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Abstract: Queueing systems with feedback are well suited for the descrip-
tion of message transmission and manufacturing processes where a repeated
service is required. In the present paper we investigate a rather general sin-
gle server queue with a Markovian Arrival Process (MAP), Phase-type (PH)
service-time distribution, a fnite buffer and feedback which operates in a ran-
dom environment. A fnite state Markovian random environment affects the
parameters of the input and service processes and the feedback probability.
The stationary distribution of the queue and of the sojourn times as well as
the loss probability are calculated. Moreover, Little’s law is derived.

Keywords: Feedback Queue, Batch Markovian Arrival Process, BMAP, Phase-
Type Service, PH, Little’s Law.

1 Introduction

The traditional assumption in queueing is the following: after the server completes the ser-
vice of a customer, this customer leaves the system forever and does not affect the further
operation of the system. However, in some real systems a quality control is implemented
for the service after the service completion and with some probability the customer may
return to get additional service. Such a situation takes place,for instance, when a message
is transmitted along a noisy wireless channel. These models with a return of a customer to
get additional service (feedback queueing models) deserve special consideration. In this
respect, we can refer to Takacs’ pioneering work (Takacs, 1963).

Compared to the existing literature two main contributions are made in the present
paper. At frst, we take into account the correlated nature of arrival streams in modern
systems, e.g. message fo ws in telecommunication networks. Therefore, we apply so
called Markovian Arrival Processes (MAP) as input of the system. They are used instead
of a Poisson process which is one of the most popular input streams in the literature.
Moreover, the statistical analysis of measurements in the modern telecommunication net-
works, for instance, has shown that the stationary Poisson process does not ft well to
experimental data.

The second and more important contribution concerns a situation where the parame-
ters of the input and service processes and the feedback probability to get the additional
service depend on the current state of some external random process called a random en-
vironment. In addition, we deal with a fnite buffer while previous studies have mainly
considered feedback models with infnite b uffer.
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2 Mathematical Model

We consider a single server system with a fnite buffer of capacity N — 1, N > 1. The
behavior of the system depends on the state of a stochastic process, i.e. the random
environment, &,t > 0. It is assumed to be an irreducible continuous-time Markov chain
with the state space {1, ..., M}, M > 2 and the infnitesimal generator Q).

The input fo w of the system is determined by the following modifcation of the well-
known BMAP (see, e.g., Lucantoni, 1991; Chakravarthy, 2001). In this input fo w, the
inter-arrival times of customers are directed by an irreducible continuous time process v/,
t > 0 (directing process) with the state space {0, 1,...,W}. Given a fx ed state m of the
random environment, this process behaves as follows. The sojourn time of the process v,
in state v is exponentially distributed with parameter )\,(,m), A S 0,v = 0,W. After
this sojourn time has expired, the process v, either jumps to the state 7, 7 = 0, W, v # r,

without generating an arrival with probability p(()m) (v, 1), or the process v; jumps to the

state , r = 0, W generating a batch arrival of size £ > 1 with probability pim)(y, ),

k>1,m=1,M,

%% w
ST M)+ M) = 1,0 =0,W,m=1M.

()
r=0,r#v k=1 r=0

We introduce the matrices D,im), k>0, m =1, M, whose elements are defned by:

(D(()m))u,zx = )\l(/m)’ v = 0>W’
(D(m))u,r _ A(Vm>pgm>(,/, r), v,r=0W, v#r,
(Dl(gm))l/,r = >\1(/m)pl(cm)<y7 T), k = 1’ vr= O’ w

Then, the MAP input fo w is completely defned by the set of only two types of matrices
D™ k=0,1,m=1,M.

A customer who meets a full buffer is rejected and lost.

The service process is defned by the modifcation of the Phase-type service-time dis-
tribution (see, e.g., Neuts, 1981). The service time is interpreted as the frst passage time
until a continuous-time Markov chain 7, ¢ > 0 reaches the absorbing state. This chain has
the state space {1,..., K'}. Given a fx ed value m of the random environment &, ¢t > 0,
transitions of the chain 7,, ¢ > 0 within the state space are defned by the irreducible
sub-generator S(™ while the intensities of transitions into the absorbing state are defned
by the vector S[()m) = —S(me. Here e is a column vector of all ones of appropriate size.
At the beginning of the service, the state of the process 7;, ¢t > 0 is chosen according to
the row vector ﬁ(m) of probabilities, m = 1, M.

At service completion, the customer who got the service leaves the system forever
with probability p,, when the current state of the random environment is m, m = 1, M.
With the complementary probability 1 — p,,, the customer immediately returns to the
server to get repeated processing.

The admitted customers are served according to a First In - First Out (FIFO) discipline.
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3 Stationary Distribution of the Queue Length

We consider the four-dimensional continuous-time process ¢; = {is, &, v, 1}, t > 0,
where ; is the number of customers in the system at the epoch t,¢ > 0, i; = 4,1 = 0, N,
the components {&;, v, 1}, t > 0 are defned above, & = m,m = 1, M, v, = v,v =
0,W,n, = n,n = 1, K. It is easy to see that this process is a Markov chain. Due to
the assumptions made about the random environment process &, t > 0, the underlying
process 14, t > 0, governing the MAP and the process 7;, t > 0, the process (;, t > 0
is a regular irreducible continuous-time Markov chain with a fnite state space. Due to
Foster’s criterion, it has a unique stationary distribution. We denote its stationary state
probabilities by

p(0,m,v) = tll)rgo P{i; =0,& =m,y, = v}

p(i,m,v,n) = tlggo P{i; =1i,§ = m v, = v,n = n},

1=1,NNm=1,M,v=0W,n=1, K.

Enumerating the states of the chain (;, ¢ > 0 in lexicographical order, p;, ¢ = 0, N
represents the vector of probabilities corresponding to the state ¢ of the entry 7;. Let

P= (p07"'7pN)~
Lemma 1. The vectors p;, ¢ = 0, IV, satisfy the system

p05+ plE: 07
p1C + poD; + p2H =0, (1)
piC +pi-1Dy +piyH=0, i=2 N —1,
pn (C+D1)+py-1Dy =0,
where
Dk:dzag{Dlim)®[K, m:l,M}, k:o,l,

D, = diag{D{" @ ™, m =1, M},

Dy = diag{D\™, m=T1M}, k=01,

C=Q&Lyg +Dy+S—H,

5 - Q ® [W —|— 50,

H = diag{[iy ® Sém)ﬁ(m)pm, m=1,M},

H = diag{Ly ® SY" pp, m =1, M},

S = diag{Ly ® (5™ + S @™) m =1 M}.
Here diag{} represents the diagonal matrix with the diagonal entries defned in brackets,
® is the Kronecker product of matrices, 0 is a row vector of zeros, I is the identity matrix
of a dimension defned by the conte xt or by the sufftx W =W + 1.

Proof. The proof of the lemma is implemented by a standard calculation of the tran-
sition probabilities of the Markov chain. during a very small time interval. Il

Theorem 1. The vectors p;, ¢ = 0, N, of the stationary probabilities are calculated as
follows:
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pi = po®i;, i1=1N,

where py is the unique solution of the following system of linear equations:

Po <C~—|— Gﬂ;) =0, poicbie =1,
i=0

Dy =1, P = @Gy, i

I
=

The matrices G; are defned as follo ws:

e for N =1, N
Gy =-D:(C+ Dl)_l )

e for N > 1, B
—D, (C + GQH)_l , 1=1,

Gi={ -Di(C+GiH)™", i=2N-1,
-D,(C+Dy)", i=N.

Proof. The proof follows from the application of the reduction algorithm to the system
(1) starting at the last equation. l

4 Sojourn Time Distribution

From a practical perspective, the sojourn time of a customer and its mean value are some
of the most important performance measures of any queueing system. For a fnite queue-
ing system, the following two versions of the sojourn time are considered: (i) the sojourn
time for an arbitrary customer, (ii) the sojourn time for a successful customer, i.e. a cus-
tomer that is not lost due to a full buffer at its arrival. In this paper, both versions are
considered.

First of all, we consider the average intensity of the input fo w. It is defned by

A=X 151 e, (2)
where x is the unique solution of the following system of linear equations:
x(5+251) =0, xe=1. 3)

Lemma 2. The average intensity of the input fo w A is calculated as follows:

N
A= poDle + Z pﬂ?le. (4)

i=1

Proof. Multiplying both sides of system (1) by I/ (w 1) ® ex and summing them up,
we get the following system of linear equations:

N ~
(Po + Zpi (]M(W-H) ® eK)) (CN—l— 751> = 0. (5)

=1
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Taking into account the normalization condition Zi]\;O p;e = 1 and the expression above,
it can be easily seen that x = po + S, ps (Inw+1) @ ek ). In this way, the expression
(2) is equivalent to (4). W

Secondly, we have to calculate the value of the probability P, that an arbitrary cus-
tomer is lost in front of the system.
Lemma 3. The loss probability P, is calculated as follows:

Ploss = A_leple~ (6)

Proof. It is obvious that the customer is lost if there are /N customers in the system
at his arrival epoch. The term A\~'pyD; defnes the distribution of the fnite components
{&, v, i} of the Markov chain (;, ¢ > 0 just after such an arrival epoch. B

At third, we have to fnd the joint stationary distribution 7;,s = 0, N of the processes
it, &, ¢ at the epoch just before the arrival of a customer and of the process 1, ¢t > 0 after
this arrival epoch.

Theorem 2. The vector generating function Il(z) = Zi]io 2", |z| < 1 satisfes the
following equation:

N i—1
2M(2) = 2V Ppgs + A1 Z o (H - Z 2 (T2 + H)) ; (7
i=1 Jj=0

where I' = C + D;. .

Proof. It can be shown that 7y = A\ "'pyD1, ®; = A 'p; Dy, i = 1, N. Multiplying
both sides of the equilibrium equations (1) by z*,i = 1, N and summing them up, we get
the following equation for the vector generating function p(z) = ZZ]\LI piz

p(2)C + pnDi2? N ®)
+ (P(Z)Z - PNZNH) Dy + 2poDy + 27 (p(2) — 2p1) H = 0.
We rewrite (8) in the form:
(= = 1) (2poDs + 2p(2)Dy)
D. N+1 ®)
=2 (p1H = poD1 ) + (= = 1)z"pyDy —p(2) (D + H)..
Substituting z = 1 into (9), we get:
p(1) (T +H) = prH — poD1. (10)
We substitute (le — poﬁ) in (9) using (10) and get:
(z—1) (zpoa + zp(z)D1>
i~1 (11)

(2~ )N pyDy 4 (2~ Dp()H — (= — 1) p 3 29 (T2 4+ H)

i=1  j=0
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Dividing both sides of (11) by A\(z — 1), we derive (7). B

Theorem 3. The Laplace-Stieltjes transform of the sojourn-time distribution of an
arbitrary customer has the following form:

N i
Wi(s) =" Zpi <He - SZ (Z(s))’ e) + Poss, s €€, Res >0 (12)
i=1 j=1

where Z(s) = (s[ —T)"'H, se €, Res>0.

Proof. The proof is based on the probabilistic interpretation of the Laplace-Stieltjes
transform.

We assume that, independently of the system operation, a stationary Poissonian input
of so called catastrophes arrives. Let s > 0 be the intensity of this fo w.

Let W(x) be the distribution function of the sojourn time of an arbitrary customer.
Then, its Laplace-Stieltjes transform

W(s) < 76—%@(@

can be interpreted as the probability of no arrivals of catastrophes during the sojourn time.
This argument allows us to derive the expression for 1V (s) by probabilistic reasoning.
The obtained results are valid only for real s > (. But there exists the unique analytic
continuation of the obtained function to the right half of the complex plane s € ¢, Re s >
0.

It is easy to see that the function W (s) can be calculated by the formula of total
probability in the following form:

N-1

W(S) = 7TOW1(S) + Z 7TZ'WZ'+1(S) + mye. (13)
=1

The entries (W;(5s))m..,, of the vector W;(s) are the probabilities of no arrivals of
catastrophes during the virtual sojourn time with ¢ customers at the system and a given
state (m, v, n) of the process {&;, v4, m:}, t > 0 at the arrival epoch of the virtual customer.
The vector W (s) is calculated by

W, (s) = /e_St P,(t,0) H dt e, (14)
0

where the matrices P;(¢,() have entries (P;(¢,1))mnm: - The latter are defned as
the probability to have [ customers in the system in front of the tagged customer and to
observe the state (m/,v/,n’) of the process {&,, v, n,}, 7 > 0 at the epoch ¢ provided
that 7, 0 < [ < ¢, customers were in front of this customer and the state of the process
(&, vrymy), T > 0, was given by (m, v, n) at the epoch 0.

We combine the matrices P;(¢,() into the block row vector:

Pi(t) = (P.(t,0), ..., Pi(t,i))
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Then the differential equation

d
Epi (t) =Pi(t)¥;

can be derived. Here all blocks of the matrix W; except the diagonal blocks which are
equal to I and the sub-diagonal blocks, that are equal to H, are zero. Solving this equation
with an obvious initial condition

P;(0) = (0,...,0,1)
and exploiting (14), we get the formula
W,(s) = (0,...,0,1)(sI — ¥;)"HI,0,..,00"He = (Z(s))"e.

Note that the matrix H should be replaced by the matrix H in the case when the tagged
customer is the single one in the system at the moment of his departure. But He = He
and there is no need to consider this case separately.

The determinant of the matrix (s/ — I") is not equal to zero for Re s > 0 due to O.
Tausska’s theorem, see Gantmacher (1967).

At this stage, the expression of TV (s) is as follows:

N-1
W(s) = A1 (pgﬁZ(s)e + Z p:D: (Z(s))“rl e) + Poss, Res>0.
i=1

Substituting z in (7) by Z(s) and noting that ['Z(s) +H = sZ(s), we fnally derive (12).
[

Theorem 4. The Laplace-Stieltjes transform W, ccess(s) of the sojourn-time distribu-
tion of a successful customer has the following form:

7=1

épi (He — S i (Z(s)) e)
Wsuccess(s) = = Re s > 0.

)‘(1 - P)loss) 7
Proof. Regarding W, .ss(s) the formula of total probability has the following form:
N-1
Wsuccess(s) = a()Wl(S) + Z aiWi—i-l(S)'
i=1
Here av;,i = 0, N — 1 are the stationary probabilities of the components {i;, &, 7 },t > 0
of the process (;,t > 0 at the epoch before the arrival of a successful customer and of the
process vy, t > 0 after this arrival epoch. It can be shown that g = (A(1— Ploss))*lpolfi,
a; = (AM(1 = Pss)) 'piD1, 7 = 1, N — 1. Using this fact, we can easily repeat the proof
of the previous Theorem for our case. B
Corollary. The mean sojourn times W and Wy,..ss of an arbitrary and a successful
customer, respectively, satisfy Little’s law:

AW =L,
)\(1 - Ploss) Wuccess = La

N

where L = ) ip;e is the mean number of customers in the system.
i=1
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5 Numerical Examples

To illustrate the feasibility and outcome of the presented algorithms, we consider the
following example.

Let the Markov chain &, ¢ > 0 of the random environment have two states. It is
defned by the infnitesimal generator:

—14 14
Q:( 1.8 —1.8)'

The M AP input is characterized by the matrices

(=86 0.01 a (85 0.99
D _<o.02 276 ) P = 0225

when the random environment stays in the state 1 and by the matrices

@ _ (-8 1 @ _ (25
P = (3 ) 2= (10

when the state of the random environment is determined by 2.
The service-time distribution of Phase-type is characterized by the vectors B =
(0.2,0.8), 8% = (0.9,0.1) and the sub-generators

g _ (—170 15 ) 5@ _ (—110 80 ) .
40 —-210 ) 10 —150
In the experiment, we fx the parameters of the M AP input and PH services as well
as the queue capacity N = 10 and change the probabilities p,, to leave the system after
the service completion when the random environment is in the state m, m = 1, 2.
The Figures 1,2,3 illustrate the dependence of the values L, pge, P,ss on the proba-
bilities p; and p,. As noticed by these fgures, the observed values change in a monotone

manner until the point p; = p, = 1, when the system is completely unavailable for
incoming customers. Here L = N, ppe = 0, P,ss = 1 hold.

6 Conclusion

The feedback queueing model of the type M AP|PH|1|N operating in a Markovian ran-
dom environment has been investigated. The random environment has a fnite state space.
Changes of its state causes instantaneous changes of the parameters of the M AP input
and the Phase-type service processes as well as the probability of a repeated service.

The stationary distribution of the associated multi-dimensional continuous-time Markov
chain describing the behavior of the system has been calculated. Furthermore, the Laplace-
Stieltjes transform of the sojourn-time distribution of an arbitrary customer and a success-
ful customer and a variant of Little’s law has been derived.

The work of the derived elaborated algorithms has been illustrated by numerical ex-
amples.

The presented results can be applied to the capacity planning of realistic feedback
systems and the performance evaluation in situations where a repeated service of objects
is required and the operation on the object is subject to some external infuence.
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Figure 1: Dependence of the average Figure 2: Dependence of the probability
queue length L on the feedback probabil- of an idle state ppe on the feedback prob-
ities p; and po abilities p; and po

Figure 3: Dependence of the loss probability P,ss on the feedback probabilities p; and p,
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