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Introduction 

Fostering effective development policy is an important concern not only for developing coun-

tries but also for developed countries. There are multiple aspects which must be considered for

setting specifc goals of development. In 2015, the United Nations (UN) created 17 sustainable

development goals (SDGs) (United Nations, 2023). However, how important each goal is dif-

fers for each country depending on its situation. For countries suffering from extreme poverty,

goals that are directly connected to poverty have a high priority such as no poverty (SDG 1),

zero hunger (SDG 2), and good health and well-being (SDG 3). Meanwhile, developed coun-

tries aim to reduce inequality and achieve sustainable development. Therefore, these countries

focus more on goals like reduced inequalities (SDG 10), sustainable cities and communities 
(SDG 11), and responsible consumption and production (SDG 12). Effective policies that are

tailored to each country’s particular context are essential to achieve not only the SDGs, but also

further goals that drive economic and social development. Formulating effective policy starts

with analyzing the current economic and social situation and tracking any changes. For their

analyses, countries and organizations calculate and regularly publish important economic and

poverty indicators such as gross domestic product (GDP), price indices, and head count ratio

(HCR) (Foster et al., 1984).

To provide reliable indicators, countries and organizations frequently conduct several ex-

tensive surveys such as household income and expenditure surveys (International Labour Or-

ganization, 2024) or the demographic and health survey (The DHS Program, 2023). Based on

collected survey data, they produce reliable indicators commonly at the national level. This

information is then used to formulate policies for the entire country. However, sometimes

indicators at a regionally or socio-demographically disaggregated level (e.g., districts, munic-

ipalities, or ethnic groups) are required to make a decision on where to allocate resources

effectively. Furthermore, one single policy for the entire country cannot solve region-specifc

problems. Not considering regional differences can results in regionally unbalanced develop-

ments. To avoid this problem, it is important to understand regional differences and implement

region-specifc policies based on reliably estimated indicators in each region. Therefore, it is

essential to have reliable indicators not only at the national or the large regional level but also

at disaggregated levels. Unfortunately, because of small sample sizes and non-observed areas,

it is often impossible to produce the reliable indicators of interest at a granular regional level

using existing survey datasets. As these surveys are designed to produce the indicators at a

national or a larger regional level, there are enough observations at these levels to estimate

indicators with an acceptable level of uncertainty but not at a disaggregated level.

We can solve this problem by conducting new surveys which are designed such that there
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INTRODUCTION

are enough observations at the disaggregated level of interest. However, this is practically im-

possible due to high fnancial and time costs. Small area estimation (SAE) methods tackle this

problem and suggest statistical solutions without further costs. Small area refers to regionally

disaggregated areas or socio-demographically disaggregated groups in which the estimation of

indicators with existing survey datasets is either impossible or unreliable due to small sample

sizes. SAE methods use model-based approaches and combine an existing survey dataset with

an auxiliary dataset to produce reliable estimates of indicators at disaggregated, i.e., small area

levels (Pfeffermann, 2013; Rao and Molina, 2015; Tzavidis et al., 2018; Morales et al., 2021).

Models used in SAE methods can be divided into two groups depending on which level the

model is defned: (1) unit level models and (2) area level models.

SAE methods with unit level models require two datasets: a relevant survey dataset at the

unit level, which is normally the household, and an additional auxiliary dataset. The survey data

must include possible independent variables and the dependent variable, which is commonly an

income or an expenditure variable, for the estimation of economic and poverty indicators. The

auxiliary dataset must include dependent variables either at the unit level or at the area level.

When a SAE approach aims to estimate nonlinear indicators, it usually requires unit level aux-

iliary data including the variables of all households in the population (e.g., the empirical best

predictor (EBP) approach by Molina and Rao (2010)). For the estimation of linear indicators,

the auxiliary data does not necessarily need to be at the unit level but the area level data should

be without errors (Battese et al., 1988).

Area level SAE approaches, meanwhile, build the models at the targeted small area level

(e.g., the Fay-Herriot model by Fay and Herriot (1979)). Therefore, the models require data

which is aggregated at the area level. In area level models, a direct estimator of the target

indicator is used as dependent variable. The dependent variable is usually obtained from a

relevant survey dataset by using a direct estimation method, such as the Horvitz-Thompson

(HT) estimator (Horvitz and Thompson, 1952). To ft the model, independent variables at area

level in the auxiliary data are required and these variables are assumed to be without errors.

Traditionally, census datasets are frequently used as auxiliary datasets for both unit level and

area level SAE approaches. Since these datasets contain all households in the population, they

satisfy the condition of unit level auxiliary data. Furthermore, the aggregation of variables from

the datasets provides error free area level auxiliary information. Consequently, a census is a

useful auxiliary data source not only for unit level models but also for area level models.

Since SAE methods combine two datasets, the datasets must be from the same year or at

least from similar years in order for them to accurately refect the current population. How-

ever, it is challenging to access a census dataset which represents the current population due to

multiple reasons. First, due to data protection laws, it is generally diffcult to access a census

dataset because it includes the information of all households in the population. Second, the

most recent census data may be already outdated as the census is mostly carried out only every

ten years. An outdated census does not accurately represent a country’s current population,

especially in developing countries experiencing fast dynamic structural changes and internal

conficts. Recently, researchers have started to suggest the use of geospatial data as an alter-

native to census data for the estimation of economic and poverty indicators. Geospatial data
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INTRODUCTION

is publicly available, up to date, and covers all geographical regions. Additionally, recent em-

pirical studies show that geospatial variables are highly correlated to the measure of household

economic status, such as income or expenditure (Steele et al., 2017; Yeh et al., 2020; New-

house, 2023). Evidently, they represent an interesting data source which can replace the census

data in the SAE context.

This thesis investigates how SAE results can be improved with traditional and alternative

data. To obtain effcient and reliable SAE results, it is important not only to fnd appropriate

datasets but to also have model assumptions satisfed. Adequately transforming the dependent

variable of the model is one of the most common solutions for unfulflled model assumptions

(Box and Cox, 1964; Yang, 2006). An adequate transformation also enables a more precise

estimation of specifc types of indicators (e.g., ratio type indicators) with area level models. For

these reasons, transformations play an important role in SAE research (Slud and Maiti, 2006;

Sugasawa and Kubokawa, 2015, 2017; Rojas-Perilla et al., 2020). Still, some problems remain.

One example would be the variable selection for the models with data-driven transformations

and the correction of the bias caused by the back-transformation. In addition to the main

focus on the use of traditional and alternative data in SAE, transformation problems also play

a central role in this thesis.

The frst two chapters focus on the estimation of indicators with traditional datasets. Chap-

ter 1 focuses on developing countries. For developing countries, poverty continues to be a

major problem. Therefore, it is important to reliably estimate poverty indicators. In Chapter

1, poverty indicators in Mexico are estimated with the national survey of household income

and expenditure in 2010 and the census from the same year as auxiliary data based on the

EBP approach which is one of the most popular unit level SAE approaches. To achieve pre-

cise estimates, fnding an optimal set of variables and having the model assumptions fulflled

is a central point. In practice, however, (a) the optimal model is unknown and (b) the dis-

tributional model assumptions are not fulflled. Although these problems commonly appear

together, researchers tend to treat them individually by (a) fnding an optimal model based

on the (conditional) Akaike information criterion (AIC) (Akaike, 1973; Vaida and Blanchard,

2005) and (b) applying transformations on the dependent variable. However, the optimal model

depends on the transformation and vice versa. Chapter 1 solves these problems simultaneously

by using Jacobian adjusted conditional AIC so that the estimated indicators are more accurate

and reliable.

Unlike developing countries, extreme poverty is no longer an issue for most developed

countries. These countries concentrate on inequality problems and sustainable development.

Chapter 2 focuses on the estimation of the regional consumer price index (CPI) with regional

product weights in Germany using traditional data (e.g., income and consumption survey

(RDC, 2018a)). Regional CPI illustrates the regional differences in price level of consumed

goods by households and can therefore serve as a indicator for regional inequality. Coun-

tries publishing the regional CPI, including Germany, use consistent national product weights

(Statistisches Bundesamt, 2021b; BLS, 2023b; Statistics Canada, 2023) which show how much

money is comparatively spent nationally on each product. However, since regional spending

on goods differs from national spending, the use of national product weights is inaccurate to
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estimate regional CPI (Kosfeld et al., 2009). Because estimating reliable regional spending is

diffcult due to the small sample sizes, Chapter 2 suggests the construction of regional product

weights by estimating the regional household expenditure based on multivariate Fay-Herriot

(MFH) models (Benavent and Morales, 2016). The MFH models allow for a more fexible

covariance structure so that the correlation between expenditure on different products can be

captured in the covariance matrix. In other words, using MFH models allows for capturing

the reality that spending money on a product infuences how much money is spent on other

products - if people buy bread they also tend to buy butter. Through this more realistic model

choice, the regional product weights are estimated more accurately.

Whereas Chapter 1 and 2 deal with SAE using traditional data, Chapter 3 focuses on using

alternative auxiliary data. Chapter 3 investigates how to use the geospatial data as alternative

data source for the estimation of the poverty indicators in Mozambique, one of the poorest

countries in the world based on GDP per capita (IMF, 2023). Unlike the traditional data col-

lected at the household level, geospatial data is extracted from satellite imagery divided into

multiple cells called grids. Therefore, geospatial data is recorded at the grid level. A grid is

geographically larger than a household and smaller than a common small area such as a dis-

trict. Since the majority of SAE researchers have, until now, used either a unit level model

or a area level model, there is no clear scholarly consensus on which model can optimize

the advantages of geospatial data (Masaki et al., 2022; Corral et al., 2021). An appropriate

model for the geospatial data must take into account this hierarchical data structure (Erciulescu

et al., 2019). Chapter 3 introduces the two-fold nested error regression model (Torabi and Rao,

2014) with transformations for geospatial data. By using the two-fold model, the information

loss is reduced and the data structure is captured in the random effects. Moreover, applying

transformations allows for a correction of the violation in distributional assumptions and the

estimation of ratio type indicators, such as the HCR. Chapter 3’s transformed two-fold model

shows effciency gains compared to the standard transformed Fay-Herriot model.
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Chapter 1 

Variable selection using conditional 
AIC for linear mixed models with 
data-driven transformations 

Abstract 
When data analysts use linear mixed models, they usually encounter two practical prob-
lems: a) the true model is unknown and b) the Gaussian assumptions of the errors do not
hold. While these problems commonly appear together, researchers tend to treat them
individually by a) fnding an optimal model based on the conditional Akaike information
criterion (cAIC) and b) applying transformations on the dependent variable. However, the
optimal model depends on the transformation and vice versa. In this paper, we aim to solve
both problems simultaneously. In particular, we propose an adjusted cAIC by using the Ja-
cobian of the particular transformation such that various model candidates with differently
transformed data can be compared. From a computational perspective, we propose a step-
wise selection approach based on the introduced adjusted cAIC. Model-based simulations
are used to compare the proposed selection approach to alternative approaches. Finally,
the introduced approach is applied to Mexican data to estimate poverty and inequality
indicators for 81 municipalities.

Keywords: Box-Cox transformation, Empirical best predictor, Indicators, Small area es-
timation

1.1 Introduction 

The linear mixed model is a broadly used statistical model for analyzing clustered or longitu-

dinal data. When data analysts use these models, they often face two practical problems: a)

the true model for explaining the response variable is unknown and b) the model assumptions,

especially the Gaussian assumptions of the error terms, are violated.

As the true model is unknown, data analysts fnd suitable/optimal models for explaining

the dependent variable by using variable selection procedures. One popular approach in this

context is the Akaike information criterion (AIC) introduced by Akaike (1973). For linear

mixed models, there are different versions of AIC (Müller et al., 2013). They can be divided

into two groups: marginal types of AIC (mAIC) and conditional types of AIC (cAIC). The

mAIC is the common AIC for linear mixed models which uses marginal density and is one

of the most widely used selection criteria (Müller et al., 2013). However, the mAIC is only
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CHAPTER 1. VARIABLE SELECTION USING CONDITIONAL AIC

appropriate when the model parameters are fxed (Burnham and Anderson, 2002) and the use

of mAIC as selection criterion is problematic for linear mixed models (Han, 2013). Vaida and

Blanchard (2005) introduced the cAIC as a more proper selection criterion for linear mixed

models. cAIC uses the conditional density in contrast to mAIC. Vaida and Blanchard (2005)

derive cAIC in case that the (scaled) covariance matrix of random effects is known and rec-

ommend to use a plug-in estimator for the covariance matrix of the random effects in practice.

Liang et al. (2008) derive a more general cAIC that accounts for the estimation of the covari-

ance matrix of the random effects. However, their conditional AIC can be computationally

demanding in situations with large sample sizes and many potential variables (Greven and

Kneib, 2010).

Linear mixed models regularly rely on parametric assumptions such as normality for the

random effects and the error terms. These assumptions may be violated in many applications,

for instance, with skewed variables like consumption or income. One possible way to tackle

this issue is to use robust mixed models. Such models are robust in various aspects, including

the violation of the Gaussian assumptions. They allow more fexible distributions (Verbeke

and Lesaffre, 1997; Zhang and Davidian, 2001; Sinha and Rao, 2009) or apply a Bayesian

framework (Rosa et al., 2003; Lachos et al., 2009). Jiang (2019) gives an overview of further

models which deal with this problem. Another way to solve this problem is to apply fxed log-

arithmic or data-driven transformations for the dependent variable. The latter transformations

are generally based on an adaptive transformation parameter λ that depends on the particular

shape of the data. Among different data-driven transformations, the Box-Cox transformation

(Box and Cox, 1964) is widely used, as it includes various power transformations and the log-

arithmic transformation as a special case. Gurka et al. (2006) extend the use of the Box-Cox

transformation to linear mixed models. They apply the residual maximum likelihood (REML)

approach to estimate the transformation parameter λ from the data based on linear mixed model

with fxed auxiliary variables.

However, the optimal data-driven transformation depends on the fxed model and the opti-

mal model depends on the selected data-driven transformation. In particular, to select the op-

timal data-driven transformation parameter λ by the REML approach, the linear mixed model

should be fxed; and to perform a variable selection based on the cAIC, the dependent vari-

able should be fxed using an appropriate (data-driven) transformation parameter λ. A frst

naive approach which is typically used in applications would be to perform the transforma-

tion and variable selection in a specifc order. First, fnd an appropriate working model on the

original/untransformed scale and keep this fxed when selecting the optimal data-driven trans-

formation parameter. However, this may not offer the best way to the variable selection as the

selected variables are not optimal on the transformed scale. In this paper, we aim to fnd the

optimal model and the optimal transformation parameter simultaneously. This would allow

for enjoying the advantages of both data-driven transformations and the optimal model for the

transformed data.

Hoeting and Ibrahim (1998) and Hoeting et al. (2002) discuss methods for transforma-

tion and variable selection based on posterior probabilities in linear models. They focus on

change-point transformations to transform the predictors of the linear model. Bunke et al.
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(1999) discuss the selection of the optimal transformation and the optimal model based on

cross validation for the nonlinear model. To the best of our knowledge, none of the existing

literature provides a joint solution when variable selection based on the cAIC and estimation

of the data-driven transformation parameter are simultaneously applied to linear mixed mod-

els. From a theoretical perspective, we present an approach to concurrently choose the optimal

linear model and the optimal transformation parameter. Since the cAIC is scale dependent,

we can not directly compare different models with differently transformed response variables.

Therefore, we adjust the cAIC using the Jacobian of the corresponding data-driven transfor-

mation such that different model candidates with differently transformed response variables

can be compared. Although the paper focuses on the Box-Cox transformation as a particular

data-driven transformation, the proposed approach is applicable to data-driven transformations

in general. From a computational perspective, we provide a step-wise selection approach based

on the proposed adjusted cAIC.

The structure of the paper is as follows: In Section 1.2 we provide an overview of linear

mixed models and the cAIC. In Section 1.3, we derive the Jacobian adjusted cAIC for trans-

formed linear mixed models and introduce the step-wise selection approach. In Section 1.4,

we examine the performance of the proposed selection approach by using model-based sim-

ulations. In Section 1.5, the proposed selection approach is applied to data from Guerrero in

Mexico for estimating poverty and inequality indicators at municipal level. Finally, we discuss

our results and further directions of research in Section 1.6.

1.2 Variable selection using conditional AIC for linear mixed mod-
els 

In this section we briefy introduce the existing variable selection methods for linear mixed

models. In Section 1.2.1, we present a general notation of linear mixed models and in Section

1.2.2, we introduce and compare the cAIC by Vaida and Blanchard (2005) and Liang et al.

(2008).

1.2.1 The linear mixed model 

Assume there is a fnite population divided into D clusters. Let yi be a vector of the response

variable for the i-th cluster for i = 1, · · · , D, which is modeled with a linear mixed model

yi = Xiβ + Ziui + εi. 

Ni is the cluster size of the i-th cluster, Xi and Zi are known Ni ×p and Ni ×q design matrices

for the fxed and random effects, β includes p fxed effects, ui is a vector of q random effects,

and εi is a vector of errors in the i-th cluster. ui and εi are assumed to be independent and

normally distributed

ui ∼ N (0, G), εi ∼ N (0, σ2INi ), 

12
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with INi , the Ni × Ni identity matrix. G is the q × q covariance matrix of random effectsPDin the i-th cluster and depends on a set of variance components η. Let N = Ni be thei=1 

population size and θ = (β, σ, η) be the vector of parameters in the model. The model is

described for the population as follows

y = Xβ + Zu + ε, (1.1)

where X = (X1 
T , · · · , XT )T is a N × p matrix, Z = diag(Z1, · · · , ZD) is N × r block-D 

T Tdiagonal matrix with r = D · q, u = (u1 , · · · , u )T and ε = (εT 
1 , · · · , εT )T . ε and uD D 

are independent and normally distributed with E(ε) = E(u) = 0, V ar(ε) = σ2IN and

V ar(u) = G0, where G0 = diagD(G) is block-diagonal matrix with D blocks of G on the

diagonal. As u ∼ N (0, G0) and ε ∼ N (0, σ2IN ), the covariance matrix of y is given by

Cov(y) = V = σ2IN + ZG0Z
T . 

1.2.2 Conditional Akaike information criterion for linear mixed models 

Assume there are P possible explanatory variables in the data. Since the number of all possible

combinations of P variables is M = 2P , there are M possible model candidates which can

be ftted to the data. In order to fnd the optimal model among them, the variable selection

should be performed based on an appropriate selection criterion. In this study, we focus on the

variable selection based on the cAIC for linear mixed models. While this study focuses on the

cAIC, the mAIC is briefy explained frst to provide a better understanding of the cAIC.

The mAIC is derived from the Kullback-Leibler (K-L) divergence between the density

of the true model and the density of a candidate model (Akaike, 1973). Assume that the true

model has the same form as Equation (1.1) with true parameters. The vector of true parameters

is denoted by θ0 = (β0, σ0, η0). Let f(·) be the density function of the true generating model

and g(·|θ) be the density of the approximating model with model parameters θ for ftting the

data. If the true distribution f belongs to the class of model candidates and θ = θ0 then

g(·|θ0) = f(·). The mAIC measures the K-L divergence between f(·) and g(·|θ).
The idea behind the cAIC derivation is the same as for the mAIC. While the mAIC 

measures the K-L divergence between two marginal densities, cAIC measures the K-L diver-

gence between the true conditional density and the conditional density of a model candidate.

The true conditional density is denoted by f(·|u0) with the true random effects (u0) and the
∗conditional density of a model candidate is denoted by g(·|θ, u). Let y be generated from

the true conditional density and y be the observed data, also from the true conditional density.

They are independent conditional on random effects, which means that y ∗ and y share the ran-
∗dom effects and only differ in error terms (i.e., y = Xβ + Zu + ε∗ and y = Xβ + Zu + ε 

with ε∗ ∼ N(0, σ2IN ) and ε ∼ N(0, σ2IN )). The K-L divergence between f(y ∗|u0) and

g(y ∗|θ, u) with respect to f(y ∗|u0) is defned by� � 
f(y ∗|u0)

I[(θ0, u0), (θ, u)] =Ef(y ∗|u0) log 
g(y ∗|θ, u) 

=Ef(y ∗|u0)[log f(y ∗ |u0)] − Ef(y ∗|u0)[log g(y ∗ |θ, u)]. 

13
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The discrepancy between the conditional generating model and the conditional approximation

model is given by

d[(θ0, u0), (θ, u)] = Ef (y ∗|u0)[−2 log g(y ∗ |θ, u)]. 

By using the given defnition of the discrepancy, the K-L divergence can be written as follows

2I[(θ0, u0), (θ, u)] =2Ef(y ∗|u0)[log f(y ∗ |u0)] + d[(θ0, u0), (θ, u)]. 

Since 2Ef (y ∗|u0)[log f(y ∗|u0)] does not depend on θ and u from the approximating model, the

ranking of candidate models based on d[(θ0, u0), (θ, u)] is equivalent to the ranking of candi-

dates based on 2I[(θ0, u0), (θ, u)]. Therefore, the ftted candidate models can be evaluated by

using the discrepancy with θ̂  and û,

d[(θ0, u0), (θ, u)] = d[(θ0, u0), (θ, u)]| ˆ ,θ=θ,u=û 

where θ̂  includes the estimates of model parameters (i.e. θ̂ = (β,ˆ σ,ˆ η̂)) and û = E(u|θ,̂ y) 
contains the predicted random effects based on the empirical Bayes estimation. Hence, the se-

lection problem based on K-L divergence can be solved by comparing d[(θ0, u0), (θ, u)]| ˆθ=θ,u=û 
values of the candidate models. As the model parameters and random effects are estimated

based on observed data, the expected estimated discrepancy should be used as the selection

criterion (Burnham and Anderson, 2002). This is also often denoted as conditional Akaike

Information (cAI) (Vaida and Blanchard, 2005; Liang et al., 2008; Han, 2013)

cAI =Ef(y,u)Ef(y ∗|u)[−2 log g(y ∗ |θ,̂ û)]. 

− log g(y|θ,̂ û) is a biased estimator of Ef(y,u)Ef(y ∗|u)[− log g(y ∗|θ,̂ û)]. As a consequence,

the cAIC consists of the conditional log-likelihood and the bias correction term K 

cAIC = −2 log g(y|θ,̂ û) + 2K, 

where
N 1 

log g(y|θ,̂ û) = − log(2πσ2) − (y − ŷ)T (y − ŷ),
2 2σ2 

and ŷ  is the ftted vector ŷ = Xβ̂ + Zû.

Vaida and Blanchard (2005) derive two different bias correction terms under different as-
sumptions. When σ2 and G0 are assumed to be known, the K equals ρ, which is the effective

degrees of freedom (Hodges and Sargent, 2001)"� �−1� �# 
XT X XT Z XT X XT Z 

Ka =ρ = tr . 
ZT X ZT Z + σ−2G0 ZT X ZT Z 

When it is assumed that σ2 is unknown and σ−2G0 is known, K is calculated by

N(N − p − 1) N(p + 1) 
KMLE = (ρ + 1) + . (1.2)

(N − p)(N − p − 2) (N − p)(N − p − 2) 
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The detailed derivation of Ka and KMLE can be found in Vaida and Blanchard (2005).

Vaida and Blanchard (2005) derive the cAIC under the assumption that G0, the covariance

matrix of the random effects, or σ−2G0, the scaled covariance matrix of the random effects, are

known. However, in practice they are usually unknown. In the case of the unknown random

effects covariance matrix, Vaida and Blanchard (2005) suggest to use KMLE for the cAIC with

the estimated σ−2G0, since the derivation of the bias correction term for the case of unknown

σ−2G0 is analytically complicated and the effect of estimation can be asymptotically ignored.

Liang et al. (2008) propose a general cAIC for known σ2, regardless of whether the covari-

ance of random effects are known or unknown. Under these assumptions, Liang et al. (2008)

derive the bias correction term using the frst derivatives of ŷ  subject to y. In their technical re-

port, they also derive an additional bias correction term for cAIC assuming more realistically

that neither σ2 nor the covariance of random effects are known. In practice, the true value of

σ2 and the true G0 are usually unknown. Therefore, it seems reasonable to use the cAIC of

Liang et al. (2008). However, Liang et al. (2008) show in the simulation part that their bias cor-

rection term is close to Ka and it is also shown in their technical report that the bias correction

term under more realistic assumptions is close to KMLE . Moreover, Greven and Kneib (2010)

point out that the use of cAIC by Liang et al. (2008) as a selection criterion poses severe com-

putational diffculties, since the calculation of the bias correction term of Liang et al. (2008)

requires at least N additional model fts to calculate derivatives. If there are M different model

candidates, at least N × M model fts are required to calculate cAIC derived by Liang et al.

(2008), which is hard to implement for large N and M . As a result, this study focuses on the

cAIC of Vaida and Blanchard (2005), and in particular on the cAIC with KMLE that allows

for unknown σ2 . The optimal model is the model which has the minimum value of cAIC 
among all M model candidates.

1.3 Variable selection for linear mixed models with transforma-
tions 

In this section, we propose a step-wise variable selection approach for linear mixed models

which allows comparing model candidates with differently transformed response variables.

First, we give a general notation of linear mixed models with the Box-Cox transformation.

Although the paper focuses on the Box-Cox transformation as a particular transformation, the

proposed approach is applicable to data-driven transformations in general. In Section 1.3.2, we

derive the Jacobian adjusted cAIC based on cAIC by Vaida and Blanchard (2005), which can

compare model candidates with differently transformed data. In Section 1.3.3, we introduce

a bootstrap method to estimate the bias correction term for Jacobian adjusted cAIC. From

a computational perspective, we suggest to use step-wise selection with adjusted cAIC in

Section 1.3.4.

1.3.1 Linear mixed models with transformations 

Assume that the original y variable is non-normal and there exists a transformation parameter of

the Box-Cox transformation for which the transformed data follows the Gaussian assumption.
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The one-to-one Box-Cox transformation (Box and Cox, 1964) of y is defned by  (yij +s)λ−1 if λ ̸= 0,λTλ(yij ) = i = 1, ..., D and j = 1, ..., Ni, (1.3)log(yij + s) if λ = 0, 

where λ denotes the transformation parameter which has to be estimated and s denotes the shift

parameter s = | min(y)| + 1 only when min(y) < 0. Let ye be the vector of transformed y.

Then, ye is modeled as

Tλ(y) =ye = Xβ + Zu + ε (1.4)

with u ∼ N (0, G0) and ε ∼ N (0, σ2IN ). The covariance matrix of the transformed y is

Cov(ye) = V = σ2IN + ZG0Z
T . 

Gurka et al. (2006) use the REML approach to estimate λ, as the REML approach is recom-

mended when the focus is the estimation of variance components (Verbeke and Molenberghs,

2000). Moreover, Rojas-Perilla et al. (2020) compare the REML estimator of λ with other esti-

mators and show that the REML approach has a smaller variability than alternative estimators.

Accordingly, the optimal λ is estimated in this study with the REML approach. The optimal

λ maximizes the residual log-likelihood function of a given model. However, the estimated

optimal λ is only optimal for the given model. This means that each model candidate has its

own optimal λ. As we do not know which model candidate is the optimal and which λ is the

optimal for the corresponding model, we should select the model and the λ concurrently.

To simultaneously select the best model based on cAIC and obtain the optimal λ, we

estimate it for each potential model in a frst step. With P possible x variables there are

M = 2P model candidates. The m-th model is defned by

Tλm (y) =ye (m) = X(m)β + Zu + ε, (1.5)

m = 1, ..., M, 

where X(m) is the design matrix of the m-th model and λm is the optimal transformation pa-

rameter for the m-th model. Based on the model in Equation (1.5) the optimal transformation

parameter is estimated using the REML approach and λ̂ 
m denotes the estimated optimal trans-

formation parameter for the m-th model. Further details about the estimation of λm using the

REML approach are explained in Gurka et al. (2006). In the second step, all model candidates

with their own λ̂ 
m should be compared. However, AIC-type criteria cannot compare models

with differently transformed target variable (Burnham and Anderson, 2002). Therefore, an ad-

justment with the Jacobian to the cAIC should be performed frst such that these M different

models can be compared.
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1.3.2 Jacobian adjusted cAIC for linear mixed models 

Assume that f(·|u0) is the true conditional density function with the true model parameters θ0 

and the true random effects u0, while g(·|θ, u) denotes the conditional density of an approx-
∗imating model. Let ye = Xβ + Zu + ε∗ be a realization from the true conditional density

function with ε∗ ∼ N(0, σ2). Then, the cAI for the transformed model is given by

cAI =Ef(e y ∗|u)[−2 log g(ye ∗ |θ,̂ û)],y,u)Ef(e 

where θ̂  is the vector of estimated model parameters and û is the vector of predicted random

effects. − log g(ye|θ,̂ û) is a biased estimator of Ef (e ∗|u)[− log g(ye ∗|θ,̂ û)] = 0.5 · cAI .y,u)Ef (ye 

The bias is obtained by

bias = Ef(y,ue )[− log g(ye|θ,̂ û)] − 0.5 · cAI. 

To obtain an unbiased estimator of 0.5 · cAI , the bias correction term (BC) should be added
as follows

BC = − Ef (e y|θ,̂ û)] + 0.5 · cAIy,u)[− log g(e 

=Ef(y,ue )[log g(ye|θ,̂ ˆ y,u)Ef(e∗|u)[log g(e ∗ |θ,̂ ˆu)] − Ef(e y y u)]� � 
1 ∗ − b ∗ − b=E 

2σ2 [(ye ye)T (ye ye) − (ye − bye)T (ye − bye)] , (1.6)

where bye = Xβ̂ + Zû.
Under the assumption that σ2 is unknown, the BC in Equation (1.6) can be replaced by KMLE 

from Equation (1.2). Consequently, the cAIC for the transformed model is given by

cAIC = − 2 log g(ye|θ,̂ û) + 2KMLE , (1.7)

where

N 1 
log g(ye|θ,̂ û) = − log(2πσ̂2) − (ye − bye)T (ye − bye). 

2 2σ̂2 

However, this cAIC of the transformed model cannot be used to compare differently transformed model
candidates. The cAIC measures the K-L distance between the true conditional density and a conditional
density of a model candidate. In the case of linear mixed models without a transformation, the optimal
model can be chosen using the cAIC by Vaida and Blanchard (2005), since all model candidates have
the same response variable y. The model with the smallest distance (i.e., the smallest cAIC) is the
optimal model among all candidates. However, for linear mixed models with a transformation we
estimate for each model candidate its own optimal transformation parameter. As the transformation
parameter differs from model to model, the transformed y differs too. Consequently, the response

(1) (2)variables of the model candidates are no longer the same (i.e., ye ̸= ye ̸= · · · ≠ ye(M)). Therefore,
the cAIC in Equation (1.7) of a model candidate is in fact not the distance of the model from the true
density of y, but the distance from the true density of ye. As ye differs from candidate to candidate
and cAIC is scale dependent, the model candidates cannot be compared with the cAIC. To allow for
comparing model candidates using the cAIC, it needs to be adjusted, so that the adjusted cAIC of a
model candidate measures the divergence of the model from the true density of y. Akaike (1978) shows
that this adjustment can be done by adding the Jacobian of the transformation to the AIC value of time
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series models.
The Jacobian adjusted cAIC denoted by JcAIC is derived from the K-L divergence between the

true conditional density and the model conditional density of the original y, and not of the transformed
y. To defne the K-L divergence between the true and a candidate model of y, the true and model
conditional densities of y should be defned. As we know the conditional densities of the transformed
y, the conditional densities of y can be derived by multiplying the Jacobian of the transformation. Let
h(y|u0) be the true conditional density of y and l(y|θ, u) the conditional model density, which are
defned with the Jacobian of the Box-Cox transformation J(λ, y) as

h(y|u0) =f(ye|u0) · J(λ, y), 

l(y|θ, u) =g(ye|θ, u) · J(λ, y), (1.8)

where

D Ni D NiYY YY∂ye ∂yeij
J(λ, y) = = = (yij + s)λ−1 . (1.9)

∂y ∂yiji=1 j=1 i=1 j=1 

∗ ∗ ∗Let y be a realization of the true conditional density h(y|u) and ye be the vector of transformed y .
∗Then, the K-L divergence between conditional densities of y becomes� � 

h(y ∗|θ0, u0)
I[(θ0, u0), (θ, u)] =Eh(y ∗ |u) log 

l(y ∗|θ, u) 
=Eh(y ∗ |u)[log h(y ∗ |θ0, u0)] − Eh(y ∗|u)[log l(y ∗ |θ, u)]. 

The discrepancy is defned by d[(θ0, u0), (θ, u)] = Eh(y ∗|u)[−2 log l(y ∗|θ, u)]. Therefore, the K-L
divergence can be formulated using discrepancies as follows

2I[(θ0, u0), (θ, u)] =2Eh(y ∗|u)[log h(y ∗ |θ0, u0)] + d[(θ0, u0), (θ, u)]. 

The ranking of d[(θ0, u0), (θ, u)] is equivalent to the ranking of 2I[(θ0, u0), (θ, u)], since the frst term
2Eh(y ∗|u)[log h(y ∗|θ0, u0)] is constant for all model candidates. The Jacobian adjusted cAI (JcAI) is

JcAI =Eh(y,u)Eh(y ∗|u)[−2 log l(y ∗ |θ,̂ û)]. 

− log(l(y|θ,̂ û)) is a biased estimator of 0.5 · JcAI . To obtain an unbiased estimator of 0.5 · JcAI , the
bias should be corrected by the following bias correction term (BC):� � 

BC = − Eh(y,u)[− log(l(y|θ,̂ û))] − 0.5 · JcAI 

=Eh(y,u)[log(l(y|θ,̂ û))] − Eh(y,u)Eh(y ∗|u)[log(l(y ∗ |θ,̂ û))]. 

l(y|θ,̂ ˆ ∗|θ,̂ ˆ y ∗|ˆ u) · J(ˆu) is defned as in Equation (1.8). Then, l(y u) can be defned by g(e θ, ˆ λ, y∗) using
the same relation as in Equation (1.8). By inserting these terms into the BC, we get

y|ˆ u) · J(ˆ u) · J(ˆBC =Eh(y,u)[log(g(e θ, ˆ λ, y))] − Eh(y,u)Eh(y ∗ |u)[log(g(ye ∗ |θ,̂ ˆ λ, y ∗ ))]� � 
N 1 

=E − log(2πσ̂2) − (ye − bye)T (ye − bye) + log(J(λ, yˆ ))
2 2σ̂2 � � 

− E − log(2πσ̂2) − (e ∗ − be y ∗ − by) + log(J(ˆ . 
N 1 

y y)T (e e λ, y ∗ )) (1.10)
2 2σ̂2 

QD QNi ∗The Jacobian term of y is defned in Equation (1.9) and the Jacobian term for y ∗ is given by (yi=1 j=1 ij + 
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s)λ−1 leading to

� D Ni � 
N 1 

BC =E − log(2πσ̂2) − (ye − bye)T (ye − bye) + (λ̂ − 1) 
XX 

log(yij + s))
2 2σ̂2 

i=1 j=1 � D Ni � 
N 1 ∗ − b ∗ − b XX 

∗ − E − log(2πσ̂2) − (ye ye)T (ye ye) + (λ̂ − 1) log(yij + s) . (1.11)
2 2σ̂2 

i=1 j=1 

1.3.3 Estimation of the bias correction 

We propose a parametric bootstrap - following the ideas of Donohue et al. (2011) and Rojas-Perilla
et al. (2020) - to estimate the BC for the JcAIC. The bootstrap captures not only the uncertainty due
to the estimation of the model parameters but also the additional uncertainty due to the estimation of
the transformation parameter λ (Rojas-Perilla et al., 2020). In addition, we use a resampling approach
because the bootstrap variants of AIC are comparable with analytic approximations of the AIC (Dono-
hue et al., 2011) and perform better than analytic approximations in terms of the model choice (Shang
and Cavanaugh, 2008; Marhuenda et al., 2014).

The BC in Equation (1.11) consists of two expectation terms. Each expectation term is estimated
by averaging the values over the B bootstrap replicates. The steps of the proposed bootstrap are as
follows:

1. Estimate the optimal λ defned as λ̂ using REML for the model candidate and transform the y to
the ye with the estimated λ̂.

2. Fit the model in Equation (1.4) to obtain estimates of model parameters θ̂.

3. Generate u(b) ∼ N (0, Ĝ0) and ε(b) ∼ N (0, σ̂2) and create a bootstrap ye using ye(b) = Xβ̂ + 
+ ε(b)Zu(b) .

4. Reft the model with the bootstrap sample ye(b) and obtain the bootstrap estimates of the model
parameters θ̂(b) and û(b).

5. Calculate the second expectation term of the BC for each bootstrap using θ̂(b) and û(b). The
unobserved (true) ye ∗ and y ∗ are replaced by ye and y respectively. Note that ye and y are treated as
realizations from the true transformed/untransformed density with corresponding λ̂.

(b) (b)6. Back-transform ye(b) using λ̂ to obtain y on the original scale. Re-estimate λ̂(b) based on y 
λ(b) (λ̂(b) ,(b))and re-transform the y(b) using ˆ . The re-transformed bootstrap y(b) is denoted by ye .

7. Reft the model with the bootstrap sample ye(λ̂(b) ,(b)) and obtain the bootstrap estimates of the
θ(λ̂

(b) (λ̂(b) ,(b))model parameters ˆ ,(b)) and û . Note that the estimates depend on the re-estimated
λ(b)transformation parameter indicated by the superscript ˆ .

θ(λ̂
(b) ,(b)) (λ̂(b) ,(b)) λ̂(b)8. Calculate the frst expectation term of the BC for each bootstrap using ˆ , û , ,

(ˆ (b)ye λ
(b) ,(b)) and y .

The bootstrap estimate of the BC is then obtained by" 
B � �TX � �1 N

σ2(λ̂(b) ,(b)) 1 (λ̂(b) ,(b)) − Xβ̂(λ̂(b) ,(b)) − Z ̂ (λ̂(b) ,(b))BC = − log 2πˆ − · ye u 
B 2 σ2(λ̂(b),(b))2ˆ 

b=1 #� � D Ni� �XX � �
(λ̂(b) ,(b)) − Xβ̂(λ̂(b) ,(b)) − Z ̂ (λ̂(b) ,(b)) λ̂(b) − 1 (b)

ye u + log y + sij 
i=1 j=1" 

B � �T � � 
1 X N � 

σ2(b)
� 1 (b) (b)− − log 2πˆ − · ye − Xβ̂(b) − Zû ye − Xβ̂(b) − Zû 

σ2(b)B 2 2ˆ 
b=1 
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# � � D Ni � �XX 
+ λ̂ − 1 log yij + s . (1.12)

i=1 j=1 

Then, the JcAIC is estimated by

JcAIC = − 2 log(l(y|θ,̂ û)) + 2BC 

= − 2 log(g(ye|ˆ u)) − 2 log(J(ˆ (1.13)θ, ˆ λ, y)) + 2BC 

with BC defned in Equation (1.12).
The JcAIC is the measure of the K-L divergence of a model candidate from the true model on the

original y scale. Therefore, model candidates can be compared with JcAIC despite of their different
response variable. A model with the minimum JcAIC is the optimal model with the corresponding
optimal transformation parameter.

Using the derived JcAIC for the Box-Cox transformation, we will compare model candidates
whose response variables are Box-Cox transformed with different transformation parameters. However,
JcAIC can be also derived for other types of transformations, such as a logarithmic or dual-power
transformation (Yang, 2006). The JcAIC always measures the divergence of a candidate model from
the true model on the original y scale independent of how the response variable of the model is trans-
formed. Therefore, the JcAIC can compare not only model candidates that use the same transformation
with different transformation parameters, but also the models with different types of transformations.

1.3.4 Simultaneous selection of optimal transformation and model formula 

As a consequence of the previous sections, we propose the following algorithm to simultaneously select
the optimal λ of a Box-Cox transformation and the optimal model among several model candidates. As
explained above, considering all possible theoretical M model candidates is often not feasible in practice
due to the computational burden. Therefore, the usual step-wise algorithms can be applied where the
algorithm stops, if no further improvement can be achieved. In the following, we have chosen backward 
elimination as the exemplary model selection direction. The exchange to forward or the extension to
forward-backward are possible without any diffculties and were done for the simulation experiment in
Section 1.4 and the application in Section 1.5.

1) Start with the full model including all P possible x-variables in the data. For the start, the full
model is set as the optimal model. Estimate λ̂ based on the full model to initiate the backward 
model selection.

2) For each step s = 1, ..., S:

i) Consider all possible model candidates which exclude an explanatory variable from the
previous optimal model.

ii) Estimate λ̂ based on the reduced model formulas and transformed y values ỹ = Tˆ (y) forλ 
each model candidate. Calculate the JcAIC value from Equation (1.13) with the estimated
λ̂ for each candidate.

iii) Compare all JcAIC values. The model with the smallest JcAIC value is chosen as the
new optimal model for the step.

3) Compare the JcAIC value of the new optimal model in step s with the JcAIC value of the
previous optimal model in step s − 1. If the JcAIC value of the new optimal model is smaller
than the previous one, step 2) is repeated until there is no further improvement in terms of JcAIC 
values.
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1.4 Model-based simulation experiment 

To support our theoretical fndings and the proposed framework from the previous section we conduct
simulation studies, which include several settings. The aim of study is to show that under known data
settings with a given transformation and model formula, the presented simultaneous algorithm for opti-
mal model and transformation selection depicts the true model for a linear mixed model. The settings
include four scenarios: Normal (1), Normal (2), Log and Box-Cox, each with three explanatory vari-
ables. The scenarios are oriented to the simulation study of Rojas-Perilla et al. (2020). The distributions
of the explanatory variables are chosen to be representative of both, numeric and categorical variables
coded as dummies. The frst scenario with normally-distributed random effects and error terms (Normal 
(1)) has an explanatory power of around 40%, and the second (Normal (2)) has an explanatory power of
85%, as well as the Log and Box-Cox scenario. The exact defnition of the data settings is given in Table
1.1. In each simulation run (Monte Carlo replication), the explanatory variables, random intercepts and
error terms are generated by drawing from the corresponding distributions. Thus, a new pseudo popu-
lation is created in each simulation run. A total of 500 Monte Carlo replications are generated for each
setting. Each of the fnite populations consists of N = 10000 units evenly divided into D = 50 clusters.
Within each cluster, a simple random sample is drawn. The cluster-specifc sample sizes range from 0
to 29, so that the total sample size sums up to n = 565. The distribution of yij of one population is
shown in the Appendix in Table A1 and Figure A1. In addition to the explanatory variables x1,ij , x2,ij 

Table 1.1: Overview of data settings, i = 1, ..., d, j = 1, ..., Ni 

Data setting yij x1,ij µi x2,ij x3,ij ui eij 

Normal (1) 400 − 10x1,ij + 100x2,ij − 10x3,ij + ui + eij N (µi, 32) U [−3, 3] Bin(1, 0.8) N (0, 1) N (0, 302) N (0, 602) 
Normal (2) 400 − 10x1,ij + 100x2,ij − 10x3,ij + ui + eij N (µi, 32) U [−3, 3] Bin(1, 0.8) N (0, 1) N (0, 102) N (0, 202) 
Log exp(10 − x1,ij + x2,ij − 0.5x3,ij + ui + eij ) N (µi, 22) U [2, 3] Bin(1, 0.8) N (0, 1) N (0, 0.42) N (0, 0.82) 
Box-Cox 

1 
[(10 − x1,ij + x2,ij − 0.5x3,ij + ui + eij )(−0.5) + 1] −0.5 N (µi, 22) U [2, 3] Bin(1, 0.8) N (0, 1) N (0, 0.42) N (0, 0.82) 

and x3,ij , the random intercepts ui and the error terms eij , an additional variable zij ∼ N(1, 0.12) is
generated in each Monte Carlo replications, which is used to estimate the linear mixed model (but not
included in the true data generating mechanism):

Tλ(yij ) = yeij = β0 + β1x1,ij + β2x2,ij + β3x3,ij + β4zij + ui + eij , (1.14)

where T denotes the Box-Cox transformation defned in Equation (1.3). In each simulation run, the
model selection is performed with four approaches, where the dependent variable y is on different
scales:

• on the original scale (no transformation), so that Tλ(yij ) = yij (denoted by Original),

• on the log scale, so that Tλ(yij ) = log(yij + s) (λ = 0) (denoted by Log),

(yij +s)λ−1• on the Box-Cox scale, so that T (yij ) = for λ ∈ [−2, 2] and λ ≠ 0; log(yi) for λ = 0λ 
(denoted by Box-Cox Opt),

where s denotes the shift parameter s = | min(y)| +1 only when min(y) is a negative number. A naive
approach which is typically used in applications is

• to perform the model selection on the original scale and afterwards estimate the optimal λ for a
Box-Cox transformation (denoted by Box-Cox Naive).

In the Box-Cox Opt approach the optimal model and the optimal transformation parameter λ are de-
termined simultaneously as described in Section 1.3.4. For each setting, the linear mixed model from
the Equation (1.14) and a null model without covariates are estimated. The model selection is than
performed with a step-wise algorithm using backward and forward directions based on the cAIC or
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JcAIC. For the Original approach (which operates on the untransformed scale), the cAIC is calculated
and the JcAIC in Equation (1.13) is calculated for the other approaches (which operate on the trans-
formed scale). They can be directly compared, as cAIC equals the JcAIC for the Original approach.
As analytic approximations of the AIC can exhibit negative bias for small sample sizes (Marhuenda
et al., 2014), we also use bootstrap versions to estimate the bias correction in the JcAIC/cAIC when a
log transformation or no transformation is used. This ensures a fair comparison in the simulation exper-
iment with the estimated JcAIC for a Box-Cox transformation. The bootstrap algorithms to estimate
the cAIC for the Original and the JcAIC for the Log approach are described in the Appendix. The
bootstrap algorithms were executed with B = 200 replications. In the following, we always refer to
JcAIC, as in the case of no transformation the cAIC equals the JcAIC.

There are three points of interest in the simulation: First, choice of the correct approach for the
model selection, second, choice of the transformation parameter and third, choice of the correct trans-
formation and correct model specifcation. To begin with, we want to evaluate whether the model with
the correct approach based on the JcAIC is chosen in agreement with the data setting. For this, we
look at the calculated JcAIC values and in relation to this, we also check whether in the case of the
Box-Cox transformation the correct associated λ is estimated. Then, we focus on the proportion of sim-
ulation runs where the correct transformation is selected and the proportion of correctly specifed model
formula.

Table 1.2: Summary statistics of JcAIC over 500 Monte Carlo replications

Data setting
Normal (1) 

Approach
Original 
Box-Cox Opt 
Box-Cox Naive 

Min
6275
6271
6271

1Q
6418
6418
6418

Median
6478
6478
6478

Mean
6484
6484
6484

3Q
6543
6543
6543

Max
6790
6786
6786

Normal (2) Original 
Box-Cox Opt 
Box-Cox Naive 

5046
5047
5047

5185
5184
5184

5245
5244
5244

5245
5246
5246

5299
5299
5299

5559
5562
5562

Log Log 
Box-Cox Opt 
Box-Cox Naive 

10350
10351
10435

10802
10802
10878

10907
10905
11001

10917
10917
10993

11036
11037
11101

11542
11543
11726

Box-Cox Original 
Log 
Box-Cox Opt 
Box-Cox Naive 

-296
-1909
-2572
-2280

2603
-1597
-2056
-1961

4497
-1439
-1973
-1866

4821
-1436
-1969
-1866

6434
-1301
-1882
-1775

19141
-792

-1500
-971

The parameter λ of the Box-Cox transformation is estimated with the REML algorithm and the
simulation is implemented in the statistical programming language R (R Core Team, 2021). For each
combination of data settings and approaches the calculated JcAIC are compared and the model with the
minimal JcAIC is chosen as optimal. Table 1.2 contains summary statistics of the JcAIC values over
the 500 Monte Carlo replications. We observe that in the Normal (1) and Normal (2) data settings, the
calculated JcAIC values of the model with no transformation (Original), the Box-Cox transformation
(Box-Cox Opt), and the Box-Cox Naive approach are very close. Often, the calculated JcAIC values
for Box-Cox Opt and Box-Cox Naive are identical. This makes sense considering the corresponding
estimated λs in Table 1.3, which are very close to one for both approaches and the resulting distribution
close to normality. The deviations of the estimated parameters from one can be explained by the fnite
population sample from the normal distribution. Looking at the Log data setting we see that the distri-
butions of the JcAIC values using the Log and the Box-Cox Opt approach are very close to each other.
Again this makes sense as the estimated λs (see Table 1.3) are close to zero, which results in a log trans-
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Table 1.3: Summary statistics of optimal transformation parameter λ̂ over 500 Monte Carlo
replications

Data setting
Normal (1) 

Approach
Box-Cox Opt 
Box-Cox Naive 

Min
0.4980
0.4980

1Q
0.8800
0.8800

Median
0.9780
0.9760

Mean
0.9810
0.9810

3Q
1.0970
1.0960

Max
1.3940
1.3890

Normal (2) Box-Cox Opt 
Box-Cox Naive 

0.4500
0.4500

0.8830
0.8830

0.9890
0.9890

0.9940
0.9940

1.1140
1.1140

1.5620
1.5620

Log Box-Cox Opt 
Box-Cox Naive 

-0.0319
-0.0312

-0.0060
-0.0029

-0.0004
0.0037

-0.0006
0.0034

0.0051
0.0098

0.0230
0.0309

Box-Cox Box-Cox Opt 
Box-Cox Naive

-0.5600
-0.5510

-0.4930
-0.4940

-0.4810
-0.4810

-0.4790
-0.4790

-0.4660
-0.4650

-0.3890
-0.4070

formation of the data. The JcAIC values of the Box-Cox Naive approach are slightly higher. In the case
of the Box-Cox data setting, the JcAIC values of the Box-Cox Opt approach are the smallest, followed
by the Box-Cox Naive approach. Again, the corresponding estimated λs match the true λ of −0.5 in this
case. The values of the Log and Original approach are considerably higher, which is reasonable given
the underlying distribution of the data in this setting. In each setting, the magnitudes and ordering of the
values correspond to the underlying distributions of the data and thus to our expectations.

Table 1.4: Proportions [%] of approaches and formulas selected as optimal

Data setting Original Log Box-Cox 
Opt 

Box-Cox 
Naive 

Box-Cox 
Opt & Naive x1 + x2 x1 + x2 + x3 x1 + x2 + x3 + z1 other

Normal (1) 64.1 0.8 0.0 35.1 24.4 60.8 12.0 2.8
Normal (2) 68.9 0.2 0.0 30.9 1.4 86.1 12.5 0.0
Log 70.9 23.2 0.0 5.8 0.6 83.0 14.3 2.1
Box-Cox 0.0 0.0 83.6 0.0 16.4 0.2 81.3 17.3 1.2

Table 1.4 shows the proportions of selected optimal approaches/ transformations and model formu-
las. For each data setting, the model with the transformation underlying in the data-generating process
is selected mostly as optimal, i.e., has the smallest JcAIC values. In the two Normal data settings the
calculated JcAIC are in around 64% and 69% the smallest, when no transformation is used (Original),
therefore it is chosen as optimal. This corresponds to the underlying data generating process. In the other
cases, Box-Cox Opt and Box-Cox Naive are chosen as optimal with identical JcAIC values and also
very similar estimated λ’s, when looking at Table (1.3). This makes sense due to the underlying normal
distribution. For normal data, it should make no difference whether the optimal model formula without
a transformation is chosen frst and then an optimal λ close to one is estimated, or whether the model
formula and transformation parameter are chosen simultaneously, as in the Box-Cox Opt approach. In
the Log setting in 71% out of the 500 samples (simulation runs) the true underlying transformation (Log)
is chosen as optimal. While in mostly the rest of the samples, the Box-Cox Opt approach with optimal
λ̂ near zero, which corresponds to a log transformation, outperforms the Box-Cox Naive approach. In
5.8% JcAIC values are identical for both Box-Cox approaches. The advantage of the Box-Cox Opt ap-
proach is further illustrated in the Box-Cox data setting, where this approach is outperforming the other
approaches in 83.6% of cases. Looking at the second part of Table (1.4), it can be seen that in settings
with high explanatory power (Normal (2), Log, Box-Cox), the correct model formula (x1 + x2 + x3) is
selected in over 85% of the simulation runs. However, in the Normal (1) setting with lower explanatory
power in 60.8% of the samples the correct model formula is selected. This result seems justifable since,
if the explanatory power of the underlying true model is lower, it is more diffcult to identify the true
underlying relationship. The results emphasize that the presented approach allows for the selection of
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the optimal transformation parameter for the Box-Cox transformation and detects the true transforma-
tion. In addition, it enables the selection of the correct model formula, whereby the degree depends on
the explanatory power of the underlying model.

1.5 Case study: poverty and inequality in municipalities of Guer-
rero 

In this section, the proposed selection approach is applied to data from the state Guerrero in Mexico for
estimating poverty and inequality indicators at municipal level. To provide reliable estimates of these
indicators at the municipal level, it is necessary to use small area estimation. In order to demonstrate the
proposed selection approach, we use a particular small area method - the empirical best predictor (EBP)
by Molina and Rao (2010) - which is based on a linear mixed model. In Section 1.5.1, we provide a
brief overview of the small area estimation and the EBP. In Section 1.5.2, we describe the data and the
problem of simultaneously fnding the optimal (linear mixed) model and the transformation parameter.
We apply our proposed selection approach and two naive approaches and present the results of the
indicators in Section 1.5.3.

1.5.1 Small area estimation and the empirical best predictor 

Many surveys are designed to study total populations. For a sample of the total population, direct
estimators, for instance the Horvitz-Thompson estimator (Horvitz and Thompson, 1952) can provide
reliable estimates due to enough observations/units in the sample. However, direct estimation methods
are appropriate only with a suffcient sample size for every domain/area of interest, which is often not the
case on a disaggregated regional level. Furthermore, estimators cannot be calculated for domains with
no sample data (i.e., out-of-sample domains) or estimators have too large standard errors for domains
with only few sample data (Rao and Molina, 2015). When direct estimation cannot provide adequate
precision for a domain of interest because of insuffcient data, the domain is defned as small and is
called small area/small domain (Rao and Molina, 2015; Tzavidis et al., 2018). One way to improve
direct estimates is by small area estimation. Small area methods aim to improve the effciency of the
estimation by combining sample data with data from the census/register based on a model (Rao and Yu,
1994; Jiang and Lahiri, 2006). The census/register contains auxiliary variables that may be correlated
with the dependent variable and may be used to improve the direct estimates. This is a more complex
task as it depends on model building and diagnostics. The model building may include the use of
transformation, the selection of the covariates or non-normal error terms.

Since there is no proper survey data which can produce reliable direct estimates of poverty and
inequality indicators at municipal level in Guerrero, we use the EBP approach. The approach uses the
nested error linear regression model by Battese et al. (1988). This model is a special linear mixed model
which includes only random (area specifc) intercepts. In the following, we briefy introduce the EBP.
Further details are available in Molina and Rao (2010) and Rojas-Perilla et al. (2020).

Assume a fnite population of size N divided into D domains. Ni denotes the size of the i-th domain
for i = 1, · · · , D. Let y be the target welfare variable (e.g. income) and yij is the welfare measure of
j-th unit in i-th domain where j = 1, · · · , Ni. The sample data does not include all N units in the
population but only a part of the population. The sample has a size of n and this sample can also bePDdivided into D domains. ni denotes the sample size of the i-th domain and it results in n = i=1 ni.
Then, the nested error linear regression model is given by

T yij =xij β + ui + εij , (1.15)
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iid iid 
ui ∼ N (0, σ2 ), εij ∼ N (0, σε 

2),u 

where ui denotes the area random effects and εij denotes the error term. Let θ = (β, σu, σε) be a vector
of model parameters. The EBP approach is shortly outlined as follows:

1. Fit the model using the sample data to obtain θ̂ = (β,ˆ σ̂2 , σ̂ε 
2) and ûi.u 

2. For l = 1, ..., L, generate

(l) (l)
σ2 σ2˜ ∼ N (0, ˆε ), ũ ∼ N (0, ˆ γi))ϵ (1 − ˆij i u 

for in sample domains,

(l) (l)
σ2 σ2ϵ̃  ∼ N (0, ˆε ), ũ ∼ N (0, ˆ )ij i u 

σ2ˆfor out-of-sample domains, using θ̂  with γ̂ u= .σ̂2 
u +σ̂2 

ε /ni 

3. Obtain L pseudo-populations by plugging in the explanatory variables in the auxiliary data (i.e.
xij ) with β̂, ûi, ũi and ε̃ij obtained in previous steps into the following model

(l) T (l) (l)ˆy =x β + ûi + ũ + ε̃  , l = 1, ..., L ij ij i ij 

for in sample domains,

(l) T (l) (l)ˆy =x β + ũ + ε̃  , l = 1, ..., L ij ij i ij 

for out-of-sample domains.

4. Calculate the poverty or inequality indicator for each domain and pseudo population I
(l) 
, i = i 

1, ..., D and l = 1, ..., L.

5. Take the mean over the L Monte Carlo runs to estimate the EBP of the indicator

LX1 
ÎEBP (l) 
i = I .iL 

l=1 

The EBP with data-driven transformed y is obtained similarly to the described EBP above. The detailed
estimation of the EBP with data-driven transformations and corresponding uncertainty measures based
on MSE of the EBP are further explained in Rojas-Perilla et al. (2020).

1.5.2 Data and problem 

This study uses survey data from the 2010 Encuesta Nacional de Ingresos y Gastos de los Hogares 
(ENIGH - National Survey of Household Income and Expenditure) as sample data. This survey is
performed every two years by the Instituto Nacional de Estadística y Geografía (INEGI - The National
Institute of Statistics and Geography) and contains socio-demographic information of households, which
are also the units of data. INEGI also performs the national population and housing census every ten
years. As auxiliary data, the census 2010 data is used for the further application.

Guerrero is located in Southwestern Mexico and borders the Pacifc ocean. The state is divided into
81 municipalities. 40 municipalities are in the survey data and 41 municipalities are not in the sample.
Table 1.5 shows a summary of the number of households per domain in the survey and census data. 1801
households are observed in the sample and on average there are 45 observations per domain. The survey
and census data contain a large number of socio-demographic variables. The total household per capita
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income in MXN (i.e., ictpc) is used as the measurement of welfare. As we used the linear mixed
model in Equation (1.15) to explain ictpc, the Gaussian assumptions of random effects and errors
are required. However, the histogram of ictpc in Figure 1.1 shows that the distribution of ictpc is
very right skewed. Therefore, we apply the Box-Cox transformation to the target variable ictpc, such
that the violation can be corrected/reduced. For the Box-Cox transformation the optimal transformation
parameter λ should be found.

Table 1.5: Number of households per domain in survey and census data

Min 1Q Median Mean 3Q Max
Survey 13 19 26 45 38 582
Census 585 901 1118 1925 2372 7629

Figure 1.1: Distribution of the total household per capita income in MXN (ictpc)

In the survey data there are 34 possible explanatory variables after excluding variables which are
highly/perfectly correlated with other variables. We do not know which variables should be included
to optimally explain the response variable, therefore, a variable selection should be performed. Conse-
quently, we have two problems to solve: obtaining the optimal transformation parameter λ and fnding
the optimal model. To solve these problems simultaneously, the optimal transformation parameters are
estimated by the REML approach for each model candidate and all model candidates with their own
transformed data are compared with the JcAIC introduced in Section 1.3. There are 34 possible ex-
planatory variables in the data, therefore, we theoretically have 234 model candidates. However, ftting
these models is unfeasible because of the computational intensity. Instead, a step-wise variable selection
proposed in Section 1.3.4 is applied to fnd the optimal model. With the chosen optimal model the EBP
of poverty and inequality indicators are estimated.

To evaluate the EBP based on our optimal model, we apply two naive approaches which are typically
used in applications. The frst one takes the simple logarithmic transformation to avoid the problem of
fnding the optimal transformation and performs variable selection based on cAIC on the log-scale. The
second specifcation performs the variable selection initially on the original y scale to fnd the optimal
model. Afterwards, the optimal transformation parameter is chosen based on the optimal model for
the original y. Consequently, we have three different EBP estimates: Box-Cox Opt denotes the EBP
based on our selection method based on the JcAIC as described in Section 1.3, Log denotes the frst
alternative EBP approach and Box-Cox Naive denotes the second alternative EBP approach. These
three EBP estimates are compared to show that the use of our proposed selection approach based on
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the JcAIC can improve the predictive power and reduce the uncertainty of the poverty and inequality
estimates.

1.5.3 Results 

First, the chosen variables for the optimal model and the optimal transformation parameters of each
approach are compared. Table 1.6 shows the chosen variables of each approach and the estimated
transformation parameter for models with the Box-Cox transformation. We can see that the results
of variable selection can be strongly affected by the response variable. The Box-Cox Opt approach
performs the variable selection on Box-Cox transformed y and Log performs the variable selection on
logarithmic transformed y. For these two approaches, a transformation is used to correct the violation
of the Gaussian assumptions and then the optimal model is chosen with transformed y. As a result, the
chosen variables for the model of Box-Cox Opt and Log are very similar. In the meantime, the model of
Box-Cox Naive choose the variables on the original y despite the violation of the Gaussian assumptions
in the error terms. As a result, Box-Cox Naive has different variables in the model in comparison to the
other models. Interestingly, optimal transformation parameters for Box-Cox Opt and for Box-Cox Naive 
only differ slightly even though they have many different variables in the models.

Table 1.6: Chosen variables and optimal transformation parameters

EBP approach Chosen Variables λ̂ 

Box-Cox Opt 
X1, X2, X3, X4, X5, X6, X7, X8, X9, 

X10, X11, X12, X13, X14, X15, X16, X17, X18, X19, 
X20, X21, X22, X23 

0.1764

Log 
X1, X2, X3, X4, X5, X6, X7, X8, X9, 

X10, X11, X12, X13, X14, X15, X16, X17, X18, X19, 
X24, X25 

-

Box-Cox Naive X1, X2, X3, X4, X5, X6, X7, X8, X9, 
X20, X21, X22, X23, X26, X27, X28 

0.1888

Second, in order to compare the predictive power of each model, marginal R2 and conditional
R2 (Nakagawa and Schielzeth, 2013) are calculated and summarized in Table 1.7. The marginal R2 

measures the proportion of variance explained by fxed effects and the conditional R2 provides the
proportion of variance explained by both the fxed and random effects. It is shown that the models with
the Box-Cox transformation (i.e., Box-Cox Opt and Box-Cox Naive) have the higher predictive power
than the model with the logarithmic transformation (i.e., Log). When we compare Box-Cox Opt and
Box-Cox Naive, we can see that the Box-Cox Opt, whose model is optimal for transformed y, has a
higher marginal and conditional R2 than Box-Cox Naive, whose model is optimal for the original y 
scale.

Table 1.7: R2 of models used for each approach

marginal R2 conditional R2 

Box-Cox Opt 0.5997 0.6244
Log 0.5538 0.5878

Box-Cox Naive 0.5630 0.6023

Since the linear mixed model relies on Gaussian assumptions and we decided to use a transformation
to correct the violation of the Gaussian assumptions, each approach should be examined concerning
whether the violation is corrected. For the examination, the skewness, kurtosis of residuals, and p-
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value of the Shapiro-Wilk normality test (Shapiro and Wilk, 1965) on residuals are calculated (Table
1.8). We observe that the logarithmic transformation performs worse than the Box-Cox transformations.
For further details we provide quantile-quantile (Q-Q) plots of residuals from the three approaches in
Figure A2 in the Appendix. The household level residuals are clearly closer to the normal distribution
with transformations. The Box-Cox transformation corrects the violation in household level residuals
rather well, however, the residuals slightly deviate in the tails. From the models with the Box-Cox
transformation we can at least observe that the municipal level residuals are very close to the normal
distribution.

Table 1.8: Skewness, kurtosis and p-value of Shapiro-Wilk test for the household and municipal
level residuals

Household level residuals Municipal level residuals
Skewness Kurtosis p-value Skewness Kurtosis p-value

Box-Cox Opt 0.2737 6.3376 0.0000 -0.0893 3.0488 0.7696
Log -1.4323 13.4906 0.0000 -1.1643 5.9753 0.0089

Box-Cox Naive 0.2329 6.0788 0.0000 -0.0837 3.1332 0.8087

Finally, we want to assess if the improvement in the predictive power of the model due to the
proposed simultaneous selection of the transformation and the covariates (Box-Cox Opt) translates to
more precise small area estimates compared to the two alternative approaches (Log and Box-Cox Naive).
Therefore, we estimate the mean income, head count ratio (HCR) (Foster et al., 1984), and Gini coeff-
cient (Gini, 1912) for the municipalities in Guerrero. To compare the effciency of these three different
approaches, the root mean squared error (RMSE) of the municipal indicators are estimated by a boot-
strap (Rojas-Perilla et al., 2020). The RMSE values are visualized in Figure 1.2. Figure 1.2 shows
that the Box-Cox Opt is the most effcient approach, since for all three indicators it has the smallest
estimated RMSE. When the naive approaches are compared, we cannot say which approach is more
effcient because for some indicators Log has the smaller RMSE and for other indicators Box-Cox Naive 
has the smaller RMSE. It seems that the model and transformation selection is especially important for
parameters associated with the tails of the distribution.

Figure 1.2: RMSE of EBP estimates for mean income, HCR and Gini

Figure 1.3 shows EBP estimates of mean income, HCR, and Gini of municipalities in Guerrero
based on Box-Cox Opt approach. The Southwestern part of Guerrero, which resembles the coastline
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(Costa Grande region and Acapulco), features a tourism industry which contributes to the municipal-
ities having a higher mean income. Furthermore, along a north-south axis between Chilpancingo in
the south and Taxco in the north, numerous industries are concentrated. These industries focus on the
production of handcrafted items using local resources. This also contributes to a higher income in these
municipalities. Consequently, the HCR and Gini coeffcient in these municipalities are lower than the
others. This means, that the people in these municipalities earn more money than in other municipal-
ities and the wealth is more equally distributed compared to other municipalities. On the other hand,
the eastern part of Guerrero is suffering from higher levels of poverty and inequality. Municipalities
in the region are covered with mountains and when compared to all other regions of Guerrero, these
municipalities exhibit the highest number of indigenous people living there.

Figure 1.3: EBP estimates for mean income, HCR and Gini based on Box-Cox Opt approach

1.6 Conclusions and future research directions 

The main purpose of this study was to fnd a solution to two practical problems in the context of linear
mixed models: a) the true model for explaining the response variable is unknown and b) the model as-
sumptions, especially the Gaussian assumptions of the error terms, are violated. While these problems
commonly appear together, we provide a solution to fnd the optimal model and the optimal transfor-
mation simultaneously. We focus on one of the most commonly used transformations, the Box-Cox
transformation. Since the cAIC is scale dependent, we provide an adjusted cAIC by using the Jaco-
bian of the transformation such that different models with differently compared transformed response
variables can be compared. As a large number of possible explanatory variables increases computa-
tional costs, we propose an optimal simultaneous selection approach based on Jacobian adjusted cAIC 
(JcAIC), which is also feasible for a large number of variables. Our model-based simulation studies
show that the proposed selection approach chooses the true model with a transformation parameter close
to the true value in most cases and performs better compared to naive selection approaches. The pro-
posed simultaneous selection approach can be used in many different areas of research. As an example,
we provide a case study where we apply the selection approach for estimating poverty and inequality in-
dicators at municipal level in Mexico. We observe that the model selected by the proposed simultaneous
approach has higher predictive power than other approaches. The improvements in terms of predictive
power and model building translate to more precise small area estimates of the poverty and inequality
indicators.

Further research should be shifted towards alternative variable selection criteria. For instance,
Bunke et al. (1999) show that the cross validation selection criterion can simultaneously select the
optimal parametric model and the optimal transformation parameter of the Box-Cox transformation for
nonlinear regression models. Furthermore, Fang (2011) proves that the cAIC is asymptotically equiv-
alent to the leave-one-observation-out cross validation for linear mixed models. Therefore, deriving
the cross validation selection criterion for the linear mixed model and comparing the results with the
JcAIC might be a promising avenue for further research. The selection based on cross validation cri-
terion may improve the quality of the prediction. Moreover, it is also possible to derive the JcAIC for
other transformations which require the estimation of the transformation parameter. The use of JcAIC 
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as a selection criterion between different transformations with different optimal models is also a poten-
tial research direction. However, it should be noted that the use of our proposed approach is less useful
when the point of interest is to interpret the effect of the chosen explanatory variables on the original
scaled data. Gurka et al. (2006) introduce a bias corrected beta coeffcient for linear mixed models un-
der the Box-Cox transformation which produces a more precise interpretation of the beta coeffcients.
However, the interpretation does only hold for the transformed response variable. On the original scaled
response, it is not clear how strong the effects of the explanatory variables are. To enable interpreting
the effects of explanatory variables on the original data, further research is needed for general regression
models with the Box-Cox transformed response variable.
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Appendix A 

A.1 Bootstrap for Original and Log approach 

Bootstrap for Original 

1. Fit the model in Equation (1.1) to obtain estimates of model parameters θ̂.

2. Generate u(b) from N (0, Ĝ0) and ε(b) from N (0, σ̂2) and create bootstrap y using

(b) + ε(b)y = Xβ̂ + Zu(b) . 

3. Re-ft the model with the bootstrap sample y(b) and obtain bootstrap estimates of model parame-
(b)ters θ̂(b) and û .

4. Obtain the BC by " 
B � �T � �#X 

(b) − X ˆ (b) (b) − X ˆ (b)BC =
1 − 

1 
y β(b) − Zû y β(b) − Zû 

σ2(b)B 2ˆ 
b=1 " �# 

B � �T � 
(b) (b)+

1 X 1 
y − Xβ̂(b) − Zû y − Xβ̂(b) − Zû . 

σ2(b)B 2ˆ 
b=1 

Bootstrap for Log 

1. Transform the y to the ye using ye = log(y + s).

2. Fit the model with ye to obtain estimates of model parameters θ̂.

3. Generate u(b) from N (0, Ĝ0) and ε(b) from N (0, σ̂2) and create bootstrap ye using

ye(b) = Xβ̂ + Zu(b) + ε(b). 
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4. Re-ft the model with bootstrap sample ye(b) and obtain bootstrap estimates of model parameters
ˆ (b)θ(b) and û .

(b) (b)5. Back-transform ye(b) to obtain y . y(b) is obtained by y = exp(ye(b)) − s. 

6. Obtain the BC by" 
B � �T � � 

1 X N � � 1 
σ2(b) (b) − X ˆ (b) (b) − X ˆ (b)BC = − log 2πˆ − · ye β(b) − Zû ye β(b) − Zû 

σ2(b)B 2 2ˆ 
b=1 # " 

B � �T �X 
(b))

1 N � 
σ2(b)

� 1 (b) β(b)+ J(y − − log 2πˆ − ye − Xβ̂(b) − Zû ye − X ˆ 
σ2(b)B 2 2ˆ 

b#=1 � 
(b)− Zû + J(y) , 

with

D Ni D NiXX XX 
(b)) = − (b)J(y log(y + s), J(y) = − log(y + s). 

i=1 j=1 i=1 j=1 

A.2 Graphics and tables 
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Figure A1: Density of the dependent variable (yij ) in the frst Monte Carlo population. Note
that a base-10 log scale is used for the x-axis for the Log and Box-Cox setting
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Figure A2: Q-Q plots for household level and municipal level residuals of different EBP ap-
proaches

Table A1: Summary statistics of the dependent variable (yij ) in the frst Monte Carlo population

Data setting Min 1.Q Median Mean 3.Q Max
Normal (1) 131 416 476 475 535 831
Normal (2) 247 442 484 477 517 669
Log 0 793 3732 48861 17384 15769695
Box-Cox 0.019 0.066 0.103 5.064 0.183 25978.438
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Chapter 2 

Estimation of the consumer price 
index with regional weights using 
small area estimation methods: A case 
study of Germany 

Abstract 
The consumer price index (CPI) is an important indicator for formulating effective poli-
cies related to wage and infation control. Most countries regularly produce the national
CPI and some countries also publish the CPI at sub-national levels. This sub-national (or
regional) CPI depicts region specifc information and consequently is a helpful tool for
local policy makers. Germany provides this regional CPI for all 16 states with national
product weights. Still, national products weights do not adequately represent the impor-
tance of products at the regional level, whereas a better regional CPI uses regional product
weights to refect regional specifcs more accurately. In this study, I explore the estima-
tion of such a better regional CPI with regional weights by using an accessible income
and consumption survey from Germany. To obtain reliable regional weights, I focus on
estimating regional expenditures for each product. Regional weights of each product are
derived by calculating the proportion of the estimated specifc product expenditure over
the total expenditure. However, estimating regional expenditures is challenging because
of the small sample size in each region. Small sample sizes potentially produce unreliable
estimates. To address this problem, I propose the use of a small area estimation approach
based on multivariate Fay-Herriot (MFH) models. By using MFH models, I show how
model-based estimation of regional expenditure improves the reliability of the estimation
using the case of Germany and further discuss the limitations as well as future research
directions.
Keywords: infation, regional inequality, regional difference, price statistics, household
consumption

2.1 Introduction 

The consumer price index (CPI) is one of the most important economic indicators and vital for formu-
lating policy. It measures the change in price of the household shopping basket of consumed goods and
services. Therefore, the estimation of the CPI is essential, especially for formulating infation policies.
Consequently, national statistical offces in most countries compute the national CPI every month and
use it mainly for measuring infation as well as support for directing monetary policies. Infation is
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usually understood to be similar within a monetary union such as the eurozone or a country. However,
many empirical studies show a heterogeneity of regional infation levels within a monetary union and
even between the regions in a single country (Duarte and Wolman, 2008; Nagayasu, 2011; Weinand
and von Auer, 2020). This means that an estimation of a reliable sub-national CPI (i.e., regional CPI) is
important for fully understanding regional economic heterogeneity. Despite the clear need for a regional
CPI, regular publications of regional CPI by national statistical offces are not yet common because of
the associated diffculties.

Publishing a reliable regional CPI is diffcult due to a lack of data. To produce a reliable regional
CPI, we need suffcient information about prices and household expenditure on consumed goods and
services at the regional level. Existing survey data usually includes only a small number of observed
prices and households at the regional level which makes the estimation of regional CPI unreliable. Con-
sequently, many countries do not publish the regional CPI and only some countries provide the regional
CPI. Additionally, each country decides independently on which regional level to include. For exam-
ple, the German Federal Statistical Offce (FSO) provides the regional CPI for 16 states (Statistisches
Bundesamt, 2021b), whereas the U.S. Bureau of Labor Statistics (BLS) publishes regional CPI monthly
for 4 regions, 9 divisions, and bimonthly for 23 metro areas (BLS, 2023b) with regional prices but na-
tional product weights. The national statistical offce of Canada regularly provides regional CPI for 10
provinces and for capital cities of 3 territories, also without regional specifc product weights (Statistics
Canada, 2023). The Statistics Bureau of Japan (SBJ) computes the regional CPI with area specifc prod-
uct weights, but only for the special wards of Tokyo (SBJ, 2022). The use of national product weights
for the regional CPI is not appropriate seeing that national product weights do not adequately represent
the importance of the goods and services in each region (Kosfeld et al., 2009). However, when we
use regional product weights derived from limited household expenditure data at the regional level, the
resulting regional weights may be unreliable (BLS, 2023a).

To obtain reliable regional product weights, we must reliably estimate regional household expendi-
ture of consumed goods and services frst. Small area estimation approaches are especially useful for
this purpose. SAE methods enable the estimation of target indicators which are not observed in some re-
gions and generally improve the reliability of estimates based on a model for small regions. Researchers
have applied SAE methods in connection with regional households expenditure before with different
focuses: Marchetti and Secondi (2017) suggest the estimation of the regional household consumption
expenditure using the Fay-Herriot model (Fay and Herriot, 1979) to construct purchasing power parities
at the provincial level in Italy. However, they only estimate the regional total household expenditure,
and not the expenditure on each consumed product. Pusponegoro et al. (2021) model the regional CPI
in Indonesia with the Fay-Herriot model combined with a penalty for random effects. The dependent
variable of the model in the study is the regional CPI of each product category. For each category,
they use an univariate Fay-Herriot model. Dawber et al. (2022) estimate region specifc expenditures
on consumed goods and services for 12 regions in UK based on the Fay-Herriot model combined with
a smoothing method. By using estimated regional expenditures, they estimate regional specifc product
weights. The approaches of Pusponegoro et al. (2021) and Dawber et al. (2022) use the univariate Fay-
Herriot model, which means that they assume that the expenditure on a product or the regional CPI on
each expenditure category does not affect the expenditure or the CPI on other products. This, however,
is an unrealistic assumption.

In the present study, I focus on the reliable estimation of the regional CPI for 16 states in Germany.
FSO regularly publishes the regional CPI for 16 states but these values are computed with the national
weights. There is enough data for regional prices but not for regional product weights. Therefore,
the main purpose of this study is reliably estimating regional expenditures of products which are used
to compute the regional weights. The related studies use univariate Fay-Herriot models to estimate
expenditure of products. This study, however, suggests to use multivariate Fay-Herriot models, as the
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univariate model automatically assumes that expenditures on each good and service are independent of
other goods and services. This is a doubtful assumption because the prices of some goods and services
affect the demand of relevant goods and services such as substitutes or complementary goods. For
example, when people buy bread, they also tend to buy butter. This means that the expenditure on
goods and services cannot be completely independent from each other. Therefore, I use multivariate
Fay-Herriot (MFH) models (Benavent and Morales, 2016) which allows the correlation between the
expenditures on different products. Based on this model, the expenditures on each product are accurately
estimated at the state level of Germany. The estimated regional expenditures are used to obtain the
regional product weights which constructs the reliable regional CPI.

I will proceed by defning CPI in Section 2.2 and datasets in Section 2.3. In Section 2.4, I introduce
and compare the direct estimation method and the MFH method for the regional households expenditure
on each product. Using the most reliable estimation results from Section 2.4, I construct the regional
CPI at German state level in Section 2.5. Finally, in Section 2.6, I will discuss relevant limitations and
challenges as well as further research directions.

2.2 Consumer price index 

The CPI measures the change of the household shopping basket price between the target period t and
the base period 0. The shopping basket includes goods and services consumed by households. Most
countries (including Germany) use the classifcation of individual consumption by purpose (COICOP)
to classify the goods and services for CPI calculation. FSO uses the German COICOP by Statistisches
Bundesamt (2013). Table 2.1 shows an overview and examples of German COICOP categories at differ-
ent COICOP levels. The price of the basket is defned as the sum of the prices of the goods and services
in the basket multiplied by its consumed quantity at a chosen COICOP level as follows

KX 
pk · qk, (2.1)

k=1 

where pk is the average price of the kth category/product of a chosen COICOP level and qk is the
consumed quantity of the kth category/product at a chosen COICOP level. Raw prices of a product
are elementally aggregated at the deepest COICOP level according to the Dutot index (Dutot, 1738)
in Germany. The Dutot index is furthermore aggregated to obtain the pk at other aggregated COICOP
levels.

The CPI consists of two baskets: a basket at the target period t and a basket at the base period 0.
There are two different types of CPI: Laspeyres type and Paasche type. The prices of each basket are
estimated at each period but the quantities are fxed at base period 0 for the Laspeyres type index, while
Paasche type index fx the quantities at target period t. Germany uses the Laspeyres type index to obtain
national CPI in target period t (Statistisches Bundesamt, 2021b). This type of index is defned as followsPK t 0 

k=1 pkqkCPIt = PK · 100,
0 0 

k=1 pkqk 

0 t 0where p is price of product k in base period 0, p is price of product k in period t, and q is thek k k 

consumed quantity of kth product in base period 0. To obtain the average prices at each COICOP
category (i.e., pk), the price data is required. Research Data Center of the Federal Statistical Offce
and Statistical Offces of Federal States (RDC) of Germany regularly collects the prices of goods and
services consumed by private households (RDC, 2021). The raw prices of the items are collected from
the outlets including both physical and online shops. These item prices are aggregated at a chosen
COICOP level so that there is one average price for each COICOP category. Further details of the
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aggregation process are explained in Section 2.3.2. However, how often each product is consumed is
commonly not observed. Therefore, the national CPI in Germany is calculated by using the transformed
Laspeyres index given by

K 
k 0CPIt =100 · 

X pt 
wk. (2.2)0pkk=1 

w is the proportion of expenditure on kth product in base period 0 and estimated by using the infor-k 

mation about the household expenditure. These proportions are used as product weights and can be
understood as the importance of each product.

Table 2.1: COICOP by Statistisches Bundesamt (2013)

Level

Label

COICOP 2
Division

(Abteilungen) 

COICOP 3
Group

(Gruppen) 

COICOP 4
Class

(Klassen) 

COICOP 5
Sub-class

(Unterklassen) 

COICOP 6
Category

(Kategorien) 

COICOP 7
Sub-category

(Unterkategorien) 

Example

Food and
non-

alcoholic
beverages

Food
Meat and

meat
products

Dried, salted,
smoked and
other meat

and sausage
products

Other
sausage

Boiled sausage
(incl. Bratwurst)

Code of
Example

01 011 0112 0112 7 0112 72 0112 721

The regional CPI is constructed similarly to the national CPI in Equation (2.2). The regional CPI
from FSO uses the regional prices with the national product weights as follows

KX t 
ik 0CP Iti =100 · p
wk, (2.3)0pikk=1 

where the index i denotes the state of Germany and pik is the price of product k in state i. This study
aims to estimate the regional CPI with the regional product weights defned as

K 
ik 0CPIti =100 · 

X pt 
w (2.4)0 ik, pikk=1 

0where w is the regional product weight for kth product in state i in the base period. By using theik 

regional weight, the regional CPI can better represent the importance of products in each region.

2.3 Data sources 

For the CPI estimation, the FSO uses multiple data sources. The product weights are estimated ev-
ery fve years based on Die Einkommens- und Verbrauchsstichprobe (EVS - Income and consumption
survey) data with supplementary economic account data (Statistisches Bundesamt, 2021b). The prices
are collected by Verbraucherpreisindex für Deutschland (VPI - CPI for Germany) data (Statistisches
Bundesamt, 2021b). As the latest EVS is from 2018, I use this data (EVS 2018) and the corresponding
VPI data from 2018 (VPI 2018). These datasets are provided by Research Data Center of the RDC.
Unfortunately, economic account data is not fully accessible. Therefore, the regional CPI is estimated
with these given data sources.
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2.3.1 EVS 2018 (RDC, 2018a) 

The EVS is carried out every fve years to provide an overview of the social and socio-economic status
of private households in Germany. Around 60000 households are asked to participate in the survey. The
households are selected through quota sampling, using the latest results of the German microcensus.
EVS consists of four survey parts: a) Allgemeine Angaben (AA - general information), b) Geld- und 
Sachvermögen (GS - monetary and tangible assets), c) Haushaltsbuch (HB - household budget book),
and d) Feinaufzeichnungsheft für Nahrungsmittel, Getränke und Tabakwaren (NGT - fne recorded bud-
get book for food, beverages, and tobacco products). The participating households fll in the ques-
tionnaires for general information including the socio-demographic and socio-economic status of the
household and of the household members (AA) and the questionnaires of monetary and tangible assets
(GS). Furthermore, the households record their income and consumption for three months (HB) and
20% of participants are asked to record their consumption of food, beverages, and tobacco products at
COICOP 7 level in detail for a month (NGT). Based on the collected data, the EVS provides information
about the income situation and the consumption pattern of the households in Germany. Therefore, CPI
uses the EVS to estimate the product weights.

For this study, I use EVS 2018. The RDC provides collected data divided into six fles: a fle for each
survey part (i.e., one fle for AA, GS, HB, NGT), a combined fle with survey parts except for NGT, and
a fle providing personal information of the households. To estimate the product weights at the deepest
COICOP level of the EVS data (i.e., COICOP 7 level), I need the consumption information for each
product at this level. Then, I aggregate this information for the estimation of the weights at different
COICOP levels. Although the fle for NGT provides detailed consumption information at COICOP 7
level, unfortunately, there is no fle which provides detailed consumption information for all COICOP 7
products. As a consequence, I concentrate on estimating product weights (and CPI) for food, beverages,
and tobacco products.

NGT data from EVS 2018 includes consumption information of 10351 households in 235 COICOP
7 categories. Table 2.2 shows the number of households per state in NGT data with the total number
of households in each state based on census data (Statistisches Bundesamt, 2018). The state codes are
given in Appendix (Table B1). On average, 0.28% of all households in each state are observed in NGT.
The data also includes two grossing-up factors. As EVS uses quota sampling, there is no information
about the design weights or inclusion probabilities. Instead, grossing-up factors are given so that we
can aggregate the data without bias either at state level or at country level (Statistisches Bundesamt,
2022). The direct estimates of product weights are obtainable by combining consumption variables and
grossing-up factors. Moreover, the data provides some socio-demographic information of households
such as average age of household members, education level, etc. We can, therefore, build small area
models with the direct estimates and these socio-demographic variables.

Table 2.2: Number of households per state in NGT data and in the census data (Statistisches
Bundesamt, 2018)

SH HH NI HB NW HE RP BW BY SL BE BB MV SN ST TH
NGT 401 258 904 122 1953 938 529 1136 1512 121 393 322 317 722 413 310

Census 
1470 1003 3973 366 8756 3091 1961 5286 6453 493 2028 1257 830 2156 1151 1104

(in 1000)

2.3.2 VPI 2018 (RDC, 2018b) 

The consumer price statistics collect the prices of domestically consumed goods and services by private
households. The prices of items are collected every month either locally through the statistical offces
of the federal states or centrally by the FSO. Centrally collected prices are the same for the 16 states
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in Germany. As the prices are collected in different quantity and measurement (e.g., 1 orange vs. 1 kg
oranges), they are adjusted according to quantity, measurement, etc. The statistical offces of the federal
states perform the elementary aggregation with the adjusted raw prices according the Dutot index so that
each COICOP 10 category has one elementary price index (RDC, 2021). The description of COICOP
10 categories is only available in the VPI data, although it is not explicitly defned in Statistisches
Bundesamt (2013). VPI data is published every year and includes different monthly prices (e.g., raw
item prices, adjusted prices, and elementary price indices) with further information such as shop type,
state, shop type weights, state weights, COICOP 10 code, and the national product weights from the
previous base year 2015 at COICOP 10 level.

I use VPI 2018 to keep the time consistent with the EVS data. VPI 2018 includes the prices of 190
COICOP 10 food, beverages, and tobacco products. The data includes monthly prices of products from
8 different shop types in 16 different states. Each COICOP 10 product has one elementary price index

mper month, state, and shop type. Assume p denotes the elementary price index of the kth COICOPik10s 

10 product from the sth shop type in the mth month in state i. For the regional CPI, we need the product
price per state for the target period t and for the base period 0. The target period in this paper is each
month of 2018. Therefore, each product price of each month per state must be calculated to construct
the CPI. For the target month t in 2018, the price is aggregated with the shop type weights as follows

8X 
t t p = p · SWs,ik10 ik10s 

s=1 

where SWs denotes the shop type weight of the sth shop type. Moreover, the prices per state for the
base period are also required to construct the CPI. As the base period is a whole year, the monthly prices
are equally weighted to obtain the price per state for the year as follows

12X10 m p = p .ik10 ik1012 
m=1 

2.4 Estimation of regional product expenditure 

The product weights for CPI are the proportions of the expenditures on each consumed good and service.
Germany changes the base period every fve years and the product weights are calculated accordingly
every fve years. The EVS is a critical component for the estimation of national product weights in
Germany at a detailed COICOP level because the FSO calculates the product expenditure using the
EVS and updates the results with additional data, since the EVS takes place two years prior to the
base year (Statistisches Bundesamt, 2023). As the updating method with supplementing data is not
given, the regional expenditure are estimated by focusing on EVS data. In this paper, I consider two
possible ways for the product weight estimation: a) direct estimates and b) model-based estimates. I
explain the estimation methods in this section and estimate the total expenditure of each product using
both methods from COICOP 7 to COICOP 3 level. The estimations are implemented by using the
statistical programming language R (R Core Team, 2022) with R packages emdi (Kreutzmann et al.,
2019; Harmening et al., 2023) and msae (Permatasari and Ubaidillah, 2021). I furthermore evaluate and
compare the estimation results to fnd the optimal level and method for deriving the product weights for
the regional CPI.

2.4.1 Direct estimates 

Let yijk denote the total expenditure for the kth product at a certain COICOP level of the jth household
in the ith region and wik denote the product weights of kth product in ith region. wik is the proportion
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of the expenditure on the kth COICOP product from the total expenditure in the ith state. Let θikPKdenote the expenditure on the kth COICOP product and θik denote the total expenditure in thek=1 
ith state. The direct estimates of the total expenditures are obtained by using the Horvitz-Thompson
(HT) estimator (Horvitz and Thompson, 1952). This requires inclusion probabilities, however, EVS does
not have inclusion probabilities because it uses a non-probability sampling. Instead, EVS provides two
grossing-up factors which can replace the sampling weights for computing an unbiased HT estimator
(Statistisches Bundesamt, 2021a). Then, the direct estimate of the total expenditure of the kth product

θdirect at national level (b ) is computed as followsk 

D niXX 
θbdirect = · GF national ,k yijk ij 

i=1 j=1 

where ni is the number of households in the EV S data for the ith region and GFij
national denotes the

grossing-up factor of the jth household in the ith region for the national level indicator calculation.
θdirect Using b , the direct estimates of the national product weights are derived. The FSO uses thesek 

national product weights to provide the regional CPI of each state. However, I am looking to calculate
regional weights. For this, I need to estimate regional total expenditures. As the EVS includes the
grossing-up factor for the state level aggregation, the direct estimates of the regional indicators can be
obtained in the same way

niX 
θbdirect · GF state 
ik = yijk ij , (2.5)

j=1 

where GFij
state denotes the grossing-up factor for the state level estimation.

To evaluate the reliability of estimates between different COICOP levels, I calculate the coeff-
cient of variation (CV) values of the estimated total expenditures of products per state from COICOPq 

0,direct 0,direct 7 to COICOP 3 level. CV is given by Vb (θb )/θb . The variance of the estimators (i.e.,ik ik 
0,direct Vb (θb )) are obtained for the CV calculation by using the naive bootstrap method (Alfons andik 

Templ, 2013). Figure 2.1 shows the distributions of the CV per state at COICOP 5, COICOP 4, and
COICOP 3 levels. We can see that the CV values become much smaller at COICOP 4 level compared to
COICOP 5 level. The CV values at COICOP 3 level are similar to COICOP 4 level. The proportion of
the estimators which have a CV value higher than 0.2 is 34.67% at COICOP 5, 7.08% at COICOP 4, and
7.81% at COICOP 3. Therefore, it is reasonable to estimate the regional product weights at COICOP 4.

2.4.2 Model-based estimates 

The direct estimates generally show good results, although there is still a reliability problem and miss-
ing products because, if the number of observations in a state is not high enough, the expenditure of
infrequently consumed product is rarely observed or completely missing. Therefore, the expenditures
of the unobserved products cannot be directly estimated and the estimation of some states’ products are
not reliable. SAE methods are a solution to these problems. Combining direct estimates of the expen-
ditures with auxiliary data based on a small area model enables the estimation of unobserved products.
Moreover, an accurate small area model improves the reliability of the estimation.

SAE methods combine survey data and auxiliary information based on a model to provide more
precise estimates. They can be classifed into two groups according to the type of auxiliary data: unit-
level models and area-level models. While area-level models require auxiliary information at area level,
unit level models require auxiliary data with all units in the population of interest such as census data.
In this study, the Fay-Herriot (FH) model (Fay and Herriot, 1979) is appropriate because the auxiliary
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θdirect Figure 2.1: CV of ˆ at different COICOP levels in each state of Germanyik 

data can be obtained at area level. The total expenditures of products per state are estimated for each
COICOP product using a FH model. Since the total expenditures per state must be estimated for all
products and they are potentially correlated, it is reasonable to use a MFH model.

Benavent and Morales (2016) introduce MFH models for a fnite population divided into D regions.
θi = (θi1, · · · , θiK )

T is a vector of target indicators which are the total expenditure of products at a
certain COICOP level in region i. ei denotes the sampling errors which are normally distributed with

θdirect a covariance matrix Vei . Vei corresponds to the variances and covariances of the b 
i assumed to be

known. The model assumes

θbdirect = θi + ei, ei ∼ N (0, Vei )i 

and a linear relation between target indicators and explanatory variables. xik = (xik1, · · · , xikpk ) 
denotes the explanatory variables for the kth indicator in the ith region, where pk is the number of
explanatory variables related to the kth indicator. Let xi = diag(xi1, · · · , xik, · · · , xiK ) be the matrix
of explanatory variables and ui be the independent and normally distributed random effects. Then, the
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MFH model for the ith region is given as

=xiβ + ui + eiθdirect i 

indwith ui ∼ N (0, Vui 

θdirect 

b 

b 

). The MFH model can be written in matrix form as follows

=Xβ + Zu + e, e ∼ N (0, Ve), u ∼ N (0, Vu) (2.6)

with the design matrix for the fxed effects X and for the random effects Z. Benavent and Morales
(2016) introduce four MFH models which differ in the structures of Ve and Vu. For the model-based
estimation, the frst two models defned as Model 0 and Model 1 by Benavent and Morales (2016) are
used. Model 0 assumes Vei = diag(σ2 ) and Vui = diag(σ2 ). This means that ed and ud areeik uik 

independent and that indicators are independent from each other. Therefore, Model 0 is equivalent to
the univariate FH model. Using Model 1, Vui is unchanged but it allows a non-diagonal matrix for Vei ,
which means Model 1 takes into account the relation between the indicators within the regions. Vei is
defned as follows  

Vei = 
 

σ2 
i1 σi,(1,2) · · · σi,(1,K) 

σi,(2,1) σi 
2
2 · · · σi,(2,K) 

. . ... . . ... . .
σ2σi,(K,1) σi,(K,2) · · · iK 

 
, (2.7)

b 

where σi,(k,l) denotes the covariance between the kth and lth components in the ith region for k, l = 
1, · · · ,K. The MFH estimator of the target indicators is obtained for both models by

θMFH = Xβ̂ + ZT Vb 
uZΩb−1(y − Xβ̂), (2.8)

where Ωb = ZT Vb 
uZ + Ve and β̂ = (XT Ωb−1X)−1XT Ωb−1y. For further details about the estimation of

the model parameters, see Benavent and Morales (2016) and Permatasari and Ubaidillah (2021).
When the indicators are independent from each other, Model 0 is a reasonable choice. However,

as explained in the introduction, it is much more sensible to assume a potential relation between ex-
penditures on certain products. Therefore, Model 1 is a better choice for the estimation since it takes
into account the relations of indicators in the covariance matrix of the error term. Whether this relation
actually exists is examined by the Pearson’s correlation coeffcients between direct estimates of total
expenditures in each state at different COICOP levels. Table 2.3 shows the summary of median corre-
lation coeffcients between direct estimates in each region at different COICOP levels. From COICOP
7 to COICOP 5, most products have very low correlations with other products. At lower COICOP lev-
els, median correlation values in each region between the products exceed 0.3. Furthermore, Figure
2.2 shows that each state has different correlation patterns between products at COICOP 4 level. The
description of COICOP 4 codes is given in Appendix (Table B2). For example, the COICOP 4 code
0119 (which denotes other food products) generally has a very small correlation with other products
at COICOP 4 level in Brandenburg compared to Hamburg and Berlin. The data shows that, at some
COICOP levels, the correlation between direct estimates of total expenditures cannot be ignored. That
is why it is reasonable to take the following into account: Model 1 is used for the estimation of the total
expenditures at COICOP 4 and COICOP 3 levels, while Model 0 is used at other COICOP levels.

Before ftting the model, the model assumptions must be examined and the model specifcation
done. The MFH models assume normally distributed errors. However, income or expenditure type vari-
ables usually cannot fulfll this assumption. The direct estimated total expenditures of nearly all products
in EVS 2018 show very right skewed distributions which is evidence of the normality assumption vio-
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Table 2.3: Median correlation coeffcients between estimated regional total expenditures of
products at different COICOP levels

COICOP 7 0.0694 0.0822 0.0922 0.0924 0.1041 0.1131
COICOP 6 0.0937 0.1072 0.1204 0.1206 0.1295 0.1734
COICOP 5 0.1174 0.1374 0.1428 0.1488 0.1638 0.1996
COICOP 4 0.3230 0.3996 0.4372 0.4433 0.4864 0.5704
COICOP 3 0.3218 0.3644 0.3947 0.4146 0.4893 0.5450

Min 1.Q Median Mean 3.Q Max

(a) Brandenburg (b) Hamburg (c) Berlin

Figure 2.2: Correlation coeffcients between estimated regional total expenditures of COICOP
4 products in (a) Brandenburg, (b) Hamburg, and (c) Berlin

lation. Therefore, in this study, when some products expenditures show an evidence of the violation,
the logarithmic transformation is applied to these response variables to correct the violation. For those

θdirect indicators, the model in Equation (2.6) is ftted with log(θbdirect) instead of b . Moreover, the model
assumes the know Ve. Consequently, the variances for direct estimators and the covariances between
direct estimators are estimated by a naive bootstrap method (Alfons and Templ, 2013) and used in Ve.
For the model specifcation, socio-demographic variables are extracted from the EVS 2018 at state level
so that they can be used as x variables in the MFH model. As the model is ftted at state level, there
are only 16 observations per indicator. Therefore, only one explanatory variable that has the highest
correlation with each response variable is applied to the model. This means that the number of explana-
tory variables related to the kth indicator equals to 1 for all indicators (i.e., pk = 1, ∀k). By ftting the
model, the MFH estimator of θ is obtained for transformed products on the logarithmic scale. As the
MFH estimates on the original scale are needed, the crude type back-transformation (Harmening et al.,
2023) is performed for these products as suggested in Rao and Molina (2015) and Neves et al. (2013).

To evaluate the reliability of the MFH estimates, CV values of θbMFH are calculated at each COICOP
level. Table 2.4 shows the median CV value in each state in Germany. The MSE of the estimators are
obtained for the CV calculation by using the MSE estimation method by Benavent and Morales (2016)
and Permatasari and Ubaidillah (2021). As the COICOP levels become more aggregated, the estimates
become more reliable with COICOP 4 being the most reliable. Below COICOP 4, however, this no

θdirect longer occurs. For the comparison between direct and model-based estimation, b in Equation (2.5)ik 

θMFH and b in Equation (2.8) are estimated at COICOP 4 level and the CV of the estimates are calcu-ik 

lated. Figure 2.3 shows that the direct estimates of total expenditures are generally reliable with CV
values under 0.2. MFH estimation shows an improvement in most states compared to the direct esti-
mates at COICOP 4 level and the use of model-based estimation is necessary to obtain reliable estimates
for some states like Bremen (HB).
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Table 2.4: Median CV of MFH estimators for total expenditures of products per state and for
Germany (GER) at different COICOP levels

SH HH NI HB NW HE RP BW BY SL BE BB MV SN ST TH GER
COICOP 7 0.18 0.22 0.12 0.36 0.09 0.12 0.15 0.11 0.10 0.31 0.18 0.19 0.21 0.13 0.18 0.21 0.200
COICOP 6 0.15 0.20 0.10 0.33 0.07 0.10 0.12 0.08 0.09 0.26 0.15 0.16 0.19 0.11 0.15 0.18 0.151
COICOP 5 0.13 0.17 0.09 0.31 0.06 0.09 0.11 0.07 0.07 0.24 0.13 0.15 0.15 0.09 0.13 0.16 0.135
COICOP 4 0.08 0.11 0.05 0.18 0.03 0.05 0.07 0.04 0.04 0.14 0.08 0.08 0.11 0.05 0.08 0.09 0.076
COICOP 3 0.10 0.10 0.06 0.20 0.04 0.06 0.07 0.04 0.04 0.16 0.08 0.09 0.10 0.06 0.08 0.10 0.079

Figure 2.3: CV of direct and FH estimators at COICOP 4 level

2.5 Estimation of regional CPI 

As MFH estimates at COICOP 4 level are the most reliable, the CPI is constructed at COICOP 4 level.
However, VPI data provides prices only at COICOP 10 level. The prices should be aggregated to
COICOP 4 level. For the price aggregation, the product weights of the next COICOP level are used. For
example, under the COICOP 6 product 0116 16 (berries and grapes), there are three COICOP 7 products

t0116 161 (strawberries), 0116 165 (grapes), and 0116 169 (other berries). Let p be the price of theik6 
tkth product at COICOP 6 level (e.g., price for the product 0116 16) in the ith region, p denotes pricesic7 

of COICOP 7 products which belongs to the kth COICOP 6 product (e.g., prices of products 0116 161,
0116 165, 0116 169). For the price aggregation, product weights are necessary. Let wbic7 be a vector
of the corresponding estimated product weights at COICOP 7 level (e.g., product weights of 0116 161,
0116 165, 0116 169) in the ith region. Then, the price of the kth product at COICOP 6 level is defned
as the aggregation of weighted COICOP 7 prices of products belonging to the kth COICOP 6 product
as follows

X 0wb t t ic7p = p · P ∀k6. (2.9)ik6 ic7 wb0 
c7∈k6 ic7c7∈k6 

The price aggregation is done in the same way as in Equation (2.9) for every other COICOP level. To
aggregate the prices to COICOP 4 level, the product weights from COICOP 10, 7, 6, and 5 levels are
required. The MFH estimates are used for price aggregation from COICOP 7 to COICOP 5 levels. Since
the EVS data are not available at COICOP 10 level, the product weights cannot be estimated at this level.
Therefore, the given national COICOP 10 level products weights in the VPI data are used. For the other
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COICOP levels, the product weights are derived by using

θbMFH 
0,MFH ik wbik = PK for (k, K) ∈ {(k7,K7), (k6,K6), (k5,K5)}. 

θbMFH 
k=1 ik 

After the price aggregation, the CPI is estimated using

K4 t t X pik4 0,MF H [CPIi =100 · wb0 ik4pik4k4=1 

for each state in each month of 2018. The product weights are derived from the estimated regional
expenditure on each consumed goods and services in Equation (2.5) as follows

θbMFH 
0,MFH ik4wb = . (2.10)ik4 PK4 θbMFH 

k=1 ik4 

Furthermore, the percent change of CPI from the previous month to the current month is calculated from
February to December for each state in Germany. The percent change of CPI in target month t in state i 
is defned as

t[CPIi · 100 − 100,t−1[CPIi 

where t − 1 denotes the previous month.

0,MF H Figure 2.4: Difference between model-based regional weights (wb ) and direct estimatedik 
0,direct national weights (wb ) at COICOP 4 levelik 

It is impossible to exactly reproduce the regional CPI with national weights from FSO due to a
lack of publicly accessible data. Still, to make a comparison of regional CPI with national and regional
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weights possible, the national weights are derived as follows

θbdirect 0,direct ik4wb = (2.11)ik4 PK4 θbdirect k=1 ik4 

and used to calculate the CPI in each state. Figure 2.4 shows the difference between regional weights in
Equation (2.10) and national weights in Equation (2.11) at COICOP 4 level. Deviations from national
weights differ depending on product. Products such as 111 and 220 have a wider range of difference
compared to products like 119 and 121. Each state shows a specifc consumption pattern. For example,
Hamburg (HH) and Bremen (HB) show a higher consumption of fsh products (113) whereas Berlin
(BE) shows a much lower consumption of meat products (112) together with a higher expenditure on
fruits (116) and vegetables (117) compared to the national level.

Figure 2.5 shows the CPI with national product weights on the red line and with regional weights on
the blue line for Brandenburg, Hamburg, and Berlin for every month in 2018. The CPI and the changes
of CPI in other states are available in Appendix (Figure B1 and Figure B2). In Figure 2.5, we observe
that Brandenburg and Berlin have a similar pattern: CPI values are high at the beginning of the year
and decrease during the summer and increase again in the winter. Hamburg shows a different pattern
compared to the others. Although the patterns of CPI are similar with national weights and regional
weights, the exact values of the CPI with regional weights differ from the CPI values with national
weights. Berlin shows a higher CPI with regional weights from January to June and higher CPI values
with national weights from June to the end of the year. Hamburg shows the opposite, meaning that the
CPI with regional weights is higher until May and that it decreases smaller from May on. Unlike these
two states, the difference between national and regional weights are not as distinct as in Brandenburg.
This suggests that the national weights are only in some states representative of the importance of
products and that the type of used weights affects the CPI results.

Figure 2.5: Estimation of regional CPI in Brandenburg, Hamburg, and Berlin

Figure 2.6 shows the change in percentage of CPI from the previous month to the current month
for the same states in 2018. Despite the differences in CPI with different weights, the changes in CPI
between national weights and regional weights are not as clear as in Figure 2.5. A possible reason for
this is the pattern of CPI with regional weights not differing that much from the pattern with national
weights. Still, it should be noted that only months within the base year are investigated. The difference
in CPI and changes in CPI with regional and national weights may increase over time. Furthermore, the
presented regional CPI only include food, beverages, and tobacco products. Since the expenditure on
these products is not as high as expenditures on housing and transport costs, the expenditure pattern for
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housing and transport costs may differ much more, depending on the region. Consequently, the overall
regional CPI and changes of CPI including all products with regional weights will deviate more strongly
from the regional CPI from the national weights.

Figure 2.6: Changes of regional CPI from the previous month in % for Brandenburg, Hamburg,
and Berlin

2.6 Discussing problems and solutions 

In the present study, I propose an estimation method of regional CPI with regional products weights
for food, beverages, and tobacco products using existing data sources. For the estimation, I focus on
estimating reliable regional product expenditures. As the direct estimation method cannot provide the
regional product expenditures for some products because of data defciencies, I introduce a model-based
estimation with a SAE method. This method provides regional product weights for all products and
improves the reliability of estimators. Although this study provides a solution for estimating reliable
regional product expenditures for the construction of the regional CPI, there are still limitations and
challenges that need to be considered such as limited data and possible estimator improvement.

2.6.1 Limited data and information availability 

A challenge for SAE research dealing with the regional CPI in Germany is that the consumption infor-
mation of the households is only partly available in the EVS data. To overcome this lack of informa-
tion, FSO uses additional data sources. However, these data sources are not accessible to the public,
which makes the estimation of product weights for all consumed goods and services impossible. Con-
sequently, the regional CPI is estimated only for food, beverages, and tobacco products. Moreover, both
data sources (EVS and VPI) provide a regional identifer for states. With the given data sources, it is
very diffcult to estimate the regional CPI at a more disaggregated regional level. However, regional CPI
at a more disaggregated level such as at district or at municipal level are essential for better understand-
ing problems at the local level and for subsequently formulating effective policies to deal with these
problems. The introduced model-based estimation method is applicable (if the data is available) for CPI
with all goods and services and at more disaggregated regional levels.

A further problem is that the sampling design for the price data is unknown. Instead, only the
elementary price indices at state level are provided in the VPI data so that the calculation of regional
CPI at state level is possible. As a result, the provided indices are treated as known fxed values,
ignoring the uncertainty caused from price estimation or from elementary aggregation. This means that
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the uncertainty from price components are not considered during the construction of regional CPI while
the reliability of product weights are examined with the CV of MFH estimates. Additionally, the details
of product weights estimation processes and price aggregation processes from FSO are not available.
Therefore, it is impossible to reproduce the exact results of CPI from FSO.

2.6.2 Further challenges 

Model extensions can improve estimation results. For the FH model, the covariates must be measured
without error (Fay and Herriot, 1979). However, the auxiliary x variables used in this study are estimated
from the EVS data. This means that the auxiliary variables could include errors. On that account, an
extension of the MFH models with the measurement error FH models (Ybarra and Lohr, 2008; Burgard
et al., 2020) could be considered to construct a more effcient model-based estimation. Additionally, a
smoothing method with pooled data is a possible extension when the number of regions in the FH model
is small. The FH model at German state level has only 16 observations. Because of this small number of
observations, challenges such as a restriction in the number of covariates persist. Dawber et al. (2022)
deal with similar challenges by combining a smoothing method and a SAE method with pooled data
from multiple years. This increases the number of observations in the FH model and improves the
temporal instability problem. Moreover, a MFH model can be extended for it to handle the correlation
of indicators between regions. The MFH model in this study takes into account the relations of products
within regions by allowing a non-diagonal covariance matrix for the errors. But the model assumes
a diagonal covariance matrix of random effects, which means the regions are independent from each
other. To take into account the correlations between regions, an extension of MFH with a more general
covariance matrix of errors can be considered when computing time allows. As another alternative, a
spatial FH model (Pratesi and Salvati, 2008) may also be possible.

I estimate the total expenditure of each product using an MFH model and build the MFH estimators
of weights based on the total expenditure estimates, which means that additional uncertainty may arise.
To solve this problem, alternative models for estimating compositional indicators can be considered so
that the product weights can be directly used as the response variable of the model. Scealy and Welsh
(2017) propose a mixed model for compositional expenditure data based on the Kent distribution. As
Scealy and Welsh (2017) do not consider small area problems, an extension for a SAE context is needed.
Esteban et al. (2020) introduce a trivariate FH model to estimate compositions. A generalization from
a trivariate to a MFH model is necessary for applying this method to the estimation of product weights.
Additionally, Krause et al. (2022) propose a robust MFH model to predict compositions and examine the
model with a simulation study and real data application for a trivariate case. They observe that this model
solves the problem of measurement errors. However, when the models from Esteban et al. (2020) and
Krause et al. (2022) are applied to the product weights estimation, there are numerous unknown model
parameters. Therefore, computational costs of estimation must be considered for higher dimensional
MFH models.

The estimated CPI cannot be free from sampling errors. The variance of estimated indicators is
commonly used as a measurement of uncertainty caused by using sample data. However, estimating
variance of CPI is a challenging task and most countries do not provide uncertainty measurements
of the CPI. There is no clear consent on how the variance of the estimated CPI should be measured
since each country has their own estimation method for the CPI. The CPI has different components
and needs multiple estimation techniques with a combination of multiple data sources in the whole
estimation process. Additionally, the used data sources are changing as well. These make the estimation
of the sampling variance for CPI more diffcult. Nonetheless, some studies propose estimation methods
for sampling error estimation (see Smith (2021)). For example, the BLS is regularly providing the
variance estimates of the CPI based on a jackknife resampling method (BLS, 2023a). The exact variance
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estimation method of the BLS might not be adaptable for all countries, although a resampling based
approach such as jackknife or bootstrap could generally be a possible solution for complex indices such
as CPI.

Recently, many countries experienced dramatic changes in household consumption patterns caused
by the aftereffects of COVID-19. Additionally, some countries faced problems collecting price data and
consumer expenditure data because of lockdown policies. National statistical offces in most countries
could not provide correct information regarding prices and consumption patterns with the CPI during the
pandemic for two reasons. First, the product weights can no longer represent the importance of products
since the consumption pattern of households changed extremely fast in a short period. Second, there
are too many missing prices because of restrictions on, for example, bars or restaurants that could not
operate at all. Consequently, each country made its own decision on how to provide the CPI according to
their data situation. For example, Australia, Canada, and the UK have been either annually or biennially
updating the product weights and needed an update in 2021 based on pre-pandemic data. However, they
used partial data from 2021 so that the changed consumption pattern could be taken into account for the
revision (United Nations, 2021). In the meantime, Germany revised the weights in 2023 for the new base
year 2020 based on data from 2019 to 2021 (Statistisches Bundesamt, 2023). The changed consumption
pattern caused by the pandemic could not be taken into account in the CPI until the revision was done.
It stands to reason that an annual or biennial cycle of weights revision makes the acquired index much
more resilient to outside shocks like war or other disasters with long-term effects. Consequently, states
like Canada or the UK produce CPI that represent reality much better than states that only do so every
fve years. As the FSO already updates the product weights for the harmonized CPI annually, a more
frequent revision for CPI should not be too diffcult.

2.7 Conclusion 

The present study contributes to the growing body of literature on the dynamics between national and
regional price levels. More specifcally, I emphasize the importance of working with reliable CPI esti-
mates for producing accurate economic analyses, which in turn are indispensable for formulating effec-
tive policy recommendations. For this purpose, I construct a reliable estimation method for the regional
CPI in Germany. The FSO provides the CPI for Germany and the regional CPI for each state with the
same national product weights, which may not accurately represent the importance of the goods and
services at the regional level. To accurately depict regional levels, I focus on the estimation of regional
product expenditure and propose a regional CPI estimation with regional product weights.

Because most national statistical offces use direct estimation, I frst estimate regional weights based
on direct estimations. However, since the expenditure for some products is not always observed at the
regional level, direct estimates are not always applicable. To alleviate this issue, I adapt a SAE method.
Furthermore, as there are numerous correlated products which have to be included for the estimation,
I apply MFH models. From COICOP 4 level, the expenditure of products show a correlation between
the expenditures. Therefore, I use a MFH model allowing relation between products at COICOP 4
and COICOP 3 levels. By using the model-based estimates, the regional expenditures for all products,
including the products which are not observed in the data, can be estimated. Consequently, the regional
CPI can be reliably estimated with the regional product weights. While this regional CPI estimation
method applies only to Germany here, it can theoretically be adjusted and used by any country to
reliably estimate regional expenditures and the regional CPI.
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Appendix B 

B.1 Graphics and tables 

Figure B1: Estimation of regional CPI
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Figure B2: Changes of regional CPI from the previous month in % 
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Table B1: Description of state codes

Code State Code State
SH Schleswig-Holstein HH Hamburg
NI Lower Saxony HB Bremen

NW North Rhine-Westphalia HE Hesse
RP Rhineland-Palatinate BW Baden-Württemberg
BY Bavaria SL Saarland
BE Berlin BB Brandenburg
MV Mecklenburg-Vorpommern SN Saxony
ST Saxony-Anhalt TH Thuringia

Table B2: Description of COICOP 4 codes

Code Description Code Description
0111 Bread and cereals 0112 Meats and meat products
0113 Fish, fsh products, and seafood 0114 Dairy products and eggs
0115 Oils and fats 0116 Fruits

0117 Vegetables 0118
Sugar, jam, marmalade, honey, syrup,
chocolate, and sweets

0119 Other food products n.e.c. 0121 Coffee, tea, and cocoa drinks

0122
Mineral water, lemonades, fruit and
vegetable juices

0211 Liquors

0212 Wine 0213 Beer
0220 Tobacco
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Chapter 3 

Small area estimation using geospatial 
data based on transformed two-fold 
nested error regression models 

Abstract 
Fighting poverty starts with identifying where exactly poverty is the most severe by esti-
mating poverty indicators. For a precise estimation of indicators at disaggregated regional
levels, a small area estimation (SAE) approach is essential. SAE methods require a survey
and a auxiliary dataset. By combining two datasets, SAE methods overcome the prob-
lem of small sample sizes and produce reliable estimates at a small area level. A census
dataset is commonly used as auxiliary data to estimate poverty indicators. However, data
protection laws often impede access and even a recent census may already be outdated
because in developing countries, changes are as quick as they are dynamic. Therefore, an
older census is inappropriate as auxiliary data. Geospatial data is a viable alternative since
it is freely available, up to date, and covers all inhabited areas. Still, a central challenge
remains: geospatial data is collected at grid level which is usually larger than a household
but smaller than a small area. Since traditional SAE models use either a household level
model or an area level model, we need to investigate which SAE model optimizes the ad-
vantages of grid level data. We suggest the two-fold nested regression model as it allows
two random effects at different regional levels. More random effects capture the hierarchi-
cal data structure more accurately than standard SAE models. Additionally, we introduce
transformations to the two-fold model to correct the violation in distributional model as-
sumptions and to estimate ratio type indicators. We furthermore propose an estimation
method for mean squared errors (MSE) with the transformed two-fold model. We show
an effciency gain of the two-fold model compared to the standard Fay-Herriot model, and
the proposed MSE estimator is reasonable. Lastly, we apply the proposed transformed
two-fold model to the geospatial data of Mozambique to estimate poverty indicators for
161 districts.
Keywords: head count ratio, Mozambique, satellite imagery, remote sensing data, subarea
level model

3.1 Introduction 

Fighting poverty presents considerable challenges. In fact, to formulate effective policy up to the re-
gional level, decision makers need as much information as they can gather about where poverty is lo-
cated. Accordingly, countries and organizations fghting poverty frequently estimate poverty indicators
at a granular regional level. For an exact estimation of indicators at this disaggregated small area level, a
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small area estimation (SAE) method is necessary. The reason for this is that at a small area level, a direct
estimation of indicators from a survey with, for example, a Horvitz-Thompson (HT) estimator (Horvitz
and Thompson, 1952) or a generalized regression estimator cannot produce reliable estimates due to un-
observed areas or small sample sizes. SAE methods, on the other hand, combine survey with auxiliary
data based on a model to produce more accurate estimations at small area levels (Rao and Molina, 2015;
Morales et al., 2021). Commonly, SAE methods use a household income and expenditure survey and a
census dataset as auxiliary data for the estimation of poverty indicators. It is, however, diffcult to obtain
a census dataset which accurately represents the current population: data protection policy may hinder
access for researchers, and census data may already be outdated because a census is only carried out
every ten years in most countries. Especially in developing countries facing dynamic structural changes
and internal conficts, an older census cannot accurately represent the current population. For example,
the last offcial census of Lebanon was conducted in 1932 (Offce of International Religious Freedom,
2022).

To overcome this problem, the use of geospatial data is an interesting viable alternative to census
data. Geospatial data is publicly available, up to date, and covers all regions. Consequently, it has huge
potential as auxiliary covariates in SAE models. Geospatial data is extracted from satellite imagery
which is divided into multiple cells called grids. From the imagery, information about locations such
as land cover, nighttime light, or rainfall is recorded for each grid. Current research shows empirical
evidence that geospatial data is highly related to economic welfare and poverty (Steele et al., 2017;
Yeh et al., 2020; Newhouse, 2023). Researchers also investigate the use of geospatial data in the SAE
context. For example, while standard SAE models are defned either at household level or at the area
level of interest, Newhouse et al. (2022) and Masaki et al. (2022) suggest to use a unit-context small area
model which models the households’ welfare variable using grid level geospatial covariates. Masaki
et al. (2022) criticize the area level model because the variation in geospatial covariates is neglected
through the aggregation of variables from grids to areas. However, Corral et al. (2021) show that the
unit-context model has a bias that cannot be ignored. As a result, it is still unclear on which level we
should defne the model when we want to use grid level geospatial data.

We suggest a subarea level model as reasonable SAE model for geospatial data. Erciulescu et al.
(2019) propose and investigate a hierarchical Bayesian subarea level model with geospatial auxiliary
data to estimate harvested acreage at a small area level. The authors argue that the model at subarea
level captures the hierarchical regional structure by defning additional random effects at the subarea
level. Torabi and Rao (2014) extend the Fay-Herriot model (Fay and Herriot, 1979), which is one of
the most famous area level models, and introduce the subarea level model. This subarea model is also
known as two-fold nested regression model (Morales et al., 2021). The two-fold model can overcome
the shortcomings of the unit-context model and area level models. In the present study, we extend the
two-fold model with transformations to improve the performance of the estimation and estimate ratio
type indicators. Moreover, we investigate the transformed two-fold model compared to the Fay-Herriot
model. We also estimate poverty indicators at district level in Mozambique to show the performance of
our model with real data.

Mozambique is one of the poorest countries in the world. After the end of the country’s civil war in
1992, Mozambique achieved tentative stability both politically and economically. In the 2010s, however,
Mozambique struggled again due to a resurgence of political violence, an insurgence by militant islamist
forces, and an economic crisis caused by hidden debts in 2016. The outcome was a reversal of the
successes made in the fght against poverty in the 2000s. It is obvious that Mozambique’s achievements
in fghting poverty are more volatile and inconsistent. Mozambique is changing at such a rapid pace, that
the use of outdated auxiliary data will produce strong inaccuracies. Therefore, we use current geospatial
auxiliary data to produce accurate estimates of poverty indicators at district level.

We proceed by introducing geospatial data and explaining the regional structure of our data in
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Section 3.2. In Section 3.3, we propose a transformed two-fold nested error regression model and the
mean squared error (MSE) estimation method for our approach in Section 3.4. In Section 3.5, we
evaluate the newly introduced methods based on a model-based simulation study and apply our model
to real data from Mozambique in Section 3.6.

3.2 Geospatial data and hierarchical data structure 

The goal of this study is a precise estimation of poverty indicators at district level in Mozambique using
geospatial auxiliary data. Specifcally, we focus on the estimation of the mean household consump-
tion and the head count ratio (HCR) (Foster et al., 1984). For the estimation, we use Inquérito sobre 
orçamento familiar from 2019/2020 (IOF 2019/20 - household budget survey) performed by Instituto 
Nacional de Estatistica (INE - National Institute of Statistics) and funded by the World Bank as sample
data. IOF 2019/20 contains a variable measuring average household consumption per capita per day in
Mozambican metical (MZN) that we use as the welfare variable for calculating the indicators of interest.

As auxiliary data, we use geospatial data in 2019 from Friedl and Sulla-Menashe (2022), Huffman
et al. (2019), and Román et al. (2018). Geospatial data includes multiple geospatial variables which
can be used as explanatory variables in the two-fold model, such as proportion of land covered by
forests, proportion of croplands, maximum of nighttime light, or median of rainfall. These variables
are extracted from satellite imagery. From raw satellite imagery, different types of maps are created
such as land cover classifcation maps or maps of nighttime light. For example, Figure 3.1 describes
how geospatial variables related to land cover information are collected for the province Maputo in
Mozambique. Land cover variables are extracted from the land cover classifcation map. The land cover
classifcation map is divided into multiple cells called grids and information like the proportion of lands
covered by grass for each grid is recorded. Satellite imagery, as well as different maps extracted from
imagery, are freely available, up to date, and cover the entire region of interest. Therefore, it is a ftting
data source which can replace the census data after examining how it should be used in a SAE context.

Figure 3.1: Collection of geospatial variables with an example of land cover variables in
province Maputo of Mozambique (Source: NASA Worldview)

To fnd an effcient way to use geospatial data as alternative auxiliary data, we must understand the
new data structure together with the geospatial data. With standard SAE methods, we use a sample
dataset and an auxiliary census dataset collected at household level to obtain estimates of indicators
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at area level. This means that there are two regional levels in the population for the SAE problem:
households and areas. We want to use geospatial data collected at grid level and combine it with the
household level survey data to estimate indicators at the area level. A single grid is commonly bigger
than a household but smaller than an area, which means that we have a multilevel structure in our
data. Between grids and our target areas, there are other possible subdivisions as shown in the gray
colored level in Figure 3.2. When we have only grids as additional level between the target areas and
the households, the data has a 3 level structure which corresponds to Figure 3.2 without the gray level.
Therefore, we need to fnd a model which optimizes this multilevel hierarchical data structure to obtain
precise estimation.

Figure 3.2: Hierarchical regional structure of the population with household survey and geospa-
tial data in a SAE context

SAE methods use either a unit level model or an area level model. Since geospatial data does not
contain household level information, we cannot use a unit level model. A unit-context model is also
inadequate because it produces biased estimation results (Corral et al., 2021). We can try to ft a model
at the area level using, for example, the Fay-Herriot model. To ft this model, we calculate the direct
estimator of the target indicator from the survey data at area level and aggregate the grid level auxiliary
variables to the area level from the grid level geospatial data. However, there are problems. First, the
Fay-Herriot model includes random effects only at area level, which means that the specifc effects
at other levels, such as at grid level, are ignored. Furthermore, we lose information through the data
aggregation from grids to areas (Masaki et al., 2022; Erciulescu et al., 2019).

We suggest to solve this problem by using a two-fold nested error regression model (Torabi and Rao,
2014) with transformations. This two-fold model is defned at subarea level which can be grid or any
other proper subdivision between grids and areas. This model defnes random effects not only at area
level but also at subarea level. As a result, we ft the model at subarea level and take into account more
regional specifc effects by including two random effects. By using the auxiliary data at grid or subarea
level, we reduce the loss of information in the geospatial auxiliary data. Moreover, the two-fold model
with transformations helps to fulfll distributional assumptions and to ensure the interval of predicted
values for indicators having a limited interval, such as proportions.
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3.3 EBLUP under transformed two-fold nested error regression 
model 

In this section, we briefy describe the two-fold nested error regression model by Torabi and Rao (2014)
and propose our transformed two-fold model. Since we aim to estimate mean consumption which
usually does not fulfll the normality assumptions and the HCR needs to be between 0 and 1, we
explain the details of transformed two-fold models with a focus on the logarithmic and the arcsine
transformation. To get the empirical best linear unbiased predictor (EBLUP) in the original scale, we
need to back-transform the estimates. A naive back-transformation, however, creates a bias (Suga-
sawa and Kubokawa, 2017; Slud and Maiti, 2006). Therefore, we introduce the bias corrected back-
transformation by Sugasawa and Kubokawa (2017) at the end of this section.

3.3.1 Transformed two-fold nested error regression model 

Before we defne the transformed two-fold model, we briefy introduce the two-fold model without
transformation by Torabi and Rao (2014). Assume U is a fnite population divided into multiple areas
i = 1, · · · , D. Each area i has multiple subareas k = 1, · · · ,Mi. In each subarea, there are NikPMihouseholds and the population size of area i is defned as Ni = Nik. The total population size isk=1PDgiven by N = Ni. Torabi and Rao (2014) defne the indicator of interest θ in area i in subarea ki=1 
(θik) in a two-fold nested error regression model as follows

Tθik = xikβ + vi + uik, for i = 1, · · · , D and k = 1, · · · ,Mi 

iid iidwith vi ∼ N(0, σ2) and uik ∼ N(0, σ2 ). xik is a p × 1 vector of independent variables of subarea kv u 

in area i and β is a p × 1 vector of fxed effects. θik includes two random effects: at area level (vi) and
at subarea level (uik). vi and uik are independent of each other.

The direct estimator of θik can be calculated based on a survey dataset. In the survey, we have d 
different areas and mi different subareas within an area i. There are nik units in subarea k in area i.Pmi 

PdThe sample size of area i is given by ni = k=1 nik and the total sample size is n = i=1 ni. From
θDir the sample dataset, the appropriate direct estimator of the indicator (b ) is calculated, such as the HTik 

θDir estimator. The direct estimator b is defned as the sum of the true indicator and the sampling error asik 

follows

θbDir T = θik + eik = x for i = 1, · · · , d and k = 1, · · · ,miik ikβ + vi + uik + eik, 

indwith known sampling errors eik ∼ N(0, σ2 ).eik 

Now, we defne a transformed two-fold model

Dir,∗ θDir ∗ T ∗ θb = T (b ) = θ ∗ = xikβ + vi + uik + e (3.1)ik ik ik + eik ik, 

∗ Dir,∗ Dir,∗with e ∼ N(0, V (θb )) where θb denotes transformed direct estimates and T (·) is a transfor-ik ik ik 
Tmation function. Since the model is transformed, x β + vi + uik is no longer equal to the true indicatorik 

Tθik. Therefore, we defne x β + vi + uik as θ∗ in a transformed two-fold model and the true indicatorik ik 

θik is defned as θik = T −1(θ∗ ). Our goal is to fnd the EBLUP of θik based on this transformed model.ik 
∗Additionally, e is also no longer equal to the sampling error of the direct estimates. This means thatik 

∗ ∗ we must calculate the variance of e because the two-fold model assumes the known variance of eik ik.
Dir,∗ θDir We can extract these variances of θb from the known sampling variances of b , σ2 by usingik ik eik 
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Taylor approximation � �2 
Dir,∗ θDir θDir θDir V (θb ) = V (T (b )) ≈ T ′ (E(b )) · V (b ) (3.2)ik ik ik ik � �2 

≈ T ′ (E(θbDir)) · σe 
2 
ik 

(3.3)ik 

where T ′ (·) is the frst order derivative of the transformation function (Neves et al., 2013; Rao and
Dir,∗Molina, 2015). For the transformation functions that we use, V (θb ) can be simplifed asik 

  θDir)−2 θDir θDir (b · σ2 , if T (b ) = log(b )Dir,∗ ik eik ik ik
V (θb ) = q (3.4)ik  θDir θbDir 1/(4neik) , if T (b ) = sin−1 ,ik ik 

where neik is the effective sample size for subarea k in area i. For details of the simplifcation, see
Neves et al. (2013) and Jiang et al. (2001). These approximated sampling variances are the new known

∗ Dir,∗variances of e ∼ N(0, V (θb )) in the transformed two-fold model.ik ik 
The two-fold model defned in Equation (3.1) can be expressed at area level for all areas i = 

1, · · · , d using matrix notation as follows

Dir,∗ ∗bθ =Xiβ + vi1mi + ui + ei ,i 
∗ =Xiβ + Zibi + e (3.5)i 

Dir,∗ Dir,∗ bDir,∗ ∗ ∗ ∗where θb 
i = (θb 

i1 , · · · , θimi 
)T , ui = (ui1, · · · , uimi )

T and ei = (ei1, · · · , eimi 
)T . Xi denotes

T T )Ta mi × p design matrix with Xi = (x · · · , x . Zi is (1mi |Imi ) with 1mi as the mi × 1 vector ofik, imi 
T )Tones and Imi as the mi dimensional identity matrix and bi = (vi, u . Then, the covariance matrix ofi 

the model in Equation (3.5) is

Vi = Ri + ZiGiZi
T 

Dir,∗ Dir,∗where Ri = diag(V (θb ), · · · , V (θb )) andi1 imi � � 
σ2 0vGi = . 
0 σ2 Imiu 

3.3.2 Estimation of the EBLUP at subarea level 

To obtain the EBLUP of θ∗ , the model parameters must be defned and estimated. In the case of knownik 

σ2 and σ2, the best linear unbiased estimator (BLUE) of β (βe) and the BLUP of vi and uik (vei, ueik) areu v 

given by

� d �−1� d �X X e XT V −1 XT V −1 bDir,∗ β = Xi θ , (3.6)i i i i i 
i=1 i=1� � 

1 mi 1 mi 
Dir,∗ vei =γi Pmi 

X 
γikθb 

ik − Pmi 

X 
γikxikβb , (3.7)

k=1 γik γikk=1k=1 k=1� �X X1 mi 1 mi 
Dir,∗ T Dir,∗ ueik =γik(θb − x β̂) − γiγik P γikθb − P γikxikβb , (3.8)ik ik mi ik mi 

k=1 γik k=1 γikk=1 k=1 
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with

σ2 σ2 
u vγik = and γi = P .miDir,∗ σ2 + V (θb ) σv 

2 + (σu 
2 / γik)k=1u ik 

Let θe∗ 
ik. Then, e is obtained as followsthe BLUP of θ∗ θ∗ 

ik ik  xT βe + vei + e for in sample subareas,ik uik, 
θe∗ = ik  T ex β + vei, for out-of-sample subareas.ik 

T F,∗The EBLUP of θ∗ at subarea level is denoted by θb and is obtained by replacing parameters withik ik 
its estimators. First, σu and σv are replaced by σ̂u and σ̂v to obtain γbik and bγi 

σ̂2 σ̂2 
u vγbik = and γbi = Pmi . (3.9)

Dir,∗ σ̂2 + V (θb ) σ̂v 
2 + (σ̂u 

2 / k=1 γbik)u ik 

σ̂u and σ̂v can be estimated with different methods such as weighted least squares, maximum likelihood,b or residual maximum likelihood. βe is obtained by inserting these estimated variance components into
the variance matrix (Vi) in Equation (3.6). We calculate bvei and ubeik by replacing γik and γi in Equation

θ T F,∗(3.7) - (3.8) with γbik and γbi. Then, b is given byik   T be b bx β + vei + ueik, for in sample subareas,T F,∗ ikbθ = (3.10)ik e b T b 
x β + vei, for out-of-sample subareas.ik 

3.3.3 Bias corrected back-transformation 
T F,∗Since θb is the EBLUP of θ∗ from the transformed model in Equation (3.1), we need to back-ik ik 

T F,∗ θ TF transform θb to obtain the EBLUP in the original scale (b ). By using the inverse of the transfor-ik ik 

mation function, we can estimate the naive back-transformed EBLUP at subarea level and area level as
follows

TF, Naive TF,∗ θb =T −1(θb ),ik ik 
MiX (3.11)1TF, Naive TF, Naive b bθ = Nikθ .i Ni 

ik 
k=1 

However, the simple naive back-transformation causes bias (Sugasawa and Kubokawa, 2017; Slud and
Maiti, 2006). For the bias correction, Sugasawa and Kubokawa (2017) propose a bias corrected back-

θDir transformation using the conditional expectation e = E(T −1(θ∗ )|b ) where θe 
ik is the BLUP ofθik ik ik 

θDir θik. The BLUP of θ∗ given b is defned in Equation (3.10) and has the following distributionik ik 

θe∗ θ ∗ 
ik ∼ N(e 

ik, gik) 

with   Dir,∗(1 − γik)2[σ2 + (1 − γi)σ2] + γ2 · V (θb ) for in sample subarea ku v ik ik 
gik = � 

γi 

� (3.12)σ2 1 + Pmi (1 − 2γik) for out-of-sample subarea k. u 
k=1 γik 
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For the detailed derivation of gik, see Torabi and Rao (2014). Based on this distribution, the θ̃  
ik is

obtained as follows Z ∞ e T −1(t)ϕ(t; θe∗ θik = ik, gik)dt, (3.13)
−∞ 

where ϕ(·; θe∗ gik) is the density function of the normal distribution N(θe∗ gik). By replacingik, ik, 
T F,∗ (θe∗ 

ik, gik) with (θb , gbik), in Equation (3.13) the bias corrected back-transformed EBLUP is obtainedik 
by Z ∞ 

θTF TF,∗b = T −1(t)ϕ(t; θb , gbik)dt. (3.14)ik ik 
−∞ 

θbTFb is obtained by replacing (γik, γi, σu ) in Equation (3.12) with (b γi, ˆ σv ). can begik , σv γik, b σu, ˆ ik 

expressed with the transformations we used as follows � �  bT F,∗ θDir θDirexp θik + 0.5bgik , for T (b 
ik ) = log(b 

ik ) 
θbTF = � � qik R ∞ 1 T F,∗ θDir θbDir sin2(t) exp − (t − θb )2/(2gbik) dt, for T (b ) = sin−1 .−∞ 2πˆ ik ik ikgik 

Based on the bias corrected EBLUP at subarea level, we estimate the bias corrected EBLUP at area level
as

MiX 
θbTF 1 

θbTF = .i Nik ikNi 
k=1 

3.4 MSE estimation 

θTF θTFTo measure the uncertainty of the EBLUP b at subarea and b at area level, we propose an MSEik i 

estimation with the parametric bootstrap method based on González-Manteiga et al. (2008) and Hadam
et al. (2023). Using a bootstrap method to estimate MSE is a reasonable choice since the derivation of
the analytical MSE for general transformations is challenging because of its complexity. The parametric
bootstrap procedure to estimate the MSE is stepwise explained as follows

θDir Dir, ∗ ∗ Dir,∗1. Transform b to obtain θb . Calculate the variance of e (i.e., V (θb )) using Equationik ik ik ik 
(3.3) or Equation (3.4).

Dir,∗ Dir,∗2. Fit the model in Equation (3.1) with the obtained θb and V (θb ) to estimate the modelik ik bparameters β,e σ̂v, and σ̂u.

3. For b = 1, · · · , B:
(b) (b)(a) Generate pseudo random effects at area level (v ∼ N(0, σ̂2)) and subarea level (u ∼i v ik 

∗,(b) Dir,∗ N(0, σ̂2 )), and pseudo error (e ∼ N(0, V (θb ))) using the obtained σ̂v, σ̂u, andu ik ik 
Dir,∗ V (θb ) from step 1-2.ik 

∗,(b)(b) Obtain the pseudo true indicator in the transformed scale (θ ) and the transformed directik 
Dir,∗,(b)estimate of the indicator (θb ) for the pseudo population as followsik 

∗,(b) b (b) (b)eθ β + v + uik =xik i ik 

Dir,∗,(b) b (b) (b) ∗,(b)b eθ β + v + u + e .=xikik i ik ik 

Dir,∗(c) Transform the V (θb ) using the inverse function of the Taylor approximation in Equa-ik 
tion (3.3) to get the adjusted bootstrap variances of the direct indicators in the original scale

59



CHAPTER 3. SMALL AREA ESTIMATION USING GEOSPATIAL DATA

as follows � �−2 

θDir θDir Dir,∗ V (b )(b) = T ′ (E(b )) · V (θb ).ik ik ik 

(d) Obtain the pseudo true indicator in the original scale using the inverse transformation func-
tion at subarea level

(b) (b) (b)
θ =T −1(xikβb + v + u ).ik i ik 

(e) Find the pseudo true indicator at area level based on θ
(b) values as followsik 

MiX1(b) (b)
θi = Nikθik . Ni 

k=1 

Dir,∗,(b) 
θDir (f) Fit the model in Equation (3.1) with θb and V (b )(b) to fnd the two-fold EBLUPik ik 

T F,(b) T F,(b)in the original scale at subarea level θb and at area level θb as described in Sectionik i 

3.3.

4. The MSE estimator is calculated as follows

B � �2X 
θTF 1 T F,(b) (b)[ ) = θ for subareasMSE(b b − θik ik ikB 

b=1 
B � �2 

θTF 1 X bT F,(b) (b)MSE[(b ) = θ − θ for areas.i i iB 
b=1 

The root mean squared error (RMSE) estimates are obtained by taking the square root of MSE
estimates.

3.5 Model-based simulation study 

For the evaluation of the proposed EBLUP under a transformed two-fold model, we conduct a model-
based simulation study. The purpose of this simulation study is to investigate the performance of the
EBLUP with the transformed two-fold model compared to the standard EBLUP with the transformed
Fay-Herriot model applied to multilevel structured data. For the simulation data, we assume a three
level data structure which includes a household level, a subarea level, and an area level. Additionally,
we aim to show that the proposed MSE estimator of the two-fold EBLUP performs well.

3.5.1 Simulation setting 

In the simulation study, we assume a fnite population U divided into D = 100 areas. The number of
subareas in the ith area is denoted by Mi which is equal to 10 for all areas i = 1, ..., D. Nik = 20 
units exist in all subareas k = 1, · · · ,Mi of all areas. Therefore, there are in total 1000 subareasPMi 

PDin the population, Ni = Nik = 200 units in each area, and N = Ni = 20000 in thek=1 i=1 
population. The population data is generated at unit level using the model defned in Table 3.1. A
detailed distribution of the variables used in the data generating process (DGP) is also given in the same
table. With the same DGP, L = 500 Monte Carlo population datasets are randomly generated. The
generated y variable has a highly right skewed distribution similarly to welfare variables in real data.

In each population data, we assume that there are random effects not only at the area level, but also
at the subarea level. From each generated population data, a sample dataset is randomly chosen. 25%

60



CHAPTER 3. SMALL AREA ESTIMATION USING GEOSPATIAL DATA

of subareas in the population dataset are not sampled. The sample size of subareas is denoted by nik.
nik is between 2 and 20 for i = 1, · · · , d and k = 1, · · · ,mi where d denotes the number of sampled
areas and mi is the number of sampled subareas in ith area. The sample size of areas is defned asPmi ni = k=1 nik and is between 29 and 108. The sum of ni gives the total sample size of n = 7538. Let
yikj be a welfare variable such as income or consumption of the jth household in the kth subarea of the
ith area. xikj is a vector including the characteristics of the corresponding household.

Table 3.1: DGP and distribution of variables used in the model-based simulation study

Model xikj µik vi uik εikj 
yikj = exp(9 − xikj + vi + uik + εikj ) N(µik, 0.52) U(2, 3) N (0, 0.42) N(0, 0.62) N(0, 0.82) 

To examine the performance of the two-fold EBLUP, we estimate two indicators: the mean of y and
the HCR at area level. The HCR is defned as follows

Mi NikXX1
HCRi = I(yikj ≤ t),

Ni 
k=1 j=1 

where t is the poverty threshold. I(·) is an indicator which returns 1 if the condition yikj ≤ t is fulflled,
otherwise it returns 0. Moreover, we estimate the same indicators based on the Fay-Herriot model for
a comparison with the two-fold EBLUP. Both models require direct estimates of the indicators and
corresponding variances of the direct estimates. Therefore, we calculate the HT estimator of these
indicators at the subarea level for the two-fold model and at the area level for the Fay-Herriot model.

Dir 
The threshold t is set at 60% of the median y in the sample data for the estimation of the HCR. [Meani 

Dir 
and [ denote the HT estimator of the mean at the area and at the subarea level accordingly. Then,Meanik 

Dir Dir 
the HT estimates of the HCR are denoted by [

i at the area level and by [ at the subareaHCR HCRik 

level. Furthermore, the analytical variances of the HT estimators are also estimated at both levels for
both estimated indicators.

The two-fold model as well as the Fay-Herriot model assume normal distributed errors. However,
we generate the simulation data with the DGP in Table 3.1 so that it violates the normality assumptions.
The target variables of the two-fold and Fay-Herriot model to estimate the mean are the direct estimates

Dir Dir 
of y, (i.e., [ and [ ) and they show that the normality assumptions may not be fulflled.Meanik Meani 

Their detailed skewness and kurtosis values are summarized in Table C1 in the Appendix and the dis-
Dir Dir 

tributions of [ and [ in one simulation dataset are shown in Figure C1 in the Appendix.Meanik Meani 

To correct the violation in the normality assumptions, we apply the logarithmic transformation to the
models for the mean estimation. Furthermore, we apply the arcsine transformation to the square root of
the HCR direct estimator before we ft the models for HCR so that the predicted values are between 0
and 1 (Carter and Rolph, 1974; Jiang et al., 2001; Raghunathan et al., 2007; Schmid et al., 2017; Hadam
et al., 2023).

3.5.2 Simulation results 

For the estimation of indicators, we calculate 3 different EBLUP: EBLUP based on the transformed
two-fold model with the bias corrected back-transformation (TF), EBLUP based on the transformed
two-fold model with the naive back-transformation (TF_naive), and EBLUP based on the transformed
Fay-Herriot model (FH). For the FH, the bias corrected back-transformation is based on Slud and Maiti
(2006) and Sugasawa and Kubokawa (2017). We use the analytical MSE by Slud and Maiti (2006) for
the mean and the parametric bootstrap method for the HCR by Hadam et al. (2023) for FH. The MSE
of the EBLUP with the two-fold models is estimated by the proposed parametric bootstrap method in

61



CHAPTER 3. SMALL AREA ESTIMATION USING GEOSPATIAL DATA

Section 3.3. The number of bootstraps is set at B = 500 for the parametric bootstrap method.
For the comparison of the estimated indicators, we use relative bias (RB) and RMSE as quality

measurements defned by

L (l)
θ 

= i i · 100,
(l)L θl=1 i 

bX (l)− θ1
RBi vuut 

� (3.15)�2L 

L 
l=1 

X1 (l)
θb 
i − θ(l)RMSEi = ,i 

(l)where θb is either the two-fold EBLUP or the Fay-Herriot EBLUP of the ith area in the lth simulationi 

dataset. For the mean indicator, the FH is the least biased among all three models as shown in Table
3.2. Still, the TF for the mean has also very small RB values between approximately -4% and 3%.
Furthermore, TF has the smallest RMSE for the mean indicator according to Figure 3.3. The interesting
point is that the effect of the bias corrected back-transformation is clearly noticeable in terms of both
measures RB and RMSE. The HCR of the TF shows the smallest RB and RMSE values among all
three estimates. In the HCR case, the difference of bias corrected back-transformation and naive back-
transformation is not as large as in the mean indicator case but the improvement in estimation is still
clear.

Table 3.2: Relative bias in % of EBLUP based on different models

Indicator EBLUP Min 1.Q Median Mean 3.Q Max
TF -4.472 -2.678 -1.992 -1.844 -1.126 2.942

Mean TF_naive -13.541 -9.704 -8.548 -8.515 -7.089 -5.234
FH -1.581 -0.520 0.019 0.005 0.516 1.482
TF -3.113 -1.307 -0.516 -0.344 0.211 5.190

HCR TF_naive -7.009 -5.309 -4.572 -4.721 -4.184 -2.453
FH 0.329 1.760 2.262 2.326 2.792 4.963

Figure 3.3: RMSE values of EBLUP based on different models

Next, we examine the performance of the proposed bootstrap MSE estimation in Section 3.4 for TF.
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For the evaluation, we investigate the relative bias of RMSE (RB-RMSE) defned asq 
1 PL (l)[MSE(θb ) − RMSEiL l=1 i

RB-RMSEi = · 100.
RMSEi 

Note that RMSEi is the empirical RMSE defned in Equation (3.15). Table 3.3 shows the summary of
RB-RMSE values. For both indicators, the RB-RMSE values are low enough. Unlike MSE estimates
of the HCR for TF, MSE estimates of the mean are generally smaller than the empirical RMSE values.
In Figure 3.4, we can see on the upper line plot that the blue line is generally located slightly beneath
the red line, while the lower line plot for HCR shows the opposite. Still, the blue line tracks the red
line fairly well for both indicators. Based on these quality measures, we conclude that the proposed
bootstrap MSE estimation is a reasonable method to estimate the MSE of TF.

Table 3.3: Relative bias in % of RMSE estimates

Indicator Measurement Min 1.Q Median Mean 3.Q Max 
Mean RB-RMSE -32.556 -11.243 -4.040 -5.078 0.594 20.255
HCR RB-RMSE -6.394 5.542 8.579 9.377 13.426 23.096

3.6 Application 

In this section, we apply the proposed method in Sections 3.3 and 3.4 to Mozambique data for the
estimation of poverty indicators at a disaggregated level. Mozambique is located in southeastern Africa.
After the end of a ten-year long war of independence against former colonial power Portugal in 1974,
the country fought a civil war that lasted until 1992. This left Mozambique one of the poorest countries
in the world. However, the government of Mozambique still managed to enact a number of economic
reforms beginning in 1987, which, together with continued domestic peace-mongering and resettlement
of internally displaced persons, contributed to considerably high average real gross domestic product
(GDP) growth rates. The average GDP growth rate amounts to 8% between 1996 and 2015 (IMF,
2023).

Mozambique’s strong growth and positive economic development crashed in the 2010s due to sev-
eral factors. First, there was a resurgence of political violence due to renewed anti-state activities by
Resistência Nacional Moçambicana (RENAMO - Mozambican National Resistance), a political party
and military group fghting the ruling Frente de Libertação de Moçambique (FRELIMO - Liberation
Front of Mozambique) party. Second, there was another insurgence by militant Islamist forces in the
natural resource rich northern province Cabo Delgado, which hindered the exploitation of natural re-
sources. Third, in 2016, hidden debts of state-owned enterprises in Mozambique came to light, effec-
tively destroying foreign investors’ trust in Mozambique and drastically increasing the country’s debt
to GDP ratio (World Bank, 2016). Finally, Mozambique was also hit hard by the COVID pandemic,
and especially rural regions have suffered immensely (World Bank, 2023b). When looking at GDP per
capita in 2023 (IMF, 2023), Mozambique is still one of the poorest countries in the world despite its
natural resources. In addition to general poverty, Mozambique faces numerous development challenges
related to limited job creation, public education, health services, and public safety (World Bank, 2023b).

The frst step to fnding effective policies for solving challenges like the ones Mozambique deals
with is to identify where exactly they are. In other words, one needs to know where exactly poverty is
located. For the identifcation of problematic locations, estimation of poverty indicators at disaggregated
regional levels is a useful tool and a natural starting point. Therefore, we aim to estimate the mean
consumption per capita per day and the HCR at district level using an appropriate SAE method with the
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Figure 3.4: Comparison of empirical and estimated RMSE in each area

given datasets.

3.6.1 Direct estimation 

For our estimation, we use IOF 2019/20 as sample data and geospatial data from 2019. Our welfare
variable average household consumption per capita per day is taken from the sample data. The covari-
ates for the model-based estimation are obtained from the geospatial auxiliary data including multiple
geospatial information. Due to unreliable observations in some grids, we exclude 436 grids from the
geospatial auxiliary data. As a result, we have 66803 grids in the geospatial data.

Mozambique is divided into 11 provinces, including 161 districts. In the districts, there are two
additional administrative subdivisions. Districts are divided into posts and each post is again divided into
localities. Grids are not an administrative division, still, they are geographically smaller than localities.
Table 3.4 shows the number of regions at each level in both datasets and the proportions of out-of-sample
regions. At district level, we have 8 out-of-sample areas. The more disaggregated a region is, the higher
the proportions of out-of-sample regions are.

64



CHAPTER 3. SMALL AREA ESTIMATION USING GEOSPATIAL DATA

Table 3.4: Number of regions at each level in IOF 2019/20 and geospatial auxiliary data and
proportion of out-of-sample regions at each level

District Post Locality Grid 
IOF 2019/20 153 366 655 1255

geospatial data 161 456 1274 66803
Proportion of out-of-sample areas 4.97 % 19.74% 48.59% 98.12%

For the initial analysis, we calculate the mean household consumption and the HCR at district
level using the HT estimator. The total number of households per district is estimated by the sum of the
sampled household weights in each district. The weights of the households are given in the IOF 2019/20 
dataset. The variances of direct estimators are approximately estimated under the assumption that the
survey follows a Poisson sampling design. Figure 3.5 shows a map of Mozambique with estimated mean
household consumption and HCR. The poverty threshold required to calculate HCR is set at 40.03 MZN,
which corresponds to World Bank (2023a). Since the gray districts on the map are not observed in IOF 
2019/20, it is not possible to get the indicators in these districts. Thus, as shown in Figure 3.6, direct
estimates are not reliable in about 50% of districts with coeffcient of variation (CV) values higher than
0.2 for both indicators. Due to the out-of-sample districts and unreliable results of direct estimates, an
accurate model-based estimation method is essential to obtain precise estimation results at district level.

Figure 3.5: Map of direct estimates of mean household consumption and HCR at district level

3.6.2 Model-based estimation 

Our available survey data was collected at household level and our geospatial auxiliary data was col-
lected at grid level. We aim to estimate indicators at district level by combining these two datasets. Since
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Figure 3.6: Boxplots of CV for the direct estimates

the geospatial covariates are at grid level, the model cannot be defned at a more disaggregated level than
the grid. Therefore, we consider the EBLUP of indicators with 4 different models at district level: (a)
EBLUP with Fay-Herriot model at district level (FH), (b) EBLUP with two-fold model with subarea at
post level (TF_post), (c) EBLUP with two-fold model with subarea at locality level (TF_local), and (d)
EBLUP with two-fold model with subarea at grid level (TF_grid). The Fay-Herriot model includes only
one random effect at district level while the other two-fold models have one random effect at district
level and an additional random effect at subarea level. We expect that the two-fold models capture the
multilevel data structure better than the Fay-Herriot model by assuming two random effects.

To ft the models, we need direct estimates of the mean and the HCR and explanatory geospatial
variables at each level. Geospatial covariates are obtained by taking the average of the geospatial aux-
iliary variables at each level. We calculate direct estimates by HT estimates based on the IOF 2019/20.
The corresponding variances are estimated by the Poisson approximation implemented in R package sae 
(Molina and Marhuenda, 2015). The estimated mean household consumption per capita per day at each
level is visualized in Figure 3.7. Figure 3.7 shows a strongly skewed distribution of the direct estimates
at all levels. This hints at the normality assumptions of Fay-Herriot and two-fold models being vio-
lated. Therefore, we apply the logarithmic transformation to the direct estimates of the mean household
consumption. Additionally, we apply the arcsine transformation to the square root of the HCR direct
estimates so that the predicted values are between 0 and 1. To ft the Fay-Herriot and two-fold model
with this transformation, we need the design effect for defning the effective sample size. We calculate
the design effect at province level so that the variance estimates of direct estimators are stable enough.
The calculated province level design effects are consistently used for all models and effective sample
sizes are obtained based on the sample size at each level with the design effect from the province level.
To obtain the EBLUP in the original scale, we use the bias corrected back-transformation explained in
Section 3.3 for the two-fold models and we use the bias corrected back transformation based on Slud
and Maiti (2006) and Sugasawa and Kubokawa (2017) for the Fay-Herriot model implemented in R 
package emdi (Kreutzmann et al., 2019).

With the prepared direct estimates and geospatial covariates data, we perform a variable selection to
fnd an optimal set of explanatory variables with the transformed dependent variable for each model. A
ftting way to perform the variable selection for transformed two-fold models is not yet well investigated.
Therefore, we use the stepwise selection based on the Akaike information criterion (AIC) (Akaike,
1973) for the Fay-Herriot model in emdi for all models (Kreutzmann et al., 2019; Marhuenda et al.,
2014). Since the Fay-Herriot model allows only one random effect, each two-fold model is defned at its
subarea level and a random effect at the subarea level is included. The chosen optimal set of variables
are optimal for the Fay-Herriot model, but suboptimal for the two-fold models because of the missing
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Figure 3.7: Distribution of the HT estimator for the mean household consumption at different
regional levels in Mozambique

random effects at area level. We calculate the marginal and conditional R2 values based on Nakagawa
and Schielzeth (2013) to check the predictive power of the chosen optimal models. Table 3.5 shows the
R2 values of the ftted models. The R2 values of the Fay-Herriot model are generally higher for both
indicators compared to the two-fold models. Two-fold models have higher R2 values for the mean than
for the HCR. One interesting point is that the difference between marginal and conditional R2 for the
TF_grid is remarkably high for both indicators. This means that the random effects of TF_grid explain
a high proportion of variation in the data.

In the next step, we examine the normality assumptions of the Fay-Herriot and two-fold models
which estimate the mean indicator. Table 3.6 summarizes the skewness, kurtosis, and the p-values
of the Shapiro-Wilk normality test (Shapiro and Wilk, 1965) for random effects and residuals. For
comparison, we also calculate the measures without logarithmic transformation and these values are
shown in brackets below the values with the transformation in the table. Even with the logarithmic
transformation, the normality assumptions of residuals are still not fulflled according to the test results
for all models. Furthermore, the normality of subarea level random effects are also rejected for all two-
fold models. Still, the normality assumption of district level random effects cannot be rejected for all
models and the skewness and kurtosis values of the residuals are much closer to a normal distribution
compared to the values without the transformation. Therefore, we conclude that applying logarithmic
transformation to the direct estimates of the mean is necessary, since it partially corrects the violation of
the normality assumptions.

Based on the ftted models, we calculate the two-fold EBLUP and Fay-Herriot EBLUP. To compare
the quality of EBLUP, we estimate the following: RMSE using the proposed method in Section 3.4
for the two-fold EBLUP; analytical RMSE for the mean Fay-Herriot EBLUP based on Slud and Maiti
(2006); and bootstrap RMSE for the HCR Fay-Herriot EBLUP by Hadam et al. (2023). Table 3.7
shows the estimated RMSE values of the ftted models. TF_grid has the highest RMSE values for both
indicators due to the high estimated variance of direct estimators. Especially for the mean, TF_grid 
has remarkably high RMSE values compared to the other models. We suppose that these high RMSE
values come from the high and unstable estimated variances of direct estimators. Because of the extreme
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Table 3.5: R2 values of different models used for the estimation of the EBLUP with chosen
optimal sets of geospatial covariates

Indicator: Mean HCR

EBLUP Level of model Marginal R2 Conditional R2 Marginal R2 Conditional R2 

FH District 0.5198 0.6779 0.3407 0.5601
TF_post Post 0.3100 0.4148 0.1591 0.2639
TF_local Locality 0.2063 0.3105 0.0801 0.2177
TF_grid Grid 0.3613 0.5801 0.2133 0.5048

Table 3.6: Skewness (S), kurtosis (K), and p-value of Shapiro-Wilk test of random effects and
residuals from the ftted models estimating the EBLUP of mean household consumption

EBLUP Random effects (Area) Random effects (Subarea) Residuals

S K p-value S K p-value S K p-value

FH 0.309
(-0.210)

3.365
(3.219)

0.304
(0.637)

- - - 1.574
(7.609)

14.863
(65.540)

0.000
(0.000)

TF_post 0.275
(-0.181)

3.727
(3.174)

0.202
(0.498)

0.507
(-0.899)

4.931
(4.805)

0.000
(0.000)

-0.024
(8.953)

5.442
(101.802)

0.000
(0.000)

TF_local 0.226
(-0.162)

3.893
(3.624)

0.173
(0.344)

0.339
(-1.544)

5.744
(6.466)

0.000
(0.000)

0.018
(8.810)

4.650
(113.664)

0.000
(0.000)

TF_grid 0.047
(0.074)

2.943
(3.269)

0.921
(0.235)

0.182
(-2.807)

5.496
(15.634)

0.000
(0.000)

0.241
(12.364)

4.508
(224.019)

0.000
(0.000)

values and small sample sizes at grid level, the variance estimates of the direct estimators are very high
compared to the other models as shown in Table C2 in the Appendix. TF_post and TF_grid have smaller
RMSE values than FH for the mean. TF_post has the smallest RMSE values for both indicators, which
means that TF_post produces the most effcient estimates.

Table 3.7: Summaries of estimated RMSE values

Indicator EBLUP Min 1.Q Median Mean 3.Q Max
FH 4.264 6.836 8.565 10.115 10.745 142.566

Mean TF_post 
TF_local 

4.206 
4.421

6.409 
6.605 

7.662 
7.933 

9.395 
9.354 

9.285 
9.145 

183.962
151.634

TF_grid 4.430 9.702 10.407 6.50·1030 12.494 1.05·1033

FH 0.003 0.065 0.086 0.084 0.103 0.165

HCR TF_post 
TF_local 

0.001 
0.004

0.065 
0.075

0.085 
0.092

0.083 
0.091

0.100 
0.110

0.158 
0.206

TF_grid 0.021 0.132 0.143 0.137 0.150 0.181

√ 
Additionally, we calculated the CV values defned as CVi = MSEi/θb 

i for the estimated indica-
tors where θb 

i denotes the EBLUP. Figure 3.8 shows boxplots of the CV values. For a better illustration,
we excluded some outliers higher than 1 from the plots. We can clearly see that TF_grid has the highest
CV values for both indicators that are affected by the high RMSE values. TF_local has smaller CV
values for the mean but not for the HCR. Still, the values of CV from TF_local are very close to the FH 
for the mean. TF_post has the smallest CV for both indicators. Based on the small values of RMSE and
CV of TF_post, we conclude that TF_post is the most appropriate estimation approach of the poverty
indicators in Mozambique with the given datasets.

Figure 3.9 shows the estimated mean household consumption per capita per day and HCR values
on the map of Mozambique. The estimation results are from the TF_posto approach. There is no gray
colored district on the map since we can estimate indicators for the out-of-sample districts by using our
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Figure 3.8: Boxplots of CV from different models

model-based estimation method. The northeastern part of Mozambique has lower mean consumption
levels and higher HCR values despite the huge economic potential of the region’s natural resources.
This is most likely a consequence of the violence and instability caused by several insurgencies of
political and terrorist groups in the region. Meanwhile, the districts with higher mean consumption
are located in the red box on the left side of Figure 3.9. These districts belong to the capital city of
Mozambique, Maputo City. Evidently, the concentration of wealth and power in Maputo city contributes
to the comparatively high mean consumption and low HCR.

3.7 Conclusion 

In the present study, we estimate poverty indicators in Mozambique at district level by using geospatial
data as an alternative auxiliary data source in transformed two-fold models. Usually, researchers use
household survey data and auxiliary census data in SAE models. However, it is diffcult to get access to
up to date census data. Therefore, we recommend the use of geospatial data as alternative census data.
Geospatial data is up to date, easy to acquire, and covers all regions of interest. We have a multilevel
data structure in our household survey and geospatial data, while standard SAE models only have two
levels: areas and households. We suggest the use of a two-fold model with geospatial data because this
model can capture the hierarchical regional structure more precisely by including two random effects
defned at two regional levels. We extend the two-fold model with transformations and introduce a
bias corrected back-transformation. Moreover, we propose a MSE estimation method for the two-fold
EBLUP. Our model-based simulation study shows that the proposed transformed two-fold EBLUP with
bias corrected transformation has clear advantages over the Fay-Herriot EBLUP. Furthermore, the MSE
estimation method for the two-fold EBLUP also performs well. In the application, we compare the
estimates of different two-fold models at different subarea levels and the Fay-Herriot model. We see
that there are differences between two-fold models depending on the subarea level, and that a two-fold
model at a stable subarea level (e.g., TF_posto in our application) produces more effcient estimates.

There are some discussion points for further research. First, it is not yet clear how exactly the sub-
area should be defned. We suppose that it depends on the variance estimates of the direct estimators.
We observe in the application that the TF_grid produces much worse estimators compared to the FH due
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Figure 3.9: Map of the estimated mean household consumption and HCR in Mozambique

to the highly unstable variances of the direct estimates. Additionally, we assume the advantage of our
two-fold model over the Fay-Herriot model is related to the variances of the random effects. When the
variance of the subarea level random effect is not large enough compared to the variance of the area level
random effect, the advantage may be smaller. Consequently, we suppose that the subarea level must be
defned at a level where we can have a stable variance estimation of direct estimates and a high variance
of the subarea level random effect. Second, data driven transformations may also be possible for the
two-fold model. The logarithmic transformation frequently cannot correct the violation in normality
assumptions completely. An appropriate data driven transformation such as Box-Cox transformation
(Box and Cox, 1964) or dual power transformation (Yang, 2006) can improve the performance of trans-
formations correcting the violated distributional assumptions (Rojas-Perilla et al., 2020; Sugasawa and
Kubokawa, 2015). Third, a valid variable selection method for the two-fold model is necessary. The
selection criteria for the Fay-Herriot model by Marhuenda et al. (2014) could be a good starting point.
When the data driven transformation is expected, an extension of the Jacobian adjusted conditional AIC
by Lee et al. (2023) for the two-fold model could also be possible.

Acknowledgments 

Lee gratefully acknowledges support by a scholarship of Studienstiftung des deutschen Volkes.

Appendix C 

C.1 Graphics and tables 

70



CHAPTER 3. SMALL AREA ESTIMATION USING GEOSPATIAL DATA

Figure C1: Distribution of the HT estimator for the mean at area and grid level from 200th
simulation sample dataset

Table C1: Skewness and kurtosis of the HT estimator for the mean at area and subarea level of
500 simulation datasets

Level Moment Min 1.Q Median Mean 3.Q Max

Area Skewness
Kurtosis

0.212
2.172

0.987
3.850

1.230
4.830

1.342
5.800

1.593
6.689

3.200
19.930

Subarea Skewness
Kurtosis

1.315
5.153

2.209
10.193

2.561
12.970

2.840
17.965

3.157
18.392

10.709
197.890

Table C2: Summaries of estimated variances for the direct estimates of the mean

Indicator Level of direct estimates Min 1.Q Median Mean 3.Q Max

Mean

District
Post

Locality

12.17
11.97
9.94

46.12
84.22

118.09

88.29
168.99
236.28

399.77
644.49
768.69

178.32
336.73
466.77

18211.44
61101.05
61101.05

Grid 9.9 186.0 404.2 3498.1 1055.0 843992.8
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