cd many geocoordinates in each Ad weighted by P̂AUX(s). This method
is, apart from the missing addition of the smoothing parameter c in Algorithm 2’s step 4, almost
equivalent to setting γ̂ = 1 in the AGRSST. We decided to abstain from adding the constant
c in order to not disturb the information of the auxiliary density. It is a natural alternative for
the AGRSST; we refer to this estimator as AGRSST1 and denote its density by P̂AGRSST1(s), and
also investigate it.

2.2.3 Obtaining Auxiliary Densities

In practice, P̂AUX(s) will often need to be derived from raster data measuring some physical
quantity. Algorithm 4 outlines our recommended method for converting this raw raster data into
the P̂AUX(s) density. While it is possible to skip step (3) in Algorithm 4 and directly use wstd(gj)

in the AGRSST, our simulations indicate that creating P̂AUX(s) from a smoothed density, rather
than the raw standardized data, generally leads to a slightly lower RMISE. If the auxiliary
data is also given by a (more granular) choropleth count map, then we recommend using the
standard GRSST to obtain P̂AUX(s).

Algorithm 4 Obtaining P̂AUX(s) from raster data

1: Associate each grid point gj in G with the raw data value r(gj) of the corresponding raster
cell it falls into.

2: Draw a sample from G using wstd(gj) = r(gj) ·
(∑

G r(gj)
)−1 as a sample weight. The

sample size needs to be sufficiently large and can be a scaled version of the population
sample size f · n.

3: Estimate a standard KDE on the sampled grid points resulting in P̂AUX(s).
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2.3 Simulation

2.3.1 Simulation Setup

In this section, we present the setup of the Monte Carlo simulation study used to assess the
performance of the estimators introduced in Section 2.2. We use the map of the German state
of Bavaria, which is obtained from the German Federal Agency for Cartography and Geodesy
(2024). The simulation is based on r ∈ {1, 2, . . . , R = 400} iterations. In each iteration, an
artificial true Bavarian population density PZ(s) is simulated. PZ(s) is obtained by randomly
drawing 80 times from the geocoordinates gj ∈ {(soj , saj ) ∈ R2} on the fine grid G. These
geocoordinates are stored in the vector µ, which is set to the location parameter of a Gaussian
mixture, such that

P
(r)
Z (s) =

K∑
k=1

πkN (s | µk,Σk),
K∑
k=1

πk = 1, 0 ≤ πk ≤ 1, Σk =

[
σ2
k1 0

0 σ2
k2

]
,

where the index k ∈ {1, 2, . . . , K = 80} enumerates each Gaussian component. The diagonal
elements of the covariance matrices Σk are also randomly drawn; πk is set to 1/80. For each
simulation run, we draw an artificial Bavarian population of n = 250 000 from P

(r)
Z (s) using

G. The geographical aggregation level for the GRSST is the German NUTS-3 district (Kreise)
level. The evaluation grid G is set to a 500×500 grid, i.e., J = 250 000, chosen to be as fine as
computational resources permit. The input vector x for the GRSST is obtained by mapping the
drawn geocoordinates z to the corresponding district Ad in which they are located. Figure 2.1
shows the simulated true density P

(r)
Z (s) and the aggregated sampled geocoordinates on district

level for an exemplary simulation run r.

We obtain the auxiliary density P̂
(r)

AUX(s) by taking the true density as a baseline P
(r)
Z (s) and

adding normally distributed distortions with varying variances. Generally, the GRSST (AGRSST)
is a method designed to produce relatively reliable results for input data of low quality, due to
aggregation. Depending on the target variable at hand, also P̂AUX(s) might be derived from data
that is only available in a spatially aggregated form. In the simulation, we therefore base P̂AUX(s)

on the German municipality (Gemeinden) level. The German municipalities are nested within
the NUTS-3 level. Algorithm 5 depicts the process applied to obtain P̂

(r)
AUX(s) from P

(r)
Z (s).

Note that Algorithm 5 simply aggregates the true density, averages and standardizes it on the
municipality level, draws geocoordinates according to these values, re-aggregates them on the
municipality level, and applies a GRSST estimator on these aggregates to obtain a smooth
density.
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Figure 2.1: (a) Exemplary artificial Bavarian population density P
(r)
Z (s) of an iteration run r

and (b) the corresponding GRSST input data x(r) resulting from 250 000 draws from P
(r)
Z (s).

Algorithm 5 Obtaining P̂
(r)

AUX(s) from P
(r)
Z (s).

1: Denote the sets of geocoordinates that fall inside the p-th municipality with
{Q1, . . . , Qp, . . . , QP}.

2: Evaluate P
(r)
Z (s) on G and calculate the mean density µQp of the grid points of G inside

every set Qp, µQp =
∑

gj∈Qp
P

(r)
Z (gj)

(∑
gj∈Qp

1gj∈Qp(gj)
)−1

.

3: Draw a sample (we chose the population size n = 250 000) from G using

wstd
µQp

(gj ∈ Qp) = µQp

(∑
gj∈G wµQp

(gj ∈ Qp)
)−1

as a sample weight, where wµQp
(gj ∈

Qp) = µQp .

4: Aggregate the samples drawn in step 3 to the municipality level {Q1, . . . , Qp, . . . , QP}.

5: Run the standard GRSST algorithm with the aggregates of the previous step, which returns
P̂

(r)
AUX(s).

To simulate auxiliary densities of different quality, we distort the µQp with normally distributed
errors with different variances.

µQp,d = µQp + ϵd, ϵd ∼ N

0,

d · µQp ·

(
P∑

p=1

µQp

)−1
2 ,
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where the standard deviation of ϵ is set to the standardized average density over all the mu-
nicipalities scaled by d ∈ {0, 0.5, 1, 2.5, 5, 10, 15, 20}. Replacing µQp with µQp,d in step 2 of
Algorithm 5 leads to auxiliary densities of varying quality, denoted by P̂

(r)
AUX,d(s).

Following Groß et al. (2017, eq. (5)), the primary measure we use to judge the quality of an
estimate P̂Z(s) of PZ(s) is the RMISE, which we approximate and bound with

RMISE
(
P̂Z(s)

)
=

√
E
[∫ (

PZ(s)− P̂Z(s)
)2

ds

]

≈

√√√√ 1

R

R∑
r=1

J∑
j=1

(
P

(r)
Z (gj)− P̂

(r)
Z (gj)

)2
δ2gj

≥ 1

R

R∑
r=1

√√√√ J∑
j=1

(
P

(r)
Z (gj)− P̂

(r)
Z (gj)

)2
δ2gj

∝ 1

R

R∑
r=1

√√√√ 1

J

J∑
j=1

(
P

(r)
Z (gj)− P̂

(r)
Z (gj)

)2
,

(2.4)

The term δ refers to the side lengths of the square pixels, where the gj are the centroids and
J = |G| denotes the number of points in the evaluation grid G, as introduced in Algorithm 2.
The grid is evenly spaced, with δ2gj being a scalar for all gj . The approximation step in Eq. (2.4)
replaces the expectation with the average over the R Monte Carlo replications, indexed by
the superscript (r), and the integral with its Riemann sum on the finite grid (for the same
construction, see, e.g., Geenens, 2014). The subsequent inequality is Jensen’s: moving the
square root inside the replication average can only decrease the value, so the average of the
per-replication root integrated squared errors is bounded above by the approximated RMISE.
The final proportionality drops the constant factor δ

√
J , turning each summand into the root

mean squared error between the true and the estimated density over the grid points. Since all
estimators are evaluated on the same grid and the same replications, neither the Jensen gap
nor the omitted constant affects any comparison. In the rest of this paper, we refer to the per-
replication summand in the last term of Eq. (2.4) as the RMISE; the simulation study reports
its distribution across the R replications, whereas in the real-data evaluation of Section 2.4 a
single realization is available.

2.3.2 Simulation Results

In this section, we discuss the results obtained from the Monte Carlo simulation study laid out in
the previous section. For the burn-in and additional iterations, we chose B = 30 and L = 20.
Figure 2.2 depicts the behavior of P (r)

Z (s) at three different locations: one that showed high
(medium, low) density in the first (l = 1) iteration of the algorithm. It can be seen that after the
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pilot iteration (l = 0), the densities seem to quickly reach a behavior that suggests that P (r)
Z (s)

is roaming around the stationary distribution of the Markov chain (if it exists). Additionally,
choosing B = 30 and L = 20 surpasses the recommendations in the supplementary material of
Groß et al. (2017). We therefore conclude that the chosen number of 50 iterations is sufficient
in our context.

0e+00

2e-11

4e-11

6e-11

8e-11

0 10 20 30 40 50
0e+00

2e-11

4e-11

6e-11

8e-11

Iteration

D
e
n
s
it
y

High Density Medium Density Low Density

Figure 2.2: The development of P̂ (l)
Z (s) over M = 500 iterations of the GRSST evaluated at

3 different gj . Blue (purple, orange) represents a geocoordinate that displayed relatively high
(medium, low) density in the first (l = 1) iteration. A zoomed-in view of the first 50 iterations
is shown in the lower panel.

The boxplots in Figure 2.3 display the distribution of the RMISE across 400 simulation runs
for each distortion level and estimator used: P̂GRSST(s), P̂AUX(s), P̂AGRSST(s), and P̂AGRSST1(s). As
expected, the RMISE of the GRSST estimator remains almost constant across different distor-
tion levels, as it is completely independent of P̂AUX(s); minor differences can be attributed to
sampling uncertainty. All estimates that utilize the auxiliary density P̂AUX(s) perform signifi-
cantly better than the GRSST for low levels of distortion. This advantage diminishes and even
reverses in the case of P̂AGRSST1(s) with increasing levels of distortion. The auxiliary density
P̂AUX(s) behaves as anticipated: since it is obtained via a GRSST on the municipality level, its
RMISE is lower than that of the GRSST on the district level. At elevated levels of distortion,
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P̂AUX(s) is derived from samples of a density that exhibits increasing divergence from the true
density PZ(s). Consequently, its RMISE is generally much higher than that of the GRSST es-
timator. The poor performance of P̂AUX(s) at high distortion levels highlights how, in practice,
simply choosing a seemingly similar density as an estimate for another should be avoided.

The methods that utilize the GRSST input data
(
P̂AGRSST(s) and P̂AGRSST1(s)

)
mitigate the effects

of a very poor auxiliary density. The comparison between P̂AGRSST(s) and P̂AGRSST1(s) reveals
lower RMISE values for the AGRSST at both the lowest and high distortion levels, whereas
P̂AGRSST1(s) outperforms the AGRSST for moderate distortions. For highly informative auxiliary
densities where the only source of divergence from the true density is the averaging at the
municipality level (distortion = 0), the benchmarking step in P̂AGRSST(s) and P̂AGRSST1(s) does not
improve the estimate but increases it due to the noise from the additional KDE process. In
practice, this effect would only be relevant for auxiliary densities that are very similar to the
true density and is therefore of little practical consequence. The AGRSST’s advantage over
the AGRSST1 at zero distortion likely stems from its ability to assign a small weight to the
GRSST estimate, which slightly smooths the municipality-level based P̂AUX(s). In the case of
moderate distortions (100 - 500), the additional information about the true density incorporated
into P̂AGRSST1(s) outweighs this advantage, and P̂AGRSST1(s) outperforms P̂AGRSST(s). For very poor
auxiliary densities, AGRSST performs better than P̂AGRSST1(s) due to its ability to assign weight
to the GRSST estimate, which is superior and more conservative because of its independence
from the (heavily distorted) auxiliary density.
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Figure 2.3: Boxplots of the RMISE of P̂GRSST(s), P̂AUX(s), P̂AGRSST(s) and P̂AGRSST1(s) over in-
creasing levels of distortion of P̂AUX(s).
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The above-described behavior is confirmed by Figure 2.4, which shows the dependence of γ̂
on the distortions. We deem the displayed relationship between γ̂ and the distortion levels as
generally desirable, because it drives the advantages of the AGRSST illustrated in Figure 2.3.
Though, when examining the interplay between the true density PZ(s), P̂AUX(s) and γ̂ the
limitations of the AGRSST become apparent. The performance of the AGRSST estimator relies
on the fact that γ̂ properly reflects the similarity between the true and the auxiliary density.
Confounding factors that can negatively impact the reflection of this relationship via γ̂ can be:

• Nonlinearity: PZ(s) and P̂AUX(s) might be related in a nonlinear fashion. Since γ̂ is
essentially a standard empirical correlation, it might not, or only partly, capture such
relationships.

• Ecological fallacy (Holt et al., 1996): Since all the information about PZ(s) is limited to
the GRSST input data at its respective geographical aggregation level, we calculate γ̂ at
that level. The AGRSST assumes, though, that γ̂ is a valid similarity measure at the level
of the densities.
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Figure 2.4: Boxplots of the calculated value of γ̂ over increasing levels of distortion of P̂AUX(s).

The main tool to counteract problems caused by a γ̂ that does not reflect the quality of P̂AUX(s)

is the benchmarking (step 8 in Algorithm 3). It limits the amount of possible divergence of
P̂AGRSST(s) from P̂GRSST(s). The worst-case scenario for the AGRSST is a highly divergent aux-
iliary density from the true density, which is still highly correlated with the true density at the
GRSST input level. This scenario is covered by our simulation study; at the highest distortion
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levels, P̂AGRSST1(s) puts maximum weight on very poor auxiliary densities (γ̂ = 1). We observe
that P̂AGRSST1(s) performs worse than the GRSST, but the benchmarking step still ensures that di-
vergence is limited. The AGRSST is basically equivalent to the GRSST at these high distortion
levels. The main insights from our simulation study are that:

• P̂AGRSST1(s), which benchmarks a plausible auxiliary density with the GRSST input cd, is
an attractive alternative to the GRSST with large potential gains in RMISE but a poten-
tially worse RMISE for poor auxiliary densities.

• In contrast to P̂AGRSST1(s), the AGRSST provides another layer of security to practitioners
by limiting the weight placed on the auxiliary density when low correlation at the GRSST
input level is detected. The trade-off for this increased security is a lower RMISE perfor-
mance in the case of very informative auxiliary densities.

2.4 Evaluation Study on Population Data

2.4.1 Target Variable

The estimation of human population distributions is a classic area of interest in research in or-
der to allow for targeted social- and environmental planning and policy development. Multiple
contributions to the topic are, for example, added by the WorldPop research group; see, e.g.,
Stevens et al. (2015) or Sorichetta et al. (2015). In our first application, we use recently pub-
lished data from the German Census 2022 that is conducted by the Federal Statistical Office of
Germany (Destatis). Population counts are available in 100-meter raster cells (Destatis, 2024a)
and also at the district level (Destatis, 2024b). We consider the raster data in relation to the
size of Bavaria as granular enough to estimate a density PZ(s), which we assume to be the
true population distribution. This density is estimated using a KDE based on geocoordinates
located at the centroids of each raster. So, for a raster XYZ in which X-many people live, we
place X-many geocoordinates at the centroid of XYZ. This is done for all rasters in Bavaria.
The true distribution PZ(s) follows from a KDE on the resulting dataset (Figure 2.5 panel (a)).
We obtain P̂GRSST(s) by running the GRSST estimator on the district-level population data using
a 700×700 evaluation grid (Figure 2.5 panel (b)). Since highly accurate data on the population
distribution is already available, the principal objective of our first application is not to obtain
an even more accurate estimate of the population density, but to use and compare our methods
in a real-world scenario in which we also have access to a fairly accurate estimate of the ground
truth PZ(s).

2.4.2 Auxiliary Variable

In practice, the auxiliary density P̂AUX(s) can be derived from various sources with differing
underlying units and aggregation levels. For example, in the case of nighttime light satellite
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Figure 2.5: (a) The assumed ground truth, a KDE of the true Bavarian population based on the
2022 German Census 100-meter raster data and (b) the Bavarian population on the NUTS-3
district (Kreise) level, which serve as the GRSST input data.

raster data (Elvidge et al., 2021) that we use, the resolution of 15 arc-seconds (≈ 300 meters at
the latitude of Bavaria’s geographical center) is fairly granular with respect to the sizes of the
NUTS-3 districts. In this example, the radiance of the light is measured in watt per steradian per
square meter (W · sr−1 ·m−2). For our application, we use the 2022 masked median radiance
from monthly averages. The process to obtain these values includes multiple steps to adjust for
distortions such as biomass burning or aurora and is documented in Elvidge et al. (2021). The
general relationship between nighttime lights and population density is well established and,
e.g., studied by Sutton (1997), Elvidge et al. (1999), Sutton et al. (2001), Wu et al. (2023).

In the scope of Bavaria, we deem the resolution of nighttime light radiance data granular enough
to directly convert it into a density using Algorithm 4. Depending on the target variable at
hand, the analyst might not have access to auxiliary data as granular as the nighttime light
satellite data. In such cases, we recommend using a GRSST for the conversion, similar to
Algorithm 5. As the sample size in Algorithm 4, we chose the unscaled Bavarian population
(n = 13 038 724). Note that the analyst can scale this number, if computational resources allow,
to further reduce the sampling uncertainty, although the gains are likely to be relatively small
given the already large sample size. The smoothing effect by the KDE can be judged visually
by comparing the (transformed) raw data to P̂AUX(s) as in Figure 2.6. If core features of the raw
data are smoothed out, we recommend using the raw data or increasing n. The benchmarked
auxiliary density P̂AGRSST1(s) is analogously obtained from P̂AUX(s) as in the simulation study.
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Figure 2.6: (a) The raw nighttime light satellite raster data, displayed on a pseudo log-
transformed color scale for better contrast, and (b) the auxiliary density P̂AUX(s) derived by
Algorithm 4. The auxiliary density is also pseudo log-transformed, and values above 9 · 10−9

(located at Munich airport) are cut for improved visibility.

2.4.3 Evaluation Results

The value for γ is calculated as laid out in Section 2.2.2 and is γ̂ ≈ 0.945, which means that the
light density values are highly correlated with the Bavarian population densities at the district
level. The availability of the true density allows us to determine RMISE values, which are
depicted in Table 2.1.

Method RMISE ·105

P̂GRSST(s) 8.3252
P̂AGRSST1(s) 8.1803
P̂AGRSST(s) 8.1396
P̂AUX(s) 8.8786

Table 2.1: RMISE values of the different population density estimates, calculated based on
census population data.

Compared to the simulation study, the improvements of the AGRSST over the GRSST in this
real-world example appear rather small, with an RMISE reduction of 2.23%. A potential rea-
son for such small gains could be large deviations between light intensity and actual popula-
tion in areas such as airports or at the Theresienwiese in Munich (Figure 2.8). Interestingly,
the AGRSST1 performs slightly worse than the AGRSST; we attribute this to the additional
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smoothing that the mixture provides, especially in said areas with large deviations between
light and population density, a dynamic that we also observed in our simulation study at the
zero distortion level. The non-benchmarked P̂AUX(s), in turn, has a 6.65% higher RMISE than
the GRSST. This structure can be compared to the distortion levels of 250 and 500 in our
simulation study, where the AGRSST and AGRSST1 outperform the GRSST, even with an
auxiliary density that itself has a higher RMISE than the GRSST. Figure 2.7 depicts the re-
sulting densities; upon visual inspection, the large-scale population density seems to be much
better captured by AGRSST and AGRSST1, contrary to the small improvement in RMISE.

Figure 2.8, an enlarged view of Figure 2.7 focusing on Munich, illustrates the dynamics of all
three methods. While the GRSST estimate appears largely uniform within Munich’s bound-
aries, AGRSST1 and AGRSST manage to capture some of the true population dynamics, al-
though both incorrectly depict the Theresienwiese area in central Munich – the site of the
famous Oktoberfest – as having the highest density, rather than a low population. Given the
relatively spiky nature of the auxiliary density, the more conservative nature of AGRSST com-
pared to AGRSST1 is evident in its less spiky density. This example highlights the significant
dependence of the AGRSST on the auxiliary density and underscores the importance of se-
lecting these densities based on expert subject knowledge. Despite the generally limited data
availability typically associated with GRSST usage, our overall evaluation study demonstrates
the potential of AGRSST to enhance GRSST density estimates, both in terms of RMISE and
visual representation.
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Figure 2.7: (a) The assumed ground truth, a KDE of the true Bavarian population based on
the 2022 German Census 100-meter raster data, (b) the GRSST- , (c) AGRSST- and (d) the
AGRSST1 estimate.
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Figure 2.8: (a) The assumed ground truth, a KDE of Munich’s true population based on
the 2022 German Census 100-meter raster data, (b) the GRSST- , (c) AGRSST- and (d) the
AGRSST1 estimate.
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2.5 Application: Brown Hare Population Control

2.5.1 Target Variable

The Lepus europaeus, often called the brown hare or European hare, is a species of Lepus that
is native to many European countries but has also been introduced into areas all over the world.
Bock (2020) provides a comprehensive overview and literature collection on the general char-
acteristics, distribution, ontogeny, reproduction, and other aspects of the mammal. Since the
1960s, there has been a steep decline in brown hare populations across Europe. The primary
causes of this decline are believed to be the loss of landscape diversity and the emergence of
diseases (see e.g., Smith et al. (2005)). Since 2015, the population of brown hares in Lower
Saxony has shown signs of recovery, which is likely attributable to the dry conditions experi-
enced in recent years, which have resulted in a decline in infection rates. The implementation
of local initiatives by hunters, including the creation of wildflower strips and increased predator
hunting, is another potential contributing factor to the recovery (Gräber et al., 2024). Sliwin-
ski et al. (2019) studied the influence of different habitat variables on brown hare population
density in Lower Saxony, using generalized additive mixed models (GAMMs) fit at the mu-
nicipality level. We focus on identifying areas of high and low hunting intensity. To achieve
this, we estimate a density using a 1000× 1000 evaluation grid based on the number of brown
hares killed per district in Lower Saxony and Bremen during the hunting season 2023/2024
(01.04.2023 - 31.03.2024) (Dammann-Tamke, 2025). The number of animals killed by hunting
and/or traffic-related accidents is also referred to as the hunting bag or hunting bag statistic.
While hunting bag statistics have been used as a proxy to infer trends in wildlife population
densities, this practice is not always advisable for reasons such as temporary hunting bans
(Gräber et al., 2024). As a complement to wildlife population densities, hunting bag statistics
are still an important analytical tool used to determine overall variations in wildlife numbers
(see e.g., Havet (2002)) and are needed to implement harvest management schemes (Aubry
et al., 2020).

2.5.2 Auxiliary Variable

We utilize the NDVI as the underlying data for the purpose of obtaining an auxiliary density
for the hunting bag data. The fundamental concept (see Huete et al. (2002)) underpinning
vegetation indices, such as the NDVI, is based on the study of the spectral reflectance of leaves.
The reflected radiation in the red band from leaves is relatively low due to the absorption of light
by photosynthetically active pigments, such as chlorophyll. In contrast, a significant portion of
near-infrared radiation (NIR) is reflected, primarily due to the internal structure of plant leaves.
This contrast between red and near-infrared reflectance allows for the construction of the NDVI

70



CHAPTER 2. DENSITY ESTIMATION FROM AGGREGATED DATA

as a sensitive index used to quantify vegetation, given by

NDV I =
ρNIR − ρRED

ρNIR + ρRED

,

where ρNIR and ρRED are the surface bidirectional reflectance factors in the near-infrared and
red bands. The raw data is collected by the Moderate Resolution Imaging Spectroradiome-
ter (MODIS) on board the Earth Observing System-Terra platform (Didan & Barreto-Muñoz,
2019). We use the MOD13A1: 16-day 500m VI data product (Didan, 2021), which pro-
vides 500-meter NDVI raster data in 16-day intervals. The specified interval (01.04.2023 -
31.03.2024) encompasses a total of 23 timestamps for raster layers. The mean of these raster
values is calculated, resulting in a single NDVI raster layer for the designated hunting season
(2023/2024). The NDVI is standardized between -1 and 1, with the majority of observed values
falling between 0 (water or bare soil) and 0.8 (dense vegetation). Panel (a) in Figure 2.9 dis-
plays the NDVI raw data over Lower Saxony. There is a rich body of literature (e.g., Sliwinski
et al. (2019), Schai-Braun et al. (2012), Smith et al. (2005)) on brown hare habitat preferences,
which indicates that these depend on factors such as season, temperature, precipitation, and
brown hare density itself. Generally, we can conclude that brown hares prefer heterogeneous
agricultural landscapes with a mix of crops, grasslands, and semi-natural habitats, avoiding
large monocultures, urban areas, and intensively farmed regions. The NDVI does not directly
reflect all of these factors, such as agricultural heterogeneity, but the general assumption of a
positive relationship between vegetation, expressed by NDVI, and the brown hare hunting bag
seems plausible.

-0.03 0.22 0.48 0.73
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Figure 2.9: (a) The NDVI and (b) brown hare hunting bag data of Lower Saxony during the
hunting season 23/24. The borders display the German NUTS-3 district (Kreise) level.
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2.5.3 Application Results

Applying the steps outlined in Section 2.2.2 again yields a value of γ̂ ≈ 0.2067, indicating
a rather low, yet still significant correlation between NDVI and the brown hare hunting bag.
The resulting density estimates are displayed in Figure 2.10. Unlike our evaluation study in the
preceding section, it is not possible to determine RMISE values here because the brown hare
hunting bag data is only available at the district level. Panel (a) of Figure 2.10 illustrates the
auxiliary density P̂AUX(s) derived from the raw NDVI data. It is important to note that panel (a)
has its own distinct color scale and legend, whereas panels (b)-(d) share a common color scale
to facilitate comparisons. The figure reveals that the auxiliary density is relatively flat compared
to the GRSST. From the global perspective provided by Figure 2.10, we can observe the typical
behavior of GRSST, exhibiting a rather smooth density within districts. In contrast, AGRSST1
and AGRSST display more structure within these districts. All three estimators indicate a
west-to-east gradient with high bag densities in the west and declining densities to the east. In
contrast to the absolute bag data (panel (b) in Figure 2.9), the KDE-based estimators identify
a cluster of brown hare hunting in the three districts of Vechta, Cloppenburg, and Osnabrück,
with Vechta being the district exhibiting by far the highest bag density. Figure 2.11 zooms in
on the district of Vechta to better visualize the discrepancies between the three estimates; the
color scales remain consistent.

The AGRSST1 significantly reflects some of the structure of the auxiliary density shown in
panel (a); the dark green high vegetation hotspots north and south of Vechta can be clearly
identified. Note that we observed a much larger impact of the auxiliary density in our evaluation
study. The limited effect of the NDVI is due to two characteristics of the input data. First, the
total count of n = 64 779 causes the determinants of the bandwidth matrices H to be relatively
large compared to the setting in our evaluation study, which in turn causes the resulting density
estimates to be smoother. Second, the NDVI auxiliary density is generally much smoother than
the GRSST density, which is quickly confirmed by comparing the maximum values: 2.5 ·10−11

for the auxiliary density versus 8.0·10−11 for the GRSST. Also, contrary to our expectation, the
AGRSST estimate seems to have higher maximum density values than the AGRSST1 and the
GRSST. Two factors contribute to this: first, the AGRSST’s derivation without the additional
constant in step 3 of Algorithm 2 results in a spikier estimate compared to the GRSST; second,
the relatively flat auxiliary density leads to a flatter AGRSST1 estimate. Considering these
aspects, we prefer the AGRSST1 approach for this particular application, as it is sensitive to
the NDVI input data while maintaining a high degree of smoothness. This balance already
helps limit potential errors compared to the GRSST, even without relying on the AGRSST
rationale.
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(a) AUXILIARY DENSITY (b) GRSST
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Figure 2.10: (a) The auxiliary density, obtained by applying Algorithm 4 on the raw NDVI
data (the corresponding color scale is on the bottom left), (b) the GRSST, (c) AGRSST, and (d)
the AGRSST1 estimate (their color scale is on the bottom right).
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(a) AUXILIARY DENSITY (b) GRSST

(c) AGRSST1 (d) AGRSST
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Figure 2.11: A version of Figure 2.10, zoomed-in on the district of Vechta. (a) The auxiliary
density, obtained by applying Algorithm 4 on the raw NDVI data (the corresponding color scale
is on the bottom left), (b) the GRSST, (c) AGRSST, and (d) the AGRSST1 estimate (their color
scale is on the bottom right).
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2.6 Conclusion

In this paper, we propose an extension to the GRSST estimator, which we name AGRSST. The
GRSST is a method that broadens the applicability of KDE to challenging scenarios involving
aggregated data, enabling more profound insights compared to basic choropleth maps display-
ing absolute counts. These advantages include facilitating the identification of spatial clusters
and enabling the transformation of area aggregates between non-hierarchical geographical sys-
tems. However, the inherent accuracy of the GRSST remains limited by the relative geograph-
ical size of its input areas, as no direct information about the density distribution within these
areas is provided.
The AGRSST estimator linearly combines the auxiliary and GRSST densities. The weight as-
signed to the auxiliary density is determined by its correlation with the GRSST-derived density
at the level of the aggregated spatial units. This allows the AGRSST to adapt to the informa-
tiveness of the auxiliary data, placing more emphasis on it when it exhibits a strong positive
correlation and relying more on the conservative GRSST estimate when the correlation is weak.
Furthermore, a benchmarking step ensures that the final density estimate is based on the origi-
nal aggregated counts. We also highlighted a special version of the AGRSST, the AGRSST1,
which directly samples within the aggregated units according to the auxiliary density.
To evaluate the effectiveness of the AGRSST estimator, we conducted a simulation study using
the administrative map of Bavaria, Germany. We simulated various true population densities
and generated auxiliary densities of varying quality by introducing controlled levels of distor-
tion. The RMISE was used as the primary metric to assess the performance of the standard
GRSST and the proposed AGRSST variants across these different distortion levels. The re-
sults of our simulation study show that depending on the quality of the auxiliary density, large
accuracy improvements are possible when using the AGRSST. It also became apparent that
the correlation-based convex combination serves as a mechanism which limits the negative in-
fluences of poor auxiliary densities. When fully weighting the auxiliary density (AGRSST1),
we observe the potential for greater improvements over the GRSST, but also the risk of worse
estimates in terms of RMISE, contingent on the quality of the auxiliary density. These findings
are corroborated in a real-world evaluation using German Census data and remotely sensed
nighttime lights, where, owing to the high correlation between nighttime lights and population
density, both augmented estimators outperform the GRSST, with the AGRSST attaining the
lowest RMISE, slightly ahead of AGRSST1.

Lastly, applying AGRSST and AGRSST1 to Lower Saxony’s brown hare hunting bag data
reveals a west-to-east density gradient, with intense hunting clustered in the Vechta, Cloppen-
burg, and Osnabrück districts. Comparing the estimators, AGRSST is spikier than GRSST,
while only AGRSST1 effectively integrates information from the NDVI data. Considering
these factors, we conclude that AGRSST1 is the preferred method for this application.
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The findings of this paper open several interesting avenues for future research in this domain.
A potentially powerful enhancement could involve the integration of auxiliary densities within
each iteration of the GRSST algorithm. Indeed, during the course of this research, we explored
one such approach, wherein the standard KDE step in the GRSST was replaced by weighted
KDE (see, e.g., Wang and Wang (2007)), with weights determined by the corresponding values
of the auxiliary density at the locations of the input geocoordinates. Unfortunately, this specific
implementation did not yield significant improvements over the AGRSST presented herein and
was thus omitted for the sake of brevity. Another promising direction for future research con-
cerns the incorporation of multiple auxiliary densities. While the optimal strategy for weighting
these distinct densities to derive a final estimate remains an open question, a potential initial
approach could involve formulating an overall auxiliary density as a linear convex combination
of several individual auxiliary densities, with weights potentially determined through a multi-
dimensional grid search aimed at maximizing γ̂, the estimated correlation. However, we also
note that a significantly improved (auxiliary) data situation enables more sophisticated method-
ologies such as random forest-based dasymetric mapping (Stevens et al., 2015). This gener-
ally raises questions regarding the relationship between AGRSST and such methods, including
when one approach should be preferred over the other, and what potential combinations might
be beneficial. An important limitation of the current proposal is the absence of formal uncer-
tainty quantification for the density estimates. Neither the GRSST nor the AGRSST provides
confidence bands or standard errors, and developing such measures is an important avenue for
future research. Furthermore, future work with significant practical implications includes the
extension of the Kernelheaping package to incorporate the AGRSST methodology, as well
as the introduction of refinement schemes already established for the GRSST. These include
the boundary correction technique and the capacity to exclude (uninhabited) areas known to
have a density of zero from the estimation process (Erfurth et al., 2022).

Overall, our research demonstrates the considerable potential that auxiliary densities offer in the
context of density estimation with aggregated data. We recommend that practitioners consider
using AGRSST when the emphasis is on limiting potential adverse effects from incorporating
an auxiliary density, and AGRSST1 when the focus is on maximizing potential accuracy. In
any case, considering the generally poor initial data situation, which largely prohibits advanced
statistical modeling and uncertainty quantification techniques such as cross-validation, a sound
theoretical justification for the candidate auxiliary density is indispensable.
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Chapter 3

Ordinal Random Forests in Language
Data Analysis

Abstract
Ordinal outcome variables are common in different branches of language research. For data analysis,
linguists typically convert responses into numbers and then analyze them using averages or (mixed-
effects) regression models. As this strategy can yield misleading insights, it is to be welcomed that
the methodological literature has started to give due consideration to alternative, more adequate proce-
dures. The current paper joins this discourse by demonstrating a modelling approach based on Random
Forests, which have been gaining ground in language research. Due to their ability to uncover complex
relationships in the data while actively guarding against overfitting, Random Forests are particularly
attractive for exploratory work. The present paper relies on the frequency-adjusted borders ordinal
forest (fabOF) framework, which has seen a recent mixed-effects upgrade that handles hierarchically
structured datasets in a principled way. To unlock the full interpretative potential of this tool, we have
created (previously unavailable) partial dependence routines in R. As we illustrate using a case study
on lexical preference ratings in Maltese English, mixed-effects fabOFs can not only exceed ordinal
mixed-effects regression models in terms of predictive utility, but also afford nuanced insights into
patterns in the data that can be visualized effectively.
Keywords: ordinal data, random forests, partial dependence plots, latent variable model

3.1 Introduction

Ordinal response variables are frequently encountered in linguistic research. They are particu-
larly common in sub-disciplines that rely on rating scales or questionnaires for data collection.
In experimental syntax, for instance, participants are often asked to rate the acceptability of a
sentence on an ordinal scale (see Cowart, 1997, Schütze and Sprouse, 2014), and in research
on social and regional patterns of language variation, informants report on their (perceived)
language use (see Krug and Sell, 2013, Dollinger, 2015). The statistical analysis of ordinal
outcome variables has received considerable attention in the methodological literature (e.g.
Knapp, 1990, Norman, 2010; for linguistics, see Endresen and Janda, 2017, Sönning, 2024).
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A systematic review by Sönning et al. (2024) has shown that ordinal outcomes are chiefly an-
alyzed using what Agresti (2010, p. 137) refers to as a mean response model: The ordinal
categories are replaced with numeric scores, which are then modelled using procedures such
as linear (mixed-effects) regression. While this approach can run into serious problems (see,
e.g., Liddell and Kruschke, 2018, Rohrer and Arslan, 2021), it is easy to implement and yields
simple and interpretable results. The same is not true for statistically more adequate ordinal
regression models, which may explain the preponderance of mean response models in applied
work.

A recent paper by Sönning et al. (2024) has illustrated how a particular form of ordinal regres-
sion, the cumulative-link model, can be interpreted by reference to a latent-variable framework,
which allows for analogous interpretation strategies on a fine-grained continuous scale. The
current paper aims to contribute new impulses to the methodological discourse by exploring an
alternative modeling approach based on random forests (RFs), a class of predictive models that
is becoming increasingly popular in linguistics (see Gries, 2021, ch. 7, Levshina, 2020). Specif-
ically, we will concentrate on frequency-adjusted borders ordinal forests (fabOFs), which were
proposed by Buczak (2025b). This framework has recently been extended to deal with hierar-
chically structured data (Buczak, 2025c), which makes it attractive for linguistic applications,
where such data layouts are frequently encountered (see Winter and Grice, 2021, Sonderegger,
2023). A distinctive feature of the fabOF algorithm, which is coherent with the latent-scale
regression approach discussed in Sönning et al. (2024), is that it likewise operates on the ba-
sis of an unobserved continuous variable. As a result, it comes with the same interpretative
advantages, as it is capable of bringing into view fine-grained patterns in the data that can be
visualized effectively. Apart from this, it handles data with a hierarchical (or grouping) struc-
ture in a principled way. Finally, and perhaps most importantly, RFs provide a very flexible
modeling framework, which is particularly attractive for exploratory work. They are capable
of capturing non-linear associations that may hold between continuous predictors and the out-
come, and they can pick up on (complex) interaction patterns while actively guarding against
overfitting.

The aim of the present paper, then, is to showcase the added value of ordinal RFs for language
data analysis. For illustration, we draw on an extended version of the dataset used by Sönning
et al. (2024). To unlock the interpretative potential of this modeling approach, we illustrate
how variable importance scores and partial dependence plots may be used, in tandem, to shed
light on systematic patterns of variation in the data. To this end, the first author of this paper
has implemented (previously unavailable) partial dependence routines for this type of ordinal
random-forest model. To establish continuity with the preceding discourse on ordinal language
data analysis, and to allow for an informed discussion of the strengths of the ORF approach,
we will refer to a mixed-effects ordinal regression model as a standard of comparison.
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With these goals in mind, we have structured the paper as follows. Section 3.2 introduces the
dataset for our case study. The two methods we compare are outlined in Section 3.3, starting
with a brief recap of the mixed-effects cumulative regression model and an extended treatment
of (mix)fabOF models. Section 3.4 then lays out our modeling approach. The results are
presented and compared in Section 3.5, followed by a concluding discussion in Section 3.6.

3.2 Data

The data used in this study are drawn from the Bamberg Survey of Language Variation and

Change, a questionnaire database documenting the use of lexical and grammatical structures
in varieties of English (Krug & Sell, 2013). Similar to Sönning et al. (2024), we concentrate
on lexical preference ratings, where participants are asked to indicate which of two (largely
synonymous) expressions they (tend to) use. These lexical binaries consist of a (traditionally)
American English (AmE) variant, and a (traditionally) British English (BrE) variant (e.g. truck–

lorry, realization–realisation; Algeo, 2006). As illustrated in the questionnaire excerpt given in
Figure B.1, participants responded on a 5-point scale flanked by the two expressions. Response
options ranged from “I always use this expression” at the endpoints of the scale, to the less
extreme rating “I use this expression more often” and, finally, “I have no preference” as a
neutral midpoint (see Krug and Sell, 2013 for methodological details on the data collection
procedure). As we will see further below, the symmetric verbalization of the response scale
will have consequences for analysis.

We rely on ratings provided by 1,391 speakers from Malta, which were collected between 2008
and 2023. The initial dataset included 68 lexical pairs and 1,813 individuals. To prepare the
data for analysis, we applied several preprocessing steps. First, participants with missing in-
formation on relevant socio-demographic variables had to be excluded: For 17% (n = 310), in-
formation on the highest qualification was missing, for 12% (n = 222), no data on the language
used at home while growing up was available, and for 1% (n = 16), there was no information
on gender. This led to the removal of 348 speakers. Then we excluded 7 speakers who had
spent less than half their life in Malta and 5 speakers whose home language(s) included neither
Maltese nor English. Following Sönning et al. (2024), item pairs with more than 15% missing
responses were excluded, leaving 63 lexical pairs for analysis. Finally, only participants who
responded to 40 or more item pairs (out of the remaining 63) were retained, which led to the
exclusion of 62 individuals. This left us with 1,391 participants. Removal of 2,741 missing
responses yielded 84,892 observations (i.e. ratings) in total.

Table 3.1 summarizes the distribution of the variables in our dataset. The first row reports on
the spread of responses across the five ordinal categories and reveals a concentration of ratings
in the extreme categories (in particular, “always BrE”; see also Figure 3.1 further below). In
terms of data structure, the 84,892 observations in our case study are clustered by Participant (n
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Variable Description Scale and distribution
Rating Response recorded by

participant
Ordinal; Always AmE (n = 14,312
observations, 17%), AmE more of-
ten (n = 3,543, 4%), No preference
(n = 11,304, 13%), BrE more often
(n = 8,200, 10%), Always BrE (n =
47,533, 56%)

Item pair Pair of expressions Nominal; 63 item pairs
Participant Maltese informant Nominal; 1,391 speakers

Participant-level variables
Date of birth Date of birth Continuous; Range [1920, 2008],

deciles: 1959, 1973, 1983, 1989,
1991, 1992, 1994, 1997, 2000

Gender Self-reported gender Binary; Female (n = 795, 57%),
Male (n = 593, 43%)

Year Year of data collection Continuous; 2008 (n = 87, 6%),
2009 (n = 282, 20%), 2013 (n =
429, 31%), 2018 (n = 378, 27%),
2023 (n = 215, 15%)

Highest qualification Highest level of qualifica-
tion (completed or ongo-
ing)

Nominal; No/other qualification (n
= 217, 15%), Secondary educa-
tion (n = 283, 20%), Work-based
learning (n = 57, 4%), Profes-
sional/vocational (n = 97, 7%),
Higher education (n = 738, 53%)

Ratio Proportion of life spent in
Malta

Continuous; Range [.53, 1], n =
1,213 (87%) with a Ratio of 1, n =
94 (7%) with Ratio < .90

Home language Language(s) used at
home while growing up

Nominal; Maltese (n = 574, 41%),
Maltese and English (n = 525,
38%), English and Maltese (n =
237, 17%), English (n = 55, 4%)

Table 3.1: Descriptive statistics for the variables in the dataset.
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= 1,391). This hierarchical layout, which is quite typical of linguistic datasets (see Winter and
Grice, 2021, Sonderegger, 2023, pp. 242-244, 251–252) has consequences for the statistical
treatment of the data. The analyses we report in the present paper concentrate on two types of
predictors. The first is the variable Item pair, which we treat as a fixed effect in the ensuing
analyses. Apart from this, interest centers on several participant-level socio-demographic vari-
ables, which are listed in Table 3.1. The data used in the present study are available on Zenodo
(Krug et al., 2025).

3.3 Methodology

While the main focus in the current paper is on the ordinal RF approach implemented in mixed-
effects frequency-adjusted borders ordinal forest (mixfabOF), we also analyze the data using
an ordinal regression model. This maintains continuity with Sönning et al. (2024) and, more
importantly, provides a basis of comparison for judging the relative performance of mixfabOFs.
We therefore start with a brief recapitulation of cumulative link mixed models (CLMMs) in
Section 3.3.1. Section 3.3.2 then outlines in more detail the mixfabOF approach to constructing
ordinal RFs, including a discussion of the variable importance measures (VIMs) and the newly
developed partial dependence plots (PDPs) for model interpretation.

3.3.1 Cumulative Link Mixed Models

The family of ordered regression models includes three basic types (Bürkner and Vuorre, 2019,
Fullerton and Xu, 2016). We concentrate on the most commonly used variant, the cumulative
link model (CLM; McCullagh, 1980, McKelvey and Zavoina, 1975), which also allows for
a latent-variable interpretation (see Wieditz et al., 2024 and Sönning et al., 2024 for more
background). The hierarchical structure of the data in our case study (observations grouped
by participant) suggests a mixed-effects modeling approach, with Participant as a random-
effects term. We therefore turn to a CLMM, which extends the basic cumulative link model
(CLM) to accommodate nested data structures by incorporating random effects (see Agresti
and Natarajan, 2001 for a survey of mixed-effects models for ordinal data). The comprehensive
vignette (Christensen, 2023) of the ordinal package in R provides details on the structure
and implementation of CLMs and serves as a basis for our notation, which we extend below to
the mixed-effects case.

CLMMs assume that the observed ordinal response Yig arises from an unobserved continuous
latent variable Sig, where i = 1, . . . , ng indexes observations within group g = 1, . . . , G (par-
ticipants in the present study). The latent variable is modeled as a linear mixed model, with the
superscript ∗ indicating that coefficients are defined on the unobserved latent scale:

Sig = α∗ + x⊤
igβ

∗ + u∗
g + ε∗ig, (3.1)

83



CHAPTER 3. ORDINAL RANDOM FORESTS IN LANGUAGE DATA

where:

• α∗ is the overall intercept on the latent scale,

• x⊤
igβ

∗ represents the contribution of fixed effects, with xig as the covariate vector and β∗

as the corresponding coefficients on the latent scale,

• u∗
g ∼ N (0, σ∗2

u∗) is the normally distributed random intercept for group g, accounting for
unobserved group-level variability,

• ε∗ig ∼ N (0, σ∗2
ε∗ ) is the individual-level error term.

The observed ordinal response Yig takes the value j ∈ {1, . . . , J} if the latent variable Sig falls
between two consecutive thresholds: θ∗j−1 < Sig ≤ θ∗j , where −∞ ≡ θ∗0 < θ∗1 < · · · < θ∗J−1 <

θ∗J ≡ ∞ and J is the number of ordinal categories.

Since the random intercept u∗
g is itself a random variable, cumulative probabilities are formu-

lated conditionally on it, i.e., as group-specific probabilities given the realized value of u∗
g. The

cumulative probability for observing Yig ≤ j is then given by P (Yig ≤ j | u∗
g) = P (Sig ≤ θ∗j |

u∗
g). Substituting the expression for Sig from Equation (3.1) and rearranging results in

P (Yig ≤ j | u∗
g) = P

(
ε∗ig
σ∗
ε∗
≤

θ∗j − α∗ − x⊤
igβ

∗ − u∗
g

σ∗
ε∗

)
,

where the probability on the right-hand side refers to the distribution of ε∗ig alone, which is
independent of u∗

g.

In the model above,
ε∗ig
σ∗
ε∗

follows a standard normal distribution. We can therefore express
this probability using the standard normal cumulative distribution function Φ (the probit link;
alternatively, the logit link would assume ε∗ig to follow a logistic distribution). Defining the
standardized parameters θj = (θ∗j − α∗)/σ∗

ε∗ , β = β∗/σ∗
ε∗ , and ug = u∗

g/σ
∗
ε∗ , the conditional

cumulative probability simplifies to:

P (Yig ≤ j | ug) = Φ(θj − (x⊤
igβ + ug)).

Model interpretation often concentrates on the scale of the latent variable, Sig, by adopting
standard identifying assumptions: ε∗ig ∼ N (0, 1) (i.e., σ∗

ε∗ = 1) and α∗ = 0. Under these
constraints, the latent thresholds θ∗ and coefficients β∗ become equivalent to the parameters θ
and β, which can be estimated. This allows ηig = x⊤

igβ + ug to be directly interpreted as the
conditional mean of the latent variable Sig.

The effect of changes in covariates can therefore be understood as shifts in the latent dis-
tribution: when ηig increases, the distribution of Sig ∼ N(ηig, 1) shifts rightward while the
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thresholds θ remain fixed, moving probability mass across the threshold boundaries.

3.3.2 Mixed-Effects Ordinal Forest

This section develops the rationale underlying the mixed-effects ordinal forest approach pro-
posed by Buczak et al., 2025, a tree ensemble method designed to accommodate ordinal re-
sponses in data with a hierarchical structure. It extends the simpler fabOF approach (Buczak,
2025b) by incorporating group-specific effects, such as the random intercepts ug established in
the CLMM context (Section 3.3.1). It should be noted, however, that the current state of the
mixfabOF implementation only supports random effects for a single grouping variable. We will
return to this caveat in Section 3.6. Like the CLMM, both methods adopt the latent variable
framework wherein the ordinal response arises from an unobserved continuous variable Sig dis-
cretized via category thresholds. We first consider the basic fabOF algorithm (Section 3.3.2).
Section 3.3.2 then moves on to its mixed-effects extension (mixfabOF), the method that takes
center stage in the present study. This is followed by a brief discussion of VIM for mixfabOF
(Section 3.3.2) as well as the newly developed software implementation of PDPs for this mod-
eling framework (Section 3.3.2).

Before we go further, it is worth noting that both fabOF and mixfabOF represent recent RF-
based implementations of the latent-variable approach to modeling ordinal data. Ordinal For-
est (Hornung, 2019) and Ordinal Score Optimization Algorithm (Buczak et al., 2025) can be
viewed as predecessors to fabOF, which apply optimization algorithms to find category bor-
ders. A score-free alternative to fabOF is the Split-based Ordinal Forest (Tutz, 2021), whereas
Ordinal Mixed-Effect Random Forest (Bergonzoli et al., 2024), which also includes random-
effects terms, offers an alternative to mixfabOF. The focus in the present paper is on fabOF
and mixfabOF due to their conceptual simplicity, computational advantages and competitive
predictive performance (see Buczak, 2025b and Buczak, 2025c). For an extensive simulation
study comparing many of the above-mentioned RF methods and CLMM, we refer to Buczak
et al. (2025).

Frequency-adjusted borders ordinal forest: fabOF

Like the CLMM, fabOF considers the observed ordinal response Yl as a coarse realization of an
unobserved continuous latent variable Sl, where l = 1, . . . , N indexes individual observations.
It adapts a standard RF for regression to the ordinal prediction task through the following steps:

1. Score Assignment: A numeric auxiliary score S(j) (e.g., 1, 2, . . . , J) is assigned to each
of the J ordinal response categories.

2. Regression RF: A standard regression RF is trained on the assigned numeric auxiliary
scores S(j)

l using the covariate vectors xl. This provides a non-linear estimate of the fixed
effects component, denoted as f(x).
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3. Border Determination (Frequency-Adjusted Heuristic): Instead of relying on param-
eter optimization, fabOF determines the J − 1 category borders (termed thresholds in
the CLMM framework) b = (b1, . . . , bJ−1) using a frequency-based heuristic. Specifi-
cally, if the original training data contains proportions p1, p2, . . . , pJ of observations in
categories 1, 2, . . . , J respectively, the borders are set as the (p1)-th, (p1 + p2)-th, . . .,
(p1 + · · · + pJ−1)-th empirical quantiles of the out-of-bag (OOB) numeric predictions.
This ensures that the predicted category distribution matches the observed training dis-
tribution.

A numeric RF prediction Sl = f(xl) is transformed back into an ordinal category by finding
the interval (defined by the borders b) that contains the prediction. Step 1 of the fabOF device
shows that this method relies on a scoring system, i.e. a set of numeric values that are assigned
to the response options. It should be noted that in cases where the ordered categories are
not perceived as representing equally-spaced increments on the underlying continuum, custom
scoring systems may be used (see Labovitz, 1967, p. 155, Worcester and Burns, 1975, p. 191,
Sönning, 2024 for discussion).

Mixed-effects fabOF: mixfabOF

The mixfabOF method extends the fabOF algorithm to clustered data settings. This is to say
that it is capable of accounting for group-level variability by incorporating the group-specific
random effects ug, directly extending the latent variable assumption to hierarchical data

Sig = f(xig) + ug + εig,

where f(xig) is the non-linear prediction from the RF ensemble (the fixed-effects part), ug ∼
N (0, σ2

u) is the random intercept for group (in our case, participant) g, and εig ∼ N (0, σ2
ε) is

the residual error. This structure directly parallels the latent variable formulation of the CLMM
(Equation (3.1)), with the key distinction being that mixfabOF replaces the linear predictor x⊤

igβ

with the non-linear function f(xig), which is estimated through the RF. The estimation is based
on an iterative procedure (similar to an expectation-maximization (EM) algorithm), adapting
the strategy of the Mixed-Effect Random Forest (MERF; Hajjem et al., 2014). As in fabOF,
numeric auxiliary scores S(j) (e.g., 1, 2, . . . , J) are first assigned to each ordinal category. The
procedure then initializes all random effects to zero (ûg = 0 for all groups g), and alternates
between two main steps:

1. Fixed Effects (RF) Step: A standard regression RF is trained to estimate f(xig) using a
pseudo-response variable S̃ig = Sig− ûg, constructed by subtracting the current estimate
of the random effect ûg from the numeric score Sig. This separates the group-level effect
from the fixed-covariate relationships, allowing the RF to focus on estimating the non-
linear function f(xig).
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2. Random Effects (Mixed Model) Step: The residuals from the RF fit are used to estimate
the current group-specific random effects ûg and the corresponding variance components
(e.g., σ2

u).

This iterative process refines the estimates of the non-linear fixed-effects model and the random-
effects structure until convergence, which is determined by monitoring the change of a gener-
alized log-likelihood criterion (cf. Hajjem et al., 2014) across iterations. In the final step, the
frequency-based heuristic is applied to the predictions to define the final set of borders b.

The prediction on the latent-variable scale for observation i in group g, then, is given by:

Ŝig = f̂(xig) + ûg.

This numeric prediction Ŝig is then mapped to a response category based on the determined bor-
ders b, providing a prediction that benefits from the predictive power of RFs while statistically
accounting for the non-independence of observations through the ûg term.

Variable Importance Measures

VIMs (see e.g. Molnar, 2025 for a practical overview) quantify the relative contribution of
each predictor to model performance, addressing a key question in predictive modeling: which
covariates are most influential in determining the outcome? For mixfabOF, we employ a
permutation-based importance metric adapted to the model’s hierarchical structure with ran-
dom effects.

The standard permutation importance approach for RFs (Breiman, 2001) operates by randomly
permuting each predictor’s values and measuring the resulting drop in prediction accuracy.
However, this approach requires modification for mixfabOF in two respects. First, because the
response is ordinal rather than continuous, prediction performance should arguably be eval-
uated using a metric that pays attention to the ordered category structure and penalizes ordi-
nally distant misclassifications more heavily than adjacent ones. We therefore use the linearly
weighted Cohen’s Kappa (κw; see Section 3.5) rather than mean squared error or simple accu-
racy. Second, because mixfabOF incorporates random effects ûg in addition to the RF-based
fixed effects f̂(xig), predictions must include both components when evaluating performance:
Ŝig = f̂(xig) + ûg.

Following Buczak (2025b) and Buczak (2025c), the mixfabOF variable importance procedure
uses out-of-bag (OOB) predictions to avoid overfitting bias, with each tree’s predictions eval-
uated only on observations that were not used in training that tree. For statistical stability, the
permutation is repeated multiple times and importance values are averaged across replications
to reduce sampling variability. Algorithm 6 formalizes the complete procedure.

87



CHAPTER 3. ORDINAL RANDOM FORESTS IN LANGUAGE DATA

Algorithm 6 Variable Importance for mixfabOF
Input: Fitted mixfabOF model, number of importance replications R
Output: VIM = (VIM1, . . . ,VIMp) for p predictors

1: for each observation i in group g do
2: ŜOOB

ig ← OOB-predict(f̂ ,xig) + ûg

3: Ŷig ← categorize(ŜOOB
ig , b)

4: κorig ← linearKappa(Y, Ŷ)

5: for each predictor j = 1, . . . , p do
6: Initialize κperm[j]← vector of length R

7: for replication r = 1, . . . , R do
8: if clusterwise permutation then
9: for each group g do

10: xperm
(·)j [g]← permute(x(·)j[g])

11: else
12: xperm

(·)j ← permute(x(·)j)

13: xperm ← (x(·)1, . . . ,x
perm
(·)j , . . . ,x(·)p)

14: for each observation i in group g do
15: ŜOOB, perm

ig ← OOB-predict(f̂ ,xperm
ig ) + ûg

16: Ŷ perm
ig ← categorize(ŜOOB, perm

ig , b)

17: κperm[j][r]← linearKappa(Y, Ŷperm)

18: VIMj ← κorig −mean(κperm[j])

19: return VIM

The importance value VIMj quantifies the average degradation in ordinal prediction perfor-
mance (measured by κw) when predictor xj is randomly permuted. Variables with high im-
portance values cause substantial performance loss when their association with the response
is broken, indicating strong predictive relationships. Conversely, near-zero or negative impor-
tance values indicate weak or absent associations; negative values arise from random sampling
variability when permutation occasionally improves performance by chance, and can be inter-
preted as effectively zero importance (see Janitza et al., 2018).

An alternative approach is cluster-wise permutation, wherein predictor values are permuted
only within each group g rather than across the entire dataset (Buczak, 2025c). This approach
preserves any group-level associations between predictors and unmeasured cluster character-
istics, isolating within-cluster predictive contributions. However, cluster-wise permutation has
an important limitation for hierarchical data: participant-level variables (e.g. Date of birth or
Gender), which are constant within clusters (i.e. individuals), receive zero importance by con-
struction, since permuting these values among observations within the same participant leaves
predictions unchanged. In preliminary analyses, applying cluster-wise permutation did not
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substantially alter the importance ranking of the item variable (which varies within participants
and can be meaningfully permuted at the observation level). We therefore employ standard
(across-cluster) permutation importance in the present analysis.

Partial Dependence Plots

While VIM identifies which predictors are important, it does not reveal the functional form of
their relationship with the outcome. Partial dependence plots (PDPs) (Friedman, 2001) address
this gap by visualizing the marginal effect of a predictor xp on the predicted response, averaging
over the distribution of all other covariates. For a fitted model f̂(x), the partial dependence
function for predictor xp is defined as

PD(xp) = Ex−p

[
f̂(xp | x−p)

]
≈ 1

n

n∑
i=1

f̂(xp | xi,−p),

where x−p denotes all predictors except xp, the subscript in Ex−p indicates that the expectation
is taken with respect to the marginal distribution of x−p, and the expectation is approximated
by averaging predictions across all n observations in the training data, each time substituting
the target value xp while retaining the individual’s actual values for all other predictors.

For mixfabOF with random effects, predictions take the form Ŝig = f̂(xig)+ ûg, combining the
RF-estimated fixed effects f̂(xig) with the estimated random intercept ûg for group g. When
constructing PDPs, random effects can either be excluded (yielding population-level marginal
effects) or included (yielding group-specific predictions).

In addition to the aggregated partial dependence scores, individual conditional expectation
(ICE) scores (Goldstein et al., 2015) express Ŝig as a function of xp for each observation i

separately; “conditional” therefore refers to holding fixed the specific covariate values of that
case (which, in our case study, would correspond to a particular observation, i.e. rating). ICE
scores reveal heterogeneity in predictor effects across observations, which can be suggestive
of potential interactions that may be obscured by averaging in standard PDPs (see Grafmiller,
2023 for a discussion in the context of language data analysis).

PDPs can be further refined to isolate potential interactions among predictor variables by con-
ditioning on an additional explanatory variable xq, where p and q index different predictors
(Strobl et al., 2026, Goldstein et al., 2015). Different partial dependence functions for the
predictor xp are then approximated, one for each level of xq. This reveals whether (and how)
the marginal effect of predictor xp varies across subgroups defined by xq. We will therefore
distinguish between:

• Standard PDP: Evaluates PD(xp) = n−1
∑n

i=1 f̂(xp | xi,−p), showing the average
marginal effect of xp on the latent score across all observations.
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• Conditional PDP (c-PDP): For a conditioning variable xq (e.g., Gender or Item), com-
putes separate partial dependence scores for each level ℓ of xq: c-PD(xp | xq = ℓ) =

n−1
ℓ

∑
i:xiq=ℓ f̂(xp | xi,−p), where nℓ is the number of observations with xiq = ℓ. By

stratifying ICE curves according to xq and computing group-specific PDPs, c-PDPs re-
veal whether the effect of xp varies across levels of xq, thereby exposing potential (two-
way) interaction effects. For example, a c-PDP of Date of birth conditional on Gender
would show whether age effects differ between male and female respondents.

When visualizing PDPs for mixfabOF, we overlay the estimated category borders b as refer-
ence lines, allowing direct interpretation of how changes in xp influence the predicted ordinal
category by shifting the latent score Ŝig across category boundaries.

Software Implementation

To facilitate reproducibility and enable broader adoption of these methods in linguistic re-
search, we provide an extended implementation of the mixfabOF framework. We forked the
original fabOF R package (Buczak, 2025a) and contributed several methodological enhance-
ments specifically for the mixed-effects variant: (1) partial dependence plotting functionality
for mixfabOF, enabling the visualization techniques described in Section 3.3.2; (2) a dedicated
plotting function for mixfabOF variable importance (Section 3.3.2); and (3) parallel computa-
tion support for variable importance calculations, to reduce computation time for large datasets.
The extended package is freely available via GitHub at https://github.com/muehlbauer-m/fab
OF.

3.4 Modeling

In this section, we discuss our core modeling decisions and motivate the selection and scaling
of predictor variables. Following some general comments, we deal with aspects specific to the
CLMM analysis (Section 3.4.1) and the mixfabOF approach (Section 3.4.2).

To start with, the main drivers of our choice for CLMM and mixfabOF are (1) the ordinal
scale of our dependent variable Yig (see Figure 3.1) and (2) the hierarchical data structure aris-
ing from multiple observations per participant. Both of these features, which regularly appear
in applied research, may be accounted for by various modeling approaches (see Agresti and
Natarajan, 2001). They also typically arise in linguistic work relying on acceptability judg-
ments or questionnaires.
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Figure 3.1: Distribution of the Yig variable Rating.

Our case study takes an exploratory approach to the analysis of lexical variation in Malta.
Apart from the variables Item pair and Date of birth, which have previously been documented
to show an association with speakers’ lexical preferences, we examine a number of additional
socio-demographic characteristics, which are listed in Table 3.1 above. These cover a range
of sociolinguistic categories that have been observed to be linked to language variation and
change more generally.

3.4.1 Cumulative Link Mixed Model

For regression modeling, a choice must be made on the scaling of variables. We opted for the
following:

• Categorical predictors (Gender, Item pair, Year, Home language, Highest qualification)
are coded using sum-to-zero contrasts, ensuring that coefficient estimates represent de-
viations from the conditional grand mean of the latent variable across all factor levels
rather than comparisons to a reference category.

• Continuous predictors (Date of birth, Ratio) were standardized prior to modeling to sup-
port model convergence (see e.g. Gill et al., 2019).

In CLMMs, estimation of the J − 1 threshold parameters θ = (θ1, . . . , θJ−1)
⊤ (corresponding

to θ∗1, . . . , θ
∗
J−1 from the latent-variable formulation in Section 3.3.1) may be constrained in

different ways (referred to as structured thresholds in Christensen, 2023). Given the symmetric
wording of our ordinal response scale, we decided that thresholds should likewise be symmetric
(see Sönning et al., 2024 for discussion). Instead of estimating J − 1 thresholds independently,
symmetric thresholds are derived from a smaller set of K underlying parameters α ∈ RK with
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K < J − 1 via a transformation matrix J ∈ R(J−1)×K :

θ = Jα

For a response variable with J = 5 categories, we employ the ‘symmetric’ threshold structure
as implemented in the function clmm() of the R package ordinal (Christensen, 2023),
which constrains the thresholds to be symmetric around a central value. Incorporating both the
random effects and the structured thresholds, then, the full extended ordinal regression model
is:

P (Yig ≤ j | ug) = Φ((Jα)j − (x⊤
igβ + ug)) (3.2)

The linear predictor for the baseline CLMM (Eq. (3.2)) takes the specific form

P (Yig ≤ j | ug) = Φ
(
(Jα)j −

(
witem⊤

i βitem + βdob · dobig + (witem⊤
i βitem:dob) · dobig

+wgender⊤
i βgender +wyear⊤

ig βyear + βratio · ratioig

+wlang⊤
ig βlang +wqual⊤

ig βqual + ug

))
,

with fixed effects incorporated via sum-to-zero contrast coding for categorical predictors and
standardization for continuous predictors. Specifically, witem

i denotes the contrast vector for
the factor Item at observation i, with corresponding coefficient vector βitem containing 62 esti-
mated parameters. Under sum-to-zero contrast coding, the coefficient for the base level (item
pair 63) is implicitly defined as −

∑62
a=1 βitema , ensuring that coefficients sum to zero across all

63 items. The Item × Date of birth interaction is modeled as (witem⊤
i βitem:dob) · dobig, allowing

items to show different apparent-time trajectories (see Sönning et al., 2024). Similarly, wgender
i

represents the Gender contrast vector with coefficient vector βgender, while wyear
ig , wlang

ig , and
wqual

ig encode Year, Home language, and Highest-qualification effects, respectively, with their
corresponding coefficient vectors βyear, βlang, and βqual.1 The continuous predictors, standard-
ized Date of birth (dobig) and standardized proportion of life spent in Malta (ratioig), enter the
model directly with scalar coefficients βdob and βratio.

To account for the hierarchical structure of the data (multiple observations per individual g),
by-participant random intercepts ug ∼ N(0, σ2

u) are included. On the one hand, these cap-
ture individual-specific deviations from the overall mean and thereby document the residual
between-speaker variability in the overall inclination toward BrE or AmE, which is of linguis-
tic interest. Further, and more importantly, random effects account for the fact that multiple
observations from the same participant are correlated rather than independent, ensuring that
standard errors and significance tests appropriately reflect the actual number of independent

1For example, the sum-to-zero contrast vector wyear⊤
ig takes the form (1, 0, 0) for a survey year 2008 observa-

tion, and (−1,−1,−1) for the constrained base level year 2018.
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participants rather than the total number of observations. The inclusion of by-speaker random
effects has therefore become common practice in linguistic research (see Baayen et al., 2008,
Barr et al., 2013, Winter and Grice, 2021).2

3.4.2 mixfabOF

Where possible, we adopt the aforementioned design choices for our mixfabOF modeling ap-
proach. We deviate by not explicitly modeling the Item × Date of birth interaction due to the in-
herent ability of RFs to automatically capture complex relationships between Yig and xig. Cat-
egorical predictors enter as native factors (via ranger’s respect.unordered.factors
= "order" option; Wright and Ziegler, 2017), so each categorical variable receives a single
(mix-)fabOF adjusted VIM (see Buczak et al., 2025 and Buczak, 2025b). This global variable-
importance assessment is followed by an inspection of (conditional) partial dependence plots
in Section 3.5.3, to examine the relationship between the predictors and the response variable.
Here, our linguistic interest primarily attaches to the 63 item pairs, which have been observed
to exhibit distinct patterns of variation in previous work (Krug et al., 2016, Krug et al., 2020).

3.5 Results

We come now to the results of our analysis. Section 3.5.1 starts by comparing the predic-
tive performance of the CLMM and mixfabOF models. Section 3.5.2 then considers the use
of VIMs for comparing the predictive capacity of the continuous predictor variables and sub-
groups represented by categorical predictors. We then turn to the use of partial dependence
and conditional partial dependence plots for model interpretation. Section 3.5.3 showcases the
utility of these newly implemented routines for shedding light on patterns of association and
how they vary across the predictor space.

3.5.1 Predictive Performance

We start the analysis of our results by evaluating them on a 20% hold-out test sample. Let T de-
note the set of test observations, where each case is indexed by (i, g) representing observation i

by participant g. The two measures used are accuracy and the linearly weighted Cohen’s Kappa
(κw, 1968). The first metric, accuracy, is the proportion of correctly classified observations in
the test set, defined as:

Accuracy =

∑
(i,g)∈T 1{Ŷig=Yig}

|T |

where |T | is the total number of observations in the test set, Yig is the observed response for
observation i by participant g, Ŷig is the predicted response, and 1(·) is the indicator function.

2This theoretical justification is further supported by marginal improvements in out-of-sample predictive per-
formance when comparing mixed-effects versions to non-mixed-effects counterparts. For brevity, we focus exclu-
sively on the mixed-effects specification in this paper.
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Second, κw is a robust metric for ordinal data that accounts for chance agreement and penalizes
misclassifications proportionally to the distance between the observed and predicted categories.
It is defined as:

κw =
Pw
o − Pw

e

1− Pw
e

where Pw
o is the observed weighted agreement, and Pw

e is the expected weighted agreement
under chance. The metric ranges from −1 to 1, where higher values indicate better predictive
performance: κw = 1 signifies perfect agreement, κw = 0 indicates performance no better than
random chance, and negative values suggest systematic disagreement worse than chance. Let
pjk denote the proportion of observations where the observed category is j and the predicted
category is k, and let pj· and p·k be the respective marginal probabilities. The observed and
expected weighted agreements are:

Pw
o =

J∑
j=1

J∑
k=1

wjkpjk ; Pw
e =

J∑
j=1

J∑
k=1

wjkpj·p·k

For linear weighting, the weights wjk are calculated as:

wjk = 1− |j − k|
J − 1

.

Figure 3.2 illustrates the confusion matrix structure showing how the proportions pjk, marginals
pj· and p·k, and weights wjk combine to compute weighted Cohen’s Kappa.
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Figure 3.2: Confusion matrix for weighted Cohen’s Kappa. Each cell pjk shows the propor-
tion where the observed category is j and the predicted is k. Weights wjk (gray, at top right
corners) decrease linearly with ordinal distance. Marginals pj· and p·k (lavender) are used for
the expected agreement calculation (Pw

o ).

Model Accuracy Cohen’s Kappa
mixfabOF 0.539 0.418
clmm 0.603 0.345

Table 3.2: Model performance comparison on test data.

Table 3.2 depicts the performance of the two fitted models on the 20% (|T | = 16, 979) hold-out
test set. The results reveal a trade-off between the two evaluation metrics. The CLMM achieves
a higher accuracy value (0.603 vs. 0.539), while the mixfabOF model demonstrates superior
performance when assessed using Cohen’s Kappa (0.418 vs. 0.345). According to conventional
benchmarks suggested by Landis and Koch (1977), these would be considered “moderate” and
“fair”, respectively. This points to a limitation of using accuracy as the sole evaluation criterion
for ordinal data, particularly when the distribution of categories is highly imbalanced. As
shown in Figure 3.1, the observed ratings are heavily concentrated in the extreme categories.
Specifically, approximately 56% of observations fall in category 5 (“always British”) and 17%
in category 1 (“always American”), while the middle categories contain substantially fewer
observations (category 2: 4%; category 3: 13%; category 4: 10%).

An examination of the predictions from the CLMM model (see Figure 3.3) reveals what may
be considered a degenerate prediction pattern: the model predicts exclusively categories 1 and
5, making zero predictions for the intermediate categories 2, 3, and 4. This has to do with the
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way in which ordered regression models generate predictions. As discussed by Sönning et al.
(2024, p. 92), the model forecasts the response category that receives the largest probability
mass. If intermediate categories are infrequent in the data, the spacing of the thresholds will be
quite narrow, meaning that the amount of probability mass that is found between thresholds is
constrained. Even if the predicted value on the latent scale falls between two thresholds, this
does not necessarily mean that the response category represented by this interval will have the
highest probability. In other words, the predicted value of the Sig need not coincide with the
predicted response category.

The mixfabOF approach, by contrast, produces predictions across all five ordinal categories.
When misclassifications occur, they tend to involve adjacent or nearby categories, resulting in
ordinally coherent errors that are appropriately rewarded by the Kappa metric. This difference
in prediction patterns suggests that the CLMM’s parametric structure—which assumes a linear
relationship between predictors and the latent response scale—may struggle to fully capture the
complexity of relationships in these data, whereas the flexible, non-parametric nature of RFs
appears better suited to accommodate potential non-linearities and interactions.3 Of course,
the relative inflexibility of CLMMs can to some extent be cushioned by specifying splines or
smooth terms, which allows for non-linear effects of quantitative predictors. However, the
detection of complex interaction patterns remains a challenge in the regression framework, as
these need to be specified (i.e. actively built into the model) by the analyst.

The RF-based methods, by contrast, make no parametric assumptions about functional form,
allowing them to adaptively learn interactions and non-linearities that produce ordinally co-
herent predictions across all response categories. This pattern is consistent with findings from
Buczak et al. (2025), who compared CLMM performance to various RF-based predecessors
of mixfabOF in a comprehensive simulation study. Their results demonstrate a similar drop
in linearly weighted Cohen’s Kappa for CLMM relative to RF-based methods when the data-
generating process is highly non-linear and the sample size is large, suggesting that parametric
constraints become increasingly problematic as the complexity of the underlying relationships
and the amount of available information increase.

3.5.2 Variable Importance

Variable importance for the mixfabOF model is assessed using the permutation-based VIM
introduced in Section 3.3.2. (Figure 3.4) ranks the predictors based on this measure. The vari-
able Item pair variable dominates by a wide margin (VIM = 0.380), followed at a substantial

3The CLMM interaction model achieved imperfect convergence (convergence code 4: “Stopped by zero step
from line search”) with a maximum gradient of 8.698 × 10−3, which exceeds the default tolerance (1 × 10−6)
but remains relatively small in absolute terms. Robustness checks across different model specifications (varying
random effects, covariate sets, and randomly disturbed starting values) yielded highly similar parameter estimates,
confirming that the convergence status reflects numerical optimization challenges rather than fundamental param-
eter uncertainty.
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Figure 3.3: Confusion matrices comparing prediction patterns of CLMM and mixfabOF mod-
els on the test set. The CLMM predicts only categories 1 and 5, while mixfabOF produces
predictions across all five ordinal categories. Cell values show the count of observations, and
color intensity represents the proportion of total predictions.
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distance by Date of birth (VIM = 0.034); Highest qualification, Year, Home language, Gen-
der, and Ratio all have VIMs below 0.01 and make no meaningful contribution to predictive
performance. Since VIM scores are marginal rather than conditional (Strobl et al., 2008), the
high aggregate importance of Lexical pair can reflect both a strong population-level item effect
and strong interactions between item and the other predictors. To distinguish these scenarios
and to recover per-pair structure—which pairs drive the item effect and in which direction—we
examine the item PDP (Figure 3.7) in the next section.

To quantify the collective importance of the variable Item pair from a second angle, we con-
ducted an ablation study by fitting a mixfabOF model excluding variable (i.e. retaining only
demographic and temporal predictors). Test set performance dropped substantially: weighted
Cohen’s Kappa decreased from 0.418 (standard mixfabOF) to 0.128 (∆ = 0.290, a 69.5% re-
duction), while accuracy fell from 0.539 to 0.436 (∆ = 0.103, a 19.2% reduction). The ablation
and the native-factor item VIM (0.380, Figure 3.4) are complementary aggregate measures: the
VIM captures how much the fitted model relies on the item variable (permuting it in the trained
model collapses κw from 0.418 to ≈ 0.04), while the ablation captures how well demograph-
ics alone can substitute for item when the model is retrained without it (κw = 0.128). Both
reinforce the same conclusion: item is the dominant predictor and has no effective substitute
among the remaining covariates.

Among the demographic and temporal predictors, Date of birth emerges as the sole variable
with non-negligible importance (VIM = 0.034, ranked second overall after Item pair). This
finding underscores the role of apparent-time trends in the linguistic preferences, in line with
earlier findings for both Maltese English (Krug and Sönning, 2018) as well as other varieties
(Krug et al., 2020).

The remaining demographic and contextual variables exhibit minimal or effectively zero pre-
dictive importance. This includes Ratio, Highest qualification, Year, Gender, and Home lan-
guage. The negligible importance of these variables indicates that they make no contribution to
predictive performance, neither through main effects nor through interaction effects with other
predictors. For example, Gender’s near-zero importance implies that men and women do not
differ in their overall vocabulary preferences, and further that there are no meaningful Item pair
× Gender interactions: men and women do not systematically differ in their preferences for
specific BrE vs. AmE variants.
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Figure 3.4: Variable importance plot for the mixfabOF model. Each predictor contributes
a single bar, whether it enters the model as a native factor (Item pair, Gender, Year, Home
language, Highest qualification) or as a metric variable (Date of birth, Ratio). Importance is
the permutation-based decrease in weighted Cohen’s Kappa when the predictor is randomly
shuffled.

3.5.3 Partial Dependence

Following the VIM analysis, we now turn to PDPs to examine systematic patterns of variation
in the data. As a point of departure, we will ask the mixfabOF model to predict a latent score
Sig for each observation in the data. In general, this is a useful first step after model fitting (see,
e.g. Long and Freese, 2006, p. 207). It will also allow us to recapitulate how mixfabOFs work
and how partial dependence scores are calculated.

Figure 3.5 shows the distribution of predicted scores for all 67,913 observations in the train-
ing data. The model outputs numeric predictions on a continuous latent scale (horizontal axis,
range 1–5), which are then converted to ordinal categories using frequency-adjusted borders
(dashed vertical lines). As discussed in Section 3.3.2, these borders are set as empirical quan-
tiles of the OOB predictions to match the observed category frequencies: for example, the
boundary between “Always AmE” and “AmE more often” sits at approximately 3.0 (not at 1.5,
the midpoint between the values used for Score Assignment). The key takeaway is that the
latent scale itself has no inherent meaning—what matters is where predictions fall relative to
these quantile-based borders, which determine the final ordinal classification.
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Figure 3.5: Distribution of predictions for the estimation sample, i.e. all observations in the
training data.

The four borders in Figure 3.5 partition the latent scale into five regions (shown with different
fill colors), one for each ordinal category. The predicted category is determined by which
region it falls into: for instance, a predicted score of 3.5 lands in the grey region, corresponding
to “No preference”. The uneven spacing of the borders—particularly their clustering toward the
center—reflects the empirical distribution in our training data, where most ratings concentrate
in the outer categories “Always BrE” and “Always AmE” (see Figure 3.1). Accordingly, most
predictions fall in the “Always BrE” region.

Our PDPs visualize how predicted latent scores shift when a predictor changes while holding
all other variables at their observed values. For a two-level categorical predictor like Gender,
we create counterfactual predictions: setting Gender to “Male” for all training observations
yields one distribution, setting it to “Female” yields another. Figure 3.6 shows both distribu-
tions with summary overlays: filled circles represent the mean, and error bars show 66% and
95% quantile intervals. These intervals summarize the distribution of predictions (rather than
average predictions or expected values) and therefore do not have the same interpretation as,
say, confidence intervals. Consistent with Gender’s low VIM score (Figure 3.4), the distri-
butions largely overlap, indicating minimal systematic differences between male and female
respondents. We now turn to the high-importance predictors Item pair and Date of birth. For
completeness, we provide PDPs for the other variables in the Appendix.
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Figure 3.6: Partial dependence plot for the predictor Gender.

Figure 3.7 shows a PDP for all 63 item pairs, ordered by overall BrE preference. Each panel
displays a density ridge showing the distribution of predicted latent scores when all training
observations are set to that item, overlaid with summary statistics (mean and quantile inter-
vals). At the top, items strongly favor British variants (e.g., roundabout over traffic circle,
pushchair over stroller), with densities concentrated toward the “Always BrE” end of the latent
scale. At the bottom, respondents prefer American variants (e.g., truck over lorry, sports over
sport), with densities shifted toward “Always AmE”. While substantial variation exists across
items, most lean toward BrE. The density visualizations resemble the conditional probability
distributions from CLMMs (see Figure 12b in Sönning et al., 2024, which plots conditional ex-
pectations), though mixfabOF’s frequency-adjusted border approach does not provide a formal
probabilistic framework for interpreting density areas as category probabilities. Nonetheless,
the distributions reveal item-specific preference patterns and enable fine-grained comparisons
across lexical pairs.
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Figure 3.7: PDP for the predictor Item pair, showing density distributions and summary statis-
tics (means and quantile intervals) for each of the 63 item pairs, ordered by overall BrE prefer-
ence.

Next, we consider apparent-time trends for the individual item pairs. Since we are now inter-
ested in how model-based predictions vary with changes in two predictor variables (Date of
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birth and Item pair), we will draw a c-PDP. For an initial overview of the breadth of variation
in apparent-time trends, Figure 3.8 draws 63 profiles, one for each item pair. These show how
the average model-based prediction changes with Date of birth. A number of insights emerge
from Figure 3.8. First, the layering of the profiles, which stretches from the dark red (AmE) to
the dark blue (BrE) region of the plot, echoes the insights afforded by Figure 3.7: Item pairs
span the entire range of the scale, with a concentration at the British end. Further, there is little
suggestion of linear, straight-line trends in apparent time. Rather, the profiles show noticeable
non-local fluctuations. In particular, it appears that the contours are pulled apart most notice-
ably in the middle of the scale. Younger cohorts appear to show patterns of confluence, with
items that earlier generations located firmly at either end of the scale being rated less categori-
cally. In contrast, our CLMM constrains apparent-time trends to straight-line patterns, similar
to Figure 13b in Sönning et al., 2024.
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Figure 3.8: A c-PDP for the predictor Item pair, showing the average prediction for each of
the 63 item pairs in the data.

One caveat is that PDPs can be misleading when data density is low; predictions should be in-
terpreted with less confidence where observations are scarce (see Molnar, 2025). Importantly,
however, the non-parametric flexibility of mixfabOF’s RF component automatically discovers
curved and non-monotonic trajectories without requiring the analyst to pre-specify polynomial
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terms or transformation functions—a key advantage over parametric approaches that demon-
strates why mixfabOF substantially outperforms CLMM on ordinal prediction performance
(Table 3.2).

To demonstrate another capability of partial dependence plots, let us finally consider the apparent-
time pattern for a single item pair. To allow for cross-comparisons with Sönning et al., 2024,
we opt for package–parcel. Reference back to Figure 3.7, where it ranks 6th from the bottom,
shows that it is among the “most AmE” item pairs in the pool.

Before turning to the mixfabOF c-PDP for this item pair, we first inspect the corresponding
CLMM fit to make the comparison concrete. Figure 3.9 visualises item-specific apparent-time
trajectories by displaying the CLMM linear predictors as a function of year of birth. These
trajectories are constructed, in a manner inspired by estimated marginal means (EMMs) (Lenth,
2025), from item-specific intercepts and corresponding slopes with respect to Date of birth,
both computed with continuous covariates at their means and categorical covariates averaged
over. Thresholds are retained rather than averaged over, so that the plotted trajectories show the
pure linear predictor ηig = x⊤

igβ + ug directly, and shifts in ηig across Date of birth can be read
off against the fixed thresholds. Even with the Item × Date of birth interaction included in the
model specification, our CLMM constrains each item’s age effect to a strictly linear trajectory
on the latent scale. The package–parcel line (purple) shows a steady decline in Britishness
as respondents get younger, moving from a strong preference for the British variant “Parcel”
in older cohorts (≈ +1 on the latent scale) to a clear preference for the American variant
“Package” in the youngest cohorts (≈ −1.5).
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Figure 3.9: CLMM item-specific age trends and latent variable interpretation. The left panel
displays linear predictors as a function of year of birth for all items (grey lines), with package–
parcel highlighted in purple and the overall mean trend shown as a thick black line. The right
panels show the conditional normal densities Sig ∼ N(ηig, 1) for the package–parcel item at
two age points (an older and a younger cohort), with dashed purple lines tracing the predicted
latent means across from the left panel.

For a more complete account of the rating patterns associated with this item pair, we now turn
to the mixfabOF c-PDP, which shows variation in ratings across age cohorts without imposing
a linear functional form. In Figure 3.10, the item pair appears in purple, and it is contrasted
with the overall trend for Date of birth, which appears as a black line. The thick purple profile
represents the conditional partial dependence score for package–parcel. The thin purple lines
surrounding it are individual conditional expectation (ICE) curves, which reveal substantial
heterogeneity in observation-level trajectories that the average PDP smooths over.
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Figure 3.10: Conditional partial dependence plot for the predictor Date of birth, conditioning
on a single item pair (package–parcel). The thin purple lines represent ICE curves, the black
line the partial dependence profile for Date of birth across all item pairs.

Compared to the CLMM’s straight-line trajectory in Figure 3.9, the c-PDP trace in Figure 3.10
reveals a distinct non-linear pattern. Rather than exhibiting a steady linear trend toward the
AmE end of the scale, package–parcel hovers around the neutral midpoint of the scale until
approximately 1965, and then drops quite sharply toward the AmE pole, with the youngest
cohorts exhibiting a subtle recovery, with the inclination toward AmE becoming slightly less
pronounced.

The PDP analysis helps explain why mixfabOF outperforms the parametric CLMM (κw =

0.418 vs. 0.345). The CLMM’s linear constraints force it to approximate curved age trajec-
tories with straight lines, resulting in systematic prediction errors—particularly for younger
cohorts where we observe less extreme response behavior overall (see Figure 3.7). In con-
trast, mixfabOF’s random forest component automatically discovers these non-linear patterns
through recursive partitioning, effectively creating piecewise-constant approximations to arbi-
trary functional forms without requiring the analyst to actively allow for such patterns. This
non-parametric flexibility comes at the cost of reduced interpretability relative to parametric
coefficients, but the PDP framework—combined with Variable Importance metrics—provides
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a powerful interpretive tool for understanding complex patterns in the fitted model.

3.6 Discussion

The aim of the current study was to contribute to the methodological discourse on the analysis
of ordinal outcomes in language research. Motivated by recent endorsements of latent-variable
modelling approaches to this type of response variable, we have demonstrated the utility of the
frequency-adjusted borders OF approach developed by Buczak (2025b, 2025c) for the analysis
of a highly structured dataset. The recent extension of this tool to clustered data structures
via mixed-effects components makes it particularly appealing for language research, which
often deals with clustered data structures. This is particularly true for sub-branches of the
language sciences that make routine use of ordinal rating scales (e.g. rating-task experiments
or questionnaire studies). Our case study has shown that this framework achieves better out-
of-sample predictive accuracy than a mixed-effects cumulative regression model. A distinct
advantage of RFs is their computational efficiency with large and high-dimensional datasets,
their ability to reveal non-linear relationships and complex interaction patterns in the data, and
their in-built safeguards against overfitting the data. These unique advantages make RFs a
valuable addition to the linguistic toolkit.

The frequency-adjusted borders Ordinal Forest approach foregrounded in the present paper
ties in with cumulative-link regression models by stipulating an underlying latent variable. It
therefore offers similar interpretative advantages as CLMMs, which have been discussed in
detail by Sönning et al. (2024). Importantly, this allows for meaningful cross-comparisons
between the two modelling approaches and may direct our attention to certain oversimplifying
features of linear regression approaches. In that spirit, mixfabOFs may also serve as useful
adjuncts in regression modelling.

In order for these interpretative advantages to unfold, however, purpose-built software facilities
are required. A particularly useful tool are partial dependence plots. This method of interpre-
tation has so far not been available for (mix)fabOF models. We therefore implemented partial
dependence routines for this class of model, which are made available to the community via
GitHub. Our case study allowed us to illustrate the use and added value of these newly de-
veloped functions. Thus, while VIMs suggest the presence of systematic patterns in the data,
PDPs allow us to follow up on these initial leads and uncover their nature and shape. We
demonstrated how conditional PDPs can be used to look for (and appreciate) interaction pat-
terns in the data, and how ICE curves may be used to shed light on heterogeneity that may be
masked by the averaging process that is inherent to forming partial dependence scores.

From a methodological perspective, several limitations warrant acknowledgment. First and
foremost, the mixfabOF framework currently only supports a single grouping variable. Since
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our case study showed an explicit interest in the behavior of item pairs, it was appropriate to
treat the variable Item pair as a fixed effect. In many other settings that make use of ordinal
rating-scale data, items are instead considered (and therefore statistically treated as) a random
effect, a typical example being an acceptability-judgment study. For the moment, this limits
the wider utility of mixfabOFs for linguistic research. It would therefore be desirable for future
work within the fabOF framework to extend this scheme to crossed random effects.

Second, it should be borne in mind that random forests are suited for exploratory rather than
confirmatory work. Thus, their main strength lies in their ability to handle a (potentially very)
wide range of predictor variables and to detect non-linear relationships as well as complex
interaction patterns. CLMMs, on the other hand, offer a statistically more adequate approach
for confirmatory research – they are able to account for multiple sources of variation in the data
(e.g. crossed random factors) and offer substantively informative effect sizes measures as well
as indications of statistical uncertainty (e.g. confidence intervals). The utility of mixfabOFs
therefore also depends on the stated goals of the analysis, and they are best considered as
complementary to CLMMs.

A further limitation of mixfabOFs is their inability to incorporate survey weights, which may
be necessary if the sample deviates systematically from the population of interest in ways that
affect substantive conclusions. Extending mixfabOF to accommodate survey weights would
enable principled inference to target populations and is an important methodological priority.
This extension would likely require modifying both the RF fitting procedure (to use weighted
sampling) and the border estimation heuristic (to respect weighted quantiles).

Finally, the VIMs we employ are marginal rather than conditional, meaning they reflect the
overall predictive contribution of each variable including any interaction effects involving that
variable. The marginal importance thus conflates main effects with higher-order interactions,
and does not isolate the unique contribution of a variable’s main effect alone. Conditional
variable importance methods (e.g., Debeer & Strobl, 2020; Strobl et al., 2008) could provide
finer-grained insights by isolating main effects, but adapting these methods to the mixfabOF
framework would require methodological research beyond the scope of this study. We note
further, following Debeer and Strobl (2020), that marginal and conditional (“partial”) variable
importance are best read as two extremes on one continuum rather than as competing definitions
of a single true importance, with the choice of perspective depending on the research question.

We hope to have illustrated the added value of (mix)fabOFs for ordinal language data analysis.
In terms of model interpretation, its latent-variable grounding puts it on a par with cumulative-
link regression models, as it likewise provides informative and nuanced insights into patterns
in the data. At the same time, the underlying recursive-partitioning scheme yields several
advantages that allow for flexible and effective data analysis. For these reasons, we would argue
that the (mix)fabOF framework is a serious contender for a permanent place in the toolkit of
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quantitative linguist(ic)s.
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Figure B.1: Excerpt from questionnaire. The full version is available on Zenodo (Krug et al.,
2025).
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Gliederung auf der Basis von modellgestützten Small Area-Schätzungen (Technical Re-
port). infas, DLR, IVT Research, infas 360. Bonn. https://www.mobilitaet-in-deutschl
and.de

113

https://doi.org/10.1002/9780470594001
https://doi.org/10.1002/9780470594001
https://doi.org/10.2307/1403450
https://doi.org/10.2139/ssrn.2244876
https://doi.org/10.1017/cbo9780511607240
https://doi.org/10.1007/s42421-024-00105-1
https://doi.org/10.1007/s42421-024-00105-1
https://doi.org/10.1007/s40953-023-00338-x
https://doi.org/10.1007/s10344-020-01400-2
https://doi.org/10.1007/s10344-020-01400-2
https://doi.org/10.1016/j.jml.2007.12.005
https://doi.org/10.1016/j.jml.2007.12.005
https://doi.org/10.1016/j.jml.2012.11.001
https://doi.org/10.1080/01621459.1988.10478561
https://www.mobilitaet-in-deutschland.de/archive/pdf/MiD2017_Bericht_Regionalisierung_MiD-Ergebnisse_Small_Area-Verfahren_1218.pdf
https://www.mobilitaet-in-deutschland.de/archive/pdf/MiD2017_Bericht_Regionalisierung_MiD-Ergebnisse_Small_Area-Verfahren_1218.pdf
https://www.mobilitaet-in-deutschland.de/archive/pdf/MiD2017_Bericht_Regionalisierung_MiD-Ergebnisse_Small_Area-Verfahren_1218.pdf
https://www.mobilitaet-in-deutschland.de
https://www.mobilitaet-in-deutschland.de


BIBLIOGRAPHY

Bellman, R. E. (1961). Adaptive control processes: A guided tour. Princeton University Press.
https://doi.org/10.1515/9781400874668

Bergonzoli, G., Rossi, L., & Masci, C. (2024). Ordinal mixed-effects random forest. https://do
i.org/10.48550/arXiv.2406.03130

Bien, J., Taylor, J., & Tibshirani, R. (2013). A lasso for hierarchical interactions. Annals of
Statistics, 41(3), 1111–1141. https://doi.org/10.1214/13-AOS1096

Binder, D. A. (1983). On the variances of asymptotically normal estimators from complex
surveys. International Statistical Review / Revue Internationale de Statistique, 51(3),
279–292. https://doi.org/10.2307/1402588

Bock, A. (2020). Lepus europaeus (Lagomorpha: Leporidae). Mammalian Species, 52(997),
125–142. https://doi.org/10.1093/mspecies/seaa010

Brandão, F. J. S., Correia, R. M., & Paio, A. (2018). Measuring urban renewal: A dual kernel
density estimation to assess the intensity of building renovation—case study in Lisbon.
Urban Science, 2(3), 91. https://doi.org/10.3390/urbansci2030091

Breiman, L. (2001). Random forests. Machine Learning, 45(1), 5–32. https://doi.org/10.1023
/A:1010933404324

Buczak, P. (2025a). FabOF: Frequency adjusted borders ordinal forest for ordinal prediction.
https://github.com/phibuc/fabOF

Buczak, P. (2025b). Frequency-adjusted borders ordinal forest: A novel tree ensemble method
for ordinal prediction. British Journal of Mathematical and Statistical Psychology,
78(2), 594–616. https://doi.org/10.1111/bmsp.12375

Buczak, P. (2025c). Mixed-effects frequency-adjusted borders ordinal forest: A tree ensemble
method for ordinal prediction with hierarchical data. Multivariate Behavioral Research,
60(6), 1237–1252. https://doi.org/10.1080/00273171.2025.2547416

Buczak, P., Horn, D., & Pauly, M. (2025). Old but gold or new and shiny? comparing tree
ensembles for ordinal prediction with a classic parametric approach. Journal of Classi-
fication, 42(2), 364–390. https://doi.org/10.1007/s00357-024-09497-9

Buhl, Y., Kovacevic, Z., Le Jeune, D., Nguyen, L., & Ritter, J. (2025). restatis: R wrapper to
access a wide range of Germany’s federal statistical system databases based on the
GENESIS web service RESTful API of the German federal statistical office (Statistis-
ches Bundesamt/Destatis). manual. https://doi.org/10.32614/CRAN.package.restatis

Bundesinstitut für Bau-, Stadt- und Raumforschung. (2025). INKAR – Indikatoren und Karten
zur Raum- und Stadtentwicklung. Retrieved December 1, 2025, from https://www.inka
r.de/

Burgard, J. P., Krause, J., & Kreber, D. (2019). Regularized area-level modelling for ro-
bust small area estimation in the presence of unknown covariate measurement errors
(Research Papers in Economics No. 4/19). Universität Trier, Fachbereich IV - Volk-
swirtschaftslehre. Trier. https://hdl.handle.net/10419/207036

Burgard, J. P., Krause, J., Kreber, D., & Morales, D. (2021). The generalized equivalence of
regularization and min–max robustification in linear mixed models. Statistical Papers,
62(6), 2857–2883. https://doi.org/10.1007/s00362-020-01214-z

Bürkner, P.-C., & Vuorre, M. (2019). Ordinal regression models in psychology: A tutorial.
Advances in Methods and Practices in Psychological Science, 2(1), 77–101. https://doi
.org/10.1177/2515245918823199

Celeux, G. (1985). The SEM algorithm: A probabilistic teacher algorithm derived from the EM
algorithm for the mixture problem. Computational statistics quarterly, 2, 73–82.

114

https://doi.org/10.1515/9781400874668
https://doi.org/10.48550/arXiv.2406.03130
https://doi.org/10.48550/arXiv.2406.03130
https://doi.org/10.1214/13-AOS1096
https://doi.org/10.2307/1402588
https://doi.org/10.1093/mspecies/seaa010
https://doi.org/10.3390/urbansci2030091
https://doi.org/10.1023/A:1010933404324
https://doi.org/10.1023/A:1010933404324
https://github.com/phibuc/fabOF
https://doi.org/10.1111/bmsp.12375
https://doi.org/10.1080/00273171.2025.2547416
https://doi.org/10.1007/s00357-024-09497-9
https://doi.org/10.32614/CRAN.package.restatis
https://www.inkar.de/
https://www.inkar.de/
https://hdl.handle.net/10419/207036
https://doi.org/10.1007/s00362-020-01214-z
https://doi.org/10.1177/2515245918823199
https://doi.org/10.1177/2515245918823199


BIBLIOGRAPHY

Celeux, G., Chauveau, D., & Diebolt, J. (1996). Stochastic versions of the EM algorithm: An
experimental study in the mixture case. Journal of statistical computation and simula-
tion, 55(4), 287–314. https://doi.org/10.1080/00949659608811772

Christensen, R. H. B. (2023). Cumulative link models for ordinal regression with the R package
ordinal (tech. rep.). CRAN. https://CRAN.R-Project.org/package=ordinal

Cohen, J. (1968). Weighted kappa: Nominal scale agreement provision for scaled disagreement
or partial credit. Psychological Bulletin, 70(4), 213–220. https://doi.org/10.1037/h002
6256

Cowart, W. (1997). Experimental syntax: Applying objective methods to sentence judgments.
Sage. https://us.sagepub.com/en-us/nam/experimental-syntax/book6067

Dammann-Tamke, H. (2025). DJV Handbuch 2025. Deutscher Jagdverband. https://www.grub
e.de/p/djv-handbuch-2025/P76-381-2025/

Debeer, D., & Strobl, C. (2020). Conditional permutation importance revisited. BMC Bioinfor-
matics, 21(1), 307. https://doi.org/10.1186/s12859-020-03622-2

Dempster, A. P., Laird, N. M., & Rubin, D. B. (1977). Maximum likelihood from incomplete
data via the EM algorithm. Journal of the Royal Statistical Society Series B: Statistical
Methodology, 39(1), 1–22. https://doi.org/10.1111/j.2517-6161.1977.tb01600.x

Destatis. (2024a). Bevölkerungszahlen in Gitterzellen. https://www.zensus2022.de/static/Zens
us Veroeffentlichung/Zensus2022 Bevoelkerungszahl.zip

Destatis. (2024b). Personen: Bevölkerungszahl, Code: 1000A-0000. https://ergebnisse.zensus
2022.de/datenbank/online/url/dc1a89b7

Deville, J.-C., & Särndal, C.-E. (1992). Calibration estimators in survey sampling. Journal of
the American Statistical Association, 87(418), 376–382. https://doi.org/10.2307/22902
68
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Krug, M., Schützler, O., & Werner, V. (2020). How British is Gibraltar English? In P. Núñez-
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