Secondary Publication

Radi, Davide; Westerhoff, Frank

The green transition of firms : the role of evolutionary competition,
adjustment costs, transition risk, and positive externalities in green

technology adoption

Date of secondary publication: 16.01.2026
Version of Record (Published Version), Article

Persistent identifier: urn:nbn:de:bvb:473-irb-112601x

Primary publication

Radi, Davide; Westerhoff, Frank (2025): The green transition of firms : the role of evolutionary
competition, adjustment costs, transition risk, and positive externalities in green technology
adoption, in: Macroeconomic dynamics, Cambridge: Cambridge University Press, Vol. 29, Nr.
e165, pp. 1-35, doi: 10.1017/s1365100525100710.

Legal Notice
This work is protected by copyright and/or the indication of a licence. You are

free to use this work in any way permitted by the copyright and/or the licence
that applies to your usage. For other uses, you must obtain permission from

the rights-holders.

This document is made available under a Creative Commons license.

@ @ The license information is available online:
L-H https://creativecommons.org/licenses/by/4.0/legalcode



https://doi.org/10.1017/s1365100525100710
https://creativecommons.org/licenses/by/4.0/legalcode

Macroeconomic Dynamics (2025), 29, e165, pp. 1-35

doi:10.1017/51365100525100710 CAMBR[[)GE

UNIVERSITY PRESS

ARTICLE

The green transition of firms: the role of evolutionary
competition, adjustment costs, transition risk, and
positive externalities in green technology adoption*

Davide Radi!*? and Frank Westerhoff?

' Department of Mathematics for Economic, Financial and Actuarial Sciences (DiMSEFA), Catholic University of Sacred
Heart, Via Necchi 9, Milan, 20123, Italy

2Department of Finance, VSB - Technical University of Ostrava, Ostrava, Czech Republic

3Department of Economics, University of Bamberg, Bamberg, Germany

Corresponding author: Davide Radi; Email: davide.radi@unicatt.it

Abstract

We propose an evolutionary competition model to investigate the green transition of firms, highlighting
the role of adjustment costs, state-dependent transition risk, and positive externalities in green technology
adoption. Firms base their decisions to adopt either green or brown technologies on relative performance.
To incorporate the costs of switching to another technology into their decision-making process, we adopt
anovel, ad hoc crafted, replicator dynamics. Our global analysis reveals that increasing transition risk, e.g.,
by threatening to impose stricter environmental regulations, effectively incentivizes the green transition.
Economic policy recommendations derived from our model further suggest maintaining high transition
risk regardless of the industry’s level of greenness. Subsidizing the costs of adopting green technologies
can reduce the risk of a failed green transition. While positive externalities in green technology adoption
can amplify the effects of green policies, they do not completely eliminate the possibility of a failed green
transition. Finally, evolutionary pressure reduces the extent of green economic policies required to ensure
a successful green transition.

Keywords: green transition; adaptive climate policy; adjustment costs; state-dependent transition risk; positive externalities
in green technology adoption; evolutionary competition

JEL classifications: Q55; D21; C73; C62

1. Introduction

In line with the European Green Deal and the 2015 Paris Climate Agreement, the European Union
(EU) aims to achieve climate neutrality by 2050, striving for a net-zero greenhouse gas emissions
economy. The transition to a low-carbon economy requires firms to adopt green technologies
(Rodrik, 2014), which may reduce their profitability (Morgenstern et al., 2001).! Unfortunately,
this financial burden may slow or even prevent the green transition.

In this paper, we propose a novel model of evolutionary competition to enhance our under-
standing of the green transition. In addition to evolutionary competition, our model incorporates
three key factors: adjustment costs, state-dependent transition risk, and positive externalities in
the green technology adoption. Adjustment costs represent the one-time fixed costs that firms

*The paper benefited from the comments of the participants at the 27th Annual Workshop on Economics with Heterogeneous
Interacting Agents (WEHIA 2024) in Bamberg. We thank Tomasz Makarewicz and Kerstin Hotte for their valuable insights
and stimulating discussions.
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2 D. Radi and F. Westerhoff

incur when they change their production technology (Buccella et al. 2024). Transition risk refers
to the possibility that new green regulations will make activities that are incompatible with a low-
carbon economy more expensive, e.g., by imposing a carbon tax, or force brown firms to change
production technologies and bear the associated costs (Dunz et al. 2021; Bolton and Kacperczyk,
2023). This risk is state-dependent, meaning its intensity varies with the level of greenness in the
industry (Buccella et al., 2024). In contrast, positive externalities in green technology adoption are
responsible for increasing the returns to adopting green production technologies (Porter and Van
der Linde, 1995; Zeppini, 2015).

Our goal is to underline the conditions under which these factors promote the adoption of
green technologies. In particular, investigating the global dynamics of the model we classify these
conditions into merely necessary, sufficient, and necessary and sufficient. This allow us to provide
useful policy indications and the related risks. We do this in a context of evolutionary compe-
tition. Evolutionary strategy selection is a characteristic of manager-led firms (Hirshleifer, 1993)
and is frequently employed in studies of environmental issues (Zeppini, 2015; Antoci, et al., 2022;
Antoci, et al., 2022; Iannucci and Tampieri, 2024). The dynamic framework we employ is a gen-
eralized version of the exponential replicator dynamics (Hofbauer and Weibull, 1996; Hofbauer
and Sigmund, 2003), which introduces an essential innovation to account for the costs associated
with changing production technologies.

Our investigation follows a benchmark approach. We start considering a first baseline model
where a firm is run by a manager. The manager who runs the company is replaced every period
and is selected from a population of managers. This population is made of pro-green technology
managers and pro-brown technology managers. A company run by a pro-green, resp. pro-brown,
technology manager is a company that adopts a green, resp. brown, technology. The composi-
tion of the population of managers, say the fraction of pro-green technology managers, evolves
according to an exponential replicator dynamics, and so the probability that the firm adopts a
green technology or a brown technology. The payoffs that drive the evolutionary selection pro-
cess are the profits of a green and a brown firm. These profits are assumed to be constant. In the
second benchmark model, we introduce adjustment costs. The repeated technological adoption
choice process is now driven by a novel ad-hoc crafted one-dimensional discrete-time replicator
dynamics. This approach assigns adjustment costs to firms that change technologies and incor-
porates these costs into the manager selection process. Finally, we analyze the full-fledged model,
which includes adjustment costs, state-dependent transition risk, and positive externalities in the
green technology adoption process. This model is represented by a two-dimensional discrete-time
exponential replicator dynamics, also introduced here for the first time.

Our main findings are as follows: In the absence of adjustment costs, state-dependent transition
risk, and positive externalities in the green technology adoption process, a green transition occurs
only when green technology becomes the most profitable option—or when it is made so through
regulation.

Adding adjustment costs to the model introduces uncertainty about which technology will be
adopted; the higher the cost of switching, the lower the likelihood of adoption. As a result, a green
transition may fail to materialize even when the green technology is the most profitable option.
To mitigate this risk, regulations should impose additional costs on brown production to ensure
that green technology yields the highest net profit. Interestingly, evolutionary pressure—i.e., the
tendency to adopt the more profitable technology—shapes the basins of attraction when multiple
stable equilibria exist. It tends to expand the basin of attraction of the equilibrium associated
with the green transition when the profit advantage of remaining a green firm exceeds that of
remaining a brown firm. From a policy perspective, stronger evolutionary pressure reduces the
extent of green economic policies needed to ensure a successful green transition.

Taking into account state-dependent transition risk and positive externalities in green technol-
ogy adoption, our model offers several scenarios. We employ analytical arguments to characterize
all of them and identify the economic conditions that facilitate a green transition. One key finding
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is that, although transition risk may be state-dependent, it does not preclude the possibility of a
green transition. Conversely, the presence of positive externalities in green technology adoption
does not guarantee success, as the failure of a green transition remains possible. Furthermore,
even when the green technology is the most profitable, a green transition may not occur, due to
adjustment costs. Nevertheless, the results confirm that an increasing transition risk lowers the
likelihood of a failed green transition. The economic policy recommendation is to maintain a
high level of transition risk regardless of the number of brown firms in the industry. This is in line
with Bergh (2012), who emphasizes that mitigating climate change is a public good and requires
effective, systemic policies to promote a low-carbon transition and avoid “escape routes” associ-
ated with partial solutions. As highlighted in Alessi and Battiston (2022), maintaining a high level
of transition risk irrespective of the degree of greenness is a conservative approach that also helps
mitigate the risk of greenwashing—an issue not addressed in the present study.

In conclusion, the only green economic policy that guarantees a full green transition is
the credible threat of implementing stronger measures—such as imposing a tax on brown
production—that significantly increase transition risk. In contrast, subsidizing green technol-
ogy ensures the green transition only if it renders green technology more profitable than brown
technology.

The road map of the paper is as follows. Section 2 briefly reviews the related literature and
empirical evidence. Section 3 introduces our model and two nested versions. Section 4 investigates
the dynamics of the simplest nested version of the model, which excludes adjustment costs, state-
dependent transition risk, and positive externalities in the green technology adoption. Section 5
examines the dynamics of the nested version that includes adjustment costs but excludes state-
dependent transition risk and positive externalities in green technology adoption. The aim is to
highlight the role of adjustment costs between green and brown production. Section 6 explores
the dynamics of the full-fledged model, focusing on the role of adjustment costs, state-dependent
transition risk, and positive externalities in the green technology adoption. The implications of
possible green economic policies are also discussed. Section 7 concludes. Appendix A contains
analytical results for the full-fledged model and numerical tests that confirm the robustness of the
results. All technical proofs are provided in Appendix B.

2. Related literature and empirical evidence

2.1. Adjustment costs, tate-dependent transition risk, and positive externalities in green
technology adoption

Adjustment costs are a key factor in lost profits during the green transition. The adoption of

green technologies or changing production technologies in general, involves significant upfront

fixed costs (Buccella et al., 2024). In addition, productivity losses are another effect of environ-

mental regulations,” along with various direct and indirect production costs, caused by factors

such as crowding out other productive investments (Rose, 1983), discouraging investment in

more efficient facilities (Gruenspecht, 1982; Nelson et al., 1993), and meeting pollution control

requirements (Joshi et al., 1997).

On the other hand, firms operating with brown technology are exposed to the risk of more
stringent environmental regulations, commonly referred to as climate policy transition risk (Fried
etal., 2022). This risk negatively affects the profit expectations of brown firms. Climate policy tran-
sition risk encompasses the possibility of new environmental regulations that require brown firms
to adopt green technologies and bear the associated adjustment costs. It also includes the risk of
carbon pricing and stringent green economic policies designed to internalize carbon externalities,
such as a carbon tax or tradable emissions permits, see, e.g., Bowen (2011), Antoci et al. (2021),
and Iannucci and Tampieri (2024).

Importantly, climate policy transition risk may be state-dependent, meaning that public atten-
tion, and hence political pressure for a green transition, declines as the industry becomes greener.
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4 D. Radi and F. Westerhoff

This reduction in environmental concern has a positive impact on the market value of carbon-
intensive firms (Engle et al., 2020) and reduces the positive performance of green stocks, negative
greenium, (Pastor et al,, 2022). Our model captures this state-dependent transition risk by
assuming that as fewer firms rely on brown technologies, their production becomes increasingly
profitable.

Conversely, clean technologies tend to have steeper learning curves than incumbent dirty tech-
nologies, see McNerney et al. (2011), and the cost of green technologies decreases as their adoption
grows.® This reduction results from advances in green technologies, including economies of scale
in the production of low-carbon technologies (Pearson and Foxon, 2012), technical improve-
ments (Arthur, 1989; Unruh, 2000; Zeppini, 2015), and positive externalities or spillover effects
as production scales up and firms accumulate experience (Katz and Shapiro, 1985; Grubb et al.,
2002).

We model this aspect by assuming that the profitability of green technologies increases when
all firms adopt them, and we test the hypothesis that positive externalities in green technology
adoption favors a green transition (Pearson and Foxon, 2012). Finally, the green transition can
be profitable for firms because it can create new opportunities and capture new market share
(M. Porter, 1991; M.E. Porter and Van der Linde, 1995). Our model is flexible enough to cap-
ture this scenario, as well as to highlight how positive externalities in green technology adoption
interacts with green economic policies, amplifying their impact.*

2.2. Contextualizing our research

Our results build on and extend the work of Zeppini (2015) by introducing a more comprehensive
framework that incorporates adjustment costs and state-dependent transition risk. These novel-
ties require alternative modeling choices in order to maintain analytical tractability. Specifically,
the technology adoption process in Zeppini (2015) follows discrete choice dynamics, a micro-
founded model of social learning that has been widely adopted in the economic and financial
literature, see Brock and Hommes (1997, 1998). In contrast, our model is characterized by evolu-
tionary dynamics. Instead of incorporating adjustment costs and state-dependent transition risk,
Zeppini’s (2015) model accounts for endogenous technological progress, environmental policy,
and social learning. The results are also similar, with a carbon lock-in equilibrium that requires a
carbon tax to overcome and enforce the green transition.

Moreover, our findings on the role of transition risk are consistent with those of Fried et al.
(2022), who find that such risks reduce carbon emissions by encouraging investment in cleaner
technologies. Interestingly, Fried et al. (2022) emphasize that the risk aversion of firms causes
the green transition to accelerate more in response to transition risk than in response to a small,
certain carbon tax. Their findings are based on a dynamic general equilibrium model that incor-
porates beliefs about the likelihood that the government will adopt a climate policy that transitions
the economy to a lower-carbon steady state. Our setup, on the other hand, belongs to the realm
of partial equilibrium models and is based on evolutionary competition and firms seeking the
best relative performance. The fact that different modeling approaches yield the same result con-
firms its robustness. Anecdotal evidence also supports this, as the announcement and subsequent
implementation of a carbon tax has led to a significant decline in the value of fossil capital, see,
e.g., Ploeg and Rezai (2020).

Carattini et al. (2023) point out that transition risk, such as the imposition of a carbon tax, is
often combined with macro-prudential policies (e.g., a tax on brown assets for banks) to mitigate
the risk of macroeconomic instability. Thus, a brown firm must consider not only the risk of a
carbon tax, but also the risk that its carbon-intensive assets may become stranded, i.e., lose most
of their economic value. It is also worth noting that these results contradict the predictions of
the green paradox literature (e.g. Sinn, 2008), which argues that the risk of future climate poli-
cies would increase current emissions by strengthening incentives to extract fossil fuels, thereby
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expanding supply. These conflicting results may be due to specific conditions that transition risk
must satisfy in order to meaningfully affect investments (Fried et al., 2022): (1) the likelihood that
a climate policy will be adopted in the near future cannot be trivially small and (2) firms must
believe that the climate policy, if implemented, will be stringent enough to change the return on
investment. These conditions are confirmed by our analysis and are typically met in practice, as
evidenced by surveys showing that firms anticipate business risks from existing or expected carbon
regulations by shifting investments to projects that would be competitive in a carbon-constrained
future (Ahluwalia, 2017).

Our analysis also echoes the findings of Engle et al. (2020), who show that the stock prices of
firms most exposed to transition risk perform relatively worse during periods when attention to
regulatory risk is higher (e.g., after negative news about climate change) or after events that are
likely to increase the perceived likelihood of future climate regulation. Our contribution is also
related to the literature on partial equilibrium models that explore the impacts of environmen-
tal policy uncertainty on investment and location decisions (Xepapadeas, 2001; Pommeret and
Schubert, 2018). In contrast to policy-driven uncertainty, a much larger body of literature focuses
on how optimal environmental policies are affected by uncertainty arising from often irreversible
environmental shocks (Lemoine and Traeger, 2014).

3. Model setup

Consider a duopoly market in which each firm is managed by a single manager, who is replaced
at every time period. Each firm draws its manager from a dedicated population of potential can-
didates. This structure ensures compliance with standard non-compete covenants: managers who
have served at one firm cannot later manage the competing firm in the same market.

Each population consists of two types of managers: those who favor green technology (pro-
green) and those who favor brown technology (pro-brown).” When a pro-green (respectively,
pro-brown) manager is appointed, the firm adopts green (respectively, brown) technology and
is thus referred to as a green (respectively, brown) firm. Hence, the type of technology adopted
by a firm may vary from period to period. The composition of each population—the fractions of
pro-green and pro-brown managers—evolves over time. Since managers are assigned randomly
from the population, see Droste et al., (2002) for a similar setup, the probability that a firm adopts
green technology at any given time is equal to the current fraction of pro-green managers in its
respective population.

The market is assumed to be in equilibrium at every point in time, which allows us to abstract
from the specific form of competition (e.g., Cournot) that might otherwise characterize market
interactions. Nevertheless, the duopoly assumption remains essential, as it determines the number
of distinct managerial populations involved.

A firm that adopts a green technology is denoted by G, a firm that adopts a brown technology is
denoted by B. A green technology ensures a payoff I1 (G, X) while a brown technology ensures a
payoff of IT (B, X). These payoffs depend on X, which is the technology adopted by the competitor.

The dependence of the profit function on the technology adopted by the competitor is due to
two factors: positive externalities in the green technology adoption process and a state-dependent
transition risk. Firms adopt green technologies produced by another industry. Factors such as
experience, spillover effects, accumulated knowledge, and economies of scale contribute to posi-
tive externalities in the adoption of green technology, making it more profitable when both firms
adopt it, see, e.g., Unruh (2000), Allen (2009), Pearson and Foxon (2012) and Zeppini (2015).
Then we have that:

(G G) =M% >T11(G B) =118 (1)

Climate policy transition risk is the risk that a new stringent environmental regulation is intro-
duced and reduces the profitability of the brown technology, see, e.g., Fried et al. (2022) and
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6 D. Radi and F. Westerhoff

Carattini et al. (2023). We model this type of risk by assuming that it is higher when both firms
adopt a brown technology, which we call state-dependent transition risk.® This modeling assump-
tion echoes the findings of Engle et al. (2020), which show that the stock prices of firms most
exposed to transition risk perform relatively worse during periods when attention to regulatory
risk is plausibly higher (e.g., when there is negative news about climate change) or after events that
are likely to increase the perceived likelihood of future climate regulation. Moreover, this model-
ing assumption has a microfoundation in the theoretical work of Buccella et al. (2024), where it is
shown that the optimal rate of environmental taxation is a decreasing function of the number of
green firms.” Therefore:

1 (B,G) =I1%¢ > 11 (B, B) = 1%8 (2)

There are no restrictions on the profit gap between green and brown productions. Evidence
and surveys suggest that this gap is negative, see, e.g., Schmalensee (1994), Jaffe et al. (1995),
Morgenstern et al. (2001) and U.S. Office of Technology Assessment (1994). However, there are
also arguments supporting the idea that environmental regulation could be costless or even prof-
itable, see, e.g., Porter (1991) and Porter and Van der Linde (1995). The underlying notion is that
environmental requirements can encourage plant managers to innovate and thus offset the costs
associated with environmental protection. Finally, we assume that a firm has to pay an adjustment
cost of CB to switch from a green to a brown technology, while it has to pay an adjustment cost of
CC to switch from a brown to a green technology. The adjustment, or switching, cost is treated sep-
arately from other profit components, as it is incurred only when there is a change in the adopted
technology. Crucially, these costs are independent of the number of firms adopting the technol-
ogy. They may include expenses such as machinery disposal, installation, or transportation - fixed
costs that are specific to each firm and unaffected by the decisions of others. See, e.g., Buccella et al.
(2024) for similar assumptions.

Inspired by the management literature that emphasizes how managers tend to make decisions
in order to achieve the best relative performance, see, e.g., Hirshleifer (1993), we assume that
the fraction of pro-green managers in the two populations is updated according to an exponen-
tial replicator dynamics as in Cabrales and Sobel (1992), see also Hofbauer and Sigmund (2003),
adjusted to account for the costs of switching strategies.® Let P;(G}) = n;’G be the fraction of man-
agers in population i that are pro-green, with i € {1, 2}, and let P_i(Gt_i) =, G be the fraction of
pro-green managers in the other population. The fraction of pro-green managers in population i
is updated at each time step t according to the following revision protocol:’

ni =P <Gi+1‘ ot "t_i’(;) 0t + P, (Gfurl‘ B; ”t_i’G) (1= %), (3)
where
Pi(Giia| Gling ™)
0t exp (ﬁE[HGlni’G =1n,; m])

- i,G i,G —i,G i,G i,G —i,G (4)
N, exp (,BE[HGMt’ =1,n" ])—i—(l—nt’ )exp (ﬁE[HBMt’ =1,n," ])

and
. i
P(Gthr1|Bl;’7tZ )
i,G i,G —1,G
n exp(ﬁE[l'[GM; =0,n," ])

-G iG _iG iG iG G\’ (%)
N¢  €exp (ﬁE[HGM{ =0,n; " ])""(1_77{ ) exp (ﬁE[HBMf =0,n; " ])

with equations (4) and (5) that represent fractions computed according to an exponential
replicator dynamics, as described in Cressman (2003).1°
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The intensity of the mangers’ choice is represented by B. The higher f is, the stronger the
tendency to favor the currently more profitable technology, and consequently, the higher the
proportion of managers who support it. In accordance with the underlying assumptions and con-
sistent with evolutionary dynamics, we assume that the manager appointed to run firm i at time ¢
forms expectations about profits at time f 4+ 1 according to the following expression:

E [HG| il =1, nt—i,G:I — 1166y C 4 6B (1 _ Ut_i’G>
B [HG| nC =0, nt—i,G] = (19 — ¢9) 00 (1165 — ) (1 _ m—i,G)
=E [HG‘ ni’G =1, nt_i’G] —C°
E [HB| n;’,G _o, nt—i,G:I _ l—[BGnt—i,G 4 B8 (1 _ m—i,G)
B[] = 10 ] = (100 — ) 7+ (07— ) (1= )
—=E [nB |0y =0,n, "’G] —CP. (6)
Then, the dynamics of ni’G, with i =1, 2, is given by
1,G) >
’7t1f1: LG G <nt )ZG 2,G
ny” 4+ (1 —ny ) exp (ﬁ ((HBG — M6G) ™ + (T1BB — [19B) (1 —ny ) — CB))

1,G 1,G
2 (1-1)

o+ (1= nt€) exp (p (1170 — 1196) 2 4 (07 = 1167) (1= 7€) + C)

2
2,G
2,G (nt )

M1 =
726 4 (1 B nf,G) exp (/6 ((HBG ~ TGG) 1€ 4 (TP — [1GB) <1 _ ml’G) _ CB))

ny ¢ (1 - nf’G)
%+ (1= 07 %) exp (B (176 = 9G) 0t + (11B8 - 1167) (1= n}%) + CF))
(7)

_|_

+

where all parameters are assumed to be positive, that is TI28, TTBB, 1166, 118, CB, C©, B > 0. Let
us point out that equations (6)—-(7) are derived from (3) by first substituting equation (4), followed
by equation (5).

To describe the fractions, we consider and investigate the dynamics of the model in the unit
box D = [0, 1]2. However, before focusing on the full version of our model, we consider two nested
cases.

The first benchmark setup is the nested model with adjustment costs but without positive exter-
nalities in the green technology adoption and state-dependent transition risk. The dynamics of
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this model is driven by a one-dimensional map and takes the form of an exponential replicator
dynamics adjusted to account for the switching of strategies. We thus have that

(GG =M% =11 (G, B =8 =n°¢ (8)
and
I1 (B, G) =T8¢ =11 (B, B) = N2 = 1%. 9)
Then, the expected profits of a manger appointed to run firm i do not depend on the opponent’s
choice:
E _HG} nC =1, 57"C | = 195G 4 1B (1 _ m—i,G) — %% 4+ ¢ (1 _ nt—z’,c;) -6

E HG} n;‘,G —0, nt—i,G _E [HG| n;’,G _1 nt—i,G] _ G =116 _ G

E| 8| nC =0, 57¢] = 1BCy 4G 4 188 (1 _ nt—i,G) — 1By 4 1B (1 _ m—i,G) — 1B

E[ 0] i =10, = [ 0¥ ¢ =0,5,%%] - " =1F — C¥ (10)
Therefore, the dynamics of n” “and n; " “ are independent. It follows that the evolutionary model
(7) is a decoupled two-dimensional dynamical system. Its dynamics is fully described by the

following one-dimensional replicator dynamics, adjusted to account for the cost of switching
strategy:

Niyr =1 = :
T O (1= i) exp (8 (TP — 16 — CB))

i,G

1 — G _ . Mt
O P e (11 00

The second benchmark setup is the nested model without positive externalities in green tech-
nology adoption, state-dependent transition risk, and adjustment costs, i.e., C® = C% = 0. Then,
the fraction of managers that are pro green in the next period does not depend on the need
to switch strategies, and the one-dimensional model (11) reduces to the exponential replicator
dynamics, as proposed by Hofbauer and Sigmund (2003):

(11)

i,G
i,G 77t

n . .
TS (1= %) exp (B (TB — 119))

In the following, we will first analyze model (12), then (11), and finally (7). Moreover, we will
denote by 3 (-) the basin of an attractor, i.e., the set of trajectories that converge to the attractor in
the long run.

Before proceeding with the analysis, let us recall that, due to the pairwise random matching
assumption, the fraction of pro-green managers in population i at any point in time is equal to the

probability that firm i adopts green technology. Hence, P; (G}) = ni’G is also the likelihood that

(12)

firm i, with i € {1, 2}, adopts the green technology at time t and P_;(G;, = N 5G is the probability
that the opponent firm adopts the green technology at same time.

With this clarification in place, we define the green transition as the state in which both man-
agerial populations consist entirely of pro-green managers. Formally, this corresponds to the
situation where the probability that both firms adopt green technology is equal to one.

In the following, we will primarily refer to the probability that a firm is green, with the
understanding that this is equivalent to the fraction of pro-green managers in the corresponding
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Figure 1. Staircase diagrams for model (12). Panel (a), IT¢ = 0.5 and I1g = 1. Panel (b), [1; = 1 and I1g = 1. Panel (c), [1g = 1
and I1g = 0.5. Remaining parameters: § = 1.

managerial population. Likewise, we will refer to a green transition as the state of the system
in which both firms are green with probability one—understood to mean that both managerial
populations are composed exclusively of pro-green managers.

4. Dynamics of the model without positive externalities in green technology
adoption, state-dependent transition risk, and adjustment costs

If we drop the dependence of  on i for the sake of notation simplicity, the following results hold
for model (12).

Proposition 1. Consider B > 0. Points ﬁOG =0 and f)lG =1 are equilibria of model (12). Moreover,
for

(1) Mg > Ip, we have that n =1 is globally stable in the sense that B (ﬁIG) =(0,1];

(2) g < Ip, we have that ) = 0 is globally stable in the sense that B (ﬁg) =[0,1);

(3) g =TI1p, the segment [0, 1] is filled with equilibria that are marginally stable.

The results given in Proposition 1, and their graphical representation using the staircase dia-
grams in Figure 1, indicate that the green technology will be adopted in the long run if the
profit generated by this technology is higher than the profit generated by the brown technol-
ogy. Otherwise, the brown technology will be adopted in the long run. By threatening a stringent
environmental regulation, such as a lump sum tax greater than the profit gap between brown and

green technologies, policymakers can ensure a green transition even if the brown technology is
more profitable.

5. Dynamics of the model with adjustment costs but without positive externalities in
green technology adoption and state-dependent transition risk

The following results hold for model (11).
Proposition 2. Assume CB, CY > 0, either C® >0 or C% > 0, and B > 0. Moreover, let ﬁSG =0,
ﬁ’l’G =1and

G exp (B (I8 — 1€ + C%)) —1

Min = exp (B (TIB — G + CG)) — 1 +exp (B (I1¢ — 1B + CB)) — 1’

(13)
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Figure 2. Staircase diagrams for model (11). Panel (a), [1g = 1.3. Panel (b), [1g = 1. Panel (c), [Tz = 0.6. Remaining parame-
ters: T1g = 0.95; C° = 0.3;C8 =0.3and g = 4.

We have the following:
(1) for I > T+ CB, 5 ’G and 171 are the equilibria, ﬁi’G is unstable, while ﬁé’G is locally
asymptotically stable and B(7g ) = [0, 1);
(2) for Tig + CB > Ip > I — CY, ﬁé’G, ﬁi’G and ﬁf;qG are the equilibria ﬁfnG is unstable while
[0 771,1 ) and B(n ) - (r’ln > ];

(3) for g — C° > I3, ﬁf)’G and.ﬁi’G are the equilibria, 770’ is unstable, while 770’ is locally
asymptotically stable and B(ﬁll’G) =(0,1].

S and ﬁé’G are locally asymptotically stable and B(ﬁé’ )=

The results given in Proposition 2, and their graphical representation using the staircase dia-
grams in Figure 2, indicate that the green technology will be adopted in the long run if the profit
generated by this technology, reduced by the cost of switching to the green technology, is higher
than the profit generated by the brown technology. In contrast, the brown technology will be
adopted in the long run if the profit generated by this technology, reduced by the cost of switching
to the brown technology, is higher than the profit generated by the green technology. In all the
other cases, both the probability of adopting a green technology and the probability of adopting a
brown technology are positive. Comparing these results with those obtained for the model with-
out switching costs, we can observe that in the presence of switching costs, a technology becomes
the dominant technology only if its net profit (reduced by the switching cost) is higher than the
gross profit (not reduced by the switching cost) of the other technology. In summary, switching
costs increase the uncertainty about the technology that will be adopted. Moreover, the higher the
cost to switching to a technology, the lower the probability that the technology will be adopted.
Finally, due to the adjustment costs, there is the risk that the green technology will not be adopted
even though it is the most profitable one. We also note that the intensity of choice affects on the

value of the inner equilibrium ﬁﬁf and thus the green transition. This does not happen when we
consider a classical exponential replicator dynamics. In particular, we have the following.

Corollary 1. Consider Tlg+ C? > Tp > I — CC and B> 0. Then ﬁ::;iG is an unstable inner

equilibrium. Moreover,

(1) for BarrowO0, we have
ne — e+ co

o €O (14)

ﬂlll’l(’)l 77m = 77m (ﬁ—)O)

and the larger the profit gap between a brown and a green technology, i.e. TI8 —
larger the basin of attraction of equilibrium f)SG =0.

T1C, the
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(2) for Barrow + oo, we have

) G 1 if2(Me-nf)+c?-c<o s
1m )’} _)’}
prostoo ' T IMEZ T ) (6 - By 4 B - (B 5 0

and if the profit gap of remaznmg a green ﬁrm is higher than the proﬁt gap of remaining a
brown firm, i.e. TI¢ — ( CB) > 18 — ( CG) then lS’(n1 ) becomes (0, 1], i.e., n’lG
is a global attractor. In contrast, if the profit gap of remaining a green firm is lower than
the profit gap of remaining a brown firm, i.e, T1° — (T1¥ — CP) < 1® — (T1 — C©), then
B(ﬁSG) becomes [0, 1), i.e., ﬁf,’G is a global attractor.

(3) if the profit gap of remaining a green firm is higher than the profit gap of remaining a brown
firm, i.e, 119 — (T1% — CB) > ® — (119 — C°), then the basin of attraction ofﬁi’G increases
as the intensity of choice, parameter B, increases, otherwise it decreases.

The results in Corollary (1) indicate that the green transition also depends on the propen-
sity to switch to the more profitable technology. The research conducted so far provides a
number of implications for economic policy. First of all, 7 := max {HB — %+ CG; 0} quan-
tifies the minimum tax that must be imposed on the brown technology to ensure the green
transition. Moreover, 1:23 = max {HB — 1% — CB; O} (< 7 ) quantlﬁes the minimum negative
impact on the profit of brown production that a green regulation must have in order to cre-
ate the necessary conditions for the green transition. Finally, the higher the intensity of the
choice, parameter S, the lower the lump sum tax required to enforce the green transition. For
Barrow + oo, for example, a green regulation that reduces the profit of a brown production by
Pt

the amount 72 := max {HB — % — =<5

} € [tZB, tf] is a sufficient condition for the green
transition.

6. Dynamics of the model with adjustment costs, positive externalities in green
technology adoption, and state-dependent transition risk

6.1. Overview and possible scenarios
Model (7) can be rewritten as

1,G
N =m0 i
t+1 = Tt
ntl’G + (1 — r;tl’G) exp (ﬂ (anf’G +b— CB>)
1,G
+<1_nt1’G> 1,G 1,G X 2,G
n, o+ (1 -1y > exp (,B (ant’ +b+ CG))
2,6 _ 2G un
Ny =M
4+ (1= n7%) exp (B (an+b - CP))
ny
+ (1 - nf’G) , (16)
%+ (1= n7) exp (B (an % + b+ )
where
— 186 _ 116G _ BB 4 [1GB — 118G _ 166 _
b=T1188 — 198, (17)
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Model (16) is a pair of two exponential replicator dynamics adjusted to account for the cost
of switching strategies. These exponential replicator dynamics are proposed for the first time and
represent a generalization of the exponential replicator dynamics, see, e.g., Hotbauer and Sigmund
(2003). Thus, the dynamics of model (16) is also new and is characterized by peculiarities that are
worth investigating on their own. These peculiarities and the main properties of the dynamics of
the model are summarized in Lemma 1 in Appendix A. Moreover, Appendix A contains some
numerical simulations that show the variety and complexity of the dynamics of model (16). These
properties will be used to prove the results that follow, as well as their robustness.

Here we simply recall that the unit box D := [0, 1]? is invariant, trajectories cannot exit the
box, and its vertices are always equilibria of the model. Vertex 71; = (1, 1) represents the green
transition, i.e., both firms adopt the green technology, vertex 19p = (0, 0) represents a failed green
transition, i.e., both firms adopt the brown technology, while vertices 19; = (0, 1) and 19 = (1, 0)
represent a partial green transition, i.e., one firm adopts the green technology and the other firm
adopts the brown technology. These are the most relevant equilibria of the model, and their sta-
bility determines whether the green transition can occur or not. A necessary condition for the
green transition is, for example, the local stability of the vertex equilibrium #;;. In addition to the
vertex equilibria, there are four other possible equilibria at the edges of box D, given by (0, n*),
(n*,0), (1, 17"'), and (n"', 1), where n* and n™ are defined in Appendix A. However, we can also
have equilibria inside the box D. These equilibria are called inner equilibria in the following.

The instability of the inner equilibria can only be conjectured on the basis of the analytical
results and the extensive numerical simulations perfomred and partially reported in Appendix A.
Instead, the same investigation conducted in Appendix A emphasizes that (0, n*), (%, 0), (1, 77+),
and (17, 1) cannot be stable and the stability of the vertex equilibria can be determined by ana-
lytical arguments. These analytical conditions and the results in Lemma 1 in Appendix A are then
employed to investigate the possible scenarios with respect to the vertex equilibria. All the possible
scenarios are described in the following proposition.

Proposition 3. Assume CB, CY > 0, either CB >0 or CY >0, 8 >0, and a # 0. Consider n* and
nt defined as in Lemma 1 in Appendix A and consider a generic number 7j € (0, 1). Regarding the
vertex equilibria noo = (0, 0), n10 = (1, 0), n11 = (1, 1), and no1 = (0, 1), nine scenarios are possible:

1. For TIBB =~ 1168 — G, 1166 > 118G — B, 118G > 119G — 6, and 1198 > 1188 — (B, equi-
libria noo, n11, N10, and no1 are locally asymptotically stable, while equilibria (0, n*), (n*, 0),
(1,n™) and (n™, 1) are saddles. There are no other equilibria at the edges, but there is at least
one unstable inner equilibrium (1, n).

2. For T18B > 118 — G, 11°C > 8¢ — CB, 11BC > 11°C — CC, and 118 < 1188 — CB, equi-
libria noo and 1y are locally asymptotically stable, while equilibria 010, no1, (1, n™), and
(n™,1) are saddles. There are no other equilibria at the edges, but there is at least one
unstable inner equilibrium (1, 1).

3. For T1BB > 1168 — CC, 1100 > 118¢ — CB, 118G < 11°C — CC, and T1%B < 1188 — CB, equi-
libria noo and n11 are locally asymptotically stable, while equilibria 1o and no, are repellors.
There are no other equilibria at the edges, but there is at least one unstable inner equilibrium
(17, 1).

4. For TIBB > 1168 — CC, 11°C < T8¢ — CB, 11B¢ > 11°C — CC, and T1°B > 1188 — CB, equi-
libria noo, n10, and noy are locally asymptotically stable, equilibrium 111 is a repellor, while
equilibria (0, n*) and (n*, 0) are saddles. There are no other equilibria at the edges.

5. For T1BB > M8 — CC, 11C < 1BC — CB, 118¢ > 11°C — C© and M8 < BB — CB, equi-
librium noo is locally asymptotically stable, equilibria 119 and noy are saddles, while
equilibrium nyy is unstable. There are no other equilibria on the edges.
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6. For TIBB > 168 — CC, 1166 > 118 — CB, TBC < 11CC — CC, and TI®B > T1BB — CB, equi-
libria noo and ny1 are locally asymptotically stable, while equilibria ny9, no1, (0, n*), and
(n*,0) are saddles. There are no other equilibria at the edges, but there is at least one unstable
inner equilibrium (1, ).

7. For TIBB < T8 — CC, 116G > T1BC — CB, MBC > 1166 — €O, and MI®8 > TIBB — CB, equi-
libria 111, n10, and no1 are locally asymptotically stables, equilibrium nog is a repellor, and
equilibria (1,n") and (n*, 1) are saddle. There are no other equilibria at the edges.

8. For TIBB < T1%B — CG, 1140 < B¢ — CB, B¢ > 1166 — CC, and T1®B > N8B — CB, equi-
libria n10 and noy are locally asymptotically stable, while equilibria noo and 11, are repellors.
There are no other equilibria at the edges.

9. For TIBB < T1%B — G, T16C > M1B¢ — CB, MBY < 166 — CC, and T1®8 > N8B — CB, equi-
librium nyy is locally asymptotically stable, equilibria 119 and noy are saddles, and
equilibrium ngg is unstable. There are no other equilibria at the edges.

The green transition can only occur in some of the nine scenarios identified in Proposition 3,
namely in Scenarios 1, 2, 3, 6, 7, and 9. In these scenarios, vertex 7;; is stable, but the possibility of
undergoing a green transition may depend on the initial conditions. A basin-of-attraction analysis
allows us to determine the set of initial conditions for which the green transition takes place. This
set of initial conditions is depicted in green in the nine state spaces shown in Figure 3, correspond-
ing to the nine scenarios identified in Proposition 3. In addition to the green region, representing
the basin of attraction of the vertex equilibrium 7;;, we can observe three other regions. The
brown region is associated with a failed green transition. This is the basin of attraction of the ver-
tex equilibrium 7gg. The yellow and blue regions are associated with a partial green transition.
These are the basins of attraction of the vertex equilibria 119 and 71, respectively. Clearly, these
colored regions represent the set of trajectories that converge to a specific equilibrium. With the
exception of Scenario 9, where the green transition is certain and 7, is a global attractor, the green
transition is possible in other scenarios, but its realization is conditioned on a starting point in the
green region.

In Figure 3, the parameters are chosen for exploratory purposes. With the help of basins of
attraction, we aim to obtain a representation of the possible global dynamics of each possible
scenario highlighted in Proposition 3. The robustness of these global dynamics is confirmed by an
extensive numerical investigation, only partially reported in Appendix A due to space constraints.
In light of this, we use the numerical examples of Figure 3 to comment on the implications of the
various scenarios and on the economic conditions that characterize them. We follow the order of
Proposition 3, that is, we start with Scenario 1 and end with Scenario 9. At the end of this review,
we analyze possible green economic policies to avoid scenarios that hinder the green transition.

Scenario 1 is characterized by conservatism, since it is never convenient to change technologies.
Indeed, T138 > T1GB — CG indicates that it is economically convenient to remain brown when the
other firm is brown. T19¢ > T8¢ — CB indicates that it is better to remain green when the other
firm is green. 1% > 1% — CC indicates that it is profitable to remain brown when the other
firm is green. Finally, [T°2 > TI28 — CB indicates that it is economically convenient to remain
green when the other firm is brown. Under these economic conditions, all the vertex equilib-
ria are stable, i.e., we can expect green vs green, green vs brown, brown vs green, and brown vs
brown outcomes. This is a kind of paradox, since conservatism generates scenarios characterized
by production uncertainty. All in all, this scenario foresees three possible developments: A green
transition if the orbit converges to equilibrium 7;;; a partial green transition if the orbit converges
to either equilibrium 7¢; or equilibrium 7,¢; and a failed green transition if the orbit converges
to equilibrium 7go. To achieve a green transition in such a scenario, the starting conditions are
therefore important. Numerical simulations, not reported here, indicate the following. Increasing
the profit of the green firm, but remaining in the parameter configurations of Scenario 1, increases
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Figure 3. Top-left panel (Scenario 1), 188 =2.2; %% =2.3; C® = 0.3; 196 =2.75; [18° = 2.5; C® = 0.4. Top-middle panel
(Scenario 2), I188 = 2.4; T1°8 = 2.2; C® = 0.3; T1°C = 2.75; [18¢ = 2.5; CB = 0.1. Top-right panel (Scenario 3), 188 = 2.2; T1°6 =
2.05; €6 =0.2; [166 = 2.75; [18¢ = 2.5; CB = 0.1. Middle-left panel (Scenario 4), 188 = 2.2; T1°8 = 2.3; € = 0.3; T1°° = 2.0;
186 = 2.5; CB = 0.4. Middle-middle panel, (Scenario 5), I188 = 2; T1°8 = 1; €% = 0.5; [1°¢ = 1; 18¢ = 2.5; CB = 0.4. Middle-
right panel (Scenario 6) T8 =2.2; 1% =2.2; ¢ =0.2; [1°° = 2.75; [18° = 2.5; B = 0.1. Bottom-left panel (Scenario 7),
BB = 1.9; TT1°8 = 2.3; €® = 0.3; T1°¢ = 2.4; 1186 = 2.5; B = 0.4. Bottom-middle panel (Scenario 8), TT188 =2.1; I8 = 2.3;
€% =0.1; [1°¢ = 2.3; 18¢ = 2.5; CB = 0.1. Bottom-right panel (Scenario 9), I8¢ = 2; [1°8 = 2.3; C® = 0.2; [1°¢ = 2.75; [18¢ =
2.5; CB = 0.4. Remaining parameters: 8 = 1. The basin of attraction of (1, 1) is in green, the one of (1, 1) is in brown, the one
of (0, 1) is in yellow and the one of (0, 1) is in blue. Trajectories are represented as black dots, curves at the intersection of
which we have equilibria are in black.

the set of trajectories leading to the green transition, while decreasing the set of trajectories leading
to a missing green transition and the set of trajectories leading to a partial green transition. In the
numerical example of Figure 3(a), the set of trajectories that lead to a green transition is already
relatively large compared to the set of trajectories that lead to a partial or missing green transition.
Hence, the risk of a failed green transition is low, albeit present.
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Scenario 2 is characterized by the same conservatism as Scenario 1, with the only exception that
it is economically convenient to switch to a brown technology when the other firm is brown, as
indicated by the condition TT88 — CB > T1%B, Obviously, this modified profit condition excludes
the partial green transition, where one firm adopts a green technology and the other adopts a
brown technology. The remaining possibilities are therefore a green transition and a failed green
transition. In the numerical example of Figure 3(b), the set of orbits leading to a failed green tran-
sition (brown region) is wider than the set of orbits leading to a green transition (green region).
Hence, the risk of a failed green transition is high. At least for a large variety of parameter con-
figurations characterizing Scenario 2, we expect a similar situation, i.e., the probability of a failed
green transition is higher than the probability of a green transition. Technically speaking, this is
due to the position of the equilibria at the edges of the box D.!! Economically speaking, this is due
to the fact that it is economically convenient to switch to the brown technology when the other
firm is brown, while it is never convenient to switch technologies in all other cases.

The profit conditions that characterize Scenario 3 are similar to those of Scenario 2, with
the only exception that it is economically convenient to switch to the green technology when
the other firm is green (IT9C — CY > T189). As a result, Scenario 3 is qualitatively equivalent
to Scenario 2. Hence, a green transition and a failed green transition are the two possibilities.
Quantitatively speaking, the green region is wider in Scenario 3 than in Scenario 2. Hence, the like-
lihood of a green transition is also higher.!? For instance, compare the green and brown regions
in Figure 3(c), where the size of the green region coincides with the size of the brown region.
This implies that the probability of a green transition is equal to the probability of a failed green
transition.!?

Scenario 4 differs from the conservatism of Scenario 1 and from Scenarios 2 and 3 because
it is economically convenient to switch to the brown technology when the other firm is green,
as indicated by the condition T8¢ — CB > 1Y, As a result, the green transition cannot take
place in Scenario 4, while it is possible in Scenarios 1, 2, and 3. Moreover, Scenario 4 differs from
Scenarios 2 and 3 because it is economically convenient to remain green when the other firm is
brown (IT8 > 1188 — CB), and it differs from Scenario 3, because it is economically convenient
to remain brown when the other firm is green (IT3¢ > [19C — C%). Consequently, a partial green
transition is possible in Scenario 4, as it is in Scenario 1, while it is not possible in Scenarios 2 and 3.
The likelihood of a failed green transition is a common element of Scenarios 1, 2, 3, and 4. As can
be seen in Figure 3(d), the brown region yields trajectories responsible for a failed green transition,
while the blue and yellow regions yield trajectories responsible for a partial green transition.

In Scenario 5, a green transition is not even partially feasible. In this scenario, it is always eco-
nomically convenient to remain brown, both when the other firm is brown (1188 >~ 168 — C0)
and when it is green (I8¢ > 19 — CY). Moreover, it is always economically convenient to switch
to a brown technology, both when the other firm is brown (IT?¢ — CB > T19%) and when it is green
(T8B — CB > T19B). As shown in Figure 3(e), all trajectories end up in the equilibrium where both
firms adopt a brown technology. Indeed, the brown region covers the entire state space except for
subsets of zero measure.'* This is the worst possible scenario.

Apart from the fact that it is economically convenient to remain brown when the other firm is
brown, i.e. [188 > T168 — CG, Scenario 6 is the opposite of Scenario 5. Indeed, it is economically
convenient to remain green when the other firm is green (IT°% > I8¢ — CB), it is economically
convenient to switch to green when the other firm is green (1YY — CC > 1189), and it is econom-
ically convenient to remain green when the other firm is brown (T1CB > 1188 — CB), Qualitatively
speaking, Scenario 6 is similar to Scenarios 2 and 3, where a green transition and a failed green
transition are the only possible long-run outcomes. Quantitatively speaking, we conjecture that
the basin of attraction of the green transition is wider in Scenario 6, which is also confirmed
by Figure 3(f). Hence, the probability of a green transition is likely to be higher in Scenario 6
compared to Scenarios 2 and 3.1°
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As in Scenario 6, in Scenario 7 it is economically convenient to remain green when the other
firm is green (I1°C > I8¢ — CB), and it is economically convenient to remain green when the
other firm is brown (I198 > 188 — CB). Unlike Scenario 6, in Scenario 7, it is economically conve-
nient to switch to green when the other firm is brown (1198 — CC > 118B), and it is more profitable
to remain brown when the other firm is green (I8¢ > 1% — CC). As aresult, the green transition
remains a possible outcome, but the partial green transition substitutes the failed green transition.
See Figure 3(g).

Scenario 8 is similar to Scenario 7, except that it is economically convenient to switch to the
brown technology when the other firm adopts a green technology (T3¢ — CB > T169). The effect
of this is a partial green transition, i.e., the green transition is no longer possible. See Figure 3(h).

Finally, Scenario 9 is the desirable scenario in which the green transition is the unique possible
outcome. In fact, in Figure 3(i), the green region covers the entire state space, except for subsets
of zero measure. In Scenario 9, it is always economically convenient to remain green, both when
the other firm is brown (IT¢¢ > T8¢ — CB) and when it is green (IT°2 > 188 — CB). Moreover, it
is always economically convenient to switch to green, both when the other firm is brown (IT%5 —
CCY > I188) and when it is green (119G — CC > 118G). These are the unique (economic) conditions
that ensure the green transition. Indeed, the green transition is only certain in Scenario 9, as can
be seen in Figure 3.

To summarize the economic policy implications of Proposition 3, ensuring a green transition
requires that policymakers act to fulfill the conditions characterizing Scenario 9.

6.2. Effects of tate-dependent transition risk and positive externalities in green technology
adoption

Having analyzed all nine possible scenarios identified in Proposition 3, our next goal is to isolate

the negative effects of the state dependency of the transition risk on the green transition and the

positive effects of the positive externalities in green technology adoption. To achieve this goal, the

next corollary identifies the scenarios that emerge due to a state-dependent transition risk and

those that emerge due to positive externalities in green technology adoption.

Corollary 2. Note that:

(1) if 1°C =198 =T1C and T1BC = 1188 = 118, then only Scenarios 1, 5, and 9 are possible
(neither positive externalities in green technology adoption nor state-dependent transition
risk);

(2) if [166 = 198 = 119 and T188 < 118G, then Scenarios 2, 3, and 6 are not possible (state-
dependent transition risk but no positive externalities in green technology adoption);

(3) if TIBB = 118C = 118 and T19C > T1°B, then Scenarios 4, 7, and 8 are not possible (positive
externalities in green technology adoption but no state-dependent transition risk);

(4) if TIBG > TIBB and T1CY > T1°B, then all nine scenarios of Proposition 3 are possible.

Excluding any form of state-dependent transition risk and positive externalities in green tech-
nology adoption, Corollary 2-(1) indicates that there are only three possible scenarios. First,
Scenario 5, in which the green transition does not occur at all. The dynamics along the diagonal
n"C = 1> of the unit box D is consistent with the dynamics of the one-dimensional model (11) in
the case of Proposition 2-(1). Second, Scenario 1, in which all outcomes are possible: a green tran-
sition, a partial green transition, and a failed green transition. The dynamics along the diagonal
n"C = n>Y of the unit box D is consistent with the dynamics of the one-dimensional model (11)
in the case of Proposition 2-(2). Third, Scenario 9, in which the green transition is achieved. The
dynamics along the diagonal n" = 1>C of the unit box D is consistent with the dynamics of the
one-dimensional model (11) in the case of Proposition 2-(3). Note that by increasing transition
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risk, i.e., lowering the expected profit of a brown firm by, for example, threatening to impose a
lump-sum tax on brown production, Scenario 5 can be transferred to Scenario 1 and Scenario 1 to
Scenario 9. Hence, by increasing transition risk, it is possible to achieve a green transition, at least
in the absence of positive externalities in green technology adoption and when the transition risk
is not state-dependent, that is, when it does not reduce as the greenness of the industry increases.

Regarding the role of transition risk, it is important to note that such risk—such as the
possibility of new green regulations that raise production costs for brown firms—should, in
principle, incentivize the adoption of green technologies. However, when transition risk is
state-dependent—meaning its intensity decreases as the number of green firms increases—its
effectiveness as a driver of the green transition is diminished. Nevertheless, Corollary 2-(2) shows
that state dependency in transition risk is consistent with Scenarios 1, 5, and 9. This implies
that the state-dependent nature of transition risk does not hinder the green transition, including
the most favorable outcome, Scenario 9, in which the green transition is guaranteed. Moreover,
Corollary 2 indicates that a state-dependent transition risk is responsible for Scenarios 4, 7, and 8.
Considering 128 fixed, we enhance the state dependency of the transition risk, i.e., we increase the
dependence of the transition risk on the number of brown firms. Hence, IT8C increases and we can
only move from Scenario 1 to Scenario 4 and from Scenario 9 to either Scenario 7 or Scenario 8.
Scenario 5 remains Scenario 5. Assuming positive externalities in green technology adoption, we
observe that if we dynamically adjust the transition risk by reducing it as the level of greenness of
the industry increases, we can also move from Scenarios 2 and 3 to Scenario 5 and from Scenario
6 first to Scenario 1 and then to Scenario 4. Comparing these possible changes of scenarios using
Figure 3, we can observe that shifting from a transition risk to a state-dependent transition risk
reduces the chances of a green transition.

Transition risk is a policy tool to foster the green transition, but the research conducted so
far suggests that an intensity of the transition risk that is inversely proportional to the level of
greenness of the industry can be an obstacle. To further emphasize this aspect, we note that in the
case of a transition risk that is not state-dependent, i.e., [T?2 = IT5C, it cannot be that it is both
economically convenient to remain brown when the other firm is brown (T18B < 1198 — C6), and
economically convenient to remain brown when the other firm is green (IT5¢ > 11¢¢ — C©). For
example, consider Scenario 7, in which TTB8 < T18C, the green transition is either partial or total.
Assume that transition risk is increased only when one firm is brown in such a way that T188 =
B¢ < 1% — C% < 1B — CC. Then, from Scenario 7, we move to Scenario 9, in which the green
transition occurs. In contrast, by reducing the transition risk when both firms are brown, such that
B8 = 1186 < 1196 — CY, we move from Scenario 7 to Scenario 1. In doing so, policymakers risk
enabling a failed green transition.

It is also worth noting that in the case of a transition risk that is not state-dependent, it cannot
be economically convenient to switch to a brown technology when the other firm is green (IT°¢ <
186 — CB) and, at the same time, it cannot be economically convenient to remain green when the
other firm is brown (1198 > 188 — CB). Consider Scenario 4, in which I188 < I18C s required.
Assume that transition risk increases when there is exactly one brown firm, reaching the same level
as when both firms are brown. Then, TT1¢ > 1198 > 118¢ — CB = 1188 — CB and from Scenario 4
we move to Scenario 1, in which the green transition becomes a possibility. If we consider that
we are in Scenario 8 and do the same, then we move to Scenario 9. Indeed, we will have T16¢ >
M8 > 1186 — CB = 1188 — CB, but also I = 1B < B — C < 119G — CC. That is, we move
from a partial green transition (Scenario 8) to a fully green transition (Scenario 9).

In summary, if we remove the state dependency of transition risk by increasing it when there is
only one brown firm in the industry, we move from Scenario 4 to Scenario 1 and from Scenarios
7 and 8 to Scenario 9. That is, the possibilities of a green transition increase. Instead, if we reduce
the transition risk in the case of two brown firms to the level of transition risk in the case of only
one brown firm, we move from Scenarios 4 and 8 to Scenario 5 and from Scenario 7 to Scenario
1. Hence, the risk of a failed green transition is either certain or increases.
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These results emphasize that increasing the threat of introducing restrictions on brown pro-
duction, e.g., in the form of a lump-sum tax, even if not all firms are brown, helps to achieve
the green transition. In contrast, reducing transition risk hinders the green transition. To fos-
ter the green transition, transition risk should be kept at a high level, which we quantify in

max{I18 — TT1°8 4+ CC; 0}, where I15 is the profit of a brown firm in the absence of transition risk.
However, this is not enough. It should be kept at a high level regardless the number of brown firms
in the industry, i.e., T8 = 198 < 1168 — CC,

With respect to positive externalities in green technology adoption, Corollary 2-(3) indicates
that it is consistent with Scenarios 1, 5, and 9. Therefore, despite the positive impact of externalities
in the adoption of green technology, these externalities do not prevent transition failure, including
the worst-case scenario in which a green transition failure is inevitable. Furthermore, Corollary 2
indicates that positive externalities in green technology adoption are responsible for scenarios 2,
3, and 6. Assuming that TT%® is fixed and that positive externalities in green technology adoption
increase, the only effect is to increase I1%“. Hence, we can only move from Scenario 1 to Scenario
6 and from Scenario 5 to either Scenario 2 or Scenario 3, while from Scenario 9 we remain in
Scenario 9. Assuming a transition risk that is state-dependent, we observe that with increasing
positive externalities in green technology adoption, we can also move from Scenario 4 to one
among Scenarios 1 and 6. Moreover, a transfer from Scenario 7 to Scenario 9 and from Scenario 8
to either Scenario 1 or Scenario 9 is possible. Comparing these possible changes of scenario using
Figure 3, we can observe that the chances of a green transition increase as positive externalities in
green technology adoption increases.

With respect to the combined effects of positive externalities in green technology adoption
and a state-dependent transition risk, Corollary 2-(4) indicates that each of the nine scenarios of
Proposition 3 are consistent with any level of benefits from positive externalities in green tech-
nology adoption and any level of disadvantages caused by state-dependent transition risk. This
emphasizes that it is not possible to exclude some scenarios when a > 0, i.e., when the disadvan-
tages associated with a state dependency of transition risk (IT2¢ — TT28 > 0) are greater than the
benefits of positive externalities in green technology adoption (IT¢¢ — T1%8 > 0), or when a < 0.
This is because the magnitude of the benefits due to positive externalities in the adoption of green
technology and the magnitude of the cost of a state-dependent transition risk do not directly affect
the relative benefits, which determine the evolutionary selection process. In fact, the decision on
which the technology to adopt is based on the comparison between IT2¢ and either I1°¢ 4 CB or
[16C — CG, or the comparison between 198 and either T188 — CB or T18B + (6, Indirectly, how-
ever, the sign of a has an impact on these relative performances when combined with some green
economic policies. For example, a > 0 implies that it cannot be [T°¢ > T8¢ and at the same time
T188 > 1198, Subsidizing the adoption of the green technology, i.e., C® = 0, Scenarios 3 and 6 are
then excluded if a > 0, while Scenarios 7 and 8 are excluded if a < 0.

In general, the transition risk and the positive externality in the adoption of green technology
contribute to reducing the risk of a failed green transition, but may not be enough to prevent it
entirely. Despite positive externalities in green technology adoption, the transition risk is the result
of a green economic policy. A well-known and widely used way to increase transition risk and put
pressure on brown firms is the threat of introducing a tax on brown production. Adding a tax on
the use of a brown technology, we have the following results: (1) With a tax of the type IT155 — ¢ 3
and ITB¢ — 78, we can exclude all scenarios except Scenario 9 as long as 72 is sufficiently high, i.e.,
we can ensure the green transition. (2) With a tax of the type IT82 — 78, we can exclude Scenarios
1 to 6 as long as 7% is sufficiently high, i.e., we can avoid the situation where both firms adopt a
brown technology.

These results confirm that an increase in transition risk reduces the risk of a failed green tran-
sition, and to ensure the green transition, the intensity of transition risk must be high regardless
of the number of brown firms that populate the industry, i.e., transition risk should not be state-
dependent. Moreover, a transition risk where the threat only forces a firm to switch from a brown
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to a green technology and thus pay the adjustment cost C% does not prevent the failed green tran-
sition as long as the brown technology is sufficiently profitable, i.e., as long as TT82 > T1%8 — C¢.In
this case, the risk of a failed green transition can be avoided either by imposing greenness through
regulation or by imposing a tax on the brown technology that makes it unprofitable after deduct-
ing the cost of the green transition. In conclusion, reinforcing the transition risk by threatening
to tax brown production is the only green economic policy to ensure the green transition. This is
especially true when the brown technology is more profitable than the green technology.

6.3. Effects of the adjustment costs

With regard to the adjustment costs, the following corollary shows that they may hinder the
adoption of the most profitable technology.

Corollary 3. Note that:

(1) if 196 > T8 > 1186 > 1188, then only Scenarios 1, 6, and 9 are possible. In this case, if the
cost of adapting the green technology is subsidized, only Scenario 9 is possible; if the cost of
adapting the green technology is sufficiently high, only Scenario 1 is possible;

(2) if TIBC > N8B > 1166 > 198, then only Scenarios 1, 2, 4, and 5 are possible. In this case,
a zero-cost of adjustment to the brown technology implies Scenario 5, while a sufficiently
high cost of adjustment to the brown technology implies Scenario 1.

Corollary 3-(1) indicates that when the green technology is the most profitable the green tran-
sition is always possible. However, the certainty of the green transition is only achieved when the
cost of adopting the green technology is subsidized. Corollary 3-(2) indicates that when the brown
technology is more profitable, the green transition may be a possibility. However, it depends on
the cost of adopting a brown technology, which must be sufficiently high. Moreover, it states that
a failed green transition is always a possibility when the brown technology is more profitable. All
in all, the adjustment costs hinder the adoption of the most profitable technology, impeding the
green transition when the most profitable technology is the green one, and favor the chances of a
green transition when the most profitable technology is the brown one.

In conclusion, subsidizing the green technology ensures the green transition only if the green
technology is more profitable than the brown one. Otherwise, in addition to subsidizing the green
technology, an increase in the transition risk that makes the brown technology less profitable is
also required to ensure the green transition. As already discussed, increasing transition risk can
be achieved by threatening to impose higher taxes on the brown technology.

7. Conclusions

In this paper, we propose an evolutionary competition model to study how policymakers may
promote a green transition and thereby reduce the physical risk. Our setup allows for adjustment
costs due to the adoption of green technologies, positive externalities that generate increasing
returns in green technologies, and a state-dependent transition risk, i.e., a transition risk that is
inversely related to the level of greenness of the industry and is the result of a threatened adaptive
climate policy. The investigation of the global dynamics of the model suggests that the threat
of a green tax is an appropriate policy to promote the green transition. A minimum level of
such a tax is estimated, with the policy recommendation that the threat of imposing a green tax
remains high regardless of the level of greenness of the industry. The impact of this environmental
policy is reinforced by positive externalities, which enhance the returns of adopting low-carbon
technology. Finally, even if green technologies are more profitable than brown technologies, the
adjustment cost of adopting low-carbon technologies may impede the green transition.
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Our model setup is innovative and suitable for a wide range of applications where switch-
ing strategies entails costs. Nevertheless, the setup can be further extended to account for
an endogenous variable measuring the environmental quality or to account for economies of
scope, i.e., complementarities that exist between environmental activities and conventional, non-
environmental production, see, e.g., Bailey and Friedlaender (1982). Another behavioral aspect
that is well-suited to investigate with an evolutionary approach such as ours is the so-called
rebound effect: energy efficiency improvements can cause a reduction in the cost of energy ser-
vices, which may lead to some increase in the demand for these services, see, e.g., Sorrell (2007).
For example, improvements in the fuel efficiency of vehicles may effectively reduce the cost per
mile traveled, which may lead to users to choose to travel further, thereby offsetting some of the
expected emissions reductions. Similar arguments have been advanced in the case of efficiency
improvements in lighting, see Fouquet and Pearson (2011). Moreover, some have argued that
there may also be macro-economic rebound effects from the widespread diffusion of efficiency
improvements and technological change, as they free up economic resources that can be invested
in creating new ways to meet growing end-user demand through increased output.

It is also important to note that our analysis abstracts from two additional avenues through
which climate policy risk can potentially affect the green transition. First, we do not capture
interactions between climate policy risk and climate damages. Second, our model abstracts from
endogenous innovation. Intuitively, the possibility of a future carbon tax could increase the
expected returns to innovation in clean technologies relative to fossil technologies. This innovative
response to climate policy risk could further reduce the ratio of fossil to clean capital, magnify-
ing the composition effect and the resulting emissions reductions. Thus, our results should be
viewed as a lower bound on the effectiveness of climate policy transition risk in fostering the
green transition.
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Notes

1 For surveys on the impact of environmental regulations, see Jaffe et al. (1995) and Schmalensee (1994).

2 According to the U.S. Office of Technology Assessment (1994), evidence from productivity growth in the 1970s and 1980s
suggests that between 8% and 44% of industry-level declines in productivity growth were attributable to environmental
regulation.

3 Allen (2009) emphasizes that during the Industrial Revolution, having a large enough market played a key role in rewarding
developers for perfecting technology. Specifically, Allen (2009) argues that it is the demand for new techniques that sustains
the acceleration of technological progress, making it more profitable to adopt. Pearson and Foxon (2012) stress that this is a
relevant aspect to avoid a brown technology lock-in, see Arthur (1989), and to promote a low-carbon industrial revolution.
4 Supporting low-carbon technologies by increasing the risk of climate policies helps achieve sufficient market penetration
and experience to compete with incumbent technologies that have long enjoyed the benefits of technological and institutional
returns to scale Pearson and Foxon (2012).

5 According to the EU Taxonomy for sustainable economic activities, see, e.g., Alessi and Battiston (2022), a green technology
can be considered such if it contributes to at least one of the following environmental objectives: (i) climate change mitigation;
(ii) climate change adaptation; (iii) sustainable use and protection of water and marine resources; (iv) transition to a circular
economy; (v) pollution prevention and control; and (vi) protection and restoration of biodiversity and ecosystems.

6 A state-dependent transition risk is the result of adaptive climate policies aimed at facilitating a smooth green transition.
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7 Buccella et al. (2024) introduce a dynamic model in which firms engage in oligopolistic competition a la Cournot, and
a policymaker defines an optimal tax policy by maximizing a social welfare function that accounts for firms’ profits, con-
sumer surplus, total tax revenues, and environmental degradation. Firms are divided into green and brown types. Unlike
our approach, the choice between being green or brown follows a simple adaptive rule rather than an evolutionary process.
However, their model explicitly incorporates the market structure, whereas we assume a market equilibrium.

8 Exponential replicator dynamics are often employed in discrete-time models to address potential issues arising from nega-
tive payoffs—specifically, to ensure that the dynamics remain well-defined and the replicator does not assume negative values.
See Hofbauer and Sigmund (2003) for further details.

9 Let us underline that the revision protocol we propose is grounded in two key assumptions about random interactions.
First, we assume a pairwise random matching mechanism between firm i and the population i of managers, with i =1, 2.
Second, we assume a pairwise random interaction process at the managerial level, where managers are randomly matched
to exchange information about their performance, see, e.g., Droste et al. (2002). The random matching between a firm and a
manager accommodate the fact that, prior to assignment, not all firms are identical—some are green, and others are brown.
A manager’s payoff depends both on their own type (i.e., whether they are a machine programmed to impose green or brown
technology) and on the type of firm to which they are assigned (green or brown). The pairwise random interactions of man-
agers within a population reflect decentralized information exchange, whereby managers compare performance outcomes.
This interaction can be justified by considering an economy with multiple commodities, each produced in a market with the
same duopoly structure. In each of these markets, to firm i is assigned a manager randomly drawn from population i.

10 These expressions are similar to those in discrete choice models—such as the one used in Brock and Hommes (1997)—
but additionally account for herding behavior, where the number of individuals adopting a particular strategy influences the
choice probability.

11 In Scenario 2, the stable manifolds of (1, n") and (7;"', 1) are the border of the green and brown regions. These saddle
equilibria lie at the edges where 1) lies. Hence, they are closer to 71; than to 7. It follows that we expect the border of the
brown/green region to be closer to 7;; than to 1, i.e., the brown region is wider.

12 This is due to the saddle equilibria at the edges, whose stable manifolds are the boundaries of the green and brown regions.
Excluding the vertices, the edge equilibria are present in Scenario 2 and absent in Scenario 3. In Scenario 3, the boundary of
the green and brown regions is given by the stable manifold of the saddle (7, 77) connected to vertices 719 and 7,1, dividing
the state space into two regions of equal width, the brown and the green. In Scenario 2, instead, there are two saddle equilibria
at the edges, i.e., (1,7") and (n™, 1), the stable manifolds of which are the boundaries of the green and brown regions. These
saddle equilibria lie at the edges where 11 lies. Hence, they are closer to 7;; than to 7. It follows that we expect that the
boundary of the brown/green regions to be closer to 11 than to 7o, i.e., the brown region is wider. For more details, see
Lemma 1 in Appendix A.

13 The equal size of the green and brown regions follows from the fact that the borders of these two regions are the stable
manifold of the inner equilibrium, which in the particular case of Figure 3-(c) is (0.5,0.5), and from the symmetry of the
model with respect to the diagonal "¢ = 7> of the square box [0, 1]>. See Lemma 1-(P10) in Appendix A, for the analytical
conditions required to have the inner equilibrium (0.5, 0.5).

14 By an abuse of notation, we denote as global attractors those invariant sets that attract the entire state space, with the
possible exception of subsets of zero measure.

15 This depends on the saddle equilibria at the edges, whose stable manifold separates the green and brown regions. Being
located at the edges where equilibrium 7y is also located, in Scenario 6, these saddle equilibria are closer to 19 than to ;.
Hence, we expect the boundary of the green/brown regions to be closer to 1o than to 111, and the basin of attraction of 713
to be wider than that of the brown region. For more details, see Lemma 1 in Appendix A.
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Appendix

Appendix A. General properties of model (16)

Model (16) is a pair of two exponential replicator dynamics adjusted to account for the costs of
switching production technologies and the following results hold.

Lemma 1. Assume CB, CC > 0, either C® >0 or C° >0, a #0 and B > 0. With regard to model
(16), we have that:

(P1) Box D =0,1]* and segment A= { (nl’G, nz’G)| nbG = n>0, nbG o, 1]} are invariant
sets;
(P2) The model is symmetric with respect to A;

(P3) Any invariant set (e.g., attractor) is either symmetric with respect to A or an invariant set
symmetric to it with respect to A exists;

(P4) Two invariant sets symmetric with respect to A are both either attracting or repelling.

(P5) The four vertices of D, noo = (0,0), n1o = (1, 0), n11 = (1, 1), and no1 = (0, 1) are equilibria
of the model.

(P6) Excluding the vertex, at each edge of D there is at most one equilibrium.

(P7) In addition to the vertex, the possible equilibria at the edges of D are (0, n*), (n*, 0), (1, n+),
and (77"', 1), with

1 —exp (,8 (HBB — 198 1 CG))

ES

7= 1 — exp (,8 (HBB — T1GB + CG)) +1—exp (,8 (HGB — BB CB))
and
1— HBG o HGG + CG

T exp (B (I1BG — T19G + CY)) 4+ 1 — exp (B (166 — 18C + CB))
(P8) (0,n*) and (n*,0) are equilibria if and only ifI'[GB + CB > 1188 > 1198 — CC;
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(P9) (1,n%) and (n*, 1) are equilibria if and only if I8¢ + C° > 116¢ > 118¢ — C5;
(P10) The inner equilibria are the intersection points of the following two curves in D:
G — 1—exp (B (anz’G +b+ CG))
2 —exp (B (an>G + b+ CO)) — exp (B (—an>¢ — b+ CB))

772’G _ 1 —exp (,8 (anl’G + b+ CG))
2 —exp (B (an"C + b+ CG)) —exp (B (—an>C — b+ CB))
and (i}, 7)) € A, with 1 =0.5, is an inner equilibrium if and only if TI5¢ — CG — T1BG =
HBB _ CB _ HGB.
(P11) n1o and no1 are either both attractors, or both repellors, or both saddles.

(A2)

(P12) noo and n11 are either attractors or repellors, that is, they cannot be saddles.

(P13) When noo and n11 are both attractors or both repellors, an inner equilibrium exists that
belongs to A.

(P14) For 8B = 1198 — (G, equilibrium noy is locally asymptotically stable. It is unstable other-
wise.

(P15) For T19C > T1BC — CB, equilibrium ny; is locally asymptotically stable. It is unstable other-
wise.

(P16) For T1BC > T19C — CC and N8B > BB — CB, equilibria 1o and noy are locally asymptoti-
cally stable. They are unstable otherwise.

(P17) If they exist, equilibria (0,n*) and (n*,0) are unstable: they are saddles for
(B — 1199) p* + (1188 — I°B) (1 — n*) > —CC and repellors otherwise.

(P18) If they exist, equilibria (1,n") and (n*,1) are unstable: they are saddles for
(B¢ — 19C) pt + (TIP8 — I9B) (1 — n™) < CP and repellors otherwise.
(P19) If (, n) is an inner equilibrium, its real and distinct eigenvalues are given by
() + 171 (2= 7) F ail (1 = ) exp (B (ai] + b - CP))
[7+ (1= 7)) exp (B (aij + b — CB))]*

(@) _
)“1 2

L (LF Ban) (1 =) exp (B (a + b+ C%)) — (1)’

[i1+ (1= i) exp (B (it + b+ C9)) ]
(P20) If equilibrium (1, n) exists and is stable, it loses stability through either a fold bifurcation
or a transcritical bifurcation. This bifurcation takes place along the manifold given by the

invariant set A when a <0, or along the manifold transverse to the invariant set A when
a>0.

(A3)

The results in Lemma 1 characterize the equilibria and the dynamics at the edges of the square
box D = [0, 1]%. The existence of an inner equilibrium is also proven in certain cases, that is, when
noo and 111 are both either stable or unstable. Numerical simulations have shown that this inner
equilibrium can be unstable, see Figure 3. However, it remains an open question whether an inner
equilibrium can be stable. Instead, the existence of several unstable inner equilibria is confirmed by
the numerical simulations of Figure A1. Specifically, Figure A1(a) shows an example of Scenario 1
of Proposition 3, where there are three unstable inner equilibria, one of which is on the invariant
diagonal A, while the other two are outside this diagonal and are symmetric to each other with
respect to this diagonal. Despite the presence of multiple unstable inner equilibria, Figure Al(a)
reports an example of the dynamics of Scenario 1 that is qualitatively equivalent to the one of
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Figure Al. Left-top panel, from Scenario 1 an example of multiple inner and unstable equilibria: g = 5;T18% = 1.9; [1°8 =
1.7; C° = 0.3; T1°¢ = 2.75; T158¢ = 2.5; CB = 0.4; B = 5. Right-top panel, from scenario 1 an example of three inner equilibria
along the diagonal, two repellors and a saddle: TT8 = 1; [1°8 = 1.95; C® = 1.2; [1°¢ = 5.3; [18¢ = 5.1; C® = 0.01; 8 = 4. Left-
bottom panel, from scenario 8 an example of a repellor inner equilibrium and a saddle 2-cycle along the diagonal: [188 = 0.8;
I1°8 = 1.95; C® = 0.1; [1°C = 4; [18° = 5.1; CB = 0.01; B = 4. Right-bottom panel, from Scenario 4 an example of two inner
equilibria along the diagonal, a repellor and a saddle: 188 = 0.9; [T1°8 = 1.95; C® = 1.2; [1°¢ = 2; [18¢ = 2.1; CB = 0.01. The
basin of attraction of (1, 1) is in green, the one of (1, 1) is in brown, the one of (0, 1) is in yellow and the one of (0, 1) is in blue.
Trajectories are represented as black dots, curves at the intersection of which we have equilibria are in black.

Figure 3(a) in the sense that the only alternatives are a green transition, a partial green transition,
or a failed green transition. Another example of three unstable inner equilibria, but along the
diagonal A, can be seen in Figure Al(b). We are again in the case of a Scenario 1 and, except
for the three inner equilibria on the diagonal, the dynamics is still qualitatively equivalent to the
one of Figure 3(a). A numerical example with an inner unstable equilibrium and a saddle 2-cycle
on the diagonal A is reported in Figure A1(c). Except for the presence of the saddle 2-cycle, this
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numerical example confirms the global dynamics of Scenario 8 shown in Figure 3(h). An example
of two inner equilibria in the diagonal A is reported in Figure A1(d). Even in this case, except for
the presence of the two inner equilibria, the dynamics is that of Scenario 4 described and shown
in Figure 3(d).

These numerical examples emphasize that, despite the presence of multiple inner equilibria,
the description of the possible outcomes of the model is consistent with those outcomes observed
and discussed in Section 6. An extensive numerical investigation, which is omitted for reasons of
space, confirms this, and hence the robustness of the results in Section 6.

Appendix B. Technical results and proofs
Proof of Proposition 1. The model (12) can be rewritten as

iG
Ty

, : ) (B1)
nt + (1= exp (B (B — 119))

Nig1 =

It follows that nifl € [0, 1] for ni’G € [0, 1], that is, [0, 1] is invariant for the model. Moreover, note
that for each n;’G € (0, 1), we have that

ni’G
0t + (1= n;) exp (B (B — 1))

if and only if I8 — I° < 0. Therefore, '7t+1 > ntG for all n G e (0, 1). Since [0, 1] is an invariant
set, Proposition 1- (1) follows. In a similar way, we can prove Proposition 1-(2). For Il =I5,

> ¢ (B2)

note that nt = =ny S for all ni’G. This proves Proposition 1-(3). O
Proof of Proposition 2. Imposing f];’fl = ﬁi’G =7>C in model (11), we obtain the equilibrium
equation
76 — G 7" exp (BT1°)
7% exp (P11 + (1 - 9) exp ( (17— C7)
) —i.G HG _ CG
+ (1 _ ﬁZ’G) — n €Xp ('B ( _)) , (BS)
n°%exp (B (119 — CY)) + (1 — 75C) exp (BI1B)
which can be rewritten as
¢ (1= %) exp (B (117 — C7))
7% exp (BIIC) + (1 — 7C) exp (B (118 — CP))
(=) ep (s (19— c9) -
TR () 0 e P
It is straightforward to Verlfy that 7°¢ =0 and 7°° =1 are always solutions and therefore
equilibria of the model. For 7% € (0, 1), the equ111br1um equation (B4) is equivalent to
7 4+ (1 — 7Y exp (B (M° — 1€ + C%)) = 7" exp (B (1° — 1P + CP)) + (1 — 7°), (B5)

which is an identity for I = 1% — C% = 1% + C? and a linear equation otherwise. However,
M8 =1%— C°=11% + CB is excluded by the assumptions CB, C% >0 and either C® > 0 or
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CY > 0. Therefore, (B5) has a unique solution given by

6 exp (B (Mp — Mg +C%)) —1
Min = exp (B (Mp — Mg+ C%)) — 1 +exp (B (Mg — Mp+ CF)) — 1’

(B6)

This solution is the unique inner equilibrium of model (11) when ﬁf;qG € (0,1) and no inner
equilibria exist otherwise. Let us discuss when ﬁf’nG € (0, 1). There are four possible cases:
Case 1: Tl — Mg+ C“>0 and Tg—Tz+CB>0 (or equivalently ITg + CB>TIz>
[ — CY). Hence, 0 <exp (,8 (HB—HG—I—CG)) — 1 <exp (,8 (HB—HG+CG))—|—
exp (B (T1g — Mg + CP)) — 2. Then, we have that 7" € (0, 1).
Case2: Tl — g+ CY > 0> I — [z + CB. Hence, exp (;6 (1'[3 —Ilg + CG)) —1>0and
exp (,8 (l'[B —Ilg + CG)) —1>exp (,8 (HB —Ilg + CG)) + exp (,8 (l'IG —Ip + CB)) — 2.
Then, imposing "6 >0 implies  having  exp (8 (Ip — g + CG)) —1>
exp (B (Tg — Mg+ C%)) +exp (B (Mg — M+ CP)) —2>0. Hence, 7°°>1 and an
inner equilibrium cannot exist.
Case3:Ilg —Ilg + Cl <0< g —TIlg+ CB.Hence,exp (,B (1'[3 —Ilg+ CG)) —1<0and
exp (,8 (l'[B —Ig+ CG)) —1<exp (,3 (HB —Ig+ CG)) + exp (,B (HG — g+ CB)) —2.
Then, #7°°>0 implies exp (B (Mg — Mg+ CG)) —1<exp (B (Mp—Mg+ CG)) +
exp (B (Mg — Mp+ CB)) —2<0. Hence, 7"°>1 and an inner equilibrium cannot
exist.

Case4:TIlg — Mg+ C% <0and g — M+ CB <0, or equivalently Il + CB<Tlg<Tg —
CY, which is not possible since C¢, CB > 0, and either C% > 0 or C? > 0, by assumption.

It follows that the inner equilibrium exists if and only if T + C? > g > Mg — C®. Regarding
the stability of the equilibria, we have that

iy _ 1 exp (BT1°)
an;’G n;’G exp (,BI'IG) + (1 — n;’G) exp (,8 (HB — CB))

1t (exp (BTIC) [0 exp (BTIC) + (1 = n;) exp (B (117 — 7))
=i exp (BN1°) [exp (BNIC) — exp (B (1 — C7))])

+ ) ) 2
[ exp (BT1) + (1 = 1} exp (8 (% — CP))
 iSep(pm-co)
ni’G exp (B (1% — CG)) + (1 - n;’G) exp (,BHB)
(1= ;%) (exp(B (M€ = C)) [0 exp(p (M€ — C%)) + (1= n) exp(pT1?) ]
. —n; exp (B (19 = C°)) [exp (B (11 = CY)) — exp (BT17)] )
) ) 2
[n;’G exp (B (I1G — CY)) + (1 — n;’G) exp (,Bl'IB)]
(B7)
Therefore,
oy . G_ G_ B
o= =exp (B (19— CY—T117)) (B8)
on; 0
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and by standard eigenvalue analysis, it follows that the equilibrium is locally asymptotically stable
if and only if I8 > 11¢ — CC. Moreover,

=exp (B (1P — C* — 1)) (B9)

and by standard eigenvalue analysis we can conclude that the equilibrium is locally asymptotically
stable if and only if M2 < T1¢ + CB. We have proved that the inner equilibrium exists if and only if

“and ﬁi’G are both locally asymptotically stables, that is, if and only if [Tg + C? > g > TG —
CC. Since the model is smooth and there is a unique equilibrium for I1g 4+ C8 > I > I — CC,
we have that stability of ﬁSG implies ﬁi’G > ﬁi’fl for all ﬁi’G € (O, ﬁf;f) and stability of ﬁi’G implies
ﬁi’fl > ﬁi’G for all ﬁi’G € (ﬁf’nG, 1). Therefore, a monotonic convergence to ﬁé’G for any trajectory
starting in B (%,G) = [0 r_);:’nG) and a monotonic convergence to ﬁé’G for any trajectory starting in
B(ﬁi’G) = (ﬁ;;qG, 1] occurs. Let us further note that for [1g + C? = I, the unique potential inner

equilibrium 7;, “ defined in (B6) merges with equilibrium 7 771 = 1 and their eigenvalues are equal
to 1. In this case, we obtain

: B10
e +(1—n?56nﬂﬁ(HB—f“*+C9)} o

, , 1
G| iG G
T =1t [ni +(1=m") =3 ~
Let us further note that Ig + CB =TIp implies I > I1g — CC. Therefore, nt > nt /1~ This
proves B(no )= [0 1) when TG+ CB =Tp. Similarly, we can prove that nm merges w1th
’70 =0 and B(n ) = (0, 1] when [Tz = I1g — CC. For [ > [1¢ + CB, we have proven that 7 '70
is asymptotically stable and there are no equilibria in (0, 1). Asymptotic stability of 7 770 implies

n;’fl < nt G ina neighborhood of 7 '70 . Since model (1 l) is continuous, no equlhbrla in (0,1) and
i,G G .

N < n;” in a neighborhood of 7 ’70 1mply ’7t+1 < nt in (0, 1). Hence, B( ) [0, 1). With
similar arguments, we can prove B(r;1 )= (0, 1] when I1g — C° > I3. O

Proof of Corollary 1. Standard calculus reveals that

, exp (B (TIg — Mg+ C)) —
lim nn lim
p—0t p—0+ exp (B (Mp — g+ CY)) — 1 +exp (B (Mg — M+ CB)) —

. B (Mg — Mg + C°)
1m
p—0+ B (Mg — Mg+ CY) + B (Mg — Mp + CB)

. HOp—TMg+C° Tp—Tlg+C¢ 5 (B11)
- ,gifg+ CG + CB - CG + CB = Nin,(B—0)"

~i,G

Assumption Mm—-nc+cé=o yields Min( Barrowo)

>0, while assumption CP>TI18 —T11¢

implies nm (Barrowo) < 1. By Proposition 2, we have B(ﬁf)’G) = [O, ﬁf;qG). Therefore B(ﬁé’G) =
—zG
[0, ﬁ:nG( Barrown)) when Barrow0. Note that % > 0. This proves (1). From standard calculus,
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we can conclude that
i

G exp (B (M5 — Mg + C%)) —
lim 7;”= lim
p—+00 p—+o0 exp (B (Mp — Mg + C%)) — 1+ exp (B (Mg — Mp + CP)) —

— lim 1 —exp (—,B (HB—HG—I—CG))
P=+o0 1 —exp (—B (M — TG + C°)) + exp (B (21T — 2T + CB — C°))
—exp (—p (M — Mg + C%))
, 1
= lim ,
p—+oo 1+ exp (B (2I1g — 2I1p + CB — CG))

(B12)

which proves (15). Moreover, by Proposition 2, we have B(ﬁé’G) = [0, ﬁf;qG), which proves (2).

Finally,
(M8 — 1% + C%) exp (B (M2 — M€ + CY)) [exp (B (M° — 18 + CF)) — 1]
i — (M — 1% + CP) exp (B (% — T + CP)) [exp (B (1P — 19 + CY)) — 1]
9B [exp (B (ITB — T1G + C6)) — 1+ exp (B (116 — T1B + CB)) — 1]°

(MP — 1%+ C% =M%+ Mn? — CP) exp (B (C® + CY)) + (P — T + C©
— (Mm% —T18 + CB) exp (B (2 (T16 — 11B) + CB — CY))) exp (B (M1 — 11 + C©))
[exp (B (1B — MG + CC)) — 1 +exp (B (1Y — B + CB)) — 1]2

b

(B13)
which is positive for 2 (HG —P) +CP - CY < 0 and negative otherwise. This proves (3). O

Proof of Lemma 1. By definition of model (16), we have that an, ntZGe [0, 1] implies
nt1+G1”7?+G1 € [0,1] for all t. Moreover, r)tl’Gz ntz’ implies ”t+1 —’7t+1 for all t. This proves
(P1). Note that for any (ntI’G, nf’G) mapped into (’7t+1’ nt+1), we have (nt e ) mapped into
(nffl, 77t1+G1) This proves (P2). (P3) and (P4) follow from (P2) With regard to the equilibria of

the system, let us impose 77t1+G1 = ntl G — 756 and nt +1 = 77 = 720 in the dynamical system (16).
Then, we obtain the following algebraic system:

LG = 1.6 U
U1G+(1—771G)€XP(,3( 2G_|_b CB))
1,G U
+(1—n"
( 7 )nlc—l-(l—an)exp(,B( 2G—|—b+CG))
726 = 726 ¢
‘2,G + (1 _ ﬁz,G) exp (ﬁ (aﬁ1>G +b— CB))
77]2,G
+ (1 _ 77’2 G) - — 5 (B14)

2,G + (1 _ nZ,G) exp ('8 (aﬁl,G + b + CG))

the solutions of which are equilibria of the model (16). It is straightforward to verify that 19, 110,
n11, and 1o1 solve (B14) and are therefore equilibria of the model. This proves (P5). (P6) follows
from Proposition 2, by noting that at each edge of the box, the model reduces to a one-dimensional
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map equivalent to (11). Specifically, imposing 71°¢ = 0 and 7>C € (0, 1), the first equation of the
algebraic systems (B14) is satisfied, while the second one reduces to the following linear algebraic

equation
7>+ (1 —7*%) exp (B (b+ C%)) = > exp (=B (b — CP)) + (1 — 7#*9), (B15)
which is an identity for b = —CY = C? and a linear equation otherwise. However, b = —C% = CB

is excluded by the assumptions CB, CG > 0 and either CB > 0 or CY > 0. Therefore, (B15) has a
unique solution. By straightforward algebra, this unique solution is

_ G
= 1 —exp (B (b+ CY)) 516

2—exp (B (b+CC) —exp (—B (b— CB)).

Hence, (0, %) is the unique equilibrium (excluding the vertices) at edge n"% = 0 of box [0, 1]°.
By symmetric arguments (see (P2) and (P3)), (n*,0) is the unique equilibrium (excluding the
vertices) at edge n>“ = 0 of box [0, 1]2. Moreover, imposing 7 =1 and 7>C € (0, 1), the first
equation of the algebraic system (B14) is satisfied, while the second one reduces to the following
linear algebraic equation

P4 (1) exp (8 (a-+b+ CO) = 72 exp (<4 (a+b— C) + (1- ), (B17

which is an identity for a4+ b= —CY = C? and a linear equation otherwise. However, a + b =
—C% = CB is excluded by the assumptions CZ, C% > 0 and either C® > 0 or C“ > 0. Therefore,
(B17) has a unique solution. By straightforward algebra, this unique solution is

L 1—exp (B (a+b+CY%)
_2—exp(,3 (a+b+CO) —exp (=B (a+b—CP))

Hence, (1,7™) is the unique equilibrium (excluding the vertices) at edge n"¢ =1 of box

n (B18)

[0, 1]2. By symmetric arguments (see (P2) and (P3)), (n+, 1) is the unique equilibrium (exclud-
ing the vertices) at edge 7> =1 of box [0,1]?. This proves (P7). Imposing n* and n*
in (0,1)%, (P8) and (P9) follow. Indeed, assuming 7" >0 and 2 —exp (B(a+b+ CY)) —
exp (—B (a+b— CB)) > 0 implies a + b + CY < 0, which implies a + b — C8 < 0. Then, n* < 1
implies 1 —exp (=B (a+b—CP)) >0 and thus a+b— C? <0. Instead, n* >0 and 2—
exp (B(a+ b+ CY) —exp (—B(a+b— CB)) < 0implies a + b+ CY > 0. Then, n* < 1 implies
1 —exp (—B (a+ b — CP)) <0, which implies a + b — C? > 0. Therefore, a+b— C* > 0 and
a+ b+ CC > 0, which are the conditions in (P8). Similarly, we obtain the conditions in (P9).
Searching for solutions (7°, %) € (0, 1)?, the algebraic system (B14) is equivalent to:

G 1 — exp (,B (aﬁz’G + b+ CG))
T T 2" exp (B (aii?® + b+ CO)) — exp (B (—aii?® — b+ CP))

G 1 —exp (B (an>“ + b+ C°)) (B19)
T 2 "exp (B (ail™C + b+ CO)) — exp (B (—aii"C — b+ CP))’

By definition of equilibrium, the intersection points of these two curves in box (0, 1)? are equilib-
ria of the dynamical system. Imposing n"¢ = n>% =i = 0.5 in (A2), the condition TT¢¢ — C% —
MBG = 1188 — CB — M8 emerges after straightforward algebraic manipulations. This proves
(P10). (P11) follows from (P4). In the following, we will show that the eigenvalues of the Jacobian
matrix of the model computed in 7 are real and coincident. The same holds for 71;. This proves
(P12). Since ngo and 1y are the two extremes of segment A, and invariant set by (P1), topological
arguments indicate that when these two equilibria are attractors (repellors), a source (sink) in A
is required. This proves (P13). With regard to the stability of the equilibria, let us use standard
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eigenvalue analysis. For system (16), we have that the Jacobian matrix is given by
Ji1 (Tltl’G> U?’G> J12 ( o, Tlf G)

J21 (m}’G, U%’G) ]22( IG, Tlf G)

.G _2,G
1 (1529) -

where
LG 1.G
I (0% 02€) = i -
>t T 1,G —
an; r}tl’G + (1 — ntl’G) exp (/3 (anf’G +b— CB))

O (-l i)
i (1) o+ 1)

1—2nbC

o+ ( —n, G) e exp ( (anf’G +b+ CG>)
- nt (1 — nt ) (1 — exp ( <ant2’G +b+ CG>

|:77t (1 - 77t ) exp ( (amz’G +b+ CG))]Z

o oy o Pa(nO) (1-n€)ew (p (w0 4o c?))

]12(77t’ /. )3= - 2G - s 2
[+ (1= ) exp (8 (an+ - C2) )

,Ban ( nl’G> exp (/3 <anf’G +b+ CG>>

[r}t’ + (1 — r)tl’G) exp (/3 (ar)f’G +b+ CG>>]

any o
J21 ( IG, 0 G) = t+1 =12 ( ,Utl’G> and ( ,77t2 G) = tH
8771‘ 377t

_|_

2

Therefore,

exp (—B (b + C9)) 0

0 exp (—,6 (b + CG))

J(0,0) =

(B20)

]11( ﬂ?f )

(B21)

(B22)

and kg(,)z’o) =exp (—B (b+ CG)) > 0. Hence, 9o = (0, 0) is locally asymptotically stable if and only

if b+ CY > 0. This proves (P14). Moreover,

exp (B (a+b— CP)) 0
J(,1)=
0 exp (,3 (a+b— CB))
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and )Lfél) =exp (B (a+ b — CP)) > 0. Hence, n11 = (1, 1) is locally asymptotically stable if and
only if a + b — CB < 0. This proves (P15). Moreover,

b—CB 0
J(1,0) = exp (B ( ) (B24)

0 exp (—B (a+ b+ C%))

and kgl’o) = exp (,3 (b — CB)) > 0and )Lgl’o) =exp(—pBla+b+ C%)) > 0. Hence, (1, 0) is locally
asymptotically stable if and only if b — C® < 0 and a + b+ C® > 0. Note that 19; = (0, 1) is sym-
metric to 710 = (1, 0) with respect to .A. Hence, from (P4) and the stability conditions of 19, we
have that 79, is locally asymptotically stable if and only if a + b+ C% > 0 and b — C® < 0. This
proves (P16). Assuming the existence of an equilibrium in the vertex of type (0, n*), we have

that
exp (—B (an* + b+ CC 0
J0n7) = o ) ’ (B25)
J21 (0, ™) J2o (0, n*)
where
*2+2>x< b—CB a2 b—CB
Toa (0,7%) == ()" + 20" exp (B ( ) — (") exp (B ( )

[+ (1 — n*) exp (B (b — CB))]*
(1 —n*)*exp (B (b+ C°)) — (n)?
[ + (1= 1*) exp (B (b + CO)) ]’
_ (n)* exp (=28 (b — CB)) +2n* exp (—B (b — CB)) — (n*)* exp (—B (b — CB))
[n* exp (=B (b— CP)) + (1 — )]
(1 —n*?exp (B (b + CY)) — (%)
[ + (1 = ) exp (B (b + CO))]*

(n*)* exp (—28 (b — CP)) + 2n* exp (—B (b — CB)) — (n*)* exp (—B (b — CB))
+ 1 =) exp (B (b+C%)) — (")’
[77* + (1 — n*) exp (,3 (b + CG))]2

(B26)

It follows that the eigenvalues are kgo’n*) =exp (—B (an* + b+ C%)) and Ago’n*) =J22 (0, n%).
Note that Ago’"*) > 0 is responsible for transverse stability with respect to the edge of the box of
equation nl’G =0. Imposing Ago’n*) < 1, we obtain an* + b+ CC > 0, that is, (HBG — HGG) n* +
(TTB8 — T19B) (1 — n*) + C© > 0. Instead, k§0,n*) is responsible for stability along the invariant

Sl . . . 0,n* .-
edge n"° = 0, which is the eigenvector associated with kg ! ). Therefore, a necessary condition
for the stability of (0, n™) is that it attracts points along this eigenvector. However, along this eigen-
vector, that is, on the invariant edge n"¢ = 0 of the box, the dynamics of model (16) is given by

(0,725 := (0, H(n*“)), where
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2,G

> -— ’ n
() =i an’G +(1- nf’GS exp (8 (b—CP))

(=)

nz,G
t
%+ (1= n7%) exp (B (b+CF))

on [0, 1]. Setting b= ¢ — s, 77t2+G1 =H (ntz’G> is equivalent to (11). Therefore, (0, n*) is an

equilibrium of the dynamics of model (16) if and only if n* is an equilibrium of the one-
dimensional model (B27). Moreover, the stability of n* for model (B27) is a necessary condition
for the stability of (0, n*) for the dynamics of model (16). However, by Proposition 2, we have that
n* is always unstable for all [1%, T8 > 0, and therefore for all values of b. It follows that (0, n*) is
either a saddle or a repellor. By (P4), the symmetric equilibrium with respect to .4, that is (n*, 0),
has the same stability properties of (0, n*). This proves (P17). Considering equilibrium (1,77),

(B27)

we have
rny=| (B (an™ +b—CP)) 0 | "
Jar (1,0™) Ja (1,77
where
T (1) = () +2nt (1=nT) exp (B (a+b—CB)) — (n")* exp (B (a+ b — CB))

[77+ + (1 — 17+) exp (,B (a +b— CB))]2

N (1- n+)2 exp (B (a+b+CC)) — (77+)2.
[T]+ =+ (1 - 77+) exp (,3 (a +b+ CG))]2

+
It follows that the eigenvalues are )Lfl’n ) = exp (,B (an+ +b— CB)) and kguﬁ) =J» (1, 77+).

(B29)

Note that kgl"ﬁ) >0 is responsible for transverse stability with respect to the edge of
the box of equation n"®=1. Imposing )\fl"ﬁ) <1, we obtain an™ +b— CP <0, that is,
(B¢ — 19%) p+ + (NP2 — 19P) (1 — n*) — CP < 0. Instead Agl"fr) is responsible for stability
along the invariant edge n® = 1, which is the eigenvector associated with Agl’n+). Therefore,

a necessary condition for the stability of (1, n") is that it attracts points along this eigenvector.
However, along this eigenvalue, that is, on the invariant edge 7n*° = 1 of the box, the dynamics of

model (16) is given by (1, nffl) = (LW (ntz’G> ), where

G G UZ’G
2, 2,
W () =n :

r}f’G + (1 - nf’G) exp (,8 (a +b— CB))

26
i <1 " ) nf’G + (1 - ntz’G> exp (,8 (a +b+ CG))

on [0, 1]. Setting a + b= I1¢ — I15, 77t2+G1 = W(nf’G) is equivalent to (11). Therefore, (1,77) is
an equilibrium of the dynamics of model (16) if and only if n* is an equilibrium of the one-
dimensional model (B30). Moreover, the stability of ™ for model (B30) is a necessary condition
for the stability of (1, n"') for the dynamics of model (16). However, by Proposition 2, we have

2,G
Ny

(B30)
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that n* is always unstable for whatever I1°, IT8 > 0, therefore for whatever value of b. Hence,
(1, n™) cannot attract trajectories starting at the edge n¢ =1 of the box, and it is either a saddle

or a repellor. It follows that (1, ") is always unstable, and either a saddle or a repellor. By (P4),
the symmetric equilibrium with respect to 4, that is (r)+, 1), has the same stability properties of

(1,»™). This proves (P18). Consider an equilibrium in the invariant set .A. By definition of .A
in (P1), this equilibrium is given by (1, ), with 1 € (0, 1). Hence, the Jacobian matrix in (B20)

becomes
o A B
J(n,n) = [ } , (B31)
B A

where A =J11 (1, 1) =J22 (17, ) and B=J12 (1, ) = J21 (1, 17). It follows that the eigenvalues are

always real and given by )»g?z’") = A = B, with (A3), which follows from straightforward algebra,
and vy, = [£1, 1] are a couple of two related eigenvectors, respectively. This proves (P19). For
(11, ) € (0, 1), note that

_ @’ +iC-inep(Bantb-C)) (- exp(p(an+b+CY)) -
[i+0—Dexp(B(an+b—CB)]  [i+1—i)exp(B(ai+b+CG))]

(B32)

since [ﬁ + (1 —n)exp (,3 (aﬁ +b+ CG))]2 > [ﬁ + (1 —n)exp (,8 (aﬁ +b— CB))]Z. Moreover,
assume a > 0 and note that

Ba (@’ (L= exp (B (an+b—CP))  Bai (1—)*exp (B (an +b+C)
[+ —Dexp (B (an+b—CB)]* [i+1—)exp(B(ai+b+CG))]

B=-—

(B33)

Hence, )én,n) > 0 and )\gn,n) > }AYM) } By standard bifurcation analysis, see, e.g., Guckenheimer
and Holmes (1983), it follows that an inner equilibrium (7, 7) can undergo only fold/transcritical
bifurcations along the direction spanned by eigenvector v, that is, along the manifold transverse
to the invariant set A. Along the invariant set .A, the direction spanned by eigenvector v;, an equi-
A(ﬁ,ﬁ)

librium (7, 7) can undergo either a bifurcation of eigenvalue 1 (when = 1) or a bifurcation

of eigenvalue —1 (when k(” D — —1). Note that (7, 7) is unstable (a saddle or a replellor) at least

immediately before and after these bifurcations. Indeed, )Lgn ) equal to either 1 or —1 implies
)Lén’") > 1, since k;"’”) > |A§M) | For a < 0 and B > 0, similar but opposite considerations apply.
This proves (P20). [

Proof of Proposition 3. As shown in Lemma 1, the stability of the vertex equilibria depends on
the sign of four different expressions: (1) 188 — 1168 4+ CG, (2) 1198 — 1188 4 CB, (3) 166 —
MB86 4 CB, (4) TIBC — T1°C 4- CC. Therefore, there are 2* = 16, possible scenarios. However,
88 < 1198 — CG and M98 < 1188 — CB lead to M8 < 1188 — CB < 1188 < 1198 — CC, which is
not possible since C® > 0 by assumption. Moreover, [1°¢ < I8¢ — CB and 1186 < 116¢ — ¢
lead to T1°C < TTBG — CB < MBC < MY — €Y, which is not possible since C¢ > 0 by assumption.
By straightforward consideration, we then have that all possible scenarios reduce to 9. The other
results follow from Lemma 1. d

Proof of Corollary 2. Consider the four conditions that characterize the nine scenarios of
Proposition 3: HBB < MCB — 6, HGG < 186 — B, HBG < T166 — 6, and l'IGB < BB — B,
If T166 =T1%8 = HG and T18¢ = 1188 = HB these cond1t1ons reduce to: TI8 < HG CC and
HG < 18 — CB. These conditions are consistent only with Scenarios 1, 5, and 9. Th1s proves (1).
It HGG I8 =T1C, the four conditions that characterize the nine scenarios of Proposition 3
become: HBB <119 — C6, HG< 8¢ — B, HBG< ¢ — C°, and HG< 88 — ¢85, Imposing
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188 < 118G we have (A) I1¢ < 188 — CB, then I1° < T8¢ — CB; (B) ¢ > I18¢ — CB, then
¢ > 28 — CB; (C) B8 > ¢ — €O, then IMTB° > % — CY (D) MBC < ¢ — CC, then I8 <
16 — CC. Therefore, Scenarios 2, 3, and 6 are not possible. This proves (2). If 188 = 1186 = 115,
the four conditions that characterize the nine scenarios of Proposition 3 become: T8 < TT¢8 —
CO e <mf - CB MB< Y — Y and B < 118 — CB. Imposing T19C > M5, we have
(A): TI® < 198 — €6, then MB < ¢ — C% (B) M® > M — CC, then NP > %8 — CC; (C)
96 < 118 — CB, then M2 < 8 — CB; (D) M98 > 118 — CB, then M1°C > 18 — CB. Therefore,
Scenarios 4, 7, and 8 are not possible. This proves (3). Imposing T8¢ > 158 and I1°¢ >
198, neither of the conditions that characterize one the nine scenarios can be excluded. This
proves (4). ]

Proof of Corollary 3. Note that [19¢ > 198 > 118G > 1188 and CB > 0 imply I19¢ > 118¢ — CB
and T198 > 1188 — B, Hence, only Scenarios 1, 6, and 9 are possible. Further assuming Ccé=0
(subsidizing the cost of adapting green technology), implies 1?8 < %% — CC and I8¢ < %% —
CC. Hence, only Scenario 9 is possible. Assuming C® > max {T1°% — [155; [1°“ — 1T%¢} implies
B8 > 1168 — CY and B¢ > MM — CC. Hence, only Scenario 1 is possible. This proves (1).
Note that T8¢ > 188 > [19C > 118 and CC > 0 imply 128 > M98 — CC and T8¢ > 1166 —
CC. Hence, only Scenarios 1, 2, 4, and 5 are possible. Further assuming C® =0 implies
M9 < 8¢ — CB and M8 < 188 — CB. Hence, only Scenario 5 is possible. Assuming C? >
max {HBG — 19G, 188 — HGB} implies 166 > 118G — B and 1198 > 1188 — CB, Hence, only
Scenario 1 is possible. This proves (2). O
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